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THE FINE STRUCTURE OF TRANSLATION FUNCTORS

KAREN GUNZL

ABSTRACT. Let E be a simple finite-dimensional representation of a semisim-
ple Lie algebra with extremal weight v and let 0 # e € E,. Let M(7) be the
Verma module with highest weight 7 and 0 # vr € M (7). We investigate the
projection of e ® v, € E ® M(7) on the central character x(7 + v). This is a
rational function in 7 and we calculate its poles and zeros. We then apply this
result in order to compare translation functors.
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1. INTRODUCTION

Let k be a field of characteristic zero and let g be a split semisimple Lie algebra
over k. Then h C b C g denote a Cartan and a Borel subalgebra, {4 = $(g) the
universal enveloping algebra and 3 C 4 its center. We set R™ C R C h* to be the
roots of b and of g. Let n (resp. n™) be the sum of the positive (negative) weight
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spaces and denote by PT C P C b the set of dominant and the lattice of integral
weights respectively. Let W be the Weyl group.

A g-module M is called 3-finite, if dimg(3m) < oo for all m € M. Every 3-
finite module M splits under the operation of the center 3 into a direct sum of
submodules M = EBXeMaXB M. Here x runs over the maximal ideals in the
center and M, € M>(x), where

M™=(x) :={M | for all m € M there exists n € N such that x"m = 0}.

We denote the projection onto the central character x by pr, : M — M,. By
means of the Harish-Chandra homomorphism [Di, 7.4] £ : 3 — S() (normalized
by z —&(z) € Un Vz € 3) we assign to each weight 7 € h* its central character x(7)
defined by x-(2) := (£(2))(1) Vz € 3.

Let now v € P be an integral weight and denote by E := E(v) the irreducible
finite-dimensional g-module with highest weight in Wwv. It is known that for each
3-finite module M the tensor product E ® M is again 3-finite (see [Kol]). If we
now tensor a module M € M>(x(r)) with E and then project onto the central
character x(7 + v), we obtain the translation functor

It M>®(x(r)) — M>(x(r+v))
M — er(T+V)(E®M).

In the present paper we investigate the fine structure of translation functors.
Namely, take for M the Verma module M (1) := $(g) ®g((py Fr with its highest

weight vector v; :=1® 1 € M(7), and then identify for all 7 € h*:
M(t) - 4n7)

UV, — U.
We choose a fixed extremal weight vector e, € F,, and define the map

for b — E®Un)
T — prx(7'+1/) (6,, ® UT)'

Here we identify pr,(,4,)(e, ® v;) € E® M(r) with its image in E'® t(n~). The
image of the map f, is then contained in the finite-dimensional v-weight space of
E ® {(n~), and we may thus regard f, as a map between varieties. In general
however, f, is not a morphism.

Let p:=1/2)" cp+ « denote the half sum of positive roots, a" the co-root of
o and set

N, = {(a,ma) € RY X Z | —(p, ") <my < —(v+p,a¥)}.
Then the set
Ho= |J {rev |(na¥)=m)

(a,m)EN,

is a finite family of hyperplanes and therefore Zariski closed. We will show at first
that f, is a morphism of varieties on the complement of H, U S, where S C §* is
a suitable Zariski closed subset of codimension > 2. More precisely, S consists of
intersections of finitely many hyperplanes.
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Define for all roots o € R and for all m € Z the polynomial function H,,,, on
b* by
Hpm(7) = (1,0") —m for all T € h*.

If we then set 6, := H(a,m)EN,, Hy m, we obtain H, = {7 € b*| §,(r) = 0}. A
central result of this paper will be the following

Theorem. There exists a morphism of varieties G : h* — (E @ U(n7)),, such
that the set of zeros of G has codimension > 2 and such that G equals 6, f, on
h* — (H, US).

This means that the map f, has a pole of order 1 along each of the hyperplanes
(1,a") = m with (o, m) € N, and outside of these hyperplanes it is a non-vanishing
morphism of varieties except on a set of codimension > 2.

We remark that Kashiwara [Ka, Thm. 1.7] has also determined these poles (for
universal Verma modules) in the special case of dominant 7 and antidominant v,
i.e. for v the lowest weight of E. He then used this result to calculate b-functions
on the flag manifold.

Etingof and Styrkas [ES] have considered a slightly different situation in con-
nection with intertwiners: Instead of looking at the element pr,..,)(e, ® vr)
which for generic 7 is a generator for the Verma module M(7 + v) seen as a
submodule of £ ® M(7), consider rather a different generator w,4, given by
Wrty = €, @ v, + R, where R € E® (n")n"v,. By the above theorem we
can then express pr,(, (e, @ v;) as (0,(7)) "' a,(7)wr4,, where a, is a polyno-
mial in §* and its zeros contain the poles of the coefficient functions occurring in
R. For v = 0, not necessarily an extremal weight of E, these poles (i.e. the poles of
Wr4,) have been computed in [ES] in terms of the determinant of the Shapovalov
form. Etingof and Varchenko later used this result to establish a Hopf-algebroid
structure on a certain (rational) exchange quantum group [EV, Ch. 5].

In Chapter 4 we introduce the so-called triangle functions A(u, v; x)(7) for inte-
gral weights 1 and v and z € W. These are rational functions on b, which measure
in a subtle way the relation between the two translation functors T:j_”,f o Ty
and T T7*F by first applying them to the Verma modules M (1) and M (z - 7) and
then identifying the results with M (7 + v + u) and M (x - (7 + v + p)) respectively.

This construction is the characteristic zero analogue of a function introduced
by Andersen, Jantzen and Soergel [AJS, Ch. 11]. In fact, the motivation for the
present work was to understand better some of the more technical chapters in [AJS]
and in particular realizing the poles and zeros of A in a different way. In order to
do this we make use of the maps f, for suitable integral weights v and can thus
write A as a product of the corresponding §,’s. This is done in Chapter 6 (Lemma
11). If we set now a(X) := 1 for (A\,a") < 0 and @(\) := 0 for (A\,a") > 0, we then
obtain

Theorem. Let v,u € P be integml weights and x € W. Then

_. H Ot(V) T+V a\/>6¢( )<T+V+M7a\/>@(lj+u)

A .
(u,v; ) 7, av a(v+ﬂ)<T+1/ aV)eNT + v+ p, V) (w)

aeRrt
with ta € R ™

for a constant c € k™ independent of T,v, u and x.
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Bernstein defined in [Be] the so-called relative trace trg for a finite-dimensional
vector space F and this function is related to the special case A(—v, v;wp), where
v is dominant and wq is the longest element of Y. This is explained in Chapter
5. By Bernstein’s explicit formula for trg — or alternatively by [Ka, Thm. 1.9]—we
obtain

Corollary. Let v € Pt be dominant and 7 € §* generic, i.e. {1,a) & Z for all
a € R. Then

(T+v+p,aY)

A(=v,v;wo)(T) = H (T +p,aV)

a€Rt

2. FILTRATION OF E ® M (1)

In the following let v € P be a fixed integral weight. Then let 14, ... ,v, be the
multiset of weights of E = E(v), i.e. with multiplicities, and let (e;)i1<i<n be a
basis of weight vectors of I, such that e; € I, and v; <v; = i < j. Here A <
for weights X\, u € b, if 4 — X = 3" gy na with ng € N.

