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AN UPPER BOUND FOR POSITIVE SOLUTIONS
OF THE EQUATION Ay = u®

S. E. KUZNETSOV

(Communicated by Mark Freidlin)

ABSTRACT. In 2002 Mselati proved that every positive solution of the equation
Au = u? in a bounded domain of class C* is the limit of an increasing sequence
of moderate solutions. (A solution is called moderate if it is dominated by a
harmonic function.) As a part of his proof, he established an upper bound (in
terms of the capacity of K) for solutions vanishing off a compact subset K of
OF. We use a different kind of capacity (we call it the Poisson capacity) and
we establish in terms of this capacity an upper bound for solutions of Au = u®
with 1 < a < 2. This is a part of the program: to classify all positive solutions
of this equation.

1. INTRODUCTION

1.1. Main result. Let E C R? be a bounded smooth domain of class C* in R,
For x € E, we denote by p(z) the distance to the boundary OF and by k(x,y) the
Poisson kernel in E for the Laplacian A.
Let M(S) stand for the set of all finite measures on a measurable space S. For ev-
ery v € M(OE), we denote by h,, the harmonic function h, (z) = [, k(z,y)v(dy).
For every a@ > 1 and every Radon measure m on FE, there exists a Choquet
capacity given on compact subsets of OF by the formula

(1.1) Cap(K) = sup E(v)™*
veP(K)

where P(K) is the set of all probability measures on K and

(1.2) E(V):/Eh,,(x)am(dx).

We call Cap the Poisson capacity.
Our goal is to establish the following theorem.

Theorem 1.1. Suppose Cap is the Poisson capacity corresponding to 1 < a < 2
and the measure m(dx) = p(x)dz. Let K be a compact subset of OF. There exists
a constant C(E) depending only on E, such that, for every compact K C OF and
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104 S. E. KUZNETSOV

every solution u of the boundary value problem

(1.3) {Au =u* inkE,
u=0 ondFE\K,

we have
(1.4) u(z) < C(E)p(z) dist(z, K) ™ Cap(K)'/ (=1,
1.2. Equivalent definitions of the Poisson capacity. Put
(15) ki) = [ S@md)i.y)

The following definitions of the Poisson capacity are equivalent to (LII):
(1.6) Cap(K)Y* = sup{v(K) : v € M(K),E(v) < 1}
and
(1.7) Cap(K)Y* = inf{||f|las : Kf > 1 0on K}

where o/ = a/(a — 1) and || f]|o stands for the norm in L,/ (m).

The equivalence of (L6) and (7)) is proved, for instance, in [I] (see Theorem 5.1
in Chapter 13). To prove the equivalence of (ILT]) and ([CH), we note that v € M(K)
is equal to tu where t = v(K) and pu = v/t € P(K) and

sup {V(K):Ew) <1} = sup sup{t:t“E(u) <1}
veEM(K) HEP(K) t20

= sup E(p)”* = (Cap(K))Ve.
HEP(K)
1.3. Notation. We denote by B,(x) a ball of radius r centered at x. Let H be a
compact subset of 9EN B, (x) and let ¢ be a C*° function on F such that 0 < ¢ < 1.
We call ¢ an (R, x)-truncating function for H if ¢ = 0 in a neighborhood of H and
o(y) = 1 if dist(z,y) > R. We call ¢ an R-localizing function if ¢ = 0 in a
neighborhood of H and ¢(y) = 1 if dist(y, H) > R.

2. BOUNDS IN A HALFSPACE

2.1. First, we establish some bounds in the case when E = (0,00) x R4™1. A
generic element of E is denoted by z or (s,z),s € (0,00),x € R¥~!. We use the
notation f(s,z) and f*(x) for functions on E.

