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ABSTRACT. We define the quantum exterior product Aj and quantum exte-
rior differential d;, on Poisson manifolds. The quantum de Rham cohomology,
which is a deformation quantization of the de Rham cohomology, is defined
as the cohomology of dj,. We also define the quantum Dolbeault cohomology.
A version of quantum integral on symplectic manifolds is considered and the
corresponding quantum Stokes theorem is stated. We also derive the quantum
hard Lefschetz theorem. By replacing d by dj, and A by Ay, in the usual defini-
tions, we define many quantum analogues of important objects in differential
geometry, e.g. quantum curvature. The quantum characteristic classes are
then studied along the lines of the classical Chern-Weil theory. The quantum
equivariant de Rham cohomology is defined in the similar fashion.

In this note we announce a construction of a deformation of the de Rham com-
plex for any Poisson manifold. In the case of a closed symplectic manifold, its
cohomology provides a deformation of the ring structure on the de Rham cohomol-
ogy. More precisely, on any Poisson manifold, we define a quantum exterior product
Ap of exterior forms, and quantum exterior differential dj, such that d,zl =0, and dj,
is a derivation for Ap. Here h is an indeterminate. We define the quantum de Rham
cohomology as the cohomology of dj,. Since dj, is a derivation with respect to Ap,
there is an induced quantum multiplication on the quantum de Rham cohomology.

This work grew out of our attempt to find a new way to define quantum co-
homology, which has recently attracted much attention (see Tian [13] for a survey
on this topic, and the introduction of Li-Tian [11] for more recent development).
Intuitively, quantum cohomology provides a deformation of the ring structure on
the vector space which underlies the de Rham cohomology by counting pseudo-
holomorphic curves in symplectic manifolds or stable curves in algebraic manifolds.
Unlike many cohomology theories in algebraic topology, it is not defined as the
cohomology of a graded differential algebra. For the sake of being consistent with
other cohomology theories, it would be desirable to be able to do so, even though
the applications of quantum cohomology do not really require this property. This is
the first motivation for our construction of quantum de Rham cohomology. On the
other hand, from the point of view of finding deformations of the ring structure on
the de Rham cohomology per se, it is also interesting to see whether deformations
of the de Rham complex can provide new deformations of the de Rham cohomology.
This is the second motivation to our construction.
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Simple examples, such as flat tori and complex projective spaces, show that
the quantum de Rham cohomology does give nontrivial deformation of the ring
structure on the vector space underlying the de Rham cohomology. However, such
examples also show that it is different from the quantum cohomology. Nevertheless,
they show that the quantum de Rham cohomology provides new deformations of
the de Rham cohomology: e.g. for a symplectic flat torus, the quantum cohomology
does not give non-trivial deformations, while the quantum de Rham cohomology
does. It is conceivable that the quantum de Rham cohomology turns out to be
different from the quantum cohomology, since it does not have “strings” in it. We
speculate that a version of quantum de Rham cohomology on the loop space might
yield the quantum cohomology, based on the description of quantum cohomology
by Vafa [14].

While it is disappointing that we cannot obtain an easier definition of quan-
tum cohomology along the lines of ordinary de Rham cohomology this way, in
retrospect, the significance of our work is that it provides a very simple version of
quantum differential geometry, in the sense that our objects contain a parameter
h, which give us the classical objects in differential geometry when h = 0. For
example, by replacing d by d and A by Ay in the usual definitions, we define many
quantum analogues of important objects, such as quantum curvature and quantum
characteristic classes, in differential geometry. We believe this kind of quantum
differential geometry should be useful in formulating quantum theories in physics.
Notice that this is quite different from Connes’ non-commutative geometry. We are
in the process of investigating a relationship between the two.

