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A DICHOTOMY FOR FATOU COMPONENTS

OF POLYNOMIAL SKEW PRODUCTS

ROLAND K. W. ROEDER

Abstract. We consider polynomial maps of the form f(z,w) = (p(z), q(z,w))
that extend as holomorphic maps of CP

2. Mattias Jonsson introduces in
“Dynamics of polynomial skew products on C2” [Math. Ann., 314(3): 403–
447, 1999] a notion of connectedness for such polynomial skew products that is
analogous to connectivity for the Julia set of a polynomial map in one-variable.
We prove the following dichotomy: if f is an Axiom-A polynomial skew prod-
uct, and f is connected, then every Fatou component of f is homeomorphic to
an open ball; otherwise, some Fatou component of F has infinitely generated
first homology.

1. Introduction

We consider the dynamics of mappings f : C2 → C2 of the form

f(z, w) = (p(z), q(z, w))(1)

where p and q are polynomials. It will be convenient to assume that deg(p) =
deg(q) = d and p(z) = zd+O(zd−1) and q(z, w) = wd+Oz(w

d−1) so that f extends
as a holomorphic mapping f : CP2 → CP

2. (Throughout this paper we will assume
that d ≥ 2.) Since f preserves the family of vertical lines {z} ×C, one can analyze
f via the collection of one variable fiber maps qz(w) = q(z, w), for each z ∈ C.
In particular, one can define fiber-wise filled Julia sets Kz and Julia sets Jz that
are analogous to their one-dimensional counterparts. For this reason, polynomial
skew products provide an accessible generalization of one variable dynamics to
two variables. They have been previously studied by many authors, including
Heinemann in [6] and [7], Jonsson in [12], DeMarco-Hruska in [2], and Hruska
together with the author of this note in [8].

A more general situation in which the base is allowed to be an arbitrary compact
topological space, while the vertical fibers are copies of C, has been considered by
Sester in [17] and [18]. Meanwhile, generalization to semigroups of polynomial
(and rational) mappings of the Riemann sphere has been studied extensively by
Hinkkanen, Martin, Ren, Stankewitz, Sumi, Urbański, and many others—we refer
the reader to the excellent bibliography from [21] for further references.
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The following notion is introduced in [12] as an analogy with polynomial maps
of one variable.

Definition 1.1 (Jonsson). A polynomial skew product f is connected if Jp is con-
nected and Jz is connected for all z ∈ Jp.

Here, Jp is the Julia set for the “base map” z �→ p(z). Jonsson proves in [12, Sec.
6] that if f is a connected polynomial skew product, then the support J2 := suppμ
of its measure of maximal entropy μ (see §2, below) is connected, the Hausdorff
dimension of μ is 2, and the associated Lyapunov exponents are precisely log d.
(Note that J2 can be connected even if f is a disconnected polynomial skew product;
see [2, Lemma 5.5].)

The Fatou set U(f) of a holomorphic map f : CP2 → CP
2 is the maximal open

set in CP
2 on which the sequence of iterates is normal and the Julia set is its

complement: J(f) := CP
2 \ U(f). In this note, we prove the following.

Theorem 1.2. Suppose that f is an Axiom-A polynomial skew product. If f is
connected, then every Fatou component of f is homeomorphic to an open ball.
Otherwise, some Fatou component of f has infinitely generated first homology.

The Axiom-A assumption ensures hyperbolicity of f on the non-wandering set;
see, for example, [12, Sec. 8] and [2]. Using the equivalence between (1) and (2)
from Theorem 2.1 (below), connectivity of f can be expressed in terms of “escape
of the critical locus”, so Theorem 1.2 is an analog of the fundamental dichotomy
from polynomial dynamics in one variable (see, for example [15, Theorem 9.5]).

Corollary 1.3. If f is an Axiom-A polynomial skew product for which J2 = suppμ
is disconnected, then some Fatou component of f has infinitely generated first ho-
mology.

We will discuss in Remark 4.4 the natural question of whether Theorem 1.2 holds
if f is not Axiom-A. We first show that some hypothesis of hyperbolicity is needed,
by providing an example of a disconnected product mapping that is not Axiom-A,
whose Fatou set has a single component that is homeomorphic to an open ball.
We will then show that the proof of Theorem 1.2 that is presented in Section 4
continues to hold if we replace Axiom-A with slightly weaker conditions.

2. Background on polynomial skew products

We present some background on polynomial endomorphisms of CP2 from [3], [9],
[22], [19], and [1] and on polynomial skew products from [12].