Denote by E an infinite strip {(s,z) : 0 < s < 1}. The measure m(dz) =
Ljo,1)(s)s ds dw is concentrated on E. We denote by || f|| the norm in L,(m). The
Poisson kernel k can be represented by the formula

k((s,7),y) = Cq°(x — y)

where C' is a constant depending only on the dimension, and

s
2.1 s =

Lemma 2.1. Suppose that zo € OF and H is a compact subset of OE N By(zp).
If Cap(H) > 0, then there exists a (3/2, z9)-truncating function (8 for H such that
B%(x) =1 for s > 1 and

a/

/7 !’ ’ 18 p—
(2.9) ||v2ﬁ|zl+|||w|2|z/+||vm|z,+H——B < C(d) Cap(H) /(@D

s 0s

(03
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where the constant C(d) depends only on d. If Cap(H) = 0, then, for every e > 0,
there exists a (3/2, zo)-truncating function 8 for H such that " (x) =1 forr > 1
and

198"

< €.
s 0s

(2.3) V28] + [[VAPIE + [Vl + H

o

Proof. Let Cap(H) > 0. By (1), there exists a function f on E such that || f[|2 <
2Cap(H)a'/a and Kf > 1 on H. We may assume that f > 0 (otherwise we just
replace f with f).

Let A(t),0 <t < 00, be an increasing C? function such that A(t) = 0 for t < 1
and A(t) = 1 for t > /2. We set

@) @) = [ sdsAWD [ @ -a)ds fort >0

Rd-1
and

(2.5) (Th)°(y) = 1}%(Tf)t(y) = Kf(y)
(cf. [T, formula (6.3), p. 175]).
By [1, Theorem 13.6.1], we have

IT fllar + IVT fllar + IV2T fllar + <Ol fllar-

o

197§
S

Let g(s,y) = a(s)b(y) be such that 0 < a,b < 1, a,b are C? functions, @ = 1 in
a neighborhood of 0, b = 1 in a neighborhood of 9F N B1(2p) and g = 0 outside
Bsa(z0). Let h(t) be an increasing C? function on [0,00) such that h(t) = 0 if
t<1/4 and h(t) =1if t > 3/4. As in the proof of Lemma 13.6.5 from [1], we put
u=Tf, v=gu, ¢=h(v)
and, finally,
B=1-06=1-h(gTS).

By @), 7f= Kf>1on H, and 8 = 0 in a neighborhood of H by the choice of
g and h. By direct computation)i we get

(2.6) [v| + |Vo| + |V20| < C(|lu| + |Vu| + |VZul),

10v adu d 1|0ou
. | = e < Z1==1) .
27) s ds <885+ u)bC(|u|+S 85)
More computation yields
(2.8) Vol < OVl
2

(2.9 vl < c (vl + S0

2 [Vol?
(2.10) [Vo|* <C — )
Therefore

100

< C”f”a’ < CCap(H)l/(O(—l).

2 2 =
1928l + 198l + 190k + | 152

[e3%

1See [1I, pp. 181-182], or [2, Section 3].
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If Cap(H) = 0, then || f|lor can be made arbitrary small, and the same construc-
tion yields (23). O

2.2. Foraset HC R weput \H ={\z:z¢€ H}.
Lemma 2.2. For every compact set H C R*™" and every 0 < X < 1,
(2.11) Cap(AH )Y (@=1) < \d=20"+1 Cap(H)V (@),

Proof. Let A > 0 and v € P(H). Then vy(4) = v(A/)\) is concentrated on AH.
Note that ¢**(A\z) = A4~ 1¢*(x) and therefore

(2.12) ho(s,2) = A4 h,, (As, Az).
Formula (2.12)) and change of variables t = \s,y = Az yield

1
E(V)z// hy (s, x)sdsdz
0 Jra-1

1
= / / Ad=Dape (Xs, \z)sdsdx
0 JRrd-t

A
= / / Ad=DaN= (DR (¢, y)tdtdy
0 ]Rd—l

< )\(d—l)a)\—(d+1)g(,/)\)
and () implies
(2.13) Cap(H) > A4H1=d=Da Cap(\H).
Formula (2.11]) follows from (L.T)) because d—2a/+1 = —[d+1—(d—1)a]/(a—1). O

Lemma 2.3. Let zp € OE,0 < 0 < 1 and let T be a compact subset of OEN Bs(20).
Suppose Cap(I') > 0. There exists a (39/2, zo)-truncating function v = ~p s for T
such that

o’ o

’ ’ 1 18')/
2.14 2] 2%+ ||= -
211 IV DR+ 5o+ ]33

where the constant C(d) depends only on d. If Cap(T') = 0, then the left side of
&I4) can be made smaller than any € > 0.

