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ABSTRACT. We introduce a stochastic model for complex networks possessing
three qualitative features: power-law degree distributions, local clustering, and
slowly growing diameter. The model is mathematically natural, permits a wide
variety of explicit calculations, has the desired three qualitative features, and
fits the complete range of degree scaling exponents and clustering parameters.

1. INTRODUCTION

Three popular science books [5], [7], [T5], a dozen articles in Science and Nature,
and 154 preprints at xxx.arXiv.org/cond-mat deal with complex networks, which
in this context means the empirical and theoretical study of large graphs, focusing
in particular on those possessing the following three qualitative properties, asserted
to hold in many interesting real-world examples:

e the degree distribution has power-law tail;
e local clustering of edges: graph is not locally tree-like;
e small diameter — O(log (number of vertices)).

The nature of that subject—typically not presented as rigorous mathematics—is
most easily seen from the long survey papers [1I], [8], [I3] and associated monograph
[12], and we will not attempt an overview here. A shorter survey [6] emphasizes
rigorous mathematical results, more of which are appearing in a new journal In-
ternet Mathematics. The probability models which have been studied are mostly
variations of two basic ideas. In proportional attachment models, vertices arrive and
form edges to existing vertices with relative probabilities increasing linearly with
degree of the existing vertex. In lattice small worlds models, vertices are points of
Z¢ and in addition to lattice edges there are long edges between random vertex-
pairs chosen with probabilities decreasing with distance. But it has often been
noted that neither class of models gives all three desired properties without adding
extra ingredients to force a property to hold by fiat, as illustrated by the following
quotes.

Most models proposed to describe the topology of complex networks
have difficulty capturing simultaneously these two features [in our
list of three]. [14]
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There is a great need for models of real-life networks that incorpo-
rate many of the important features of these systems, but still can
be analyzed rigorously. [6]

Our purpose is to introduce a model, based on somewhat more sophisticated math-
ematics, designed to possess all three qualitative properties in a mathematically
natural way, and to permit a wide variety of explicit calculations in the n (= num-
ber of vertices) — oo limit. We do not claim the model is canonical—we could
imagine quite different models satisfying the same desiderata—but such models
have not appeared in the literature.

A longer account of this model, aimed at non-mathematicians and emphasiz-
ing the conceptual aspects of the model and the explicit calculations, will appear
elsewhere [3]. In this account, aimed at mathematicians, we emphasize how some
existing mathematical structures and methodology can be used to implement the
kind of graph-modeling ideas studied more naively in the complex networks litera-
ture. The bald construction (Section [2)) will at first sight seem neither natural nor
tractable. Section [2.I] compares it with standard models. Section [3] reviews some
existing mathematical structures and methodology (the Yule process; steady-state
Poisson universe; local weak convergence and the PWIT). Section M puts it all to-
gether to reveal why one can do explicit calculations in the n — oo limit, and then
Section BT outlines illustrative calculations.

Our model has of course some disadvantages, detailed in [3]. In particular, the
graph G, is typically not connected. By analogy with classical Erdés-Rényi random
graph theory, we expect that (on one side of a critical line in parameter space) there
is a unique “giant component” of G,,, whose diameter is O(logn). One could make a
connected graph by modifying the definition so that an arriving vertex always links
to its closest neighbor, though this would make explicit formulas more complicated.

2. THE FINITE n MODEL
We define the model in steps (a)—(e).

(a) Vertices n = 1,2,3,... arrive successively, vertex n arriving at time ¢, =
logn. The model can be indexed by number of vertices (n =1,2,3,...) or
equivalently by time (0 <t < 00).

(b) When vertex n arrives at time t,, there are created links from n to each
vertex 1 < j < n. Each link-length d(n, j,t,) is random with exponential
(mean n) law, independent of other link-lengths.

(c¢) The link-lengths increase with time at deterministic rate 1; at time ¢t > ¢,
the link (n, j) has length d(n, j,t) = d(n, j, t,)et"t».

