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KAZHDAN-LUSZTIG CELLS AND DECOMPOSITION NUMBERS

MEINOLF GECK

ABSTRACT. We consider a generic Iwahori—Hecke algebra H associated with
a finite Weyl group. Any specialization of H gives rise to a corresponding
decomposition matrix, and we show that the problem of computing that ma-
trix can be interpreted in terms of Lusztig’s map from H to the asymptotic
algebra J. This interpretation allows us to prove that the decomposition ma-
trices always have a lower uni-triangular shape; moreover, we determine these
matrices explicitly in the so-called defect 1 case.

1. INTRODUCTION

Let W be a finite Weyl group with generators S C W. Let H be the corre-
sponding generic Iwahori—Hecke algebra over the ring A = R[v,v~!], where v is an
indeterminate and R is the ring of integers in some algebraic number field F'. Thus,
H has a basis {T,, | w € W} with multiplication (T — v?)(Ts + 1) = 0 for s € S
and T, = Ty, - - Ts,, whenever w = $1 - - 8, (With s; € S) is a reduced expression
in W.

Let K be the field of fractions of A and #: A — k be a homomorphism into a
field k such that k is the field of fractions of §(A4). We shall assume throughout that
6(v) has finite order. (See Gyoja [13] for the remaining case, which is completely
solved.)

We regard k as an A-algebra via 6. Since A is integrally closed in K, we have a
well-defined decomposition map (see [10, §2]),

d: Ro(Hk) — Ro(Hg)

between the Grothendieck groups of Hx and Hy, respectively. (For any commu-
tative A-algebra B with 1, we denote Hp := B ® 4 H; the class of a module M
in the Grothendieck group will be denoted by [M].) In order to avoid any tech-
nical problems, we will always want to work with algebras that are split (i.e., the
endomorphism ring of any simple module consists just of the scalar multiples of
the identity). Note that every finite-dimensional algebra becomes split after a fi-
nite field extension. Thus, choosing F sufficiently large and using the canonical
isomorphism Hy = K[W] of [16], this can always be arranged.

One of the main open problems in the representation theory of Iwahori—Hecke
algebras is the determination of decomposition maps di as above. This is only
solved in special cases, the deepest of which is Ariki’s solution [1] of the Lascoux—
Leclerc-Thibon conjecture [15]; see [10] for a survey of further results.
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In Theorem 3.3 of this paper, we describe a natural ordering of the rows and
columns of the decomposition matrix associated with dj in terms of the relation
<rr of Kazhdan and Lusztig [14] and we prove that this yields a lower triangular
shape for that matrix, with 1 along the diagonal. In particular, dj is surjective.
Previously, results of this kind could only be proved case by case for certain types
(by work of various authors: Dipper, James, Murphy, Pallikaros, Bremke, Geck,
Lux, Miiller; see, for example, [5, 6, 23] and [10] for further references) or by
using the relation of the representation theory of Hecke algebras with that of a
corresponding finite Chevalley group (see [10, Proposition 3.8] and [4]). For type
D,, with n even, this is a new result.

In Section 4, as an application, we determine explicitly the labelling of the nodes
in Brauer trees of blocks of H with defect 1 (as defined in [9]). Again, these trees
were known case by case. For the classical types, they can be extracted from the
trees determined by Fong and Srinivasan [8]; for the exceptional types, see [9]. We
obtain the more precise statement that the ordering of the simple modules on the
tree is given in terms of the relation <pp.

The proofs are based on methods which are all contained in Lusztig’s papers on
cells in affine Weyl groups [18, 19, 20]. More precisely, we use the following two
remarks.

(1) di has a natural interpretation in terms of the canonical homomorphism from
H to Lusztig’s asymptotic algebra J of [19]; see Lemma 2.3 below.

(2) The techniques in the proof of [20, Lemma 1.9] also work for dj (via the
interpretation of (1)), and they yield Theorem 3.3 below.

Note that a variant of (1) is already used by Gyoja [13] (in a different context), but
the above interpretation together with (2) seems to be new.

Finally, we remark that these results are non-elementary in the sense that they
use the positivity properties established by Springer [24]. This also restricts the
applicability of these methods to the case of 1-parameter Iwahori—-Hecke algebras
while, for example, the results in [6] for type B, hold without any restriction on
the parameters.

2. THE ASYMPTOTIC ALGEBRA J

The above definitions and assumptions remain in force. The first results in this
section are Lemma 2.3 and Remark 2.5, which show how to reduce the study of dy,
to that of a homomorphism from H into Lusztig’s asymptotic algebra J. We then
state the main result about that homomorphism, due to Lusztig, in Proposition 2.8.

