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ABSTRACT. Let g be a Riemannian metric with ergodic geodesic flow. Then
if some metric g has the same geodesics (regarded as unparameterized curves)
with g, then the metrics are homothetic. If two metrics on a closed surface of
genus greater than one have the same geodesics, then they are homothetic.

Let g, g be two C?-smooth Riemannian metrics on a manifold M™ of dimension
n > 2. They are projectively equivalent if they have the same geodesics regarded as
unparameterized curves. For a given metric g, there always exist trivial examples
of projectively equivalent metrics: for any positive constant C', the metric Cyg is
projectively equivalent to g.

Consider the fiberwise-linear mapping G : TM™ — TM" given by G = ¢g'*ga;
and the fiberwise-linear mapping A : TM™ — TM™ given by

AL (det(G)) TG,

Consider the characteristic polynomial det(A — X Id) = coA™ + c; A" L + -+ + ¢,
and the mappings Sp, S1,...,S,—1: TM"™ — TM™ given by

m—1
def —i—
Sn—m = E G AmTiL
=0

Here m lies in the set {1,2,...,n} so that k = n—m lies in the set {0,1,...,n—1}.
Consider the functions Iy, I1,...,I,—1 : T*M™ — R given by the general formula

Ii(z,p) = g™ (Sk)Lpip;-
In invariant terms, if we identify 7M™ with T*M™ via the metric g, the functions
Ik are giVGIl by Ik(xag) = g(Sk 575)

Theorem 1 ([8]). If g and g are projectively equivalent, then the functions Iy, are
commutative integrals for the geodesic flow of the metric g.

If the geodesic flow of a metric is ergodic, any smooth integral is a function of
the Hamiltonian and therefore only trivial examples of projective equivalence are
possible. Basically we need not ergodicity but transitivity (= the existence of an
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orbit of the geodesic flow which goes arbitrary close to any point of the tangent
bundle). By definition, almost any orbit of an ergodic geodesic flow is transitive.

Corollary 1. Let the geodesic flow of g be ergodic. If some metric g is projectively
equivalent to g, then g = C'g for some constant C'.

We will give a simple self-contained proof of Corollary [[l which does not use
Theorem [l Actually, in the proof of Corollary [, we will demonstrate that the
function Iy is an integral for the geodesic flow of g. It is easy to see that the
function I is given by

0 0w o=~ () 9o

More precisely, by Hamilton-Cayley theorem we have cA™ + -+ - + ¢, = 0. Then

Sy = A"+ A" 4 ey
A (A" + - e 1At cp) — AT = —det(A)AT?

- (i)

The geodesic flow of a metric with negative sectional curvature on a closed
manifold is ergodic; see the appendix by Brin in the book [1].

Corollary 2. Let g be a Riemannian metric on M™. Suppose that M" is closed,
connected, and the sectional curvature of g is negative. Then if some metric g is
projectively equivalent to g, then g = Cg for some constant C.

For closed surfaces, the integral of the curvature form over the surface is equal
to the Euler characteristic. Then a metric with negative curvature can exist only
on the surfaces of negative Euler characteristic. For such surfaces, we do not need
the curvature restriction in Corollary

Corollary 3. Let M? be a closed connected surface of negative Euler characteristic,
and let g be a Riemannian metric on M?. Then another Riemannian metric § on
M? is projectively equivalent to g if and only if ¢ = Cg, where C is a positive
constant.

This corollary gives us a partial answer to the following classical question: for
closed surfaces, what local structures constructed by a given metric, do not deter-
mine the metric locally, but determine the metric globally? Corollaryl shows that,
for surfaces of negative Euler characteristic, the projective class of a metric (= the
set of all metrics projectively equivalent to the metric) uniquely defines the metric
modulo multiplication by a constant.

The projective class of a metric is a locally defined object. It can be given in
terms of the so-called projective connection (see for example Chapter 4 of Kobayashi
[6]) or in terms of the Thomas vector field (see Thomas [10]).

Generally speaking, the projective class of a metric defines the metric neither
locally nor on closed surfaces with Euler characteristic greater than or equal to zero.
For the sphere, the first nontrivial examples of projectively equivalent metrics are
due to Beltrami [2]; for the torus such examples follow easily from Dini [4]. For the
projective plane and for the Klein bottle such examples can be easily constructed
using Beltrami’s examples on the sphere and Dini’s examples on the torus.
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Corollary B almost follows from Kolokol'tsov [7] or Kiyohara [5]. More precisely,
the integral Iy is quadratic in velocities so that the existence of a projectively
equivalent metric implies the existence of an integral quadratic in velocities.