(d) At time ¢ the distance d(i, j,t) between two vertices 4,5 (where 4,j < et =
number of vertices present) is defined as the minimum, over all paths from
i to j, of the length of the path (i.e. sum of link-lengths along the path).

What we have described so far is a “geometry” (we write D,, or D;) of an evolving
random discrete metric space. The object of this paper is a directed graph process
(we write G,, or G;) built on top of this geometry. The model has two parameters
a, A > 0, which enter only via the function

(2.1) p(z) = min(1,axe™ ), 0<z < oco.
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We require

(o]
(2.2) / p(x) de <1,
0
which forces the parameter range to be
a<land e\ <1; oral>1and A7} +log(a)) < 1.

In fact the model makes sense for any function p(z) < 1 satisfying (Z2), but the
slightly arbitrary parametrization (Z1) is convenient for obtaining explicit formulas.

(e) When vertex n arrives at time ¢,, for each 1 <i <n:
e a directed edge n — i is created with probability p(d(n,i,t,));
e for each 7 < n such that i — j is an existing edge in G,,, a directed

edge n — j is created with probability p(d(n,i,t,)).

This provides an inductive description of G,. Of course as well as its graph
structure, G,, inherits “metric” structure such as real-valued edge lengths (growing
exponentially with time).

Let us make two remarks on definition (e). Note that the probabilities depend on
link-lengths d(-) instead of metric distance d(-). And note that the probability that
an existing edge ¢ — j is “copied” to a new edge n — j depends on the link-length
from n to the “head” i, not to the “tail” j.

2.1. Comparisons with other models. In the small worlds models, vertices
are points in d-dimensional space, which automatically provides a metric distance
between vertices, and the model uses some rule to create a random graph with short-
range and long-range edges. In purely graph-theoretical models, such as the basic
proportional attachment model, the vertices have no “intrinsic structure” other than
that provided by the graph; we visualize this as saying that each pair of vertices is
metric distance 1 apart. In related “copying” models a new vertex picks existing
vertices ¢ and, in some random way, creates edges to those vertices i and copies
edges to some j for which i — j is an existing edge, in the spirit of (e) above.
One can regard (e) as defining a new class of metric copying models, which could
be combined with any model of metric distance d(-). In a metric copying model
we visualize vertices as points in some abstract metric space, representing (in the
case of web pages, say) the difference between the content of the pages, or (for
people) some notion of “social distance” based on location, education, profession,
interests, etc., of the individuals. In detail our particular geometry model is chosen
for mathematical tractability rather than any claimed realism. But it does have the
property (see Section [3.3)) that the number of vertices within metric distance r of a
typical vertex grows exponentially with r. This property is intermediate between,
and surely in many contexts more plausible than, the alternatives implicit in the
two standard categories of models above.

Of course ours is not the first model seeking to combine the “metric” and “copy-
ing” ingredients, but other models [10], [I1], [9] do not permit the same range of
explicit calculations.

3. THREE MATHEMATICAL STRUCTURES

Here we recall three structures which will be used in the construction and analysis
of our model. A note at the end of each subsection says where they are used.
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3.1. The Yule process. Fix 0 < § < co and set N(0) = 1. The Yule process of
rate 0, written (N(t),¢ > 0), represents population size in a population of immortal
individuals, each of whom reproduces at stochastic rate 6. In other words, it is the
continuous-time Markov chain which changes only by +1 steps and for which

P(N(t+dt) =m+ 1IN (t) = m) = Om dt.

This is a well-understood elementary example of a stochastic process, for which we
quote two explicit results (both going back to the original 1924 paper by Yule [16]).
First

(3.1) N(t) has geometric(e™%) law,

meaning P(N(t) = m) = (1 —p)™ !p, m > 1 for p = e7%. Second, if T is an
independent exponential (mean 1) r.v., then

I'd+1r@a/6
(3.2) P(N(T)—1>d) = P+ DEA/0) .o

or(d+1+3)

Where used? The Yule process is used in analysing in-degree distribution (Section
ETT) and density of induced subgraphs (Section [Z.1.3).