Let f : C2 → C2 be given by

f(z, w) = (p(z, w), q(z, w)),

with p and q polynomials of degree d ≥ 2, and let pd and qd be the homogeneous
parts of p and q, respectively, of the maximal degree d. Such a mapping extends
as a holomorphic mapping f : CP2 → CP

2 if and only if pd(z, w) = 0 = qd(z, w)
implies that (z, w) = (0, 0). Any holomorphic mapping f : CP2 → CP

2 that is
obtained in this way is called a polynomial endomorphism of CP2.

Suppose that f : C2 → C2 extends as a polynomial endomorphism of CP2. The
(affine) Green’s function

G(z, w) = lim
1

dn
log+ ||fn(z, w)||, where log+ := max{log, 0},(2)
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is a plurisubharmonic (PSH) function having the property that (z, w) ∈ C2 is in
U(f) if and only if G(u, v) is pluriharmonic (PH) in a neighborhood of (z, w).
The Green’s current T := 1

2πdd
cG is a closed positive (1, 1) current on C

2 with

J(f) := suppT and U(f) := C
2 \ suppT .

If f is a polynomial skew product, i.e. p(z, w) ≡ p(z), there is a refinement
of this description. The base map p(z) has a Julia set Jp ⊂ C and, similarly, a
Green’s function Gp(z) := limn→∞

1
dn log+ ||pn(z)||. Furthermore, one can define a

fiber-wise Green’s function by:

Gz(w) := G(z, w)−Gp(z).

For each fixed z, Gz(w) is a subharmonic function of w and one defines the fiber-wise
Julia sets by Kz := {Gz(w) = 0} and Jz := ∂Kz.

The extension of f to CP
2 is given by

f([Z : W : T ]) = [P (Z, T ) : Q(Z,W, T ) : T d],(3)

where P (Z, T ) and Q(Z,W, T ) are the homogeneous versions of p and q. The point
[0 : 1 : 0] that is “vertically at infinity” with respect to the affine coordinates (z, w)
is a totally invariant super-attracting fixed point and (z, w) ∈ W s([0 : 1 : 0]) if and
only if w ∈ C \Kz.

The action of f on the line at infinity Π := {T = 0} is given by the polynomial
map fΠ(u) = qd(1, u), where u = w/z and qd(z, w) is the homogeneous part of q of
maximal degree d. As usual, one can consider the associated Julia sets KΠ and JΠ.

One can extend the Green’s current T as a closed positive (1, 1) current on all
of CP2 satisfying f∗T = d · T and having the property that J(f) = suppT and
U(f) = CP

2 \ supp T . Moreover, the wedge product μ := T ∧ T is a measure
satisfying f∗μ = d2 · μ, which happens to be the measure of maximal entropy for
f . It is customary to define a second Julia set J2 ≡ J2(f) := suppμ ⊂ J(f).

If f = (p, q) is a polynomial skew product, then [12, Cor. 4.4] gives

J2 =
⋃

z∈Jp

{z} × Jz.

The following is (an excerpt from) Theorem 6.5 from [12]:

Theorem 2.1 (Jonsson). The following are equivalent:

(1) f is connected.
(2) Cp ⊂ Kp and Cz ⊂ Kz, for all z ∈ Jp.
(3) Jp is connected, JΠ is connected, and Jz is connected, for all z ∈ C.
(4) Cp ⊂ Kp, CΠ ⊂ KΠ, and Cz ⊂ Kz, for all z ∈ C.

Here Cp and CΠ are the critical points of p and fΠ, while Cz := {(z, w) : ∂q/∂w
= 0}.

The following appears in [8]:

Theorem 2.2 (Hruska-R). If Jz is connected for every z ∈ Jp, then W s([0 : 1 : 0])
is homeomorphic to an open ball. Otherwise, the first homology H1(W

s([0 : 1 : 0]))
is infinitely generated.

The proof that W s([0 : 1 : 0]) is homeomorphic to a ball is an application of
Gz(w) as a type of Morse function, while the latter uses non-trivial linking numbers
between closed loops in W s([0 : 1 : 0]) and the Green’s current T .
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3. Background on linking

with a closed positive (1, 1) current in CP
2

We present a brief summary (without proofs) of material from [8, §3]; see also
[16].

Any closed positive (1, 1) current S on a complex manifold N can be described
using an open cover {Ui} of N together with PSH functions vi : Ui → [−∞,∞)
that are chosen so that S = ddcvi in each Ui. The functions vi are called local
potentials for S and they are required to satisfy the compatibility condition that
vi − vj is PH on any non-empty intersection Ui ∩Uj �= ∅. The support of S and the
polar locus of S are defined by:

suppS := {z ∈ N : if z ∈ Uj , then vj is not PH at z},
and

polS := {z ∈ N : if z ∈ Uj then vj(z) = −∞}.
The compatibility condition assures that that above sets are well defined. Moreover,
since PH functions are never −∞, we have polS ⊂ suppS.