In [7] it was shown that the geodesic flow of a metric on a surface of negative
Euler characteristic does not admit an integral which is

1. quadratic in velocities and
2. functionally independent of the Hamiltonian almost everywhere.

The second condition does not allow us to apply directly the result of [7] to our
situation.

If a quadratic in velocities integral for the geodesic flow of a metric on a connected
surface is functionally independent of the Hamiltonian at least at one point, then
the integral is functionally independent of the Hamiltonian at almost every point.
This fact was shown in [5] provided that the integral is not a linear combination
of the Hamiltonian and the square of some linear in velocities integral; the latter
condition does not allow us to apply directly the result of [5] to our situation.

In our paper we give a simple self-contained proof of Corollary Bl The main
construction is based on the idea of Birkhoff (see Chapter 2 of [3]) and has been
used in [7].

Proof of Corollary[dl Let us show how the existence of § projectively equivalent to
g allows one to construct an integral for the geodesic flow of g. The construction
is essentially due to [9] (see also [8]); it is slightly more general and allows one
to construct an integral by an orbital diffeomorphism between two Hamiltonian
systems.

Let v and © be Hamiltonian systems on symplectic manifolds (N?",w) and
(N?", &) with Hamiltonians H and H, respectively. Consider the isoenergy sur-
faces (which are not surfaces but submanifolds of codimension 1)

Q@ pe N H@) =h}, Q' {pe N H(x) = h},

where h and h are regular values of the functions H, H, respectively. A diffeomor-
phism ¢ : Q>"~1 — Q?"~! is orbital if it takes the orbits (regarded as unparame-
terized curves) of the system v to the orbits of the system 2.

Given an orbital diffeomorphism, we can invariantly construct an integral for
the system v. Denote by o, & the restrictions of the forms w,@ to @*"~1, Q**1,
respectively. Consider the pull-back ¢*&, which is a skew-symmetric two-form on
Q?"~ 1. By definition of the vector field v, for any vector field u we have w(v,u) =
dH(u). Then the kernel of the form o coincides (in the space T,Q*"~! at each
point ¢ € Q**~1) with the linear span of the vector v. Since the mapping ¢ takes
orbits to orbits, the differential d¢ takes the vector field v to a vector field which
is proportional to v. Therefore the kernel of the form ¢*& also coincides (in the
space T,Q*"~! at each point ¢ € Q**~1) with the linear span of the vector v.
Therefore the forms o, ¢*6 induce two nondegenerate two-forms on the quotient
bundle TQ?*"~!/(v). Recall that the quotient bundle TQ*"~!/(v) is the linear
bundle over Q2" !; the vectors of this bundle are equivalence classes of the vectors
of TQ*~1; for any ¢ € Q*" 1, two vectors uy,uz € T,Q?"~! belong to the same
class U € T,Q*"~!/{v) if and only if the vector u; — uy is proportional to v. We
will denote the corresponding forms on TQ?*"~1/(v) also by o, $*5. Consider the
fiberwise-linear mapping ¥ : TQ?*"~!/(v) — TQ?*"*~!/(v) uniquely determined by
the condition o(X(Uy),Us) = ¢*5(Uy,Us) for all Uy, Us € TQ?"~1/(v). Then the
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determinant det(X), which is a function on Q*"~1, is an integral of the system v.
More precisely, by Cartan’s formula, the Lie derivative L,¢* of the form ¢*& on
Q**~! along the vector field v satisfies

Ly¢* 6 = d [1,0"5] + 1,d [675] .

On the right-hand side both terms vanish: the term d [2,¢*5] vanishes since v lies
in the kernel of the form ¢*, and the term 1,d [¢*d| vanishes since the form w is
closed and therefore the form ¢*7 is also closed. Hence the form ¢*& on Q%! is
preserved by the flow of v. It is known that the form w and the Hamiltonian H
are also preserved by the flow of v. Therefore the form o and the vector field v are
preserved by the flow of v; hence the forms o, ¢*G on T'Q/(v) are also preserved by
the flow of v and finally the fiberwise-linear mapping ¥ and all its invariants, in
particular the determinant, are preserved by the flow of v.