3.2. The steady-state Poisson universe. In the 1950s the astronomer Fred
Hoyle noted that the fact that more distant galaxies recede more rapidly was not
logically inconsistent with the supposition that the universe has existed, and looked
statistically similar, for ever; because it might be that matter is continually created
from empty space. This steady state cosmological theory was never widely accepted,
but does correspond to a well-defined mathematical model for random points. The
simplest “static” model for random points in R? is the Poisson process of spatial
rate 1, for which the mean number of points in a region equals the d-dimensional
volume of the region. One now makes a “dynamic” or space-time model over time
—00 < t < oo by specifying that
(i) points move away from the origin as deterministic motion with exponential
rate 1/d; a point at position x at time ¢ will be at position zel—D/d gt
times t' > t.
(i) New points appear as a rate-1 space-time Poisson process; that is, the
chance of a point arriving in a cube of volume dz during a time interval dt
equals dx dt.

It is straightforward that such a process exists which is time-stationary: at any
time the spatial distribution of points is the Poisson process of spatial rate 1. One
could also consider this space-time process with the direction of time reversed. Then
in (i) the exponential motion is towards the origin; in (ii), a point existing at time
to has a “disappearance” time T' < to such that tyg — T has exponential (mean 1)
law.

Where used? Our model is designed so that its n — oo limit is an infinite-
dimensional analog of the space-time process above—see paragraph (i) of Section

3.3. Local weak convergence and the PWIT. The ideas here are treated in
detail in the survey paper [4]. Consider the space of graphs whose edges have
real-valued lengths, with one vertex distinguished as the root, and which are locally
finite in that there are only finitely many vertices within any fixed distance from the
root. There is a natural notion of local convergence of such graphs. This induces a
notion of local weak convergence of finite random graphs to a limit infinite (locally
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finite) rooted graph, based on choosing a uniform random vertex of the finite graph
to be a root. In our “geometry” D,, at time t, all the (g) link-lengths between
the n vertices are independent with exponential (mean n) distribution. It is known
(and easy) that D,, has a n — oo limit in the sense of local weak convergence, called
the PWIT.

The PWIT is defined by a construction, illustrated in Figure Start with a
single root vertex (). This root vertex is then given an infinite number of links to
its children vertices, these link-lengths having the law of a Poisson process (f? :
1 <i < o0) of rate 1 on (0,00). Now, recursively, each vertex v arising as a child
of a previous vertex is given an infinite number of links to its children, and these
link-lengths (& : 1 < i < o0) again have the law of a Poisson process of rate 1,
independent of previous lengths. This procedure is then continued ad infinitum.
The resulting rooted infinite tree is a well-defined random object, called the Poisson
weighted infinite tree (PWIT). An obvious, but very useful for calculations, property
of the PWIT is its recursive self-similarity: the subtrees at each child of the root
are independent copies of the PWIT itself.

The distance d(v, w) between two vertices of the PWIT is just the sum of link-
lengths along the path from v to w. Though we have drawn a tree in Figure [
the lines merely indicate the link relationships; it is better to think of the edges as
absent while retaining the distances d(v,w). In this way we may regard the vertices
of the PWIT as an infinite-dimensional analog of the d-dimensional Poisson point
process in Section

The Yule process is encoded within the PWIT as the process, indexed by r > 0,
which counts the number of vertices within distance r of the root. This is not our
main use of the Yule process, but does imply (using (3])) that the mean number
of such vertices equals e”, thus providing one justification for regarding the PWIT
as “infinite-dimensional”.

Where used? Our model adds time-dependence and graph structure to the geom-
etry Dy; we will study its limit behavior in the next section by adding corresponding
structure to the PWIT.

In contrast to its use in this paper, the primary use of the PWIT is as a platform
to study properties of solutions of combinatorial optimization problems such as the
traveling salesman problem on random instances; such study is often intractable in
the Poisson model on R?. See [2] for recent work.

4. THE n = 0o LIMIT GRAPH PROCESS

We can now explain, in stages, the motivation for our complex network model;
it is designed to have tractable structure in the n — oo limit.

