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ABSTRACT. We construct explicit generating sets F;, and F}, of the alternating
and the symmetric groups, which turn the Cayley graphs C(Alt(n), F,,) and
C(Sym(n), Fy,) into a family of bounded degree expanders for all sufficiently
large n. These expanders have many applications in the theory of random
walks on groups and in other areas of mathematics.

A finite graph I" is called an e-expander for some e € (0, 1) if for any subset A C T’
of size at most |I'|/2 we have |0(A)| > €| A| (where J(A) is the set of vertices of I'\ A
of edge distance 1 to A). The largest such e is called the expanding constant of I'.
Constructing families of e-expanders with bounded valency is an important practical
problem in computer science, because such graphs have many nice properties — for
example, these graphs are highly connected, have a logarithmic diameter and the
random walks mix rapidly. For an excellent introduction to the subject we refer
the reader to the book [19] by A. Lubotzky.

Using counting arguments it can be shown that almost any 5 regular graph is
a 1/5-expander. However, constructing explicit examples of families of expander
graphs is a difficult problem.

The first explicit construction of a family of expanders was done by G. Margulis
in [23], using Kazhdan’s property T of SL3(Z). Currently there are several different
construction of expanders. With the exception of a few recent ones based on the
zigzag products of graphs (see [2], [25], [28]), all constructions are based on group
theory and use some variant of property T (property 7, Selberg’s property, etc.).

Kazhdan’s property T is not very interesting for a given finite group G (all
finite groups have property T), but the related Kazhdan constant with respect to
some generating set F' is. Given an infinite collection of finite groups G, it is a
challenge to prove or disprove the existence of uniform Kazhdan constants with
respect to properly chosen generating sets. Problem [3] below is a reformulation of
this question.

The original definition of property T uses the Fell topology of the unitary dual;
see [13]. Here we will use an equivalent definition (only for discrete groups) which
also addresses the notion of Kazhdan constants.
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Definition 1. Let G be a discrete group generated by a finite set S. Then G has
Kazhdan’s property T if there exists € > 0 such that for every unitary representation
p: G — U(H) on a Hilbert space H without G invariant vectors and every vector
v # 0 there exists some s € S such that ||p(s)v—v]|| > €||v||. The largest e with this
property is called the Kazhdan constant for G with respect to S and is denoted by
K(G; S).

For a group G the property T is independent on the choice of the generating set
S; however, the Kazhdan constant depends also on the generating set.
There is a well-known connection between property T and expander graphs:

Theorem 2 ([19], Theorem 4.3.2). Let G be a discrete group having property T,
and let S be a finite generating set of G. Then there exists an € = €(S) > 0 such
that the Cayley graphs C(G;,S;) (and all their quotients) of the finite images of G;
of G (with respect to the images S; of S) form a family of e-expanders. The largest
€0(S) with this property is related to the Kazhdan constant K(G,S), in particular
we have €o(S) > K(G; S)?/4.

Using this approach and property T of SL, (Z) one can make the Cayley graphs
of SL,(F,) for fixed n > 3 a family of expanderSE Until recently the only way
to prove Kazhdan’s property T was via representation theory of high rank Lie
groups. These methods are not quantitative and do not lead to estimates for the
Kazhdan constants and the corresponding expanding constants of the resulting
Cayley graphs.

A breakthrough in this direction is due to Y. Shalom [29], who used the bounded
generation of the SL,,(Z) and M. Burger’s estimate (see [0]) of the relative Kazhdan
constant of SLo(Z) x Z? to obtain a lower bound for the Kazhdan constant of
SL,(Z). His methods were refined in [8] to give the exact asymptotic of the Kazhdan
constant of SL,,(Z) with respect to the set of all elementary matrices. This yields
an asymptotically exact estimate for the expansion constant of the form n~! of the
Cayley graphs of SL, (F,) with respect to the set of all elementary matrices. It
is interesting to note that if the size of the matrices increases, then the resulting
Cayley graphs do not form an expander family, even though the degree of these
graphs goes to infinity.

Using the relative property T of the pair SLo(R) x R?, R? for finitely generated
noncommutative rings R, the Cayley graphs of SL,, (IF,) for any prime power ¢ and
all n > 3 can be made expanders simultaneously by choosing a suitable generating
set; see [I0]. An important building block in this construction is that the group
SL,,(F,) can be written as a product of 20 abelian subgroups and this number is
independent of n and gq.

