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TRANSFER FACTORS FOR LIE ALGEBRAS

ROBERT E. KOTTWITZ

ABSTRACT. Let G be a quasi-split connected reductive group over a local field
of characteristic 0, and fix a regular nilpotent element in the Lie algebra g of
G. A theorem of Kostant then provides a canonical conjugacy class within
each stable conjugacy class of regular semisimple elements in g. Normalized
transfer factors take the value 1 on these canonical conjugacy classes.

1. INTRODUCTION

Let kg be a local field of characteristic 0, let k& be an algebraic closure of kg, and
let I denote the Galois group of k over ky. Let G be a connected reductive group
over ko, with Lie algebra g. We write g(ko) for the set of ko-rational points on g.
Let (H,H, s,£) be endoscopic data [LS87] for G. In [LS87] Langlands and Shelstad
define transfer factors for G relative to (H,H, s,&), and they conjecture that their
transfer factors can be used to define a notion of endoscopic induction (analogous
to parabolic induction), associating to any stably invariant distribution on H (kg)
an invariant distribution on G (ko).

Waldspurger [Wal97] has shown that the conjecture of Langlands and Shelstad
would follow from another conjecture, known as the fundamental lemma. Wald-
spurger’s method is to study endoscopy on the Lie algebra g, and he starts by
defining transfer factors for Lie algebras, analogous to those of Langlands and Shel-
stad.

The main result of this paper gives a new way to express these transfer factors
for Lie algebras in the case that the group G is quasi-split over kg, which we
now assume. In order to state this result precisely we must specify how we are
normalizing our transfer factors. Therefore we need to fix a kg-splitting spl =
(Bo, T,{X4}) for G. Thus By is a Borel subgroup of G over kg, T is a maximal
ko-torus in By, and {X,} is a collection of simple root vectors X, € g4, one for each
simple root « of T' in the Lie algebra of By, having the property that X, = 0(X4)
for all o € T. (As usual, for any root 5 of T in g we write gg for the corresponding
root subspace of g.)

Waldspurger’s factors are analogous to the transfer factors A(vm, va; ¥u,J¢) on
p. 248 of [L.S87] with the factor Ay removed. On the quasi-split group G Langlands
and Shelstad also define transfer factors Ag(vm,va) (again on p. 248 of [LS87)).
These depend on the chosen kg-splitting spl. The transfer factors Ay (X, X¢g) in
this paper are complex roots of unity, analogous to Ag(vm, ) with the factor Ay
removed, and they too depend on the choice of kg-splitting.
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We write by for the Lie algebra of the Borel subgroup By. For each simple root
a we define a root vector X_,, € g_,, by requiring that [X,, X_,] be the coroot for
a, viewed as an element in the Lie algebra of T. We put X_ :=3%"  X_,, where
runs over the set of simple roots of T in By. Of course X_ lies in g(ko) and depends
on the choice of kg-splitting.

The main result of this paper, Theorem 5.1, is that Aj(Xu, X¢) = 1 whenever
X¢ lies in bo(ko)+X_. By results of Kostant [Kos63] every stable conjugacy class of
regular semisimple elements in g(ko) meets the set bo(ko) + X_. Since the values of
AL(Xm,Xq) and AY(X g, X[;) are related by a simple Galois-cohomological factor
whenever X and X(, are stably conjugate, this main result also yields a simple
formula (see Corollary 5.2) for Aj(Xu, X¢) for arbitrary Xg.

The methods used in this paper are variants of ones used in [Lan83], [LS87],
[She89]. In particular we rely on a key result of Langlands [Lan83], namely Propo-
sition 5.2. However, since we need this result in a slightly different form, we have
included its proof, which is essentially just a rearrangement of the one given by
Langlands. The new ingredient in this paper is the connection with Kostant’s sec-
tion. Kostant’s section [Kos63] is reviewed in 2.4, following Drinfeld’s exposition in
a lecture at the IAS in February, 1997.

Throughout this paper we follow the convention that Lie algebras of groups G,
B, T are denoted by the corresponding gothic letters g, b, t, and so on. We also
use Ng(T') to denote the normalizer in G of T'. In the first several sections we work
over an algebraically closed field k& of characteristic 0; later we work over a local
field k¢ with algebraic closure k.

