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ABSTRACT. We construct the Fock space representation of quantum affine al-
gebras using combinatorics of Young walls. We also show that the crystal
basis of the Fock space representation can be realized as the abstract crystal
consisting of proper Young walls. We then generalize Lascoux-Leclerc-Thibon
algorithm to obtain an effective algorithm for constructing the global bases of
basic representations.

1. INTRODUCTION

Let U,(g) be a quantum affine algebra of type A%l), A(Qi)fl, D%l), A(Qi), Dgll and
BS), and let A be a dominant integral weight of level 1. In [4], Kang introduced
a new family of combinatorial objects called the Young walls. The Young walls
consist of colored blocks with various shapes built on a given ground state wall Y
and can be viewed as generalizations of (colored) Young diagrams.

The rules and patterns for building Young walls and the action of Kashiwara
operators are given explicitly in terms of combinatorics of Young walls. Then the
set Y(A) of proper Young walls becomes an abstract crystal for the quantum affine
algebra U,(g), and the subcrystal Vo (A) consisting of reduced proper Young walls
is isomorphic to the crystal B(A) of the basic representation V(A).

In this paper, we construct the Fock space representation F(A) of Uy(g) in a
purely combinatorial way. More precisely, we take F(A) to be the Q(g)-vector
space spanned by the proper Young walls, and define the U,(g)-module action
on F(A) using combinatorics of Young walls. Then F(A) becomes an integrable
U,(g)-module in the category 0. The Fock space F(A) can be regarded as the
g-deformed wedge space arising from a level 1 perfect representation [9].

We also show that the crystal of F(A) coincides with the abstract crystal Y(A)
consisting of proper Young walls. Thus, we get an explicit decomposition of the
Fock space F(A) into a direct sum of irreducible highest weight modules over U, (g)
by locating the maximal vectors in the U,(g)-crystal Y(A).

Finally, we generalize Lascoux-Leclerc-Thibon algorithm [10] to obtain an effec-
tive algorithm for constructing the global basis G(A) of the basic representation
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V(A). To each reduced proper Young wall Y € ),(A), the corresponding global
basis element G(Y") can be expressed as a linear combination of proper Young walls
whose coefficient polynomials form an upper triangular matrix with the diagonal
entries 1. We expect that there exist some interesting algebraic structures such
that the irreducible modules at some specializations are parametrized by the re-
duced proper Young walls and that the decomposition matrices are determined by
the polynomials giving the global basis elements.

2. QUANTUM AFFINE ALGEBRAS

Let I = {0,1,...,n} be an index set and let (A, PV, P,IIV,II) be an affine
Cartan datum:
(i) A= (aij)ijer is a generalized Cartan matrix of affine type,
(ii) PV =Zho® - ® Zhy, ® Zd is the dual weight lattice,
(iii) P={ A€ bh*|\(PY) CZ} is the weight lattice, where h = Q ®z PV is the
Cartan subalgebra,

(iv) IV = { h; |t € I } is the set of simple coroots,

(v) I ={a;|i € I} is the set of simple roots defined by «;(hi) = aij, oj(d) =
(507]' (Z,j S I)

Set PT ={ X € P|\(h;) € Z>ofor all i € I }. The elements of P* are called the
dominant integral weights.

To each affine Cartan datum, we can associate an infinite-dimensional Lie algebra
g called the affine Kac-Moody algebra. The canonical central element and the null
root of g will be expressed as ¢ = Y. ¢;h; and § = > d;;, respectively, where
¢; and d; (i € I) are positive integers given in [3]. The fundamental weights A;
(¢ € I) are the linear functionals defined by A;(h;) = d;5, Ai(d) =0 (¢,5 € I).

We denote by ¢" (h € PY) the basis elements of the group algebra Q(q)[P"]
with the multiplication ¢"¢" = ¢"*"" (h,h' € PV). Let (|) be a nondegenerate
symmetric bilinear form on h* satisfying % =a;jfori,j € 1. Set ¢q; = q%,
K, = q%h, [k]; = qk_q_f and [n];! = [[_,[kl;. We also use the notation
e = i /Inli! and £ = f7/n)!

The quantum affine algebra U,(g) is the associative algebra with 1 over Q(q)
generated by e;, f; (i € I) and ¢" (h € PV) subject to the defining relations given,
for example, in [6]. In this paper, we will focus on the quantum affine algebras of

type AL, AD | DO, 4D DO and BY.

