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ABSTRACT. Pointwise dimensions and spectra for measures associated with
Poincaré recurrences are calculated for arbitrary weakly specified subshifts
with positive entropy and for the corresponding special flows. It is proved that
the Poincaré recurrence for a “typical” cylinder is asymptotically its length.
Examples are provided which show that this is not true for some systems with
zero entropy. Precise formulas for dimensions of measures associated with
Poincaré recurrences are derived, which are comparable to Young’s formula for
the Hausdorff dimension of measures and Abramov’s formula for the entropy
of special flows.

INTRODUCTION

Poincaré recurrences are main indicators and characteristics of the repetition of
behavior of dynamical systems in time. A traditional approach is to study statis-
tical properties of the quantity 7y (z), the first return time of the orbit through
x into a set U. We adopt another point of view: instead of looking at the mean
return time or at the return time of points, we are going to study 7(U), the smallest
possible return time into U, that is we define the Poincaré recurrence for a set, as
the infimum over all return times of the points inside the set [1]. Poincaré recur-
rences for a set U can be very different from return times 7y (z). If U = £™(z) is
a cylinder of length n, then the return time 7¢n(,) () of a p-generic point behaves
like exp(nh, (T, €)) [7] (where T' is the map generating the dynamical system, and
h, (T, &) is the entropy of p, with respect to T' and ¢), whereas the Poincaré re-
currence for £"(x) is typically of order n, provided that p is ergodic, T' is weakly
specified and h,(T,€) > 0 (Theorem [ below). Let us emphasize that this result
does not depend on a particular choice of a map T, a partition £ and an ergodic
measure p. Since we deal with a function of sets (namely U — 7(U)), it is natural
to use ideas and methods of dimension theory [9]. We define and calculate point-
wise dimensions for Poincaré recurrences (Theorems Hl and [B]) to obtain spectra for
measures (Theorems Bl and [7). These quantities reflect the balance between times
needed for the return to the ball B(z, ) (of radius € centered at ) and e for almost
every point « with respect to an arbitrary ergodic measure, provided that ¢ is small
enough. This provides a new insight into the nature of recurrences. We remark
that the positivity of the entropy is an unavoidable assumption (Theorem [3)).

This work is part of the manuscript [2].
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SETUP FOR MAPS

In this work we shall deal with dynamical systems (X,T") which are weakly
specified subshifts. This means that there exists a finite set X, called the alphabet,
and X is a closed subset of ¥ (non-invertible case) or 2 (invertible case) which
is invariant under the shift map T defined by (Tx); = x;41. Given a € X let
[a] = {x € X : ©y = a}, and let £ = {[a] : @ € L} denote the partition into
1-cylinders. We endow X with the product topology, which makes X a compact
metrizable space. Our results concern only measures with positive entropy, so we
will assume that (X,7T) has positive topological entropy. We also assume that
(X,T) is weakly specified; see [6]. We now define a metric on X equivalent to the
product topology (see Lemma [I).

Case when T is not invertible. Denote by " the dynamical partition, that is: £" =
\/;:01 T-7¢, €9 = {X,0}. Then £"(x) will be the atom of the refined partition
" that contains z and will be referred to as the n-cylinder about z. Given a
continuous function u : X — (0,00) we endow X with the metric dx defined by

dx(z,y) = e €"(®) whenever y € £"(z) and y ¢ "1 (z), where

u(¢"(z)) =sup sup (u(z)+u(T2)+-+u(T"'2)), n=1,2,....
k<n zeg&k(z)

Remark that the standard metric is recovered when one chooses u = 1. If one
chooses u(x) = —log A(zp), which is a constant on every atom of £, then

n—1 n—1
dX(xa y) = H A(CL’[), and dlamfn(x) = H )\((E@),
£=0 £=0

i.e. we have a situation similar to that encountered in Moran-like geometric con-
struction. More generally, if one chooses a Holder continuous function u, then one
gets the distance used to generate Cantor-like sets in R? [J}[3] modeled by subshifts.