2. REVIEW OF KOSTANT’S SECTIONS OF g — t/W

2.1. Basic definitions. Let G be a connected reductive group over an algebraically
closed field k of characteristic 0. We fix a maximal torus T in G and a Borel sub-
group By of G containing T'; thus By = TNy where Ny denotes the unipotent
radical of By. We write B, for the unique Borel subgroup of G containing 7" that
is opposed to By; thus Bs, = T'No, where N, denotes the unipotent radical of B.
For any root a of T in G we write g, for the root space of T in g corresponding
to a. Then ng = @, 0a and nee = P, ga- For each simple positive root a
we fix a non-zero root vector X, € go. The triple spl := (B, T,{Xa,}) is called a
splitting of G.

Let a be a simple positive root. Let H, be the coroot for a regarded as an
element in t, and fix X_, € g_, by the requirement that [X,, X_,] = H,. There
is a unique homomorphism ¢, : SL(2) — G whose differential sends the elements

S P 0 P I ps

to Hy, Xo, X_, respectively.

Let X := )" Xa, where the index o runs over all simple positive roots. Let
1 € X, (T) be the sum of the positive coroots for T'; recall that (o, u) = 2 for every
simple positive root c. We now decompose g as g = €@,,, g(m), where g(m) is the
(—2m)-th weight subspace

{Zeg| Ad((a))Z =a™?"Z for all a € G,,}
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for the adjoint action Ad ou of G, on g. For any d € Z we put F'lg = D,>aq8(m).
Thus F°g = b, and F'g = n,. Note also that X, € g(—1) and hence that
ad(X1)(Neo) C boo.

2.2. Chevalley’s Theorem. We denote by k[g] (respectively, k[t]) the k-algebra
of polynomial functions on g (respectively, t). The adjoint action of G on g induces
an action of G on k[g], and the action of the Weyl group W (of T' in G) on t induces
an action of W on k[t]. A theorem of Chevalley (see [CG97] for example) states that
the restriction mapping k[g] — k[t] induces an isomorphism k[g]¥ — K[| from
the ring of G-invariants in k[g] to the ring of W-invariants in k[t]. We denote the
affine k-variety corresponding to k[]"Y by t/W. The morphism v : g — t/W dual
to k[] = k[g]® — k[g] sends Z to the W-orbit in t consisting of elements that are
G-conjugate to the semisimple part Z; of the Jordan decomposition Z = Z, + Z,
of Z. (Thus Z; is semisimple, Z,, is nilpotent, and [Zs, Z,] = 0.)

2.3. Regular elements of g. An element Z € g is said to be regular if the di-
mension of its centralizer in g is equal to the dimension of t. Recall [Kos63] that Z
is regular if and only if the nilpotent part Z,, of the Jordan decomposition of Z is
a regular element in the centralizer in g of the semisimple part Z; of Z. The map
Z +— Z induces (see [Kos63]) a bijection from the set of regular Ad(G)-orbits in g
to the set of semisimple Ad(G)-orbits in g, and via the map u both sets of orbits
can be identified with t/TV.

2.4. Kostant’s section. Kostant proved that every element in the affine subspace
boo + X4 of g is regular (see Lemma 10 in [Kos63]). For any H € t C by, the
semisimple part of H + X is conjugate to H (see Lemma 11 in [Kos63]), and
hence t + X meets every regular Ad(G)-orbit in g.

Now let a be any linear subspace of by that is complementary to ad(X4)(ns)
and stable under the action Adop of Gy, (with p as in 2.1). Then Kostant proved
(see Remark 19’ in [Kos63]) that a + X meets every regular Ad(G)-orbit exactly
once, and that the composition of the closed embedding a + X4 — g and the
morphism u : g — t/W is an isomorphism a + X, — t/W of algebraic varieties.
Moreover Kostant proved (see Proposition 19 in [Kos63]) that for any Z € t + X
there exists a unique element n(Z) € N such that Ad(n(Z))(Z) € a+ X4, and
that the map Z — n(Z) is a morphism of algebraic varieties from t + X to Ne.
But in fact the method of proof of Kostant’s Proposition 19 shows more, namely
that for any Z € by, + X1 there exists a unique element n(Z) € Ny, such that
Ad(n(2))(Z) € a+ X4, and that the map Z — n(Z) is a morphism of algebraic
varieties from bo, + X4 to Nu. It follows that the map (n,Y) — Ad(n)(Y) is an
isomorphism of varieties from N x (a + X4) to boo + X4

The results discussed above can be summarized as follows. Every element of
boo + X4 is regular. The group Ny acts on by + X4 (by the adjoint action), and
the morphism b, + X, — t/W (obtained by restricting u to bo,+ X ) is a principal
Noo-bundle. Moreover, this principal bundle admits sections and is therefore trivial.