In [BGG1] it was shown that the tensor product £ ® M (7) admits a chain of
submodules N; := Y77 #l(n7)(e; ® v,), such that N;/Nii1 = M(7 + ;).

Using this, one can easily construct a slightly coarser filtration, namely a fil-
tration such that the subquotients are each isomorphic to a direct sum of Verma
modules with the same highest weight. In order to do this, let ui,po,... , tm
denote the set of weights of E without multiplicities and set d; := dim E,;. We
may choose the numbering of the v; in such a way that v, = p; for all £ with
di+---+dj_1 <k <dy+---+d;. The weight space E,; is then generated by
precisely these ey. Set dy := 0 and define for 1 < j < m:

My =Y U0 ) (B o) = S U)o @),
k=j k>dy4do+--dj_1

We obtain immediately: The chain E®@ M(r) = M; D -+ D M,, D 0is a
filtration of submodules such that M;/M; 1 = D 4, M (T + u;) and the summands
M (T + pj) are generated by the vectors (e; ® vy)/Mj1 = pr(e; ® v;)/Mjt1, where
e; is a vector of weight 1.

Lemma 1. For 1 < j < m let s; € 3 with Xr4,,;(s;) = 0 and set z; := HjZi S5
Then for 1 < i < m we get: z;M; = 0.
In particular, for a weight vector e, € E,,, we obtain

Zit1(€n; ® V1) = Zig1 Pry(rp ) (€ ® V7).

Proof. The first statement follows by induction from above and since a central
element z € 3 operates on the Verma module M (\) by multiplication with the
scalar xa(2).

By construction of the M; it is clear, that for e,, ® v, € M; its projections
Py (r4p0) (€ @ vr) lie already in Miyq if x(7 + p) # x(7 + ps). But ey, @ vr equals
the sum of its projections and thus the second statement follows from the first. [

Note that for the extremal weight v = v;, = p;, its weight space is of dimension
1. Therefore, we can always choose the numbering of the v; such that ¢ > iy <=
v; > v, = v or equivalently j > jo <= pu; > pj, = v. It then follows immediately
that an element of M;, = M, (of M;,11 = Mj,+1 resp.) consists only of parts with
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central character x,4, for p € P(E) with u > v (1 > v resp.). For e, ® v, € M,
we thus obtain the following special case of Lemma 1.

Lemma 2. For pp € P(E) with pn > v let s, € 3 such that x-4.(s,) = 0 and set
z:=[],5, su- Then z(ey, ® vr) = 2Pry(r40) (€0 ® V7).

3. THE FINE STRUCTURE OF E ® M (1)
3.1. Algebraicity of f,. For v € P fixed, set E := E(v) and let f, be the map

fu: h* - E® ﬂ(n_)
T — er(T+V) (el/ ® UT)
where we identify F @ #(n~) = E® M(7) for all 7 € h*. We will first construct a
Zariski open set U C h* such that f, restricted to U is a morphism of varieties. In
this case we will also say that f, is algebraic on U.

Before we go on, we need some more notation: The dot-operation of the Weyl
group on h* has fixed point —p = —1/23° g+ o and is defined by w - A =
w(A+p) — p. Let P(h*) denote the set of polynomial functions on h* and P(h*)"V"
the (W-)-invariants. We define the operator

sym: P(h") — P(H")""

by (syms)(A) :=[[,cpys(@-A) forall A e b, s € P(h").
For any p € P(E) with g > v we now choose an element h, € b, h, # 0 and
define maps H, : h* x h* — k by
H,(A\71)=\N—7—p,h,) foral\rep”

If we fix 7 € h”, the map H,(—,7) : h* — k is then a polynomial function on
h* and its kernel is obviously a hyperplane in h*. We then define a (W-)-invariant
polynomial function p,, depending also on the choice of the elements h,, by

Dy = H sym H,(—, 7).
HEP(E),u>v

By means of the Harish-Chandra isomorphism [Di, 7.4] ¢ : 3 — P(h*)"V", there
exist central elements s, € 3, such that {(s,) =sym H,(—, 7). For z; :=[]
we have £(z;) = p,. Define now the map

pu>v Su

U:U{hu}: [’)* — k
T e pr(T )

and set U,y == {7 € bh* |u(r) #0} C h".

Lemma 3. The map f, restricted to Uy, y is a morphism of varieties and for all
T € Upn,y we have f,(7) = (u(r)) " 2 (e, @ vr).

Proof. We know x;4,(s,) = (§(su))(7 4+ p) = (sym H,(—, 7)) (7 + 1) = 0 and by
Lemma 2 we conclude z7(e, ® vr) = 27 Pry ;1) (€0 @ V7).

Let now 7 € Ugy,y, le. u(r) # 0. This means, that for all w € W and for all
pu € P(E) with o > v we have (w- (T +v) — 7 — p,hy) # 0 and in particular
w- (T +v) # 7+ p or equivalently x(7 4+ v) # x(7 + p)Vu € P(E),u > v. This
implies, that already the projection pr, (, (e, ®v-) € E®M (T) generates a Verma
module M (7 4 v). A central element z operates on this by multiplication with the
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scalar (§(2))(7 +v) = u(7). We therefore get z;(e, ® v7) = 27 Pry(r4,)(er @ v7) =
u(7) f,(7) and the above equation follows.

We have yet to show that f, is algebraic on Uy, ;. By construction of 2. it
is clear that z, depends algebraically on 7 for all 7 € §*. Also the map 7 —
zr(e, ®vr) € E®U(n~) is a morphism on h* and 1/u is per definition algebraic
on Uiy, y. Thus f, restricted to U,y is a morphism. O

Example. Let v € P(E) be an extremal and dominant weight. For all 4 € P(E)
with p # v we then have y < v and we may choose z, := 1 € 3 for all 7 € h*.
The above lemma then implies Uy, 3 = b*, the map f, is a morphism on h* and
fu (1) =€, ® v, for all 7.