The definition of the quantum exterior product Aj is motivated by the Moyal-
Weyl multiplication and Clifford multiplication. For any finite dimensional vector
space V, let {e1, -+ ,em,} be a basis of V and {e!, .-, e™} the dual basis. Assume
that w = w¥e; ®e; € V@ V. Then w defines a multiplication A, on A(V*), and a
multiplication *,, on S(V*), such that e? A, e/ = e? Aed +w' | etx, el = et el +w'.
If w € S?(V), then A, is the Clifford multiplication. If w € A%(V') is nondegenerate,
%, is the Moyal-Weyl multiplication. If w € A?(V), then A,, is what we call the
quantum exterior product. It is elementary to show that this multiplication is
associative, and we get a quantum exterior algebra. We use it to obtain a quantum
calculus on any Poisson manifold. In a way, quantum exterior algebra plays a role
in Poisson or symplectic geometry similar to that of Clifford algebra in Riemannian
geometry. Based on the success of Clifford algebra in Riemannian geometry, we
expect that the quantum exterior algebra should be useful in Poisson or symplectic
geometry.

Finally, let us point out some difference of our work with deformation quanti-
zations or star product, of symplectic or Poisson manifolds. Let M be a smooth
manifold. It is well-known that A = C°°(M) cannot be deformed non-trivially by
commutative algebras. But now it is known through the work of Kontsevich [8] that
it is always possible to deform it by non-commutative algebras if a Poisson bivector
field w on M is given. More precisely, there is a noncommutative multiplication
on A[[h]] such that (A[[h]], *) is an associative algebra with unit, and

frg=1rfg+ > h"Bu(f.9),

n>1



26 HUAI-DONG CAO AND JIAN ZHOU

such that

. frg—gxf

%‘1_)1110 T - {f7 9}7
where {,-} is the Poisson bracket defined by w. For some earlier results on star
products on symplectic manifolds, see Bayen et al [1], De Wilde-Lecomte [5], Fe-
dosov [6]. In general a Z-graded commutative algebra may have a deformation
by Zs-graded commutative algebras, e.g. the quantum cohomology of CP,. Our
quantum exterior product A, defines a Zs-graded commutative, associative multi-
plication on Q*(M)[h], and is trivial on Q°(M) = C>°(M). (It becomes Z-graded
commutatively if we regard h as an element of grade 2.)

We will present the main results of our work below. Their proofs will appear

elsewhere [4].

1. QUANTUM EXTERIOR ALGEBRA

Let V be a finite dimensional vector space over a field k of characteristic zero,
and A(V*) the exterior algebra generated by the dual vector space V*. For any
v €V and a € A¥(V*), denote

(’UFO[)(’Ul,"' ,'Uk_l) = Oé(’U,’Ul,"' ;Uk—1)7

(O[_{/U)(’Ula“' 7Uk—1) == O‘(’Ula“' )Uk—lvv)v
forvy, -+ ,vk—1 € V. Let Ap(V*) = A(V*)[h] = A(V*)@kk[h]. For any w € A%(V),
with w = 3, w"e; A ej with respect to a basis {e1, -, e} of V, we define the

quantum exterior product Ap : A(V*) @ A(V*) — A(V*)[h] by

aNpw B = Z %wiljl cewm I (e, A e, ) Aeg, B Eeg ),
n>0
for a, 8 € A(V*). This definition is evidently independent of the choice of the
basis {e1,- -, em}. We extend Ay, as a k[h]-module map to Ay (V) @xpn An(VF).
When there is no confusion about w, we will simply write a Ay, 8 for o Ap o, 3. We
are interested in o Ay, 3, which is just o A1, 8. We assign to h the degree 2. Then

Ap(V*) has a natural Z-grading. Denote by AEIn] (V*) the subspace of homogeneous
elements of degree n; then it is clear that

APV g AP (V) € Al v,

Theorem 1 (Cao-Zhou [4]). The quantum exterior product satisfies the following
properties:

(1) Supercommutativity a3 =(—1)BI5 AL a,
(2) Associativity (aAp B) Any=any (BAL7Y),

for all a, B,y € Ap(V*). Therefore, (An(V*), Ar) is a deformation quantization of
the exterior algebra (A(V*), N).

