ELECTRONIC RESEARCH ANNOUNCEMENTS
OF THE AMERICAN MATHEMATICAL SOCIETY
Volume 5, Pages 136-145 (November 17, 1999)

S 1079-6762(99)00072-4
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(Communicated by David Kazhdan)

ABSTRACT. The following “Key Lemma” plays an important role in the work
by Parusinski on the existence of Lipschitz stratifications in the class of semi-
analytic sets: For any positive integer n, there is a finite set of homogeneous
symmetric polynomials W1i,...,Wx in Z[z1,...,zn] and a constant M > 0
such that

as densely defined functions on the tangent bundle of C™. We give a new
algebro-geometric proof of this result.

1. INTRODUCTION

Parusinski’s fundamental work on the existence of Lipschitz stratifications in the
class of semianalytic sets relies on the following result.

Theorem 1.1 (Parusiriski [P, pp. 202-203]). For any positive integer n, there is
a finite set of homogeneous symmetric polynomials Wy, ..., Wy € Z[x1,...,x,] and
a constant M > 0 such that

dx; dW;
. £ < — ’
(1.1) S| =M a0
for all p € C" and v € T,C" for which both sides are defined. Here for any
P e Clxy,...,x,] we view the meromorphic differential form % on C™ as a densely

defined function on the total space of the tangent bundle TC™.

Parusinski refers to Theorem 1.1 as the “Key Lemma”; the proof of this result
in [P, Section 6] is quite difficult, being apparently the hardest part of [P]. The
purpose of this paper is to show that Theorem 1.1, in spite of its analytic appear-
ance, has a natural proof in the framework of algebraic geometry. Our argument
is an application of the results of [RY] about group actions on algebraic varieties;
these results, in turn, rely on canonical resolution of singularities.

We remark that Parusiriski proves the inequality (1.1) under the additional as-
sumption that dV (p,v) = 0 if V(p) = 0 for every V belonging to a finite set V of
polynomials. Since this additional requirement does not affect a dense Zariski open
subset of TC™ (given by V' (p) # 0 for every V' € V), it can be dropped. We also note
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that the statement of the Key Lemma in [P] only asserts the existence of polyno-
mials W7y, ..., Wy with real coefficients; however, the construction of W1y,..., Wy
given there, produces polynomials over Z. Thus, while Theorem 1.1 appears to be
stronger than the “Key Lemma” in [P], the two are, in fact, equivalent.

We are grateful to R. Guralnick and S. Montgomery for informative conversations
on the subject of group algebras, and to D. Kazhdan for helpful comments on an
earlier draft of this paper.

2. PRELIMINARIES

Notational conventions. All algebraic varieties considered in this paper, are
assumed to be irreducible and defined over a field k of characteristic 0. The base
field k is not assumed to be algebraically closed; the two cases of interest to us are
k= Q and £k = C. By a point of a variety we shall always understand a closed
point. Given an embedding k C C and a rational function f on X, we shall denote
the corresponding rational function on X¢ = X ®; C by f as well.

Throughout this paper G will be a finite group. A G-variety X is a variety with
a regular action of G, G x X — X, where G x X is understood as the disjoint
union of |G| copies of X. We will always assume that the G-action is faithful,
i.e., every nonidentity element of G acts nontrivially. By a morphism (respectively,
rational map, birational isomorphism) of G-varieties we shall mean a G-equivariant
morphism (respectively, rational map, birational isomorphism).

Stabilizers. For a point =z in a G-variety X, we define its “naive” stabilizer
NStab(x) as the set of all g € G which preserve x. If k is not algebraically closed,
the residue field k(z) may be a nontrivial finite extension of k, and G may act on it
nontrivially. We define the “honest” stabilizer Stab(z) as the set of all g € NStab(z)
that act on k(z) trivially; cf. [MFK, Definition 0.4]. The subgroups NStab(z) and
Stab(z) of G are sometimes called the decomposition group and the inertia group
respectively.

If k is the algebraic closure of k, then z is represented by a set of “conjugate”
points of the variety Xz = X®k (“geometric points” of X ), one for each embedding
k(z) < k; Stab(z) fixes each of these points while NStab(z) permutes them. As
an example, consider the action of G = 7Z/27Z on the affine line Af, = Spec Q[t]:
the nontrivial element of this group acts by t — —t. Here Stab(x) = {1} for any
z € Af —{0}. On the other hand, NStab(z) = G iff x corresponds to the ideal in
Q[t] generated by an irreducible polynomial of the form ¢(¢?) (e.g., t> + 1).