The examples lead to the following problem:

Problem 3. Let G; be an infinite family of finite groups. Is it possible to make
their Cayley graphs expanders using suitably chosen generating sets?

Currently there is no theory which can give a satisfactory answer to this question.
The answer is known only in a few special cases: If the family of finite groups comes
from a finitely generated infinite group with property T (or its weaker versions),
then the answer is YES. Also if all groups in the family are “almost” abelian, then

! The Cayley graphs of SLa(Fp) can also be made expanders although the group SL2(Z) does
not have property T or even 7; see [16].
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the answer is NO (see [17]), and this is practically the only case where a negative
answer is known.

Motivated by the above remark A. Lubotzky conjectured [18] that Problem
should have a positive answer in the case of finite simple groups:

Conjecture 4. There exist constants L > 0 and € > 0 such that any nonabelian
finite simple group G has a generating set F' such that |F| < L and the Cayley
graphs C(G; F) form a family of e-expanders. Equivalently, we have that K(G; F') >
e (with a different constant €).

This conjecture is supported by several results — it is known (see [5] and [12])
that for any nonabelian finite simple group there exists a 4 element generating set
such that the diameter of the corresponding Cayley graph is logarithmic in the size
of the group.

As with many similar results, one expects that the proof of Conjecture [ will use
the classification of the finite simple groups. It seems that almost all finite simple
groups of Lie type groups can be made expanders using an idea from [I00]. The
alternating groups form the only other infinite family of finite simple groups, and
it was believed that this is the most difficult case of the Lubotzky conjecture.

The methods from [T0] cannot be applied directly to the symmetric/alternating
groups because these groups cannot be written as a product of a fixed number of
abelian subgroups — the size of Sym(n) or Alt(n) is approximately n™, and every
abelian subgroup has at most 2™ elements; see [I]. This suggests that the groups
Alt(n) are “further from the abelian groups” than all other finite simple groups,
and therefore they should have more expanding properties. Unfortunately, this also
significantly complicates the construction of expanders based on the alternating
groups.

The main result announced in the paper can be viewed as a major step toward
proving Conjecture [d. Theorem [0, together with the results from [10], proves the
Lubotzky conjecture in all but a few cases; see [11] for details.

If one allows unbounded generating sets, there are only a few partial results
known. A classical result of N. Alon and Y. Roichman (and its improvements
in [14] and [I5]) says that any group is an e-expanderf] with respect to a random
large generating set:

Theorem 5 ([3]). For any € > 0 there exists c(€) > 0 such that the Cayley graph
of any finite group G is an e-expander with respect to a random generating set of
size c(€)log |G].

The bound ¢(¢) log |G| is the optimal one in the class of all finite groups, because
the large abelian groups are not expanders with respect to small generating sets. It
is believed that if the group G is far from being abelian, the bound clog |G| can be
improved. Note that Theorem [Blimplies a version of Conjecture ll where the size
of the generating set is allowed to increase.

Theorem [ also gives that the Cayley graphs of the alternating groups Alt(n)
are expanders with respect to a random generating set of size nlogn. This was the
best known result in this direction, and even there were no known explicit sets of

2There are two different definitions of e-expanders, which are equivalent for graphs of bounded
degree but not in general: A “weak” one corresponding to Definition [[] and a “strong” one using
the spectral gap of the Laplacian. The random Cayley graphs obtained from Theorem [ are
expanders in both definitions.
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size less than nV™ which make the Cayley graphs expanders. In view of the main
results in this paper it is very interesting to understand the expanding properties
of the Cayley graphs of Alt(n) and other finite simple groups with respect to a
random generating set of a small (even bounded) size.

One of the main results announced in this paper answers affirmatively an old
question, which has been asked several times in the literature; see [4] [19] 20l 22]:

Theorem 6. There exist constants L > 0, € > 0 and an infinite sequence ns with
the property: There exists a constructible generating set F,,, of size at most L of
the alternating group Alt(ns) such that the Cayley graphs C(Alt(ng); Fy,.) form a
family of e-expanders.

