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CYCLE DOUBLING, MERGING, AND RENORMALIZATION
IN THE TANGENT FAMILY

TAO CHEN, YUNPING JIANG, AND LINDA KEEN

ABSTRACT. In this paper we study the transition to chaos for the restriction
to the real and imaginary axes of the tangent family {7T3(z) = ittanz}o<t<r-
Because tangent maps have no critical points but have an essential Singular_ity
at infinity and two symmetric asymptotic values, there are new phenomena: as
t increases we find single instances of “period quadrupling”, “period splitting”,
and standard “period doubling”; there follows a general pattern of “period
merging” where two attracting cycles of period 2™ “merge” into one attracting
cycle of period 271 and “cycle doubling” where an attracting cycle of period
27+l “hecomes” two attracting cycles of the same period.

We use renormalization to prove the existence of these bifurcation param-
eters. The uniqueness of the cycle doubling and cycle merging parameters is
quite subtle and requires a new approach. To prove the cycle doubling and
merging parameters are, indeed, unique, we apply the concept of “holomorphic
motions” to our context.

In addition, we prove that there is an “infinitely renormalizable” tangent
map 7%, . It has no attracting or parabolic cycles. Instead, it has a strange
attractor contained in the real and imaginary axes which is forward invariant
and minimal under TtQDo . The intersection of this strange attractor with the real
line consists of two binary Cantor sets and the intersection with the imaginary
line is totally disconnected, perfect, and unbounded.

1. INTRODUCTION

In the 1970s, Feigenbaum [8,[9], and Arneodo, Coullet, and Tresser [1,[2], dis-
covered an interesting phenomenon in physics called period doubling that showed
how a sequence of dynamical systems with stable dynamics can converge to one
with chaotic dynamics (see, e.g., [12]). They began with the quadratic family
Qi(x) = —(1 + t)a? + t parameterized by t € [0,1]. For all ¢, ; maps the interval
[—1,1] into itself, fixing —1. While for very small values of ¢, every point inside
the interval (—1,1) is attracted by a fixed point inside the interval, eventually one
encounters a strictly increasing sequence {¢,}52; such that for ¢ € (t,_1,t,), Q:
has a repelling cycle Cy ; of period 2% for k = 1,...,n — 1 and an attracting cycle
Cp ¢ of period 2". That is, as ¢ passes through each ¢, the period of the attracting
cycle is doubled.

Since the t,’s form a bounded increasing sequence, they have a limit t,,. The
limit map Q,__ is a quadratic polynomial with repelling cycles Cj ;. of period 2*
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for all positive integers k. It has no attracting or parabolic cycle, but the orbit
of the critical point 0, attracts all points that do not land on one of the repelling
cycles. This attractor is homeomorphic to the standard 1/3 Cantor set and Q;__
acts on it as an adding machine; thus, it is minimal in the sense that the orbit of
every point is dense.

Following that early work, period doubling was found to occur in many branches
of mathematics, physics, chemistry, and biology, etc. In this paper, we exhibit
an analogous phenomenon, which we call cycle doubling, and a new phenomenon,
which we call cycle merging, that occurs for the tangent family

{T}(z) = ittan z}o<i<r-

Before we get to what that means, we need to fill in some background about the
tangent family.

Each T} is a meromorphic map of the complex plane with poles at {km+m/2}rez.
Unlike the quadratic maps, it has no critical points. It does have an essential
singularity at infinity with a symmetric pair of asymptotic values, {—¢,¢} that are
limits of T; along paths tending to infinity in the directions of the positive and
negative imaginary axes, respectively. In this sense, the asymptotic values can be
thought of as “virtual images” of infinity. As a general principle, the dynamics of
a system generated by iterating a map are controlled by the orbits of the points
where the map is not a regular covering: for quadratic maps, this set is the orbit
of the critical value, and for the tangent map, it is the orbits of the two symmetric
asymptotic values.

For real values of ¢, T; maps the real line & to the imaginary line & and maps
3 to R so that f; = T7 is a self map of both R and . In the same sense that the
asymptotic values are virtual images of infinity under T}, they are virtual images
of the poles of T; under f;. We study the dynamics of T; and f; restricted to these
axes and show that as ¢t moves from left to right in (0,7), we see first a “period
quadrupling”, next a “period splitting”, and then a “period doubling” like that for
quadratic maps. Unlike quadratic maps, however, this period doubling occurs only
for a single value of t. Afterwards, as t increases, a general pattern occurs either
of “cycle merging”, in which two attracting cycles of period n merge to form a
cycle of period 2n, or “cycle doubling”, where instead of seeing one new cycle of
period 2n form from two cycles of period n, we see two new attracting cycles of
period n form from the single cycle of period n. The result is a pair of interleaved
strictly increasing sequences where these phenomena happen, {a,, = tdeuble} (3 =
tmergel that have a common limit ¢, (see Figures [l and [I]).

We prove that, like the limit in the quadratic case, T;__ has no attracting or
parabolic cycle. Instead, it has an attractor C' contained in the real and imaginary
lines and it attracts almost all points on these lines. In the real line, it consists of
two binary Cantor sets and is forward invariant and minimal under f; . On the
imaginary line, it is a forward invariant, unbounded, totally disconnected, perfect
subset.

Our proofs involve modifying, for the tangent family, standard techniques for
real and complex dynamical systems. The proof that cycle doubling occurs at «,
uses fairly standard results about bifurcation near parabolic periodic points. Cycle
merging, however, is inherently a phenomenon for meromorphic maps with symmet-
ric asymptotic values. It depends on adapting the “renormalization” process for
polynomials to the tangent family. For the quadratic family, at each ¢,, a new map,
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Ficure 1. This is a computer generated picture illustrating the
bifurcation diagram for {T;(z) = it tan z}o<i<r-

its “nth-renormalization”, is defined as Q7 restricted to a subinterval of [—1, 1] that
contains the critical point and on which the iterate is a unimodal map. (See, e.g.,
[T2,8]). In the tangent family, for each §,, we define the “nth-renormalization”
to be the iterate ft2 restricted to a pair of intervals each containing a pole, and
each bounded by certain pre-poles. The renormalized map is “tangent-like”, that
is, continuous and monotonic except at the poles. We prove that the map T;__ is
infinitely renormalizable and the orbits of the asymptotic values form an attractor
C'. (See [20] for the definition of an attractor.)

The renormalization process gives a complete solution to the existence of cycle
doubling and cycle merging parameters in the tangent family. The uniqueness of
the cycle doubling and cycle merging parameters is quite subtle and requires a new
approach. To prove the cycle doubling and merging parameters are, indeed, unique,
we adapt ideas used in [16] to study entropy of folding maps. In particular, we apply
the concepts of “holomorphic motions” and “transversality” to our context.

We note that just as renormalization for quadratics can be extended to the
complex parameter plane of the quadratic and other polynomial families (see, e.g.,
[BL6LI2LT7]), renormalization exists in the complex ¢ plane of the tangent family
where there is cycle doubling and merging. In fact, renormalization also exists
in dynamically natural slices (see [7]) of more general families of meromorphic
functions. We see cycle doubling and merging in those slices where there are two
asymptotic values that behave symmetrically. For example, we see these phenomena
in the family Atan® z, whose functions have two symmetric asymptotic values and
one superattractive fixed point. We leave these generalizations for another paper.

The paper is organized as follows. In §2] we describe some basic facts about
the tangent family it tanz with ¢ € (0,7]. In §3] we show that as t increases an
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attracting fixed point “quadruples” into a period 4 attracting cycle. Then in §4 we
show that the period 4 cycle “splits” to become two period 2 attracting cycles. In
g8 we show how the two period 2 attracting cycles “period double” to become two
period 4 attracting cycles. In the same section, we define the first renormalization;
it is the paradigm for the higher order renormalizations needed to show the general
pattern. In g6l we give the first example of the “cycle merging” phenomenon: two
period 4 attracting cycles merge to become a single period 8 attracting cycle. In
J7, we give the first example of the “cycle doubling” phenomenon: the single period
8 cycle doubles to become two period 8 attracting cycles. In §8, we show the next
example of “cycle merging”: the two period 8 cycles merge into one period 16
attracting cycle. We will see that this second merging is somewhat different from
the first merging. In §9] we state and prove our first main result (Theorem [Il) which
says the sequences of cycle doubling and cycle merging phenomena exist and are
part of a general pattern for the tangent family. The proof is by induction and the
main tool in the induction step is renormalization. In §I0]we introduce holomorphic
motions and use them to prove transversality at the cycle merging parameters 3,
(Theorem 3). Because our family is restricted to the real and imaginary axes, and
depends on real parameters, we obtain positive transversality. This is what we
need for the uniqueness of the (3,,, which in turn, gives us the uniqueness of the
oy, In §I1] we show there exists an infinitely renormalizable map T;__ and prove
the second main result (Theorem @) which describes the Cantor-like structure of
its strange attractor. The appendix contains the proof of a standard lemma on
parabolic bifurcation.

2. FACTS ABOUT TANGENT MAPS

2.1. Basic facts. Let R be the real line, let C be the complex plane, and let
C = CU{oo} be the Riemann sphere. The tangent map is defined as

1 eiz _ efiz
tan(z) = T —.
7 e’LZ + e*’LZ
Let
eiz _ efiz
1 T - .tt - t*.
1) 1(2) = it tan(z) = 15—
The family we consider in this paper is the subfamily of the tangent family
(2) T ={Ti(z) =ittanz : C — (E}OQSW.

We use & = {iy | y € R} to denote the imaginary line in the complex plane. Let
St ={iy|y >0} and S~ = {iy | y < 0} be the positive and negative rays in S,
respectively. From the definition we have

677! — ey
Ti(iy) =t—————.
t(7y) eV + v
Thus,
(3) ylgr;o T;(1y) = —t and yl}r_noo Ti(iy) = t.

Since T} is continuous on &, we see that the restriction of T} to & is a map onto
(—t,t) and it is a strictly decreasing function of y, where the ordering on S is given
by the rule: iy > iz if y > z.
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The family 7 has the following properties:
(a) Each T} in T has no critical points.
(b) The values {—t,t} are both omitted by all maps T; in T; they are the
asymptotic values of T.
(¢) All maps T; in T have poles at the same set of points, z, = kn+7/2, k € Z.
They are all periodic with period 7; that is,

Ti(z+m) =T(z) V ze€C.

(d) Every map T; in 7 is an odd function; that is, T;(—z) = —T;(z) and so T}
has a fixed point at 0. The multiplier at 0 is

(4) Ao = (T)'(0) = it.

(e) For every Ti, the preimages of 0 are the points km, k € Z, on the real line.
In each fundamental interval (km—7 /2, kw47 /2), T} is a continuous strictly
increasing function onto the imaginary line S.

If we compose T; in T with itself, we obtain an odd periodic map of period 7
from R to itself,

ttanx _ _—ttanxz

(5) fi(x) = T?(z) = —ttanh(ttanz) = —t € € },

et tanx + eft tanx

whose derivative is an even periodic function

4t% sec? x
(ettanx + e—ttanw)Q !

(6) fi(z) = —t*sech®(ttanz) sec’ z = —

Let Az =z — (kr +7/2) <0 (or =z — (kx — 7/2) > 0). Since

A
lim —tanz = lim C_OS - lim — and
Az—0 Az—0 sin Az Az—0 Ax
1

li _ 2, _ li — 1
Ao T At Do sinZ Az Aaso (Ax)?’

~AaT

e x

(7) fila) = ~4¢ sy + ol

The map f; is an odd function with countably many discontinuities at the points
km + /2 for k € Z. 1t is a strictly decreasing smooth map from each fundamental
interval (km — w/2,km 4+ 7/2) onto (—t,t) (see Figure ). The points km + 7/2
constitute the set of poles of T}; by abuse of notation, we will call them the poles
of fi. Similarly, since the points zj such that f"(xy) = kr +7/2, m=0,1,2,...,
are called pre-poles of T} of order 2m + 1, we will call them pre-poles of f;.

In what follows, and throughout the rest of the paper, we use the notation y* for
the upper and lower limits, lim,_,,+ x and the notation fi(yT) for the upper and
lower limits, lim,_,,+ f;(x). With this notation, the function f; can be extended to
the closed interval [km — 7/2, kmw 4+ /2] continuously with image [—¢,t] by setting

Ji((em = 5)*) =1

and

fe((km + g)_) = —t.
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N

F1GURE 2. Graph of f;

Again, by abuse of notation we use f; for this extension as well. From (), for every
n > 1, the nth-derivatives satisfy ft(n)((kﬂr +7/2)7) =0and f*((kr —7/2)T) = 0.
Thus the points km £ 7/2 are flat critical points of f;.

The Schwarzian derivative of f; is, by definition,

"

YR
S = - 2(5)
=" 2y
Since f; is the composition of —ttanhz and ¢ttanz and since S(ttan) = 2 and
S(—ttanh) = —2, we have

S(f:) = S(—ttanh) o tan -(tsec?)? + S(t tan) = 2(—t*sec? +1).
Thus S(f:) < 0 when ¢ > 1.

