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ABSTRACT. We associate, to a Lagrangian submanifold L of a symplectic man-
ifold, a new homology, called the cluster homology of L, which is invariant up
to ambient symplectic diffeomorphisms. We discuss various applications con-
cerning analytical, topological, and dynamical properties of Lagrangian sub-
manifolds. We also deduce a new universal Floer homology, defined without
obstruction, for pairs of Lagrangian submanifolds.

INTRODUCTION

One of the main problems in symplectic topology is to manage efficiently bub-
bling for moduli spaces of pseudoholomorphic disks with boundary on a Lagrangian
submanifold L of a symplectic manifold (M, w). One approach to this issue is pro-
vided by the work of Fukaya et al. [5]. In this announcement, we propose a solution
to this problem based on different geometric and algebraic ideas

We assume here that all Lagrangian submanifolds are compact, connected, ori-
entable, and relative spin (recall that a Lagrangian submanifold L C (M,w) is rela-
tive spin if the second Stiefel-Whitney class of L admits an extension to H?(M;Z/2);
a set of Lagrangian submanifolds is relative spin if their second Stiefel-Whitney
classes admit a common extension to H?(M;Z/2)). In the notation L for a La-
grangian submanifold we always implicitly include the choices of an orientation
and of a relative spin structure (the same applies to a set of such submanifolds)
as described in [5]. The ambient symplectic manifold (M?",w) is supposed to be
compact or, if not, it should be geometrically bounded, so that no sequence of Rie-
mann surfaces with boundary lying on a set of compact Lagrangian submanifolds
Lq,...,Ly C M can escape to infinity. In fact, the Lagrangian submanifolds need
not all be compact, as long as the above control on sequences of Riemann surfaces
is ensured.
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The key idea of our construction has its origin in the observation that the main
difficulty in modelling algebraically the bubbling of disks is that this is a non-
localized codimension-one phenomenon: not only does it produce boundary com-
ponents but, in contrast with the usual breaking of Morse flow lines, the points
where the bubbling appears are arbitrary. We tackle this problem by enlarging the
moduli space of pseudoholomorphic disks by allowing configurations formed of disks
connected by negative gradient flow lines of an a priori fixed Morse function on our
Lagrangian submanifold. The resulting moduli spaces are called clustered moduli
spaces. Their compactifications have boundaries consisting only of pairs of configu-
rations joined at some critical point of the fixed Morse function. The combinatorics
of these moduli spaces is then codified in a graded, commutative differential algebra
over the rationals, which we call the cluster algebra and whose homology is called
the cluster homology.

Once the cluster algebra is introduced, we define a universal Floer theory, the
fine Floer homology, associated to the pair formed by two relative spin Lagrangian
submanifolds L,L’ C (M,w) in general position: it is the homology of a chain
complex freely generated by (possibly, some of) the intersection points of L and
L' over a ring roughly of the form C¢.(L, f,J) @ CL.(L',f',J). The basic idea
here is to use the cluster algebra as a rich coefficient ring over which Floer type
constructions are possible despite the presence of bubbling.

In this paper we summarize these constructions and also mention a number of
applications. The details of this work are contained in Cornea, Lalonde [4] except for
the proof of the basic analytical structure of our moduli spaces, which is postponed
to a later paper based on the Hofer-Wysocki-Zehnder’s polyfold theory [9].

We thank Katrin Wehrheim for useful discussions.

1. DEFINITION AND PROPERTIES OF THE CLUSTER COMPLEX

The cluster complex is associated to a triple formed of (1) a Lagrangian em-
bedding L™ — (M,w), equipped with a choice of an orientation and of a relative
spin structure, (2) a generic almost complex structure J on M compatible with the
symplectic form w, and (3) a pair (f,g) with f: L — R a Morse function and g a
Riemannian metric on L so that (f, g) is Morse-Smale. The two conditions implicit
in the notation L (i.e., the orientation and the relative spin structure) are needed to
orient the clustered moduli spaces—to be roughly described below—in a coherent
way.