< C(d) Cap([)Y/ 1

o'

ol

Proof. Let H = T'/6 and let B(s,z) be the function constructed in Lemma 2]
applied to H and zo/d. Put v(s,z) = B(r/d,2/5). Since B(s,xz) = 1if s > 1,
v(s,z) =1if s > 4. Also,

Vy(s,x) = (1/0)VA(s/d,2/8),  V*(s,x) = (1/6%)V(s/d,2/0)

and therefore
§
Vol = [ [ s sdsas
0 JRrd-1
§ , )
=// 62|V B(s/8,2/8)|* sdsdx
0 Jri-1

1
:/0 /‘“ VB(s,2)|°" sdsdx = 67172 | g 2.
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In a similar way,

’
«

VAP = ot wspl, 5o = ot wan
and , ,
Loy||* ||l1os|”
e il
Therefore (2:14)) follows from ([2:2) and Lemma 22 O

3. BOUNDS IN A UNIT BALL

3.1. Now let E be a ball of radius 1 in R? centered at a point zy with coordinates
s=1,2=0. As before, let E = {(s,2) : 0 < s < 1}. For a point z = (s,z) € E, we
denote by
P(z) =x/(1-5)

a projection of z to R?~! with center at z. For a point z € ENE, we put

¥(z) = (1= [z — 20/, (2))
(cf. [3], Section 3.1.1). The mapping ¢ defines a 1-1 correspondence between ENE
and E.

For a set H C OF, denote by Capy(H) the Poisson capacity of H with respect
to the domain E and the measure m(dz) = dist(z,0F)dz. For a set K C R4,
we denote by Capg(K) the Poisson capacity with respect to the halfspace and the
measure m(ds, dzx) = 1j9,1)(s) s ds dz.

Lemma 3.1. Let H be a compact subset of OF that is contained in a ball of radius
1/4 centered at zero, and let K = 1(H). There exists a constant C depending only
on the dimension, such that

C~! Capg(K) < Capg(H) < C Capg(K).

Proof. Let u be a probability measure on H and let v be a measure on K defined
by the formula v(T") = p(x»~1(T')). It is enough to show that
(3.1) C'Ep(n) < E(v) < CER (1)

for some constant C' depending only on the dimension.
Denote by D a ball of radius 1/2 centered at zero. Let D' = ¢)(D). Put

I = /E\D p(2)hi () dz, Jg = /EmD p(x)hy (z) dx
and
@—Awpwwwm, o= [ pems)de
Note that
C7lp(2)/ (|2l + 1/4)* < hy(2) < Cp(2) /(2] = 1/4)°

on E '\ D and therefore C~! < Ir < C. For the same reason, C~! < Iz < C and
therefore

(3.2) C ' < Iy < Clpg.
On the other hand,
C™hy ((2)) < hu(2) < Chy(¥(2))
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on D (this follows from a similar relation for the Poisson kernels). Since the deriva-
tives of ¢ and ! are bounded on D and D’, we conclude that

(3.3) Cl'Jg < Jg<CJg.
Since Eg(p) = Ig + Jg and Ex(v) = Ig + Jg, (3J) follows from B.2) and (3.3). O

Lemma 3.2. Let H be a compact subset of OE such that H C Bg/g(0), where
d < 2. Suppose Capy(H) > 0. There exists a (36/8,0)-truncating function v such
that

o' 16 o'
12
p Op

where the constant C(d) depends only on d. If Capgr(H) = 0, then the left side of
B4) can be made smaller than any € > 0.