2.2. Some basic dynamics for tangent maps. A set of points C={z1, -+ ,z,}
is called a period n cycle if T{"(z;) = z;, and T{(2;) = Z(i4k) (mod n) # 2 for all
1<k<n-—1. Let A\c = (T}*)(21) be the multiplier of C. We say C' is attracting,
parabolic, or repelling if |A\o| < 1, Ao = €2P™/9 or |A\¢| > 1, respectively. As in
the theory of dynamics of rational maps (see, e.g., [19]), it was proved in [13H15]
that the immediate basin of every attracting or parabolic cycle contains at least
one asymptotic value. By the symmetry of the tangent maps, if a given T; has an
attracting cycle or parabolic cycle C, then —C' = {—2z1,--- , —z,} is also attracting
or parabolic with the same multiplier. This means that either C' and —C each
attracts one asymptotic value or C = —C and it attracts both asymptotic values.
It follows that T; can have no other attracting or parabolic cycles.
We will need the following basic lemmas.

Lemma 2.1. For allt > 1, the period of any attracting or parabolic cycle of Ty is
even.

Proof. For real x the map Ti(xz) = ittan(z) maps the real line to the imaginary
line; it is continuous and strictly monotonically increasing on each fundamental
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interval. The map T;(iy) = it tan(iy) = —t tanh(y) maps the imaginary line onto
the real interval (—t,¢); it is continuous and strictly monotonically decreasing. If
T; has an attracting or parabolic periodic cycle, then one of the asymptotic values
+t € R must be attracted to it. The orbit of the asymptotic value must alternate
between the real and imaginary axes so the points in this attracting periodic cycle
must lie in the union of the real and imaginary lines. It follows that the period of
any attracting or parabolic periodic cycle other than 0 must be even. (]

Lemma 2.2. Suppose t > 1 and suppose T; has a period p attracting cycle. Then
the intersection of each component of the immediate basin of this attracting cycle
with the real line or the imaginary line must be an interval.

Proof. By the lemma above, all points in the cycle are in the real and imaginary
axes. Let D be a component of the immediate basin of the cycle that intersects the
real axis. Let x € D (the closure of D) be the point of the cycle. Then T} (z) = z
is in or on the boundary of D. It was shown in [4] that such a D must be simply
connected. We claim that D is symmetric with respect to complex conjugation,
that is, D = D. This together with D N R # () will prove the lemma.

Now let us prove the claim. For any z € D, T/"(z) — x as n — oo. By
the symmetry of 77, T?(z) = T2(2). This implies that T/"(z) — Z = x so that
zeD. g

As an immediate corollary we have the following.

Corollary 2.1. Suppose t > 1 and suppose T; has an attracting cycle. Then any
boundary point of a component of the immediate basin of this attracting cycle on
the real or imaginary axis is either a repelling periodic point or a pre-pole of T;.

If the function Ty = iAtanz, A € C\ {0} has an attracting cycle it is called
hyperbolic. It was proved in [7}[14] that the hyperbolic components of the A-plane
are universal covering spaces of the punctured disk. This immediately implies the
following.

Proposition 2.1. The intersection of any hyperbolic component with the real line
A =t is an interval I. Moreover, the multiplier of the attracting cycle fort € I is
a momnotonic function with absolute value between 0 and 1.

3. PERIOD QUADRUPLING: ONE PERIOD 1 TO ONE PERIOD 4

In this section, we describe the period quadrupling phenomenon in T that occurs
as t increases through the point 1 (see Figures [l and [[l). That is, we see that the
attracting fixed point of T; for ¢ < 1 becomes parabolic at ¢ = 1 and then repelling
for t > 1. As t increases past 1, a new period 4 attracting cycle is born.

The following lemma is easy to prove.

Lemma 3.1. For every 0 <t < 1, 0 is an attracting fixed point of T;; there are no
other attracting cycles.

Proof. Since T;(0) = 0 and || = |T}(0)| = |itsec?(0)] =t < 1, 0 is an attracting
fixed point. The asymptotic values of T3 are —t and ¢t. One of them, say ¢, is
attracted to 0; that is, 7" (t) — 0 as n — oo. Since T is an odd function, T]*(—t) =
—T7(t) = 0 as m — oo so that both ¢ and —¢ are attracted to 0 under iterations of
T;. Therefore C' = {0} is the only attracting cycle for Ty, and its period is 1. O
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Lemma 3.2. Fort =1, 0 is a parabolic fized point and there are no other attracting
or parabolic cycles.

Proof. Because T1(0) = 0 and \g = T7(0) = isec?(0) = i, 0 is a parabolic fixed
point. The asymptotic values of T} are 1 and —1. As in the proof of Lemma B.1]
both —1 and 1 are attracted to 0 under iterations of T} so 0 is the only parabolic
cycle for T7 and there are no attractive cycles. ([l

As t increases through 1, we see a period quadrupling phenomenon in T;: as the
single period 1 cycle becomes repelling, a new period 4 cycle is born.

Lemma 3.3. As t increases through 1, 0 becomes a repelling fized point of Ty
and a period 4 attracting cycle forms near 0. This attracting cycle persists for all
te(1,7/2).

Proof. Since t > 1 and |Ao| = |T7(0)] = ¢, 0 is a repelling fixed point of T;. Now
we consider the function f? = T}. It is an odd strictly increasing function on
(—m/2,7/2) with maximal value f?((r/2)”) = ttanh(ttant) and minimal value
J2((—=m/2)T) = —ttanh(ttant). Since t € (0,7/2), f2((7/2)~) € (0,7/2). Since 0
is a repelling fixed point, by elementary calculus we see that f? has a fixed point
p2s € (0,7/2). By symmetry, it has also a fixed point ps; = —poy € (—7/2,0).
Since S(f?) < 0, we see that both these fixed points have to be attracting and that
they are the only attracting fixed points in (0,7/2) and in (—m/2,0), respectively.

The point py; attracts ¢ and the point ps; attracts —t. Since both asymptotic
values are attracted by these fixed points of f?, there are none available to be
attracted to any other cycle so there are no other attracting or parabolic cycles.

Let @ = T7(p2,¢) € (=7/2,0). Since T} (p2,e) = pas, Tj'(z) = T} (T (p2s)) =
T(TH(pat)) = T¢(pat) = x. Thus z is a fixed point of f? in (—n/2,0). This
implies that = ps,. Hence the set {pa,psa.} is an attracting period 2 cycle
of fi that attracts both asymptotic values, +t. Let ps; = Ti(p2) € ST and let
p1t = Ti(pas) € 7. Thus we see that

Cut = {p1,t,P2,4:D3,t, P4t}

is a period 4 cycle of T; which attracts both asymptotic values +¢. Therefore T}(x)
has no other attracting or parabolic cycles. ([l

We denote the multiplier of the cycle Cy; by
Ae = (T1) (p1,0)-
4. PERIOD SPLITTING: ONE PERIOD 4 TO TWO PERIOD 2
As t increases past 7/2 we see a period splitting phenomenon in T; that is, the

attracting period 4 cycle becomes 2 attracting period two cycles (see Figures [l and

Suppose t = 7/2; then the extended function f; o(x) satisfies
™

fym/27) == and  fz(-m/2%) =3

so that as x approaches 7/2 from below or —7/2 from above, {—7/2,7/2} is a
period 2 cycle of f;/5(x). On the other hand
T

fg(w/2+) 5 and f%(—w/2_):_§
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so that, as « approaches 7/2 from above or —7/2 from below, —7/2 and 7 /2 are
both fixed points of fro(x).

We call the pair {—n/2,7/2} (or the points —x/2 and 7/2) a wvirtual cycle
of period 2 (or wvirtual fized points) for fr,o; we call the parameter m/2 a wvir-
tual cycle parameter. Since the limit of the multiplier from either side satisfies
( fr/z)’(j:ﬂ'/Qi) =0, we also call m/2 a virtual center.

The names virtual cycle and virtual center are justified because, like the super
attracting cycles at the centers of the hyperbolic components of the Mandelbrot
set for quadratic polynomials, where the critical value belongs to the cycle and
the multiplier is zero, the asymptotic value belongs to the virtual cycle and the
limit multiplier is zero. The virtual cycle, however, is not really a cycle because
the asymptotic value is only the “image” of infinity under T} in a limiting sense;
it is a wirtual image. In the same sense, the asymptotic value is the virtual image
of the pole under f;. See [BL[7l[14] for a more detailed discussion of virtual centers
and virtual cycle parameters; in particular, it is proved in [I4] that for the tangent
family, every virtual cycle parameter is a virtual center and vice versa.

We now want to see what properties of f; are also properties of T; as t approaches
the virtual center 7/2 from either direction.

When ¢t < 7/2, T;(t) € ST and T3 (—t) € . Thus we have

lim T(t) =ioco and lim Ty(—t) = —ico.
t—=(5)~ t=(5)~

Hence the set

Cy(nj2)- = {—7/2, —io0,7/2,i00}
is the limiting cycle of Cy; as t — (w/2)~. It is a period 4 cycle whose (limit)
mulitplier Ay (r/2)- = lim;_,(r/2)- A4, IS easily seen to be 0. Continuing with our
notation above, we call the limiting cycle Cy (r/2)- a virtual cycle, this time with
period 4, and the points in the set virtual periodic points.

When ¢t > /2, Ty(t) € S~ and Ty (—t) € ST. Thus we have

t_}l(%l)+ Ti(t) = —ioco and t_}l(%l)Jr T:(—t) = ico.

The two sets
T ) -
Co(z)+ = {5, —ioo} and CM%)* = {_E’ZOO}

are virtual period 2 cycles whose respective (limit) multipliers are 0.

These virtual cycles become actual period 2 cycles for ¢ > 7/2. More precisely,
there are two fixed points of f;, pa; € (7/2,1) and ph, = —pas € (—t,—7/2) (see
Figure [3]).

Let p1y = Ty(p2,) € S~ and py, = Ty(ph ) € ST. Then we have two period 2
cycles for Ty, /

Co = A{p1i,p24} and  Chy = {p) 05, } = —Cay.

Using the prime notation for both the derivative and the symmetric periodic
point, the multipliers of Cy; and Cj , are

Aot = (th)/(plﬂf) and )‘/2715 = (th)/(pll,t)'
By Propsition 22T} for ¢ greater than, but close to 7/2, Aoy = A5, € (—1,0) and is
monotonic in some interval to the right of 7/2, (7/2,a1). Since lim;_, 5+ Aoy = 0,
Ao, = —1 and Oy, and Cj , are both parabolic cycles. Now Cj (/2)+ and
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Ficure 3. For t > /2, f; has two fixed points ps ; and p’27t.

C’é’(ﬂ J2)+ are the limiting cycles of Cy; and Cj ,, respectively. Moreover, since the
multiplier function A4, of the cycle Cy, for t < 7/2 has limit 0 at 7/27, it can
be extended continuously for t > 7/2 by setting Ay ; = A2t A5 ;. It thus becomes a
continuous function taking values from 1 at ¢ =1 to 0 at ¢ = 7/2 and then back to
1 at ay (see also [I3HIH]).

This proves the following.

Lemma 4.1. There exists a1 € (n/2,7) such that when t € (7/2,a1), 0 is a
repelling fized point of Ty and Ty has two period 2 attracting cycles, Ca s and Cy , =
—Cyy. Atay, Coa, and Cy ,  are period 2 parabolic cycles both of whose multipliers
are —1. For allt € (7/2,04], the cycle Ca 4 attracts the asymptotic value t and the
cycle C’é)t attracts the asymptotic value —t; Ty has no other attracting or parabolic
cycles.

5. PERIOD DOUBLING AND RENORMALIZATION

In this section, we will see that as t increases through a1, T; undergoes a standard
period doubling phenomenon. Because the multipliers of the parabolic cycles of
T., (parabolic fixed points of f,,) are —1 and the map f; has negative Schwarzian
derivative, both period 2 attracting cycles become period 2 repelling cycles and, at
the same time, two new period 4 attracting cycles with positive multiplier are born.
Thus, “the period is doubled” and as t increases, it moves into a new hyperbolic
component, where, by Proposition 2.1l the multipliers of the new doubled cycles
decrease monotonically to 0. The next lemma describes what happens at the right
endpoint 1 of this interval where the multipliers become zero. In particular, the
discussion shows that «; is the only point in the interval (7/2, 1) where there are
parabolic fixed points of f;. This is the first step of a renormalization process.

Lemma 5.1. There exists 81 € (oq,m) such that for t € (aq,B1), 0 remains a
repelling fized point of Ty, the period 2 cycles Cay and Cy , persist, but they are now
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repelling and Ty has two new period 4 attracting cycles:
Cap = {p4,1,t,p4,2,t,p4,3,t7p4,4,t}
with pras < pase € (1/2,7),pa3e > pase €S, and
CA/L,t =—Cyt= {pil,l,tupﬁl,Q,mpiL,S,tapilA,t}

with ply oy < Phas € (=7, =7/2), Phs; < Py1s € ST (see Figure H). The map T,
has no other attracting or parabolic periodic cycles. The multipliers A4 and )\ﬁl’t of
these new period 4 cycles are equal, Teal, positive and decrease monotonically from
1 to 0 as t increases from aq to fy.