From the proof of Theorem [0], it can be seen that the sequence n; does not grow
too fast, which leads to the following generalization:

Theorem 7. There exist constants L > 0 and € > 0, with the property: For any n
there exist explicit generating sets F,, and F, of the alternating group Alt(n) and
the symmetric group Sym(n) respectively such that the Cayley graphs C(Alt(n); F,)
and C(Sym(n); F,,) form a family of e-expanders. Moreover all generating sets F,
and F,, have at most L elements.

Theorem [ has interesting applications: It provides one of the few constructions
of an expander family of Cayley graphs C(G;, S;) such that the groups G; are not
quotients of some infinite group having a variant of Kazhdan’s property T.H It also
provides a supporting evidence for the conjecture that the automorphism groups of
the free groups have property 7; see [7] and [21].

Theorem [[] implies that the expanding constant of Alt(n) with respect to the
set F%Om is large enough@ The size of the set Fﬁom is independent of n, and if
n is sufficiently large, then [F10'°| < 1073%11/30, The last inequality allows us to
use the expander C(Alt(n); Fﬁom) as a “seed” graph for the Rozenman, Shalev, and
Widgerson recursive construction of expanders; see [28]. This construction produces
a family of expander graphs based on the Cayley graphs of the automorphism group
of large n-regular rooted tree of depth k. A slight modification of this construction
gives another recursive expander family based on Alt(n*) for a fixed large n and
different k’s.

Theorem [T gives that the Cayley graphs C(Alt(n); F},) and C(Sym(n); F,,) have
many expanding properties which imply that the random walks on Alt(n) and
Sym(n), generated by F, and F, respectively, have mixing time of approximately
log |Alt(n)| = nlogn steps.

Sketch of the proof of Theorem[B. This sketch describes all main steps in the con-
struction and omits the proofs of several technical claims. The proofs of these
claims are relatively easy and follow from standard combinatorial and probabilistic
arguments. A complete proof of Theorem [ can be found in [9].

3For any infinite family of finite groups G; the existence of generating sets S; such that the
Cayley graphs C(G;,S;) are a family of expanders is equivalent to the existence of a finitely
generated subgroup of [[ G; which has a variant of property T. The main point here is that we
prove that the Cayley graphs are expanders without using the representation theory of this infinite
group.

4More precisely we have that the spectral gap of the Laplacian of the Cayley graph is very
close to 1.
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We start with a very brief explanation of the main idea: Let p be a representation
of Alt(N) with almost invariant vector v with respect to some generating set F' (to
be chosen later), where N = k¢ for some k and d. We will use two different
arguments to show that p contains an invariant vector.

First, we show that the vector v is almost invariant with respect to the union
of several abelian groups. After that we will split the representation p into two
components — one corresponding to partitions A with \; < N — h and second one
containing all other partitions for some suitably chosen h. The decomposition of
the regular representation of Alt(N) into two components depending on the first
part of the partition A comes from [27]. In this paper, Roichman uses a similar
argument to show that the Cayley graphs of the symmetric/alternating group with
respect to a conjugacy class with a large number of nonfixed points have certain
expanding properties.

We will show that the projection of the vector v in the first representation is
small provided that h > K. Also, if h < N'/4, the projection of v in the second
one is close to an invariant vector. In order to satisfy these restrictions we need
that N > K*, ie., d > 4. In order to simplify the argument a little, we also
require that d is even, which justifies our choice of d = 6 and N = K%. Also we
need that K < h < K3/2; therefore, we choose h = K°/* and define H; to be the
subrepresentation of H corresponding to all partitions with A, < N — K%/%. As an
additional assumption, we require that K + 1 is a power of some prime number and
we use K = 23° — 1 for a sufficiently large s

We will think that the alternating group Alt(NN) acts on a set of N points which
are arranged into a 6-dimensional cube of size K, and we will identify these points
with ordered 6-tuples of nonzero elements from the field Fass.

Let p : Alt(N) — U(H) be a fixed unitary representation of the alternating
group, and let v € H be an e-almost invariant unit vector for some generating set
F. We will fix the set F' and the number € later. Without loss of generality, we
may assume that H is generated by the orbit of the vector v.