Lemma 3 implies that f, is algebraic on U := (JUjy, ,}, where the union is taken
over all possible choices for {h, | p € P(E),n > v}. If we set

A:={r€b” | u(r) =p-(r +v) =0 for all choices of {h,}},

we can write U as U = h* — A. Since

pr(T+v) = H H(w-(T—Fu)—T—u,h#}

HEP(E),p>v wew

we know that 7 is in A if and only if there exists a w € W and a p € P(E) with
i > v, such that w - (7 + v) = 7+ p. Thus we obtain

A= |J {rev |w-(r+v)=7+u}

REP(E),n>v
weWw

Let us examine more closely the sets on the right hand side: For w = s,,a € R, we
get {T € h* | (r,aV)a = v—pu—(v+p,a”)a}, which implies that this set is nonempty
if and only if there exists a weight 4 = v — (T + v + p, @" )« in the a-string through
v, such that p € P(F) and p > v. Since v was an extremal weight, it is either the
greatest or the smallest weight in this a-string and hence such a p exists only if
(r,a¥) < 0 for an o € RT. In this case all ju(,) == v +na for 1 <n < —(v,a")
are weights of E with fi(,) > v. Comparing this with p =v — (v + p+ 7,0" ) we
obtain as a condition for 7, precisely —(p,a") < (1,a¥) < —(v + p,a") — 1 for an
a € RT.
Set WO := {w € W | w # s, for an « € R}. For

N, = {(,ma) € R* X Z | —(p,a") <my < —(v+ p,a’)},
H, = U {T € b* | <T7 a\/> = m}7

(a,m)EN,
s= U {rev v v =r+au}

HEP(E),p>v
wew?

we get A = H, US. Remark that in general H, and S are not disjoint. We claim
that codim S > 2: forw € Wand p € Plet S(w, ) := {7 € h* |w-(74+v) = 7+ u}.
Since S is a finite union of such sets it will be enough to show that codim S(w, p1) > 2
for w € WY and p > v. First rewrite w- (1 +v) =7+ pas (w—id) (1) =p—w-v
and note that codim §(w, ) = rank(w — id) = dim h* — m,,, where m,, denotes
the multiplicity of the eigenvalue 1 of w since w is diagonizable. If we assume now
codim S(w, 1) < 1, then m,, = dimh* or m, = dimbh* — 1 which implies either
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w=eorw = s, for some a € R. But for w € W° and p > v this is impossible
and we get in this case that codim S(w, p) = rank(w — id) > 2.

This implies also that a set S(w, 1) appearing in S consists of an intersection of
at least two integral hyperplanes in §*.

Using Lemma 3 we obtain
Lemma 4. The map f, is algebraic on the complement of H, U S.

3.2. Poles of f,. Theorem 1 and proof. Let now ¢, € P(h*) be the product of
the equations of the hyperplanes in H, ; that is

o(7) == H Ham(T) = H H (T +p,a’) —na),

(a,m)EN, a€RT 0<n<—(v,aV)
where Hy 1, (7) := (1,a") — m. We then have H, = {7 € h”| 6,(7) = 0}.

Theorem 1. There exists a morphism of varieties G : §h* — (E(v) @ U(n7)),,
such that the set of zeros of G has codimension > 2 and such that G equals d, f,
onh* —(H,US).

The proof comes in two parts. In the first part we demonstrate the existence of
an algebraic extension G of ¢, f, on the whole of §*, in the second we will show
that the set of zeros of G has codimension > 2. It will be useful to introduce the
set 81 C h™ of all intersections of hyperplanes in H,. So if we set

S :={reh’] Hom(T) =0 = Hgn(7) for (a,m) # (B,n) € N,,},

then S U S, is a Zariski closed subset of codimension > 2. By definition of S and
S1 we obtain immediately

Lemma 5. Let 7 € H, —(SUS1). Then there exists exactly one o € RT, such that
S+ (TH+Vv) = T+pg for a weight po of E with pg > v, namely po = v—{(7+v+p, a”)a.
For all p € P(E) with p > v and p # po we have w- (7 +v) # 74 p for allw € W.

Proof of Theorem 1. Againlet U = §* —(H,US) be the set on which f, is algebraic.
First we claim

() For all 79 € h* — (S U Sy) there exists a Zariski open neighborhood Uy of 79
and an algebraic map Go : Uy — (F ® U(n™)),, such that Gy = 4, f, on
UNUp.

This statement then implies the existence of an algebraic extension of §, f,, locally
around every point of h* — (§US;). This extension is unique and thus we obtain a
global algebraic extension on h* — (SUS7). Since codim(SUSt) > 2 we can extend
this to a morphism G on the whole of h™.

Let now 79 € h* — (SU S&1).

If 7o ¢ H,, then 7o € U = h* — (H, US) and since f,, was algebraic on i (Lemma
4), claim (x) follows with Uy := U and G := 0, f,.

Let now 19 € H,. By assumption we then have 7o € H, — (SUS1), and Lemma 5
implies that (9, &) =ty € Z for exactly one o € RT and po = v— (v+p+710, 0" )
is a weight of E with po > v.

Again we construct a set Uy, .} with a particular choice of {h,}. Namely, choose
for all weights p € P(E) with p > v and p # po elements h, € b, such that
H,(w-(ro+v),7) = {(w- (10 +v)—70—p, hy) # 0 for all w € W. For o however,
choose h,, such that
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a) (a,hy,) # 0 and

b) Hy,(w- (10 +v),70) = (w- (10 +v) — 70 — po, hy,) # 0 for all sq #w € W.
Lemma 5 ensures that such a choice of {h,} is always possible. For 7 € h* we
set again pr = [],c p(m) s, SYM Hy(—,7), and £ (pr) =: 27 € 3. For u defined
by u(r) = p-(7 + v) we then obtain Uy, 3 = {7 € h* | u(r) # 0}. According to
Lemma 3 the map f, restricted to Uy} is algebraic. Let us have a closer look
at the map u : It vanishes along the hyperplane ker H,, ;,, because for all 7 € b*
we have H#O (Sa ’ (T+ V)vT) = _<aahﬂo> ! (<Tv av> - tO) = a- HOL-,to(T)? where
a = —(a, h,,) # 0 according to assumption a).

All the other hyperplanes along which u vanishes are not equal to ker Hy ¢,
but do at most intersect it. Otherwise, (since 79 € ker Hyt,) we would have
H,(w- (10 +v),70) = 0 for a pair (u,w) # (Ko, Sa) Which is impossible by our
choice of the h,,.

For @ : h* — k defined by @H, ., = u, it follows by what we just said that
() # 0. With Uy := {7 € b" | @(7) # 0} we then get

e 79 € U,

e 1/4 is algebraic on Uy,

) M{hu} =Uy — ker Hy 4, thus Uy = Z/{{hu} Uker Hy 4,

U NUy) C Uy, since U Nker Hy ¢, = 0.

If we define 6 =6, : h* — k by gHa,to = J, and set
Go: Uy — FE ®ﬂ(1‘l_)
T = (1) (ﬁ(T))_lzT(e,, ®vr),

we know that Gy is algebraic on Uy. In particular, Gy is algebraic on an open
neighborhood of 79. This is now the local algebraic extension of 4§, f, around g
which we were looking for, because according to Lemma 3 we have for all 7 € Uy, 3

Su()fu(r) = 6,(7) (u(r)) " 2r(er @ vr)
= 0u(7)Hato (1) (Hato (T))_l (Q(T))_l zr(ev ® vr)
= Go(r).
In particular, this equation holds for all 7 € (U NUy) C Uyy, 3, i-e. (*).