3. CRYSTAL BASES

Recall that the category O™ consists of U,(g)-modules M satisfying the prop-
erties:
(i) M =@,cp My, where M = {v € M|g"v=¢*Mvforall h e PV},
(ii) for each 7 € I, M is a direct sum of finite-dimensional irreducible U;)-
modules, where U,y = (e, fi, Kli> = Uy(sla),
(iii) for any v € M, there exists [ > 1 such that e;, ---e; v = 0 for any iy,...,i; €
1.
For each i € I, every element u € M) can be written uniquely as u = Zkzo fi(k)uk,
where k > —A(h;) and ug € kere; N Myypa,- The Kashiwara operators are the
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endomorphisms &; and f; on M defined by

(1) Eiu = Zfi(kA)uk’ ﬁu _ Zfi(kJrl)uk.

k>1 k>0

Let Ao ={f/9€Q(q) ]| f,9 € Qlq],9(0) # 0 } be the localization of Q[g] at ¢ = 0.

Definition 3.1. A crystal basis of M is a pair (L, B), where

i) L is a free Ag-module of M such that M = Q(q) ®a, L,
(ii) B is a Q-basis of L/qL,

(iii) L = @,cp La, where Ly = LN My,

(iv) B =|]yep Ba, where By = BN (La/qLy),

(v) &L C L, fiL c Lforalli e I,

(vi) éB c BU{0}, f;BC BU{0} for all i € I,

(vii) for i € I and b,V € B, f;b =1 if and only if b = &’

The set B becomes a colored oriented graph, called the crystal graph, with the
arrows defined by b — b’ if and only if f;b =b'.

By extracting the properties of crystal graphs, we can define the notion of abstract
crystals [7, B]. An affine crystal is a set B together with the maps wt : B — P,
gi,0i : B— ZU{—o0}, &, fi : B — BU{0} satisfying the conditions given in [7, §].

Theorem 3.2 ([6]).

(a) Let V(X) be the irreducible highest weight Uq(g)-module with highest weight
X € PT and highest weight vector uy. Let~L()\) f)e the free Ag-submodule of

V(A) spanned by the vectors of the form f;, --- fi.ux (ix € I, r € Z>0) and
set

B(A) = { fis -+ fi,ux +qL(A) € L(N)/qL(N) }\{0}.

Then (L(N), B(N)) is a crystal basis of V(X), and every crystal basis of V()
is isomorphic to (L(X\), B()\)).

(b) Define a Q-algebra automorphism of U,(g) by & = e, f; = fi, g =q "
and § = q ' fori € I and h € PV. Set A = Q|q,q" ] and let V(\)* =
U, (g)ux, where U, (g) is the A-subalgebra of Uy (g) generated by fi(n) (iel,
n € Z>o). Then there ezists a unique A-basis G(A) = {G(b) |b € B(\) } of
V(AN)A such that

G(b)=b mod ¢gL(A\) and G(b) = G(b)

for all b € B(X).

The basis G()) is called the global basis or canonical basis of V(X) associated
with the crystal graph B(\).
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4. COMBINATORICS OF YOUNG WALLS

We briefly review the notion of Young walls and their combinatorics introduced
by Kang [4]. The Young walls are built of colored blocks of three different shapes.

Type Width | Thickness | Height | Volume
I 1 1 1 1
II 1 1 i i
III = 1 z 1 z

Given a dominant integral weight A of level 1, i.e. A(c) = 1, we fix a frame
Y\ called the ground state wall of weight A and on this frame, we build a wall of
thickness less than or equal to one unit. The rules for building the walls are as
follows:

(1) The colored blocks should be stacked in columns. No block can be placed
on top of a column of half-unit thickness.

(2) Except for the right-most column, there should be no free space to the right
of any block.

(3) The colored blocks should be stacked in a specified pattern which is deter-
mined by the type of the quantum affine algebra and A.

The coloring of blocks, description of ground state walls and the patterns for
building the walls are given in [4]. For example, if g = Bél), and A = Ay, we will

use the colored blocks
(o7

to build the walls on the ground state wall

Y, = Jo[1]o[1] = TAAAA

following the pattern:

-
o
=
o

[CI [9V] [N N
[CR [9V] [N N
oo Joojeo| v
[CI [94] [N N

[
=)
o

0 1 0 1

A wall built on Y, following the above rules is called a Young wall on Yy, for the
heights of its columns are weakly decreasing as we proceed from right to left. We
often write Y = (yx)32y = (..., ¥2,¥1,%0) as an infinite sequence of its columns.