This phenomenon is entirely arithmetic; we are concerned with it here because
the symmetric polynomials W7, ..., Wy in Theorem 1.1 are asserted to have integer
coefficients. A reader who is only interested in the existence of such polynomials in
Clz1, ..., z,] may skip the rest of this section and assume that “naive” stabilizers
always coincide with “honest” ones in the sequel.

Semilinear representations and skew group rings. Let X be a G-variety and
let z € X. The “naive stabilizer” NStab(x) acts upon T,(X)* = m,/m2. However,
if NStab(z) is strictly larger than Stab(z), then this action is not linear over k()
but rather “semilinear” in the following sense.

Definition 2.1. Suppose a finite group H acts by automorphisms on a field K.
A semilinear representation of H over K is a K-vector space V with a K -linear
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action of H on V having the property g(\v) = g(\)g(v) for any g € H, A € K and
veV.

For the rest of this section we shall assume that K is a field, K* is the multi-
plicative group of K, H is a finite group acting on K by automorphisms, and H’
is the kernel of this action. In the subsequent applications we will take K = k(z),
H = NStab(z) and H' = Stab(z).

Recall that the skew group algebra K % H is defined as the set of formal sums
> hem anh (where aj, € K), with componentwise addition and with multiplication
given, distributively, by (aihi1)(azh2) = ai1hi(az)hihe. A semilinear representation
of H is the same thing as a (K % H)-module. (All modules in this paper are
understood to be left modules.)

Remark 2.2. Note that V = K has a natural structure of a (K % H)-module. This
module contains a vector 1 € K which is fixed by H.

Recall that by Wedderburn’s Theorem every semisimple ring R is a direct prod-
uct of simple rings, called the simple components of R; see [B, Theorem VIIL5.1].

Lemma 2.3. K x H is a semisimple K™ -algebra with at most |H'| simple compo-
nents. (Here H' is the kernel of the H-action on K, as above.)

Proof. Semisimplicity of K * H is proved by the same averaging argument as the
usual Maschke’s theorem; for details see, e.g., [Mo, Theorem 0.1 and Corollary 0.2].

Denote the simple components of K * H by Si,...,S,. Then Z(K x H) =
Z(S1) X -+ x Z(Spm), where Z(A) denotes the center of A. It is easy to see directly
that dimg s (Z(K *« H)) < |H'|. Hence, m < |H’|, as claimed. |

The following proposition describes the particular kind of skew group rings we
shall encounter in the sequel.

Proposition 2.4. Suppose that H' is an abelian group of exponent e, K contains
a primitive eth root of unity and x1, ..., Xm S a set of generators for the dual group
(H')* = Hom(H', K*). Assume further that for each i there is a one-dimensional
semilinear representation V; of H over K such that h'(v) = x;(h')v for everyv € V;
and every h' € H'. Then:

(a) For every x € (H')*, there exists a unique semilinear representation Vy, of
H such that dimg (Vy) = 1 and h'(v) = x(h')v for every v € V,, and every
h' e H'.

(b) Ewvery simple (K * H)-module is isomorphic to V,, for some x € (H')*.

Proof. Note that if V; and V5 are semilinear representations of H over K, then so
is V1 ® g Vo. Indeed,
h(/\’l}l) ® h(ve) = h()\) - (h(n1) ® h(Ug)) = h(v1) ® h(Avs).

To construct Vi, write y € (H')* as x = x} ... xm for some nonnegative integers
I,y b, and set Vi, = VP @ - - @ V2. The subgroup H' acts on V;, by the
character x, as desired. As dimg(Vy) = 1, Vy is a simple (K % H)-module. Note
that the (K * H)-modules Vj, are pairwise nonisomorphic because H' acts on them
by different characters.

The isomorphism classes of simple (K * H)-modules are in 1-1 correspondence
with the simple components of K * H; see [B, Proposition VIIL.5.11]. Thus Lemma
2.3 implies that K * H has < |H’| nonisomorphic simple modules. On the other
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hand, we have constructed |H’| nonisomorphic simple modules V,.. This proves (b)
and the uniqueness of V, in (a). O

Remark 2.5. One can show that, under the assumptions of Proposition 2.4, H is a
semidirect product of H' and H/H', where the the action of H/H’ on H' is given
by embedding H' into (K*)™ via h' — (x1(h'), ..., xm(R)).