This complex is denoted by C¢.(L; J, (f,g)) and, if Crit(f) is the set of critical
points of f, we put

CLL(L; J, (f.9)) = (SQ(s™'Crit(f)) @ A)Z,

where s~ Crit(f) indicates that the natural index grading of Crit(f) is decreased
by one unit, SV is the free, graded commutative algebra over the graded vector
space V (as usual, the sign commutativity rule is ab = (—1)I%’lbg for any two
elements a,b € V), and A is the rational group ring of the quotient ma(M, L)/ ~,
where the equivalence relation ~ is given by A ~ 7 iff w(A) = w(7) and p(X) = p(r),
for w and p the area and Maslov classes, respectively. We write the elements of A in
the form of finite sums Y, c;e*, ¢; € Q. The grading in A is given by |e*| = —u())
for A € mo(M, L)/ ~. With this convention, the grading of the cluster complex is
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given by the usual tensor product formula. Thus for z; € Crit(f), we have

k
i = indy(z;) =1, Jarape?| = Y Jail = u(A).
i=1

Finally, we describe the completion . An element m € C¢(L; J, (f,g)) can be
written as a possibly infinite sum

A A
m:m0+mlel+...+mie +’

where the m; are monomials in the elements of Crit(f) but, if this sum is infi-
nite, then any infinite subsequence with w()\;) bounded above must have its cor-
responding word length sequence converging to infinity (in the sense that any of
its subsequences is unbounded) and additionally there is a Novikov type condition
which states that any sum 3 aye* with ay a formal series in the critical points of
f has the property that, for any k € R, there are only finitely many ay # 0 when
w(A) < k. Conversely, any formal sum satisfying these conditions belongs to the
cluster complex.

We now give a rough idea of the construction of the cluster differential. Given
the generic data J, (f, g) on L, fix a linear order on the critical points of f. Choose
any integer k > 0, any = € Crit(f), any non-decreasing sequence of critical points
Z1,..., 2Tk, and X € ma(M, L)/ ~, with the constraint that the zero class A = 0 is
allowed only when k equals 1. The cluster differential

d” : (SQ(s™" Crit(f)) ® )3 — (SQ(s™ Crit(f)) ® A)7,

is the unique commutative graded differential algebra extension of

(1.1) d'x = Z ail’wzk()\)x1~-xk6)‘,
Nk20,21 ...,

where z, 1, ..., 2 € Crit(f) have the property that (z1,...,z)) respects the fixed
order on Crit(f), x| — >_; |z:] + u(\) = 1 and the coefficients a7, . (\) count
with signs the number of elements in the clustered moduli spaces

ML ()

(due to the possible presence of multisections this number belongs in fact to Q).

A rigorous description of the clustered moduli spaces appears in [4]. The main
idea in their definition is simple: consider a one-parameter family of J-disks of class
A and assume that the bubbling off a J-disk of class A’ occurs in this family. The
“bubbled” configuration formed by two touching J-disks of classes X/ = X\ — X
and ) is then viewed as the limit of a one-parameter family of two J-disks joined
by a negative gradient flow line of f whose length tends to 0 and thus becomes an
interior point of the larger clustered moduli space. This is represented schematically
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in the following picture:

—Vof

By pursuing systematically this idea together with the usual description of stable
maps (as, for example, in McDuff-Salamon [10]) we obtain moduli spaces of config-
urations modelled on oriented trees with edges of non-negative length so that each
vertex corresponds to a J-disk (or sphere), and each edge corresponds to a negative
flow line of f joining incidence points situated on the boundaries of the disks whose
corresponding vertices are related by that edge. To insure a reasonable structure
for these moduli spaces, we need to use a system v of perturbations of the pseudo-
holomorphic equation. Moreover, to define M3 . (A), such a configuration is
supposed to carry also k£ + 1 additional marked points zg, ..., zx so that zy belongs
to the boundary of the root disk (which corresponds to the root vertex of the tree)
and the z; belong to the boundaries of some of the disks involved so that zg is in
the unstable manifold of the critical point x, and z; is in the stable manifold of z;;
the sum of the classes of the disks and spheres involved has to be A. There are,
of course, appropriate stability conditions. The role of ghost disks (for which the
corresponding J-disk is constant) is particularly important as they allow to deal
not only with the transversality issues due to multiple coverings but also with the
crossing of some of the incidence or marked points.