! ’7 ]_ p—
(3.4) ||v2v||z,+|||w2||z,+H—w < O(d) Capp(H)V@),

5

ol ol

Proof. We apply Lemma [Z3] to the set K = ¢(H). Let vk be the function con-
structed in Lemma 23 We put v(s,z) = v (¢(s,z)) if s < 1, and v(s,2) = 0
otherwise. Similarly to the proof of [3] Sublemma 3.1.2], we show that

’
(e

o o’ 1 o 1 87
I 9P+ 590+ |55
(35) E,a E,(X ) )
, , 1 « 187]{ «
< IVxll§ e + 1V Pl 0 + HEVWK a (e
E,a’ § 08 ||g o
where || - ||z and || - ||g stand for L,-norms in E and E. Finally, we apply Lemma

O

3.2. Localizing functions. Let H be a subset of F and let  be a C2-function on
E. We call v an e-localizing function for H if 0 <~ <1, v =1 in a neighborhood
of H and ~y(z) =0 if dist(z,H) > «.

Lemma 3.3. There exists a constant C(d) such that, for every compact subset K
of OF with Cap(K) > 0 and diam(K) < 40, there exists a §/2-localizing function
v = 75,5 for K such that

’
«

< C(d) Cap(K)"/ (=1,

’
«

10
|53

!’ ’ 1
3.6 VA% + VAP + |[=V =
36 IV IR + 50 4|55

5

[eY %

Proof. As in [3, Lemma 3.1.2], we cover the set K by finitely many balls Bs,s(yx)
(the number n of the balls depends only on the dimension d). We apply Lemma
to each of the sets Hy = K N Bs/s(yx). Denote by 7 the corresponding truncating

function constructed in Lemma (we choose ¢ = Cap(I')Y/(@=1) if Cap(Hy) = 0
for some k). We set

Y= e
Note that
|Vy| < Z [Vyk
k
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and

V2] < Z V2] + > IVl [Vl

k;él
<D IV 4
k
By applying Minkowski inequality, we get
’ ’ 1 o 18’7 «
VA% + VPN + ||V -
R e el e
(3.7) < C(d,n) ZCap(Hk)l/(“_l) +nC(n)e
k

< n(C(d,n) + C(n)) Cap([)¥/ (@~
U

Lemma 3.4. Let K be a compact subset of OF such that diam(K) < 4§ and
Cap(K) > 0. Let ~y be the §/2-localizing function constructed in LemmalT3. Then

1/a
/ uy?® 1|A’y|p <C (/ u®y2e p) Cap(K)'/e,
E E

/ “2VqPp<C
E

whenever u satisfies (L3).

Proof. The assertion follows from the Holder inequality, Lemma [3.3], the identity
(o — 1)a’ = a and the inequality v(2¢'~Da < 4(20'=2)a — 420" " Bor instance, for
p Op

the last line in (B.8)), we have
1/a 1/a’
< (/ ua,y(Qa 1)ap> < P)
E

’ a ’
/u'yQa’l _’Y'_/ w21
E dp E
1/«
< ( [ p) C(d) Cap(K)Y/1 @),
E

187'

1 87
pp

O

Lemma 3.5. Let K,v,u be as in Lemma[34} There exists a constant C(d) such
that

(3.9) / ua,yQo/p < C(d) Cap(K)l/(ot—l)
E

whenever u satisfies (L3).
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Proof. This is an adaptation of Lemma 3.1.3 in [3]. Let E, = B(s,z9) and r =
|z — 20|. By replacing u? and v* with u® and 72" in the arguments of [3], we get

a bound
20/
/ ua,y2a'p§/ ’U,A(’y2a’(].—7“2))—4/ua(’y )7’
E E E or

- 0 2
+115g%rif - 87'( 2 (1 —12)).

(3.10)

As in [3, Sublemma 3.1.3], one can show that the last term in (BI0) is negative
and can be dropped.
Finally, we note that 1 — r? < 2p and therefore

[ uae =)

<20’ [y a1 =) 2020 1) [
E E

(3.11) ,
<ta’ [ a1 =) el (20 = 1) [
E E

1/«
<C (/ ua72a'p> Cap(K)"/®.
E

In a similar way,
2a’
/ua(v )7, /uyza*l@r /u,yza 1@}
E 87" E 87" E 87"
, 1/«
<C (/ uty2e p) Cap(K)l/a.
E

From (8.10), (3.11) and (3.12), we get

1/«
/ uyp < C </ uy2® p> Cap(K)'/,
E E

which implies (3.9). O

=2a’

