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To the Anniversary of Anatole Katok, my Friend and Teacher.

ABSTRACT. We consider special flows over circle rotations with an asymmetric
function having logarithmic singularities. If some expressions containing sin-
gularity coefficients are different from any negative integer, then there exists
a class of well-approximable angles of rotation such that the special flow over
the rotation of this class is mixing.

Examples of smooth flows on a two-dimensional torus with a smooth invariant
measure and nonsingular hyperbolic fixed points appear naturally in Arnold’s pa-
per [1]. The phase space of such a flow decomposes into cells bounded by closed
separatrices of regular fixed points and filled with periodic orbits, and an ergodic
component in which orbits on one side of a fixed point visit its neighborhood more
frequently than on the other. (See the figure, for example.)

pd

V. I. Arnold has shown that there exists a smooth closed curve transversal to
the orbits of the ergodic component. The invariant measure and the flow naturally
induce a smooth parameterization on the curve (this procedure was described in
detail; e.g., in [3]). The first-return map is determined everywhere on the curve,
except for a finite number of points that are the points of the last intersection of the
stable separatrices with the curve. In the induced parameterization, this map is a
circle rotation. The return time is a smooth function of the parameter everywhere
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except for the same points. In the same work, it was shown that this function
has logarithmic singularities at these points since the residence time within a small
neighborhood of the nondegenerate saddle point is of the order of log 7, where 7,
roughly speaking, is the distance from the point of intersection of the orbit with
the boundary of the neighborhood to the separatrix.

Thus, the ergodic component of such a flow is isomorphic to a special flow S* over
rotation T of the circle T = R/Z and under a “roof” function with logarithmic
singular points which, in general, is asymmetric. In view of the ergodicity, the
angle of rotation is irrational. Each singularity as usual is asymmetric since an
orbit, sufficiently close to the separatrix, visits a neighborhood of the fixed point
once or twice, depending on whether it passes on the left or on the right of the
separatrix. In the general case, the function is asymmetric; however, in some cases,
it may be symmetric (see definitions below).

We say that a “roof” function has logarithmic singularities if it satisfies the
following conditions:

1) f has K singular points Ty, ...,Tk;

2) f e CHT'\UL, 7)), f(z) > ¢ > 0;

3)foranyi=1,..., K,

f() = —

T {z—3)
1

" @)

(—A4; +0(1)) for x —=T; +0,
f(x) (B; +0(1)) for z —7z; — 0,

where A;, B; > 0.
Let

The function f is called symmetric if

A =B,
asymmetric if
A # B,
and strongly asymmetric if for any ¢
—— > 0.
A-B

For symmetric functions it is known [3] that if

K
f(z) = fo(z) + Z (Ai 10g{x_71f} + Bilog {fil_x})

where fy has a bounded variation, A = B, and p admits an approximation by
rationals with the rate q‘;‘)l’;?q, then the special flow over the circle rotation by p
with “roof” function f is not mixing.

The conjecture about the possibility of mixing in special flows with an asymmet-
ric “roof” function was proposed in [3]. Khanin and Sinai proved it for a certain

class of Diophantine rotation angles p. More precisely, let p = [k1,...,kn,...] be
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the expansion of p in a continued fraction, and p, /¢, the nth convergent to p. In
[2], the restriction on p is

Eni1 <const n'™7, 0<~y< 1.
In [4], the mixing is proved for angles satisfying

(%) log kpt1 = o (loggn) -
It is easy to show that, if for some v > 0, perhaps greater than 1, the inequality
kny1 < const n'™ holds for all n, then p satisfies (*).

If f is a strongly asymmetric function with logarithmic singularities and p is an
arbitrary irrational angle, then the special flow over a circle rotation through the
angle p with the “roof” function f is mixing [5].

In this paper we return to the general nonsymmetric case. We extend the the-
orem about mixing to some class of well-approximable angles if the coefficients
of logarithmic singularities satisfy no negative integer value condition defined in
Theorem [[] below.

One more extension of old results is related to the definition of a strictly loga-
rithmic singularity which describes this singularity more precisely.