2.1. Let {Cy | w € W} be the Kazhdan—Lusztig basis of H; see [14]. For z,y € W,
we write C;Cy = > hg, .C. with hy, . € A. For any z € W, there is a well-
defined integer a(z) > 0 such that

va(z)hmyyyz € Z[v] for all z,y e W,
v¥ &, & Zv]  for some x,y € W.
Let J be the asymptotic algebra introduced in [19]. It is an algebra over Z with a
basis {t,, | w € W}, whose structure constants are given in terms of the constant
terms of the polynomials v“(z)hmyyyz; the identity element is Ed tq where d runs

over the set of so-called distinguished involutions D C W (see [19, (1.3)]). For any
commutative ring B with 1, we write Jg := B ®z J. The algebra J is a “based
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ring”; see [21, §1 and (3.1j)]. Since F is assumed to be large enough, this implies
that Jp is split semisimple (see [21, (1.2a)]).

2.2. Lusztig has shown in [19, (2.4)] that the map ¢: H — Ja defined by C,, +—
>..q hw,d,2t. (sum over all z € W and d € D such that a(z) = a(d)) is a homomor-
phism of A-algebras which preserves the identity elements. For any commutative
A-algebra B with 1, it gives rise to a homomorphism ¢p: Hg — Jpg.

If F is a Jg-module, we denote by E, the Hg-module with underlying vector
space E and where h € Hg acts via ¢x(h). The assignment E — F, defines a
homomorphism (¢x)«: Ro(Jx) — Ro(Hg). Similarly, the algebra homomorphism
or: Hyp — Ji also gives rise to a homomorphism (¢ ). : Ro(Jx) — Ro(Hy).

By [19, Theorem 2.8], the map ¢y is an isomorphism. Hence, (¢ ). is an
isomorphism which preserves the classes of simple modules. Note that this is not
necessarily the case for (¢g)..

The following result gives a basic relation between the various maps between the
Grothendieck groups of Hg, Hy, Ji, Ji. In order to distinguish the decomposition
map between Ro(Hg) and Ro(Hy) from that between Ro(Jx) and Ro(Jx), we
denote these maps by df and dj, respectively.

Lemma 2.3. The following diagram is commutative.

DK )«
Ro(Jx) (0r0) Ro(Hx)
dj di!
DL )«
Ro(Jx) (@) Ro(Hy)

Proof. Let p: Jx — M, (K) be an irreducible representation. Since Jp is already
split semisimple and F' is large enough, we can assume that p(t,) € M,(R) for
all w € W. Now p. := po¢g: Hx — M,(K) is a representation such that
p+(Cy) € M, (A) for all w € W. We specialize p. under the map 0: A — k and
obtain a representation (ps)r: Hr — My(k) such that (p.)r(Cw) = (0(as;)) where
p+(Cy) = (aij). (Here, we write again Cy, for 1 ® C,.)

On the other hand, we can first specialize p under the map 6: A — k and obtain
a representation py: Ji — M, (k) such that pg(tw) = (6(bi;)) where p(ty,) = (b;j).
(Here, we write again t,, for 1 ® ¢,,.) Then we compose with ¢, and obtain a
representation (pg)s := pr © ¢r: Hy — My (k).

We check that the result is the same as before. Indeed, let ¢, € A (x,y € W)
such that ¢(Cy) = > ¢s yt.. Then we have

(podx)k(Cy) = Za(¢w,y)pk(t1) = Pk (Za((bw,y)tw) = (pr © 1) (Cy),

for all y € W, as desired. The proof is now complete, since the above discussion
shows that (¢ )« o df o (¢ ); ! defines a map Ro(H) — Ro(Hy) which makes the
diagram (D) in [10, §2] commutative, and this characterizes di. O

Under some mild restrictions on k, the left hand vertical arrow in the above
diagram can be seen to be an isomorphism which preserves the classes of simple
modules. To prove this, we have to recall some results from [21].
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2.4. The algebra J is symmetric, with symmetrizing trace 7: J — Z given by
7(ty) = 1 if w is a distinguished involution and 7(t,,) = 0 otherwise (see [21, (1.1c)
and (3.1j)]). For any simple Jx-module E let 0 # fg € K be the scalar in [21,
(1.3¢)]. Note that since Jx already splits over F', we have fg € R by [21, (1.3f)].
Furthermore, we have

Dp, = fgva“E + higher powers of v2,

where ap > 0 is an integer and Dg, € F[v?] denotes the generic degree associated
with the simple Hx-module E,; see [21, (3.4e)].

For later reference, we remark that ag can also be characterized as follows. For
any w € W, let ¢y g, € F be the “leading coefficient” of the character value of Ty,
on E,, as defined in [17, (5.1.21)] or [21]. By [17, Lemma 5.2], there exists some
w € W such that ¢, g, # 0 and, using the results in [21, (3.4), (3.5)], we have

ag = a(w) for any w € W such that ¢, g, # 0.