3. REDUCTION TO AN ALGEBRO-GEOMETRIC PROBLEM

We begin by restating (1.1) as an inequality involving densely defined functions
on the tangent bundle of ]P’g_1 rather than the tangent bundle of C”. Since }P’g_l
is compact in the metric topology, this will allow us to pass from local to global
estimates.

Proposition 3.1. Let X be a projective G-variety over a field k C C, and let f be a
rational function on X. Then there exist G-invariant rational functions B1,. .., Om
on X and a constant K > 0 such that

(3.1) —f(p,v ’ < K max

y | G0

f M ﬁ]

for any (p,v) € T(Xc) such that p is a smooth point of Xc and does not lie on the
divisors of f,B1,-..,Bm-

Reduction 3.2. Proposition 3.1 = Theorem 1.1.
Indeed, apply Proposition 3.1 with £k = Q, X = I%_l, G =S, and f = x1/s1;

here S,, acts on P&‘l by permuting the homogeneous coordinates z1,...,x,, and
s1 =21 + -+ + x,. Write each 3; as a quotient of two homogeneous polynomials
(of the same degree, with integer coefficients) in 1, ..., zy:

Br=Wi/Wa, ..., B =Wam—1/Wop.

We claim that the polynomials Wy, ..., Wa,,, Wop, 41 def s1 have the property as-
serted in Theorem 1.1. Indeed, since df/f = dxy/x1 — ds1/s1 and dB;/5; =
dWai_1/Wai—1 — dWa;/Wa;, inequality (3.1) translates into

dr, ds; ’ dWoi—1  dWoy;
R — R < K s 9 ‘
}< T s ) (p,v) P < Waica Wy > (7. v)

<2K max

= ‘W ”)”

Consequently,

d.Tl

dSl
]| <26 s |00+ [0
1 (p U)‘ _hax W, pU) + o1 (p,v)

< (2K +1 ‘—J ‘
< @K )jzl?}égim-i-l W, #:0)

This means that (1.1) holds for ¢ = 1, with M = 2K +1 and N = 2m + 1. By
symmetry, (1.1) holds for all i. O

Definition 3.3. Let X be a projective G-variety and f be a rational function on
X. We shall say that the pair (X, f) has property (*) if there is a Zariski open
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covering X = |J,; U; and, for each i, rational functions B, ..., B4 € k(X) and
regular functions 7,1, ..., %i,q € Ox(U;) such that

df dBin dBi g
3.2 Y T oy, R
(32 7= L.
In other words, the pair (X, f) has property (*) if df/f is a global section of the
sheaf of differentials on X generated over Ox by df/(, as 3 ranges over some finite
subset of k(X)% (or, equivalently, as 3 ranges over all of k(X)%).

Reduction 3.4. Proposition 3.1 holds, assuming the pair (X, f) that appears there,
has property (*).

Indeed, the Zariski open cover | J, U; of X, as in Definition 3.3, gives rise to a
Zariski open cover Ul Uic of Xc. The functions v;; are continuous on U; ¢ with
respect to the metric topology. Thus any point x € X has an open neighborhood
U, (in the metric topology) such that U, C U;, ¢ for some i, and

%(p,v)’

(2]

d,
’—f(p,v)‘ < K, max
f J=1,....qi,

whenever v € T,(X) and p is a smooth point of U, which does not lie on the

divisors of f, 3, 1,...,08i,,,- The open sets U, form a cover of X; since X is
compact in the metric topology, we can choose a finite subcover U,,,...,U,, . Now
ifK>Kg,...,K,., then
d dB:.
‘—f(p,v)‘ < KmaX‘ Ji (p,v)‘-
f i, ij
This shows that Proposition 3.1 holds. O

Reduction 3.5. Suppose X and X' are birationally isomorphic G-varieties over
k C C. If Proposition 3.1 holds for X and f € k(X), then it holds for X' and the
same f € k(X') = k(X).