We say that the singular point T; is strictly logarithmic if there exists a function
U € C?(0,1] such that ¥ > 0, ¥’ > 0, ¥ < 0, ¥(+0) = 0, and in some right
half-neighborhood of z;
fla)+ A < W (-7

{{E — fl} - ’

and in some left half-neighborhood of T;

B;
fl(@) - =
Note that, as follows from [3], if the invariant measure on T? has a smooth
positive density, then the singularities of a “roof” function of the special flow are
strictly logarithmic.
Given a subset I of {1,2,..., K} we denote

Bi—Ai

D=5 240
I'=Z."B_A
el

< V({7 —x}).

If I = @ then Dy = 0. Let I be the set of numbers of strictly logarithmic singu-
larities and I,5 be the set of numbers of other singularities.

Theorem 1. Let f be asymmetric and such that for any I C {1,2,..., K} and any
leN

(1) Dy # —I.
Assume in addition that Dy # 0 whenever I N Iys # .
Then for any p satisfying

1 D 1
(2) lim inf 08 Fnt1 Fnt1 7“ ]+ ,
i e, B (D)

the special flow constructed over a p-rotation and under f is mizing. (Here [z] is
the integer part of x, and {x} is its fractional part.)

The following theorem is an extension of the main theorem in [5].
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Theorem 2. If (B;— A4;)/(B—A) > 0 for any i € I, and (B; — A;)/(B—A) >0
for strictly logarithmic singular points of f, then for any irrational p, the special
flow constructed from p and f is mizing.

To give a sketch of the proof we recall some notions and facts from [5].

In special flows over a circle rotation the only possible cause of mixing is the
difference in the times that various points take to get from the “floor” to the
“roof”. This can cause, as time passes, a small rectangle to be strongly stretched
and almost uniformly distributed along trajectories and hence over the phase space.

The divergence of adjacent points is described via Birkhoff sums of the “roof”
function

(@)= 3 F(TF).

It is obvious from the relation S*(x,y) = SY*+*=/"@) (T2, 0), where (z,%) denotes
a point of the phase space. Strong and almost uniform distribution of a small
rectangle over the phase space is ensured by a strong and almost uniform stretching
of Birkhoff sums for r ~ ¢.

Formally this is described by the theorem below.

For z € T!, let R(t, ) be the number of “jumps” which the point (x;0) has done
under the action of the special flow S* over the time ¢. For any measurable X C T*

we set
R(t,X) = | R(t,2).
xeX

Theorem (Sufficient condition for mixing). Let T' be an ergodic circle rotation.
For some ty > 0 assume that the following objects are fixed for each t > tg:

— a finite partial partition & into closed intervals: & = {C}, where

im glggflCl =0, lim pu(&) =1

([&] is the union of elements of &);
— positive functions €(t), H(t), such that e(t) — 0, H(t) — 400 as t — +00.

If for each t >ty for any C € & and r € R(t, [&]) N (t/v/2,V/2t),
(f7) (@) = M(r,C)(1 +~(r, ),
ICl[M(r,C)[ = H(t), |y(r,z)| <e(t),
(M(r,C), v(r,z) are real functions), then S is mizing.
At first, we consider the derivatives of “ideal logarithmic functions”. Let wu,
v: R — R be the functions with period 1 which are defined as
uw(z) =1/zif = € (0,1],
v(x)=1/(1—=x)if =z €][0,1).
Then zo = 0 is their singular point in T'. One can show that for every z, except
singular points of f",
(Y @)= Y (o = T)(~As + a (r,2)) + (&~ F)(Bi + i (7,2))
i€las

+ D (A (2 = T) + (7)) (@) + B (2 = T) + ()" ()

i€l

(3)
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where |7 ()| < '(z — 7)), [ (2)| < V(T — 2), |oi (r,2)| < afr), a(r) — 0 as
T — +00.

Suppose that ¢, <7 < gm+1, and r = L, ¢ + - - - + loqo is the expansion of r by
denominators g, with integer nonnegative coefficients, such that

1<lm < by,
0<l, <kpy1 for n=0,1,...,m—1,
lp1Gno1+ - +1logo < qn for n=1,....,m.
Then
ur(m) — g lmam (x) 4+ .. 4 ulndn (Tmﬂx) N wlodo (Trlx)7

where 7, = LG + -+ + 10 qn.
For each n we decompose u in two terms:

un(z) = u(x), tn(r) =0 for z € (0,1/gn),
Un(xz) =0, dn(x)=u(z) for z ¢ (0,1/qy).

