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A NOTE ON THE CONSTRUCTION OF NONSEPARABLE
WAVELET BASES AND MULTIWAVELET MATRIX FILTERS OF
L2(R"), WHERE n > 2
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(Communicated by Guido Weiss)

ABSTRACT. In this note, we announce a general method for the construction
of nonseparable orthogonal wavelet bases of L?(R™), where n > 2. Hence,
we prove the existence of such type of wavelet bases for any integer n > 2.
Moreover, we show that this construction method can be extended to the
construction of n-D multiwavelet matrix filters.

1. INTRODUCTION

In this note, we are interested in the construction of dyadic nonseparable com-
pactly supported wavelet bases of L2(R™). This type of wavelet bases is defined as
follows.

Definition 1. Consider a discrete set of functions

(Vi (@) =27720' (272 k), j€Z, keZ", i=1,..2" -1},
obtained by translations and dilations of 2" —1 mother wavelets U?, i = 1,...,2"—1.
If the set {\Il;l}k}i,j,k satisfies the following three conditions:

(1) {W) 1 }ijx is orthogonal with respect to the usual L? inner product
(f9)= | [fl@)g(e)de,
Rﬂ,

(c2) Vf € L2R™), f(®) = Yri ' Yjezezn (Vi)W (), where the equal-
ity holds a.e., and

(c3) {W) ) }ijx satisfies the stability condition, that is, 3co > ¢1 > 0 such that
for any f € L*(R"™), we have

2" —1
allfIE< D Y HYP <ellfls

i=1 jeZ,kezZn

then {¥}, }; jx is called a dyadic orthogonal wavelet basis of L*(R™).
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Note that in general, the set of mother wavelets U?, i = 1,...,2" — 1 is related
to a mother scaling function ® which is an appropriate solution of the following
refinement equation:

(1) O(w) =2" Y ®(2w — k),

kezZn

with [®(z)dz = 1. Note that if in (@), (ax)k is a finite sequence satisfying
> ok = 1 and if Hy denotes the n-variate trigonometric polynomial given by

—ik-(w1,...,wn
Ho(wi,y .- wn) = g e K (@ ),
k

then
i w w
= 1
D(wr,...,wp) = HHO (2—3,,2—7)
j=1
In this case, the different mother wavelets %5 =1,...,2" — 1 are given by

Ti(wr,...,wn) = Hi (%%)@(%w—” Vie1,...,2" 1,
for some appropriate n-variate trigonometric polynomials, also called high-pass
wavelet filters.

Finally, we should mention that unlike the 1-D case where an extensive work
has been done, the construction of nonseparable orthogonal wavelet bases is still
a challenging problem. To this date, only very few references have dealt with the
construction of such multivariate orthogonal wavelet bases in some special cases;
see [I]. Nonetheless, many references have dealt with the construction of multidi-
mensional biorthogonal wavelet bases.

Finally, this note is organized as follows. In section 2, we construct the different
orthogonal wavelet filters, candidates for generating nonseparable wavelet bases
of L?(R"), and study the stability of the associated wavelets. In section 3, we
show how to extend the previous construction to the design of multidimensional
multiwavelet filters.

Notation. In this note, we denote wy = (wi,...,wr) € R¥ n, = (n},...,n0) €
E, ={0,7}" m = (m,...,m) € RF.

2. CONSTRUCTION OF n-D COMPACTLY SUPPORTED AND ORTHOGONAL
WAVELET BASES

2.1. Construction of multivariate orthogonal wavelet filters. We first con-
struct a family of 2-bands orthogonal and compactly supported low-pass wavelet
filters (n-variate trigonometric polynomials) Hy (w1, ...,wy). This family is given
by the following proposition.