3. REVIEW OF THE VARIETY S OF STARS

3.1. Notation. In this section G is again a connected reductive group over an
algebraically closed field k of characteristic 0. We fix a maximal torus 7" in G. We
write X, (T') for the lattice of cocharacters of T', and we write X, (T)gr for the real
vector space obtained from X, (T) by extending scalars from Z to R. We write C for
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the set of Weyl chambers in X, (T)gr. For any Weyl chamber C' € C we write B¢ for
the corresponding Borel subgroup of G containing T'. Thus any root of T appearing
in the unipotent radical of Bo takes positive values on the chamber C. For any
pair C, D of adjacent Weyl chambers, we let Pc p be the unique parabolic subgroup
of G that contains both Bo and Bp and whose Levi component has semisimple
rank 1. Thus the Lie algebra of P¢ p is the direct sum of the Lie algebra of B¢ and
the root space for the unique root of T that is negative for C and positive for D.

We denote by W the Weyl group of T in G. The group W acts on the left of
X.(T) and C.

3.2. Definition of the variety of stars. We now review the definition of the
variety S of stars, introduced by Langlands in [Lan83]. Let B be the flag variety
of G. Thus elements of B are Borel subgroups in G, and G acts on the left of B by
conjugation. Consider a map C — B, which we think of as a collection (B(C))cec
of Borel subgroups B(C) of G indexed by the set of chambers C' € C. We say that
(B(C))cec is a star if for every pair C, D of adjacent chambers there exists g € G
such that gB(C)g~! = B¢ and gB(D)g~! C Pc,p (equivalently, for every such pair
C, D either B(C) = B(D) or there exists g € G such that conjugation by g carries
the pair (B(C), B(D)) into (B¢, Bp)). The set of stars is a Zariski closed subset
of the Cartesian product B x - -- x B, where the factors in the product are indexed
by C. Thus the set S of stars is a projective algebraic variety, and the diagonal left
action of G on B x - - - x BB preserves the subset of stars, so that G acts on the left of
S. There is also an obvious right action of W on S: an element w € W sends a star
(B(C))cec to the star C +— B(w(C)). The actions of G and W on S commute.

A star is said to be regular if B(C) # B(D) for every pair C, D of adjacent
chambers. The set SO of regular stars is a Zariski open subset of S, and it is
preserved by the actions of G and W. There is an obvious base-point so € SY,
namely the regular star C' +— Bc. The action of G on S is transitive, and the
stabilizer in G of the base-point is T', so that S® ~ G/T as (G, W )-varieties.

3.3. Some rational functions z(C,() on S. At this point we need to fix a
splitting (Bo, T, {Xa}) (see 2.1) whose torus component is the torus T' we fixed at
the beginning of this section. Asin 2.1 we write By = T'Ny and By, = T' N, where
B is the unique Borel subgroup containing T" and opposite to By. The group By,
has a unique open orbit on B, namely the big cell consisting of all Borel subgroups
B € B opposed to Bs,. The Borel subgroup By lies in the big cell, and the group
N acts simply transitively on the big cell, so that every Borel subgroup B opposed
to B, can be written as B = nByn~! for a unique element n € Nu.

Following Langlands [Lan83], we let S(Bw) denote the Zariski open subset of S
consisting of all stars C' — B(C') such that B(C) is opposed to Bs, for all C € C.
For each pair (C, 3) consisting of a chamber C' € C and a root § of T that is simple
relative to C' (that is, § is positive on C and its kernel is a wall of C), Langlands
[Lan83] defines a regular function z(C, 8) on S(Bs). This regular function z(C, 3)
depends on the choice of splitting (By, T, {X,}). Let w be the unique element in W
such that C' = w(Cy), where Cj is the unique chamber in C such that Beo, = Bo,
and put a := w~!(B); note that « is simple relative to Bg. The value of the regular
function z(C, 8) at a star (B(C)) in S(B) is defined to be the unique element z
in the field k such that

(3.1) nB(D)n~" = exp(—2X_o)Boexp(2X_a),
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where D € C is the unique chamber adjacent to C across the wall defined by 3, and
where n € N4 is uniquely determined by the condition nB(C)n~! = By.