Then u!nin (Tr+ig) = ahLQn (Tr+17) + ai;,,qn (Tr+1z).
One can show that for any x

il (x) = Ly log gn + B, (T™+'x), |P, (T )| < 4lngn.

ndn
Thus, we get
u(x) = e(r) + Y Z, (r,@) + ole(r)),
n=0
where

6(7“) = Z lngn log qn,
n=1

Zy (r,z) =y (T ).

We call the term e(r) the ergodic component of u”, and Z, the resonant. The
component e(r) does not depend on z, the terms Z,; depend on x and r, and their
value essentially depend on the approximability of p by p,/qn.

Fix t large enough and choose m such that v2¢, <t < v2¢ns1. We may
construct the set V(t) C T! by deleting in some special way neighborhoods of
singular points of u", and estimate Y. , Z, (r,z) on V (¢).

We decompose the set X (™ = X (r) of singular points of u!»% (T"»+1z) into
subsets

XM =Tty =0, 0, — 1}, i =0, g, — 1,

which we call clusters of rank n. Each cluster consists of [,, points, forming an
arithmetic progression with a step 0, = ¢np—pn. By [X fn)] we denote the minimal
segment containing Xi(n), [X™] = Ui[Xi(n)], and 9[X™] is the bound of [X™)].
The length of each segment is |Xi(n)| = (In—1)|6,| = l/;—“, (X)) & 1y kg

Segments [Xi(")] are disjoint, thus 9[X ("] is the union of the ends of [Xi(n)].
Let us choose a sequence o,,, n € Z, depending on p and satisfying the condi-

tions

—1/4

on \0; o, > (logqn) (for n>1), ai log ¢, /" +oo0.
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For the set W, we define U(e, W) = J,cw U(e, ), where U((e, x) is the e-neighbor-
hood of x.

Theorem 3 (On the “main resonant term”). For sufficiently large m, the following
cases are possible:
1. The “main resonant term” is absent: for any s <m

qs+1logksy1 < optlogqm

and additionally log k1 < 02,108 gm or V2¢m <t < V20mGms1. Then for any

r € (t/v/2,V2t) and x € V(t)
0< ZZJ (ryx) < 200 m,e(r).

n

2. The “main resonant term” is of rank m: for any s < m, we have

gst1logks i1 < optloggm,
and
108 ki1 > 05,108 G, V20mGme1 << V2qm1.
Then for any x € V (t)
Z Z, (r,x) < 16ome(r),
n#£m
and for Z,.(r,x), whenr € (t/v/2,V2t) and x € V(t)\U(0m/qm,0[X ™) (r)]), there
is an alternative:
— ifx @ [X")(r)], then Z, (r,x) < ome(r);
— ifx € [X(m)(r)], then ¢ma1 Inkpmy1 —ome(r) < Z,.(r,x) < gma1 Inkpi1 +
ome(r).
3. The “main resonant term” is of rank s < m: there exists s < m such that
gst110gksi1 > omtlog gm. Then for any r € (t/v/2,V/2t) and x € V(1)

Z Z, (r,x) < ome(r);
n#s
for Z7(r,x), when r € (t/V/2,v2t) and x € V(t) \ U(om/qs, O[X ) (r)]), there is
an alternative:
— ifx ¢ [XO)(r)], then Z7 (r,z) < ome(r);
— ifx € [XO)(1)], then qoy1logksy1 — ome(r) < Z7 (r,2) < gsy1logksy1 +
ome(r).
Thus, in the case 1, we have: for x € V(¢) and r € (t/v/2,v/2t),
u"(z) = e(r) + o(r);
in the cases 2 and 3, we have: for x € V(t) \ U(om/qs, 0[X ) (r)]), r € (t/v/2,/2)
u"(x) = e(r) + gst1log kg1 x(x) + o(r),

where x is the indicator of [X () (r)].

Similar estimates are valid for v".