It is known that Dp, € Q[v?]; see [2]. Hence the constant fg is in fact an integer.
The prime numbers which divide any one of these constants are called bad primes
for W. Recall that a prime number > 5 is never bad; moreover, the prime 2 is
bad if W has an irreducible component of type # A, the prime 3 is bad if W has
a component of exceptional type, and the prime 5 is bad if W has a component
of type Es. This follows, for example, from the formula in [17, (4.14.2)], which
expresses fp in terms of the finite groups associated with the families of simple
modules of W, and the description of these families in [17, Chap. 4].

Remark 2.5. In the set-up of Lemma 2.3, assume that the characteristic of k is 0 or
a good prime for W. Then all constants fz are non-zero in k and, hence, Jj, is split
semisimple. (This follows from the fact that Jg is split semisimple (see 2.1) and a
general semisimplicty criterion for symmetric algebras; see [11, Proposition 4.3] or
[12].) Tits’ Deformation Theorem (see [3, §68A]) now implies that the decomposi-
tion map dj : Ro(Jx) — Ro(Jy) is an isomorphism which preserves the classes of
simple modules.

Since ¢ also is an isomorphism, we see that the problem of determining the
map df: Ro(Hg) — Ro(Hy) is equivalent to that of determining the map (¢ ).

Corollary 2.6. Assume that the characteristic of k is 0 or a prime which does
not divide the order of W. Assume also that v is mapped to 1 € k so that Hy, =
k[W)]. Let ko be the prime field of k. Then Jy, is split semisimple and the algebra
homomorphism ¢, : ko|W] — Jk, is an isomorphism.

Proof. First note that all of the algebras Jg, Ji, Hi, Hy are semisimple. (We al-
ready know this for Jx and Hp; as far as k[IW] is concerned, this is just Maschke’s
Theorem. Finally note that if the characteristic of k is a prime not dividing the
order of W, then it is also a good prime for W; and see Remark 2.5.) Consider the
commutative diagram in Lemma 2.3. Tits’ Deformation Theorem [3, §68A] implies
that the two vertical arrows d,{ and dkH are isomorphisms which preserve the classes
of simple modules. Since (¢ ). also has this property, we conclude that (¢). does
also. It is easily seen that, consequently, ¢y itself must be an isomorphism.

Since ¢y, is defined over kg (by its construction), we conclude that we already
have an isomorphism ¢, : ko[W] — Ji,. Finally, this also implies the assertion
about splitting fields since k[W] already splits over ko (in fact, W is split over any
field; see [2]). O
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The above result is also obtained by Fleischmann [7, Lemma 3.6], using a slightly
different argument, and by Gyoja [13, Lemma 2.1]. If Ji is not semisimple, then
Jk, 1s still split, by [13, Theorems B’ and C’].

2.7. For any i > 0, we introduce the following subspaces, following [20]:
J}. = subspace of .J;, generated by all t,, with a(w) = 1,
szi = subspace of H}, generated by all C\, with a(w) > i.

(Again we write Cy, and ¢, for 1 ® Cy, and 1 ® t,, respectively.) Then J,i and
H" are two-sided ideals. Let Hj := HZ'/H7'*'; this is an (Hy, Hy)-bimodule
in a natural way. It is also a (Jg, Ji)-bimodule in a natural way; see [20, (1.4)].
Denoting the multiplication by o, we have for all f € Hi, h € Hy and j € J:

(1) hf =or(h)o f, jo(fh)= (e f)h, (hf)ej=h(fej)

Thus, H is a (Jk, Hi)-bimodule. Furthermore, we have ¢, o f = f ot,, = 0 unless
a(w) = i.

To any simple Jiy-module E we can attach an integer ag by the requirement that
twE # 0 for some w € W with a(w) = ag. This is well-defined since Jj, = @, Ji;
see [20, (1.3)(d)]. We can also attach an integer aps to any simple Hy-module M
by the requirement that

CowM =0 forall w e W with a(w) > anm,
CyM #0 for some w € W with a(w) = ap.

The following construction is taken from the proof of [20, Lemma 1.9]. Let M be
a simple Hji-module and set a = ay;. Let M = H} ®p, M, where we regard
H} as aright Hi-module and M as a left Hi-module. Then M is naturally a left
Hji-module. Let M 7 be the Jiy-module whose underlying vector space is M and Ji
acts via j: (f @ m) — (j o f) ® m. By the argument in condition (b) of the proof
of [20, Corollary 3.6], we have:

(2) If E is a composition factor of My, then ag = ap.

(Indeed, if z € W is such that ¢t,E # 0, then we also have t, M, # 0 and so
t, o H} # 0, where a = aps. Since t, o f = 0 unless a(z) = a, we must have
a(z) =ap.)