Let M be another complex manifold, possibly of dimension different from that
of N . If f : M → N is a holomorphic map with f(M) �⊂ polS, then the pull-back
f∗S is a closed positive (1, 1) current defined on M by pulling back the system of
local potentials for S to form a system of local potentials on M that define f∗S;
see [19, Appendix A.7] and [9, pp. 330–331] for further details.

Given any closed positive (1, 1) current S on N and any piecewise smooth two
chain σ in N with ∂σ disjoint from supp S, we can define

〈σ, S〉 =
∫

σ

ηS ,

where ηS is a smooth approximation of S within it’s cohomology class in N−∂σ; see
[4, pages 382–385]. The resulting number 〈σ, S〉 will depend only on the cohomology
class of S and the homology class of σ within H2(N, ∂σ). If σ is a holomorphic
chain, then this pairing simplifies to be the integral of the measure1 σ∗S over σ.

The following invariance property is useful:

Proposition 3.1. Suppose that S is a closed positive (1, 1) current on N and
f : M → N is holomorphic, with f(M) �⊂ polS. If σ is a piecewise smooth two
chain in M with ∂σ disjoint from supp f∗S, then 〈f∗σ, S〉 = 〈σ, f∗S〉.

Notice that H2(CP
2) is generated by the class of any complex projective line

L ⊂ CP
2. Since S is non-trivial, 〈L, S〉 �= 0, so that after an appropriate rescaling,

we can assume that 〈L, S〉 = 1. This normalization is satisfied by the Green’s
Current T that was defined in §2.
Definition 3.2. Let S be a normalized closed positive (1, 1) current on CP

2 and
let γ be a piecewise smooth closed curve in CP

2 \ supp(S). We define the linking
number lk(γ, S) by

lk(γ, S) := 〈Γ, S〉 (mod 1)

where Γ is any piecewise smooth two chain with ∂Γ = γ.

Unlike linking numbers between closed loops in S3, it is often the case that
〈Γ, S〉 �∈ Z, resulting in non-zero linking numbers (mod 1).

1This measure is well defined, since ∂σ is disjoint from suppS ⊃ polS.
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Proposition 3.3. If γ1 and γ2 are homologous in H1(CP
2\supp S), then lk(γ1, S)

= lk(γ2, S).

Moreover, since the pairing 〈·, S〉 is linear in the space of chains σ (having ∂σ
disjoint from supp S), the linking number descends to a homomorphism:

lk(·, S) : H1(CP
2 \ supp S) → R/Z.

Similarly, lk(·, S) : H1(Ω) → R/Z for any open Ω ⊂ CP
2 \ supp S.

Theorem 3.4. Suppose that f : CP2 → CP
2 is a holomorphic endomorphism and

Ω ⊂ U(f) is contained in a union of basins of attraction of attracting periodic points
for f . If there are c ∈ H1(Ω) with linking number lk(c, T ) �= 0 arbitrarily close to
0 in Q/Z, then H1(Ω) is infinitely generated.

4. Proof of the main result

We recall the characterization of Axiom-A polynomial skew products from [12,
§8]. (For the actual definition of Axiom-A, see, for example, [12, Def. 8.1].) Let Ap

be the set of attracting periodic points of p and consider the following postcritical
sets:

Dp :=
⋃

n≥1

pnCp, where Cp = {z : p′(z) = 0},

DJp
:=

⋃

n≥1

fnCJp
, where CJp

:= {(z, w) : z ∈ Jp, q
′
z(w) = 0},

DAp
:=

⋃

n≥1

fnCAp
, where CAp

:= {(z, w) : z ∈ Ap, q
′
z(w) = 0},

and

DΠ :=
⋃

n≥1

fn
ΠCΠ, where CΠ := {λ : f ′

Π(λ) = 0}.

Let

JAp
=

⋃

z∈Ap

{z} × Jz.

The following appears as [12, Cor. 8.3]:

Proposition 4.1. A polynomial skew product f = (p, q) is Axiom-A on CP
2 if and

only if:

(1) Dp ∩ Jp = ∅;
(2) DJp

∩ J2 = ∅;
(3) DAp

∩ JAp
= ∅, and

(4) DΠ ∩ JΠ = ∅.

In particular, if f is Axiom-A, then

• every Fatou component of p (respectively fΠ) is the basin of attraction of
an attracting cycle whose immediate basin contains a critical point from
Cp (respectively CΠ), and

• Cz ∩ Jz = ∅ over every z ∈ Ap ∪ Jp.
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We can describe the fiberwise dynamics as follows: Let L := {W = 0} be the
horizontal projective line. The vertical projection π(z, w) = (z, 0) induces a rational
map π : CP2 → L whose only point of indeterminacy is [0 : 1 : 0] (which blows up
under π to the entire line L). Although L is not invariant under f , we can consider
the action of p on the line L and we let μp be the harmonic measure on Jp, i.e.