@)

FIGURE 4. Two period 4 attracting cycles Cy; (red) and C ; (green).

Proof. For t € (n/2,7], let a; € (0,7/2) and b; € (7/2,7) be pre-poles such that
fi(ay) = —m/2 and fi(by) = w/2. Then —a; € (—7/2,0) and —b; € (—7, —7/2) are
also pre-poles with fi(—a;) = n/2 and f;(—b;) = —7n/2. Moreover, by symmetry
and periodicity, a; + by = 7. Let I; = [~by, —a;] U [ay, by] and consider f2|;,. It is
strictly increasing and continuous on the following set of intervals (see Figure [Bl):
f?:[=bs,—7/2] = [~t,ttanh(t tant)];
f?:[-m/2,—as] — [~ttanh(ttant),t];
f? :lag, 7/2] — [—t, ttanh(t tant)];
and
f2:[rn/2,b] — [—ttanh(ttant),t].

When t = a1, p2o, and 1)’270‘1 = —pa,o, are parabolic fixed points of f; and
both have multiplier —1. Since the Schwarzian derivative of f; is negative, we see
that for t > aq, but close to it, both of these fixed points are repelling and near
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FIGURE 5. For t = 2.84 > ay, f; has repelling fixed points pa ¢
and py, = —pa; and f7 has attracting fixed points {pa s, P12}
and {—pa4¢, —paas}. fris blue and f? is mustard yellow.

each an attracting period 2 cycle appears. The new cycles are {p4 2., pa4,} and
{Ph2.4>Ph 4.} and they are arranged as follows:

—T < Phot <Poy <Phas < —7/2<0<7T/2<paay <pas<page <T.
Now pa,3 = Ti(pa2,) lies above ps 1, = Ty(paa,) in $~ and

(8) Cap = {Pa,1,t,P1,2,6, P43, Paat )

is a period 4 attracting cycle of T;. Similarly pj 5, = Ti(p} o) lies below p} , , =
Ty(pl4s) in ST and

9) C:;,t = {pil,l,t’pil,Q,tvpﬁl,S,tvpﬁlA,t}

is another period 4 attracting cycle of T;.

We now want to show that as ¢ increases, it reaches a parameter 8; where the
cycles Cy+ and C’A’Lt become virtual cycles of period 4; that is, as t tends to [
from below, the asymptotic values tend to pre-poles of T}, the limit cycles contain
poles and the multipliers of the cycles have limit 0. To find 31, we consider the
continuous function

ca(fe) = —ttanh(ttant) = f((r/2)"),
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defined on in the interval (7/2,7]. Note that cao(f;) is the image of the asymptotic
value t under f;. In §4] we saw that as a limit, the asymptotic value is the virtual
image of the pole 7/2 under f;; that is, f;(7/2%) = t. Thus, for example, we can
think of co(fy) = ft?’(b;t) as the “virtual image of a pre-pole” of f;. We claim
that if ¢ € (7/2,0q), then ca(fy) > 7/2. To see this is so, note that for ¢ in this
interval, the fixed point ps ; of f; (and f?) is attracting and greater than 7/2. Thus,
0< (f3)(z) <1for m/2 <z < pa: so that by the mean value theorem

Pt — c2(ft) = [P (p2s) — [F(7/2) < pay —7/2
and therefore co(fy) > m/2.

Notice that co(fr) = 0. Thus, by the intermediate value theorem, there must
be a number f; in (aq, ) satisfying co(fp,) = m/2; that is, at ¢ = 1, the image of
the asymptotic value is a pole and is therefore a point in a virtual cycle. A priori,
there may be more than one solution, but by the transversality of Theorem [3] c; is
strictly monotonic at 51 so the solution is locally unique.

Both 7/2 and —7 /2 are fixed points of f3 and the limit of the multiplier at each
of these fixed points is 0. Thus

04,/31 - {61ap473,ﬂ1 ) 77/27 —iOO}
and

Ci,gl = {—51,172;,3,51, —m/2,ic0}
are virtual cycles of period 4. By symmetry the multipliers of the cycles C4; and
C’Z’Lt are equal. By Proposition 2] they decrease monotonically from 1 to 0 as ¢
increases from oy to B;. In this interval, each of the cycles Cy and Cé’lﬂ5 attracts
one asymptotic value so T} has no other attracting or parabolic periodic cycles.
This proves the lemma. O

This lemma gives us the existence of 8;. The uniqueness of 8; in the interval
(a1, @) follows from Corollary [0.2]

5.1. The first renormalization. We can now define the first renormalization
of the function f; and to do so we introduce two auxiliary functions. We set
c1(fe) = fi((w/2)") = t, the positive asymptotic value and as above, we set ca(f;) =
f:(t) = f2((m/2)T), the image of the asymptotic value under f;. It is also the virtual
image of the pole of f? and thus the positive asymptotic value of f2.

Let Iy = [=b14, —a14] Uar s, bie] = 14 U Iit denote the pair of intervals in
Lemma 5.1l We introduce the index 1 for future reference.

Definition 5.1. We say that f; (or T}) is renormalizable if the map f? has a unqiue
pre-image of each of the poles of f;, £7/2, in each of the intervals composing I ;.
If this is true, we call the map

Ri= fPlhe =T,

the first renormalization of f; (or Ti). The poles of Ry are tay ¢, £b1, and the
asymptotic values £t of f; are their virtual images; the limits R;(7/2%) are the
asymptotic values of R;.

By Lemma 5] since ¢1(f;) =t > /2 and ¢ > 51 implies ca(f:) < 7/2, Ry is
defined for ¢ in some interval to the right of 8;. (See Figure[6l) As t approaches m,
Ri(m/27) = Re(m/27) = 0 so we see that R, is defined for all t € (3, 7).

This is the first step of a renormalization process for tangent maps that will be
defined in §I11 The endpoints of the intervals of I; ; are pre-poles of f; and hence
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5 3 ft
' f -
/ 2 ]
s
2 S/ —_—
R = f? 1t Ry = f?
| | | L nl n2| | - | bz L b
-3 -2 -1 i 1 2 2 3
Ry = f? -1F Ry = f?

P1e

| ft J _// J

FIGURE 6. The first renormalization: ¢ = 2.99 > §; = 2.94. (a1 =
ai,¢,b1 = b1y), fi is mustard yellow and f? is blue.

poles of R;; each is divided into two by a pole of f;. As we saw above, Ry = f?
maps each subinterval of I; ; continuously onto either [c2(f:), c1(f;)] or its negative.
Since ¢1(ft) =t > /2 and ca(ft) < /2, these image intervals each contain a pole
of Ry, (£ba¢). Otherwise said, in I;, f? is monotonically strictly increasing with
discontinuities at +m/2 and, just as the renormalized quadratic map is unimodal
where it is defined, R; is “tangent-like” on I ; (see Figure[d). To make the analogy
complete, we should make an affine conjugation so that R; is defined on [7, —7]
again, but to do this would make the notation even more complicated than it is.

The following remark is important for the discussion in the next three sections
of the period merging phenomenon.

Remark 5.1. In the family of quadratic polynomials, there is a notion of a full family
for a family of renormalizations (see [12]). Roughly speaking, this means that each
renormalization is defined for an interval of parameters and these intervals nest
as further renormalizations are made. This is also so for renormalizations of the
tangent family, but because we don’t make the affine conjugation, the parameter
intervals all have the same right endpoint.

6. THE FIRST CYCLE MERGING

In the quadratic family, as the polynomials pass through the center of a hyper-
bolic component where the critical point belongs to the attracting cycle and the
multiplier is zero, the attracting cycle persists. By contrast, in the tangent family
T, as the parameter ¢ passes through the parameter 3; described in Lemma 5.1
where the limit multiplier is zero and the limit function has two virtual cycles of
period 4, we will see that the two period 4 attracting cycles merge into one period
8 attracting cycle. This is the first of a sequence of “cycle merging phenomena”
that occur for this family.
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6.1. Virtual cycles and virtual centers. In §4 we saw that at ¢ = 7/2 the
asymptotic values could be thought of as part of a virtual cycle. Here we give the
general definition of virtual cycles and virtual cycle parameters of arbitrary periods.

In this paper we always take N to be of the form 2™ but the definitions make
sense for any N.

Definition 6.1. If, for some N > 2 and k € Z, TN "2(t) = kn + 7/2, then t is
called a wvirtual cycle parameter. If we want to emphasize the value of NV, we call
it a wvirtual cycle parameter of period N. For such a t, we call the orbits of the
asymptotic values virtual cycles.

Suppose t is a virtual cycle parameter of period N. Set py; = ¢ and for ¢ =
2,--+ N =2, let pir14 = Ti(pas). To define py, so that Ty(p1¢) = p2s, we must
take limits. Since

lim Ti(iy) = Ft

y—+oo
we take p; + = —ioo. Next since
lim  Ty(z) = Ty(kr + 7/2)* = Fioco,
z—):l:(li:ﬂ'Jrﬂ'/Z) t(I) t( T ﬂ-/ ) e
if we set py s = (km+m/2)", then pni1+ = —ico = p1+, and we have a virtual cycle

of period N containing the asymptotic value t. The other asymptotic value lies in
a symmetric virtual cycle of period N and we denote this pair of virtual cycles by

Cnt = {p1s=—ic0, par=1t, -, pN_1,4, PNt = (b +7/2)T}
and
C;V,t = {pll,t =100, p/2,t =—t -, pGV—l,t = TPN-1,t5 """ ’p§V7t = (_kﬂ—_ﬂ—/Q)i}'
If, however, we set py; = (km + 7/2)”, we get pyy1,4 = 100 = —p1,. Now, as
a limit pyios = —t, and setting pyy11it = T} (pny1e) for i = 2,...,N — 1, we

obtain a single virtual cycle of period 2N that contains the orbits of both asymptotic
values. We denote this by

Conyi = {p1s = —i00, pat =t, -, PN—a., PNt = (kT +7/2)7, p;erl’t = 00,
Pias = —t -5 Pan—14, Pang = (—km —7/2)T}.
Remark 6.1. The multiplier of Cy; is given by the formula

)‘N,t(CN,t):(T ) pzt Hsec pkt

Note that for z € C, sec(z) # 0.
If we set
T/(diocc) = lim (it) sec?(iy) = 0,
y—+oo

we can define the multiplier of the virtual cycle as a limit, Ay ;(Cn ) = 0. Similarly,
as limits, we have

ANt (Cant) = AN (Cny) AN (Clyy) = 0.

Remark 6.2. Virtual cycle parameters and virtual centers were first introduced
n [I3HI5]; it was proved there that for the family T;, every hyperbolic compo-
nent has a virtual center and every virtual cycle parameter is the virtual center
of two distinct hyperbolic components tangent at the virtual center. This justifies
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calling the virtual cycle parameter a virtual center. See [3L[7,[14] for more general
discussions of virtual cycle parameters and virtual centers.

6.2. The first cycle merging. Now we apply the discussion above to the period
4 cycles in ([§) and ([@). For ¢t € (a1, 31), as t approaches 1, the cycles Cy, and
C1 approach cycles Cy g, and C} 5 as follows:

lim Ty(psa.) = —ico and  lim Ty(pss,) = (7/2)"

t—f; t—f;

and
lim Ty(p),,) = +ico and lim Ty(pys,) = (—7/2)".

t—pB1 t—p;
Thus in the limit we have two symmetric virtual cycles of period 4,

. ™
Capy = {100, Pa2,61:Pa3.615 5 )

and
T

Cip, = {100,025, P435, —§}>

whose multipliers are 0.
By Corollary and Theorem [B] there is a unique solution £y of ¢o(fy) = /2
in (aq,m) and c4(ft)|p, # 0. Thus
lim+ Ti(pa,a) = +ioco and hm+ Ti(pase) = (m/2)"

t— 3] t— B

and
lim Ty(py4,) = —iocc and lim, Ty(Pys.) = (—7/2)".

t—p7 t—p7
We see that the continuations of the period 4 virtual cycles C'4717[3; and 04727[3;
exist as we approach (; from below and we denote them by C'4717 B and C'4727 B
Since ¢5(ft)|p, # 0, when we take the limit as ¢ approaches 3; from above, the same
set of points are part of a single period 8 cycle whose multiplier tends to 0,

C&gf = {p&l’[g;r = —100, ps,zﬁj :p4727[3; = f,

p8’376;r = p41376;7 p8747/51 = (71-/2)772)81576? = iOO,
= = = +
Pso.st = ~Pu Psppr =Pig e Pssst = (C7/2)7)

(See Figure[7)
The cycle Cy Bt persists as ¢ increases beyond ;. Thus by Proposition 2] we
have the following.

Lemma 6.1. There exists ag in ($1,m) such that for t € (B1,a2), 0 is a repelling
fized point and Cy 1+ and Ca 2+ are repelling period 2 cycles of Ty. In addition, T;
has one attracting period 8 cycle:

Cs,t = {p&l,t; P8,2,ts P83ty D84ty P8,5,ts P8,6,ts P8,7,t5 P&t}
where

—T < pget < —T/2<pggt <0< pgas <m/2<pgas<T
and

—100 < pg1,t < P83t <0 < pgri <Py < 400,

The map T; has no other attracting or parabolic cycles.
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FIGURE 7. Period merging at $; from two period 4 cycles to one
period 8 cycle.