It is obvious that the right W-action on S preserves the subset S(Bs ). Moreover,
the W-action permutes the regular functions z(C,3). More precisely, for w € W
we have

(3.2) 2(C, B) o rw = 2(w(C), w(p)),

where 7, : S(Bs) — S(Bso) denotes the right action of w.

The left action of By, = T'No, on S preserves the subset S(Bs). The regular
functions z(C, 3) on S(By) are invariant under N, and transform as follows un-
der T. Let t € T and let l; : S(Bs) — S(Bso) denote the left action of ¢. We use
(C,B) to define a By-simple root « as before, so that there exists w € W carrying
(Co, @) into (C,3). Then the transformation law is

(3.3) 2(C,B)oly = a(t)™ 2(C, B).

We should note that Langlands only defines z(C, 3) on a certain cross-section for
the N-action on S(By ), but since there is no essential difference between a regular
function on this cross-section and an Nyo-invariant regular function on S(Bs,), we
have retained the notation used by Langlands for our extended functions.

3.4. Coordinates on N \S(Bx). Let C — B(C) be a star in S(Bs). Thus
there exists a unique element n € N, such that B(Cy) = nBon~!. Moreover for
each element w € W there is a unique element n,, € N such that B(wCy) =
nnyBo(nny,)~t. The elements n, can be easily expressed [Lan83] in terms of
the values of the regular functions z(C, ) at the given star. Indeed, let w =
Sa;Sas - - Sa, be a reduced decomposition for w, where, as usual, we write s,
for the simple reflection associated to the simple root . For i = 1,...,p put
Ci = Sy ---54;C0 and B; = Sq, ...Sq; .. Thus for ¢ = 1,...,p the chambers
Ci—1, C; are adjacent and separated by ;. For i =1,...,p let z; denote the value
of the function z(C;_1, ;) on the given star. Then it follows immediately from the
definition of the regular functions z(C;_1, 5;) that

(3.4) Ny = exp(—21X o, ) exp(—22X _q,) ... exp(—2p X o, )

3.5. Refined Bruhat decomposition. We will soon need the following two well-
known statements (part of Bruhat theory). The first statement is that the inclusion
of Ng(T') in G induces a bijection from Ng(T') to No\G/Ny. The second state-
ment is that Noz1No - NoxaNo = Noz122Ng whenever 1,29 € Ng(T) satisfy the
condition that the length of the image of x1x5 in W is the sum of the lengths of
the images of x1, .

3.6. Analysis of the W-action on S(By). Now let C — B(C) be a regular star
in S(Bw). Denote this star by s and as usual denote the standard star C' — Bg
by sg. We claim that there exists a unique element g € N, Ny such that s = gso.
Indeed, let g; be any element in G such that s = gys¢. Since B(Cp) lies in the
big cell, there exists n € Ny, such that g1 € nBy. Modifying the element g; on
the right by a suitable element in 7', we see that there exists u € Ny such that
s = nusg. This proves the existence of g; its uniqueness is obvious. The uniqueness
of the factorization g = nu is also obvious. Note that the element n agrees with
the element denoted by n in 3.4.
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Recall that there is right action of W on S(Bw). Let w € W. Then s := sw
is another regular star in S(Bs), so there exists unique ¢’ = n'u’ € NooNp such
that s’ = ¢’sp. Let x € G be defined by the equation g’ = gz. It is obvious that
x € Ng(T) and that © — w under the canonical surjection Ng(T) — W, and it
is also obvious that z depends only on w and the Ny.-orbit of s. Thus one would
expect to be able to express = in terms of w and the values of the regular functions
z(C, 8) on s. Such a formula is implicit in [Lan83] (see the proof of Proposition 5.2
of that paper), and is stated explicitly in the next lemma.