μp := ddcGp(z). Within CP
2 we have the vertical current Tp := π∗μp.

Throughout the remainder of the paper we will denote by C the closure in CP
2

of the “vertical critical points” {(z, w) : q′z(w) = 0}. It is an algebraic curve of
degree d− 1 with Cz = C ∩ (z × C) and C ∩ Π = CΠ. Since qz(w) = wd + Oz(w),
we have that [0 : 1 : 0] �∈ C. Therefore, π : C → L is a branched covering of degree
degC = d− 1.

Proposition 4.2. If f is a polynomial skew product with Jz connected for every
z ∈ Jp, then:

(1) For any piecewise-smooth two-chain Γ ⊂ C, we have 〈Γ, T 〉 = 〈Γ, Tp〉.
(2) Let U be any Fatou component U of p and CU := π−1

|C (U). The sequence of

restrictions {fn
|CU

} is a normal family2.

Proof. It suffices to consider any irreducible component C of C, which we param-

eterize by its normalization ρ : Ĉ → C; see [5]. Since C has dimension 1, Ĉ is a
compact Riemann surface. The following diagram summarizes the maps ρ and π:

Ĉ

π◦ρ
����

���
���

���
��

ρ
�� C

π

��

L

Since [0 : 1 : 0] �∈ C, we need only consider C within two systems of affine coor-
dinates: the original affine coordinates (z, w) and the coordinates t = T/Z and
u = W/Z, defined in a neighborhood Ω of [1 : 0 : 0]. In the (z, w) coordinates, the
Green’s current is given by T = 1

2πdd
cG(z, w) with

G(z, w) = Gz(w) +Gp(z).(4)

Meanwhile, in the (t, u) coordinates, it is given by T = 1
2πdd

cGΩ(t, u) with

GΩ(t, u) = Gt(u) +G#
p (t).(5)

Here, G#
p (t) is obtained by extending Gp(1/t)− log(1/t) continuously through t = 0

and Gt(u) is the PSH extension of Gz(w) described in [12, Lemma 6.3]. One has
that (0, u) ∈ KΠ if and only if G0(u) = 0 and, for t �= 0, (t, u) ∈ K1/t if and only if
Gt(u) = 0.

Because Jz is connected for every z ∈ Jp, Proposition 6.4 from [12] gives that
Cz ⊂ Kz for every z ∈ C and CΠ ⊂ KΠ. Therefore, if (z, w) ∈ C ∩C2, we have that
Gz(w) = 0 and (4) gives that the restriction of G to C ∩ C2 coincides with Gp(z).
Similarly, using (5), the restriction of GΩ to C ∩ Ω is just G#

p (t).
The above calculations give

ρ∗ T = ρ∗ Tp = ρ∗π∗μp.(6)

2In other words, {fn ◦ ρ} is a normal family for any parameterization ρ of CU (see below).
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Let Γ ⊂ C be any piecewise smooth two chain and Γ̂ ⊂ Ĉ its lift to the normalization.
Then,

〈Γ, T 〉 =
〈
Γ̂, ρ∗T

〉
=

〈
Γ̂, ρ∗Tp

〉
= 〈Γ, Tp〉 .

There is a general principle that for any complex manifold M and holomorphic
map φ : M → CP

2, the family {fn ◦ φ} is normal in a neighborhood of x ∈ M if
and only if x ∈ M \ suppφ∗T ; see [3] and also [12, p. 409].

In our situation, it follows that

fn ◦ ρ : Ĉ → CP
2(7)

is normal at x ∈ Ĉ if and only if x ∈ Ĉ \ supp(ρ∗ Tp). Since Gp is harmonic outside

of Jp, we have that CU is disjoint from supp Tp and, hence, that ĈU is disjoint from

supp(ρ∗ Tp). Therefore, f
n ◦ ρ is normal on ĈU . �

Corollary 4.3. Suppose that f is Axiom-A and satisfies the hypotheses of Propo-
sition 4.2, z0 is an attracting periodic point for p (possibly z0 = ∞), and U is any
component of the immediate basin for z0. Then, CU is in the immediate basins for
some attracting periodic points of f within z = z0.

Proof. Since f is Axiom-A, Cz0 ⊂ CU is in the immediate basins of attraction for
some attracting periodic points of f|{z=z0}. Because the line z = z0 is transversely

attracting, these periodic points are also attracting for f in CP
2, giving an open

subset of CU that is in these immediate basins. Since {fn◦ρ} is normal on ρ−1(CU ),
all of CU is in the union of these immediate basins. �

Proof of Theorem 1.2. Case 1: f is connected:
We begin with Fatou components for f that are bounded in C

2, i.e. those on
which G(z, w) ≡ 0.