The proof of (1) is trivial. The proof of (2) is of elementary nature but non-
trivial. It is proved first by brute force in the case of deg(a) = 1, and then by
induction on deg(«) (see [4] for details).

We can also extend Ay, to Ay, -1 (V*) = A(V*)[h, k™1 = A(V*) @k k[h, k).
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An algebra A with unit e € A over a field k is called a k-Frobenius algebra if
there is a nondegenerate symmetric k-bilinear function (-,-) : A x A — k, such that

(aB,7) = (o, B7),

for all a, 3,7 € A. There is a simple way to construct a structure of Frobenius
algebra on any k-algebra A with unit. Let ¢ : A — k be a nonzero k-functional
on A. Set (a,8)y = ¢(af) for a,0 € A. If it is nondegerate, then (A4, (-,-)¢)
is a k-Frobenius algebra. Conversely, given any Frobenius algebra (A4, (-,-)), let
d(a) = (o, €), for @ € A; then (-,-) = (-,-)4. Now on A(V*), consider a Berezin
integral [ : A(V*) — k ( ie., a k-linear functional which is only nonzero on
A™P(V*)). Then it is clear that (a, 3) = [« A B defines a structure of Frobenius
algebra on (A(V*), Ay).

Example 1. Let V be a two dimensional vector space with a basis {ej, e}, and
dual basis {e!,e?}. Let w = e; A ea. Then we have

el/\hezzel/\eQ—Fh,

el An (e Ae?) = —hel,

e? A (e! Ne?) = —he?,

(er Ne?) Ap (e Ae?) = —2he! Ae? — 2.
It is a tedious but straightforward exercise to check the associativity.

Example 2. Let V be a 2n-dimensional vector space with a basis {e1, -, e}
and dual basis {e!, - ,e?"}. Let w =e; Aeg+-++ea,_1Aeay, and w = el Ne? +
o4 e?mm A e, Set

wp=e' Al 4+ e age =l A+ -+ 2 A e? .
Then clearly we have
(wh)ZH =wp Ap - Apwp, = 0.
n times
In particular, when n = 1, we get (w + h) Ap (w + h) = 0, hence
wApw=—2hw — h?,

which recovers the last formula in Example 1.

2. QUANTUM DE RHAM COMPLEX

Let (P, w) be a Poisson manifold, with bivector field w, whose Schouten-Nijenhuis
bracket vanishes. (See Vaisman [15] for definitions.) The fiberwise quantum exterior
multiplication defines

Ap - Qh(M) ®Qh(M) — Qh(M),
An s Q-1 (M) @ Qpy =1 (M) — Q-1 (M),

where Q4(M) = Q)R] = QM) @ [k and Qp ps (M) = QM)[h, h~Y] =
Q(M) @y k[h, h~!]. Koszul [9] defined an operator & : QF (M) — QF~1(M) by

da=wkt da—dwt a),

for a € QF(M). He also showed that 62 = 0, d§ + 6d = 0. We define the quan-
tum exterior differential d, = d — (h/2)d : Q(M)[h] — Q(M)[h], and similarly on
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Q(M)[h,h™']. Then it is easy to see that d2 = 0. One of the technical results in
Cao-Zhou [4] is the following

Theorem 2. For any Poisson manifold (M, w), dy satisfies

(3) dp(a A B) = (dpe) Ap B+ (=11 Ay (dnB)
for a, B in Q(M)[h], or o, B in Q(M)[h, h~1].

This is proved first for deg(a) = 1 by brute force, then by induction on deg(«).
For regular Poisson manifolds (e.g., symplectic manifolds), there is an easier proof.
On such Poisson manifolds, there always exists a torsionless connection V which
preserves w. Then for any local frame {e!,--- ,e"}, and a € Q(M), we have

4) dpa =" Ap Ve, a.