The dimension of "Mg . () equals
k
(1.2) 2l = 3 il 4+ p(Y) — 1.
i=1

These moduli spaces admit natural compactifications “M? 1 ooap (A). To describe
their properties, we introduce the notation S for a partially ordered set of critical
points (where repetitions are allowed), which, of course, can be identified with a
unique non-decreasing sequence of points. If S’, S” are two such ordered subsets,
we will denote by (S U S”) the partially ordered subset made of the elements in
S’ U S”. Letting S be the ordered set {z1,...,z}, for those moduli spaces of
dimension 1 (which are, in fact, branched 1-dimensional manifolds with rational
weights) we have

(13)  OrMEN) = U (Mg (X)) X (“ N (X)),

S=(S'US"),y, N +N"=\

Here the summation is taken over all y € Crit(f), all partitions of S into two
subsets S/, S”, all splittings of A as a sum of two classes A’, \, and all the positions
in which y appears in (S’,y) (this is relevant if y is already present in S’ because
in this case this counts the number of possibilities of gluing at y). We also assume
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here that the set S does not contain a repetition of a critical point x of odd degree.
This insures that ”/\;lg()\) admits an orientation, and the equation is verified by
taking into account orientations with certain signs before the terms on the right-
hand side, whereas the orientation on the left-hand side is clearly the one induced
on the boundary.

Of course, by Gromov’s compactification theorem, only a finite number of the
moduli spaces appearing on the right-hand side of the last equation are non-empty.

This equation implies that the square of the cluster differential, as defined above,
vanishes so that we deduce the first part of the result below.

Theorem 1.1. The map d” satisfies (d)? = 0. The resulting homology C{ H,(L)
does not depend on the choices of v, (f,g), and J up to isomorphism.

Due to the commutative DGA setting, proving the invariance part of this state-
ment is more delicate than just the usual Floer type construction for compari-
son morphisms (see again [4]). Note that this statement implies that C¢ H, (L) ~
ClLH,.(¢(L)) for any symplectic diffeomorphism ¢ : M — M.

Remarks 1.2. a. A critical point y of index 0 can never appear as an end in a
0-dimensional non-empty moduli space of type

My, (V)

(except for usual Morse flow lines). This happens because, if there were a negative
gradient flow line from a non-constant loop in L to a local minimum, there would be
a one-parameter family of these lines (in our construction all J-spheres that might
appear are attached to some non-trivial J-disk, which means that we may indeed
assume the loop in question to be non-constant). Similarly, for such a moduli space
x cannot be a local maximum.

b. An element in the cluster complex, 7 € C¢(L;J, (f,g)), is written as a sum
=Y (a(\)+m(X))e*, where a(A) € Q and m(A) is a sum of words (in the letters
consisting of the critical points of f) of length at least one. We call each of the
terms a(\)e* with a(\) # 0 a free term of 7. If there is a critical point = of f whose
differential contains at least one free term, we say that the complex has free terms.
Further, if the Morse index of x above is larger than or equal to 1, we say that the
cluster complex has high free terms. Note that, due to the fact that p()\) is even, if
a critical point x satisfies dz = age® + - -+, ag # 0, then ind(x) is even. Moreover,
in view of part a, indy(z) # dim(L).

c. It is not difficult to verify that if the cluster complex is acyclic (that is,
ClH,.(L) = 0), then the cluster has free terms. If the cluster complex C¢ (L, J, f)
has high free terms, then, moreover, there are some J-disks of non-positive Maslov
class (i.e., with Maslov index < 0).

Example 1.3. If S! is a circle in C, we have
ClH,(S') =0.