Indeed, X and X’ have isomorphic Zariski-open subsets U and U’. After passing
to smaller subsets if necessary, we may assume that U and U’ are smooth and
do not intersect the divisors of f,f31,...,0, on X and X’ respectively. Thus if
inequality (3.1) holds for every (p,v) such that p € Uc and v € T,(Xc), then it
holds for every (p, v) such that p € U{ and v € T,/ (X(). The subset U, is dense in
X(¢ with respect to the metric topology; hence, by continuity the same inequality
(with the same ; and the same K') holds for every (p,v) € T'(X() such that p is a
smooth point of X{. and does not lie in the union of divisors of f, 31, ..., 3y,. This
means that Proposition 3.1 holds for X’ as claimed. O

We have thus shown that Theorem 1.1 is a consequence of the following, purely
algebraic statement (see Reductions 3.2, 3.4 and 3.5).

Proposition 3.6. Let G be a finite group, X a projective G-variety, and f € k(X).
Then there exists a birational morphism w: X' — X of G-varieties such that the
pair (X', 7*(f)) has property (*) (see Definition 3.3).

A proof of Proposition 3.6 (and thus of Theorem 1.1) will be given in the next
section. The idea is to construct m: X’ — X by resolving the G-action on X to
“standard form” with respect to a divisor containing the divisor of f; see below.
The simplest (affine) example of such X’ is X’ = A = Spec k[t], where k contains a
primitive mth root of unity, G'= Z/mZ acts on A® linearly by a faithful character,
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and f = t. In this case we can take 3 = t™ € k(X)Y; the equality df /f = ﬁdﬂ/ﬁ
shows that (X', f) has property (*).

4. CONCLUSION OF THE PROOF

G-varieties in standard form.

Definition 4.1 ([RY, Definition 3.1]). We say that a generically free G-variety X
is in standard form with respect to a divisor Y if

(a) X is smooth and Y is a normal crossing divisor on X,

(b) the G-action on X —Y is free, and

(c) for every g € G and for every irreducible component Yy of Y either g(Yy) = Yp
or g(Yo) NYy = 0.

Theorem 4.2 ([RY, Corollary 3.6]). Let X be a G-variety andY C X be a Zariski
closed G-invariant subvariety such that the action of G on X —Y is free. Then
there is a sequence of blowups

(4.1) T Xy T Xy S TS X TS X=X
with smooth G—inva[iant centers C; C X; such that X, is in standard form with
respect to a divisor Y containing 7=(Y).

Theorem 4.3. Let X be a G-variety in standard form with respect to a divisor'Y,
let x be a point of X, let Y1,...,Y,, be the irreducible components of Y passing
through x, and let W =Y N---NY,,. Then

(a) [RY, Theorem 4.1] Stab(z) is commutative.
(b) [RY, Remark 4.4] The action of Stab(x) on the normal space to W at x is
faithful and decomposes into the sum of one-dimensional representations as

follows:
(4.2) To(X)/To(W) = @ T,(YA)n---nN ;Z((};))m N Tz(Ym)'

i=1

(¢) [RY, Remark 4.5] Let e be the exponent of Stab(x). Then the residue field
k(x) of x contains a primitive eth root of unity.

Remark 4.4. Under the assumptions of Theorem 4.3, set H = NStab(z) and H' =
Stab(x). Recall that H acts on T,,(X) semilinearly; see Definition 2.1. Property
(c) of Definition 4.1 implies that Y; is preserved by the action of H, and hence, the
subspace T,(Y;) is H-invariant for each i. It follows that all spaces appearing in
(4.2), are (k(x) * H)-modules.

The conormal space (T,.(X)/T,(Y;))* is dual to the ith summand in (4.2); it is
a (k(z) *» H)-module of dimension 1 over k(z), and H' acts on it by a character.
Denote this character by &;. Theorem 4.3(b) implies that the characters &1, ..., &,
generate the dual group (H’)*. Combining this observation with Theorem 4.3(c),
we conclude that Proposition 2.4 applies in this setting.