Since Jp is connected and p is hyperbolic, the Fatou set U(p) consists of the
basins of attraction of finitely many attracting periodic orbits together with the
basin of attraction for the superattracting fixed point at z = ∞. Moreover, each
component of these basins is conformally equivalent to the open unit disc D. For
simplicity of exposition, we suppose that each attracting periodic orbits for p is a
fixed point (otherwise, one can pass to an appropriate iterate of f).

Let z0 ∈ C be an attracting fixed point of p and let U0 be the component of its
basin of attraction that contains z0.

Let x and y denote points in C2.
Since f is Axiom-A, Jz0 is a hyperbolic set, having a local stable manifold

W s
loc(Jz0) formed as the union of stable curves W s

loc(x) of points x ∈ Jz0 with
each W s

loc(x) being holomorphic. These stable curves satisfy the invariance

f(W s
loc(x)) ⊂ W s

loc(f(x)).(8)

They are transverse to the vertical line {z = z0} since it is the unstable direction
of Jz0 . Hence, there is a sufficiently small ε > 0 so that each W s

loc(x) is the graph
of a holomorphic function over z ∈ Dε(z0) := {|z − z0| < ε}. In other words, this
describes W s

loc(Jz0) as a holomorphic motion (see, for example, [10, §5.2]) over the
open disc z ∈ Dε(z0).

Because f |z=z0 : {z0} × C → {z0} × C is hyperbolic, its Fatou set consists
of the basins of attraction of finitely many attracting periodic points (including
w = ∞). We will use some hyperbolic theory to show that if z ∈ Dε(z0), then either
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(z, w) ∈ W s
loc(Jz0) or (z, w) is in the basin of one of these finitely many attracting

periodic points for f |z=z0 . Because most classical treatments of hyperbolic the-
ory are for diffeomorphisms, we appeal to the discussion for endomorphisms that
appears in [11].

The natural extension of Jz0 is

Ĵz0 = {(xi)i≤0 : xi ∈ Jz0 and f(xi) = xi+1}.

Associated to any prehistory x̂ ∈ Ĵz0 is a local unstable manifold Wu
loc(x̂), which,

in this case, is just an open disc in the vertical line z = z0.

We will now verify that Ĵz0 has a local product structure; see Definition 2.2

from [11]. If W s
loc(x) ∩ Wu

loc(ŷ) is non-empty for some x ∈ Jz0 and ŷ ∈ Ĵz0 , then
W s

loc(x) ∩Wu
loc(ŷ) = x, since Wu

loc(ŷ) is contained in the vertical line {z = z0} and
W s

loc(x) is the graph of a function of z. In particular, the intersection is a unique
point. Moreover, the unique prehistory x̂ of x satisfying that xi ∈ Wu

loc(f
i(ŷ)) for

all i ≤ 0 is in Ĵz0 , since every local unstable manifold lies in {z = z0}.
Because Ĵz0 has a local product structure, Corollary 2.6 from [11] gives that

there is a neighborhood V of Jz0 in C2 so that if fn(z, w) ∈ V for all n ≥ 0, then
(z, w) ∈ W s

loc(x) for some x ∈ Jz0 . If z ∈ Dε(z0), then fn(z, w) must converge to
the line {z = z0} since Dε(z0) ⊂ U0. Existence of the neighborhood V implies that
(z, w) is either in W s

loc(Jz0) or is in the basin of attraction for one of the finitely
many attracting periodic points for f |z=z0 : {z0} × C → {z0} × C.

We can now see that if z ∈ Dε(z0), then Jz = W s(Jz0) ∩ ({z} × C). From the
preceding paragraph we see that if (z, w) �∈ W s

loc(Jz0), then w �∈ Jz. Meanwhile,
if (z, w) ∈ W s

loc(Jz0), then the family of iterates fn|{z}×C cannot be normal at w,
giving that w ∈ Jz.

Repeatedly taking the preimages of W s
loc(Jz0) under f that intersect the vertical

line {z = z0}, we obtain a stable set W s(Jz0) over all of U0. For any z ∈ U0, we have
that (z, w) is either in W s(Jz0) or is in the basin attraction for one of the finitely
many attracting periodic points of f |z=z0 . We also have Jz = W s(Jz0)∩ ({z}×C).

By Corollary 4.3, CU0
⊂ U(f), so that CU0

is disjoint from W s(Jz0). A repeated
application of the Inverse Function Theorem, together with (8), allows us to extend
(in the parameter z) the holomorphic motion of Jz0 from z ∈ Dε(z0) to a holomor-
phic motion of Jz0 over all of U0. (For details, see the proof of Theorem 6.3 from
[8].)