It remains to show that the set of zeros of G has codimension > 2.
In order to do this, let Sz be the union of all intersections of hyperplanes in H,
with any other integral hyperplanes, that is

Sy =81U{r € H, | (r,a") =m € Z for a pair (o, m) ¢ N, }.

We claim
(x¢) K:={1€h* | G(r) =0} C(SUS>)
and conclude then that codim IC > 2. Indeed, by definition the set S U Sy consists
of a countable family of intersections of integral hyperplanes. On the other hand,
G is algebraic on h* and therefore its set of zeros must be Zariski closed. Since a
countable family of intersections of integral hyperplanes is Zariski closed only if it
is a finite family of such intersections, the set I must have codimension > 2.

Let now 19 € h* — (SUS,). We have to show G(19) # 0.

If 7o ¢ H,, we have §,(79) #0 and 19 € Y = h* — (H, US). Now G equals §, f,
on U and hence G(19) = 6, (70)f.(70) # 0.
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Let now 79 € H,. Again by the first part of the proof we know that there is
an open neighborhood Uy of 19, such that G(7) = §,(7) (E(T))_lzT (ey ® vy) for all
T € Up. Since 8, (1) # 0 it thus suffices to show

(x%)" zr (€, @ vr) # 0.

In order to do this, we will use Lemmas 6 to 9 of the following section. Set
e := e, and denote the projection onto the central character x(my + v) by pr =
er(TO"FV) B ® ﬂ(n_) —-» K X ﬂ(ﬂ_).

Since 19 € H, — (SUGS>), there exists exactly one a € R such that (rg, ) € Z.
Therefore, R, := {f# € R | (10,8") € Z} = {a, —a} and hence the Weyl group
W;, of this root system R, equals W., = (sg | 8 € R;,) = (sa). For 7y and
po =v — {10 + v + p,a’ ) we may then apply Lemma 8 and obtain a short exact
sequence

@dimEqu(sa (to+v)) = pr(E®M(m)) = L(o + v)

such that pr(e ® vr,)/ pr (E ® M(0)) generates the simple module L(ro + v). The
module pr (E®M (10)) is projective (Lemma 7) and this forces the above short exact
sequence to be a nontrivial extension because otherwise, being a direct summand,
L(70 + v) would be projective too. This contradicts Lemma 7.

Therefore (see for example [HS, Ch. 3, Lemma 4.1]) we have at least one di-
rect summand M (s, - (1o + v)) of Ry = Py B, M(sa - (10 + v)), such that the
projection pro : Ry — M (s - (70 + v)) induces a nontrivial extension

M (8o - (10 +v)) = PO — L(10 +v)

together with a homomorphism pto : Ry := pr (E ® M(To)) — PO, such that the
following diagram commutes (the rows are exact, PO is a push-out of pro : Ry —
M (sq - (10 +v)) and Ry — Ry; see for example the dual statement to [HS, Ch. 3,
Lemma 1.3]):

Ry Ry Ri/Ry = L(1g +v)
lpro pro id
M(8q - (10 +v)) —=PO ——=PO /M(8q - (10 +v)) = L(19 + V)

Since the bottom row is a nontrivial extension and since Wy 4+, = Wy, = (Sa),
the push-out PO is isomorphic to P(7y + v), the projective cover of L(7o + v) in
O (Lemma 6). In the right loop of the above diagram lies the following element
diagram:

pr(e ® vq,) | pr(e ® v, )/ Re

I |

pro( pr(e ® vs,)) — pro(pr(e @ vy,)) /M (sa - (10 + v))

Since pr(e ® vr)/R2 is a generator of L(rp + v) we conclude that
pro(pr(e ® vr,))/M(sa - (to+v)) € PO/M(sq - (10 +v)) is also a generator of
L(7o+v) and thus its preimage pro( pr(e®uvy,)) generates the indecomposable mod-
ule PO = P(19+v). By Lemma 9 the element z, is not contained in the annihilator
of P(1o+v), this means in particular 0 # z,pfo(pr(e®vs,)) = pro(z-, pr(e®@vy,))
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and we obtain z-, pr(e ® v,,) # 0. Therefore, claim (*x)’ is proven and the proof
of Theorem 1 is finished provided we know that Lemma 6, 7, 8 and 9 hold. O

3.3. Proof of Lemmas 6, 7, 8 and 9. In the following let e, denote again the
fixed extremal weight vector of the finite-dimensional irreducible g-module E =
E(v). Set vy, € M(7) the canonical generator of the Verma module and let £ ®
Un™) =2 E® M(7) for all 7 € h*. The category O is the category of all finitely
generated g-modules, which are b-finite and semisimple over h [BGG2|. For A € h*
set Wy :={w e W |AX—w\ € P} and Ry := {8 € R | (\, () € Z}. The group
W, is then the Weyl group to the root system R [Jal, 1.3]. Denote by P()\) the
projective cover in O of the simple module L(A).

Lemma 6. Let A € h* with Wy = (s4) and M(\) = L(\) simple. If the short exact
sequence M (8o A) — N —» L(\) is a nontrivial extension, then N is isomorphic
to P(\).

Proof. For A\ with Wy = (s,) there exists in O (up to isomorphism) a unique
indecomposable projective module P()), such that the short exact sequence

M(sa - A) = P(A) = L())

is a nontrivial extension [BGG2, Ch. 4]. We thus have a nontrivial element of
Ext' (L(A\),M(sq-))). The assertion follows immediately if we know that
dim Ext’ (L(X), M(sq - A)) < 1. Indeed, construct for M(sq - A) < P(X) — L(})
the long exact homology sequence [HS, Ch. 3, Thm. 5.3] (set M = M(s4 - A), P =
P(\), L = L(\),Ext = Exto and let w be the connecting homomorphism):

-+ — Hom(M, M) % Ext*(L, M) — Ext'(P, M) — Ext*(M, M) — -

and note that Ext'(P, M) = 0 since P = P()\) is projective [HS, Chap. 3, Prop.
2.6]. By exactness we obtain w surjective. Since now for any Verma module
M dim Hom(M, M) = 1, we conclude that dim Ext'(L, M) < 1. O

Lemma 7. Let 7 € b* with W, = (s4).
(a) If (T + p,a¥) >0, then pry .1, (E® M(r)) is projective, this means that
DIy (r40) (E® M(1)) is a projective object of the category O.
(b) If (T+v+p,a’) <0, then M(T +v) = L(T+v) is simple and not projective.