Let Hy denote the group SLss(F3). The group Hy has a natural action on the
set V'\ {0} of K nonzero elements of a vector space V of dimension 3s over Fo. The
elements of H, act by even permutations on V' \ {0}, because H; is a simple group
and does not have Z/2Z as a factor. If we identify V' with Fass, then the existence
of a generator for the multiplicative group of Foss implies that some element in
H, = GLy(Fy) acts as a K-cycle on V' \ {0}.]

Let T be the direct product of K® copies of the group H,. The group I' can
be embedded into Alt(N) in 6 different ways, which we denote by m;, i = 1,...,6.
The image of each copy of H, under 7; acts as SL3,(FF2) on a set of K = 23 —1
points where all coordinates but the ith one are fixed. It is clear that I' contains
an abelian subgroup T isomorphic to (Z/KZ)*%".

5We believe that the argument also works even in the case h < Nl/z; however, we are unable
to prove it. If such generalization is true, it will allow us to use d = 4, which will improve the
estimates for the Kazhdan constants by a factor of 10.

61t can be shown that s > 15 suffices; however, the estimate depends on the constants involved
in the character estimates from [26], which are not in the literature.

"We can use some other family of groups instead of { Hs}s — the only requirements for groups
in {Hs}s are that they act transitively on a set of K(s) points (where K(s) — oo as s — o0) and
that {Hs X K(s)® }5 can be made a bounded degree expanders. For example, we can use the groups
SL3(Fp) acting on Fp3 \ {0} or on the projective plane P2F,, for different primes p.



52 MARTIN KASSABOV

Using Theorem 5 from [I0], we can find a small generating set S of the group
H, such that the Kazhdan constant IC(Hj; S) > 1/400. This allows us to construct
a generating set S with 40 elements of I' with similar properties, i.e., the Kazhdan
constant

K(T; S) > 1/500.

Now we can define the generating set Fy of Alt(/V) such that the Kazhdan

constant IC(Alt(N); Fiy) can be estimated — the set Fy will be the union of the

images of S under the embeddings ;:
FN = U Wl(g)
i

The group generated by the set Fy contains the 6 images of I' and therefore is
the whole alternating group Alt(N). From now on, we will assume that the vector
v € 'H is e-almost invariant with respect to the set Fiy defined above.

Using the Kazhdan constant of K(T'; S), it can be seen that if v is an e-almost
invariant vector with respect to the set Fy in some representation p of Alt(N),
then v is close to a I'; invariant vector, i.e.,

lp(i(g))v = v]| < 10%€]|v]],

for all g € T" and any ¢« = 1,...,6. If the diameters of the Cayley graphs of
C(Alt(N),UT;) were bounded independently on N, this would gives us that the
representation p has an invariant vector, provided that € is small enough. Unfortu-
nately this is not the case, because the size of |JT'; is small compared to Alt(N),
i.e., the ratio In|Alt(N)|/In||UT;| is not bounded.

Let T'; denote the image of T’ under the embedding 7; and let C' be the union of
T;. Thus, we may assume that the vector v is almost invariant with respect to the
set C.

As mentioned before we will break the representation p into two components.
The space H decomposes as a sum of irreducible representations

H:@C)\MA,
A

where the sum is over all partitions A of N, M* denotes the irreducible representa-
tions corresponding to the partition A, and cy is the multiplicity of M* in H, which
is either 0 or 1, since H is generated by 1 element. Let H; be the sum of all irre-
ducible subrepresentations of H which correspond to the partitions A = [A1, Ao, .. .|
of N with

A\ < N — K%4,
and let Hy be the orthogonal complement of H; in H.

This allows us to decompose the almost invariant vector v as v = v1 + v2, where
v; € H;. We will use two different arguments to show that the vector v; is small
and that vq is close to an invariant vector in Hs.