(i) Just as the tg — oo limit of the “static” geometry Dy, is the PWIT, say
D, we can consider the g — oo limit of the “dynamic” space-time geometry
(Diy+t, —to <t < 00), and this limit is a space-time version (D}, —oco < t < c0) of
the PWIT. Loosely, we regard this as an infinite-dimensional analog of the steady-
state Poisson universe in Section B2, At ¢ increases, inter-point distances increase
exponentially, but the arrival of new points maintains a constant density and gives
the time-stationary property.

(ii) Our finite random graph process G,, was built on top of D,, by rule (e) of
Section 2. We now use exactly the same rule to define a random graph process
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Ficure 1. The PWIT. Hlustration of the vertices of the PWIT
within a window of radius 3 centered on the root (). Lines indicate
the link relationship, but are drawn only when both end-vertices
are within the window. Thus the four links of ( shown have lengths
0 < 5? < 58 < ég) < gff < 3, while there are infinitely many links
at () with lengths greater than 3. Orientation of lines in the figure
is arbitrary.

(Gf, —o00 < t < o0) built over the space-time PWIT (Df, —oo < t < o0). The
time-stationary property of the space-time PWIT extends to (G;).

(iii) By definition of local weak convergence, the structure of G around the
root is the n — oo limit of the structure of G,, around a uniform random vertex.
So for many quantitative questions about G,,, the n — oo limit is given exactly
as the answer to a corresponding question about Gj. As illustrated later, many
such questions can be answered explicitly by doing “calculations around the root”
exploiting the structural properties listed below.

While there are many details involved in making the above assertions rigorous,
there is nothing mathematically hard. Showing that there exists a time-stationary
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version of (G;') ultimately comes down to the fact (£3)) that the mean vertex degree
is finite. The argument for that fact can be rephrased to show that, starting from
no edges and running the dynamics (e), the mean vertex degree remains bounded,
so that by taking subsequences of time-averages and passing to a limit one gets a
stationary distribution.

Of course, the object G; that we need to study is not defined explicitly but
rather as the stationary distribution of the process (G;) built over the geometry
(Dy). What makes calculations feasible is the interplay of three nice structural
properties. We have already mentioned

e recursive self-similarity of the PWIT;
e time-stationarity of the joint process (Dj, G} );

so let us now develop the third property
e embedded Yule processes.

The basic instance concerns vertex in-degrees. In particular, consider the process
Niu(t) =1+ in-degree of root at time T, + ¢,

where T,,. is the arrival time of the root. This process is the Yule process of rate

(4.1) 8= /Ooop(r) dr < 1.

To see why, note that the dynamics of the geometry (Df) can be expressed intu-
itively as: for a vertex v present at time ¢,

there is chance 1 - dr dt that during [t,t + dt] a new vertex v’
(4.2) will appear with a link to v of length € [r,r + dr] .
Apply this at time ¢ to the N(t) = n vertices v which are either the root or have an

edge v — root; an arriving v’ has chance p(r) to create a new edge into the root,
so the overall rate of such new edges equals n fooo p(r)dr.

4.1. Tllustrative calculations. Here we outline four calculations from [3], empha-
sising how the structure is used and omitting calculus details.

4.1.1. Distribution of in-degree. The distribution of in-degrees in G,, has a n — oo
limit, say Djy, which is the in-degree of the root of Gj. The age —T,,, of the root of
Gg has exponential (mean 1) law, as for the steady-state Poisson process. So Dj,
has the law of Ny, (—Th.) — 1, where Ny, () is the Yule process of rate 8 at (@I)).
So from we can read off the formula

I'(d+ 1)1/
P(Dy, > d) = ( )(/1)7 >
ﬂI‘(d—i—l—Fg)
This has mean
(4.3) EDy, = %5

and power-law tail

P(Diy = d) ~ 5°T(1/8) &5,
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4.1.2. Distribution of out-degree. The distribution of out-degrees in G,, has a n —
oo limit, say Dgyt, which is the out-degree of the root of Gj. Since the out-edges are
formed on arrival, we may suppose the root of the PWIT has just arrived. Consider
a link (root, v") of length r. For each out-edge of v', and for v’ itself, there is chance
p(r) that a corresponding out-edge is created at the root, so the number of such
edges has Binomial(1+ D@, p(r)) law, where D is the out-degree of v/. Summing
over all links whose lengths (&;,7 > 1) form a Poisson process of rate 1,

