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A TRILINEAR RESTRICTION PROBLEM
FOR THE PARABOLOID IN R?
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(Communicated by Yitzhak Katznelson)

ABSTRACT. We establish a sharp trilinear inequality for the extension operator
associated to the paraboloid in R3. Our proof relies on a recent generalisation
of the classical Loomis—Whitney inequality.

1. INTRODUCTION

Let S be the paraboloid in R? given by
{(& 1€]*) : € e R?},

and let do be the measure supported on S given by

Jodr= [ ofclepyic

For g € L'(do), we define the extension operator applied to g to be

ﬁam:/f”w@w@»

The classical restriction conjecture (for the paraboloid in this case) proposes the
exponents p and ¢ for which this operator is bounded from LP(do) to L9(R3)—see
[4).

It has long been known that certain LP — L9 estimates of this type have what
are often referred to as “bilinear improvements”. In particular, the range of p’s and
q’s for which the bilinear operator

(f,9) — fdo gdo

maps LP x LP to L4, for f and g satisfying a certain “support separation” condi-
tion, is wider than that which is directly predicted by Holder’s inequality and the
restriction conjecture. For a detailed description of these notions see [B].

The purpose of this note is to bring to light certain natural trilinear estimates
in this context.
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Theorem 1.1. Suppose Py, P, P3 € S are such that the normals to S at these
points span R3. Then there exist neighbourhoods Uy, Uy, Us C S of Py, Py, P3 re-
spectively, and a constant C' such that

| fdo gdo hdo||L2rsy < C|[fllassllgllasslihllays

for all f,g,h € L*3(do) satisfying

supp(f) C Ur,  supp(g) C Uz,  and supp(h) C Us.

Remarks.

(1)

(4)

The exponent 4/3 on the right hand side is sharp given the exponent 2
on the left. Naturally, the estimate fails to hold if the points P;, Ps, Ps
are separated in a more naive way. In particular, if we merely ask that
the points Py, P», Ps are distinct, the best L? estimate possible is with
4/3 replaced by 18/13. This can be seen as a consequence of the bilinear
analysis in [B]. Furthermore, if we place no restriction at all on the points
Py, P, P, the best L? estimate is with 18/13 replaced by 3/2. This follows
easily from the existing linear restriction theory (see [4]).

On a technical level, our approach is related to the 12/7 bilinear restriction
inequality of Moyua, Vargas and Vega [3] (see also [5]). Inherent in their
estimate is a bound for a certain linear Radon transform in the plane. In
the trilinear setting matters are different partly because the Radon-like
transforms that arise are bilinear.

Theorem [[] was originally inspired by a multilinear inequality for certain
spherical averages of the extension operator (this time associated to the
sphere)—see [1].

It seems plausible that multilinear restriction estimates of this nature might
have a role to play in proving new linear restriction theorems in dimensions
3 and above. One only needs to glance at [5] to imagine this.

The key ingredient in our proof of Theorem[T.1lis the following generalisation of
the classical Loomis-Whitney inequality (see [2] for a proof of this).

Lemma 1.2. Ifm, 7o, 73 : R® — R? are submersions in a neighbourhood of xo € R?
such that the kernels of dmy(x0), dr2(z0), and drs(xo) span R3, then for all cut-off
functions a supported in a sufficiently small neighbourhood of xo, there is a constant
C such that

. f(mi(@))g(ma () h(ms (2))a(z)dz < C|| fll2l|gll2]|hll2

for all f,g,h € L*(R?).

2. THE PROOF OF THEOREM [ 1]

Let u,v,w € R? be such that P; = (u, [u|?), P2 = (v, |v|?) and P5 = (w, |w|?). It
is easily seen that the hypothesis on the points P, P> and P5 is equivalent to the
non-colinearity of the points u, v and w in R%. By Plancherel’s theorem, symmetry
and multilinear interpolation it suffices to prove that there exist neighbourhoods
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Q1,Q9,Q35 C R? of u, v, w, and a constant C such that
L, 519 ) 200 ol
R

x O(jal” + [y[* + |21 = '] = [y * = |2']?)