Definition 4.1.

(1) A column of a Young wall is called a full column if its height is a multiple
of the unit length and its top is of unit thickness.

(2) For quantum affine algebras of type Agi)_l, DY, Agn), B and Dﬁ)_l, a
Young wall is said to be proper if none of the full columns have the same

heights.
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(3) For quantum affine algebras of type AP

proper.

, every Young wall is defined to be

We will denote by Y(A) the set of all proper Young walls on Yj.

Definition 4.2. Let Y be a proper Young wall on Yjy.

(1) A block of color ¢ (in short, i-block) in Y is called a removable i-block if Y
remains a proper Young wall after removing the block.

(2) A place in Y is called an admissible i-slot if one may add an i-block to
obtain another proper Young wall.

(3) A column in Y is said to be i-removable (resp. i-admissible) if there is a
removable i-block (resp. an admissible ¢-slot) in that column.

We now define the abstract Kashiwara operators E;, F; on Y(A) as follows. Fix
i€l andlet Y = (yx)72, be a proper Young wall on Ya.
(1) To each column y;, of Y, we assign

—— if yg is twice i-removable,
- if y; is once i-removable but not i-admissible,
—+ if yg is once i-removable and once i-admissible,
+ if yi is once i-admissible but not i-removable,
++ if yi is twice i-admissible,

otherwise.

(2) From this sequence of +’s and —’s, we cancel out every (4, —)-pair to obtain
a finite sequence of —’s followed by +’s, reading from left to right. This
finite sequence (—---—,+---+) is called the i-signature of Y.

(3) We define E;Y to be the proper Young wall obtained from Y by removing
the i-block corresponding to the right-most — in the i-signature of Y. We
define E;Y = 0 if there is no — in the i-signature of Y.

(4) We define F,Y to be the proper Young wall obtained from Y by adding an
i-block to the column corresponding to the left-most + in the i-signature
of Y. We define F;Y = 0 if there is no + in the i-signature of Y.

Next, we define
wt(Y) =A—> ko € P,
icl
£;(Y") = the number of —’s in the i-signature of Y,
©i(Y) = the number of +’s in the i-signature of Y,
where k; denotes the number of i-blocks in Y that have been added to Y.
Proposition 4.3 ([]). The set Y(A) together with the maps wt, &;, i, E; and F;
(i € I) becomes an affine crystal.
Let 6 = doovo + - - - + dpvp, be the null root of Uy(g), and set a; = d; if g # Dﬁ)_l,

a; =2d; if g = Df_zl. The part of a column with a;-many i-blocks for each ¢ € I in
some cyclic order is called a d-column. A §-column in a proper Young wall is called
removable if it can be removed to yield another proper Young wall.

Definition 4.4. A proper Young wall Y is said to be reduced if none of its columns
contain a removable J-column.
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Let Yo(A) C Y(A) be the set of all reduced proper Young walls on Y. Then we
have:

Theorem 4.5 ([M]). The set Y,(A) is an affine crystal. Moreover, there exists an
affine crystal isomorphism Yo(A) — B(A), where B(A) is the crystal of the basic
representation V(A).

Remark 4.6. If Hy(q) is a Hecke algebra of type Ayx_; with ¢ a primitive nth
root of unity, then the irreducible representations of Hy(q) are parametrized by
the set of reduced proper Young walls of type AS) with N blocks [2]. We expect
that there exist some interesting algebraic structures whose irreducible represen-
tations (at some specialization) are parametrized by reduced proper Young walls.
In [1], Brundan and Kleshchev verified our speculation by showing that the irre-
ducible representations of the Heck-Clifford superalgebra Hy(q) with ¢ a primitive
(2n + 1)th root of unity are parametrized by the set of reduced proper Young walls

of type AéQn) with N blocks.

5. FOCK SPACE REPRESENTATION

Let 7(A) = @y cyn) Q@)Y be the Q(q)-vector space with a basis Y(A). The
goal of this section is to define a U, (g)-module structure on F(A), the Fock space
representation of Uy(g). Moreover, we also show that the affine crystal Y(A) is
exactly the crystal of F(A).

