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Abstract. Our motivation is the following problem: to describe all positive
solutions of a semilinear elliptic equation Lu = uα with α > 1 in a bounded
smooth domain E ⊂ Rd. In 1998 Dynkin and Kuznetsov solved this problem
for a class of solutions which they called σ-moderate. The question if all
solutions belong to this class remained open. In 2002 Mselati proved that this
is true for the equation ∆u = u2 in a domain of class C4. His principal tool—
the Brownian snake—is not applicable to the case α 6= 2. In 2003 Dynkin
and Kuznetsov modified most of Mselati’s arguments by using superdiffusions
instead of the snake. However a critical gap remained. A new inequality
established in the present paper allows us to close this gap.

1. Introduction

1.1. Diffusions and superdiffusions. We denote by M(S) the set of all finite
measures, and by P(S) the set of all probability measures on a measurable space
S. B(E) stands for the set of all positive Borel functions on E. We use notation
〈u, µ〉 for the integral of u with respect to a measure µ, and notation P{A, Y } for
the integral

∫
A Y dP .

Let L be an elliptic differential operator of the second order in Rd. Under mild
assumptions on the coefficients of L, there exists a continuous Markov process ξ =
(ξt,Πx) in Rd whose transition density is a fundamental solution of the parabolic
equation ∂u/∂t = Lu. We call this process a diffusion. For every open set D we
denote by τD the first exit time of ξ from D.

Let ψ be a positive Borel function on R+ = [0,∞). Suppose that to every open
set D and every µ ∈M(Rd) there corresponds a random measure (XD, Pµ) on Rd
such that, for every f ∈ B(Rd),

(1.1) Pµe
−〈f,XD〉 = e−〈u,µ〉

where u satisfies the equation

(1.2) u(x) + Πx

∫ τD

0

ψ[u(ξt)]dt = Πxf(ξτD).
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We call the family X = (XD, Pµ) a superdiffusion. [Heuristically, we have here a
model of a random evolution of the cloud of particles, and XD is a mass distribution
on ∂D if each particle is frozen at the first exit from D.]

The existence of a superdiffusion is proved for a convex class of positive convex
functions which contains the functions

(1.3) ψ(u) = uα, 0 < α ≤ 2.

[See, e.g., Chapter 4 in [Dy02].]
By restricting the family (XD, Pµ) to D ⊂ E and µ ∈ M(E) we define a su-

perdiffusion in an open set E.
A new tool—a family of measures Nx, x ∈ E (defined on the same space OO as

measures Pµ)—was introduced in [DK04]. Our inspiration was the role played by
an analog of these measures in Le Gall’s theory of the Brownian snake.1

The range RE of a superdiffusion in a domain E is a minimal closed set which
supports, Px-a.s. and Nx-a.s., an exit measure XO for an arbitrary open set
O ⊂ E and for every x ∈ E.

1.2. Stochastic boundary values of harmonic functions. We say that a func-
tion h in E is harmonic in E if Lh = 0 in E and we use the notation H(E) for the
set of all positive harmonic functions. If E is smooth,2 then there exists a 1-1 cor-
respondence between H(E) andM(∂E). The harmonic function hν corresponding
to ν ∈ M(∂E) is given by the formula

(1.4) hν(x) =
∫
∂E

kE(x, y)ν(dy)

where kE(x, y) is the Poisson kernel for L in E. For every ν ∈ M(∂E), there exists
a random variable Zν such that

(1.5) Zν = lim 〈hν , XDn〉 Px-a.s. and Nx-a.s.

for every x ∈ E and for every sequence Dn exhausting E.3 We call Zν the stochastic
boundary value of hν .

The energy function for ν ∈M(∂E) is defined by the formula

(1.6) Ex(ν) = Πx

∫ τE

0

ψ[hν(ξt)]dt.

1.3. Principal result.

Theorem 1.1. Suppose that D is a smooth open subset of a smooth domain E. If
ν is a finite measure concentrated on ∂D ∩ ∂E and if Ex(ν) <∞, then

(1.7) Nx{RE ⊂ D∗, Zν 6= 0} ≥ C(α)[Nx{RE ⊂ D∗, Zν}]α/(α−1)Ex(ν)−1/(α−1)

where C(α) = (α− 1)−1Γ(α− 1).4

We prove Theorem 1.1 in Section 5 after the necessary tools have been prepared
in Sections 2–4.