Indeed, take on S! the perfect Morse function with one minimum m and one
maximum M. There exists one pseudoholomorphic disk passing through m, of
Maslov index 2, with a class in A that we will denote by Ag. For the maximum,
we have dM = 0. The differential of the minimum can be seen to be given by
dm = (14+ M + s)e)‘o, where s is a polynomial in M without constant or linear
terms. This implies the claim because in our ring we may then find a series ) so
that Q(1 + M + s) = 1, which means that d(Qme~?°) = 1.
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Example 1.4. In the absence of bubbling (for example, if w|,(as,z) = 0), we have
CLH.(L, J; (f,9)) = S(s™ " Ho(L; Q) @ M)

This happens, of course, because in this case the only component of the cluster
differential is provided by the usual Morse differential.

Remark 1.5. Spheres and disks with “spikes” have been used in various ways by
other authors. Most notable is the announcement made by Oh in [I1], which applies
when the minimal Maslov number is larger than or equal to 2. Other instances
are the work of Schwarz [I5] as well as Piunikhin-Salamon-Schwarz [I3] and more
recently Bourgeois [3].

2. FINE FLOER HOMOLOGY

The purpose of this section is to introduce a variant of Floer homology called
fine Floer homology (denoted IF'H,(—)), which is associated to a pair of transversal
orientable Lagrangian submanifolds Lg, L1 of a symplectic manifold (M,w), under
the assumption that they be relative spin in M.

2.1. Coefficient ring and moduli spaces. To define the fine Floer complex

IFC(Lo, L1,m; J, (fo,90), (f1,91)),

we first recall that the choices of orientations and of a relative spin structure for
Lo, L1 have been made and are included in the notation Lg, L;. Besides this, we
need the following additional data. First, as before, we need an almost complex
structure J, Morse-Smale pairs (f;, g;) on L;, and coherent choices of perturbations.
We also assume that the f; are in general position with respect to the intersection
points LoN Ly in the sense that these intersection points are included in the unstable
manifolds of critical points of index 0 of f;. We denote by I' = {a : [0,1] — M :
afi) € L;, i = 0,1} the space of continuous paths from Ly to L. Here, 7 is an
element in I'—its choice means that we fix a basepoint for this space. We denote
by I, the connected component of I which contains 7. We denote by I(Lg, L1) the
intersection points of Ly and L; and we let I,, be those intersection points which,
viewed as constant paths, belong to I',. The generators of the fine Floer complex
will be precisely the elements of I,. Up to a shift in degrees, the resulting fine
Floer homology will only depend on Lg, L1, the connected component of n, and
the choice of orientations and relative spin structures of Lg, L.
To continue the construction, note that there are two group morphisms

w:mly =R, p:mIy, — Z,

the first given by integration of w and the second, a Maslov index type morphism,
obtained in the usual way as in Robbin, Salamon [I4].
We now define

(2.1) R = (SQ(s~(Crit(fy) U Crit(f1))) ® A)",

where A is the rational group ring of IT = Im(w x p); the completion is as in the
case of the cluster complex except that we take into consideration critical points of
both fo and f;.

Note that there are injective group morphisms ¢; : mo(M, L;)/ ~— II, which
are obtained by first assuming that n joins the base points in Ly and L; and then
viewing a disk with boundary in, say, Lg as a cylinder whose end on L; is constant.
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Therefore, if we denote by A; the group ring of mo(M, L;)/~, we have injective ring
morphisms ¢; : A; — A. Thus, R is isomorphic to the obvious completion of

Cl (Lo, fo,J) @ CL (L1, f1,J) @nen, A

2.2. The fine Floer complex. This is the free differential graded module over R
given by

IFC(Lo, L1,n; J, (fo, 90), (f1,91)) = (R ® Q(I)), dF).

The grading of the elements in I, is obtained as follows: we consider lifts a € fn
of the points a € I, C I, where fn is the regular covering of I';, associated to II
(here, as usual, the last inclusion means that we view intersection points as constant
paths), and we define |a] = p(a). This grading depends on the choice of the lifts,
but different choices produce isomorphic complexes.

We now describe the differential dp. We order the critical points in Crit(f;).
The differential dr satisfies the Leibniz formula and, for an element a € I,), it is of
the form

a A
dra = § : w:m,m,xk,yum,yz;b(/\)xl"'xkyl"'ylbe )
Ab,k>0,02>0, (21, Tk, Y1 Y1)

where the z; belong to Crit(fy), the y; to Crit(f1), they respect the order, A € II,
and finally b € I,,.

