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ABSTRACT. The Hamiltonian actions of 8! on the symplectic manifold RS in
the 1:1: —2and 1:1:2 resonances are studied. Associated to each action
is a Hilbert basis of polynomials defining an embedding of the orbit space
into a Euclidean space V and of the reduced orbit space J~1(0)/S! into a
hyperplane V; of V, where J is the quadratic momentum map for the action.
The orbit space and the reduced orbit space are singular Poisson spaces with
smooth structures determined by the invariant functions. It is shown that the
Poisson structure on the orbit space, for both the 1 :1:2 and the 1:1: -2
resonance, cannot be extended to V, and that the Poisson structure on the
reduced orbit space J~1(0)/S?! for the 1 : 1 : —2 resonance cannot be extended
to the hyperplane V.

1. INTRODUCTION

In this paper we study certain singular Poisson spaces arising from Hamiltonian
actions of Lie groups on symplectic manifolds. The singular Poisson spaces are
embedded, using Hilbert maps, into Euclidean spaces and we prove that the singular
Poisson structure cannot be extended to the Euclidean spaces. This disproves a
conjecture raised by Cushman and Weinstein [12, 13].

For a Hamiltonian action of a Lie group G on a symplectic manifold (M, w) with
an equivariant momentum map J, Marsden and Weinstein define in [5] the reduced
orbit space M, for a value p in the dual of the Lie algebra of G. The space M,, is
the quotient space J~!(u)/G, where G, is the isotropy group of u with respect to
the coadjoint action of G. For weakly regular values p of J, if G, acts freely and
properly on the manifold J =1 (), M, 1 is a manifold and there is a unique symplectic
structure on M,, which lifts to i;,w where i, is the inclusion map i, : J Y () — M.

The space M/G is assigned a smooth structure C°°(M/G) by the G-invariant
functions on M and M /G inherits a Poisson bracket from M making M /G a Poisson
variety. Even when p € J(M) is not a weakly regular value the reduced orbit
space M,, has a smooth structure defined by restricting functions in C*°(M/G) to
J71 (). It is proved in [1] that the space M, inherits, by restriction, the structure
of a Poisson variety from M/G. For a compact Lie group G Sjamaar and Lerman
show in [12] that the reduced orbit space My is a union of symplectic manifolds
and moreover a stratified symplectic space.

If the Lie group G is compact and the action on M has only finitely many
orbit types then by a theorem of Schwarz [11] there are functions fi,...,f, in
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C*(M/QG) such that F* C*°(R") = C*(M/G) for F = (f1,..., fn). This defines
an embedding M/G — R™ and in particular an embedding M,, — R™. If a compact
Lie group G acts orthogonally on a Euclidean space M then we can choose the
invariants fi,..., f, to be generators of the algebra of invariant polynomials on
M, in which case the embedding F' is called a Hilbert map for the action and
fi,..., fn are said to form a Hilbert basis for the algebra. It is known for many
simple cases, see for example [12], that the Poisson structure on the image of M/G
can be extended to all of R”. We will, however, outline a proof showing that for
the 1 : 1 : —2 resonance action and a Hilbert map corresponding to a minimal
homogeneous Hilbert basis, described below, defining the embedding M/G — R!
there exists no smooth Poisson structure on R'!' extending the Poisson structure on
the orbit space. Furthermore we show that the Poisson structure on the singular
variety My cannot be extended to the hyperplane in R induced by the momentum
map for the action. The nonexistence of Poisson structures on R!! extending the
Poisson structure on the orbit space of the 1 : 1 : 2 resonance action is then
established using results already obtained for the 1:1: —2 resonance.

2. THE 1:1: —2 RESONANCE
2.1. Preliminaries. Consider the space R® as C? and define an S' action
x: St x R® — RS by z* (11, ug, u3) = (zu1, 21z, 2 2u3)
where the coordinates on RS and C? are related by u; = x; +y; for i = 1,2, 3. Also
define coordinates v; = z; — 1y; on C3 for i = 1,2, 3, see [8].
The existence of a Hilbert basis for the invariant polynomials follows from a

theorem of Hilbert [14], but for the action above it is easily established directly.
A minimal homogeneous generating set for the invariant polynomials in

R[x,y] = R[$17y1,$2,y2,$3,y3]

is given by the polynomials f1,..., fi1, i.e.,

Rlz,y]S =R[f1,... , ful,
where
fi=ai+ui, =03+ 43, f3 =23 +43,
fatafs = wiv, fo+afr =uius, fs+1fo=ujus and
J10 +1f11 = wiugus.
A Hilbert map F : R® — R corresponding to the Hilbert basis fi, ..., fi1 is given

by F = (f1,..., f11). We will refer to this particular choice of a Hilbert map for
the 1:1: —2 action as the Hilbert map for the 1:1: —2 action in standard form.