1Definitions of Nx and other tools mentioned in the Introduction will be given in Section 2.
2We use the term smooth for open sets of class C2,λ unless another class is indicated explicitly.
3Domains Dn exhaust E if D̄n ⊂ Dn+1 and if the union of Dn is equal to E.
4Here Γ is Euler’s gamma-function.
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1.4. Applications to differential equations. We denote by U(E) the set of all
positive solutions of the equation

(1.8) Lu = ψ(u) in E.

We say that an element u of U(E) is moderate if u ≤ h for some h ∈ H(E). There
exists a 1-1 correspondence between the set U1(E) of all moderate solutions and a
subset H1(E) of H(E): h ∈ H1(E) is the minimal harmonic function dominating
u ∈ U1(E), and u is the maximal solution dominated by h. We put ν ∈ NE

1 if
hν ∈ H1(E). We denote by uν the element of U1(E) corresponding to hν . These
elements are related by the formula

(1.9) uν(x) + Ex(ν) = hν(x).

If Ex(ν) <∞ for some x ∈ E, then ν ∈ NE
1 .5

To every closed subset K of ∂E there correspond two elements of U(E):6

(1.10) wK(x) = − logPx{RE ∩K = ∅} = Nx{RE ∩K 6= ∅}
and

(1.11) uK(x) = supuν(x)

where the supremum is taken over all ν ∈ NE
1 concentrated on K.

We say that u ∈ U(E) is σ-moderate if there exist moderate solutions un such
that un ↑ u. All solutions uK are σ-moderate.

Theorem 1.1 in combination with the results presented in Chapter 11, Section
7.1 of [Dy02] and in [Dy04a], [Dy04c], [DK03], [DK04], [Ku04] makes it possible to
prove the following two theorems:7

Theorem 1.2. If E is a domain of class C4 and if L is the Laplacian ∆, then

(1.12) uK = wK for all closed K ⊂ ∂E.
Theorem 1.3. Under the conditions of Theorem 1.2 all elements of U(E) are
σ-moderate.

[Marcus and Véron proved in [MV04] that the equation (1.12) can be established
by a purely analytical method applicable to all α > 1.]

2. Tools

2.1. h-transform and conditional diffusion. Suppose ξ is a diffusion in a do-
main E with the transition function pt(x, dy), and let h ∈ H(E). Then

(2.1) pht (x, dy) =
1

h(x)
pt(x, dy)h(y)

is the transition function of a continuous Markov process (ξt, Π̂h
x) in E called the

h-transform of ξ. We prefer to deal with measures Πh
x = h(x)Π̂h

x which depend
linearly on h. Put Πν

x = Πhν
x and Π̂y

x = Π̂δy
x where δy is the unit mass at a point

y. The process (ξt, Π̂y
x) can be interpreted as a diffusion starting from x ∈ E and

conditioned to exit from E at y.
The following lemma is proved, for instance, in [Dy02], page 103:

5This follows, for instance, from Theorem 3.2 of Chapter 8 in [Dy02].
6wK can be characterized as the maximal element of U(E) vanishing on ∂E \K.
7Proofs of these theorems are sketched in [Dy04b]. The complete proofs are contained in the

forthcoming book [Dy04d].
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Lemma 2.1. For every stopping time τ and every pre-τ positive Y ,

(2.2) Πh
xY 1τ<τE = ΠxY h(ξτ )1τ<τE .

2.2. Measures Nx. Denote by Zx the class of all functions of the form

(2.3) Z =
n∑
1

〈fi, XOi〉

where O1, . . . , On is a finite family of neighborhoods of x and f1, . . . , fn ∈ B(Rd).
By Theorem 1.1 in [DK04], for every x ∈ E, there exists a unique measure Nx with
the properties:

(i) For every Z ∈ Zx,

(2.4) Nx(1− e−Z) = − logPxe−Z .

(ii) If Ω̄ is the intersection of {XO = 0} over all neighborhoods O of x, then
Nx(Ω̄) = 0.

2.3. Stochastic boundary values and range. Suppose that u ∈ B(E). A ran-
dom variable Zu is called a stochastic boundary value of u [we write Zu = SBV(u)]
if

(2.5) Zu = lim 〈u,XDn〉 Px-a.s. and Nx-a.s.

for every x ∈ E and every sequence Dn exhausting E.
For every u ∈ B(Rd), we put

VD(u)(x) = − logPxe−〈u,XD〉.