It follows from Remark 6.} that the multipliers of the cycles Cy; and Cj ; tend
to 0 as t tends to 31 from either side. The multiplier of Cs; is the product of the
formulas for the derivatives at the points in Cy; and C}, so it has a limit of 0 at
B1. This implies that Cy; is an attracting cycle attracting both asymptotic values
and T} can have no other attracting or parabolic cycles. Beyond 7 the multiplier
is monotone strictly increasing so this attracting property persists until ¢ reaches
some g where Ag o, = 1. This lemma gives us the existence of as. The uniqueness
of ap follows from Corollary I0.3

7. THE FIRST CYCLE DOUBLING

In this section we will prove that the single period 8 parabolic cycle for t = ay
“doubles” into two period 8 attracting cycles as t increases past aa. This phenome-
non is somewhat different from the period doubling we observed for ¢ = a; because
the multiplier of the parabolic cycle in that case was —1 and in this case it is +1.
It therefore needs to be described differently and hence we give it a different name,
the cycle doubling phenomenon. We will see that for ¢ € (81,1t ), where to < 7 is
to be defined, there is no more period doubling, but there is a sequence of “cycle
doublings” that starts with as.

The following lemma says that when ¢ > (1, the multiplier of any parabolic cycle
is +1 and therefore, T; does not undergo a standard period doubling.

Lemma 7.1. Ift > 1 the multiplier of any period 4n attracting or parabolic cycle
of Ty 1is positive.

Proof. Since T; maps the real line to the imaginary line and vice versa, and since
the two asymptotic values are real, it follows that any attracting or parabolic cycle
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is contained in the union of the real and imaginary axes. Suppose the cycle is

D1,P2y 5 Pan. Without loss of generality, we may assume p;p is real. Then pog_1
is real and poi is pure imaginary for all k = 1,--- ,2n. Now the multiplier of the
cycle is
2n
(T3 (pr) = (it)™ H sec” (pak—1) sech? (ipay) > 0.
k=1
|

The next lemma is important for our proof of Part d) in Theorem [II

Lemma 7.2. Suppose t > 1 and suppose Ty has an attracting or parabolic cycle.
Then there exists an ry > 0 such that the intervals (—ioo, —ryi) and (ryi,i00) are in
the intersection of the immediate basin of this cycle with S— and S, respectively.

Proof. Since t > 1, 0 is a repelling fixed point. If T} has an attracting or parabolic
cycle, then either it is a symmetric cycle and both its asymptotic values +t lie the
immediate basin of the cycle or there are two symmetric cycles and one asymptotic
value is in the immediate basin of each. Assume for the sake of the argument there
are two symmetric cycles; the argument in the other case will be clear. Since ¢ is
in the immediate basin, by Lemma 2.2, there is an s > 0 such that the interval
(s,t) is in the immediate basin of the cycle and the periodic point of the cycle is
either inside the interval or is the point s. Now the preimage of [s,t) under T is
(—ioo, —ryi] C S~ for some r; > 0 and it contains a point of the cycle. The same
argument says that the interval (—¢, —s] and its preimage (r4i,i00) C S under 7}
are both in the immediate basin of the symmetric cycle. Therefore, all four of these
intervals belong to the intersection of the immediate basin of the cycle with R~
37, RT, and ST |

We also need the following general result from complex dynamics about parabolic
cycles. The proof uses standard techniques so we defer it to the appendix.

Lemma 7.3. Suppose f(z) = z + anz™ + 0o(z") is an analytic function defined on
some neighborhood of 0 € C.

(1) Suppose X lies inside a small disk, inside and tangent to the unit circle at

the point 1. Then gx(z) = Af(z) has one attracting fixed point 0 and (n—1)

repelling fized points counted with multiplicity in a small neighborhood of 0.

(2) Suppose X lies inside a small disk, outside and tangent to the unit circle at

the point 1. Then gx(z) = Af(z) has one repelling fized point 0 and (n —1)

attracting fized points counted with multiplicity in a small neighborhood of 0.

The next lemma provides the first instance of cycle doubling.

Lemma 7.4. There exists o in (ag,m), such that for t € (ag,B2), 0 remains a
repelling fized point of Ty and Cay, Cy , remain period 2 repelling cycles of Ty, the
merged period 8 parabolic cycle Cs; at ag becomes a repelling cycle and a new pair
of period 8 attracting cycles are born.

Proof. We consider the period 8 parabolic cycle Cg 4,. As the limit of cycles for ¢
in the interval (81, az), it attracts both asymptotic values £as. Since its multiplier
is 1, we cannot prove the lemma by the standard period doubling argument that
we used in §4l Instead, we will show that there are exactly two attracting petals at
each point in the cycle Cs 4,. Then we can apply Lemma and Corollary I0.3]
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to complete the proof. This is equivalent to showing that each point in the cycle is
the common boundary point of two distinct components in its immediate basin of
attraction. By Lemma [[2] it will suffice to show there are a pair of intervals that
belong to distinct components of the immediate basin meeting at each point in the
cycle. Recall that because the immediate basin must contain the forward orbit of
at least one asymptotic value and that these orbits lie in the real and imaginary
axes, there are at most two distinct components at each point.

For readability, we drop the index 8 in the notation for the periodic points of
the cycle. Then, following our convention (see Figure [7)), p1 ., denotes the lowest
point on §~ and ps 4, the highest point on S in the cycle Cg 4,. Since Ty, (S7) =
(0, av2), we have Ty, ((—100, P1,a,)) = (P2,a4, @2). The interval (ps q,, @2) is therefore
contained in the intersection of an attracting petal lying to the right of ps o, with
RF. Pulling this petal back to p1,4, by Ti, we have a petal containing (—ico, p1 4, )-
By symmetry we obtain an attracting petal at ps o, containing (ps,a,,700) and one
whose intersection with ##~ is an interval to the left of pg o, containing (—as, pe.a,)-

Since f; is a monotonic strictly decreasing piecewise continuous function on the
real line, f2 is a monotonic strictly increasing piecewise continuous function. There-
fore if we apply f; to an interval in its region of continuity an even number of times,
the image has the same orientation as the original. This implies that when we apply
J?2 =T} to the petal lying to the right of ps 4,, we get an attracting petal at pg o,
which contains an interval to its right in 87. Since pg o, is a parabolic periodic
point, it is not in the Fatou set, so the intervals on each side of it are in distinct
petals. Since there are at most two attracting petals at each point of Cg,, there
are exactly two. We can thus use the local coordinate at each point,

Ttg(z) =z+az2’ + 0(z3), az # 0,

and apply Lemmal[73 and Corollary 0.3l to deduce that when ¢ > aa, the cycle Cs;
is repelling and there are two distinct period 8 attracting cycles Cg+1 and Cg¢ o
near this period 8 repelling cycle. By Proposition[Z] these attracting cycles persist
through some interval (ag, 32) in which, as ¢ increases, their multipliers decrease
from 1 to 0; at [ the multiplier is 0. As ¢ approaches s from below the point
p1, increases and limits at ¢oo and the point ps; = —p1; decreases and limits at
—1%00. (I

We will discuss By further in the next section.

8. THE SECOND PERIOD MERGING AND RENORMALIZATION

The second period merging phenomenon is somewhat different from the first one
so we show how it works in this section. In the previous section, we saw that as ¢
increases through as, two new period 8 attracting cycles form. These persist until ¢
reaches a value 52 where they become virtual cycles. It follows from the discussion
of renormalization and Theorem [3] that cycle merging occurs at S3s.

Let us recall some of the notation we used for the first renormalization. We
started with the full family of tangent maps,

{ft : [_W’W] - [_tvt]}?zw/Q
and obtained the full family of tangent-like maps
{Ri = f7: Iy — [t ttanh(t tant)] U [—¢ tanh(¢ tant), t]}7_s,
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where

Ly =[=big, —7/2)U[—7/2, —a14] U a1, m/2] U [7/2, b1 4]
and *aj ¢, +bq, are pre-poles of f; of order 2 closest to £m/2. Then we introduced
the notation

cai(fe) = fi((7/2)T) =t and co(f;) = —f2((n/2)T) = —ttanh(t tant) > 0.

Note that c;(f;) is the asymptotic value of f; and ¢1(Ry) = Re(7/27) = ca(fy) is
the asymptotic value of R;.

8.1. The second renormalization. For each t € (81,7), ca(fi) < w/2. This
implies there is a unique solution ba; of Ri(z) = 7/2 in [r/2,b1,] and another
solution —ag, in [—7/2,—ay,]. Using the symmetry about 0 we find solutions
—by,; and as ¢ of Ry(2) = —n/2. By periodicity we see that ag +bs, = 7. We now
apply Definition [5.1] to obtain the renormalization R? of R.

The points Fas ¢, +bo ¢ are poles of R? = f{ and are points of discontinuity;
they divide the intervals of I; ; into subintervals where Rf is continuous. We
consider those that have the pole +7/2 as an endpoint and, taking advantage of
the symmetry, we label them as follows:

Iny = [~boy, —7/2) U [—7/2, —ag,4] U [ag,, m/2] U [7/2, ba 4]

Below, for the sake of readability we suppress the dependence on ¢ and relabel
the subintervals of I; ; and I>; as

Ly=I1 Ul Ul Ulipg,
Iny = Ipi_ Ulpp_ Uy Ulyig.
We now set c2(Ry) = Ri(m/27) = | f}(7/27)|. It denotes the positive asymptotic

value of R?. Because R? is monotonic strictly increasing, c2(R;) > ¢1(R;). With
this notation, the second renormalization R? (see Figure ) is:
RE = [ oo = [e1(Re), ca(Ry)],
RY = [} i Lo = [—e2(Re), —e1(Ry)),
RE = £ oy = [e1(Ra), e2(Ry)),
and
RY = fi : Iooy = [—e1(Ra), —2(Ry)]-

Arguing as we did in the proof of Lemma [5.1] we see that for all ¢ to the right of
B1, c1(Ry) < w/2. Also, ¢1(R;) is continuous and decreases monotonically to 0 so by
the intermediate value theorem there is a parameter 35 in the interval (as, ) such
that ¢1(R(f:)) = a1,8,, where a1, is an endpoint of one of the intervals on which
R(f:) is defined. At this Ba, we have ca(R(fs,)) = |7/2]; that is, the asymptotic
value of Rg, is a pole. Again, as we saw in the proof of Lemma [51] for ¢ € (51, 82)
we have c2(R¢) < 7/2. Moreover, by Theorem Bl for ¢ in some interval to the right
of ﬁg, CQ(Rt) > 7T/2.

Now we examine the behavior of the periodic cycles (considered as cycles of T;)
to see how this merging occurs. As t approaches 32, the asymptotic values become
pre-poles and 3 is a virtual cycle parameter. When ¢ approaches 35 from below,

the period 8 attracting cycles become symmetric virtual cycles of the same period
(see Figure [)),

Cooy = {ioov —Ba, Tp,(=fa), -~ T5,(—Pa), 7r/2},
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FIGURE 8. Second renormalization for ¢ = 3.085. f; is mustard
yellow, R; is blue, and R? is green.

and

Lo = {00 Bo Tau(Ba), o TH,(B2), —m/2},

Cap; = {io@ —B2, Ty (—=B2), -+, Tg,(=B), 71'/2.}.

Thus we see that 35 is a parameter that satisfies Lemma [[.4
It follows from Corollary that taking limits as t approaches (5 from above,
we have
lim 77 (—t) = —ico and lim T} (t) = icoc.
t— B4 t— By

Thus, as a limit from above, T%(32) = —B,. This implies that at t = 35, the two

period 8 virtual cycles Cyg 85 and Cé - merge into one symmetric period 16 virtual
. B3

cycle (see Figure [I0),

016,5;r = {ioo7 —Ba, TBz(_BQ)v Tty T,é‘:(_ﬂ2)a 7T/27 —100,

B2, T, (Ba), -+, T5,(B2), —7r/2}.

Taking the limit from the right, the multiplier of the cycle Cg st is 0.

Applying Proposition 2] we see that as ¢ increases beyond s there is an interval
(B2, arz) in which the cycle Cie, st is an attracting cycle C6 swhose multiplier varies
from 0 to 1. Thus (5 is uniquely defined in the interval (o, ).

This discussion constitutes a proof of the following lemma asserting the existence
of az. The uniqueness of ag follows from Corollary

Lemma 8.1. There exists an ag in (B2, 7) such that fort € (B2, a3), 0 is a repelling
fized point and the pair of virtual cycles Cy 85 and C’é P of T, have merged into
’ P2

one attracting cycle

ClG,t = {p16,1,t7 P16,2,t, " 5 P16,9,t, P16,10,t5 """ » P16,16,t}~
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FIGURE 9. Two period 8 virtual cycles
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F1GURE 10. One period 16 attracting cycle

(See Figure IOl) Following our convention, pis1: s the lowest point of the cycle
in S, pie2t 18 the largest in R, pig o+ is the highest in ST, and pig 10+ is the
smallest in R™. The map T; has no other attracting or parabolic cycles.