Case when T is invertible. Denote by £, the dynamical partition, that is: &, E

TEN T eV - VT €0 = [X, 0}, where m > 0, n > 0. Then €7 (z)
will be the atom of the refined partition ¢, that contains x and will be referred to
as the (m,n)-cylinder about z. Given two continuous functions u,v : X — (0, 00)
such that u(z) = u(y) whenever & (z) = &J(y) for every n > 0 and v(z) = v(y)
whenever £, (x) = €9 (y) for every m > 0, we endow X with the metric dyx defined
by (@) below. For an arbitrary pair z,y € X, there is a unique pair (m,n) such

that y € &, (z) and y € (&, 41 (x) UEHT (2)). Then
(1) dx(z,y) % max {efu@g(x)) eV @) }
where

w(g (@) = sup sup (u(z) +u(Tz) +-- +u(T12)), n=1,2,...,
k<n zegh(z)

V(€ (z)) = sup sup (v(z) + V(T '2)+ - +v(TF12)), m=1,2,....
k<m 2c€9 ()
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If one chooses u(z) = —logA(xg), v(z) = —log~y(x_1), which are constants on
every atom of &} and &7, respectively, then

m n—1
diam &) (x) = max { H'y(x,z), H )\(xz)}.
=1 =0

Such a situation occurs, for example, in the case of a piecewise linear Smale
horseshoe. In the general case of basic axiom A sets on surfaces, there exist an
associated subshift of finite type (X, T') and some functions u, v satisfying the above
assumptions (i.e. depending only on forward, respectively backward, itineraries)
giving rise to a metric dx which is “adapted” to the initial system.

Given z € X and € > 0 we denote by B(z,¢) the open ball of radius € centered
at x. The proof of the following lemma will be omitted.

Lemma 1. (X,dx) is an ultra-metric space, and for any © € X and e > 0 we have

1. B(x,e) = "< (x), where we set ny. = min{n € N : e " @) <} in the
non-invertible case.

2. B(x,e) = &ny(z), where we set n, . = min{n € N : e &0 @) < £} and
my . = min{m € N : e &' (@) < £} in the invertible case.

3. The topology generated by d is equivalent to the product topology.

POINCARE RECURRENCES OF SETS AND LOCAL DIMENSIONS

For any set U C X, one can define the first return time of a point = € U into U:
mo(x) = inf{k >1:Trz € U} .

By convention we put this return time to be infinite if the point x never comes back
to U.

Definition 1 ([1]). Let U be a subset of X. Then,
mr(U) = inf{ry(z): z € U} .

In the following lemma we collect various basic properties of the Poincaré recur-
rence of sets. The proof will be omitted.

Lemma 2. Let (X,T) be a dynamical system and U C X any set. Then the
following properties hold:

L omp(U)=inf{k >0:T*"UNU # 0} =inf{k > 0: T-*UNU # 0}.

2. 7p(U) = mp(T7U). If T is invertible, then 70(TU) = 70 (U).

3. Monotonicity: A C B = 7r(A) > 7r(B).

Spectra for Poincaré recurrences. For any A C X, any a € R and any ¢q € R,
we define

(2) M (A, 0,q,6) = inf Y exp (= qrr(Blai,e)))ey

(z5.64)
e;<e g

where the infimum is taken over all finite or countable collections (z;,¢;) such
that |, B(wi,e;) 2 A. The limit M7 (4, a, q) = lime o M7 (4, a, q,€) exists by
monotonicity and we give the following definition (which was first stated in [1]):
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Definition 2. For any non-empty A C X and any ¢ € R,

aer [ inf{a: MT(A,o,q) =0}  ifqg>0,
(3) aT(AvQ)* { sup{a:MT(A,a,q):oo} ifq<0,

is called the spectrum for Poincaré recurrences for the map T of the set A.

It is easy to see that whenever ap (A, q) is finite one has
ar(A,q) = inf{a: MT (A4, a, q) = 0} = sup{a: MT (4, a, q) = 0o}.