The coefficients wg, .. . (A) € Q count the number of elements in certain
0-dimensional moduli spaces Wy, . (A) (again after perturbation). These
moduli spaces are defined in a way similar to the M (\) of §Il The starting point
consists again of trees as in §I], but the root vertex of the tree no longer corresponds
to a J-disk but rather to a J-strip (as in the usual Floer theory) which relates the
two intersection points a,b € I,,. Except for codimension-two phenomena, all of
the other vertices correspond to pseudoholomorphic disks with boundaries on one
of the L;. Moreover, the gradient flows appearing in the construction correspond
to one of the two functions f;. In short, the elements of these moduli spaces are
cluster trees on Ly and L that originate at finite points of the root strip. There
may be (finitely) many such clusters attached to the boundary of the strip. These
objects are called cluster-strips. It is easy to see how to associate a class A € II to
such an object.

A particular convention is important in dealing with constant strips: among the
moduli spaces W which serve to define our differential, we omit those consisting of
the configurations in which the root is the constant strip at some point a € I,, and
for which there is either no cluster attached to the strip, or more than one.

For generic choices of J, (fi,g;) and after perturbation, the dimension of the
moduli space Wy, (A) is

yeesTh s Y1 5e-,Y150

la| — |b] — Z |i| — Z|yj| + u(A) — 1.

For one-dimensional moduli spaces, there is a formula analogous to (L3). As a
consequence, we have

Theorem 2.1. With the above notation we have d% = 0. The resulting homology is
called the fine Floer homology, IFH. (Lo, L1,7n). Up to isomorphism (and a possible
shift in degrees), it does not depend on the choicesmade in its construction, and if
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¢: M — M is a Hamiltonian diffeomorphism, then we have isomorphisms
FH(L07 le 77) = FH(¢(LO)7 le 77/))
where 1) corresponds to n via the Hamiltonian diffeomorphism.

Verifying d% = 0 is less immediate than for the cluster differential because,
besides the usual breaking of clusters and strips, there is a third potential way for
boundary points to emerge: they correspond to some cluster tree attached to a strip
at some moving point p which “slides” along the boundary of the strip to one of
the ends of the strip. There are two reasons that make these boundary components
disappear; one is purely algebraic and is a cancellation resulting from our graded
commutative setting, and the other is analytic and consists in the fact that (as
remarked by Oh [12]) the usual gluing argument applies (under generic conditions)
to a J-disk passing (transversally) through a and to a itself viewed as a constant
strip.

Remark 2.2. For any & € f‘n, we can define its action

A =~ [,

where v : [0,1] — T, satisfies u(0) = 7, u(1) = 7(£) and belongs to the homotopy
class defined by &. As mentioned before, by using an appropriate reparametrization,
each element of the moduli spaces Wf?.;b()\) may be viewed as a strip joining a and

be* (recall that a,b € fn are the fixed lifts of the elements a,b € I,)). Clearly, this
implies that if v € W? ,(A) # 0, then

A(@) — Abe?) = / v

and this integral is non-negative and, obviously, equal to the sum of the symplectic
areas of the strip and the disks appearing in v. Thus, as in the usual Floer theory,
the fine Floer complex admits an action filtration.

3. SYMMETRIZATION

A particular variant of the construction of the fine Floer homology is useful in
applications. To describe it, assume that Ly equals L; (we denote both Lagrangian
submanifolds by L), and consider a generic time-dependent Hamiltonian Hyc[o 1,
with Hamiltonian flow ¢;c(o,1}, and a generic family of compatible almost complex
structures Jiepo,1). Take as generators of the complex the trajectories If]q of ¢y
starting at time 0 and ending at time 1 on L. We may choose the generic family
Jiepo,1) so that Jo = Jy (we will denote this almost complex structure by .J).