2.2. Complex coefficients. On R® the standard Poisson bivector field o is given
by
0 0 0 0 0 0

= — At At — A .
Ory Oyr  Oxa Oy» Ozz  Oys
Denote by M = RS and by V = R the spaces with linear coordinates

%

{z1,y1, 22,92, 3,y3} and {l1, 12,03, R1, 1, ... , Ra, 14}
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respectively and in which F' : M — V is given by the formula F' = (f1,..., f11)-
Now let M. and V. be real vector spaces with linear coordinates

{z1,w1, 22, w2, 23, w3} and {ly, 12,13, 21, W1,... , Z4, Wy}
respectively.

For the Euclidean space E = R™ denote by X*(FE) the C°°-multivector fields
on E, by X*[E] the multivector fields on F with polynomial coefficients and by
X*[[E]] the multivector fields on FE with formal coefficients.

Let T be the Taylor series operator

T:x°(V) = X*[[V]]
replacing each coefficient with its Taylor series at O.
Define a C-algebra isomorphism
k:CX'V] - C X*[V]
by the formulas
ls = ls, Rt = %(Zt + Wt) and It = %(Zt — Wt),

o) a9 o) 9 9 9 9 o
o ot am — oz +oaw, and a — ez — o)

and similarly define a C-algebra isomorphism
K :C®X*[M] — C® X*[M,]
by the formulas
Ty — %(zt + we) and yz — %(zt — wy),
) 2.

a a a a B
30 7 9 T awy and 5- =g — g

Let
T :R[V*] - R[M7¥]
be the algebra morphism given by
T(g)=goF
and let 7. be the C-algebra morphism induced by the diagram
R[V*] T R[M*]
lfé: l/@’
Cvel = C[M]
and use 7. to define the complex counterpart of the Hilbert map
Fe:CoM.—Co V.
with complex polynomial coordinate functions defined by
7e(p) =po I,
furthermore let Fg, be the C-linear derivative of Fg.

There is a one-to-one relationship between bivector fields 7 € X2[V] which are
F-related to o

F.op=mwoF
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and bivector fields m. € C ® X?[V,] which are Fe-related to g
Feio0pc =mcoFe

and satisfy k=1 (7c) € X?[V]. The relationship is given by © = k= (7).
Extend the Schouten-Nijenhuis [9, 10] bracket [,] by C-bilinearity to the spaces
C® X*[V] and C ® X*[V,], then the identity

[«(X), c(Y)] = ([X,Y]) for X,Y € X*[V]

follows easily.
Let

0c = K'(0) = —22;%/\%
then the commutative diagram below
RV, m)  —  (R[M*],0)
l/@ llﬁ:/ (1)
(CVelme) == (CIM¢], 0c)

demonstrates the setting for finding a bivector field 7 € X?[V] which is F-related
to p.
For the above diagram we have

[r, 7] = 0 if and only if [re, 7e] =0

or equivalently [3, 9] that 7 € X?[V] is a Poisson bivector field if and only if
me = k() is a Poisson bivector field.

2.3. Embeddings. The 1 : 1 : —2 resonance action above has momentum map J
given by the quadratic polynomial
7= 50t +ud o 4 — 20 - 240).

There exists a unique functional J in V* satisfying

J=JoF
and F maps the space J~1(0) into the hyperplane

Vi=J H0)cCV.
The smooth structure on the reduced orbit space J~1(0)/S!, obtained, see [1], by
restricting the invariant functions on M to J~1(0), is described by
C=(J710)/S") = (n o F)* C*(Vy)|5-1(0)

where 7 is the projection

n:V-V;
onto V; along the vector J* = £ (If + 13 — 213).