(2.1) X0(x+y+z—a —y —2)dedydzdx'dy d’
<c I fill2llgrli2llPall2ll f2ll1llg2l 1l 2 lx
B I fll2llgrlizllPallall f2ll1]lg2 1] Aell2

for all

supp(fi) C 1,  supp(g;) C Qo, and  supp(h;) C Q3.
(Note that f1, g1, h1, f2, g2 and hg are now functions on R? rather than S.)

The proofs of the two inequalities in 1)) follow the same general scheme. We
begin with the second as it is slightly more straightforward algebraically. It should
be remarked that in order to prove Theorem [[1] for characteristic functions it is
enough to obtain just one of these inequalities.

Since h1, f2 and g, are controlled in L', we may suppose that hy = 8., fo = Ju
and g2 = J,/ for some (z,2',y’) in a sufficiently small neighbourhood of (w,u,v).
Writing X =2 — 2’ and Y =y — ¢/, the left hand side of the above becomes

[AE 40+ ha(X +Y 42
xS(IX + 2P+ Y +y/ P+ 12— 2P =y — X +Y +2°) dX dY
=5 [ A+ 4 ha(X Y 4 2)
x6((a' —2)- X+ —2)-Y —X-Y) dX dY.

By the translation invariance of LP-norms, it suffices to prove that
(2.2) /f(X)g(Y)h(X + Y)é((x’ -2 X+@W -2 Y -X- Y) dX dy

is bounded by C||fll2llgll2llk|l2, for all f, g, and h supported in sufficiently small
neighbourhoods of the origin.

By translation (or Galilean) invariance, scaling and a rotation, we may suppose
that z =0, 2’ = e; and 3’ = a, where as > ¢ for some constant ¢ > 0 depending on

u, v, and w. Since
XoYo—a-Y
el-X+a-Y—X-Y=(1—Y1)(Xl—%),

1-Y

we are reduced to proving that for some neighbourhood U of the origin in R3,

(2:3) /Uf(?fl(XmY))g(Wz(XmY))h(ﬂz(XmY)) dXy dY < C| fll2llgll2lP]l2,

Whereﬂ
XoYs —a Y
1-Y;

m(X2,Y) = ( ,Xg) , m(X2,Y)=Y

n deriving this representation of the trilinear form we have used the fact that for Y in a
sufficiently small neighbourhood of the origin, 1 — Y7 is bounded away from 0.
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and w3 = m1 + m2. (As may be expected, there are other parametrisations that may
be chosen here.)

In order to prove (Z3)) we appeal to Lemma [[L2. After a straightforward com-
putation we see that my, 7o, and 73 are submersions in a neighbourhood of 0, and
furthermore,

ker dm1(0) = {(0, —azg, a1)),
ker dm2(0) = ((1,0,0)),
and
ker dm3(0) = ((1 — a1, —az,a; — 1)).
Since the determinant of the above three generators is equal to az > ¢ > 0, (Z3)
follows.

We now turn to the proof of the first inequality in (ZI). Since fo2, g2, and hs
are controlled in L', we may suppose that fa = 8./, g2 = &, and hy = §,/ for some
(z',y',2") in a sufficiently small neighbourhood of (u,v,w). Again, by Galilean
invariance, scaling, and a rotation, we may suppose that 2/ =0, 2’ = ¢; and y' = a,

where ay > ¢ for some constant ¢ > 0 depending on u, v, and w. Writing X = z—2’
and Y =y — ¢/, the left hand side of (2.]) becomes

[AX 40 (X =Y )
XX+ P+ Y +yP+IX+Y =2 = |2/ = |y - ) dX dY
=5 [ A+l X - Y)
x0(|X +(er+Y)/2P —le1+ Y*/4+|Y]* +a-Y) dX dY.
It thus suffices to prove that
JECSTLSIEERY
xO(|X +(e1 +Y)/27 —le1 + Y]*/4+|Y]* +a V) dX dY

is bounded by C||fll2llgll2ll%|l2, for all f, g, and h supported in sufficiently small
neighbourhoods of the origin.
Now for fixed Y, X lives on the circle given parametrically by