< 2a/

(3.12)

Combining (3.8) with Lemma[3.5] we get:

Lemma 3.6. Let K,v,u be as in Lemma[3.4. Then
/ w1 Aqlp < € Cap(K)V/ @D,

[ A < € Capla) e
(3.13)
[ w0 vl < o Cap() e,
E

0
/ u,yQa -1 ’Y‘
E

< C Cap(K)Y/ (=1,
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3.3. The rest of the proof of Theorem [[LT]is very close to the corresponding part
of the proof of [3, Theorem 3.1.1]. We begin with

Lemma 3.7. Let K,v,u be as in Lemma[34] and let Gg be the Green operator of
E. For everyy € E,( >0,

P ) < 3G (7 Bu— AG) ().

This is a version of [3| Lemma 3.1.6] (in [3], 8 = 4). Bounds from [3, Sublemma
3.1.5] must be replaced with those of [I, Theorem 7.1]. Other modifications are
obvious.

As a first step, we establish

Lemma 3.8. There exists a constant C(d) such that the inequality (LA4) holds
whenever

diam(K)

dist(z, K) > 1

Proof. The proof is an appropriate modification of the proof of [3, Lemma 3.1.5].
Let § = dist(z, K) and let v be the d/2-localizing function constructed in Lemma
B.3l Clearly, v =1 in a neighborhood of = and therefore

/

(3.14) u(z) =72 (@)u(r) < ZGp( Au— A w)(z)

by LemmalB7l Asin [3], the right side can be evaluated by means of Green’s formula
applied to the domain B(zp,r) \ B(x,¢) and passage to the limit as ¢ — 0,7 — 1.
Namely, we get

Ge(v* Au— A(**w))(z)
= /E (2Vy95(z,9)V(* () — g5 (, 1) A ) (y))u(y) dy).

Together with (BI4), this implies

u(x) < 20 /E W) () V() Vg5 (2, y) dy
(3.15) +of /E ()™ M)Ay ()9 (e, y) dy
+ /(20— 1) / () )|V ) Pan (e, y) dy
E

(cf. [3} (3.13)]). Now, v(y) = 1 for all y such that dist(y, K') > 6/2, in particular
for all y such that |z —y| < §/2, and therefore the integrands are equal to 0 for such
y. Following [3], from the bounds for the Green’s function and its gradient, we get
bounds for the integrals on the right side of (3.15) in terms of integrals (3.13). For
instance,

ge(z,y) < Cp(x)p(y)|lz — y| =4,
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and therefore

[ o™ 2wl ot dy
< Cp(x)/ w2 () [V (y)Pe(y)le -y~ dy
E
= / w2 () IV (y)Pe(y)e -y~ dy
E\B(z,5/2)

< Cpla)5 [E =2 () [Ty P (0)o(w) dy.

In a similar way, we get

/E w(y)y** ~Hy) V(Y)Y ygn (2, y) dy

(3.16) SC’p(x)(S_d/ w2 1
B

0 _a_ o —
3—”\+cp<x>6 [,
P E

/ ()~ () Ay ()9 (z,y) dy < Cpla)s / | Avp.
E E

It remains to use the bounds of Lemma B.6. O

Theorem [[I] can be derived from this by using the same construction as in [3].
Let z € E and K, u be as in Theorem [T Let § = dist(z, K). We set

K; = KN B(x, 26),

and
K, =Kn (B(ac, ) \B(J;,Z"‘lé)) . n>2.

Since K =) K, we have

u<ug < Z UK,
where ug stands for the maximal solution of problem (L3). By construction,
we have dist(z, K,,) > 2"716 and diam(K,) < 2"*!§. Therefore Lemma [3.8 is
applicable to every K, and we get

ug, < Cp(x)27 674 Cap(K,,)/ @) < Cp(x)27 "6~ Cap(K)'/ (@D,

which implies
u(z) < ZuK < Cp(x)d~¢ Cap(K)Y/ (@D Z 2,

The extension of the theorem to arbitrary C* domains is a simple modification
of the arguments by Mselati [3].
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