Note that ar(A,0) is nothing but the Hausdorff dimension of the set A. Since
spectra for Poincaré recurrences are just Carathéodory dimensions for correspond-
ing Carathéodory structures, we may define, following [9], the following quantity.

Definition 3. Let ap(-,q) be the spectrum defined above. Let u be a Borel prob-
ability measure on X. Then
oi(q) = inf{ar(Y,q): Y C X, p(Y)=1}.

We will call it the spectrum for the measure p.

We emphasize that the family of sets used to define @) (here, balls) is very
important to get non-trivial results for the spectrum of the measure. A similar
quantity (for o = 0) is studied in [§], using covers by open sets in (). Basically
it is proven therein that the spectrum of an invariant ergodic measure is always
trivial.

Pointwise dimensions for Poincaré recurrences. Following the ideas of [9],
we define the following quantities.

Definition 4 (Lower and upper pointwise dimensions). The lower and upper point-
wise dimensions of p at a point = are defined by
-T def T IOgILL(B(l',€)) —I—(JTT(B((E,E))
(4) d, 4(x) = lim ] :
e—0 oge

This definition is not exactly as in [9]. However, by adopting such a definition
we may show directly that spectrum for a measure coincides with this quantity for
almost every point x (Theorems B and []). The relationship between Definition [4
and Pesin’s definition of pointwise dimension [9] was studied in [5] in the case of
the general Carathéodory construction.

MAIN RESULTS FOR MAPS

To find formulas for pointwise dimensions and to establish their coincidence with
the spectrum for a measure, we need to know Poincaré recurrences for “typical”
cylinders.

Local rate of Poincaré recurrences for cylinders.

Definition 5. Lower and upper local rates of Poincaré recurrences for cylinders
are defined respectively for non-invertible and invertible transformations by

EE({E) < Tm M and Ef(x) SE S e, M

n—o00 n n+m—oo M +N

Weak specification property (see [6]) immediately implies the following result
(we omit the proof):
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Proposition 1. If the system (X, T) is weakly specified, then Re(x) < 1.

The following result established in the non-invertible case in [10], by using ideas
Kolmogorov’s complexity, will be crucial in what follows. We shall give a direct
proof based on the Shannon-McMillan-Breiman theorem.

Theorem 1. Let (X,B, 1) be a probability space where p is ergodic with respect to
a measurable transformation T : X — X. If & is a finite or countable measurable
partition with strictly positive entropy h,(T,&), then the lower rate of Poincaré
recurrences for cylinders is almost surely bigger than one:

Re(w) > 1 for p-ae. x € X.

Coming back to our setup and putting together Proposition [[l and Theorem [I]
we obtain the following theorem:

Theorem 2. Let u be an ergodic measure of positive entropy on the weakly specified
subshift (X, T), and £ the finite partition of X defined in the setup. Then

Re(x) = Re(x) = Re(x) =1 for p-ace. z € X.

The following examples show that for systems with zero entropy the statement
of Theorem [ and a fortior: the one of Theorem Blmay not hold.

Examples in the case of zero entropy systems. A first example is given by
the dyadic adding machine. In this case, it is simple to show that R = 0.

We now consider a more interesting situation, namely a rotation f, : = +—
r—wmod 1 (ie. ;2 =2+ w mod 1), on the circle S' = R/Z, where 0 < w < 1
is an irrational number. The number w can be approximated by rational numbers
p/q (p and q are relatively prime) in such a way that

1
(5) |w - ]—q)‘ < W
for some value 8 and some pair (p,q). Let S(w) 2 sup 3, where the supremum is
taken over all § for which inequality (B) has infinitely many solutions (p,q) with
g > 0. Assume that f(w) < oo, i.e. w is a Diophantine number. Then for every
d € (0,1) the inequality

p

(6) o =3 < s

holds for infinitely many relatively prime pairs (p;,¢;), with ¢; — oo as i — oc.
Consider the partition & of S' made up of two intervals [0,w) and [w,1). The
rotation is metrically isomorphic to the subshift clos(7S'), where the coding map
7: St — {0,1}" is defined in the obvious way by 7(x), = 0 if f7(z) € [0,w) and
7(2)n = 1if f2(2) € [, 1).