As we saw for Ry, as t approaches 7, R?(7/27) = R3(w/2%) = 0 so we see that
R, is defined for all ¢ € (81, ).
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9. GENERAL PATTERN OF CYCLE DOUBLING AND MERGING

Now that we have seen the period quadrupling, period splitting, and period dou-
bling phenomena for low periods and analyzed the first examples of cycle doubling
and cycle merging, we are ready to state and prove our first main result, Theo-
rem [II which gives the general pattern of cycle doubling and cycle merging. To
make the statement comprehensive, we include the period doubling case, Part a)
which occurs for n = 1 and was proved in Lemma [5.1]

Theorem 1. There are two sequences interleaved of parameters {a,}>2; and
{Bn}22, for the tangent family

ap < Pr<ag<fBo<ag<---

< B <oy <--- <,
and they correspond to the following bifurcation phenomena:

a) (Period doubling): Att¢ = «y, T; has 2 parabolic cycles of period 2. For
t € (aq,P1), the analytic continuation of the cycles are repelling and Ty has
two new symmetric attracting cycles of period 4; it has no other attracting
or parabolic cycles.

b) (Virtual periodic cycles): Forn > 1, the parameters 3,, are virtual cycle
parameters.

(i) Ast — B, , the two symmetric period 2" attracting cycles limit onto
virtual cycles of the same period:

. . -
Coror gz = { =00, B T (), -, T3 72(6a), (-1)" 5 ]
and
. i1 x
C;n+17ﬁ; = {2007 —Bn, T[@n(—ﬁn), e Tgn 2(_571)’ (_1) 5}

i) Ast — B, a single symmetric attracting cycle of period 2™12 limits
n gle sy g cy p

onto a virtual cycle of the same period:

. ntl_ 1T
027L+215;r == { — 100, /871’ Tﬁn(ﬂn)a T Tgn 1(5”)7 (_1) +1§7 100,

n+1l_ s
_ﬁnu T/Bn(_ﬁn)7 R T2n 3(_ﬁn)> (_1)”5}
¢) (Cycle merging): Fort € (6, ant1), there is a single attracting cycle
of period 272, It is the analytic continuation of the virtual cycle Coniz aF
and is given by

Czn+2,t = {pl,u b2t - P2n+2,t}a

where py 4 is the lowest point of the cycle on S, pay is the rightmost on R,
Pantii1y is the highest on T, and pon+1y o4 is the leftmost R™. This cycle
is the only attracting periodic cycle of Ty and its multiplier goes from 0 to 1
as t moves from the lower to the upper endpoint of the interval (Bn, ni1).

d) (Parabolic periodic cycles): Ast approaches a1 from below, the limit
of the attracting period 2"2 cycle Cani2 4 is a parabolic cycle Con+t2 o,
of the same period; its multiplier is 1 and T; has mo other attracting or
parabolic periodic cycle.
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(Cycle doubling): As t moves into the interval (41, Bn+1), the par-
abolic period 272 cycle Con+2 g, ., bifurcates into two attracting periodic
cycles of the same period: that is, its analytic extension becomes repelling
but two new attracting cycles of the same period, Cont2; and Cl,.o , ap-
pear. The multipliers of these new cycles are equal and go from 1 to 0 as
t increases through the interval. T; has no other attracting or parabolic
periodic cycle fort € (ant1,Bnt1)-

(Renormalization): For all t € (3,,7), the renormalizations R} = f2"
are defined on a symmetric quadruple of intervals I, + C I—1 ; bounded by
pre-poles of order n—1 and the poles +7 /2, respectively. The renormalized
functions are “tangent-like” in that in each interval they are continuous
and strictly increasing with horizontal asymptotes

2 cycles per 1 " 2cycles per2 ! 2 cycles per 1

FI1GURE 11. This is a computer generated picture illustrating The-
orem [Il The coloring is determined by the period of the cycle at-
tracting the asymptotic value t. Thus regions with one cycle of
period N have the same color as regions with two cycles of period
N. The color coding is: period l-yellow; period 2—-aqua; period
3-red; period 4-khaki; ..., period 8-bright pink; .... The range
is {|Rt] < 3.15,0 < St < 3.15}.

1By abuse of notation, we also call Ry a renormalization of Ty.
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Proof of Theorem [l The proof of the existence of the «,, and 8, is by induction
on n. The uniqueness is proved in Corollaries and M0.31

In §4-48 we saw that Parts b)-f) hold for n = 1,2. We prove now that if the
theorem holds for some n, then it holds for n + 1. We show this first for Parts d)
and e).

We assume the theorem holds for ¢ < 3,, and consider ¢ in the interval (5, an41)-
By the induction hypothesis, the virtual cycle at t = 3,7 has period 2”2, is symmet-
ric, and so attracts both asymptotic values, and has multiplier 0. By Lemma [[.1]
Corollary 0.2, and Proposition 2], its analytic continuation is an attracting cycle
of the same period whose multiplier is a positive strictly increasing function of ¢
for t > (,. Hence, for some a,,+1 > B, the multiplier of the cycle has reached 1;
thus T, ,, has a single symmetric parabolic cycle Cyn+2 ,, ,, of period 27+2 whose
multiplier is 1. The uniqueness of a1 follows from Corollary [0.3l This shows
Part d) holds for n + 1.

by

9
13'
5

7
15'
1
3

O—0 >

<o
2' 10 14' 6 8 16' 12 4 34 12' 16 8' 6' 14 10' 2

1’
15
7
L
13
9'
1

FiGURE 12. Two period 16 attracting cycles

To show that Part e) holds for n+1 we start with the parabolic cycle Con+2 o, ;-
As the limit of a symmetric cycle for ¢ in the interval (8, a,11), it attracts both
asymptotic values +a,, 1. Since its multiplier is +1, we need to use the argument
of §71 Thus, in order to prove that as ¢ increases through a1, the cycle becomes
repelling and a new pair of period 2"*2 attracting cycles appear, we need to show
that there are exactly two attracting petals at each point in the parabolic cycle
Cont2 o, ,,; then we can apply Lemma[Z3l This follows directly from the argument
in the proof of Lemma [(-4] with 2 replaced by n so that as becomes ay,4+1, Cs asy
becomes Con+2 4, ., and so on (see Figure I2)).

Now we use the renormalization process to prove that Parts b), ¢), and f) hold
for n + 1. That is, we assume that for all ¢ € (8, 7) the nth renormalization R"
of f; is defined and that (3, is a virtual cycle parameter on the left boundary of an
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interval in which f, has a single attracting period cycle of period 2712 attracting
both asymptotic values.

Recall that in §6l where n = 1, the asymptotic value 8; was the virtual image of
—ioo under T, whereas in §8 where n = 2, the asymptotic value 82 was the virtual
image of +¢o0o under Tj,. This is because in the intervals where the function f; and
its renormalization are both defined one is positive and one is negative. Below, we
see that the same thing holds as we repeat the renormalization process; 5,1 is the
virtual image of (—1)"*tico under Tp, , .

We used the renormalized function R; and R? and the auxilliary functions
c1(fi) = film/25),ea(f) = F2(r/2%) and ex(Re) = Ra(m/27), a(Re) = RE(w/2+)
to find the points 8; and B5. There are analogous functions for R} which we define
below. The functions are defined as limits and the signs vary depending on the
direction of the limit and the parity of n so we will make some conventions about
sign in the definitions below.

Define ¢, (fi) = |f™(7x/21)], m = 1,2,...; then +c,,(f;) are the points in the
orbit of the asymptotic value ¢t of f;. Inductively define

em(Ra) = R (m/20)| = | f27" (w/2F)] = cznm(fo)-

Set RY = f; and ag; = bt = m/2; then R™(T}) is defined inductively on a set
of intervals I, = I; Ul 5, U I+ U In17 each bounded by the pre-pole +a,_1,; or

£b,,_1,¢ of R”*I(Tt) Closest to :|:7T/2 and each containing a pre-pole ta,, ¢ or £by, ¢
of R™ ( 1), as follows:

Ri =Reo Ry~ = f 1y = ()" a®ET), ()" ea( R,
RY =Reo Ry~ = fi" Iy, = [(1)"ea(RE), (-1)"en(RY 7],
R = ReoRI™H = f77 05 = (21" eRETH, (—1)"ea(RET),

Ry =RioRy ™ = [ It = [(=1)"e2(RYH), (=) e (RY ).

Note that ¢1(R}) is the asymptotic value of R} and the functions +c,,(R})
define its orbits. When n is odd ¢1(R}) < c2(R}) whereas when n is even the
inequalities are reversed. The point §,, is defined by solving ¢1(R}) = ay, for ¢;
that is, the asymptotic value of RP"~! is a pole of R}'~! and B, is a virtual cycle
parameter.

If there is more than one solution, we take the largest such that ca(R:) is con-
tinuous as our B,. For t > f,,, we have ¢1(R}) < /2 for n odd and ca(R}) > 7/2
for n even.

To show that R} is defined, we need to show we can solve 1 (Ry) = a1
for ¢. This follows, as it did in the proof of Lemma[5.]] from the above inequalities
and the fact that the branch of ¢,,(R:) defined for ¢ > §,, has as an asymptotic
value (from the left) at its discontinuity d,,, either an41,4, < 7/2 o byy1.4, > 7/2
as n is even or odd; the existence of the solution follows then from the intermediate
value theorem. This proves part f) of the theorem.

Since B,,41 is a virtual center parameter and f; (or T;) has symmetric attracting
cycles for t € (apy1,Bnt1), taking the limit from below, these cycles approach
virtual cycles of period 272 (or 27+1),

2”*2 2

. n ™
CQW+27B77+1 = { — 100, BnJrl, Tﬁn,+1 (BnJrl)v o ﬁn+1 (6n+1) ( ) +22}
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and
’ R ontl_o nt1 T
02n+2,g;+1 =100, —Bn+1, Tp, 1 (=Bnt1), =+ s Tﬂ,L+1 (=Bn+1,), (1) 9
Next, taking the limit from above, we have lim, , ;+ Tt2n+2_1(t) = 400 and
lim_, g+ Tfnu_l(t) = —ioo. This implies, as it did when n was 1, that at B,41,
the symmetric virtual cycles C., - o and C’; 12 g Tnerge into a single cycle
n Pl
with double the period,
. 2"+2_3 v
02"L+37[32+1 = {ZOO? — Bt Tﬂn+1(_6n+1)7 B Tﬁn+1 (—Bn+1), (—1)n+2§7
. n+2 T
=100, Bnt1, T,y (Brt1), -+, T52n+1 3(Bnsr), (—1)"+1§}.

Thus Part b) for holds for n + 1.
Since Cynys Bt is a virtual cycle, its multiplier is 0. As ¢ increases through
P4

Bni1, it becomes an attracting cycle of period 2" (and so an attracting cycle
of period 2”1 of f;) that attracts both asymptotic values. By Lemma [Tl and
Proposition [Z1] the multiplier of this cycle is a positive strictly increasing function
of £ and there is a point £ = v, 12 where the multiplier reaches 1. Thus T, , has a
period 2"+3 parabolic cycle. This shows Part c) holds for n + 1 and completes the
proof of the theorem. O

10. TRANSVERSALITY

Theorem [l gives us the existence of the cycle doubling parameters «,, and cycle
merging parameters 3,. The uniqueness of the 3, in the interval (a,,, @, 41) is more
delicate and requires a different approach: it requires the concept of transversality.
Once we prove this uniqueness, we will use it to obtain the uniqueness of the a,, in
the interval (8,1, 8,). In a recent preprint, [16], Levin, van Strien, and Shen study
the monotonicity of the entropy function for families of continuous folding maps by
using holomorphic motions. Here, we adapt their techniques to prove transversality
for the family we have been studying in this paper, the functions

fi(z) = —ttanh(t tan(z)), t € (0,7),

of the real axis to itself and their renormalizations. Although the maps have dis-
continuities at the poles and pre-poles of the tangent, as we have shown in §2]
the functions have well defined right and left limits at these points. Keeping care-
ful track of the signs in these limits we will prove that at all the cycle merging
parameters (3, defined above, transversality holds.

Roughly speaking, this means that the function defining the asymptotic value
of the nth renormalization, co(R}) = con (t), is invertible in a neighborhood of the
virtual cycle parameter 3,,. By choosing the one-sided limits appropriately, we will
show that the derivative is actually positive at these parameters. To state this
precisely, we need some notation which we define here, and use throughout the rest
of this section.

We fix tg as a virtual cycle parameter of order m and set ¢g = £m/2 where the
sign is chosen so that f[g‘fl(to) = ¢o and, taking the appropriate directional limit,
[ (co) = co. Set ¢iy1 = fi (to) for i = 0,1,...,m — 2. Define

P= {007017 s >Cm71}
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so that P is a subset of the Riemann sphere (and is actually contained in the
real axis). For notational simplicity, set g = f, so that g(¢;) = ¢j4q for i =
0,1,...,m—2and g(¢;n—1) = ¢ = co. For later use we define the constant
a=min{|¢; —¢;| [0 <i# j<m—1}.
Set
(10) o(t) = 7" (1) — co.
Then transversality holds at ¢, if the derivative ®'(tg) # 0.