(4.4) Doyt = »_ Binomial(1+ D, p(&;)).
i=1

By recursive self-similarity, the (D(®)) are independent with law Dgyt, so (B2
provides an equation for the law of Dgyt. Of course EDgyy = ED;, but the
distributions are different. While we do not have a useful explicit solution in general,
one can calculate moments and can identify the law in several parameter-limit
cases [3].

4.1.3. Density of induced complete subgraphs. Let G be a finite directed acyclic
graph. Define a random variable X,,(G) to be the number of vertex-subsets V' of
Gy, such that G, restricted to V is isomorphic to G. Our methodology enables us
to study asymptotics in terms of G§. Essentially (omitting fussy conventions about
rooting and automorphisms of G)

lim L EX,,(G) = x(G)

where

X(G) is the expected number of vertex-subsets V' of G% including
the root such that G% restricted to V is isomorphic to G.

One can obtain formulas for x(G) in many cases, in particular for the complete
directed acyclic graph K, on r > 2 vertices. The idea in this case is that a K, is
formed by a newly arriving vertex creating edges to all vertices of an existing K.
For a given K, the process which counts the number of such K, ;1’s, plus the K,
itself, turns out to be a Yule process of rate 3, = fooo p"(u) du, and we eventually
obtain the formula

The case r = 3 is useful for the following reason. One of the basic summary statistics
in empirical study of complex networks is the cluster coefficient, which measures
relative density of triangles. For our purposes we use

r—1
a(,) = T 2
u=1

. ~ lim E(number of triangles in G,)
cluster = T E(number of directed 2-paths in G,,)

X(K3)
(EDip)(EDout)

So we have formulas for two basic parameters (mean degree and Kcjuster) i terms
of p(-). As shown in [3], an advantage of our particular specification of p(-) in terms
of two parameters o, A is that the complete range 0 < ED;;, < 00, 0 < Keluster < 1
is attained, for unique parameter values.
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4.1.4. Distribution of edge-lengths. In our graph model, edges have real-valued
lengths, and so there is a law L for the length of a “typical” edge in the limit
G5, representing the n — oo limit law of a uniform random edge of G,. We can
calculate this law using the time-dynamics of the limit graph process (G;). We treat
the simpler case aX < 1. Consider the lengths of the in-edges at a particular vertex
vg. Following a tradition in mathematical probability, we visualize an in-edge of
length ¢ as a “particle” at position £ on a line; we also put a particle at position 0
to represent the vertex vy itself. If we start time 7 with 7 = 0 at the arrival time
of vy, then the evolution of the “particle process” can be specified as follows.

(i) There is a particle at position 0 at all times 7 > 0.
(ii) For each particle (at position x at time 7, say), at stochastic rate « per unit
time a new particle appears at position x + Exp()), where Exp(\) denotes
a r.v. with exponential (rate \) law.
(iii) Particle positions increase deterministically at exponential(1) rate: a par-
ticle at x at time 7 will be at ze™ ™7 at time 179 > T.
Rule (ii) derives from (E2): for an existing edge (v',vp), a new vertex arriving at
link-distance r from v’ creates an edge to vy with probability p(r), so the rate at
which each existing edge is copied equals fooo p(z) dz = «; moreover conditional on
copying, the distance r has Exp(\) distribution, and so the length of the new edge
equals the length of the old edge +Exp(\).
Such a particle process can be analyzed by classical methods—set up and solve
a differential equation for

g(7,2) = mean density (in x) of particles at time 7.

Ultimately one obtains a hypergeometric-type series expression for the probability

density function of L:

1-—a i (i + D) (a +3) (=)
F't+a+3)

(4.5) , 0 <z < oo

(07
=0
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