Proof. a) A Verma module M () is projective if (\+p,3Y) > 0forall 3 € Ry\NRT
[Ja2, 4.8]. Since W, = (s4), we have R, N RT = {a} and hence M () is projective.
Then also E ® M (7) is projective, because for E with dim F' < oo the functor

Fg: O — @)
M - EQM

maps projective objects of O to projective objects of O [BG]. Its direct summand
PLy(r4v) (E®M(r)) C E® M(1) is then projective too.

b) A Verma module M (M) is simple if and only if (A + p,3Y) < 0 for all 8 €
Ry N RT [Di, 7.6.24] or [Jal, 1.8, 1.9]. Since W,4, = W, = (s,) we obtain
R:y, N RT = {a} and the simplicity of M (7 +v) = L(r + v) follows. Since
the short exact sequence M (s, - (T +v)) — P(r +v) — L(7 + v) is a nontrivial
extension [BGG2, Ch. 4], the module L(7 4 v) cannot be projective. |
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Lemma 8. Let 7 € h* with W, = (s4) and po := v—{(T+v+p,a¥)a € P(E) such
that po > v. Then the module pr, ., (E ® M(T)) admits a chain of submodules

er(T-H/) (E (24 M(T)) = Rl D) R2 D 0,

such that Ro & @dimEqu(sa (t+v)) and R1/Re =2 M (1 +v) = L(t + v) and
such that L(T + v) is generated by (er(TJrV) (ev @ v7))/Rs.

Proof. Let pi,po,. .., um be the weights of £ without multiplicities, numbered
such that u; < p; = i < j. Set pj, 1= v,y = po, dj := dim E,,; and pr :=
Py (r+)- From Chapter 2 we already know that E®M (7) has a chain of submodules
E®M(r) = My D -+ D My O 0 such that M;/Mj1 = @, M(7+ p;). 1t is
then clear that pr(E® M (7)) =prM; D --- D pr M, D 0is a chain of submodules
such that the subquotients pr M,/ pr M, 1 are isomorphic to @dj M(r + pj), if
T+ u; € W- (T +v), otherwise they are 0. Since p; and v are integral weights,
we get pu; = w- (T +v)— 7 only for w € W;. For w = e this yields p;, = v,
for w = s, we obtain p;, = po since 7+ po = so - (7 + v). By assumption
we have uj, = v < po = pj,, and thus jo < ji. Therefore, if we omit in this
chain trivial submodules we obtain a chain pr (E ® M (7')) =prM;, =t R D
prM;, =: Ry D 0 such that Ry = @th(T—i—uo) = @th(sa (T +v)) and
Ri/Ry & @%M(T +v) 2 M(r 4 v). By construction of the M; this module is
generated by pry,;,)(es ® vr)/Ra. Now pg > v forces (1 +v + p,a¥) < 0 and
together with Wy 4, = W, = (s, this implies M (7 + v) = L(7+v) (Lemma 7). O

For € b* define maps Hy, : h* x h* — k by H,(A\,7) .= (A =7 —p, hy) YA, T €
h*,h, € h. For 7 € h* set p, := H#>V7M6P(E) symH,,(—,7) and z, :== ¢ 1 (p,) €3
the preimage of p, under the Harish-Chandra isomorphism & : 3 — P(h*)"V".
Lemma 9. Let o € §™ with Wy, = (sa) and —(p,a) < (19, a") < —(v+p,a¥)—1.
Assume the hy, € b to be chosen such that

(a) (o, hyuy) #0 for po :==v — (19 +v+p,a¥)a and
(b) Hy (1~ (7o + ), 70) £ 0 for (w,1) # (ss o). Vo € W, i € P(E) with > v.
Then zr, ¢ Annz P(7o + v).

Proof. We will first give an explicit description of the annihilator Ann3 P(rp +v)
by a theorem of Soergel [So]. For this let A € h*, such that for all 3 € RT N R, we
have (A + p, 3Y) > 0. Denote by wy € W, the longest element with respect to the
Bruhat ordering. Then define for p € §* the map
pt PO — P(hY)
p = ut(p)
by (1t (p)) () :==p(r + p) for all 7 € h*. Then [So, 2.2]:

_ o\ W «
§7H(p) € Anng P(wy - \) <= AT (p) € (PT(h")) " P(h").
Here P*(h*) denotes the set of polynomial functions on h* without constant term.
We want to describe the annihilator of P(7y + v) and choose for this Ay := s, -

(To+v) =70+ po =70+ v — (10 + v+ p,a’)a. We then have Wy, = W .(ry4v) =
Wrotvr = Wr, = (o) and hence Ry, = {a, —a}. By assumption we know that
(Mo + p,a¥) > 0 and obtain for all 3 € RT N Ry, that (\g + p,3Y) > 0. Now
W), = Sq 15 the longest element in W, and we may apply Soergel’s theorem with
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A= Ao = 54+ (To+v). Assume we had £71(p) € Annz P(wx,-Ao) = Annz P(ro+v)

for p=3"" | piq; with p; € ’P+(b*))WA° and ¢; € P(h"). Then it follows for all p;
that

pi(ho + 1) = (AT (p) (1) = (A (Pe)) (sam) = pi(Ao + sap) Vi € b,

For p = a we obtain p;(Ag + @) = p;(A¢ — «) and this forces the derivative of p
in direction of « to vanish at the point Ag. Let us check this condition for p,. By
definition we have for all A € h*: pr(A) =[5, wew Hu(w - A, 7). If we define p;
by prH,,(—,T) = pr, we obtain

Pr(A) = H H,(w-\T).

(w,p)#(e;p0)
weW,u>v

Let p! denote the derivative of p, in direction a. By the product rule we have
pf,. = Z_);—Hlto (_v T) + Z_)THLO (_a T)'

Since sq - (10 +v) = 70 + o it follows that H,, (sa (10 + V), ’7'0) =0 and we get
Py (8 (0 + 1)) = Dro (S0 - (104 1)) H}, (S0 - (T0+ 1), 70). But now neither of these
two factors is zero because

Pro(8a - (0 +v)) = H H,(w-sa-(10+v),70)

(w,p)#(e;p0)
weW,u>v

= H HH(’LU-(TQ—FV),T())

(w,p)#(sa;k0)
weW,u>v

and by assumption (b) none of the factors H, (w - (1o + v),7) vanishes, hence
Pro(8a - (0 + 7)) # 0. On the other hand, also H), (sa - (1o +v),70) # 0 since by
assumption (a) we have: H, (X, m0) = o Nt ta—T10— po, by ) = (@, by, ) # 0.

dt|—o
Together this implies p/. (sq - (70 +v)) # 0 and therefore £(p,) = z-, cannot be
contained in the annihilator of P(ry + v). (]

4. THE TRIANGLE FUNCTION A

4.1. Preliminaries. Let M be a representation of g and E a vector space. Then
E ® M is a representation of g via X(e @ m) := e ® Xm for all X € g,e € E and
m € M. If in addition F is also a representation of g, then we obtain a second
g-operation on E® M via X (e®@m) := Xe®@m+e® Xm. To distinguish these two
representations we denote the first one by E&M. Let now E be a finite-dimensional
representation of g and v € P a weight of F.