This is the analogue of a similar expression for d + d* in Riemannian geometry
(Lawson-Michelsohn [10], Lemma I1.5.13). Using the analogue of normal coordi-
nates, the proof of Theorem 2 reduces to the associativity of the quantum exterior
multiplication.

3. QUANTUM DE RHAM COHOMOLOGY

For any Poisson manifold (M, w), the (polynomial) quantum de Rham cohomol-
ogy is defined by

QhH;R(M) = Kerdh/Imdh,

for the quantum exterior differential dy, : Q(M)[h] — Q(M)[h]. The Laurent quan-
tum de Rham cohomology is

Qh,h*leR(M) = Kerdh/lmdh,

for dp, : Q(M)[h,h™Y] — Q(M)[h, h~1]. As a consequence of Theorem 1 and Theo-
rem 2, we have

Theorem 3. The quantum de Rham cohomology QnH (M) of a Poison manifold
has the following properties:

aln B = (—1)‘0(”[3‘5/\}1047
(Oz/\hﬁ)/\h’}/ = Ol/\h(ﬁ/\h'Y)a

for o, B,y € QnH;p(M). Similar results hold for the Laurent quantum de Rham
cohomology.

The complex (Q(M)[h], d) can be regarded as a double complex (CP, —hé /2, d),
where CP% = h?Q27P(M), p > 0. This is the analogue of Brylinski’s double com-
plex C.(M) ([3], §1.3). By the standard theory for a double complex (Bott-Tu
[2], §14), there are two spectral sequences E and E’ abutting to H*(Q[h],d}) =
QnH (M), with ED? = h? HI(CP*,d) = hPHIZP (M), (E})P4 = h? H* (C*,5) =
hPPH,_,(M), p > 0. Since nontrivial E"? all have p + ¢ even, and the differential
d, changes the parity of p + ¢, it is routine to prove the following

Theorem 4. For a Poisson manifold with odd Betti numbers all vanishing, the
spectral sequence E degenerates at E1, i.e. dr =0 for allT > 0. Hence QnH}p(M)
is a deformation quantization of Hjp(M).
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Brylinski [3] proved that on a closed Kéhler manifold (M,w), every de Rham
cohomology class has a representative a such that da = 0, da = 0. This implies
the following

Theorem 5. For a closed Kdhler manifold M, the spectral sequence E degenerates
at By, i.e. dp =0 for all 7 > 0. Hence QnH}5(M) is a deformation quantization

of Hjp(M).

Similarly, we regard (Q(M)[h, h™'],d—hd/2) as a double complex (CP*7, —hd/2, d),
where CP'? = hPQI—P(M (M), p,q € Z. This is essentially Brylinski’s double complex
CPe", but with a different bigrading. We get two spectral sequences E and F'
abutting to Q, -1 Hjp(M), with EV? = i HIP(M), (E})P4 = hPH*(C*9,6) =
hPHy_,(M), p,q € Z. It is clear that an analogue of Theorem 4 holds for E. On
the other hand, by a method of Brylinski [3], one can prove the following

Theorem 6. For any compact symplectic manifold without boundary, the spectral
sequences E and E' degenerate at FE1 and El, respectively. Hence Qp p—1Hjp(M)
is a Laurent deformation quantization of H}jp(M).

Fixing an isomorphism H37%(M) = R then defines a structure of Frobenius alge-
bra on (Hja(M), Aw).

Remark. Tt would be interesting to know whether Theorems 4—6 hold for regular
Poisson manifolds, or even general Poisson manifolds.

4. SOME EXAMPLES

Our first example is the flat symplectic torus (T,w). By virtue of Theorem 6,
Qn.n—1Hjp(T) is isomorphic to H*(T') @ R[h, h™']. Picking up a flat Riemannian
metric on T which is compatible with w, we can represent de Rham cohomology
classes by harmonic forms on T. But all these forms are parallel, hence, by (4),
dp-closed. The quantum exterior product of any two such forms can be found by
restricting to a point on the torus. Therefore, the ring structure on quantum de
Rham cohomology is the quantum exterior algebra for the tangent space of any
point on the torus. The case of a 2-torus can be explicitly described by Example
1. Notice that since the second homotopy group of a torus is trivial, there is no
nontrivial pseudo-holomorphic S? in a torus. Hence the quantum cohomology of
a symplectic torus is trivial. But the quantum de Rham cohomology is obviously
nontrivial.