Using V(¢) and representations for «” and v", we constructed in [5, §4] the
partial partition &, functions H(t) — 400, e.(t), e(t) — 0 as t — +oo, and the
decomposition of (f7)" satisfying the conditions:
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If C € &, then for any 2 € C and r € R(t, [&]) N (t/V/2,V/2t)

0 U= (B A+ el + HO + (),
) L(C) = g ki Z o),
© 10l 2 e bl <20, bl <),

where T is some fixed number, s is the rank of the “main resonant term” (if it exists;
otherwise L(C) = 0) and x is the indicator function of its support; x(x — T;) is
constant on each C, and if we set I(C) = {i: x(x —T;) =1 for z € C}, then

(7) L(C) = Dj(c)qs+1 In ks+1-
Using (3) and the fact that (¥7)'(z) = o(e(r)) uniformly on V(¢), one can show
that this decomposition is valid if Dy # 0 for any I such that I N I # @.
Theorem Pl follows directly from this statement.

The first step to a proof of Theorem [Mis almost obvious.

Lemma 1. Let 0 € (0,1) be a constant such that for any sufficiently large t, any
C €& and any r € (t/\/2,V/2t)

le(r) + L(C)| > Oe(r).
Then the special flow under consideration is mizing.

The condition of lemma is equivalent to

‘%Jrl >0 >0

for C such that L(C) < 0.
Let A > 0 be such that for sufficiently large m

(8) Wgm 1
Inkpe1 — A
It is easy to see that
In g 41 1 dm—1
1< ——— <14+ —+VUnt1, VUpgy1=—"7T—"".
10 ki1 P T et G I Ky

Lemma 2. For sufficiently large t, for any r € (t/v/2,v/2t), if L(C) < 0, then

LBEC))EQ)‘m U U< (l+l+Tl+l’>DLI>,

I€Z, I:D; <0

where v}, = max(Vim+41, Vm)-

Proof. Tt will suffice to consider only cases 2 and 3 described in Theorem 3.

We begin with the case 3. In this case, there exists a number s < m such
that gs41 Inksy1 > optlng,,. It is obvious that s = m — 1. Indeed, suppose that
s+ 1 < m. Then since t > ¢,,, we have

Ink Ink 1 1 1
Qst1 M Pst1 Qo1 MFst1 < < < om,

tln g, Gm 10 G, km = g /(A+2) " Ing,,

which contradicts the definition of the case 3.
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Thus, in view of (1)
L(C) = DI(C)Qm In k‘m.
From the condition g, In k,, > o tlng,,, for sufficiently large m, it follows that

Ink
t < gm 1 Bm < gmMWky < gmkm/2 < gm+1/2,

om In ¢,
therefore ¢, < r < ¢m41. Suppose that I¢, <7 < (I +1)gm, 1 <1< kypi1. Then
lgmIngm <e(r) <lgmIngm + ¢mIngmn_1.
At Dy < 0, we obtain (for brevity, we write I instead of I(C)):
TR N
that is, for r € [lqm,( + )qm) we have
)

e(r 1 [+ l
70 € (DI(Z-FT—FZVWL),—I).

The case 2 will take place if v2max(¢m,0m@mi1) < t < V2¢mi1, and 7 €
(max(qm, qum+1)a 2(]m+1)~

First, consider the case of ¢, < r < @¢n+1. We have gnlng, < e(r) <
Gm+1 10 qm, L(C) = Dycygmy1 nkpy1. If Dr = Dycy <0, then

1+t )+1
St )+ =
)\ m )\ )

L gmgm  oe(r) 1 Ingm 1
Dy qm-+1 In km-{-l - L(C) Dy lnk;m_H D[)\’

22’2) © (DLA(O

Now, suppose that ¢,+1 < r < 2¢m+1 (and hence, r < g12). Then

0>

ie.

Gm+1ngmy1 < e(r) < Qerl(ln Gm+1 +1n QM)v

L> e(r) > — ! —|— + v
D; ~ L(C) ~ Dy PR

from which

at Dy <0, i.e.,
e(r) 1 2 1
el =1+ mtl), — | -
L(©) <DI( 3 vm) DI)
Combining all the cases, we obtain the conclusion of the lemma. [l
Hence, if
I+1, 1
—1¢ DA R P
) eo=U U |50+55 5]

I€Zy4 I:D; <0

then there exists ' > 0 such that for sufficiently large ¢, for any C € & and

r e (t/v2,V2t)
e(r)

L(C)
From this we obtain, that, if for any I and any [ € N, the relation D; # —I is true,
then there exists A for which —1 ¢ D(\), and hence the special flow is mixing.

It is easy to deduce from (Z) the existence of A satisfying (B) and (3).

+1|>6.
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The full proof will be published in Mat. Sbornik, perhaps, in 2004.
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