Lemma 10. Let 7 € §™ such that x(7+v) # x(7+up) for all p € P(E) with pu # v.
Then there exists a unique natural isomorphism

can: E, QM (T 4+ v) == pr, (4, (E © M(7)),
such that can(e®uv,4,) = DIy (r11) (€ @ v7) for all e € E,.

Remark. For a generic weight, i.e. a weight 7 € h* such that (r,aV) ¢ Z for all
a € R, the central characters x(7 + u) for p € P(F) are pairwise distinct. In
particular, in this case the condition of the lemma is always satisfied.
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Proof. By the so-called tensor identity we have a canonical isomorphism
URyp) (E@kr) — E@ (U p) kr)

such that u ® (e ® a) — u(e ® (1 ® a)). Call the left hand side F, the right
hand side is F ® M(7). Denote by p1,... , i, the weights of E. The filtration
E®@M(t)=M; D+ D M, D0, where the subquotients are isomorphic to direct
sums of Verma modules (see Chapter 2), induces a filtration of F : UBg( ) (E®k;) =
F=F D>F,>---DF, D0 such that

Fj/Fj+1 gﬂ@u(b) (E#j ® kq’)

Now here the right hand side is canonically isomorphic to E,,, @M (1 + p1;) (by map-
ping e®uvr 4, — u®(e®1)) and in particular, we have that x (7 + ;) (Fj/Fj41) =
0.

Let now v = p; for a fixed i. By the condition on 7 we know that x(7 + v) #
X(T + py) for all j # 4, j € {1,...,m} and hence pr,(,1,) (F;/Fj+1) = 0 for
all j # 1. Thus we get pry(;1,) ' = Pry(rq,) F1 = ... = Pry(ry,) Fi and also
Pry(r40) Fit1 = .. = Pry(r40) Fm = 0. We conclude that pr, .,y F' C F; and that
Fig1 C ker(pry (4, @ Fi = Pry(ryq,) F). Since pryy,) (Fi/Fiy1) = Fi/Fipq, we
even know that Fj; is equal to this kernel. This now induces a natural isomorphism

Fi/‘FH-l — prx(r-{-u) F

such that
E,@M(r+v) — Py ()
e@(Uryy) = Pry(rg) (U@ (e®1)).
We apply the tensor identity F' =2 E'® M (7) and the lemma follows. |

Let us recall the theorem of Bernstein and Gelfand [BG] for projective functors.
For this denote by M the category of all 3-finite g-modules and for y € Max3 let
M(x) == {M € M| xM =0},
M= (x) :={M € M| for all m € M exists n € N such that x"m = 0}.

A projective x-functor is then a functor F : M(x) — M, which is isomor-
phic to a direct summand of a functor E® for a finite-dimensional representation
E. In particular, the restriction of the translation functor 771" : MOO(X(T)) —
M (x(7 + 1)) to the subcategory M(x()) is a projective x(7)-functor. For two
projective x-functors F, F': M(x) — M denote by Hom M) — (F F) the space of
all natural transformations from F to F.

Theorem ([BG, 3.5)). Let F,F : M(x) — M be projective x-functors and let
T € §* such that x(7) = x and M(7) is projective. Then the obvious map

Hom pq(y(r))— (F, F) = Homg(FM(7), FM (7))
is an isomorphism.

Remark. (i) The Verma module M (7) is projective if and only if (T + p,aV) ¢
{=1,-2,...} for all « € R*. In particular, for a generic weight 7 the Verma
module M(7) is always projective.

(ii) Note that in [BG] the Verma module with highest weight 7 is denoted by
M ,. Accordingly, the theorem there is formulated for all 7 with (7, ") ¢
{-1,-2,...} foralla« € RT.
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4.2. Definition of A. For v € P let E(v) be the finite-dimensional irreducible
g-module with extremal weight v and let x € W. For a weight 7 € h* with
X(T+v) # x(7 +pu) for all p € P(E) with u # v, Lemma 10 yields a canonical
isomorphism

E(W) @M (z- (1 +v)) = Py (r ) (E(V) @ M(z - 7)) = TT M (z - 7).

Let now v, € P be integral weights. We set E' := E(v), E” := E(p) and
E := E(v + p). For generic 7 consider the following sequence of isomorphisms:

Hom v (x(ry)— (T 0 7, TTH4)

= Homg (T7 V™M TT ™ M(x - 7), TE M (2 - 7))
— Homg (EZIEI;L®EZIEV®M(:E : (T +v+ M))? Em(,tt+l/)®M(x : (T +v+ M)))

AN Homy, (E;/M (24 E;w Ew(u_i_,j))

AN Er @ By @ Ey(ug)-

Here, we obtain the first isomorphism by the Theorem of Bernstein-Gelfand, the
second is due to Lemma 10, the others are obvious. We call this map nat(u, v; z)(7)
and define for generic 7 and for the triangle

N
SN
the value of the triangle function A by
Ap,v;z)(1) == det (z7" onat(p, v;z)(7) o (nat(u, v;e)(r)) ™).
We have yet to explain the map
Tt E(n)s, @ BW)s, @ B+ Ve — By, @ EW); @ E(n+ )yt -

For this let G be a simply connected algebraic group with Lie algebra g and
T C G a maximal torus with Lie algebra f. Each finite-dimensional representation
E of g is in a natural way a representation of G. The operation of Ng(T'), the
normalizer of T' in G, on E stabilizes Ey and factors over an operation of W =
Ng(T)/T. The map z~! is given by this operation of W on the zero weight space
(B()* © B(v) ® B+ 1)),

Now take for 7 not only any, but rather the generic weight: For this denote
by S := Si(h) the symmetric algebra of h and let K := Quot(S) be its quotient
field. We then have a k-linear map h — S — K and obtain thus a K-linear map
7: K ® h — K such that the following diagram commutes

b —— S

l l

Korh —— K

With this 7 (= tautologous) we then obtain A(u,v;z)(7) € K*. These are the
triangle functions.
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4.3. Uncanonical definition of A. We defined the triangle functions by a series
of canonical isomorphisms. For our purposes it is sometimes more convenient to
realize the triangle functions in the following—uncanonical—way: Let v € P, x €
W and choose a fixed extremal weight vector 0 # e, € E(v),. Since extremal
weight spaces are one dimensional, this choice is unique up to non-zero scalar. By
Lemma 10 we obtain for generic 7 € h* a—no longer canonical—isomorphism

Fo(x-7): M(z-(1+v)) — T M (z - T)
Vg (r4v) = Py () (Zey ® Vg.r ).
Here & € G denotes a pre-image of x € W = NgT'/T. We have ie, € E(V)y,.