Denote by U−(E) the set of u such that VD(u) ≤ u for all D ⊂ E. This condition
holds for all u ≥ 0 such that Lu ≤ ψ(u) in E. In particular, it holds for u ∈ H(E).
Since VD(u1 + u2) ≤ VD(u1) + VD(u2) (Theorem 2.1 of Chapter 8 in [Dy02]), the
sum of two elements of U−(E) belongs to U−(E).

By Theorem 1.2 in [DK04], a stochastic boundary value Zu exist for every u ∈
U−(E) and

(2.6) Nx(1− e−Zu) = − logPxe−Zu .

Formula (1.5) means that Zν = SBV(hν). If ν ∈ NE
1 , then Zν is also SBV(uν).

By Theorem 1.3 in [DK04], for every domain E, there exists a random closed set
RE with the properties:

(a) For every open O ⊂ E and every x ∈ E, the measure XO is concentrated,
Px-a.s. and Nx-a.s., on RE .

(b) If (a) holds for a random closed set F , then, for every x ∈ E, R ⊂ F Px-a.s.
and Nx-a.s.

We call RE the range of X in E. We denote by R the range of X in Rd.

2.4. More relations between measures Px and Nx. By Theorem 1.4 in [DK04],
for every u ∈ U−(E) and every Borel set Γ ⊂ ∂E,

(2.7) − logPx{RE ∩Γ = ∅, e−Zu} = Nx{RE∩Γ 6= ∅}+Nx{RE ∩Γ = ∅, 1−e−Zu}.
This function is the maximal element of U(E) dominated by wΓ + u.

By taking Z = 0, we get

(2.8) − logPx{RE ∩ Γ = ∅} = Nx{RE ∩ Γ 6= ∅}.
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It follows from (2.7) and (2.8) that, if

Px{RE ∩ Γ = ∅} > 0,

then

(2.9) Nx{RE ∩ Γ = ∅, 1− e−Z} = − logPx{e−Z | RE ∩ Γ = ∅}.
By applying (2.7) to λZ and passing to the limit as λ→ +∞, we get

(2.10)
− logPx{RE ∩ Γ = ∅, Z = 0} = Nx{RE ∩ Γ 6= ∅}+ Nx{RE ∩ Γ = ∅, Z 6= 0}.
By Proposition 1.1 in [DK04],

(2.11) NxZν = PxZν if PxZν <∞.
On the other hand, for every f ∈ B(D̄),

(2.12) Px〈f,XD〉 = Πxf(ξτD )

(see, e.g., [Dy02], Chapter 4, Lemma 4.1). It follows from (2.5), (2.11), (2.12),
Fatou’s lemma and the mean value property of harmonic functions, that

(2.13) NxZν = PxZν ≤ hν(x) <∞ for every ν ∈M(∂E).

Proposition 2.1. Suppose x ∈ D, Λ is a Borel subset of ∂D and A = {R∩Λ = ∅}.
We have PxA > 0 and, for all Z ′, Z ′′ ∈ Zx,

(2.14) Nx{A, (e−Z
′
− e−Z

′′
)2}

= −2 logPx{e−Z
′−Z′′ | A}+ logPx{e−2Z′ | A}+ logPx{e−2Z′′ | A}.

If Z ′ = Z ′′ Px-a.s. on A and if Px{A, Z ′ <∞} > 0, then Z ′ = Z ′′ Nx-a.s. on A.

Proof. First, PxA > 0 because PxA = e−wΛ(x). Next

(e−Z
′ − e−Z′′)2 = 2(1− e−Z′−Z′′)− (1− e−2Z′)− (1− e−2Z′′).

Therefore (2.14) follows from (2.9). The second part of the proposition is an obvious
implication of (2.14). �
2.5. Properties of superdiffusions. The following properties are often used in
the theory of superdiffusions. [They are a part of the definition of branching exit
Markov systems, and superdiffusions are a special case of such systems (see [Dy02],
Chapters 3 and 4).]

2.5.A. (Markov property) If Y ≥ 0 is measurable with respect to the σ-algebra
generated by XD′ , D

′ ⊂ D and Z ≥ 0 is measurable with respect to the σ-algebra
generated by XD′′ , D

′′ ⊃ D, then

(2.15) Pµ(Y Z) = Pµ(Y PXDZ).

2.5.B. If µ(E) = 0, then Pµ{XE = µ} = 1.
We use 2.5.A, 2.5.B and Proposition 2.1 to prove the next proposition.

Proposition 2.2. Let D ⊂ E be two open sets. Then, for every x ∈ D, XD and
XE coincide Px-a.s. and Nx-a.s. on the set A = {RD ⊂ D∗}.