The geodesic flows of projectively equivalent metrics g, g on M"™ are orbitally
equivalent systems on the symplectic manifolds N?" = N?" = TM" with symplec-
tic forms

w & d[gngdx ] o g [gwfjda: ]

and Hamiltonians H, H : TM™ — R given by H(x,¢) Lef (5 €), H(z, &) = ef
29(£,€). Here (z,§) € TM™ assuming that z = (1:1,...,33”) € M"™ and £ =
(€Y,...,€") € T,M"™. The orbital diffeomorphism ¢ : TM™ — TM™ is essen-
tially the re-parameterization of geodesics, from the natural parameter of g to the
natural parameter of g:

$(x,€) def( ”’5”95) o e,
’ "€l "VH
The diffeomorphism ¢ obviously takes the isoenergy surface Q27! def {9(&,¢) =1}

to the isoenergy surface Q! def {g(&,€) = 1}. Let us calculate the integral
det(X) for these systems.

Consider the fiberwise-linear mapping 2 : T(TM™) — T(TM™) uniquely de-
termined by the condition w(Q(u1),u2) = ¢*@w(u1,uz) for any vectors ui,us €
T(TM™).

Let us first calculate the determinant of Q. The forms w, ¢*@ are given by

2

o S H
(2) w= {de]:gijdfj/\dxz—l—afajdatj/\da:
VHOH VH ( 10H (10H 10H
\Fafzd] \/ﬁ<g”+5a_e<ﬁa@ Ha@))d’“dx

({)25‘(517\/(;3) dzd A dxt.

We see that the formulae (), () contain no element of type dé* Ad¢?. Then in the
coordinates (z1,... 2" &Y, ..., €") the forms w, ¢*@ are given by (2n x 2n)-matrices

with zero lower rlght hand side (n x n)-blocks. Therefore, the determinant of

is equal, up to the sign (—1)", to the square of the ratio (gzzggg), where a is the

(3) ¢*w:d[

+
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two-form given by
L VA (L 10H (10H 1 0H
= g\ e \mog " Hoei))
In coordinates, the matrix of the two-form a is given by

£Iflci‘.(l +PB),

vH
where G denotes the matrix of the metric §; 1 denotes the identity matrix; the
matrices P, B are given by
1 9ij  Gij
Pij = ifz‘fj; Bij - (ﬁ - ﬁ) .
Using that

~ 1 0H —~ 1 0H
Zﬁa_&gi:z:ﬁa—&gi:2

i=1 i=1
we have PBP = 0 and therefore (1 + PB)™ = (1 + mPB). Hence
(4) (det(1 +PB))™ = det(1 + mPB).

The left-hand side of @) depends exponentially on m, whereas the right-hand side
of (@) depends polynomially on m; it can happen only if det(1 + PB) = 1. Thus

n _
the determinant of the matrix of the form a is equal to \/—‘/g) det(G) and the

determinant of the fiberwise-linear mapping 2 is equal (up to the sign (—1)") to

2
det(g) H\"
(Sa9)" (&)
Now let us prove that the determinants of ¥ and  are connected by

det(X) = %det(ﬁ).

First of all, at each point ¢ € Q"1 the Hamiltonian vector field v is an eigenvec-
tor of 2 with the eigenvalue \/—‘/g Indeed, it is easy to understand that d¢(v) = \/—‘/gﬁ:
the natural projection 7w : TM™ — M™ takes the vector v to the vector of length
one in the metric g and takes the vector © to the vector of length one in the metric

g. Then for any u € T,Q?"~! we have

Q)0 = a(vu) = Dd9(r), do(w))

vVH VH
= —w,dp(u)) = ——=dH(dp(u)).
S0, 00(1)) = (A (w)
Since the mapping ¢ talfes the H to H, then %dﬁ(dcﬁ(u)) = \/—‘/gdH(u) and
therefore w(Q2(v),u) = \/—gw(v, u). Thus Q(v) = \/—gv.