Proposition 1. Let Hy(w) and Gi(w) = e “H, (w+ ) be any 1-D low-pass and
the corresponding high-pass orthogonal wavelet filters of L?(R), respectively. Define
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an n-variate low-pass wavelet filter Hy (w1, . .. ,wy) by the following iterative process:
V2<k<n choose an integer 1 <l <k —1,
Piq(wr,..ywig) = Hp_1(2w1,...,2wk—1),
Qr-1(w1,...,wp) = Hp1(2wi+m,...,2wg_1 +7),
Hi(wi,...ywg) = Pro1(wiy. e wi—1) Hi (Wk—1,415 - - - s WE)
+Qr—1(w1,- ., wWk—1)Gl (Wh—tp 415 - - Wk),

where Gi(wi, ...,w) = e “ Hj(wy +7,...,w + 7). Then H,(0,...,0) = 1. More-

over, H, satisfies the following orthogonality condition:

(2)  |Hu(wiy oo oswn) P+ [Ho(wr + 75w +m) 2 =1, Y(wi,...,wn) € R

Proof. See [6]. O
It is well known that the construction of dyadic, orthogonal and compactly sup-

ported wavelet bases of L?(R™) requires the construction of one low-pass filter Ho

and 2™ — 1 high-pass filters H;,7 = 1,...,2™ — 1. These different wavelet filters
must satisfy the following matrix equation (see [, 8]):

Ho(w) Holw+my) -+ Holw+mm_y)
Ha(w) Hi(w+my) Hi(w +mMgn_1)
Hono1(w) Hona(w+my) - Hoeoa(w+m9n_y)
Ho(w) Hiy(w) e Han—1(w)
Ho(w +m4) Hi(w+my) -+ Honoa(w+my)
X . . . = 12n,
Ho(w+myn_y) Hi(w+mon_y) -+ Honoa(w+m9n_y)

where the 7, are the different points of the set E,, = {0,7}™. A solution to the above
matrix equation is obtained by the use of a family of n — 1 matrices D; € Z"*"™
satisfying the following three properties:
(P1) Y, € En, Di(n;) = Di(nj) mod (27Z™), where ;= Tn — N;.
(P) For all n;, # n; and all n; # 03, we have D;(n;) # Di(n; ) mod (27Z").
(P3) If F;, = D;D;_1---D1(Ey)/2xzn, then |F;| = ‘E}*l and F; is a symmetric
subset of E,, i.e. Vn € F;, n° € F;.

Remark 1. If {eg}r=1,. . n denotes the usual basis of R"”, and if V1 < i < n, we
denote D; the matrix defined by

n
Di(ex) =ex if k#di,i+1, Di(e;)=ei+eiy1, Dilein)= > ex—ei,
k=1 ki

then the family {D;; i =1,...,n — 1} satisfies the above three properties.

The construction of Hy is then given by the following proposition.
Proposition 2. Let Hy(ws,...,wy) be the n-D filter of Proposition 1. Define H
by

n—1
Ho(wi,...,wn) = [[ Ho(Dx -+~ Do(ws, ... ,wn)).
k=0
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Then Ho(0,...,0) = 1. Moreover, Hq satisfies the following orthogonality condition:
2" —1

(3) > Holwn +m,)° =1, VYw, €R™.
=0

Proof. Since Hp(0,...,0) =1, we have
n—1
Ho(0,...,0) = [[ Ho(Dk -+ Do(0,...,0)) = 1.
k=0

Moreover, since
Dy(n;) = D1(nj) mod (27Z"), Vm; € En,

it follows that
"1

> [Ho(w +m,)”

=0

= > [Hol(w+m) + [Hol* (@ +m7)] - 1:[ | Hol*(Dy -+ (D1 (w) + ;)
k=1

n.en
= Y [ 1HP (D (Di(w) + )
1n,€F k=1
n—1
= S [1HP(D () + 1) + | Ho2(Da(w) + )] ] 1Hol2(Ds - (D () +m,))
n,€F2 k=2

=Y 1:[ |Hol*(Dy -+ (D1 (w) + ;)

n,EF k=2

= Y [Hol(Dn1--Di(w) +my)
N, €Fn—1

Hol*(Dy—1 -+ Dy(w) +mg) + |Ho|*(Dn-1 -+ Di(w) +nf) = 1.