We now state the following theorem:

Theorem 3. If f(w) > 3 then
(7) Re(x) =0

for almost every x with respect to Lebesgue measure on S*.
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Existence of pointwise dimensions and formulas of spectra. One can find
formulas for pointwise dimensions and spectra for measures.

Theorem 4. Under the assumptions of Theorem[d, for any ¢ € R and for u-a.e.
r € X, one has:

) — h,(T)—gq
Judu

in the non-invertible case, and

T =T 1 1 ) . )
9) d, (x)=d, () = (h.(T)—q) (fUd# + deM> in the invertible case

From this result, we can deduce the expression for the spectrum for the measure:

Theorem 5. Under the assumptions of Theorem[3, for any g € R one has

h,(T) -
o (q) = % in the non-invertible case, and
w 1 1 . . ]
ar(q) = (hu(T) - q) m + W in the invertible case.

One could see these relations as an analog of Young’s formula [I1] for dimensions
for Poincaré recurrences. It is explicit if ¢ = 0. Note also that the spectrum for the
set X, a(X,q), was obtained for certain subshifts in [3], where it has been shown
that it satisfies a non-homogeneous Bowen’s equation.

def

Corollary 1. The value of q for which o, vanishes is equal to h,(T) = ¢f .

SETUP FOR SPECIAL FLOWS

Let ¢ be a strictly positive continuous function, and (X,7T') a compact metric
space with a distance dx.
Define the special space and the special flow as follows:

X?E{(z,t):2€ X,0<t < p(a)},
where we identify the points (z, p(x)) and (T'z,0) for each z € X, and

{ O (x,t) = (z,t +s) if t+5<p(x),
O (x,t) = (Ta,t+s—p(x)) if t+s5>p(x).

Assume for a moment that o(z) = 1. Let us recall the definition of the distance
on X' [M]. Consider the subset X x {t} of X x [0,1] and let p; denote the metric

def

on X x {t} defined by p:((z,t), (y,t)) = (1 — t)dx(z,y) + tdx(Tx, Ty), z,y € X.
Thus, po((z,0),(y,0)) = dx(z,y) and p1((z,1),(y,1)) = dx(Tz,Ty). Consider
a chain x = wg,w1,...,w, = y between x and y where for each ¢ either w; and

w;+1 belong to X x {t} for some t ([w;,w;+1] is said to be a horizontal segment

and length([w;, wi1]) = pi((wi, 1), (wis1,t))) or w; and w; 4, are on the same orbit

([wi, wig1] is said to be a vertical segment and length([w;, w;11]) is the shortest
temporal distance between w; and w;; along the orbit). The length of the chain
is defined to be the sum of the lengths of its segments. Then dx:((z, s), (y,t)) is
defined to be the infimum of the lengths of all finite chains between (z, s) and (y, ).

We now show that X% and X' are homeomorphic provided that ¢(z) > 0, z €

X. Indeed, set h(z,s) = (z,s@(z)) for any 0 < s < 1 and (z,s) € X' and h(z,1) =
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(x,¢(x)). This map is continuous and one-to-one (h=1(x,t) = (x,t/¢(x))). Now,
introduce the following distance on X ¥:

(10) dxw((l', 8)7 (ya t)) = dx: (h_l(xa S), h_l(yv t)) .
Given (z,s) € X', ¢ >0, let