[Note that

(2.16) D∗ = {x ∈ D̄ : d(x,Λ) > 0}
where Λ = ∂D ∩ E.]
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3. Relations between superdiffusions and conditional diffusions

in two open sets

3.1. Now we consider two bounded smooth open sets D ⊂ E. We denote by Z̃ν
the stochastic boundary value of h̃ν(x) =

∫
∂D kD(x, y)ν(dy) in D; Π̃y

x refers to the
diffusion in D conditioned to exit at y ∈ ∂D.

Theorem 3.1. Put A = {RD ⊂ D∗}. For every x ∈ D,

(3.1) RE = RD Px-a.s. and Nx-a.s.

and

(3.2) Zν = Z̃ν Px-a.s. and Nx-a.s. on A
for all ν ∈ NE

1 concentrated on ∂D ∩ ∂E.

Proof. 1◦. First, we prove (3.1). Clearly, RD ⊂ RE Px-a.s. and Nx-a.s. for all
x ∈ D. We get (3.1) if we show that, if O is an open subset of E, then, for every
x ∈ D, XO = XO∩D Px-a.s. on A and, for every x ∈ O ∩D, XO = XO∩D Nx-a.s.
on A. For x ∈ O∩D this follows from Proposition 2.2 applied to O∩D ⊂ O because
{RD ⊂ D∗} ⊂ {RO∩D ⊂ (O ∩D)∗}. For x ∈ D \O, Px{XO = XD∩O = δx} = 1.

2◦. Put

(3.3) D∗m = {x ∈ D̄ : d(x,E \D) > 1/m}.
To prove (3.2), it is sufficient to prove that it holds on Am = {RD ⊂ D∗m} for all
sufficiently large m. First we prove that, for all x ∈ D,

(3.4) Zν = Z̃ν Px-a.s. on Am.

We get (3.4) by proving that both Zν and Z̃ν coincide Px-a.s. on Am with the
stochastic boundary value Z∗ of hν in D.

Let

En = {x ∈ E : d(x, ∂E) > 1/n}, Dn = {x ∈ D : d(x, ∂D) > 1/n}.
If n > m, then

Am ⊂ An ⊂ {RD ⊂ D∗n} ⊂ {RDn ⊂ D∗n}.
We apply Proposition 2.2 to Dn ⊂ En and we get that, Px-a.s. on {RDn ⊂ D∗n} ⊃
Am, XDn = XEn for all n > m, which implies Z∗ = Zν .

3◦. Now we prove that

(3.5) Z∗ = Z̃ν Px-a.s. on Am.

Consider h0 = hν − h̃ν and Z0 = Z∗ν − Z̃ν . If y ∈ ∂D ∩ ∂E, then

(3.6) kE(x, y) = kD(x, y) + Πx{τD < τE , kE(ξτD , y)}.
Therefore

(3.7) h0(x) = Πx{ξτD ∈ ∂D ∩ E, hν(ξτD )}.
This is a harmonic function in D. It vanishes on Γm = ∂D ∩D∗m = ∂E ∩D∗m.

We claim that, for every ε > 0 and every m, h0 < ε on Γm,n = ∂En ∩D∗m for all
sufficiently large n. [If this is not true, then there exists a sequence ni → ∞ such
that zni ∈ Γm,ni and h0(zni) ≥ ε. If z is a limit point of zni , then z ∈ Γm and
h0(z) ≥ ε.]
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All measures XDn are concentrated, Px-a.s., on RD. Therefore Am implies that
they are concentrated, Px-a.s., on D∗m. Since Γm,n ⊂ D∗m, we conclude that, for all
sufficiently large n, 〈h0, XDn〉 < ε〈1, XDn〉 Px-a.s. on Am. This implies (3.5).

4◦. If ν ∈M(∂E) and Zν = SBV(hν), then

(3.8) NxZν = PxZν ≤ hν(x) <∞.
Note that PxA > 0. It follows from (3.8) that Zν < ∞ Px-a.s. and therefore
Px{A, Zν <∞} > 0. By Proposition 2.1, (3.2) follows from (3.4) . �
3.2. We also need the following result (see [Dy04a], Lemma 3.2).

Theorem 3.2. Suppose that D ⊂ E are smooth open sets. Denote by F̃ the σ-
algebra in Ω generated by the sets {s < τD, ξs ∈ B} where s ≥ 0, B ∈ B(E). We
have

(3.9) Π̃y
xY = Πy

x{τD = τE , Y }
for all x ∈ D, y ∈ ∂E ∩ ∂D and for all Y ∈ F̃ .