For this purpose, we need to define the action of e;, f; (i € I) and ¢" (h € PV) on
proper Young walls in Y(A). Let Y = (yx)72, be a proper Young wall on Y. We
denote by |yx| the number of blocks in yx added to Ya. Then the associated partition
is defined to be [Y| = (..., |yxl,---, [y1l, lvo]). For Y = (yx)20,Z = (2x)52, in
Y(A), we define [Y| > |Z] if and only if D72, |lyx| > > e |2x] for all I > 0.

The action of ¢" (h € PY) on Y € Y(A) is easily defined by ¢"Y = ¢,
We now focus on the action of e; and f; on Y (i € I).

Case 1. Suppose that the i-blocks are of type I.

If b is a removable i-block in y, of Y, then let Yr(b) = (yx—1,.-.,¥1,%0) be
the wall consisting of the columns lying on the right of b, and set R;(b;Y) =
©i(Yr(b)) — €i(YR(D)). (The wall Yr(b) should be regarded as a Ug;-crystal, where
no block can be added on y; for I > k.) We denote by Y ' b the Young wall
obtained by removing b from Y. Then we define

(2) e =Y ¢ "y ),
b

where b runs over all removable i-blocks in Y.

On the other hand, if b is an admissible i-slot in y; of Y, then let Y1 (b) =
(-.., Yk+2, Yk+1) be the Young wall consisting of the columns in Y lying on the left
of b, and set L;(b;Y) = ¢; (Y1 (b)) — €;(Y(D)). (The wall Y (b) may be a proper
Young wall on another ground state wall Yy,.) We denote by ¥ b the Young
wall obtained by adding an i-block at b. Then we define

(3) FY = a"" 0 b),
b

where b runs over all admissible i-slots in Y.
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Case 2. Suppose that the i-blocks are of type II (in this case, ¢ = ¢;).

Let b be a removable i-block in y; of Y. If the i-signature of y, is ——, or
if the i-signature of y; is — and there is another i-block below b, define Y 7 b
to be the Young wall obtained by removing b from Y. If the i-signature of y
is —+, or if the i-signature of y; is — and there is no i-block below b, define
Y /b=q (1 - (=¢>)"®*T1Z where Z is the Young wall obtained by removing
b from Y and [(b) is the number of y;’s with [ < k such that |y| = |yx|.

]
1(b.

Y = Yr(b)

(1 _ (__q2)l(b)+1) —I

X

Y /b= q _,_:121:

In either case, set Yr(b) = (yi-1,...,90), where [ is the integer such that |yi| =

lye—1] = -+ = |yi+1] < |u|, and let R;(b;Y) = ;(Yr(b)) — €:(Yr(b)). Then we
define
(4) eV =Y ¢ "y ),

b

where b runs over all removable i-blocks in Y.

On the other hand, suppose that b is an admissible i-slot in y; of Y. If the
i-signature of yi is ++, or if the i-signature of y; is + and there is no i-block below
b, then we define Y b to be the Young wall obtained by adding an i-block at b.
If the i-signature of y is —+, or if the i-signature of y; is + and there is another
i-block below b, then we define Y /b = ¢~ (1 — (—=¢?)!®»+1)Z, where Z is the
Young wall obtained by adding an i-block at b and I(b) is the number of y;’s with
[ > k such that |y;| = |yk|. That is

S
Y= ] \,
YL (b)

(1- (_q2)z(b)+1)_><| e

Y /b= .

In either case, set Y (b) = (...,%i+2,¥y1+1), where [ is the integer such that
| <yl = [yi—1| = -+ = |yxl|, and let L;(b;Y) = ¢;(YL (b)) — €i(YL(b)). Then
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we define

(5) Y =3¢ s b),
b

where b runs over all admissible i-slots in Y.
Case 3. Suppose that the i-blocks are of type III.

If b is a removable i-block in yi of Y, then we define Y b to be the Young
wall obtained by removing b from Y. We also consider the following i-block b in yy
of Y, which we call a virtually removable i-block.

(b b or 1(by—" b

In this case, we define Y ' b to be

(_Qi)l(b)x (_Qi)l(b)x
and

respectively, where [(b) is given in the above figure. In either case, set Yr(b) =
(Yk—1,---,90) and R;(b;Y) = ¢;(Yr(b)) — £;(Yr(D)). Then we define

(6) aY = q MOy ),
b

where b runs over all removable and virtually removable é-blocks in Y.