As in 3.4 we choose a reduced decomposition w = $sq, - .. 54, and use it and the
star s to define scalars z1,. .., z,. For any simple root a we put

(3.5) b0 = Pa [_01 é} ,

where ¢, : SL(2) — G is the homomorphism defined in 2.1; of course 3, lies in
N¢g(T) and maps to the simple reflection s, in W.

Lemma 3.1. The element x defined above is given by
2= (@Y (21)50,) (0 (22) ) - - (@) (2) V50 )-
Proof. The star s’ is equal to C — B’(C) := B(w(C)). On the one hand,
B'(Co) = n'By(n")~".
On the other hand,
B'(Co) = B(w(Co))
= nnywBo(nny) !,

1

with n,, € N as in 3.4 (relative to the star s). Therefore n='n’ = n,,, and hence

(3.6) =g ¢ =un v € Non,No.
A simple calculation in SL(2) shows that for any simple root «
Ny exp(—2X_o)No = Noa¥ (2) " 5, N.

Combining this with equation (3.4) and the second statement in section 3.5, we
find that

(37) NoanQ = NoyNo,
where

y = (@Y (21) S0, ) (0¥ (22) " 8as) - - (@) (20) 15y
Comparing (3.6) and (3.7), we see that NozNy = NoyNp, and it then follows from
the first statement in section 3.5 that x = y, as we needed to show. O

3.7. Some 1-cocycles in N¢(T). Now suppose that G, T, By, Bs are defined
over a subfield kg of k£ such that k is algebraic over kg. Thus k is an algebraic closure
of kg, and we put I := Gal(k/ko). We write g(ko) for the subset of g consisting of
ko-rational points. Let Y € g(ko) and suppose that Y is regular semisimple. We
choose an element H € t in the G-conjugacy class of Y. Of course H need not be
defined over kg.

There exists ¢ € G, unique up to right multiplication by 7', such that ¥ =
Ad(g)(H). For o € T put z, := g 'o(g). Then o — z, is a l-cocycle of T in
N¢(T), and replacing g by gt (for t € T) replaces z, by t 'z,0(t).
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The star s := gsg is well-defined. We now assume that s lies in S(Bs). As in
3.6 we normalize g within its coset g7 by insisting that g lie in No/Ny. The next
lemma gives a formula for the 1-cocycle z, (obtained from this particular g) in
terms of the values of the functions z(C, 3) on the star s. This lemma is a variant
of Proposition 5.2 in [Lan83], and our proof (including that of Lemma 3.1) is a
rearrangement of Langlands’s.

Lemma 3.2. Let 0 € T' and let w, be the image of x, in W. Choose a reduced
decomposilion Wy = Sa, - - - Sa, of wy, and as in section 3.4 use it and the star s to
define scalars z1,...,2,. Then x, is given by

Ty = (O‘Y (21)_15a1)(0‘¥ (22)_1300) cee (a;/ (Zp)_léap)'
Proof. Since N, Ny are defined over ko, the element o(g) also lies in NooNg. The
lemma now follows from Lemma 3.1, applied to the elements g and ¢’ = o(g). O

4. 1-COCYCLES COMING FROM KOSTANT’S SECTION

4.1. Goal. Our next goal is to calculate the 1-cocycles of section 3.7 for elements
Y lying in the image of Kostant’s section v : t/WW — g. By Lemma 3.2 what we
must do is calculate certain values of the functions z(C, 3).

4.2. Values of z(C, 3) on stars coming from Kostant’s section. Let H € t/,
where t' denotes the set of regular elements in t. We write p : t — t/W for the map
dual to the inclusion k[t]'V < k[t]. Let Y be any element in b, + X such that
w(Y) = p(H) (where u : g — t/W is as in 2.2). Recall from section 2.4 that the
Ad(Ny)-orbit of Y is uniquely determined by H.

Now choose g € G such that Y = Ad(g)(H) and define a regular star s := gsg
(as in 3.7). The star s depends only on Y, and the Ny-orbit of s depends only
on H.

Lemma 4.1. The star s lies in S(Bwso). The value of the regular function z(C, 3)
on s is f(H).

Proof. The construction H — s is a well-defined map ¢ : ' — Ny \S. The right
action of W on S induces a right action of W on N \S, and we define a right
action of W on t' by converting the usual left action into a right action:

Hw :=w '(H).