Similarly, for a complex projective space CP,, with standard Ké&hler structure,
both ordinary and quantum de Rham cohomology is generated by the symplectic
form w. Again since harmonic forms are parallel, we can reduce the calculation to
the tangent space of a point, which is a symplectic vector space. Then the result of
Example 2 can be used. It is clear now that the quantum cohomology and quantum
de Rham cohomology produce different deformations: e.g. on CP;, the quantum
cohomology is

Rlw][al/(w® = q),

while the quantum de Rham cohomology is

R[w][h]/(w® + 2hw + h?).
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5. QUANTUM HARD LEFSCHETZ THEOREM

For a closed symplectic manifold, the analogue of the Hard Lefschetz Theorem
(see [7]) holds for Qp p-1H;,(M). We begin with a 2n-dimensional symplectic
vector space (V,w). Brylinski [3] defined a symplectic star operator * : A¥(V*) —
A?"=F(V*). We can extend it to Ay, ;-1 by setting xh = h~1, and xh~! = h. Define
Ly i App-2(V*) — Ap -1 (V*) by Ly(o) = w A a. Define Ly = — % Lx, and
Ap o Ay (V) = Ay (VF) by An(a) = (n — k)a, for a € A (V*). Then
we have

Lemma 1. The following identities hold:
[Lp,Ly] =0, [Lp,Ap) =2Lp, [L},An] = —-2L7.
Furthermore, if we regard multiplications by h and h™' as operators, then we have
[h,h™ Y =0, [Ly,h*]=[L;,h*] =0, [An,h*]=+2%

Thus we cannot use the representation theory of sl(2, C) as in the classical theory.
Notice that multiplication by h is an isomorphism, whose inverse is multiplication
by h=t. Let M, = h~ 'Ly, Mj = hLj}; then My, M}, A;, form an abelian alge-
bra. Notice that it now suffices to find the eigenvalues of M} on Agg]h,l(V*) and

Agll]h,l(V*). In Cao-Zhou [4], this is done by induction on the dimension of V. In
suitable bases, the matrix M,, of M}, for V (of dimension 2n) can be expressed in
terms of the matrix M,,_1 of M} for a symplectic subspace of dimension 2n — 2.

Essentially, it is of the form

M, -1 0 0
0 0 M,_1+1 0
0 0 0 M,_1+1

For details, see Cao-Zhou [4]. We have the following

Lemma 2. Let {M,} be a sequence of square matrices with coefficient in k, ob-
tained in the following way:

M, —1I
M1 = ( I M, +2I )
forn > 1, where I is the identity matriz of the same size as M,,. For any \ € k,
and n > 1, we have

det(M, 41 + X)) = det[M,, + (X + 1)I]°.
Therefore, the eigenvalues of My11 can be obtained by adding 1 to those of M,,
with the multiplicities doubled.

As a consequence, we find that the eigenvalues of M} on Ay ,-1(V*) are n and
n ++/5/2, when dim(V') = 2n. For M}, they are —n and —n + v/5/2. Therefore,

we have

Theorem 7. For a symplectic vector space V', the operators Lj, and L}, are isomor-
phisms. Furthermore, Ay, ;,—1(V*) decomposes into one dimensional eigenspaces of
h=Ly, (or hL}) with nonzero eigenvalues.
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Lemma 3. On a symplectic manifold (M,w), we have
[Ln,dp] =0, [Ly,dn] =0, [Ap,dp] = —dp.
As a consequence, we get:

Theorem 8 (Quantum Hard Lefschetz Theorem). For any symplectic manifold
(M?",w), its Laurent quantum de Rham cohomology Qp -1 H};5(M) decomposes
into one-dimensional eigenspaces of the operator h=*Ly (or hL} ) with nonzero
eigenvalues. In particular, Ly and L} are isomorphisms.