10.1. Holomorphic motions, lifts of holomorphic motions, and the trans-
fer operator. Since our proof of transversality, like that in [I6], uses holomorphic
motions, lifts of these motions, and the transfer operator, we recall their definitions
in our context. For a comprehensive study of holomorphic motions, we refer the
reader to [10].

Definition 10.1. Suppose P is a subset of the Riemann sphere C and A.={z¢€
C | |z| < r} is the disk of radius r > 0 centered at 0. We set A = A;. A map
h(s,z): A, x P — C is called a holomorphic motion of P over A, if

(1) h(0,z) =z for all z € P;

(2) for any fixed s € A, the map hy(-) : P — C is injective;

(3) for any fixed z € P, the map h,(-) : A, — C is holomrophic.

Let E = {kr+m/2| k € Z} denote the set of poles of the tangent map Ty, (z) =

1w tan z. They are poles of the real map

fi(z) = ittan(it tanx) = —t tanh(ttanz), ¢,z € R,

in the sense that although the map is discontinuous at such a point, the left and
right limits are well defined.
Note that every real map f;(z) has a meromorphic extension as
F(w,2) = Fy(2) = T?(2) = 4w tan(iw tan z).

We will use this notation for this extension below. The following lemma follows
directly from the definition of F,, and the facts that the complex map F,(z) has
asymptotic values at {+w} and is not defined at the pre-poles of T,,(z). Let

Swo=C\(EUT, (E)) and S,1=C\{~w,w}
be two Riemann surfaces determined by the poles and pre-poles of T, (2).

Lemma 10.1. The map
Fw(Z) : Sw,o — Sw,l
s a holomorphic covering map of infinite degree.
Definition 10.2. Suppose h(s,z) : A, x P — Cis a holomorphic motion such
that h(s,co) = co for all s € A, and let ¢i(s) = h(s,c1). We say that another

holomorphic motion h(s, z) : A, X P — Cisa lift of h ifﬁ(s, co) = cp for all s € A,
and if

(11) h(SaciJrl) = Fcl(s)(};(&ci))
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foralli=1,...,m —1 and all s € A,; that is, the following diagram commutes:

A, xP 1 ¢

Idxgl chl(s)

A x P,
where g(z) = T2 ().

Definition 10.3. Suppose his alift of the holomorphic motion h. If we differentiate
the equation

o~

h(sv g(ci)) = FC1(S)(h(S7 Cl))

at s =0 for each i =1,...,m, we get an m X m-matrix A such that
3%(5, ci) L (Oh(s,c;)
(12) ( 0s s:O) o A( 0s s:o)'

The entries in the matrix A depend only on the partial derivatives of F'(w,z) at
s = 0 evaluated at the points of P.
Computing, we have A = (a; ;)

—9F () ¢))
(13) aj] = 50— Y i=1,...,m—1,
PG
1
(14) Qi1 = o i=1,...,m—1,
" aa_f(claci)
(15) a; ; = 0 otherwise.

We call A the transfer operator associated with g.

The following lifting theorem is the key to proving transversality for the tangent
family.

Theorem 2. Set W = C\ E and suppose ho(s,z) : Ax P — C is a holomorphic
motion such that ho(s,co) = co for all s € A. Then we can find a real number
r >0, and a sequence of holomorphic motions

{h(5,2) - A x P = B},

such that for all k = 0,1,..., hi11(8,2) is a lift of hi(s,2) satisfying

(1) c1,1(s) = hi(s,c1) € W and

(ii) suPsen, repr=o.1,.. |hK(s;2)] < oo.
Proof. We first prove that for each k > 0, the holomorphic motion hk(s,z) can
be lifted. To define its lift, first set hxry1(s,co) = co. Next, by injectivity, for
any ¢; € P, 0 <i <m—1, hi(s,g(ci)) = hi(s,civ1) € Se, ,(s),1- Since Fg () :
Se1 1(),0 = Seii(s),1 18 @ holomorphic covering and since A is simply connected,
the map hy(s,g(ci)) : A x P — S, (s),0 can be lifted to a holomorphic covering
map hpy1(s,¢;) : A X P =S¢, , . (s),1 such that

hk(S, g(ci)) = Fc1,k(s)(h‘k+l(57 Ci)) = F(cl,k(s)v hk+1(8, cl))
We need to check injectivity for hx41. It is clear that if 0 < i # j < m — 1, then

hi+1(s,¢:) # hiy1(s, ¢j) because hi(s,cit1)) # hi(s, ¢j41). We only need to check
that hyi1(s, cm—1) # hr41(s, ¢;) for j # m—1. Note that because hi (s, g(cm—1)) =
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co € E, higy1(s,¢m-1) is a pre-pole of Fi (5 (2) and this pre-pole depends holo-
morphically on s € A. Since hy(s,g(c;)) ¢ E for any j # m — 1, the corre-
sponding hy41(s,c¢;) cannot be a pre-pole and so is different from hgy1(s, ¢rm—1).
Thus hyp1(s,2) : A x P — C defines a holomorphic motion which is a lift of
hi(s,2) : AX P — C. Since hi(s,ci) € Sey o(s)0 C W foralli =1,2,---,m—1,
we have (i).

Now we prove (ii) by contradiction. Suppose that for every r < 1,

1,k (

sup |hi(s, 2)| = oo.
SEA,,zEPk=0,1,-

Since P contains only finitely many points, this assumption implies that for some
fixed x € P there is a sequence {k, } of integers and a sequence of complex numbers
Sn € A such that hy, (sn,z) = 00 as n — oo. Since W is a hyperbolic Riemann
surface and since the holomorphic functions hy(s, z) take values in W for all s € A
and all £ > 1, it follows that {hx(s,z)} is a normal family for s € A; thus the
sequence hy, (s, x) has a subsequence, which we again denote by hy, , that converges
to a holomorphic function h(s) or to the constant co. Since hy, (0,2) = x for all
n, hg, (s,r) must converge to a holomorphic function h(s) in A; therefore, for n
sufficiently large, hy, (s,z) is bounded on compact subset of A, contradicting our
assumption. Therefore, for every 0 < r < 1, there is an M (r) > 0, such that for all
s € A, and all z € P, (ii) holds; that is,

|he(s,2)| <M VseA, VzeP

O
10.2. The spectral radius of the transfer operator.
Lemma 10.2. The spectral radius of A is less than or equal to 1.
Proof. Let vg = (v0,1,- - -,V0,m = vo,0 = 0) be a vector in R such that |vg ;| < a/3.

Define a holomorphic motion of P over A by ho(s,¢;) = ¢; + svg,;. Note we have

ho(s,cp) = ¢o. The condition on |v;| ensures injectivity. By Theorem[2 given r < 1,

we can find a sequence of holomorphic motions hy of P over A, and a constant M

such that supsea. Lepr—oa,.. [he(s;2)] < M.

Oho(s,ci)
Os

Since by definition, vy ; = s=0, inductively applying the transfer opera-
tor A, we obtain a sequence of vectors vi1 = Avy = A*vg. By the boundedness
in Part (ii) of Theorem 2l and Cauchy’s theorem, there is a constant M > 0 such
that

‘Uk7i| <M VEk>O0,
and hence
|Afvi|| < M Yk >O0.
This implies that ||A*|| < (3M)/a so that the spectral radius

p= lim {/|A¥|| < 1. O
k—o0

10.3. Non-transversality and the spectral radius of A. We saw above that
the spectral radius, or largest eigenvalue of A has a maximum value of 1. Here we
show that achieving this maximum is equivalent to non-transverality at tg, that is,
' (tg) = 0 where ®(¢) is the function defined in (I0) extended as a function on C.

Lemma 10.3. ®'(ty) =0 if and only if 1 is an eigenvalue of A.
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Proof. Proof of the “if” statement: Suppose 1 is an eigenvalue of A. This
means that there is a non-zero vector v = (v;) € R™ with max; |v;| = a/3 such that
Av = v. Define a holomorphic motion of P over A by h(s,¢;) = ¢; + sv;. Suppose
E(s,ci) is a lift of h. Since Av = v, we have

h(s,ci) = h(s, ;) +O(|s]?) = ¢ + sv; + O(|s]?).
From equation (), for ¢ =1,...,m — 2, we obtain

Foy (o) (h(s, 1)) = h(s, ci1) + O(s]?),
or equivalently,
Fo,(s)(ci + svi) = cip1 + svi41 + O(|s|2)
For i = m — 1 we have
Fe (sy(h(s,em-1)) = h(s,co) + O(|s|?),
or equivalently,
Fo\(s)(Cm—1+ 80m_1) = co + O(|s[*).
Using equations (3)—-(I3]), we see that v, = vy =0and ifi=1,2,--- ;m —1, then
v; = 0 implies that v;41 = 0. Thus, since v # 0, v; # 0 for s = 1,2,--- ,m — 1.

Moreover, from the above we conclude that

B(er(s) = FI (ea(s)) — o = O(Is]?),

and therefore that ®'(c1(0))c;(0) = ®'(¢1(0))vy = 0. Since ¢1(0) = tg, this says
D' (tg) = 0 as claimed.

Proof of the “only if” statement: This is relatively easier. Since we assume
D'(tg) = D'(¢1) = 0, we have a v; # 0 with |v1| < a/3, such that ®(c; + svy) =
O(|s]?). Let ¢1(s) = ¢1 + sv1, let v, =vp =0, and for i =2,--- ,;m — 1 define

v — dF61(S)(Ci(5)) |
! ds s=0
This is a non-zero vector v = (v;) € R™~! such that Av = v. Therefore 1 is an
eigenvalue of A as claimed. |

10.4. Asymptotic invariance of lifts of holomorphic motions.

Definition 10.4. A holomorphic motion h of P over A, is called asymptotically
invariant of order [ if there is a lift h such that

h(s,z) —h(s,z) = O(|s|"™") VseA, z€P.

The following lemma is standard calculus. We write out the proof to establish
the notation for the proof of Lemma [I0.5]

Lemma 10.4. Suppose F(w,z) : C? — C is holomorphic and o(s),7(s) : A, — C?
are two holomorphic maps such that o(0) = 7(0) = (a,b). Suppose further that for
somel > 0,

a(s) = 7(s) = O(|s]").

Then, writing o(s) = (01(s),02(s)) and 7(s) = (11(s), 72(s)), we have

—-(a,0)(02(s) = 72(s)) + O(Js|'*).
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Proof. The Taylor series for F(w, z) is

F(w,2) ~ F((@8)) = 90 (a,b)(w — a) + 0 (a,0) = — b) + o L 0, b)(w — 0)?
32 0*F

8 P —(a,b)(w—a)(z—0b) + 262 (a,b)(z — b)* + higher order terms.

Substituting first o(s) = (o1(s),02(s)) and then 7(s) = (71(s), 72(s)) for (w, z) in
the Taylor series and subtracting, we obtain
F(o(s)) = F(r()) = o (a,b)(o1(s) = 71(5)) + 2 (a,D)(0(5) — 72(5))
(o

(@ h)(o1(s) + (5) — 20)(01(5) ~ 7a(9))

+ 28 (0.D)l(01(5) ~ )(02(s) ~ () + (1) ~ (o2 (s) — 72 ()]
+ 288 5 (a, b)(o2(s) + T2(s) — 2b)(o2(s) — T2(s)) + higher order terms

= e @ B(1(s) = 1a(s) + G (0 )0a(s) ~ () + O]

O

The next lemma implies that the asymptotic order of a holomorphic motion is
preserved under lifting; that is, if h is a holomorphic motion of an asymptotically
invariant of order [, so is its lift h. Below, we will apply it to the sequence of lifts

{hi} of the holomorphic motion hg: it will show that if hjy41 is a lift of hy with
hy — ho = O(]s|'*1), then hyiy — hy = O(|s|'T1).

Lemma 10.5. Suppose that for some | > 0, hg and hy are holomorphic motions
of A, x P over C satisfying

ho(s, ¢;) — hi(s,c;) = O([s|").
If ﬁo, El are respective lifts of the motions, then
ho(s, ;) = ha(s,e)) = O(ls]").
Proof. We use superscripts to denote the functions c;(s) for each of the motions:
§(s) = ho(s,c1) and c}(s) = hi(s, c1). By hypothesis, ¢9(s) —ci(s) = O(|s|!). Since
ho and hy are lifts of hg and hy, we have
ho(s, cit1) = Fao(s) (ho(s, c:)) and I (s, 1) = Fa (o) (ha(s,ci)).

Subtracting and applying Lemma [0 with F(w, z) = F,,(2), we get

ho(s, cig1) = ha(s, cip1) = Fugs(ho(s, ) = Foygs)(ha(s, c2)
oF oF ~ ~
= G lamo(@1(5) = e1(8)) + 5| g (ho(s, i) = ha(s, i) + O(s ).
Therefore /Ho(s, ¢i) — /ﬁl(s,ci) = O(|s|). O

The following lemma gives the construction of a new holomorphic motion H
from the sequence of lifts, {hx}, of a given motion kg of asymptotic order [, that is
asymptotically invariant of order { + 1.
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Lemma 10.6. Suppose that for some r > 0 and l > 1, we have an asymptotically
inwvariant holomorphic motion h of P over A,. of orderl. Then we can construct an-
other holomorphic motion H of P over A, for some r' > 0 which is asymptotically
invariant of order I + 1.