It is then immediate that our map § : ' — N\ S is W-equivariant.

The truth of the two statements of the lemma depends only on the N..-orbit
of s. Therefore we are free to take Y = H + X ;. We write the star s obtained
from Y and H as C +— B(C). It is well-known (and easy to prove) that since H is
regular, the map u — Ad(u)(H) is an isomorphism from Ny to H + ng. Therefore
there exists u € Ny such that Y = Ad(u)(H). Thus s = usp, and it follows that
B(Cp) = Byp. Since the map ¢ : ' — N \S is W-equivariant, we conclude that
B(C) lies in the Nyo-orbit of By for all chambers C, which proves the first statement
of the lemma.

Again using the W-equivariance of §, and using (3.2) as well, we see that in
order to prove the second statement of the lemma, it is enough to prove that for
every simple root « the function z(Cp, ) takes the value a(H) on s. So fix a simple
root o and let P, = M,N, be the associated parabolic subgroup containing By;
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thus m,, is spanned by t, g, and g_,, and N, is the unipotent radical of P,. The
homomorphism ¢,, : SL(2) — G factors through M,,.
Note that for any scalar z

Ad(exp(2Xa))(H + X+) € H+ Xy + [2 X0, H] + n4.

Therefore Ad(exp(a(H)™1X,))(H + X4) lies in H + n,. But (again since H is
regular) the map

ng — Ad(ny)(H)
is an isomorphism from N, to H 4+ n,. Therefore there exists n, € N, such that
H+ X, = Ad(exp(—a(H) ™' X,) - na ) (H).
It follows from this equality that
B(54(Co)) = exp(—a(H) ™" X4) - $a - Bo - (exp(—a(H) ™" Xa) - 3a) .
A simple calculation in SL(2) then shows that
Bl(sa(Co)) = exp(~a(H)X_a) - By - exp(a(H)X_q),

and this (together with the fact that B(Cy) = Cp) shows that the value of 2(Cp, @)
on s is a(H), as desired. O

4.3. 1-cocycles in Ng(T) coming from Kostant’s section. We return to the
situation of 3.7. We assume further that the family {X,} is defined over ko, in the
sense that 0(Xa) = Xo(q) for all o € T'. Thus (By, T, {X}) is a ko-splitting in the
terminology of [LS87]. Moreover the element X =" X, lies in g(ko).

To define Kostant’s section we need to choose a complementary subspace a as
in 2.4. Of course we may assume that a is defined over ky. Then a+ X is defined
over kg.

Now let H € t' and assume that the image p(H) of H in t/W is ko-rational. Let
Y be any ko-rational element of boo+X 4 such that u(Y) = p(H). It is clear from the
discussion above that such a kg-rational element exists, and it follows from 2.4 that
the Ad(Neo(ko))-orbit of Y is uniquely determined by H. The first statement of
Lemma 4.1 implies that the star s defined in 3.7 (for H, Y as above) lies in S(Be).
Therefore there exists a unique element g € Ny Ny such that Y = Ad(g)(H). As
in 3.7 we define a 1-cocycle z, of I in Ng(T) by z, = g~1o(g). Note that this
1-cocycle is independent of the choice of Y; it depends only on H and our chosen
ko-splitting spl = (Bo, T, {Xa})-

Lemma 4.2. Let ¢ € T’ and let w, be the image of v, in W. Choose a re-
duced decomposition We = SaySas ---Sa, Of W and for i = 1,...,p put B; =
SaySavg -+ - Say_y (@i). Then

Ty = (H@V(@-(H))) g,
=1

P

where e = $a; -+ - Sa,-

Proof. This follows immediately from Lemmas 3.2 and 4.1. O

However the 1-cocycle we really need is a variant of x,. We replace b + X4
by by + X_, where X_ := %" X_,, the sum ranging over simple roots . In this
context Kostant’s theory provides an isomorphism (over ko) from the quotient of
bo + X_ by the adjoint action of Ny to the space t/W.
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Let H € t' be as above and let Z be any kg-rational element of by + X_ such
that u(Z) = p(H). Let h be any element of G such that Z = Ad(h)(H). Define
a 1-cocycle y, of I' in Ng(T) by y, = h~to(h). Replacing h by ht, for t € T, has
the effect of replacing y, by t~ty,0(t). Thus the 1-cocycle y, is well-defined up to
such equivalences.