Proposition 2.8 (Lusztig [20, Lemma 1.9]). We have a surjective homomorphism
of Hy-modules p: M — M given by p(f@m)= fm, where f € sza 1S a Tepresen-
tative of f € H¢. In Ro(Hy), we have (¢r).([My]) = [M] = [M]+ sum of terms
[M'] where M’ are simple Hy-modules with apr < apr.

Proof. In [loc. cit.], it is generally assumed that (W, .S) is an affine Weyl group and
that k£ = C, but the proof works, word by word, in general. O

Remark 2.9. The above result shows, in particular, that the map (¢)«: Ro(Ji) —
Ro(Hy) is surjective. This in turn implies that the kernel of ¢y : Hy — Jj acts as 0
on every simple Hy-module. Hence that kernel is contained in the radical of Hy.
Consequently, ¢y is an isomorphism if Hy, is semisimple. This gives another proof
of [19, Theorem 2.8] (at least for the case where W is finite; see also [7]).
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3. THE DECOMPOSITION MAP dff

Recall that we assume throughout that the image of v in k& has finite order, and
that Hy is split. From now on, we will also assume that the characteristic of k is
0 or a good prime for W. Then the discussion in Remark 2.5 applies and so the
decomposition map df : Ro(Jx) — Ro(Jx) is an isomorphism which preserves the
classes of simple modules.

Recall that we have attached a-values to the simple modules for Jx (see 2.4) and
Hy, Ji (see 2.7). We have the following relations between these a-values (compare
with the similar properties established in the proof of [20, Corollary 3.6]).

Lemma 3.1. Let E be a simple Ji-module and M be a simple Hy-module.

(1) There exists some z € W such that trace(t,, E) # 0. For any such z, we have
ag = a(z) = ag, where E' is a simple Jx-module such that dj ([E']) = [E].

(2) Assume that [M] occurs in (¢r)«([E]) and that w € W is such that Cyy M # 0.
Then, for any z as in (1), we have z <pg w, with <pr as defined in [14]. In
particular, this implies that apy < ag.

Note that we have trace(t,, E) = O(trace(t,, E')) and, by [21, (3.5b)], we also
have trace(t., B') = £c. g/, with E] as in 2.4.

Proof. As in the proof of Lemma 2.3, there exists a representation p: Jx — M, (K)
affording E’ such that p(t,) € M,(R) for all z € W. Let xg be its character.
Consider the representation py: Jy — M, (k) induced by 6: A — k. Its character
is given by ¢, — 0(x g’ (t;)). Now Tits’ Deformation Theorem states more precisely
that the latter map is the character afforded by E. Hence pj is a representation
affording F.

This implies that if z € W is any element such that ¢, F # 0, then we also have
t.E' #0. (If pr(t,) is not the zero matrix, then neither is p(t.).)

(1) Let z € W be such that xg(t.) # 0. Then we certainly have ¢,FE # 0 and
so ag = a(z), by definition. The above remarks show that ¢,FE’ # 0. By [21,
Proposition 3.3 and (3.4e)], this implies that ag = a(z) = agr, as required. Since
Jx is split semisimple, the characters of the various simple Jg-modules are linearly
independent. Hence there exists some z € W such that xg(t;) # 0.

(2) The following arguments are just a slight modification of those in the proof
of [20, Corollary 3.6]. Let w € W be such that C,yM # 0. Then we also have
ok (Cw)E # 0, since M is a constituent of F, regarded as an Hy-module via ¢.
Using the defining equation of ¢, this yields }_ ;0(hw,d,2)tz £ # 0, where the sum
is over all z € W and d € D such that a(z) = a(d). It follows that for some zo, do
we have t, E # 0 and hy 4,2, 7 0. The latter condition means that C,, occurs
in the product C,,Cq, (expressed as a linear combination of C,’s). Thus, we have
2o <pr w, by the definition in [14].

We have remarked above that the condition t,, F # 0 implies that t,,E’ # 0.
Now consider any element z € W such that xg(t,) # 0. Then ¢, E # 0 and, hence,
t.E' # 0. By [21, (3.11)], this implies that z ~Lr 20 <rr w, as desired. Finally,
by [18, Theorem 5.4], we then have a(w) < a(z). Choosing w such that a(w) = ap
also shows that ay; < ag. O

We can now describe our main application to the decomposition matrix associ-
ated with dkH .
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3.2. Let My,...,M,, be a set of representatives for the isomorphism classes of
simple Hy-modules. Consider the Jy-modules (M), ... , (M), as defined in 2.7.

By Proposition 2.8, there exist simple Jx-modules Fj, ... , E,,, uniquely deter-
mined up to isomorphism by the conditions that F; is a constituent of (Mj) 7 and
that [M;] occurs as a summand in the decomposition of (¢x)«([E;]). Note that, in
Ry(Hy), we have (¢r)«([E;]) = [M;]+ sum of terms [M'] where M’ are simple Hj-
modules with ap;r < ap,. This also implies, by a simple induction on the a-values,
that F1,..., E,, are pairwise non-isomorphic.