On the other hand, if b is an admissible i-slot in y; of Y, then we define Y /' b
to be the Young wall obtained by adding an i-block at b. We also consider the
following i-slot b in yi of Y, which we call a virtually admissible i-slot

b b

| 10 or | 1

YL(b) YL(b)

In this case, we define Y b to be

and

respectively, where [(b) is given in the above figure. In either case, set Y7(b) =
(- Yr+2, Y1) and Li(b;Y) = ¢i(YL(0)) — (Y (b)). Then we define

(7) FY = a"" b),
b



QUANTUM AFFINE ALGEBRAS, COMBINATORICS OF YOUNG WALLS 43

where b runs over all admissible and virtually admissible é-slots in Y.

With these actions, we can verify that all the defining relations for the quantum
affine algebra U, (g) are satisfied. The verification is quite lengthy and based on the
case-by-case check argument (see [b] for the details). Hence we obtain:

Theorem 5.1. The Fock space F(A) is an integrable U,(g)-module in the category
Oint'

It still remains to show that the affine crystal Y(A) is the crystal of F(A). Let
L(A) = Dyeyn)AoY. It is easy to see that the pair (L(A), Y(A)) satisfies the
first four conditions in Definition Bl For the remaining three conditions, the main
step is to show that the Kashiwara operators on Y(A) induced by the U,(g)-module
action on F(A) coincide with the abstract Kashiwara operators on Y(A) given in
Section 4. The proof of this step is based on the crystal basis theory for U,(slz)-
modules and the tensor product rule.

Theorem 5.2. The pair (L(A),Y(A)) is a crystal basis of the Fock space F(A),
where Y(A) is the affine crystal given in Section 4.

Using Theorem [5.2) one can decompose the Fock space F(A) into a direct sum
of irreducible highest weight modules over U,(g) by locating the maximal vectors
in the affine crystal Y(A).

Corollary 5.3.
(8) F(a) = { Do VA= ma)or) i g 2 D,
P V(A —2mo)®r(m)  if g = Dglr

m=0

6. GENERALIZED LLT ALGORITHM

In this section, we generalize Lascoux-Leclerc-Thibon algorithm to obtain an
effective algorithm for constructing the global basis G(A) of the basic representation
V(A). Note that V(A) is realized as the U,(g)-submodule of F(A) generated by
Y and that the crystal B(A) of V(A) is isomorphic to the affine crystal V,(A)
consisting of reduced proper Young walls. Thus our goal is the following: for each
reduced proper Young wall Y € ), (A), we would like to find an algorithm for the
corresponding global basis element G(Y') as a linear combination of proper Young
walls in Y(A).

First, we describe the action of fi(r) (¢ € I) on Y(A). For a proper Young wall
Y € Y(A), write

9) Y = S Qvz07,

ZeY(N)
wt(Z)=wt(Y)—ra;

where Qv,z(q) € Q(g). For each Z = (z;)72, € Y(A) with Qv,z(¢) # 0, there
exists a unique sequence of Young walls Y =Y ©) Y1) 'y = Z such that

(1) ck+1Ye+1 = Yi 7 bt for a (virtually) admissible i-slot bg41 of Yy and

Ck+1 S Z[q7 q_l]a
(i) bg+1 is placed on by or to the right of by.
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We suppose that by is located in the ixth column of Vi1 (1 < k < r). Let
Qy ) yx+1)(q) be the coefficient of Y (#+1) in the expression of ;Y *), and define

r—1
(10) Qv (@) = [ @vw yorn(a) € Zlg, g '],

k=0
If the i-blocks are of type II, consider
J1 = {k|bg_1 is beneath by },
Ja = { k| there exists an i-block (# bi_1) beneath by, },
Js = { k| there exists no i-block on and beneath by, },
S={ke|k—1€Jsand |z, ,|=z,]—1}
Put I = |J1|, m = |J2| and n = |J3|. Note that 2l + m +mn = r. For each k € S, set
di = qci,.

Lemma 6.1. ForY € Y(A), suppose that Qy.z(q) # 0 and wt(Z) = wt(Y) — ra;
withr > 1 and i € I. Let O be the type of the i-colored blocks. Then we have

Q5@ if 0= LI
(11) QY,Z(C]) = o qo'(l,m,n) ) _
QY,Z(q) [2]l ers dk Zf 0= IL

where o(l,m,n) = 4(5) + (%) + (5) + 2l(m + n) + mn. In particular, Qy,z(q) €
Zlg,q7 ).