A local coordinate system. Suppose that X is an algebraic variety and x is a
point of X. Recall that uq,...,u, € m, are said to form a local coordinate system
on X at z if their classes modulo m2 form a basis of m, /m2 as a k(z)-vector space.
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Proposition 4.5. Let X be a quasiprojective G-variety in standard form with re-

spect to a divisor Y. Suppose Y1, ..., Yy, are the irreducible components of Y pass-
ing though a point x of X. Then there exists a local coordinate system wuy, ..., Up,
v1,...,0; at x with the following properties:

(a) Let U; = u; mod m?2 and T; = v; mod m2. Then each of U1, ..., Um,V1,- .-,

generates a one-dimensional H-invariant k(x)-subspace of m, /m2.
(b) For everyi=1,...,m and every g € G, u; is a local equation of g(Y;) at gx.

(c) For every j = 1,...,1 there are integers eji,...,€jm > 0 such that h; =
u’ - um™v; is a G-invariant rational function on X.

Proof. We begin by constructing uy, ..., un,. Consider the divisor D; = Y g(V;),
where each summand of the form g(Y;) (for some g € G) appears in this sum exactly
once. Since X is quasiprojective, the divisor D; can be “moved off” the finite set
Gzx; see [Sh, Theorem II1.1.1]. In other words, for every ¢ = 1,...,m there is a
rational function w; on X such that the support of the divisor D; — (u;) does not
intersect Gx. It is now easy to see that wui, ..., u,, satisfy (a) and (b).

Next we turn to the construction of vy, ...,v;. Each W, generates a one-dimen-
sional k(z)-subspace (u;) = (T(X)/T.(Y;))* C m,/m2. We have seen in Re-
mark 4.4 that (@;) is H-invariant; H' acts on it by the character &. In view of
Lemma 2.3 and Proposition 2.4, we can write

my/m2 = (W)@ ®Tn) ®VL®--- DV,

where each V; is a simple (k(x) * H)-module and dimy,,)(V;) = 1. Choose v, ...,
€ m,/m2 so that T; generates V; as a k(x)-vector space. Denote the character of H’
associated to U; by n;. By Remark 4.4, {1, ..., &, generate the dual group (H')*;
consequently, each n; can be written in the form

—€; —e.
/]7] :é-l g1 ...gme]m

for some integers e;1, . .., €jm > 0. Note that h; = u}’" ;3" 0; is an H'-invariant
element of mgj /mgﬁ_l7 where d; = ej1 + -+ + ejm + 1. Clearly, Ej generates

an H-invariant one-dimensional k(z)-subspace (h;) C my /mgj ! on which H’
acts trivially. By the uniqueness statement in Proposition 2.4(a), (h;) = k(z) as
(k(x)*H)-modules, and by Remark 2.2, after replacing 7; by Av; for some A € k(z),
we may assume

7 —€ — — . . . . .
(4.3) hj =uy" - w%™T; is an H-invariant element of m% /m% ™1,
We claim that we can choose vy, ...,v; € m, so that v; = v; mod mi and each
hj =uf" - uy™v; is G-invariant. If we can do this, then w1, ..., up,v1,. .., v; will

clearly satisfy the requirements of the proposition.

To prove the claim, let R = ﬂyecr Oy, x be the ring of rational functions on X
that are well defined on Gz, and let Zg, = (),cq, My be a G-invariant ideal in R
consisting of all elements that vanish on Gz. By our choice of uq, ..., um,

(4.4) 9" (u;)/u; is defined and invertible at every point of Gx

for every g € G, and every i = 1,...,m. Consequently, u{’" -+ un" Zg, is a G-
invariant ideal of R.
For each y € Gz, the functions u1, ..., u, vanish at y, and hence,

€5 . 4
WP T © i
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Consider the G-equivariant projection map

Pruy” - un " Loy — @yeGag myj/myﬁ_ .
If v € T, then ¢(uf’ - - ugi™v) depends only on the image of v in @), ¢, my/m?.
Moreover, since X is quasiprojective, the finite set Gz lies in an affine open subset
of X and hence, by the Chinese Remainder Theorem, the projection map Zg, —
@D, cc. my/m; is surjective. Thus

: - d4; d; ,_d
Im(¢)) = D, cqn (ui™ - um™my) mod mpt ¢ D, ccn my’ fmii

We shall denote elements of Im(¢)) by a = (a, | y € Gz), where

€51

ay € (u’" - ufmmy) mod m‘;ﬁl.

Recall that by (4.3), h; is a nonzero H-invariant element of (ui’ EE uf,{mmm) mod
mP T Let a; be the element of Im(v) such that (a;), = (971)*(h;), where y = gx;
in view of (4.4),

(a)y € (g7 )" [(uy” -+ ufgmmg) mod mP ] = (uf’ -+ ufgmmy) mod mP .