Remark. In classical algebraic geometry, the Hard Lefschetz Theorem can be proved
by considering the Lie algebra generated by the operator L given by multiplication
with the symplectic form w and its adjoint A by commutators. The above theorem
get its name since we consider Lj; given by the quantum exterior product with w.
It is not related to the symplectic version of the Hard Lefschetz Theorem proved by
Mathieu [12] and Yan [16], which does not hold for all closed symplectic manifolds.

6. COMPLEXIFIED QUANTUM EXTERIOR ALGEBRA

We also consider real vector space V' with an almost complex structure J €
End(V) such that J? = —Id. There is an induced linear transformation A2.J :
A%(V) — A%(V). For any bivector w € A%(V), J is said to preserve w if A2J(w) =
w. Given any bivector w which is preserved by J, we can define the quantum
exterior product on Ap(V*) as in the last section. Now if we tensor everything
by C, we get a complex algebra CA,(V*), which is a deformation quantization of
CA(V*) := A(V*)®r C = Ac(V* ®r C). As in complex geometry, we can exploit a
natural decomposition as follows. J can be uniquely extended to a complex linear
endomorphism, denoted also by .J, of CV also satisfying J2 = —Id. There is a
natural identification of complex vector spaces CV = V1.0 @ Vo1 | where V10
and V91! are eigenspaces of J with eigenvalues /—1 and —+/—1 respectively. As a
consequence, there are decompositions

CA(V) = @arav),

»q
Darav),

p.q

where AP4(V) = AL (VEO)RcAL(VOL), and AP9(V*) = AR (VIO )@cAL((VO1)*).
We give CAp (V™) the following Z x Z-bigrading: elements in AP*4(V*) has bidegree
(p,q), and h has bidegree (1,1). Since w is preserved by .J, it belongs to A (V)
after complexification. Denote by A%”q] (V*) the space of homogeneous elements of

bidegree (p, q). It is then straightforward to see that
A%D#Z](V*) Ah AELT7S] (V*) c AEH‘RQ‘H] (V*)

CA(V*)

Now let w be a symplectic form on V' which is compatible with an almost complex
structure on V. Namely, rank of w is 2n = dim(V), w(J-, J-) = w(, ), and g(-, ") :=
w(+, J+) is a positive definite element of S?(V*). Then w induces a natural Hermitian
metric H on CA(V*), such that

H(aAw ﬂa'}/):H(aaﬂ/\w'}/)
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for any a, 3,7 € CA(V*). Here w € A%*(V) is obtained from w by “raising
the indices” (for details, see Cao-Zhou [4], §1.5). This shows that the algebra
(CA(V*), Ay) has a structure of Hermitian Frobenius algebra.

7. QUANTUM DOLBEAULT COHOMOLOGY
On a complex manifold (M, J) with a Poisson structure w, such that J preserves
w, we define 710 : QP9(M) — QP~14(M) and 6%~ H(M) : QP9(M) — QP9~1(M)
by

80 ta whk (0a) — O(w F «),

50 = wk (0a) - 0wt a),
for a € QPY(M). Set Oy = 0 — (h/2)6~ L, and 9), = 9 — (h/2)d~1°. Then
dp = O + Op. Now 0 = d? = 02 + (0n,0n + Ondh) + 52, since they have bidegrees
(2,0), (1,1) and (0, 2) respectively. Hence, we have

8;21 =0, ahﬁh +5h8h =0, gi =0.

We then define

QuHP*(M) = H(Q (M), 5),

Quat HP*(M) = H(@L, (M), D).