8((2.9),2) = {(y.) € X" 2 pul(@.9), (4:9)) < 5}
and

B((m,s),e) Lo {(y,t) e X! [t —s] < g,@s_t(y,t) € 8((x, 8),¢), if s > t, and

(y,t) = Be_s (i, 5), (v, 5) € 8((x, 8), €), if t > s},

i.e. B((z,s),e) is the set of pieces of temporal length & of (semi-)orbits that pass
through the “horizontal ball” 8((x, s),¢). It is clear that if B((z,s),e)NX x ({0}U
{1}) = 0, then B((x, s),¢) is homeomorphic to the direct product of 8((z, s), ) and
an interval.
Set B((z, s),¢) = h1B((x, s),€). We shall use B-sets to cover X?; see below.
If p is a T-invariant probability measure on X, then we define a ®-invariant
probability measure 7 & i, by putting, for any F' continuous on X¥:

e Iy (5 Pty dt) duge)
/ Fdp = .
X Jx #(x) dp(z)
That is, @ is the normalization on X¥ obtained by taking the direct product of p
with Lebesgue measure on R. (It can be proved that every ®-invariant probability
measure on X ¥ can be obtained in this way from a T-invariant probability measure

on X by Fubini’s theorem.)
We can now define the first return time of the set B((x,t),¢):

(11)

Definition 6. For any x € X, ¢t > 0 and € > 0, the Poincaré recurrence for the set
B((z,t),e) is

1o (B((z,1),e)) = inf{s > ¢ : &,(B((x,1),¢)) N B((x,t),¢) # 0} .

Spectra for Poincaré recurrences. For each Z C X%, each o € R and each
q € R, we set

(12) M‘I’(Z,oz,q,a) déf( inf ) g exp (—q7e (B((x4,t:),€:))) €5
T, ti.€4 -
g;<e z

where B((x;,t;),¢;) is defined above and |J; B((x:,t;),&;) 2 Z. Then the limit
M?®(Z,a,q) < im0 M2 (Z,a,q,¢) exists by monotonicity and we introduce the
following definition:

Definition 7 (Spectrum for flows). For any Z C X% and any ¢ > 0,
(13) as(Z,q) = sup{a: M®(Z, o, q) = 0o}
is called the spectrum for Poincaré recurrence for the flow ® of the set Z.

The quantity ag(Z,0) coincides with the Hausdorff dimension of Z for the flow.
Now we proceed to the definition of the spectra for measures.
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Definition 8 (Spectra for measures). Let ag(-,q) be the spectra defined above.
Let Tz be a Borel probability measure on X¥. Then define the following spectrum:

def

ol (q) = inf{as(V,q): V € X?, a(V) = 1}.
Pointwise dimensions for Poincaré recurrences.

Definition 9 (Lower and upper ®-pointwise dimensions). The lower and upper ®-
pointwise dimensions of T at the point (x,t) are defined by

log i(B((z,1),¢) + qra(B((z,1),€))
0 loge '

(14) i

=H,q

(,t) = lim

£ —>

MAIN RESULTS FOR SPECIAL FLOWS

We shall call a B-set B((z,s),€) a “good” one if B((x,s),e) = h~'B((z,s),e)
and there exists a cylinder &,(y) such that 8((z,s),e) = ®5(&,(z)). In this case,
we will denote &,(y) by n.(B((z,s),€)). Let us denote by n. the index n for the
cylinder n,(B((z,s),€)), where B((z,s),¢€) is a good B-set. For convenience, we
shall write n,,_(z) instead of n,_(B(x, s),€)). Then, the asymptotic behavior of the
Poincaré recurrence 74 (B((x,t),€)) can be described as follows.

Proposition 2. For fi-almost every point (x,s) € X%,

iy B _ [y,

e—0 Ne
By using this proposition, we prove the following results.

Theorem 6. Let [i be the measure on X% induced by the ergodic measure p on X.
The pointwise dimension exists fi-a.e. and is equal to

1
dqu(a:, t)y=1+ m (hu (T) - q/gpdu) in the non-invertible case, and

1 1
@ . . .
dy (1) =1+ (m + m) (hu(T) - q/god,u) in the invertible case.