Proof. Take ho(s,z) = h(s,z). By Theorem 2] we can find a sequence of holo-
morphic motions {hi(s, 2)}32, such that hji: is a lift of hy, satisfying (i) and (ii).
Consider the two means

= Lk
g (s, z) = k;h s,2z) and  wvg(s,z) Eg

Both of them are uniformly bounded. Thus they form normal families and we can
find subsequences

kn—1
1

Uk, (8,2) = . Z hi(s,z) and vy, (s,2) = ki Zhi(s,z)

=0 =1

3

that both converge to the same holomorphic limit H (s, z) as k goes to infinity. This
limit is defined on A, x P and is holomorphic in s. Since H (0, z) = z and since P
contains only a finite number of points, we can find 0 < r’ < r such that for any
s € Ay, H(s,z) is injective on P. Thus H(s, z) is a holomorphic motion as well.

We need to show that H is asymptotically invariant of order [ + 1. This will
follow from:

Claim. For each z € P\ {co} and any k > 1,

Fuk(s7cl)(yk(57 Z)) = /J,k(S,g(Z)) + O(|S|l+2)'
To see how this follows, denote the lift of ug by fix, that is,

Flup(sien) (1ir (s, 2)) = (s, 9(2)).
By the definitions of uy, vy and F),, (s ), the claim implies that

bx(s, 2) — vg(s, z) = O(|s|1+2)

for each k. Using an argument similar to the proof of Theorem 2] and, if necessary,
taking r’ smaller, we can assume {fix(s, z)} is a bounded sequence on A, x P. Tak-
ing a subsequence if necessary, we obtain a holomorphic limit, fix(s,z) — H (s,2)
on A,, x P so that H is a lift of H and for s € A,z € P. Moreover, the sequence
{fir(s,z) — vi(s,2))} is also a bounded sequence of holomorphic functions on A,
so that

H(s,z) — H(s,z) = O(|s|'"*?).
Therefore H (s, z) is asymptotically invariant of order [ + 1.

Proof of the claim. Fix z € P\ {co} and k > 1. By the construction of h;(s, z), we
have

Fhi(s.e1)(hiv1(s, 2)) = hi(s, g(2))
for every ¢ > 0. Thus

k-1
1
p(s,g(z)) = T Z Fiy,(s,e0) (hig1(s, 2)).
i=0
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By Lemma [[0.5 we have h;y1(s, 2) — hi(s,z) = O(|s|'*1) for all z € P and i > 0.
Therefore all the functions h;(s, z), pi(s,z), v;i(s,z) have the same derivatives up
to order [ at s = 0. Applying Lemma [[0.4] we have

F(hi(s,c1), hiv1(s,2)) — F(ur(s, c1), vi(s, 2))
- g_i<cl7 z)(hi(e1, 2) — px(s, c1)) + %—Z(Clv 2)(his1(s, 1) — vi(s, 2)) + O(Js'2).

Summing from ¢ = 0 to £ — 1, we obtain

k-1

1

=D F(hils, 1), hiva(s,2)) = Fiu (s.e0) (5, 2)) + O(1s[*2).
i=0

Thus we have the equality
Fy(s,en) ((5,2)) = (s, 9(2)) + O(Js+?)

which proves the claim. ([l

10.5. Proof of transversality. Finally, we can state our transversality result as a
theorem. Although we state it for real parameters, the proof works for all complex
parameters provided we move along paths where we can define virtual pre-poles.

Theorem 3. The tangent family f; is transversal at any virtual center parameter
to such that, taking appropriate directional limits, f{7' (to) = to.

Remark 10.1. In the proof of Theorem [Il we showed that for each n > 0 there is at
least one parameter (3, which is a solution of ¢; (R}) = C2(R?71) = ay,,; where a, ¢
is a pre-pole of order n; that is, such that 3, is a virtual cycle parameter. Take
to = B in Theorem [8l Transversality implies ¢1(R}) is an invertible function at
t = B, where limits are taken with appropriate signs along the ¢ axis. This means
that cycle merging actually occurs at (3,; that is, the limits of T2"+1*1(t) have
opposite signs as t approaches (3,, from opposite sides.

Proof. The main point in the proof is to show that 1 is not an eigenvalue of the
transfer operator A for the family F,,. Then Lemma [[0.3] implies that ®’(¢q) # 0.
Restricting to w real implies the tangent family is transversal at ¢g.

We assume 1 is an eigenvalue of A and obtain a contradiction. First, by defini-
tion, the function ®(w) = F~1 — ¢y satisfies ®(¢;) = 0, and is non-constant and
holomorphic in w in a neighborhood of w = ¢;. Therefore, for some integer [ > 1
we have a; # 0 and

d(w) = aj(w — 1) + O(Jw — 1| ).

Next, we choose an eigenvector v € R™ with max; |v;| = a/3 such that Av =
v. As in the proof of the “if” part of Lemma [I0.3] we define a non-degenerate
holomorphic motion hg of P over A that is asymptotically invariant of order 1.
By Theorem [2] we obtain a uniformly bounded sequence of lifts, {hj}, which are
holomorphic motions of P over A,, for some 0 < r; < 1. By Lemma all
hi(s,c;) are asymptotically invariant of order 1.

Set Hy = hg and apply Lemma with h = Hy, to obtain a new holomorphic
motion H; of P over A, (taking r; smaller if necessary) such that H; —Hy = O(s%);
that is, H; is asymptotically invariant of order 2.

We now set hg = H; in Theorem [2] and apply it to obtain a new sequence of
lifts, {hx}; again Lemma [[0.5] implies that all of these motions are asymptotically
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invariant of order 2. They are holomorphic motions of P over A,, for some 0 <
rg < T1.

Repeating this process, for each integer N > 1, we can find a non-degenerate
holomorphic motion of P over A, for some 0 < ry < ry—; < 1 which we denote
by Hy, that is, asymptotically invariant of order N. It follows that

CI)((HN(S, Cl)) = Fg;(l&cl)(HN(S, Cl)) —Ccy = O(|S|N+1).

In particular, if N = [+ 1, this implies that a; = 0 giving us the required contra-
diction. ]

10.6. Positive transversality. In this section we improve our transitivity result
for the real tangent family. We show that, taking directional limits appropriately,
not only is the derivative in question non-zero, it is positive.

Continuing with our notation above we have ®(w) = F™~!(w)—cy. Its derivative
is

&' (w) = oF,, n oL, (8Fw oL, ())

ow 0z \ Ow + 0z

In particular,

/ _ OFy(em-1) | OFy(cm—1) (OFy(cm—2) | OF;,(cm—2)
Pto) = ow + 0z ( ow + 0z ( ))
- 8Ft0(cm,1) + 8Ft0 (Cmfl) 8Ft0(cm,2) NI 8Ft0 (Cmfl) o 8Ft0 (Cl)
N ow 0z dw 0z 0z
_ OFy(em-1) | (F (1) OFy (em—2) [ pme1y
T e ow )
Set 5
Fy
L) =2
and define the polynomial
m—1
p"L(cn)
Plp)=1+ —,
) =14 2 Goyien

Then we can write
(16) ' (to) = (F2 1) (er) - P(1).

The relationship between the zeros of the polynomial P(p) and the eigenvalues of
the transfer operator is summarized in the following lemma.

Lemma 10.7. For any p € C, det(I — pA) =0 if and only if P(p) = 0.
Proof. When p =0, det(I) = P(0) = 1. Assume p # 0 and define a local deforma-
tion (g?, F£) of (g, Fy,) as follows:

(1) for z in a neighborhood of each « € P\ ¢g, Ff(2) = F,(2) + @(z —x);
(2) g”(x) = g(z) for x = ¢, and for z in a neighborhood of each z € P\ ¢y,
9°(2) = FE,(2).
If A? is the transfer operator associated with the deformation FY), a simple compu-
tation gives A, = pA.
We define a map ®,(w) = (Ff)™ *(w) — ¢p. Then

det(I — 1 A,) = 0 if and only if (®,)’(to) = 0.
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Direct computation shows that

(%wmzjyh@ﬁw

Therefore
det(I — pA) =0 if and only if P(p) = 0.
O

Corollary 10.1 (Positive transversality). With the notation of Theorem Bl, for t
real in a neighborhood of ty,
' (to)
(Fiy)' (c1)

Proof. By equation (I6) it suffices to show P(1) > 0. Rewrite the polynomial as
P(p) = ™' (1 — p/pi) where p; # 0 are the zeros of P(p). By Lemma 0.7
P(p;) = det(I — p;A) = 0, which implies that 1 is an eigenvalue of A”* and thus
1/p; is an eigenvalue of A. By Lemma [[0.3] all eigenvalues of A satisfy {1/|p;| <
1,1/p; # 1}.

Restricting to the real valued family, the eigenvalues of A are all real or complex
conjugate in pairs so evaluating the polynomial at p = 1 in light of the above, we
conclude

> 0.

P(1) = I (1~ 1/py) > 0.

Positive transversality gives us the uniqueness of the f,,.

Corollary 10.2 (Uniqueness). For eachn > 1, there is unique parametert = B, in
the interval (cu,, ant1) of the renormalization sequence for the family f; where cycle
merging of order n occurs. In particular, there is a unique virtual cycle parameter
of order n in the sequence.

Proof. In the proof of Theorem [Il we showed that for each n > 0 there is at least
one parameter 3, which is a solution of ¢;(R}) = ¢z (R?il) = ay, where a,; is a
pre-pole of order n. More precisely, with ¢y equal to either 7/2 or —7 /2, depending
on n, B, is a solution of v(t) = f2"~1(t) — ¢o in the interval (v, apyq). Since f;
depends on t holomorphically, there are only finitely many solutions. The curve
v(t) = f2"7Ht) — ¢o is a smooth curve defined on (an, any1) and transversality
implies that each root (t) is locally either strictly increasing or strictly decreasing.
Positive transversality implies that it has the same direction at each root. Therefore,
it cannot have more than one root because if it did, the directions at adjacent roots
would have to be opposite. O

The uniqueness of the a,, now follows directly from uniqueness of the 3,.

Corollary 10.3. For each n > 1, there is unique parameter t = a,, in the interval
(Bn—1, Bn) of the renormalization sequence for the family f; where cycle doubling
of order mn occurs.

Proof. Let Can ; be the merged cycle for ¢ just to the right of 8,_1. By Proposi-
tion[2I] as ¢ increases, the multiplier of Con ; increases to +1 at ay,. If the mulitplier
continues to increase as t increases, we have cycle doubling into a new hyperbolic
component and, again by Proposition 21l the multipliers of the two new cycles
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decrease the right endpoint of this component must be 3, so that «,, is unique in
(ﬁnfb ﬁn) .

Otherwise, as t increases beyond «,, the multiplier of Cyn ; decreases again and
t is in a new hyperbolic component. By Proposition 2] at the right endpoint
of this new component, t*, the multiplier is 0 and is a virtual cycle parameter of
order 2. Thus t* > f,_1 is a second root of the curve (t) defined in the proof
of Corollary above. This, however, contradicts the uniqueness of 3,1 proved
there so this case cannot occur and «, is unique in (8,-1, 8,), as claimed. O

11. THE INFINITELY RENORMALIZABLE TANGENT MAP
AND THE STRANGE ATTRACTOR

Since the interleaved sequences {a,}22; and {3,}52; are both increasing and
bounded they have a common limit, t,. Since ¢, is a limit of the 3,,, and we have
proved that f; is n-renormalizable for ¢ € (8,,7), we can define R} for all n > 1;
we say that fi_ or T, is infinitely renormalizable. In addition, since to, is a limit
of the a,, and we have shown that 7T} has repelling periodic cycles of period 2"+!
that persist for all ¢ > a,, T;_, has repelling periodic cycles of period 2™ for all n.

In this section we will describe properties of the orbits of the asymptotic values
+t under the map T;_. As we have seen above, they are contained in the real
and imaginary lines. We will give a topological description of the closure of the
union of these two orbits which we denote by C'. We will show that C' N S is
a perfect, uncountable, totally disconnected and unbounded set while C' N R is
perfect, uncountable, totally disconnected and bounded and thus a Cantor set; this
Cantor set consists of two binary Cantor sets. We argue by analyzing the infinite
sequence of renormalizations of T;__.

As a corollary it will follow that almost every point in the real and imaginary
axes is attracted by C' and therefore that T, has no attracting or parabolic periodic
cycles.

The standard construction of a Cantor set in the real line R involves an infinite
iterative process where at each step subintervals are removed from all the remaining
intervals. The remaining intervals are called bridges and the removed intervals
are called gaps. The Cantor set is called binary if only one gap is removed from
the bridge at each step. We give a more precise definition here which is adapted
from [I1].

Definition 11.1. Let Z = {Z,,}52, be a sequence of families of disjoint, non-empty,
compact intervals: the nth level bridges. Let G = {G,,}°2 , be a sequence of families
of disjoint, non-empty, open intervals: the nth level gaps. Let CS = {Z,G}.