Corollary 3.1. If

(3.10) Ft = exp
[
−
∫ t

0

a(ξs) ds
]

where a is a positive continuous function on [0,∞), then, for y ∈ ∂D ∩ ∂E,
(3.11) Π̃y

xFτD = Πy
x{τD = τE , FτE}.

Indeed, it is easy to see that Fτ̃ ∈ F̃ .

4. Equations connecting Px and Nx with Πν
x

4.1.

Theorem 4.1. Let Zν = SBV(hν), Zu = SBV(u) where ν ∈ NE
1 and u ∈ U(E).

Then

(4.1) PxZνe
−Zu = e−u(x)Πν

xe
−Φ(u)

and

(4.2) NxZνe−Zu = Πν
xe
−Φ(u)

where

(4.3) Φ(u) =
∫ τE

0

ψ′[u(ξt)]dt.

Proof. Formula (4.1) follows from Theorem 3.1 in Chapter 9 of [Dy02]. To prove
(4.2), we observe that, for every λ ≥ 0, λZν + Zu = SBV(v) where v = λhν + u ∈
U−(E) and therefore, by (2.6),

(4.4) Nx(1− e−λZν−Zu) = − logPxe−λZν−Zu .

By taking the derivatives with respect to λ at λ = 0,8 we get

(4.5) NxZνe−Zu = PxZνe
−Zu/Pxe

−Zu .

By Theorem 1.1 of Chapter 9 in [Dy02],

(4.6) Pxe
−Zu = e−u(x).

8The differentiation under the integral signs is justified by (2.13).
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Therefore (4.4) follows from (4.1), (4.5) and (4.6). �

Theorem 4.2. Suppose that D ⊂ E are bounded smooth open sets and Λ, L,D∗

are the sets introduced in Theorem 1.1. Let ν be a finite measure on ∂D ∩ ∂E,
x ∈ E and Ex(ν) <∞. Put

wΛ(x) = Nx{RD ∩ Λ 6= ∅},
vs(x) = wΛ(x) + Nx{RD ∩ Λ = ∅, 1− e−sZν}

(4.7)

for x ∈ D and let wΛ(x) = vs(x) = 0 for x ∈ E \D. For every x ∈ E, we have

(4.8) Nx{RE ⊂ D∗, Zν} = Πν
x{A, e−Φ(wΛ)},

(4.9) Nx{RE ⊂ D∗, Zν 6= 0} =
∫ ∞

0

Πν
x{A, e−Φ(vs)}ds

where Φ is defined by (4.3) and

(4.10) A = {τE = τD} = {ξt ∈ D for all t < τE}.

Remark. Since Ex(ν) <∞, ν belongs to NE
x and to ND

x .

Proof. 1◦. If x ∈ E \ D, then, Nx-a.s., RE is not a subset of D∗ because RE
contains supports of XO for all neighborhoods O of x and we can choose O such
that Ō ∩D∗ = ∅. On the other hand, Πν

x(A) = 0. Therefore (4.8) and (4.9) hold
independently of values of wΛ and vs.

2◦. Now we assume that x ∈ D. Put A = {RD ⊂ D∗}. We claim that

A = {RE ⊂ D∗} Nx-a.s.

Indeed, {RE ⊂ D∗} ⊂ A because RD ⊂ RE . By Theorem 3.1, A ⊂ {RD = RE}
Nx-a.s. Hence, A ⊂ {RE ⊂ D∗}.

By Theorem 3.1, RD = RE and Zν = Z̃ν Nx-a.s. on A. Therefore

Nx{RE ⊂ D∗, Zν} = Nx{A, Zν} = Nx{A, Z̃ν},

Nx{RE ⊂ D∗, Zνe−sZν} = Nx{A, Zνe−sZν} = Nx{A, Z̃νe−sZ̃ν}.
(4.11)

Formula (4.7) defines two elements of U(D). The stochastic boundary value ZΛ of
wΛ in D is equal to ∞1Ac (Remark 1.2 on p. 133 in [Dy02]) and therefore

(4.12) e−ZΛ = 1A.

By (2.7) and (2.8), vs(x) = − logPx{RD ∩ Λ = ∅, e−sZν} and, by Remark 2.1 on
p. 137 in [Dy02], the stochastic boundary value Zs of vs in D is equal to ZΛ + sZ̃ν .
Hence,

(4.13) e−Z
s

= 1Ae−sZ̃ν .