Let Ept1,...,E, (n > m) be simple Ji-modules such that Ey,... F, is a
set of representatives for the isomorphism classes of all simple Ji-modules. For
1 <i < n, we have

(1) (6r)+([E:]) =Y dij[M;]  where dy; € No.

j=1
Let Vi,...,V, be simple Hx-modules such that (¢x )« o (d) " ([Ei]) = [Vi] for
1 < i < n. Note that Vi,...,V, are representatives for the isomorphism classes
of simple H-modules, since d{ and (® ). are both isomorphisms which preserve
the classes of simple modules. Let wy,...,w, € W be such that 0(cy, ;) # 0 for

all i. For each i let ay, be the exponent of the largest power of v? which divides
the generic degree of V;. Then, by 2.4, 2.7(2) and Lemma 3.1(1), we have

(2) ag, = ay, = a(w;) (1 <i<n) and apn; =ag, (1 <5< m).
We can now state the following.

Theorem 3.3. Recall that we assume that the characteristic of k is 0 or a good
prime for W. We have

A (Vi) = > dy[M;)  for1<i<m,

Jj=1

i.e., the matriz D = (d;;) is the decomposition matriz associated with dif. We have
djj =1 for 1 <j<m and d;; =0 unless ay;, < ay,. Furthermore,

(%) dijy 01 <i,j<m,i#j) = w; <prwj anday, <ay,.

In particular, assuming that ay, < ... < ay,,, this means that D has a lower
uni-triangular shape, and that di! is surjective.

Proof. The first assertion is just the commutativity of the diagram in Lemma 2.3;
recall also Remark 2.5. By the definition of E; (for 1 < j < m) we have dj; = 1.
Now assume that d;; # 0 for some 4, j. This means that [M;] occurs as a summand
in (¢r)«([Ei]). Hence Lemma 3.1(2) implies that ap;; < ag,, and so ay, < ay,
by 3.2(2).

Now consider (x). Let 1 < 4,j < m be such that d;; # 0 and i # j. Then [M]]
occurs as a summand in (¢x).([(M;)]). By Proposition 2.8, we have ay; < ap,
with equality only for i = j. Thus, we must have aas; < apr,. Again, 3.2(2) shows
that ay, < ay;.

It remains to check the assertion about w;, w;. Our assumption means that [M/;]
occurs as a summand in both (¢r)«([E;]) and (¢ )«([E;]). Let w € W be such that
a(w) = ap; and CyM; # 0. Then w; <pr w and w; <pr w by Lemma 3.1(2).
Now note that a(w;) = an; by 3.2(2). Hence we have a(w;) = a(w). By [18,
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Corollary 6.3(b)], this and the condition w; <rr w imply that w; ~r w, and so
w; <pRr wj, as desired.

Finally, assume that ay, < ... <ay,. Let 1 <4,j < m. Then d;; # 0 implies
that ¢ = j or ay, < ay,, and hence j < i. Thus, D has a lower uni-triangular
shape. O

Remark 3.4. Recall from 3.2 that ag, = ay, is the exponent of the lowest power
of v? in the generic degree associated with V;; hence these a-values are explicitly
known by the tables in [17, Chap. 4]. Now consider a simple Hi-module M;. A
priori, we do not have a more direct way of computing the constant ays, other than
just using the definition in 2.7. However, once the decomposition matrix (d;;) is
known, aps; can be computed as

an = min{aw | dij 75 0}
This follows from the conditions on d;; in Theorem 3.3.

By the construction in 3.2, the simple Ji-modules En,... , E,, (and hence the
simple Hpg-modules Vi,...,V,,) are canonically associated with the simple Hy-
modules. It would be desirable to characterize these Hg-modules directly, in terms
of the labellings in [17, Chap. 4] for example. In type A, such a characterization is
known:

Example 3.5. Assume that H is the Iwahori-Hecke algebra associated with the
symmetric group S, (r > 1). Then a statement similar to that in Theorem 3.3
has been proved by Dipper and James [5]. In this case, the simple Hg-modules
Vi,...,V, have a natural labelling by the partitions of r. We write p; for the
partition which labels V;. (For example, the trivial module corresponds to (r) and
the module giving the sign representation corresponds to (17).) Dipper and James
show that the simple Hx-modules M, ..., M,, have a natural labelling by the e-
regular partitions of 7, where e > 1 is minimal such that 14-6(v)2+- - -+0(v)2(¢~1) =
0. We write \; for the e-regular partition which labels M;. By [5, Theorem 7.6],
we have

dij =1 if g =\,
dij =0 unless p1; < \;j,

where < denotes the usual dominance order on partitions. Using the formula for
the a-values in [17, (4.4.2)], one checks immediately that if p; < p;, then ay;, < ay;,
with equality only for j =¢. So we must have

Wi = Aj for1 <j<m.