1
X = —5(61 + Y) + T(Y)(COS t7Sint)a

where 7(Y)? = X|e; + Y|? = [Y|? —a - Y and t € R. Observe that since we are
only concerned with X and Y in a small neighbourhood of the origin, we need only
consider ¢ in a small neighbourhood of 0. Hence we are reduced to proving that for
some neighbourhood U of the origin in R?,

(2.4) /Uf(m(K £)g(m2 (Y, 1) h(m3(Y, 1)) dY dt < C| fll2lgll2]|hll2,

WhereE
m (Y, t) =Y,

m(Y,t) = —(e1+Y) /24 r(Y)(cost,sint),

2In deriving this representation we have used the fact that for Y in a sufficiently small neig-
bourhood of the origin, 7(Y") is bounded away from 0.
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and w3 = w1 + m2. After a straightforward computation we see that 71, mo, and 73
are submersions in a neighbourhood of 0, and furthermore,

ker dm1(0) = ((0,0,1)),

ker dm2(0) = ((—az,a1,a1)),
and
ker dm3(0) = ((—az2,a1 — 1,1 —aq)) .

As before, the determinant of the above three generators is equal to as > ¢ > 0,
and so (2:4) follows.

Remark. There is a minor technical issue in our argument that we have glossed
over here. It is of course important that the neighbourhoods of the origin and the
constant C' appearing in (Z2) may be chosen independently of (z,2’,y") belonging
to a sufficiently small neighbourhood of (w,wu,v). This detail may be easily dealt
with by appealing to a more quantative version of Lemma (such as that in
[2]). On doing this, one may also quantify the constant C' and the neighbourhoods
Uy, Us, and Us appearing in the statement of Theorem [[T] These issues will be
elucidated in a subsequent paper.

3. THE WIDER CONTEXT

The standard examples (see [4]) in the context of the restriction conjecture sug-
gest the following n-linear conjecture in n dimensions. Here S will denote the
paraboloid

{(& € - ¢ e R}

in R", and do the measure supported on S given by

Jodo= [ otelePras

Conjecture 3.1. Suppose Py, ..., P, € S are such that the normals to S at these
points span R™. Then there exist neighbourhoods Uy,...,U, C S of Pi,..., P,
respectively, and a constant C' such that

n n
HHg]do—‘ Lq/n(Rn) S CH Hg]HP
Jj=1 j=1

for all g; € L?(do) satisfying

supp(gj) C Uj, 1<j<m,
if and only if ¢ > % and p’ < nT_lq'

We remark that by interpolation and Holder’s inequality, this conjecture is equiv-
alent to the inequality

o) ez

n
< s
LQ/(H*I)(RH) - le;[1 Hg_]HQ
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Remarks.

(1)

The known linear and bilinear restriction theory clearly implies progress
on the above conjecture, just by Holder’s inequality. As may be expected,
the non-trivial exponents obtained in this way lie away from the sharp line
p = %q. The purpose of Theorem 1 is to provide a non-trivial point on
this line in three dimensions.

The above conjecture may in fact be made for quite general smooth codi-
mension 1 submanifolds of R”. The proof of Theorem [[.1] may also be
adapted to this general context. The details of this will be made explicit
in a subsequent paper.

By a standard Rademacher function argument, the above conjecture (B.1])
implies a certain multilinear Kakeya-type estimate, which we now describe.
Merely for expositional convenience we replace the paraboloid with the unit

sphere here. Suppose that the vectors wi,...,w, € S*~! span R", then

there exist neighbourhoods Ui, ..., U, C S"™' of ws,...,w, respectively,

and a constant C such that

H Z XTI Z XT2 Z XT" Ll/(n—l)(Rn) S C Z |T1| Z |Tn|
T1€Ty T>€T> Ty €Ty T1€Ty Ty €Ty

for all families Tq,...,T,, of § X - - - x § X 1-tubes in R™ such that their
directions belong to Uy, ..., U, respectively. Here C' should be independent
of the small parameter 0 < 6 < 1. We refer the reader to [5] for a discussion
of the linear and bilinear Kakeya phenomena.

It might be interesting to establish whether Theorem[[Ilmay be generalised
to n > 4. It is not immediately clear how our approach may be extended
since the multilinear Radon transforms that arise cannot be dealt with
directly by the natural higher-dimensional version of Lemma .2
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