The image of this holomorphic motion is precisely W s(Jz0). By Slodkowski’s
Theorem [20], it will extend (in the fiber w) as a holomorphic motion of the entire
Riemann Sphere CP1 that is parameterized by U0. Therefore, every bounded Fatou
component of f lying above U0 is given as the holomorphic motion of a Fatou com-
ponent of f |z=z0 . Each of these is a disc (since f |z=z0 is hyperbolic with connected
Julia set), so every bounded Fatou component lying above U0 is homeomorphic to
an open ball.

Let zn be an n-th preimage under p of z0 and let Un be the component of W s(z0)
containing zn. We will use induction on n to show that there is a holomorphic
motion of Jzn parameterized by z ∈ Un so that:

(1) for every z ∈ Un, Jz is obtained as the motion of Jzn , and
(2) the motion of any w ∈ Jzn is a precisely stable curve of w.

Then, as above, Slodkowski’s Theorem will give that every bounded Fatou compo-
nent of f lying over Un is obtained as the holomorphic motion of some component
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of Kzn \ Jzn , parameterized by z ∈ Un. In particular, every such Fatou component
will be homeomorphic to an open ball.

The desired holomorphic motion already exists for n = 0, so we suppose that it
exists for n = k in order to prove it for n = k + 1.

It is sufficient to show that the part CUk+1
of the horizontal critical locus that lies

above Uk+1 is in the Fatou set U(f). In that case, the Implicit Function Theorem
can be used to lift the entire holomorphic motion of Jzk under f to a holomorphic
motion of Jzk+1

parameterized by Uk+1. The result will automatically satisfy (1)
and (2).

Let CUk+1
be some irreducible component of CUk+1

. By Proposition 4.2, the

family of restrictions of iterates {fn
|CUk+1

} is normal. Therefore, fk+1CUk+1
is either

in the Fatou set U(f) or is within the stable curve of a single x ∈ Jz0 .
Suppose the latter happens. Then, every point of fn+1CUk+1

lying over any
z ∈ U0 is in Jz. Let C∂Uk+1

be the portion of the horizontal critical locus lying over
∂Uk+1 ⊂ Jp that is in the closure of CUk+1

. Lower semi-continuity of the mapping

z �→ Jz (see [12, Prop. 2.1]), combined with continuity of fk+1, gives that

fk+1C∂Uk+1
⊂

⋃

z∈∂U0

{z} × Jz ⊂
⋃

z∈Jp

{z} × Jz = J2.

However, since f is Axiom-A, Proposition 4.1 implies that fk+1C∂Uk+1
⊂ DJp

is
disjoint from J2. Therefore, we conclude that every component of CUk+1

is in the
Fatou set.

We now consider the Fatou components for f on which G(z, w) > 0. Recall that
(z, w) ∈ W s([0 : 1 : 0]) if and only if Gz(w) > 0. Since Jz is connected for every
z ∈ Jp, it follows from Theorem 2.2 that W s([0 : 1 : 0]) is homeomorphic to an
open ball.

It remains to consider Fatou components on which Gp(z) > 0 and Gz(w) = 0.

Let U∞ ⊂ CP
1 be the basin of attraction of ∞ under p. Since Jp is connected,

U∞ is simply connected. For simplicity of exposition, we suppose that 0 �∈ U∞
(otherwise, one can conjugate f by an appropriate translation in the z-coordinate).

Let us work in the system of local coordinates t = T/Z and u = W/Z in which

f(t, u) =

(
td

P (1, t)
,
Q(1, u, t)

P (1, t)

)
≡ (r(t), st(u)),

which is a rational skew product. The first coordinate has 0 as a totally-invariant
superattracting fixed point, whose basin of attraction U∞ is entirely contained in
the copy of C parameterized by t. The Fatou components of f that remain to be
studied each have projection under (t, u) �→ t lying entirely in U∞.

The line Π is given by t = 0. Since f is Axiom-A, JΠ is hyperbolic, having a
local stable manifold W s

loc(JΠ) that is formed as the union of stable curves of points
x ∈ JΠ. Each of these stable curves is transverse to Π, since Π is the unstable
direction of JΠ. Thus, we can choose ε > 0 sufficiently small so that W s

loc(JΠ) is
described as a holomorphic motion of JΠ that is parameterized by t ∈ Dε(0).