The symmetric fine Floer complex appears in this setting by additionally choosing
the pair (fo, go) equal to the pair (f1,g1) (we denote both pairs by (f,g)). Since
we have a differential graded algebra multiplication map

CL(L; J,(f,9) @ CL(L; J, (f,9)) — CL(L; J,(f,9))

and because Jo = J; = J, we may replace the ring R = (Cl(Lo; Jo, (fo,90)) ®
Cl(Ly; J1, (f1,91))®@A)", which appears naturally in the definition of the fine Floer
complex, by the ring R = (C/(L; J, (f,g)) ®a A)". To define a differential on

R ® QI



CLUSTER HOMOLOGY: AN OVERVIEW OF THE CONSTRUCTION AND RESULTS 9

we use moduli spaces consisting of configurations in which the root pseudoholomor-
phic strip is replaced by a semicylinder satisfying the usual (J, H)-Floer type equa-
tion, with its two ends coinciding with trajectories v, 7’ and the two side boundaries
lying on L.

We denote by (IFC(L; H, J,(f,9)), dg) this symmetric fine Floer homology. If
no additional notation appears, the path n used in this case is just the constant
path.

This homology has the same type of invariance properties as the non-symmetric
version, and moreover, it is independent of the choice of (H, J, (f,g)) as long as it
remains generic.

The advantage of this construction is that it relates directly to the cluster com-
plex as we shall see in the following.

3.1. A little of algebra. Consider a commutative, differential graded algebra of
the form A = (SV,d) with V a rational vector space. Write the elements of the
SV-module SV ® V in the form

xl...$k®vle...xk6’
where v, z; € V. Define the linear map
a: SV -5SVeV

by letting a(v) = 0, a(1) = 0, where 1 is the unit in SV, and extending this map
by the formula
afab) = aa(b) + (—1)1"pa(a).

Induction on the length of words easily shows that this map is well defined and
that the formula above holds for all homogenous monomials a,b. Explicitly, we
have

afzy - xg) = Z(fl)""’xl cee By TET,
where o; is the product of the degree of x; and the sum of the degrees of the
xj,7 > 4. Define the map d on SV ® V as the unique (SV, d)-module extension of

dv = a(dv)

that satisfies the standard graded Leibniz rule.
One easily checks that d so defined is a differential and that « is a chain map.
Denote by

A= (SVaV,d

the A-differential module constructed in this way.

3.2. String-strip symmetrization. We return to our geometric setting. The
algebraic construction above appears in the next proposition.

Proposition 3.1. The symmetric fine Floer homology satisfies
sTLIFH,(L) ~ H.(CL(L; J, (f,9)))-

This isomorphism is proved in two steps. First, a chain complex C is constructed
by using, instead of root semicylinders, (.J, h)-linear clusters: they consist of pairs
of critical points of the additional Morse function A related via a linear sequence of
negative flow lines of h and J-disks. Of course, there are still f-clusters attached
to this linear cluster. This construction is possible even when f = h, and in that
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case the resulting complex is precisely (the suspension of) cl (L). The second
step is to define a Piunikhin-Salamon-Schwarz [13] map that relates the complexes
FC, (L, H) and C and prove that it induces an isomorphism in homology.

An immediate corollary of this proposition gives the description of the symmetric
fine Floer homology if no bubbling is present.

Corollary 3.2. If w|x,,0) =0, then
FH.(L) ~ (S(s H.(L;Q)) ® A @ H,(L; Q).

Clearly, if a Lagrangian is displaceable, then both the fine Floer homology and
its symmetric version vanish.

4. APPLICATIONS

We will describe three consequences of our theory.

4.1. The Gromov-Sikorav problem. As a first consequence, we analyze a plau-
sible conjecture going back to Gromov’s original paper [8] on pseudoholomorphic
curves, stated orally by Sikorav in the late 1980s in the following way: given any
compact Lagrangian submanifold of C", there is a holomorphic disc passing through
each point of L.

Corollary 4.1. Let L C M be a compact, orientable, relative spin Lagrangian
submanifold of a symplectic manifold M. Assume that ]AFH*(L) =0 (for example,
if L is displaceable by a Hamiltonian isotopy). Then, for any generic almost complex
structure J compatible with the symplectic form, one of the following holds:

i. There are J-holomorphic disks with boundary on L passing through a dense
subset of points of L.

ii. The cluster complex C¢ (L, J, f) has high free terms for some Morse function
f with a single local minimum and a single local mazimum (in particular,
there are J-disks of non-positive Maslov indezx).