By (4.11), (4.12) and (4.13),

(4.14) Nx{A, Zν} = Nx{Z̃νe−ZΛ}

and

(4.15) Nx{A, Zνe−sZν} = Nx{Z̃νe−Z
s

}.
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By applying formula (4.2) to Z̃ν and to the restriction of wΛ to D, we conclude
from (4.14) that

(4.16) Nx{A, Zν} = Π̃ν
x exp

[
−
∫ τD

0

ψ′[wΛ(ξs)]ds
]

and, by Corollary 3.1,

(4.17) Nx{A, Zν} = Πν
x{A, e−Φ(wΛ)}.

Analogously, (4.2) applied to the restriction of vs to D, in combination with (4.15)
and (3.11), yields

(4.18) Nx{A, Zνe−sZν} = Πν
x{A, e−Φ(vs)}.

Formula (4.8) follows from (4.17) and formula (4.9) follows from (4.18) because

(4.19) Nx{A, Zν 6= 0} = lim
t→∞

Nx{A, 1− e−tZν}

and

(4.20) 1− e−tZν =
∫ t

0

Zνe
−sZνds.

�

5. Proof of Theorem 1.1

We use the following two elementary inequalities:

5.A. For all a, b ≥ 0 and 0 < β < 1,

(5.1) (a+ b)β ≤ aβ + bβ.

Proof. It is sufficient to prove (5.1) for a = 1. Put f(t) = (1 + t)β − tβ . Note that
f(0) = 1 and f ′(t) ≤ 0 for t > 0. Hence f(t) ≤ 1 for t ≥ 0. �

5.B. For every finite measure M , every positive measurable function Y and
every β > 0,

M(Y −β) ≥M(1)1+β(MY )−β .

Indeed f(y) = y−β is a convex function on R+, and we get 5.B by applying
Jensen’s inequality to the probability measure M/M(1).

Proof of Theorem 1.1. 1◦. If x ∈ E \ D, then, Nx-a.s., RE is not a subset of D∗

(see the proof of Theorem 4.2). Hence, both sides of (1.7) vanish.
2◦. Suppose x ∈ D. By (2.6), Nx(1 − e−sZν ) = usν . Thus (4.7) implies vs ≤

wΛ + usν . Therefore, by 5.A, vα−1
s ≤ wα−1

Λ + uα−1
sν and, since usν ≤ hsν = shν ,

Φ(vs) ≤ Φ(wΛ) + sα−1Φ(hν).
Put A = {RE ⊂ D∗}. It follows from (4.9) that

(5.2) Nx{A, Zν 6= 0} ≥ Πν
x{A,

∫ ∞
0

e−Φ(wΛ)−sα−1Φ(hν)ds}.

Note that
∫∞

0
e−as

β

ds = Ca−1/β where C =
∫∞

0
e−t

β

dt. Therefore (5.2) implies

(5.3) Nx{A, Zν 6= 0} ≥ CΠν
x{A, e−Φ(wΛ)Φ(hν)−1/(α−1)}.
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The right side in (5.3) is equal to CM(Y −β) where β = 1/(α− 1), Y = Φ(hν) and
M is the measure with the density 1Ae−Φ(wΛ) with respect to Πν

x. We get from
(5.3) and 5.B that

Nx{A, Zν 6= 0} ≥ CM(1)1+β(MY )−β

= C[Πν
x{A, e−Φ(wΛ)}]α/(α−1)[Πν

x{A, e−Φ(wΛ)Φ(hν)}]−1/(α−1).

By (4.8), Πν
x{A, e−Φ(wΛ)} = Nx{RE ⊂ D∗, Zν} and, since Πν

x{A, e−Φ(wΛ)Φ(hν)} ≤
Πν
xΦ(hν), we have

(5.4) Nx{A, Zν 6= 0} ≥ C[Nx{RE ⊂ D∗, Zν}]α/(α−1)[Πν
xΦ(hν)]−1/(α−1).

3◦. By the definition of h-transform, for every f ∈ B(E) and every h ∈ H(E),

Πh
x

∫ τE

0

f(ξt)dt =
∫ ∞

0

Πh
x{t < τE , f(ξt)}dt =

∫ ∞
0

Πx{t < τE , f(ξt)h(ξt)}dt.

By taking f = αhα−1
ν and h = hν we get

(5.5) Πν
xΦ(hν) = αEx(ν).

Formula (1.7) follows from (5.4) and (5.5). �
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