They will be called the quantum Dolbeault cohomology and Laurent quantum Dol-
beault cohomology respectively. Several relevant spectral sequences and their de-
generacy are considered in Cao-Zhou [4].

8. QUANTUM INTEGRAL AND QUANTUM STOKES THEOREM

Let (M,w) be a closed 2n-dimensional symplectic manifold. Define an integral
[, : Qu(M) — R[h] as follows. For any o € Q7(M), if j is odd, set [, a = 0; if
j = 2n — 2k for some integer k, set

/a—/ oz/\w—]~C
h M k!

Extend fh to Q (M) as a R[h]-module map. We call [, the quantum integral. Then
we have

Theorem 9 (Quantum Stokes Theorem). For any a € Q7 (M), we have [, do =0,
J,, héa = 0. Therefore
/ dhoz =0.
h

9. QUANTUM CHERN-WEIL THEORY

Given a real or complex vector bundle £ — M over a Poisson manifold M, and
a connection V on it, we define the quantum covariant derivative

dY" :Qi(E) — Qi(E)
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as follows. Let s be a local frame of F and 6 the connection 1-form in this frame.
Then we have Vs =s® 0, i.e.,

Vs; = Z S ® 9?.
k=1
For a = s ® ¢, where ¢ is a vector-valued form, we define
A a=s® 0/ ¢+dne) =D sk @ (05 A ¢ + dig").

It is straightforward to check that the definition of dhvE is independent of the
choice of the local frames (Cao-Zhou [4], Lemma 7.1). Furthermore, there is an
element RY € Q7 (End(F)) such that for each k > 0, (d,YE)2 on QF (M) is given by

(dY")2® = ® Aj, RE, for any ® € Q;(E). RE is called the quantum curvature of
VE. In alocal frame, R is given by

Frp=dpn0+0 N0,

where 6 is the connection 1-form matrix in the local frame.

If p is a polynomial on the space of n X n-matrices, such that p(G=1AG) = p(4),
for any n X n-matrix A, and invertible n x n-matrix G, then p(F}) for different
frames patch up to a well-defined element p(R¥) € Q*(M)[h]. Similarly to the
ordinary Chern-Weil theory, it is easy to see that dpp(R¥) = 0. So it defines a
class in QnH 5 (M). The usual construction of transgression operator carries over
to show that this class is independent of the choice of the connection V. In this
way, one can define quantum Chern classes, quantum Euler class, etc. We will call
them quantum characteristic classes. It is clear that we can repeat the same story
in the Laurent case.

10. QUANTUM EQUIVARIANT DE RHAM COHOMOLOGY

Let (M, w) be a Poisson manifold that admits an action by a compact connected
Lie group G, such that the G-action preserves the Poisson bivector field w. Let
g be the Lie algebra of G, {&,} a basis of g and {©%} the dual basis in S'(g*).
Denote by ¢, the contraction by the vector field generated by the one parameter
group corresponding to &,, and L, the Lie derivative by the same vector field.
Imitating the Cartan model for equivariant cohomology, we consider the operator
Dpg = dp + 0%, = d — hd/2 + 0%, acting on (S(g*) ® Q(M))Y[h]. It is well
known that d + ©%, maps (S(g*) ® Q(M))® to itself. Since the G-action preserves
w, it is easy to check that ¢ also preserves (S(g*) ® Q(M)). Therefore, Dy is an
operator from (S(g*) ® Q(M))%[h] to itself. Now on (S(g*) ® Q(M))%[h], we have

Dig = &+ (0%)% + 0 (dig + tad) — RO (314 + 1ab)
= RO (dtq + tad).

Since § = t,d — diy, it is straightforward to verify that du, + o6 = 0. Hence,
D37 = 0. We call the cohomology

QnHE(M) = H*((S(g*) ® Q(M))[h], Dnc)

the quantum equivariant de Rham cohomology. Similar definitions can be made
by using Laurent deformation. We will study the quantum equivariant de Rham
cohomology in a forthcoming paper.
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