Proof. Assume that for any Morse function with a single local minimum and local
maximum, the associated cluster complex does not have high free terms. Fix such
a function f and denote its minimum by m. By Proposition B.1], s~* FH, (L) is
isomorphic to H.(Cl (L, J;(f,g))), which means that H.(C¢(L, J;(f,g))) vanishes.
Note that if dm # 0, then we also have dm # 0 in the cluster complex. Assume
now that

m € Ce(L, J; (f,9))

is a cycle. Using Remark [[2] we see that m can be a boundary only if C£(—) has
free terms: indeed, by this remark, the only possible primitive of /m must have the
form 7m, where 7 is a primitive of the unit 1 in the cluster complex. This means
that there is a free term in some dz for some x € Crit(f). Once again by Remark
[[2] the index of this x cannot be n and it cannot be strictly between 0 and n by
our assumption. Therefore, x = m and dm # 0.

The fact that dm # 0 means that there exists a non-empty moduli space
M .. (A) of dimension 0. But for a cluster tree to originate at the minimum
m, the root disk must go through m. As we may use a different function f to place
m at any generic point in L, this implies the claim. (Il
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The dichotomy in the statement of the previous corollary can be sometimes
resolved by homological restrictions.

Corollary 4.2. Suppose that L is orientable and relative spin, and that Hap(L; Q)
=0 for 2k ¢ {0,dim(L)}. If FH.(L) =0, then L satisfies Corollary ETk.

Example 4.3. The homological restriction in the previous corollary is serious, but
still, there are many examples of such manifolds; S* x S”~! and its connected sums
with itself provide perhaps the simplest examples.

Using symmetrization, we can improve these results in the displaceable case by
bounding from above the area of the disks detected in terms of the displacing energy.
This upper bound and Gromov’s compactness theorem then imply

Corollary 4.4. Suppose that the relative spin, orientable Lagrangian submanifold
L is displaceable by a Hamiltonian isotopy, and let E(L) be its Hofer displacement
energy. Any w-tame almost complex structure J has the property that one of the
following is true:

i. For any point x € L there exists a J-holomorphic disk of symplectic area
at most E(L) whose boundary rests on L and which passes through x.
ii. There exists a J-disk of Maslov index at most

2 — min{2k € N\{0,dim(L)} : Hox(L; Q) # 0}
and of symplectic area at most E(L).

A nice geometric consequence of this last corollary is that a displaceable La-
grangian satisfying Hop(L; Q) = 0 for 2k ¢ {0,dim(L)} has its relative Gromov
radius bounded by (2E(L)/x)'/? (see Barraud, Cornea [2] for the definition of this
notion).

Remark 4.5. In the monotone case Corollary 4] can be deduced in a more direct
way. We describe one such proof in [4]. A different proof in this case appears in [I].

4.2. Constraints on Maslov indices. The cluster complex setting provides
straightforward proofs of various constraints regarding Maslov indices of Lagrangian
submanifolds. For instance, it leads to a quick proof of Fukaya’s recent result in [6],
which we may state in the following general form: if S' x S?~! admits a Lagrangian
embedding in a symplectic manifold in such a way that it is displaceable by a Hamil-
tonian isotopy, then {2,n} NIm(p) # 0 for n even and {2,3 —n} NIm(u) # O for n
odd.

4.3. Detection of periodic orbits. In the presence of an orientable relative spin
pair of Lagrangian submanifolds L, L', we show that, by replacing in the definition
of the clustered moduli spaces one (and only one) of the J-disks by a pseudoholo-
morphic cylinder with one boundary on L and the other boundary on L', one can
construct a chain map

eyl : Cl(L) — CL(L)@CL(L") @ Ag,,

where Ag, is an appropriate Novikov ring.

This map induces a morphism in homology whose non-triviality is used to detect
the existence of periodic orbits of Hamiltonian diffeomorphisms that separate L from
L'. These results generalize considerably those in [7].
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