Note that since Ej is H-invariant, (a;), is independent of the choice of g. By our
construction a; is G-invariant and (a;), = h; € my’ /mP .

The homomorphism v has a G-equivariant k-linear splitting and consequently,

there exists a G-invariant element h; = ui’' -+ up™v; € uy’' -+ up™ Iy such
. - _e; —ejm— dj+1
that ¥(h;) = a;. In particular, h; = w?* ---w2™v; = h; mod mwﬁ and hence
J j p ) 1 1 J J
v; = vj mod m2. This proves the claim and thus shows that uy, ..., Un,v1,...,
have the required properties. O
q prop

Property (*). We are now ready to revisit property (*) of Definition 3.3.

Lemma 4.6. Suppose X is a quasiprojective G-variety in standard form with re-
spect to a divisor Y, x € X, u1,...,Um, V1,...,0, and hy, ..., h;, are as in Propo-
sition 4.5, and w; = ngG g*(u;). Let f be a rational function on X whose divisor
is supported on Y. Then

df/f € M,

where M is the Oy x-module generated by dw;/w; and dhj/h; with i =1,....,m
and j=1,...,1.

Note that w; and h; are G-invariant rational functions on X for every ¢ =
1,....omand j=1,... 1.

Proof. Let (%), be the O, x-module of germs at x of regular differential forms
on X. Since X is smooth, (Qk)w is a free O, x-module generated by dus, ..., dup,
dvy,...,dv;. Let M’ be the O, x-module generated by du;/u;, and dv;/v;, where
i=1,...,mand j=1,...,1. Clearly, (%), C mM".

We claim that M = M’. It is clear that M C M’; to prove the opposite
inclusion, we shall show that dw;/wi,...,dwy,/wm,dhi/h1,...,dh;/h; generate

M’ as an O, x-module.
\

. . G
Note that by our choice of ui,...,uy, we can write w; = a;u; | for some a; €

Ox,z — mg; see (4.4). Thus

dw; da; du; du;
o _ g2 i

W; a; Uj Uj

(mod (x)a).
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In particular, since (Q4), C m;M’, we conclude that

dui
=G|

W; Uj

d’UJi

(4.5) (mod myM").

On the other hand, since h; = uy’" - - u;i" v;, we have

dh; dv; duy;
4.6 4= i—.
(4.6) T +Z

Uq

Examining (4.5) and (4.6), we see that dw;/w; (1 = 1,...,m), and dh;/h; (j =
1,...,1) generate M’/m, M’ as a k(x)-vector space. Consequently, by Nakayama’s
lemma these elements generate M’ as an O, x-module. Thus M’ = M, as claimed.

Since the divisor of f is supported on Y, locally near x it is a union of smooth
hypersurfaces of the form {u; = 0}. This means that f = auf*---uf" for some
a€ Oy x —my and eq,...,e, > 0; hence,

=M.

|
I

|
+
_|_
H
()
7
<
|

|

Proposition 4.7. Let X be a projective variety in standard form with respect to a
divisor Y and let f be a rational function on X whose divisor is supported on Y .
Then the pair (X, f) has property (*); see Definition 3.5.

Proof. By Zariski compactness, it is enough to show that for any x € X, there exist
By g € (X)E and 1, ...,7, € Oy x such that

a _ 4, 45
FT R T T,

The last assertion is immediate from Lemma 4.6. O

Proof of Theorem 1.1. As we showed in Section 3, it is enough to prove Propo-
sition 3.6.

Assume X is a projective G-variety and f € k(X). Let Xy be the subvariety
of all points in X with nontrivial stabilizers. Let Y be the union of X, and (the
supports of) the divisors of g*(f) for every g € G; it is a G-invariant Zariski closed
subvariety of X. By Theorem 4.2 there exists a birational morphism 7: X' — X
and a divisor Y/ C Y, such that X’ is in standard form with respect to Y’ and
771(Y) C Y. Note that the divisor of 7*(f) is contained in 7#=1(Y) and hence
in Y. Proposition 3.6 (and thus Theorem 1.1) now follows from Proposition 4.7,

which asserts that the pair (X', 7*(f)) has property (*). O
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