Next, for a reduced proper Young wall Y € Y, (A), choose the left-most column
y; such that |y;| # 0 and denote by b the top of y;. Then, since Y is reduced, b
must be a removable block of color, say, i. Remove b from Y and denote by Y; the
resulting Young wall (if y; is twice i-removable, remove two i-blocks from y;). If
Y; is reduced, we stop there and set Y = Y;. If Y7 is not reduced, then take the
next i-removable block in y;_1 and remove it from Y] to get Yo (if y;—1 is twice
i-removable, remove two i-blocks from y;—1). We continue this process from left to
right until we get a reduced proper Young wall and denote it by Y. Suppose Y is
obtained by removing r-many i-blocks from Y. If we write f}”? =>,Qv ()7,
then by Lemma B.1], it is easy to verify that Qy y(¢) = 1. /

By repeating the above process, we obtain a sequence of reduced proper Young
walls {Y®IN Cwhere YO = vV, YD = YO =V, .. YD = y#R)
Y(N) = Y(N-1) = Y. Suppose that Y *+1) = Y (*) is obtained by removing 71-
many iy 1-blocks from Y*) (0 <k < N —1). Then we define

(12) A(Y) = fU L fyy e va)R

1 N

By definition, we have A(Y) = A(Y). Write A(Y) = > ,cy5) Av,z(q)Z, where
Ay z(q) € Q(g). Then the coefficients Ay, z(q) satisfy the following properties:

Proposition 6.2.
(a) Avz(q) € Zlg,q7'].
(b) Ay,z(q) =0 unless |Y|>|Z].
(c) Ay.z(q) #0 and |Y| = |Z| imply Y = Z and Ayy(q) = 1.
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Recall that there exists a lexicographic ordering > on the set of partitions. For
the proper Young walls with the same associated partition, we fix an arbitrary total
ordering >. We now introduce a total ordering > on the set Y(A) as follows: we
define Y > Z if either |Y| > |Z| or |Y| = |Z| and Y > Z. Note that if |Y|> |Z|
and Y| # |Z|, then Y > Z.

By Proposition 6.2, A(A) = { A(Y)|Y € Vo(A)} are linearly independent over
Q(q). Hence it is a Q(q)-basis of V(A). We claim that A(A) is actually an A-basis
of V(A)A.

For a reduced proper Young wall Y € )J,(A), consider the corresponding global
basis element

(13) GY)= Y GvzZ

Since G(A) is an A-basis of V(A)*, G(Y) is an A-linear combination of the vectors
f(”) - f; TN)YA Hence Lemma Bl implies Gy z(q) € Q[g, ¢ !]. Since G(Y) =Y
mod ¢L(A ) we may assume that Gy, z(¢) € Q[g] and Gy, z(q) € ¢Q[g] unless Y = Z.
Write G(Y) = > ey, a) Hy,w () A(W), where H = (Hy,w (9))y,wey.(a) is the
basis change matrix from A(A) to G(A) over Q(q).

Since G(Y) = G(Y) and A(W) = A(W) for all Y, W € Yo (A), we get Hy,w(q) =
Hyw(q™'). Consider G = (Gy.z(q)), H = (Hy,w(q)) and A = (Aw,z(q)), which
are square matrices indexed by ), (A) in decreasing total ordering. Since G = HA
and A is upper unit-triangular, we have H = GA™1, which implies Hy i (q) € A.
Hence we obtain:

Proposition 6.3. A(A) = { A(Y)|Y € Vo(A)} is an A-basis of V(A)A.

Recall that G(Y) = > yyey, (a) Hy.w (@) A(W), and let W be the Young wall
which is maximal among the ones with Hy,w(q) # 0 with respect to the total
ordering >. By the maximality of W and Proposition (b), we have Gy w(q) =

Hy,w(q)Aw,w (q) = Hyw(q). Since Gy,w(q) € Qlg] and Gyw(q) = Hy,w(q )
Hyw(q') = Gyw(q™), Gy,w(q) must be a constant. Moreover, since G(Y )
re

mod ¢L(A), we conclude that Y = W and Gy,y(q¢) = Hy,y(¢) = 1. Therefore
Proposition 62 (b), we can write

(14) G(Y)= Y Hyw(@AW)=Y + Y Gyz()Z

Y>W Y>Z

by

Now, we can apply the algorithm for computing G(Y') as was done in [I0]. Fix
a weight A < A, and let Y7 > --- > Y] be all the reduced proper Young walls
in Y5(A)x. Note that (I4) implies G(Y;) = A(Y;). Suppose that we have com-
puted G(Yit1),...,G(Y7). Also, from ([Idl), A(Y%) is an A-linear combination
of G(Y%),G(Yit1),...,G(Y7). For k+1 < s < [, if the coefficient of Y; in
AYe) = S5 w(@G(Yy) (or A(Yx) if s = k+ 1) is 37 aiq ™" + Xj_, byd,
then define v5(¢q) = >_i_, ai(¢" + ¢~*) + ap. Then we obtain

G(Yr) = A(Ye) = Y4 1(Q)G(Yiy1) — - — ()G (V7).