Extending the Poisson structure on M/S! to all of V is equivalent to finding a
bivector field ¢ in X2(V) satisfying the conditions

1) [¢.¢] = 0 and
1b) (o FF=F,op.
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Extending the Poisson structure on J~1(0)/S! to all of V is equivalent to finding
a bivector field ¢ in X?(V}) satisfying
2a) [¢,¢] =0 and

2b) 5’ © (770F)|J*1(0) = (770F)* © Q|J*1(O)~

Further a Poisson bivector & in X2(Vj), i.e., [¢/,€] = 0, extending the structure
on J71(0)/S! can be extended to a Poisson bivector £ on all of V satisfying

3a) Lor=1,08,
3b) o F|y-1(0) = Fi 00l 5-1(0),
3c) [£,T] =0, ie., J is Casimir,
and where ¢ is the inclusion map V; — V.

The above Poisson bivector field £ is obtained from &’ by defining £ to be constant
along the fibres of the projection 7.

Theorem 1. Let F': M — V be the Hilbert map in standard form for thel:1:—2
resonance action x : S* x M — M. Then the Poisson structure on the singular orbit
space M /S, embedded into V by F, cannot be extended to V. Furthermore the
Poisson structure on the singular reduced orbit space J~1(0)/S* cannot be extended
to VJ.

Before proving the above theorem we establish the lemmas below.
Choose a bivector field 7 in X?[V] such that
moF =F,op, (2)

e.g. use diagram (1); the existence of a bivector field satisfying (2) follows from the
definition of a Hilbert basis.
We can further assume that

[7,J]=0
and using the natural grading in X2[V] write
T =mt 4712t
where 7! has coefficients of degree 1 and 72T has coefficients of degrees 2 and

higher.
Then 7! is uniquely determined by (2) and is already a Poisson bivector,

[#!, 7] =0.

1

Using the Poisson bivector ' we define the m!'-cohomology coboundary operator,

see [3], on X*(V) by
§=—[r]
Also define e, 7l and 72% in C ® X?[V,] as the images of 7, 7! and 7%* under &
respectively, and define é. to be the coboundary operator on C ® X*(V;) given by
b = —[ml, -
Furthermore define I" to be the ideal in C[V/] generated by the terms
T sy Zy, Wh, Za, Wa, Zs, Ws, Zs, Wi

and all the monomials of degree 3 and higher.
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For X € C® X3[V] denote the coefficient of 52~ = A 6%2 A g 8 in X by X, ie.,

Xy = X (dZy A dWa A dW4),
and for Y € C ® X2[V,] define Y by

_ PR P P
Y = Yy 2 Y Y, 9
22Wa gy N gy, T Wi A gy T W wa g A i

where Yz, w, is the coefficient of aZ A aw inY.

Lemma 1. Let e. be a bivector in C® X?[Ve]. Then 6¢c(ec)y = —[pe, €c)y (mod I)
where @ is the bivector field given by the formula

Pec 22(W4 8 N 83/4 + W4i 3W4 + W4 313 33/4
+(12—11)az Wl +2W488 A o= +2W48 MBVB).

Proof All the coefficients of the basis vectors az A 851,2 , 822 A 83,4 and 8W2 A 851,4
in 7! and ¢ are zero and the bivector field 7l — ¢, is in the ideal generated by
r-x 2 [Ve]. From this and the definition of the Schouten—Nijenhuis bracket it follows
that dc(€c)p = —[pes€cly (mod T'). O

One can choose 721 to be homogeneous of degree 2 and an example of 2™ is
given by

2+ _ _ 2
me = —2((l] + 4lhl3) =— 97, 8W2 + (L2 +203720) 57 075 (9W4 )

Call an element p in X*[V] a relation if po F' = 0 and define
O [V]={p € X*[V]:p' o F =0}.
Lemma 2. Let ¢ € X2[V] be a bivector of the form
(=m+p+Tv

for a relation p in ®*[V], a bivector v € X?[V] and such that at least one of the
two conditions below are satisfied

) [¢, T] contains no terms of degree 2,
ii) 7 contains no constant terms.

Then [¢, (] has nonzero terms of degree 2.

Proof: Let (. = £(¢). Using Lemma 1 we calculate that an € in ®*[V] + JA?[V]
satisfies the formula ¢ (k(€))y =0 (mod T').

Furthermore the formula [rg, 72%], # 0 (mod T) holds.