Using the same proof as for Ĵz0 , one can check that ĴΠ has a local product
structure, so that if (t, u) satisfies |t| < ε, then (t, u) is in the basin of attraction
for one of the finitely many attracting periodic points of fΠ (including u = ∞,
which corresponds to [0 : 1 : 0]). Similarly, if |t| < ε, then J(f) ∩ (C × {t}) =
W s(JΠ) ∩ (C× {t}).
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By Corollary 4.3, the horizontal critical locus

CU∞ =

{
(t, u) :

∂st(u)

∂u
= 0 and t ∈ U∞

}

lies in the Fatou set for f . As before, the Implicit Function Theorem can be used
repeatedly to extend the holomorphic motion of JΠ to one that is parameterized
by all of U∞. Then, Slodkowski’s Theorem can be used to extend this holomorphic
motion in the fiber w. Each of the Fatou components of f that lies over U∞ (other
than W s([0 : 1 : 0])) is then a holomorphic motion of a bounded Fatou component
of the polynomial map fΠ, parameterized by the simply connected domain U∞.
This gives that each such component is homeomorphic to an open bidisc.

Case 2: f is disconnected:
If Jz is disconnected for any z ∈ Jp, then Theorem 2.2 gives that

H1(W
s([0 : 1 : 0])) is infinitely generated. It remains to consider the case that

Jz is connected for every z ∈ Jp and Jp is disconnected.
Let U∞ be the basin of attraction of z = ∞ for p(z). Corollary 4.3 gives that

each of the irreducible components of CU∞ = π−1
|C (U∞) is in the immediate basin

of attraction W s
0 (ζi) of one of the finitely many attracting periodic points

ζ1 := {ζ11 , . . . , ζn1
1 }, . . . , ζm := {ζ1m, . . . , ζnm

m }
of fΠ.

The proof of Proposition 4.2 from [8] shows how to generate a sequence of piece-
wise smooth one-cycles υn ⊂ U∞ bounding regions Υn ⊂ C with the property that
〈Υn, μp〉 → 0. Perturbing the υi slightly (if needed), we can suppose that none of
them lie on the finitely many critical values of π : C → L. For each i, we let

γi := π−1(υi) and Γi := π−1(Υi),

so that each γi is a finite union of closed loops in CU∞ bounded by a piecewise
smooth chain Γi. Moreover, π : Γi → Υi is a ramified cover of degree d− 1.

Proposition 4.2 gives 〈Γi, T 〉 = 〈Γi, Tp〉 and the invariance properties of 〈·, ·〉 from
Proposition 3.1 give

〈Γi, Tp〉 = 〈Γi, π
∗μp〉 = 〈π∗Γi, μp〉 = (d− 1) 〈Υi, μp〉 .

Since 〈Υi, μp〉 → 0, we have that

lk(γi, T ) = 〈Γi, T 〉 (mod 1) = (d− 1) 〈Υi, μp〉 (mod 1) → 0 (mod 1).

Theorem 3.4 gives that the first homology of
⋃

i W
s
0 (ζi) is infinitely generated.

Hence, at least one of the finitely many Fatou components from this union has
infinitely generated homology. �

Remark 4.4. We will now discuss the question of whether Theorem 1.2 holds with-
out the hypothesis that f be Axiom-A. To see that some condition on hyperbolicity
is needed, consider the disconnected product mapping

f(z, w) = (z2 − 6, w2 + i),

which has that Jp is a Cantor set and that Jz is a (connected) dendrite for every
z ∈ C. Since Jz is connected for every z ∈ Jp, Theorem 2.2 gives that W s([0 : 1 : 0])
is homeomorphic to an open ball. Moreover, the closure of W s([0 : 1 : 0]) is all of
CP

2, giving that it is the only Fatou component for f .
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Meanwhile, the author does not presently know of any example of a connected
polynomial skew product having any Fatou component that is not homeomorphic
to an open ball.

One can somewhat weaken the hypothesis that f be Axiom-A and still have the
proof of Theorem 1.2 that is presented in this section hold. (We leave the Axiom-
A condition in the statement of Theorem 1.2, in order to keep it simple.) More
specifically:

If Jz is disconnected for some z ∈ Jp, then no hypothesis is needed in order to
determine that W s([0 : 1 : 0]) has infinitely generated first homology; see Example
5.5.

If Jz is connected for every z ∈ Jp, but Jp is disconnected, we only need that
fΠ has at least one attracting periodic orbit ζ0. Then, some irreducible component
of CU∞ will be in W s

0 (ζi) and the technique from Case 2 can be applied to that
component.

If f is connected, then one need only assume that Jp, JΠ, and JAp
be hyperbolic.

In this case, a slight modification of the proof of Theorem 1.2 is needed to address
the issue of bounded Fatou components lying over a preimage Uk+1 of some im-
mediate basin U0 for p. Without assuming that f is Axiom-A, fk+1CUk+1

could
potentially land in the stable curve W s(x) of some x ∈ Jz0 . However, one can still
use the Implicit Function Theorem to pull back all but finitely many leaves from
the holomorphic motion W s(Jzk). By the Lambda Lemma (see [13] and [14]), this
holomorphic motion (that is missing a few leaves) can be extended to a holomorphic
motion of all of Jzk+1

. One then proceeds using Slodkowski’s Theorem, as in the
original proof.