Lemma 4.3. For a suitable choice of h, the 1-cocycle y, is given by the following
formula. Let o € T and let w, be the image of y, in W. Choose a reduced decompo-
SitiON Wo = SaySay - -+ Sa, Of We and fori=1,....p put B; = Sa,5as - -+ Sa;_, (Q4).
Then y, is given by

Yo = <Hﬁz\/(ﬂz(H))> 'U:]Ua

where We = Say -+ - Sa,-

Proof. Let 0 be the automorphism of G that induces —1 on t and exchanges X, and
X _, for all simple roots a. It is clear that 0 is defined over kg and that its square
is the identity. Since 6 exchanges b, + X and by + X_, it is clear that we get a
suitable 1-cocycle y, by applying 6 to the 1-cocycle z, associated to (H) = —H.
Note that 0(54) = a¥(—1)s, for any simple root « (a simple calculation in SL(2)).
The desired result then follows from the previous lemma. O

5. TRANSFER FACTORS Ay (X, X¢g) ON g

5.1. Notation. As in 3.7 we assume that G is quasi-split over kg, and we fix a
ko-splitting spl = (By, T, {X4}) for G. We assume further that kg is a local field
(of characteristic 0). Let (H, ™, s,£§) be endoscopic data for G (see [LS87]).

5.2. General discussion of transfer factors. Following Waldspurger [Wal97]
we consider transfer factors on g analogous to the transfer factors on G defined by
Langlands and Shelstad [LS87]. Waldspurger’s factors are analogous to the transfer
factors A(vm,ve; ¥m, Ja) on p. 248 of [LS87] with the factor Ary removed.

On the quasi-split group G Langlands and Shelstad also define transfer factors
Ao(vH,7v¢) (again on p. 248 of [LS87]). These depend on the chosen ko-splitting
spl. The transfer factors Ay(Xpy, Xg) in this paper are analogous to Ag(vm,va)
with the factor Apy removed.

5.3. a-data. Let Ty be a maximal torus in H. There is a canonical G-conjugacy
class of embeddings Ty — G, and this G-conjugacy class contains members that
are defined over kg. Fix such a kg-embedding Ty — G, and let T denote the
image of Ty in G, a maximal torus of GG, defined over ky. We identify Ty with T,
so that the set Ry of roots of Ty in H becomes a subset of the set Rg of roots of
TG in G.

Recall from [LS87], 2.2 that a-data for T consists of elements a, € k™, one for
each a € Rg, satisfying

1. o = 0(ay) for all « € Rg and all 0 € T,

2. a_o, = —a, for all « € Rg.
We now choose a-data for Tg.

Let Gg. denote the simply connected cover of the derived group of G, and let
TE denote the inverse image of Tz under the canonical homomorphism from G
to G. Recall that Langlands and Shelstad (see 2.3 in [LS87]) define an invariant
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NTE) € H'(ko, Tg'), which depends on spl and the a-data {as}, as well as T¢.
We denote by A\(T¢) € H'(ko, T¢;) the image of A(TgF) under the map induced by
the canonical homomorphism T¢F — Tg.

5.4. y-data. For any root @ € Rg we let k, (respectively, ki,) denote the field
of definition of « (respectively, the set {a, —a}). Thus kg C kio C ko C k and
[k : ko) is 1or 2. Asin [LS87), if [kq : kia] = 2, we say that « (and its T-orbit in
R¢) is symmetric, and we let x,, denote the quadratic character on k7, associated
to the quadratic extension k,/kio by local classfield theory. Transfer factors on g
are simpler than those on G, in that it is not necessary to extend y, to a quasi-
character on k. Consequently, when defining transfer factors on g, it is irrelevant
whether or not H is isomorphic to “H.

5.5. Definition of A{(Xy, X¢). Let Xy € ty and assume that its image X¢ in
tg is regular. We are going to define our transfer factor Aj(Xp, Xa) by

Ay Xu, Xe) = A Xy, Xo)Au(Xu, Xa),

where the factors Ar(Xpy, X¢), An(Xm, Xag), to be defined below, are analogous
to the factors Ar(vm,va), Au(vm,va) of [LS87].