(Indeed, fix j and let i be such that y; = \;; then dj; = 1 and the above relations
imply p; <A; = py, and so ay; < ay;. On the other hand, d;; = 1 implies ay, < ay,
by Theorem 3.3; hence ay, = ay, and ¢ = j.) Similar results also hold for type
B,.. The analogue of [5, Theorem 7.6] is established by Dipper, James and Murphy
in [6, Theorem 6.5]; for the parametrization of the simple modules over k, see [6,
Conjecture 8.13] and Mathas [22].

The above results have the following application to splitting fields. First recall
that Q is a splitting field for W (see, for example, [2]). Using Lusztig’s canonical
isomorphism [16], this implies that Hg is already split over Q(v).
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Corollary 3.6. With the assumptions of Theorem 3.3, let kg C k be the field of
fractions of the image of Z[v,v=1] under the map 0: A — k. Then Hy, is split.

Proof. We must show that every simple Hj-module M; can be realized over ky. The
facts that Hy is already split over Q(v) and that Z[v,v~!] is integrally closed in
Q(v) imply that trace(Cy, Vi) € Z[v,v™!] for all w,i (see [11, Lemma 2.10]). Since
the matrix (d;;) has all elementary divisors 1, we conclude that trace(Cy,, M;) € ko
for all w. It is well-known that this implies that if £ is a finite field, then M;
can already be realized over ko (see the argument in [3, (74.9)]). Note that the
assumption that k is finite is satisfied if the characteristic of k£ is a prime number
(since O(v) has finite order in k).

If £ has characteristic 0, we argue as follows. Let E; be the simple Ji-module
as in 3.2. If we regard F; as an Hy-module via ¢, then M; occurs in that module
as a composition factor with multiplicity 1. But, by Corollary 2.6, we know that
Ji is already split over Q. So E; can be realized over Q and, hence, also over Z.
It follows that M; occurs as a composition factor with multiplicity 1 in a module
which can be realized over ko. The familiar properties of Schur indices (see [3, §74])
imply that M; can also be realized over ko. O

3.7. We close this section with some remarks. Assume that we are in the set-up of
3.2 and Theorem 3.3.

(1) By the results for types A,_1, B, in Example 3.5 and the known decomposi-
tion matrices for types Fy, Es and E7, one is lead to expect that, for i > m, we
always have (¢ )«([E;]) = sum of terms [M’] where M’ are simple Hi-modules
such that apr < ag,.

(2) If Hy is semisimple, it can be easily seen that each Jy-module (M;); (for
1 < j < m) is simple (see the argument in the proof of [20, Corollary 3.6]).
There is no a priori reason why this should be so in general. But this would
follow once (1) is known.

R. Rouquier has found general proofs of these statements, which will be discussed
elsewhere.

4. BRAUER TREES

The main result of this section is Theorem 4.4 which determines the Brauer trees
of blocks of “defect 1”7. Before we come to this, we need some preliminary results
which are also useful in their own right.

4.1. Consider the A-algebra automorphism v: H — H defined by Ty +— —v2T; !
for s € S. It gives rise to algebra automorphisms vx : Hx — Hg and 7y, : Hp — Hy.
Let (yx)« and (yx)« be the induced maps on the Grothendieck groups of Hx and
Hy, respectively. Then we have the commutation rule:

di o (vi)e = (W) 0 dy!.

(This follows by an argument similar to that in the proof of Lemma 2.3.) For any
simple Hx-module V let V' be the simple Hg-module with underlying vector space
V but where h € Hg acts via yx (h). The a-values of V, V' are related as follows.
Recall that these values can be characterized in terms of the “leading coefficients”
as in 2.4. Let wg € W be the longest element. Then we have

ayr = a(wow) where w € W is such that ¢, v # 0.
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This follows from the identity cupowv’ = (—1)"®)¢, v (for all w € W), which in
turn is proved using the defining equation and the formulas in [17, (3.3.2), (5.12.5)].

Lemma 4.2. Let V1, V5 be simple H i -modules and M be a simple Hy-module such
that [M] occurs as a summand in both df ([V4]) and d ([Va]). Assume that apr =
avy; .

(1) We have z2 <pg z1, for any z1,22 € W with 0(cz, v;) # 0, 0(czyv5) # 0.

(2) We have av, < ay, and ayy < ay;; moreover, ay, < ay, < ayy < ay;.

Proof. We have ay, = a(z1) and ay, = a(z2). Now let w € W be such that
a(w) = apr and Cyy M # 0. By Lemma 3.1(2), we have 21 <pp w and 25 <pp w.
Since a(w) = ap = ay, = a(z1), this implies that 2o < 21 (see the argument in
the proof of Theorem 3.3).