Now we conclude that if either of conditions i) or ii) holds then

[CC?CC]QS - 2[7rc7 c ]¢ (mOd F)
and the lemma follows. O

Lemma 3. Let A € X*(V) satisfy Ao F|j;-19) = 0. Then there erists a formal
multivector field v € X*[[V]] such that T(A) — T~ is a formal relation, i.e.,

T(A) - -y € ¥ [[V] = {pe X*[V]] : po F = 0},
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This lemma is proved by using the Malgrange-Mather division theorem [4, 6].0

Outline of the proof of Theorem 1: Let ¢ € X%(V) be a bivector field such that
¢ and p are F-related, i.e., (o F = F, 0 p.

Now write T(¢) — 7 = o/ + p/°T where p/ € ®2[V] has polynomial coefficients
and such that p'*" € ®2[[V]] contains only terms of degrees greater than two.

Now since 7+ p satisfies condition ii) of Lemma 2, deduce that the Taylor series
of [¢, ¢] has nonzero terms of degree 2. Hence ( is not Poisson.

Assume now that there exists a Poisson bivector field ¢’ in X?(V;) extending the
Poisson structure of J=1(0)/S! to all of V.

By 3a, 3b and 3¢ we extend & to a Poisson bivector field £ on V in such a way
that & extends the Poisson structure of J=1(0)/S! in V and has J for a Casimir
function.

Use Lemma 3 to write

TE) =m+p+ITy+p++ TV

where as before p is in ®2[V] and p3* is in ®2[[V]] and has only coefficients of degrees
greater than two, v is in X2[V] and 77 is a formal bivector field with coefficients of
degrees greater than one. Conclude, since 7+ p+ 7+ satisfies condition i) of Lemma
2, that the Taylor series of [€, £] has nonzero terms of degree 2. Thus contradicting
the existence of the Poisson bivector field £'.0

3. THE 1:1:2 RESONANCE

3.1. Preliminaries. To analyze the relationship between the ny : -+ : ny reso-
nance and the oiny : - -+ : oxng resonance, o; € {1,—1} for i = 1,... , k, we define
an automorphism, see [2], ¥” on the space C ® X*[V]. Here we will define ¢? for
the 1:1: —2 resonance and the o = (1,1, —1) case.

For the 1 : 1 : 2 resonance the Hilbert map F? : M — V in standard form,
by definition here, is obtained by interchanging w3 and v3 in the definitions of the
invariants fi,..., fi1.

Let 0 = (01,02,03) = (1,1, —1) and define

wo‘ : {llal27l3a Zlvwla .. 7Z4a W4} - {17 _1717 _7’}
by the formula

o _ ,deg.; me(7) | ydegug Te(7)

Wy

Now, using w?, define the automorphism
¥g: Co X*[Ve] — C @ X*[Ve]
by the formulas
lg — ngsl& Ly — w%tZt and W; — w%,tWt,

) 19 d 19
ol Ly ol 9z T wy, 04

ls

1 [s]

)
and gyp- O, OW

and also define

Y7 CRX*[V] - C®X*[V] by ¢ = k™t othg o k.
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The map 97 is a Schouten-Nijenhuis morphism defining a cochain map between
the complexes

(C® X*[V],6) L5 (C® X*[V],6%)
where § = —[r!, ] and 67 = —[¢7(71), ].

Lemma 4. Let 7 be a bivector field in X%[V]. The bivectors ©' and o are F-related
if and only if the bivectors ¥? (n') and o are F° related.

Proof: [2].0

Thus ¢° allows us to apply results for the 1 : 1 : —2 resonance to the 1:1: 2
resonance case.

3.2. Embeddings.

Theorem 2. Let F° : M — V be the Hilbert map in standard form for the1:1: 2
resonance action % : S' x M — M. Then the Poisson structure on the singular orbit
space M /S, embedded into V by F°, cannot be extended to V.

Proof: Follows from applying the morphism % to results for the 1 : 1 : —2 reso-
nance. O

4. GENERALIZATIONS

In order to analyze which circle actions induce Poisson embeddings of the orbit
spaces one should study the semigroup structures obtained from the invariant poly-
nomials. The semigroup structure arises from complexifying the phase space and
the ambient Euclidean space. A proper framework for Poisson structures and maps
for these semigroups would be helpful in resolving the general case. The author is
currently working in this direction.
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