5.6. Definition of A;(Xpy,Xg). Let Te: denote the complex torus dual to T
(Langlands duality). The element s appearing in our endoscopic data is a I'-fixed
element in the center of the Langlands dual group H of H, and thus can be regarded
as a T-fixed element s, of Ty = T There is a Tate-Nakayama pairing (see [Kot86]
for example)

() s HY(ko, Te) x TS — CX,
where Tg denotes the group of fixed points of I' in Te:. We define A; by
AI(XH,XG) = </\(Tg), STg>~

5.7. Definition of Ay (Xy, Xg). We define Ayp by
a(X,
An(Xpg, Xa) = HXa (M> ,

where the product is taken over a set of representatives for the symmetric orbits of
I in the set Rg \ Ry.

5.8. Discussion of Aj(Xpy,Xg). It is immediate from (the proof of) Lemma
3.2.C of [LS87] that Ay(Xm,X¢) is independent of the choice of a-data. Thus
AL(Xm, Xa) depends only on the choice of ko-splitting spl.

Put Ay (v, va) == Do(va, v6) - Arv (va, ve) 7, with Ag and Ay as in [LS87).
It is easy to see that for X sufficiently close to 0

AY(Xm, Xa) = Ay(exp(Xu), exp(Xa)).
Moreover it is obvious that
AY(a*Xp,a*Xe) = A (X1, Xg)

for all a € k. These two properties characterize the transfer factors A{ on g.
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Now suppose that X, € g(ko) is stably conjugate to X¢, so that there exists
h € G such that Ad(h)(X() = X¢. Then o — ho(h)™! is a 1-cocycle of T in T
whose class we denote by inv(Xq, X(;). Then

(5.1) AL Xm, XEG) = A Xw, Xe) - (inv(Xa, X&), s70) L

This follows from Lemmas 3.2.B and 3.4.A of [LS87], or rather from their (easy)
Lie algebra analogs.

5.9. Main result. As above we use our fixed splitting spl to define transfer factors
AL(Xpg,Xg) on g and to define an element X_ € g(ko).

Theorem 5.1. The transfer factor Ay( X, Xa) is equal to 1 whenever X¢ lies in
the set of kg-rational elements in by + X_.

Proof. Note that a, := a(X¢) is a valid choice of a-data for Ti. With this choice
of a-data it is obvious that An(Xg, Xg) = 1, and what we must show is that
Ar(Xpg,Xa) = 1. Since this must be true for all endoscopic data, we must show
that A(T) = 1 for this particular choice of a-data. It is harmless to assume that
G = Gy, and we do so in order to simplify notation. Choose h € G and H € t
such that X¢ = Ad(h)(H). (Since the endoscopic data are now irrelevant, it should
cause no confusion to use our usual convention of denoting elements of t by H.)
Thus hTh~! = T and we use the inner automorphism x +— hxh~! to identify T
with T over k. As in 4.3 y, := h™lo(h) is a 1-cocycle of T' in Ng(T), and we
denote by w, the image of y, in the Weyl group W. On p. 231 of [LS87] Langlands
and Shelstad define a 1-cocycle

My 1= Hﬁv(aﬁ) Wy
B

of T in Ng(T), where w, is defined as in Lemma 4.3, and where the product is
taken over all positive roots 3 of T in G such that w,(3) is negative. We are
using our identification of T" and Tz over k to view § as a root of T, so that ag
is defined. For our particular choice of a-data, we have ag = B(H), and therefore
m, is exactly the same as the 1-cocycle appearing in Lemma 4.3. It follows from
Lemma 4.3 that by choosing h correctly within its coset h1T', we may assume that

(5.2) hto(h) = m,.

Langlands and Shelstad now define a 1-cocycle of I' in Tg by o — hmgo(h)™!,
and they define A\(T¢) to be the class of this 1-cocycle. Since (5.2) shows that this
1-cocycle is trivial, we see that A\(T) is trivial, as desired. (]

Corollary 5.2. The transfer factor Ay(Xwu,Xq) is equal to (inv(Xa, X5), S14),
where X[, is any ko-rational element in by + X_ that is stably conjugate to X¢.

Proof. This follows from the theorem together with (5.1). |
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