Using 4.1, we see that ay; = a(woz1) and ay; = a(woza).

By [14, Remark 3.3(a)], the map z — wpz reverses the preorder <pp. Thus, the
condition zo <ppr 2 implies that woz1 <pr woza. By [18, Theorem 5.4], we have
z <pry=a(y) <a(z) for all z,y € W. Thus, we conclude that a(z1) < a(z2) and
a(wozz2) < a(wozy).

If we have a(z1) = a(z2), then the condition 2o <pp 21 already implies that
21 ~LR 22; see [18, Corollary 6.3(b)]. But then we also have wgz1 ~pr woz2 and
so a(wgzz) = a(wpz1). Reversing the argument shows that we have a(z1) = a(z2)
if and only if a(wpz2) = a(woz1). |

4.3. From now on, we assume that k = F has characteristic 0, and that 6(v) is
a primitive 2d-th root of unity in F. With every simple Hg-module V' we can
attach an integer, its “d-defect”, as follows. Let P = ZwGW v2(®) he the Poincaré
polynomial and Dy € Q[v?] be the generic degree associated with V; it is known
that Dy divides Py (see [2]). Then the d-defect of V' is the exponent of the largest
power of ®94(v) which divides Py /Dy .

The Brauer graph associated with df is defined as follows. It has vertices labelled
by the simple Hy-modules (up to isomorphism) and edges labelled by the simple
Hji-modules (up to isomorphism). Two vertices, labelled by the simple modules
V1, V5 say, are joined by an edge, labelled by the simple Hgp-module M say, if
di([V1]) and di([V2]) have [M] as a common summand in Ry(Hy). The connected
components of this graph define partitions of the sets of isomorphism classes of
simple modules for Hx and Hj, which are called “blocks”.

By [9, Proposition 7.4], all simple H-modules belonging to a fixed block have
the same d-defect. (Note that the proof of this result still seems to require the use

of results from the representation theory of finite Chevalley groups.) This common
d-defect is called the d-defect of the block.

It is shown in [9, Theorem 9.6] that in a block of d-defect 1 all decomposition
numbers are 0 and 1, and the Brauer graph is an open polygon, i.e., a so-called
“Brauer tree”. However, this result does not yield the labelling of the vertices of
that tree by the simple Hx-modules. For any simple Hg-module V', let ay be the
exponent of the largest power of v? which divides the generic degree of V. Now we
can state:

Theorem 4.4. Consider a block of d-defect 1 containing e +1 > 2 simple Hg -
modules (up to isomorphism). Label these modules by Vi,... ,Vei1 such that the
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corresponding Brauer tree is given by

% Va Ve Vet1
. . A

dimV; <dimVa and dimV, > dimV.y; (if e > 2),
ay, < ay, <ay; <...<ay,_; <ay, Save+1.

Assume that ay, < ay,.,. Then the following conditions must be satisfied.

(Conversely, it is clear that these conditions determine the tree.) Moreover, if
w; € W is such that cy, v, # 0, then we must have Weyr1 <pr ... <pgr Wi.

Proof. First note, since the above graph has e+1 edges, our block contains precisely
e simple Hi-modules (up to isomorphism), which we denote by M, ..., M, (from
left to right). We now forget the chosen ordering of the modules V; and M;. The
proof will proceed by reconstructing that original ordering from properties of the
a-values and similar things.

To simplify the notation, we say that M; is a modular constituent of V;, if [M;]
occurs as a summand in d([V;]). Furthermore, we write a; = ay, for all i.

For the moment, the only assumption about the labelling of the modules V; and
M; is the following. For 1 < j < e, we assume that V; has M; as a modular con-
stituent, that ay;, = a;, and that any other modular constituent of V; has a strictly
smaller a-value. Thus, the labelling is such that condition (%) in Theorem 3.3 holds
for 1 <1i,j < e. We proceed in several steps.

Step 1. We claim that there exists some 1 < r < e such that if we go from left to
right on the Brauer tree, the simple Hx-modules are ordered as

‘/17 ‘/27 "'a‘/T—la ‘/6-1-17 ‘/67 ‘/6—17 "'a‘/rv

where aet1 > ae > ... > a, and Geq1 > ar—1 > ... > a1. In particular, this implies
that if e > 3, then at least one of the two end points must be joined to a vertex
with a strictly bigger a-value. We shall call this “property (E)”.

To see this, we begin by constructing a piece of the tree and fixing further
labellings of modules V; and M; as we go along. Assume that M. is such that ap,
is maximal among all aps;. Then M, is a modular constituent of V., and we have
anrr, = ae. If Vo has no other modular constituent, then we stop and our piece is
complete. Otherwise, we obtain a new modular constituent, and we assume that
this is M._1. We have aps,_, < a, by condition (x) in Theorem 3.3. Now consider
Ve—1. We can argue in the same way as we just did for V.. If V._; has no other
modular constituent than M._1, then we stop; otherwise, we assume that the new
constituent is M._o, and we have apr, , < ap, , = de—1. We go on until we have
found a piece of our tree which looks as follows.