Let now p € P be another weight. Choose €, € E(u), and €,4, € E(pt + V) ytv,
both non-zero, and consider for generic 7 the following sequence of isomorphisms:

Hom iy (ry) (T7H T 0 T, Tr+v+s)
AN Homyg (T:—t;"—”T:"’_VM(:E ), TTH R M (2 - T))
— Homg (M (z - (T + v+ ), M(z - (T + v+ p)))
= k.
Denote this map by Nat(u,v;x)(7). Here again the first isomorphism is clear

by the Theorem of Bernstein-Gelfand, the second is due to the maps Fy(, 4, (2 - 7)
and Fy,(z - (1 + p)) o TV ™" Fyp(x - 7). We then obtain

A(p, vy x)(r) = Nat(u, v;2)(7) o (Nat (s, vy €)(1)) 7' (1).

It follows that this characterization of A is independent of the choice of the weight
vectors e,, €, and €,4,, and also independent of the choice of the pre-image & of .

5. BERNSTEIN’S RELATIVE TRACE AND A SPECIAL CASE OF A

5.1. The relative trace. Let us recall the definition of the relative trace trg de-
fined by Bernstein in [Be]. Let g-mod be the category of all g-modules and let E be
a finite-dimensional g-module. Denote by F : g-mod — g-mod the functor defined
by Fg(M) := E® M. The relative trace trg : Endg_mod(FE) — Endg_mod(ld) is
then a morphism from the endomorphisms of the functor Fg to the endomorphisms
of the identity functor on g-mod, defined by

trl : Endg(F® M) — EndgM
a — trM(a)
where

wMa): M — E*oEoM 9% progpgM e

M-

Here, i is the map M < Endg(E) @ M = E* @ E® M with j(m) := idg @m
and c the canonical isomorphism Endg(F) = E* ® E. The map cont : E*®@ F — k
denotes the evaluation map.

Bernstein has calculated an explicit formula for the relative trace, by consid-
ering it as a map from P(h*)"V" to itself in the following way: First, we identify
Endg_mod(ld) >~ 3 with the center of the enveloping algebra i, then we make
use of the natural morphism 3 — Endg_mod(FE) and composing this with the
trace map we obtain trg : 3 — 3. By means of the Harish-Chandra isomorphism
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€: 3 PO (normalized by z — £(z) € Un) we may then regard trp as an
endomorphism of P(h*)"V".
Define now on P(§*) a convolution f — P(E) x f by

(PE)« ) = S FO+n),
HEP(E)

where the sum is taken over all weights y € P(E) with their multiplicities. Set
AN) == [laer+ (A + p,a¥). Then we have

Theorem ([Be)). tre(f) = A"Y(P(E) * Af) for all f € P(h*)V".

If we choose now for M the Verma module M()\) we can associate to each

endomorphism f € Endg(E® M())) an element try ™V (f) of Endg(M(\)) 2 k. As

an endomorphism of M (A) this element operates on M(\) by multiplication with

the scalar (trg(k)(f))()\) and we obtain by Bernstein’s Theorem for all A € h* and

for all w e W
(M V) = (AHP(E) * AF))(N)
=AM DD AX+ WA+ p).

HEP(E)

5.2. The special case A(—v,v;wp). Let now E = E(v), wg € W the longest

element and pry(,,,) € Endg(E(r) ® M(wo-7)) the projection on the central
character x(7+v). Then tr]ﬁf((uu)'o'ﬂ(prx(ﬂw)) is an element in Endg(M (wo - 7)) = k
and we have

Theorem 2. Let v € PT be a dominant weight and 7 € h* generic. Then
M (wo-T
A(—v,v;wo)(T) = trE((l,)O )(prx(7+l/))'
Proof. Postponed to 5.3. O

Regarding A(—v, v;wp) as a polynomial function on h* we obtain for this special
case an explicit formula:

Corollary. Let v € PT be a dominant weight and T € b* generic. Then

(r+v+pa”)
A(—v,v;wo) (1) = v
’ Q (T +p,a¥)

Proof. Under the morphism P(h*)V' = 3 — Endg_,0q(F) the projection
Pr'y(r4v) 18 the image of a polynomial function, which takes value 1 at all weights
A € W - (7 +v) and vanishes at all other weights 7 + p with u € P(FE). Call
this polynomial function pr. By Bernstein’s formula for the relative trace we then
obtain

(&M ) () = A S Al 4+ ) pr(r + )
peP(E(v))

and by definition of pr the value of pr(7 + p) for u € P(E) does not vanish if and
only if there is a w € W such that w - (7 + u) = (7 + v). Since 7 is generic, this is
only possible for w = e and hence p = v. In this case we have pr(r + v) = 1 and
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since furthermore dim E(v), = 1, we get 3 c p((,y) AT+ ) pr(7+p) = AT +v).
The claim now follows by Theorem 2 and the equation
Ar+v) H (T+v+p,aY)

M (woT) (= —
N R ¥ R

|
5.3. Proof of Theorem 2. First we make some more general preliminary remarks.

5.3.1. The adjunctions (T7 7", TT, ) and (T7,,,T7""). Let A and B be categories

and F: A — B, G: B — A two functors. Then an adjunction (F,G) of F and G
is a family of isomorphisms

(F,G)p.n = (F,G) : Homg(FM, N) — Homu(M,GN),

which is natural in M and N (M € A, N € B).
For example, for E a finite-dimensional g-module we obtain an adjunction
(Fg, Fg+) of Fg: g-mod — g-mod and Fg+: g-mod — g-mod as the composition

Homg(E ® M,N) — Homg(E* ® E® M, E* ® N) — Homg(M,E* ® N).
Here, the first map is given by f +— idg~ ® f, the second by g — goi. Interchanging

E and E* we obtain in the same way an adjunction (Fg«, Fg). Its inverse is the
composition

Homg(M, E® N) — Homg(E* ® M, E* ® E® N) — Homg(E* ® M,N),
where the first map is again given by f — idg-®f and the second by g —
(cont ®idy) o g. Let now v € P be an integral weight. Each identification
¢ : E(v)* = E(—v) then defines adjunctions (Fg(), Fg(—y)) and (Fg_.), FEw))-
More precisely, we have

(FE(V),FE(_,,)) : Homg(E(l/) ® M,N) = Homg(M,E(—l/) ® N)

> (p® f)oi
and
(Fe(-v), Fpy) ™'+ Homg(M,E(v)® N) ——  Homg(E(-v)® M,N)
g —  (cont®@idy)o (0~ ® g).

Let now i, : M*(x) — M denote the embedding functor. We then have in a
natural way adjunctions (iy,pr,) and (pr,,iy). Since for the translation functor
T = pry(r40) ©Fp() © iy(r), We thus obtain also adjunctions (77", T7,,) and
(Tr., 7).