To summarize, we have
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Theorem 6.4. For a reduced proper Young wall Y € Yo(A), the above algorithm
yields the corresponding global basis element

(15) GY)= Y GvzZ

ZeY(N)

Moreover, the coefficients Gy,z(q) satisfy the following conditions:

1
2
(3

[4

5
6
7
8
[9

10

[11

(i) Gy.z(q) € Zlg],
(ii) Gy,z(g) =0 unless |Y|>|Z|,
(ili) Gy,y(¢) =1 and Gy,z(0) =0 if Y # Z.

REFERENCES

] J. Brundan, A. Kleshchev, Hecke-Clifford superalgebras, crystals of type Aéi) and modular
branching rules for Sy, Represent. Theory 5 (2001), 317-403 (electronic). MR [2002]:17024

] R. Dipper, G. James, Representations of Hecke algebras of general linear groups, Proc. Lon-
don Math. Soc. 52 (1986), 20-52. MR [88b:20065

] V. G. Kac, Infinite-dimensional Lie algebras, Cambridge University Press, 3rd ed., Cam-
bridge, 1990. MR 192k:17038

] S.-J. Kang, Crystal bases for quantum affine Lie algebras and combinatorics of Young walls,
RIM-GARC preprint (2000) 00-2, Seoul National University, to appear in Proc. London
Math. Soc.

| S.-J. Kang, J.-H. Kwon, Fock space representations of quantum affine algebras and general-
ized Lascouz-Leclerc-Thibon algorithm, math.QA /0208204.

| M. Kashiwara, On crystal bases of the g-analogue of universal enveloping algebras, Duke
Math. J. 63 (1991), 465-516. MR [93b:17045

] M. Kashiwara, Crystal bases and Littelmann’s refined Demazure character formula, Duke
Math. J. 71 (1993), 839-858. MR 95b:17019

| M. Kashiwara, Crystal bases of modified quantized enveloping algebras, Duke Math. J. 73
(1994), 383-413. MR [95¢:17024

| M. Kashiwara, T. Miwa, J.-U. H. Petersen, C. M. Yung, Perfect crystals and q-deformed
Fock space, Selecta Math. 2 (1996), 415-499. MR 98f:17012

| A. Lascoux, B. Leclerc, J.-Y. Thibon, Hecke algebras at roots of unity and crystal bases of
quantum affine algebras, Comm. Math. Phys. 181 (1996), 205-263. MR [97k:17019

| G. Lusztig, Canonical bases arising from quantized enveloping algebras, J. Amer. Math. Soc.
3 (1990), 447-498. MR [90m:17023

SCHOOL OF MATHEMATICS, KOREA INSTITUTE FOR ADVANCED STUDY, SEOUL 130-012, KOREA
E-mail address: sjkang@kias.re.kr

SCHOOL OF MATHEMATICS, KOREA INSTITUTE FOR ADVANCED STUDY, SEOUL 130-012, KOREA
E-mail address: jhkwon®@kias.re.kr


http://www.ams.org/mathscinet-getitem?mr=2002j:17024
http://www.ams.org/mathscinet-getitem?mr=88b:20065
http://www.ams.org/mathscinet-getitem?mr=92k:17038
http://www.ams.org/mathscinet-getitem?mr=93b:17045
http://www.ams.org/mathscinet-getitem?mr=95b:17019
http://www.ams.org/mathscinet-getitem?mr=95c:17024
http://www.ams.org/mathscinet-getitem?mr=98f:17012
http://www.ams.org/mathscinet-getitem?mr=97k:17019
http://www.ams.org/mathscinet-getitem?mr=90m:17023

	1. Introduction
	2. Quantum affine algebras
	3. Crystal bases
	4. Combinatorics of Young walls
	5. Fock space representation
	6. Generalized LLT algorithm
	References