O

Once Hy is constructed, one is faced with the problem of finding the remain-
ing 2" — 1 high-pass wavelet filters H;,7 = 1,...,2" — 1, satisfying the following
equations:

(4) > Hilwn +m)Hj(wn +m;) =050, Y0O< 5 <27 -1
7,€En

In general, a solution of (@) is hard to obtain. Nevertheless and thanks to the
particular structure of Hy, a solution to the above equations is given by the following
theorem. Note that the biorthogonal version of this theorem is given in [5].

Theorem 1. Let Hy be the n-D wavelet filter of Proposition 1. Let D1, Do, ...,
D,,_1 be a set of matrices with integer coefficients and satisfying the three properties
(P1), (P2) and (Ps). Define a filter Hy by

Hy(wy) = e “Hy(wy, 4 ).
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Fori=1,...,2" — 1, define H; by

n—1
(5)  Hi(wn) = [[€§Ho(D;Dj—1 -+ Down) + (1 =€) Hi(D; D1 - - - Dowy),
7=0

where (eb, €%, ..., €, _)i=1,2n—1 are the different points of {0,1}"\(0,0,...,0). Then
Hi,i=0,2" — 1, is a solution of (H).

Proof. See [6]. O

2.2. Stability of the orthogonal wavelet bases. It is well known that a solution
of @) does not ensure the construction of wavelet bases of L?*(R™). In fact, the
translates of the scaling function ® derived from Hy must satisfy the stability
condition, that is,

(6) 0<c < Y [@(wy +27k)|* < ez < +00,
kezn

for some constants ¢y, cs.
It is known (see [3,[7, O]) that if T3, denote the transition operator associated
with Hy and defined by

Tro(Fwa) = Y [Ho(S+m))2f (52 +n))
7,€En

and if V' is a finite-dimensional subspace of n-variate trigonometric polynomials and
V' is invariant under the action of T%,, then the stability and the orthogonality of
our wavelet basis can be deduced from the spectral radius of T4, /v, the restriction
of T, to V. More precisely, if 1 is a simple eigenvalue of Ty, /v and if the other
eigenvalues are inside the unit circle, then Hy gives rise to an orthogonal wavelet
basis of L?(R™). The following theorem provides us with an explicit invariant sub-
space V under T}, as well as the different coefficients of the matrix representing

Theorem 2. Let Hy be the filter of Proposition 2 and

M

[Ho (w1, ..., wn)]? = Z Brma.....m, COS [Z miwi] )

M yeecyMmp=—M =1

Let V = spanQ, where Q = {Ux = cos [y, kiwi], k = (k1, ..., kn) € supp |Ho|?}.
Define a matrixz By, by

By, (Uy) = 271 > Pict21[Urk + U1
Lk, 14+2k€esupp |Ho|?

Then, By, represents the restricted operator Ty, /v. In particular, if 1 is a simple
eigenvalue of By, and if the other eigenvalues are inside the unit circle, then Hy
generates an orthogonal wavelet basis of L?(R™).

Proof. See [6]. g
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3. CONSTRUCTION OF n-D MULTIWAVELET FILTERS

In this section we show that the techniques of the previous section can be used
for the construction of orthogonal multiwavelet bases of L?(R™). Note that a 1-
D orthogonal multiwavelet basis of multiplicity » > 2,7 € N is an orthogonal
and stable set generated by translations and dilations of a vector-valued mother

multiwavelet function ¥ = (11, ...,4"™)T. The associated vector-valued multiscaling
function ® = (¢!,...,¢")T satisfies the functional equation
(7) o) = 3 Pad(20 - ),

a€Z

where P, is an r X r matrix with real coefficients. If we define the trigonometric
matrix function P(w) by

(8) P(w) = % Z P, exp(—iaw),
a€Z

then by applying Fourier transform to (@), the latter can be written as
~ WY o (W

) q)(w)*P(z)'q)(Q)'

Unlike the one-dimensional case, where an extensive work has been done in the
theory and the design of 1-D multiwavelet bases, only very few references have dealt
with the theory and the design of multidimensional multiwavelet bases [2]. For the
sake of simplicity, we will be concerned with the construction of n-D multiwavelet
matrix filters in the special case r = 2. Moreover, we will use very often the following
basic condition B on the low-pass matrix filter P(w), which is a necessary condition

for the existence of multiwavelet basis and it is due to [9]. This condition is given
as follows:

Basic condition B. We say that the matrix mask P satisfies the basic condition
B, if the following two conditions are satisfied:

(C1) P(0) has the form [} §], where X is an (r — 1) x (r — 1) matrix such that
p(A) < 1. Here p(-) denotes the spectral radius of a given matrix.
(Co) Vi €{0,1}", el P(um) = dpef, where el = (1,0,...,0) € R".