We call CS' a binary Cantor system if

(i) for each 0 < n < co and each interval I € Z,,, there is a unique interval G
in G, and two intervals L and R in 7,41 which lie to the left and to the
right of G such that I = L UG U R (see Figure [[3]), and

(ii) CS =N,y Yrez, I is totally disconnected. We call C'S the binary Cantor
set generated by the binary Cantor system CS.

Suppose T' = T;__ is the tangent map at the limit point t,,. Let
O = Orb(Eteo) = {T"(£teo) }o2 g
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FiGURE 13. Bridge and gap

be a union of the orbits of both the asymptotic values, +to. Note that by symmetry
—O0 = 0. Let C = O be the closure of the orbits. Recall that f = 72 maps both
the real and imaginary lines to themselves.

Theorem 4. The map T is an infinitely renormalizable tangent map and the in-
tersection C. = RNC consists of two binary Cantor sets; C,. is forward f-invariant
and f : C. — C, is minimal. The intersection C; = SN C is a totally discon-
nected, uncountable, unbounded and perfect subset of the imaginary line . It is
also forward f-invariant and minimal.

Proof. We first prove the assertions about C,.. The inductive construction in the
proof of Theorem [I shows that the renormalized functions R™ converge to a limit
R>. To study the properties of the orbits of the asymptotic values we set R® = f
and use the functions c,,(R™) = |R"™(n/2")| introduced in that construction.
Since t is fixed they are constants. It will be convenient to set ¢,, = ¢, (f) since
these are the points of Ot UR. We also defined the pre-pole functions a,,,b, by
the relations R"~!(a,) = +7/2,R""1(b,) = Fr/2 where the sign depends on the
parity of n. These are the endpoints of the intervals I,, = I, U I,,+ that constitute
the domain of R™.
Recall that I; is divided into subintervals that are mapped by R as follows:

§11, = { bl/,2—7'(/2}] — { Cl,]_CQ},
R=1:0 1o —lann/2 = [oer—cal,
Iy = [m/2,b1] — [e2, 1]

(See Figure [6l)

The endpoints of the intervals in the range belong to O N R. We denote these
intervals by

Jo— = [—c1,—c2] and Joy = [eg, c1].

We set Zp+ = {Jo+} and call it the set of 0th-level bridges.

Applying f we find ¢5 = f(—c2) > 0 and ¢4 = f(c3) > 0, so that

Co <m[2< ¢y <3<y
Now set
Jio = [~cq,—ca], Jip = [e2,ca], Juo = [—c1, —c3] and Jiiy = [e3,¢1].

The maps
f :Jii— — Ji— and f : J11+ — JlJr
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are both continuous and onto. The interval J;_ is divided into two intervals J!_ =
[—c4, —7/2] and J]_ = [—7/2, —co] by the pole —m/2, f is continuous on each of
these subintervals, and

f : Ji_ — Jo1_ = [—01, —65] C Ji1— and f : Jf_ — J11+.

(See Figure[fl where these are intervals in the vertical direction and Figure [[4 where
the intervals are depicted horizontally.)

Similarly, the pole 7/2 divides Ji4 into two intervals Ji, = [co, /2] and J, =
[7/2,c4] and f maps each of these subintervals continuously as follows:

fidiy — Ju-and f:J, — Jorg = [c5, 1)

(See Figures [ and [141)

We now set

GO_ = (—03, —64) and G0+ = (04703)
so that
J0+ = J11+ U G0+ U J1+ and JO_ = J11_ U Go_ U Jl_.

The intervals Go+ = {Go+} form the Oth-level gaps inside the Oth-level bridges Zo .

The complementary intervals inside the Oth-level bridges form the 1st-level bridges
Ti+ = {J1x, J11+ }- (See Figure [I4l)

FIGURE 14. The 1st-level bridges and the Oth-level gaps

We now go to the second renormalization to get the 2nd-level bridges and the
1st-level gaps; we have

Iy = [~ba,—7/2] — [c2,c4],
RQ _ f22 . Iy = [_ﬂ—/z _a2] - [_C4a _02]7
"] Iz24 = [ag, /2] — [e2, cal,
121+ = [7‘(/2, bg] — [—04, —CQ]
(See Figure §l)
Let
Joo = [—ca,—cs], Jay = [cs,ca], S = [—c1, —cs5] and Jo1y = [c5, 1],
Joa— = [—ce, —C2], Joay = [c2,C6], Joz— = [—c7, —c3] and Jaz = [c3, ¢7].

Then f is continuous and onto

f f f f f f
Jo1— = Jag— = Jazy = Joyp and f:Jorq = Jooy > Joz- > Ja.

As above, the pole divides J;_ into two subintervals, Ji = [—c4, —7/2] and J5_ =
[-7/2, —cs] and f is continuous and onto on the subintervals

fodi_ = Jarand fiJ5_ = Jsip = [co,c1] C Jory
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Symmetrically, the pole divides Jo. into two subintervals J}, = [cg, 7/2] and J5, =
[7/2,¢4) and f is continuous and onto on the subintervals
f : Jé_ — J31_ = [—61, —Cg] C Jo1— and f : J§+ — J21+ = [65,61].

(See Figure Bl where these are intervals in the vertical direction and Figure [[0 where
the intervals are depicted horizontally.)
Define the 1st-level gaps as the set of intervals

G- ={Gi1-, Gi1-} and Gy ={G14,Gu14}
inside the 1st-level bridges where
G11- = (—c¢5,—¢7), G1— = (—cg,—cg) and Gi14 = (cg,c¢8), G114+ = (¢7,¢5)

so that

Jio =Jam UG1— U Jaa_, Ji1— = Jo1- UG- U Jag—
and

Jig = Joy UG14 Udoog, Jig = Joi4 UGri4 U Josg.
Now define the 2nd-level bridges as the set of intervals

—={Jo, Jo1-, Joo—, Joz—} and Toy = {Jog, Jo14, Joot, Josi }.

(See Figure [[H)

J23+
("N
7\

\ - IJz'j \
Go- -4 q/2—Cg

Ji-

€1 —C9-C5 —¢y
€7 €3 c3 €7 C5 CocCl

J
T 11+

F1GURE 15. The 2nd-level bridges and the 1st-level gaps

Using these steps as models for odd and even n > 3, we use the nth renormal-
ization to define the nth-level bridges and the (n — 1)th-level gaps. Note that the
parity of n determines the orientation of the interval.

We have
Lnie = [=ba,—m/2] = [(=1)"cgn 1, (=1)"¢on],
_ ) I =[- 7T/2 an] = [(=1)"ean, (1) egn-al,
) Inot = [an,7/2] = [(=1)"con-1,(—1)"can],
Inl—i— [71' b ] — [(_1)n7162n7 (-1)”7 CQn—l]
(See Figures [0l and Bl)
Let
Jn— be the interval bounded by — con+1 and — can
and let

Jn+ be the interval bounded by con and con+1.
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Which endpoint is the left one depends on the parity of n. For example if n is odd,
—Con+1 18 to the left of —con while if n is even it is to the right.
At the nth-level we get 27! subintervals. Let m = 1,...,2" and let

Jnm— be the interval bounded by — ¢, and — conqp,
and
Jnm+ be the interval bounded by con 4y, and c¢py,.

Again, which endpoint is the left one depends on the parity of n. Note that J,on_,
Jno—, and J,_ refer to the same interval, Jyony, Jpot, and J,4 are the same
interval.

Then
on o
U Jom— € iz and (| Jume C s
m=1 m=1

Ifm=2k+1,k=0,...,2" ! — 1, then
fidnm— — Jn(m+1)— and [ Jpm4 — Jn(m+1)+'

Recall that the poles £7/2 are contained inside the intervals (—c4, —c2) and
(¢4, ca), respectively, and if m = 2k, k= 1,...2" 71, J,,.+ are subintervals that lie
either to the right or left of the pole. This divides them into two groups:

if Jo(om)— C (=7/2,—c2), then f: Jyon)— = Jnrt+1)4+ and
if Jnory— C (—ca, —7/2), then f: Jyor)— = Jn@rs1)—-
The symmetric intervals Jy(2x)4+ are also divided into two groups:

if Jn(2k)+ C (Cg,’]T/Q), then f : Jn(zk)_;’_ — Jn(2k+1)— and

if Jn(Qk)Jr C (7T/27C4), then f: Jn(2k)+ — Jn(2k+1)+-

The intervals J,_ and J,, are divided by the poles they contain; because the
parity of n changes which endpoint is the left one, we label the intervals differently
in each case. If n is odd we denote the respective subintervals as:

J\ =[—cont1,—7/2] and J"_ = [-7/2, —can],
I

On each subinterval f is continuous and maps as follows:

4 =leon,m/2] and J, = [7/2, con+1].

fodho = Jasnie = [—c1, —Cont144] C Jui— and f 2 J0_ = Juiy,
[ JrlH» = Jni—and f 2 Jp = Jppnyig = [caniiga, el C Jnige
If n is even we denote the respective subintervals as
J. =[—con,—7/2] and J!_ = [~7/2, —cqn+1],
Jl

n

4 = [cgn41,m/2] and J) | = [1/2, con].
Then f maps as follows:
fodbs = Jayie and f 205 = Jsnig = [cantigr,er] C Jniy,
f : J£L+ — J(n+1)1— = [—Cl, —an+1+1] C Jn1— and f : J:;Jr — Jn1+.
Now we define the gap intervals. Set
G(n—1)- as the interval with endpoints — cgn+1 and — cgn-149» and

G(n—1)+ as the interval with endpoints con-1,9n and con+1,
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where again which endpoint is the left one depends on the parity of n. For
kE=1,...,277! — 1, inside the interval J(n—1)k— bounded by —cj and —con-14y,
we define G(,,_1),— as the subinterval bounded by —can 4 and —cpnign-1,. Sym-
metrically, for any J(,,_1)r4+ bounded by c; and cyn-1,y, we define G(,,_1)4 as the
subinterval bounded by can ik and con ygn-14. Then

Jin—1)k= = Ink— UG n_1yp— U Jpian—14p)—
and

Jin—1k+ = Ikt U Gn—1yps U Jn@n—148) 1
The (n — 1)th-level gaps are the collection of intervals

n—1_ n—1_
Gn-1)- = {Gm-1)k-treo " a0d Gin1yp = {Gm-1)et Yamo -
The nth-level bridges are the collection of complementary intervals
I, = {Jnkf}ilgl and Z,, 4 = {Jnk+}i161-

Since to, > B, for all n, we can use R" to define bridges and gaps at all levels.
In the limit we have

I-={Z,-}nloand I, = {To1 172,
and
G = {Gu- )220 and Gy = {Gos } 20,

These define two Cantor systems

CS, = (I,,g,) and CS+ = (I+,g+).

Let
oo 2"—1 co 2" —1
Co=() U Jnk-and Cy = () | Jurs-
n=0 k=0 n=0 k=0

These are both binary Cantor sets.
From our construction, we see that

Cr,=C_UCy ={fr(ttec)}52o=RNC
is forward f-invariant and the map f : C, — C,. is minimal.
Now C4 C (0,7) contains 7/2 and C_ = —C C (—m,0) contains —m/2. Since
T is odd and one-to-one on (0,7), the image C; = T(C_) =T(Cy) =3NCisa
totally disconnected, perfect, and uncountable, unbounded subset in the imaginary

line . It is also f-forward invariant and minimal.
This completes the proof of Theorem [l O

12. APPENDIX
This appendix contains the proof of Lemma [7.3
Lemma (Lemma [[3). Suppose f(z) = z + anz™ + 0o(z™) is an analytic function
defined on some neighborhood of 0 € C.

(1) Suppose X lies inside a small disk, inside and tangent to the unit circle at
the point 1. Then gx(z) = Af(z) has one attracting fived point 0 and (n—1)
repelling fized points counted with multiplicity, in a small neighborhood of 0.
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(2) Suppose A lies inside a small disk, outside and tangent to the unit circle at
the point 1. Then gx(z) = Af(z) has one repelling fixed point 0 and (n— 1)
attracting fixed points counted with multiplicity, in a small neighborhood
of 0.

Proof. By Rouché’s theorem, Af(z) = z and A\(z+a,2™) = z have the same number
of solutions in a small neighborhood of 0 and by continuity, the corresponding
multipliers are close to each other. So without loss of generality, suppose f(z) =
z + a,z". Then solutions of gx(z) = Af(z) = z are 0, with multiplier A, and all
solutions of a,A\2" "1 + (A —1) = 0, each with multiplier A +n(1 — \). Consider two
disks

n 1
- 1| < n—1 b

The map A — n — (n — 1)\ takes the unit disk A = {z |z| = 1} to the disk D,
and takes the disk Do to the unit disk A. It follows that if |A] < 1, 0 is attracting
and all the other fixed points are repelling, all have the same multiplier, and this
multiplier is in the disk D;. Similarly, if A € Dy, 0 is repelling and all the other
fixed points are attracting, all have the same multiplier, and this multiplier is in
the disk Ds. By Rouché’s theorem A\f(z) = z and Af(z) = ga(z) + o(2™) have the
same number of solutions as gy (z) in a small neighborhood of 0. (]

Di={z:|z—n|<n—-1} and Dy={z : |z —
n
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