Secondly, for any point ¢ € Q*"~1, the subspace T,Q*"~! of the tangent space
T,(TM™) is invariant under Q. Indeed, the necessary and sufficient condition for
u € Ty(TM™) to lie in T,Q* ! is w(u,v) = 0. Using that

VH
w(Q(u),v) =w(u, W) = ——=w(u,v
(©(u), v) = w(u, Q(v)) B (u,v)

we obtain that if u € T,Q*" ! then Q(u) € T,Q*" .
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Finally, since v is an eigenvector of  and since T,Q*"~! is invariant under €,
any eigenvalue of ¥ is an eigenvalue of Q. The number of eigenvalues of ¥ (with
multiplicities) is 2n — 2; the number of eigenvalues of Wlth multiplicities) is 2n;

—~

the two eigenvalues left are evidently the eigenvalue Y of the vector v and the

=

eigenvalue which corresponds to the eigenvector which does not lie in 7,Q%" .
Using that the forms w,®, 0,5 are skew-symmetric and therefore all eigenvalues of
Q, ¥ have even multiplicities, we have that the eigenvalue of the eigenvector which

does not lie in T,Q?"~! is also ‘/_ . Using that the determinant is the product of all

n+1
det(g) H)
is an integral for the geodesic flow of g. Using that the Hamiltonian H is also an
integral of the geodesic flow of g, we conclude that the function (I) is an integral
for the geodesic flow of g.

eigenvalues, we have 2 7 det(X) = det( ) and therefore the function (det(9)> (£

Remark 1. Other characteristic invariants of the fiberwise-linear mapping 3 give
us the other integrals If.

Now suppose that the geodesic flow of the metric ¢ is transitive, in particular
ergodic. Then any smooth integral must be a function of the Hamiltonian and the
differentials of the functions H and Iy must be linear dependent at each point of

TM™. The partial derivatives dlg , %—Ig’ are equal to

or
o¢

ol det(g)\ =T " det(g)\ 75T _ . det(g)\ T y
5‘_5 —(— 2 (det(§)> g1;&7, -2 (det(g)) G280, ..., =2 (det(g)) gnjfj)

Then the metrics must be at least conformally equivalent: g = f(x)g. Let us prove
that the conformal coefficient f is constant. The integral Iy for the pair of metrics

_2 n—1 .
g, F(2)g is equal to — (k=) ™7 f(2)g(6,€) = —(755) 77 g(¢,€). Using that the
Hamiltonian $g(&,€) is an integral for the geodesic flow of g, we obtain that the

n—1
function (ﬁ) "+ is an integral for the geodesic flow of ¢g. Joining any two points

= ( gljfj, nggja ) gnjgj)a

n—1
of M™ by a geodesic, we see that (ﬁ) "1 is a constant. Thus § = Cg. Corollary[d]
is proved.

Proof of Corollary[3l Let g, g be projectively equivalent metrics on a closed surface
M? of negative Euler characteristic. Without loss of generality we can assume that
the surface M? is orientable. Consider the complex structure on M? corresponding
to the metric g. Let z be a complex coordinate in an open domain U C M?, that
is the metric g reads A(z)dzdz, where A is a real-valued function. Consider the
complex momentum p. In complex variables the Hamiltonian H : T*M? — R

for the geodesic flow of the metric g reads 2%. In complex coordinates, let

the integral F' be given by F = A(z)p? + B(2)pp + A(z)p?. Then ﬁdzdz is a
meromorphic two-form without zeros. More precisely, it is obviously a two-form: if
we change holomorphically the coordinate system, then the coefficient A changes
as the reciprocal of the coefficient of a two-form. By definition, % has no zero.
We show that in each coordinate chart the function A is holomorphic. Since F' is
an integral of the Hamiltonian system with Hamiltonian H, the Poisson bracket
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{H, F} equals zero. We have

OHOF OHOF OHOF 0OHOF
@ = = " op T p oz 0z 0

On the right-hand side of (@) each term is a polynomial of third degree in momenta.
Then the bracket is also a polynomial of third degree in momenta. In order for
the polynomial to equal zero, all coefficients must be zero, and in particular the
coefficient of p®. Thus %%—‘; equals zero, and A is holomorphic. Finally, ﬁdzdz
is a meromorphic two-form without zeros.

By Abel’s theorem, for a meromorphic nontrivial two-form on a closed Riemann
surface, the number of poles P minus the number of zeros Z is equal to twice
the Euler characteristic. Then either the Euler characteristic of M? is negative or
A = 0. In the second case the metrics are conformally equivalent; in the proof of
Theorem [I] we already showed that if two metrics are projectively equivalent and
conformally equivalent, then the conformal coefficient is constant so that g = Cyg.

Corollary Blis proved.
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