It is shown in [J] that if P(w) satisfies condition B, then the infinite product
H;’;l P (2%) converges to the r X r matrix [@(w)A, 0,..., 0], where A is an eigen-
vector of P(0) corresponding to the eigenvalue 1. Also, it is well known that a
necessary condition for the orthonormality of the » components of ® is the follow-
ing equality:

(10) P(w)P*(w) + P(w + m)P*(w + ) = I,

where P* = ﬁT, the transpose of the conjugate of P. Also, it is well known that
the construction of n-D dyadic multiwavelet matrix filters with multiplicity r = 2
requires the design of one low-pass 2 x 2 matrix filter P, (w) and 2™ — 1 high-pass
2 x 2 matrix filters Q! (w) such that the following matrix equation holds:

Pp(w + p) Pr(w + pm)
Q) (w + pm) O (w + )
(11) . .

== 12271 .

om 1 o2 —1
Q2 " Hw + pm) pe{0,13n Q) Hw + pm) pe{0,1}n
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One major difficulty in the design of multidimensional multiwavelet matrix filters
is the noncommutativity of the matrix product. As we will see, this extra difficulty
does not affect very much the construction method of the previous section. To solve
(1), we need the result of the following proposition, whose proof is given in [6].

Proposition 3. Let P,Q1 be a 1-D matriz filters generating 1-D multiscaling
function and multiwavelet with multiplicity 2. Let Hy be the p-variate wavelet filter
of Proposition 1. For 2 < k < n, define two sequences of matriz filters Py, Q. by
the following iterative process:

V2<p<k, let
Lp(wp) = Hp2wp), My(wp) = Hy(2wp + ),
Py(wp) = Ly(wp)Pp1(wp—1) + My(wp)Qp—1(wp-1),
Qp(wp) = My(wp)Pp-1(wp-1) = Ly(wp)Qp—1(wp-1)-
Then P, (-), Qn(:) is a solution of the following equation:
(12) Po(wn)  Pu(wn + ) } ] { Py (wn) Q;(wn) =1,
Qn(wn) Qn(wn + ) Py(wn + ) Qn(wn + )

Next, the following proposition gives us an n-variate matrix filter candidate for
generating an n-D multiscaling function.

Proposition 4. Let P, be as given by Proposition 3 and let Dy = I, and D;,i =
1,...,n—1 be a set of matrices satisfying the three properties (Py), (P2) and (Ps).
Define an n-variate matriz filter Pp(wy) by

n—1
(13) Pr(wn) = [ [ Pa(Dn—r-1 - Dowy);
k=0

then P, satisfies the basic condition B. Moreover, P, is a solution of the following
matriz equation:

(14) > Pulwn+m)Ph(wn+my) =L, Vw, €R™
1, €E,={0,7}"

Proof. See [0]. O

Finally, the different 2™ — 1 matrix filters candidates for generating the different
n-D mother multiwavelet functions are given by the following theorem, whose proof
is given in [6].

Theorem 3. Let P, Q,, be as given by Proposition 3 and let P,, be as given by the
previous proposition. Let Do = I,, and let D1, ..., D,_1 be a set Qf matrices satisfy-
ing the three properties Pi, Pa, P3. Define 2™ — 1 matrix filters Q)i =1,...,2" —1
by

(15) Qiz(w) = 1:[ [GZPn(Dn—k—l te 'DOW) + (1 - 67};@)Qn(Dn—k—1 te DOW)} )
k=0

where (€, ... € _1)iz1,2n_1 are the different points of {0,1}"\ {0, }. The set

{Pn,QL,..., 02 1}
is a solution of ().
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