Ve Ve—1 Ve
° ° ° L. o (r>1)
Me Me—l Mr
where ae > ae—1 > ... > ar, ay; = aj for all j, and V;. labels an end point.

If r = 1, then the tree is complete. If > 1, we proceed as follows. Let V; be the
second module which has M, as a modular constituent. If we had i < e, then V}
would also have M; as a modular constituent and this would yield a; = ap, > anr,
(by condition () in Theorem 3.3), contrary to the choice of M,.. So, we must have
i = e+ 1. Then V.41 has another modular constituent, and we assume that this
is Mr—l-
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Now we can construct a second piece of our tree. The module M, _ is a modular
constituent of V,_; and we have ap;,_, = ar—1. If V,._; has no other modular
constituents, then we stop and our piece is complete. Otherwise, we assume that the
new constituent is M,_o. We have aps,_, < ar—1, by condition (x) in Theorem 3.3.
We can now go on as above, and obtain a piece of the tree which joins V.41 with
modules V,._1, V,_o,... until we arrive at an end point. Since our tree has just two
end points, it is now complete, and the other end point must be Vi. Thus, the tree
is labelled as desired. The fact that a.y+1 > a. = ap, and ae41 > ar—1 = ap,
follows from Lemma 3.1(2).

Step 2. Assume that r = 1. Then the simple Hg-modules are ordered on the tree
as

Ves1, Ve, Ve—1, .., 17,

where aey1 > ae > ... > ay. Itisclear that dim V.4 < dim V. and dim V; < dim V5
(if e > 2). Hence we have the desired properties. Moreover, since aps; = a; for
1<j<e, wehave wer; <pg ... <pr w; by Lemma 4.2(1).

Step 3. Assume that 2 < r < e. We then show that we must have e = r = 2. For
the proof, we use the automorphism ~. The commutation rule in 4.1 implies that
~ induces a symmetry of the Brauer graph of H.

For any 4, let V; be the simple Hg-module with underlying vector space V; but
where h € Hg acts as yx(h). Since 7 induces a symmetry of the Brauer graph
of H, the modules {V{,... ,V/ ;} form a block of H, which also has d-defect 1.
(The latter assertion follows from the fact that the generic degrees of V; and V/ are
equal, up to a power of v?; see [3, Theorem 71.17].) Thus, we have a corresponding
Brauer tree, and if we go from left to right on that tree, the simple Hyx-modules
are ordered as

! ! U U U U U
‘/13‘/23'-'7‘/7“—17 e+17‘/e7‘/e—1a'-'7‘/r'

For any i, let a} := ay,. We claim that now we have a, ; < a, < ... < a; and
aL,y < aj,_y < ...<aj. Indeed, let r < j < e. Then, by the construction in
Step 1, M; is a modular constituent of V1 and Vj, and we have an; = aj < ajy1-
Hence Lemma 4.2(2) implies that a; > a’;, ;. Moreover, these inequalities are strict
for j < e. The same argument also works for 1 < j7 < r — 1. Thus, the claim is
established.

We have just proved that none of the two end points of the new Brauer tree is
joined to a vertex with a strictly bigger a-value. But the discussion in Step 1 also
applies to that new tree. Hence, if e > 3, we have a contradiction to “property (E)”.
So we must have e = r = 2, as desired.

Step 4. Finally, assume that e = r = 2. Thus, our tree has three vertices. In this
case, the tree is clearly determined by the conditions on the dimensions of V1, V5, V3.
It remains to prove the assertion about the a-values and the w;.

Since r = 2, the three vertices of the tree are labelled by Vi, V3, Vo (from left to
right) and we must have a1 < ag and a2 < as. If both of these inequalities were
strict, then again we apply v and, by a similar argument as in Step 3, we find a
new tree, which also has to satisfy the conditions that we obtained so far. But
Lemma 4.2(2) shows that a} > a} < df, a contradiction. So we have a; = ag or
as = az. Assume that a; = a3. We have a(w;) = a; for i = 1,2,3. Since ap, = a1
we have ws <pr w; by Lemma 4.2(1). Then the condition that ay;, = a3 implies
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that w1 <pp ws, again by Lemma 4.2(1). Now we also have ws <ppr we, and
so wy <pr w3z <pp wo, as desired. The argument for the case that as = ag is
completely analogous.

The above steps cover all possibilities. So the proof is complete. O

Remark 4.5. Suppose that 3.7(1) holds in general. Then it would follow that each
of the two end points of the tree has an a-value which is different from that for the
vertex adjacent to it. This can be seen to hold in all trees, as computed in [8, 9].
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