5. Examples

We conclude this note by interpreting some of the examples of Axiom-A poly-
nomial skew products from [12], [2], and [21] in the context of Theorem 1.2.

Example 5.1. Trivial examples of Axiom-A polynomial skew products exhibiting
both behaviors from Theorem 1.2 come from product maps f(z, w) = (p(z), q(w))
with p and q hyperbolic and small perturbations thereof.

Example 5.2. The family

fa(z, w) = (z2, w2 + az)

is considered by DeMarco-Hruska in Section 5.3 from [2]. The map fa is Axiom-A
if and only if ga(w) := w2 + a is hyperbolic [2, Theorem 5.1]. (In that case, fa is
in the same hyperbolic component as a product if and only if ga has an attracting
fixed point.) Moreover, Jp is the unit circle {|z| = 1} and Jeit is a rotation of angle
t/2 of J1 = J(ga); see [2, Lemma 5.5]. Thus, fa is connected if and only if a is in
the Mandelbrot set M.

If a is a hyperbolic point from M, then Theorem 1.2 gives that the Fatou set of
fa is a union of open balls. Meanwhile, if a ∈ C \M, then the basin of attraction
W s([0 : 1 : 0]) has infinitely generated first homology. (See also [8, Theorem 6.3],
where the assumption that fa be Axiom-A is dropped.)

Example 5.3. Jonsson shows in Example 9.6 from [12] that

f(z, w) = (z2 − 6, w2 + 3− z)
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is Axiom-A on CP
2 and is not in the same hyperbolic component as any product

mapping. There are two reasons why f is disconnected:

(1) p(z) = z2 − 6 has a disconnected Julia set, and
(2) Jz0 is disconnected over the repelling fixed point z0 = −2 ∈ Jp.

Since Jz0 is disconnected, Theorem 2.2 gives that W s([0 : 1 : 0]) has infinitely
generated first homology.

The action on the line at infinity is given by u �→ u2, where u = w/z, so that f
has two superattracting fixed points on that line: [0 : 1 : 0] and [1 : 0 : 0]. Even
though Jp is disconnected, the proof of Case 2 from Theorem 1.2 does not give that
W s([1 : 0 : 0]) has infinitely generated first homology, because some points on the
horizontal critical locus C = {w = 0} have orbits escaping to [0 : 1 : 0]. (We do not
know if W s([1 : 0 : 0]) has complicated first homology.)

Example 5.4. The following example by Sumi appears in [21, Remark 4.13]. Let

f(z, w) =

(
p(z), w2n +

(
z +

√
R

2
√
R

)
tn,ε(w)

)
,

where R, ε > 0, n ∈ N, pR(z) = z2 − R, p = pnR, hε(w) = (w − ε)2 − 1 + ε,

and tn,ε(w) = hn
ε (w) − w2n . For appropriate choices of ε sufficiently small, R

sufficiently large, and n sufficiently large and even, one has that f is Axiom-A, not
in the same hyperbolic component as any product mapping, with Jp a Cantor set
and Jz connected over every z ∈ C.

The action of f on the line at infinity is given by u �→ u2n , thus f has two
superattracting fixed points [0 : 1 : 0] and [1 : 0 : 0] on the line at infinity. Since Jz
is connected for every z ∈ C and Jp is disconnected, the proof of Theorem 1.2 gives
that W s([1 : 0 : 0]) has infinitely generated first homology. Meanwhile, Theorem
2.2 gives that W s([0 : 1 : 0]) is homeomorphic to an open ball.

Example 5.5. Jonsson shows in Example 9.7 from [12] that

f(z, w) = (z2 − 2, w2 + 2(2− z))

has J2 connected, but is not a connected skew product according to Definition 1.1
since Jz is disconnected for z = −2. This skew product is not Axiom-A because
p(z) has its critical point in the Julia set Jp = [−2, 2]. However, Theorem 2.2 can
still be applied to see that W s([0 : 1 : 0]) has infinitely generated first homology.
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Sup. (4), 16(2):193–217, 1983. MR732343 (85j:58089)

[15] John Milnor. Dynamics in one complex variable, volume 160 of Annals of Mathematics Stud-
ies. Princeton University Press, Princeton, NJ, third edition, 2006. MR2193309 (2006g:37070)

[16] Roland K. W. Roeder. A degenerate Newton’s map in two complex variables: linking with
currents. J. Geom. Anal., 17(1):107–146, 2007. MR2302877 (2009j:37068)
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