Using the definition of the set C, it can be seen that C*4° acts almost transi-
tively on the set of all ordered tuples of K°/10 points. Here C*4*? denotes the set
of all products of less than 440 elements from the set C', and by almost transitivity
we mean that if we are given 2 ordered tuples, then with large probability x (ap-
proaching 1 as s — oo), there exists an element in C*4° which sends one tuple to
the other. Therefore, the set C*40 contains almost all elements in some conjugacy
class B of permutations in Alt(N) with at least K°/10 nonfixed points.
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The vector v is almost preserved by any element of C', which implies that v is
moved little by most of the elements inside the conjugacy class B, i.e., ||p(g)v — v|| <
440 x 1000¢ for any g € B N C*4°, This gives

ﬁ Z p1(g)vr — || < ﬁ Z p(g)v — vl

geB geB

< —mlull+ = 3 lplge—vl

‘ ‘ 440
geBNC
< —H%l” + 4.5 x 1056,

provided that k is sufficiently close to 1. The decomposition of H; as
H1 - @ C)\MA
A

gives a decomposition of the vector v; = > wvx. The set B is a conjugacy class;
therefore, ﬁ >_gen P(9)ux = Xa(B)uy for any vector vy in an irreducible repre-

sentation M*. Here y,(B) is the normalized character of the representation M?,
defined as Y (B) := xA(B)/dim M*. Thus we have

1 _
1B] Z p1(g)vi|| < [Jvil] max XA (B)],
geB

where the maximum is taken over all partitions which appear in the representation
p1, i.e., all partitions A with Ay < N — K%/ There are various estimates of the
values of the normalized characters of the symmetric/alternating groups. Applying
the bounds from [26], Theorem 1 yields

In)E\LX XA (B)] < mixx {max {\/N, q}cSupp\B|}

K5
< ]_,I{_i B <€‘ ,CK% <1
= K© =P\ Ty 3

where ¢ and ¢ are universal constants. The last inequalities are valid only if K is
large enough. The two inequalities above imply that

(1) |v1]] < 9 x 10%.

The above argument does not work for the representation Hs, because the first
part of the partition A can be close to N. This means that the sum

)\2+)\3+"'<K5/4

is small. Therefore, Ho can be embedded in the representation M arising from the
action of Alt(N) on the set of all ordered tuples of size K°/%. Let E denote the set
of ordered tuples of size K/ which is a basis of M.

We have KK > NKSM7 i.e., the number of elements in the set C' is much larger
than the size of the set E. Using this inequality and the definition of the set S, it
can be shown that the random walk on the set E, where the moves are given by
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the permutations from some subset Cc C%, mixes in a few steps independent of
N. Therefore, if we define the operator A on M by

1
A= — Z p2(9),
1

then A® has a single eigenvalue 1 with eigenvectors the invariant vectors in M, and
all other eigenvalues are less than 1/2 in absolute value. Thus we have:

1
[A%vy — va| > §HU2 — vy,

where v is the projection of vy onto the space of all invariant vectors in M. On
the other hand,

8
| A8y — va| < 8||Avg — o < %] Z lp2(g)ve — va]] < 48 x 1000e,
1
which gives that
(2) lve — UH” < 10%.

The inequalities () and (2) imply that
lv = vyl < [lvs ]l + floa — oyl < 10%.

In particular, if € is small enough, then [[v —v)|| <1 and the vector v is not zero,
which shows that there exist invariant vectors in the representation H. Thus, we
have shown that

K(AlL(N); Fiy) > 1075,
which concludes the proof of Theorem O

Proof of Theorem . By Theorem [Gl the alternating groups Alt(ns) are expanders

with respect to some generating set Fj,, for ng = (23S — 1)6. The sequence {n,},
grows exponentially; therefore, for any sufficiently large n there exists s such that
1 < n/ngs < 10%. The group Alt(n) can be written as a product of a fixed number
(less than 10%) of copies of Alt(ns) embedded in Alt(n). Using the images of the
sets F),, one can construct a generating set Fj, such that

K (Alt(n); F,) > 10715

and |F,| < 10", which completes the proof of the first part of Theorem [ The
construction of the generating sets F}, of the symmetric groups is similar. O

The generating set S of SL3;(F2) can be defined so that all elements of S are in-
volutions. This allows us to construct an expanding generating set F;, that consists
only of involutions.

The bounds for the size of the generating set F;, and the Kazhdan constant in the
proof of Theorem [7 can be significantly improved — it is possible to construct a 10
element generating set F;, consisting of involutions such that K (Alt(n); F;,) > 1078,
provided that n is large enough. N. Nikolov [24] suggested that it is possible to
further improve the bound for the Kazhdan constant by using the groups SL3(F,)
instead of SLss(F3), but this will double the size of the generating set.
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