Now we can state the following theorem:

Theorem 7. The spectrum for the measure i is given for all ¢ € R by
_ 1
ab(g) =1+ m (hu(T) —q / godu) in the non-invertible case, and

- 1 1 o
og(q) =1+ (m + m) (hu(T) - q/gadu) in the invertible case.

Corollary 2. We have
ol (q//sodu> =1+ar(q) -

The value of q for which ag vanishes is equal to

h(T) + Jwdp g o _ 0 + Judp

Todn =qp = Todu in the non-invertible case, and
Judpx [vdu T , Judpux[vdu
by, (T) + Jurv)de  aer g 10 + J(u+v) du

in the invertible case.

[edp S [edp
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PRrROOF OF THEOREM [I]

For the sake of definiteness, we write the proof for the case of invertible T". The
case of non-invertible T' can be obtained in a similar way after evident simplifica-
tions.

It suffices to prove the theorem for finite partitions; the case of countable £ will
follow easily. More precisely, if £ = {Bi, Ba, ... } is countable, then for some m < oo
the finite partition & = {B1,Ba, ..., By, Bi} will have positive entropy. In

addition, ¢ is finer than &, hence 77 (€7 (z)) > 77(€7 (x)), and the statement follows.
Assume now that ¢ is finite. Observe that h = h,,(T,€) is non-zero and finite.
Fix € € (0,h/3). By the Shannon-McMillan-Breiman theorem for p-a.e. x, there

exists N (z) such that if n +m > N(z) then

—— log u(€n(x)) +h| <<.

By Egoroff’s theorem, if M = M/(e) is sufficiently large then Ey; = {z € X :
N(x) < M} will have a measure p(Ep)) > 1 —e. We can choose c so large that
for any = € Ey;(.) and any positive integers n, m

(15) C—le[—(n-l—m)h—(n-i-m)s] < M(fgl(x)) < Ce[—(n+m)h+(n+m)s].
We now write E' = Ejy). Let 6 =1 — %z—: and set
A € B (€ (2) < (n+ m)).
Obviously A?, = Ui(:n;rm) R (k) where
Ry (k) = {w € B mr(€,(x)) = K}

We shall prove that >, u(Ap,) < oo. Let n,m be positive integers and 0 < k <
n + m. If the return time of the cylinder C' = [a_;pa_mq1- a0 an-1] € & is
equal to k, i.e. 7p(C) = k, then it can be readily checked that aj+r = a;, for all
—m < j <n—k—1. This means that any block made with k consecutive symbols
completely determines the cylinder C'. In particular, since there exists p > 0 such
that p < m and 0 < k — p < n, we can choose the cylinder Z = f,’;fp(x) D& (x).
Let

Z = {¢h7(2) 2 € RIL(R)}.

Because of the structure of cylinders under consideration, for any cylinder Z € Z
there exists a (unique) cylinder Cz € £, such that Cz C Z and Z N R}, (k) C Cy.
This implies

n(Br (k) = w(ZN Ry (k) < Y w(Cx).
VA ZeZ

By definition, for each Z € Z, there exists z € F such that Z = §;§_p(m) and
Cz =& (). Using (IH) we get

w(En (x)) < celm(ntmht(ntm)el  apq 1< cu(fj’;*p(x))e[kh*kd.
Multiplying these inequalities we get
1(Cz) < & expl—(n+m)h + (n +m)e] explkh + keu(Z).
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Summing up on Z € Z we get (recall that k < n+ m)
(R (k) < ?exp[—(n+m — k)h + 2(n +m)e].

This implies that

[6(nt+m)]
pAR) = Y (R (K)
k=1
oh
< chh — exXP [—(n+m)(h—0h —2¢)].

Since h — 6h —2e = h — (1 — 2e)h — 2 = £ > 0, we get that

Z w(AY) < +o0.

m>1,n>1

In view of the Borel-Cantelli lemma, we finally get that for p-almost every x € E,
mr(E8 (z)) > (1—3e)(n+m) except for finitely many pairs of integers (n,m). Since
in addition u(FE) > 1 — ¢, the arbitrariness of ¢ implies the desired result
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