5.3.2. The natural transformations adj' and adj*. Let M € M>(x(r)) and con-
sider Id € Homg(T7 "M, T7 ™" M). By means of the two adjunctions (T7 ", T7, )

» T T+v
and (T7,,,T7T)~! we get two maps as the images of Id:

adjy, € Homg(M,T7, , T7 M) and adj},; € Homg(T7, T M, M)

T+ T T

and one checks that we obtain in this way natural transformations adj' &
Hom poo ( (ry)— (Id, T, , 0 T7 ) and adj® € Hompgeo (y(r))— (T4, 0 T+, 1d). By

T
composing these two maps, we get a canonical endomorphism of M:

adj }\4 adj ?\4

M — T7, TT*"M — M.

THv—-T
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We want to describe this endomorphism in more detail. By definition, the ad-
junction (77, T7, ) is just the composition of adjunctions (iy(ry, Pry(ry) © (Fr@w),
Fg—y))o (er(TJrV), iy(r4)) and one checks easily that the image of

Id € Homg(T7 ™M, TI M)
under (pry(r4,) iy(r41)) is precisely the projection PIy(r4v)- LThus, the image of Id
under the adjunction (771,77, ) can be described by the composition

adji; M —— BroEQM 22, T i)

T+v—T

Here, we put £ = FE(v) and pr = DLy (r4)- Analogously, we obtain for adj?w the
composition

adil,  gr, b 2O pe g g g S,
and taken together we have the following commutative diagram:

adj}, adj3,

M—2 T TTM ——

il 80®idE®MT cont®idMT

idp* ® pr idg* ® pr

EFQEFEQM — E*QEQM — E*QEQM

We thus obtain for adj3, o adj},

idp* @ Pry(r41)
A 3 S0 N

M —  EFQE®QM E*@E@M SoM@idv

Comparing this with the relative trace trg for E = E(v), it follows immediately for
all M € M*>(x(7)) that

adj3, oadjh, = 630 (DY (r10y) € Endg (M)

or, regarded as a natural transformation of the identity functor Id : M>(x(7))
— M (x(7)) to itself

adj? oadj! = trE @) (er(T+V)).

Let now ¢y : M(x) < M denote the embedding functor, let F, G : M*>(x) — M
be functors and denote by F(x), resp. G(x) its restrictions to the subcategory
M(x). Each natural transformation n from F' to G can be regarded as natural
transformation from F(x) to G(x) by first applying ¢, and then n. In particular,
we obtain in this way the two natural transformations adj' € Hom pq(y(r))— (Id(X),

T7.,oTI*"(x)) and similarly adj® € Hompq(y(ry)— (T74, © 77 (x), Id(x)).

5.3.3. We have A(—v,v;wy)(T) = adj%w(wo,ﬂ oadj}w(wo_ﬂ. By choosing for M the
Verma module M (7), we can assign to each 7 € h* a canonical element adj?w(ﬂ o
adj}\/[(T) € End(M (7)) & k. We will see in the following, that for dominant v this
is precisely the triangle function A(—v,v;w)(7). For © € W and 7 generic we call
¢y (z-7) the isomorphism T7, , T7 ™M (z - 7) — M(x - 7) given by (¢, (z-7))~! =

T7  Fov(x-T)oF_py(x- (T +v)) (see 4.3). First we show that for dominant v and



THE FINE STRUCTURE OF TRANSLATION FUNCTORS 241

generic 7 the following diagram commutes:

adjis(r)

T7, TT+H M(r) —— o M (7)

TH+v-T

¢C(T)l /

M(r)

Let again denote e, € FE(v), the fixed extremal weight vector for a dominant
integral weight v. Since wy is the longest element in the Weyl group, the dominance
of v implies that e_, := wge, is a weight vector of weight —v. Here, wg € G is a
representative of wg € Ng(T')/T.

Define now a pairing E(—v) x E(v) — k by (e_,,e,) := 1 and obtain thus an
identification ¢ : E(v)* — E(—v). Let v, € M (1) be the canonical generator. To
see that the above diagram commutes, it suffices to show that the pre-image of v
in T7, , TTTM(7) is mapped again to v, when applying adj?w(T). We have

TH+v-T

(8e(7) ™ (00) = Py (6 © (B yr gy (e0 @ 07))
=PIy (e—y ®ey ® vr)

=e_,Re, Qus — @X;ﬁx(f) er(e_,, ® e, Qvr).

The first equation holds by definition of ¢.(7), the second follows since for dom-
inant v we have pr, (;1,(e, ® v;) = €, ® v; (see the example in 3.1) and the third

equation is just a direct sum decomposition. Since adj?w was the composition

,1 ,
77, TTHvN L O prg B M SO 6y

TH+v-T

we know in particular that adj?w(ﬂ is a g-module homomorphism to M (7). Then it
is clear, that adj?w(ﬂ maps B, () Pry(e—» ®e, ®v;) to zero since this element has
the wrong central character. For e_, ®e, ®v, we use the fact that (e_,,e,) = 1 and
obtain as an image under adj?\/[(T) precisely v,. Taken together, we get adj?\/[(T) =
id oge(7), i.e. the above diagram commutes.

This now means that under the map Nat(—v,v;e)(r) the image of adj® €
Hom p(y(r))— (74, © TE(x), TE (x)) is just the identity id € End(M(7)). By
means of the uncanonical definition of the triangle function we deduce

A(—v,v;w) (1) = Nat(—v, v;wo)(T) o (Nat(—u, v; e)(r))_l(idM(T))
= (Nat(—u, V;wo)(T)) (adjz)

and the Theorem of Bernstein-Gelfand implies that the right hand side of the
following diagram commutes:

adjls (wnr adjR (wy.r
() Mwy-7) ——2 s TT TTH M (wg - 7) —— s M (wp - 7)

THv—T

\ lﬁbwo (W%:(T)

M(wp - 7)
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The commutativity of the left hand side can be shown in an analogous way. We
thus obtain for dominant v

a'dj?\/[(wg-T) o a'dj}\/[(wg-T) = A(_I/ﬂ v U}Q)(T)
and together with the equation adjl; (., .7 © adjrr(ug.r) = trﬁ(yu)’o'ﬂ(prx(ﬂr,,)) from
section 5.3.2 we deduce Theorem 2. O

5.4. The case M (r) — T7, /Tt M(1) — M (7).

TH+v-T

Corollary of the proof. Let v € Pt be dominant and 7 € h* generic. Then the
composition

adjis(r) - S adjis(r)
M(r) 220, pr rrer(r) SO, a(r)
is just multiplication with s(7) := [[,cp+ %f;ﬁ‘p, where s is considered as an

element in Quot(S(h)).

Proof. The commutativity of the diagram (x) in the proof of Theorem 2 is equivalent
to the commutativity of

adjir(ry adjis(r
M(r) e rreen(r) M)
e (T
N
M(7)
Hence (adj’oadj")ar(r) = A(—v,v;w0)(7) = [Toepr % = s(7). O

6. CALCULATION OF A

Theorem 3. For A € §* set a(\) :=1if (\,a¥) <0 and a(N) :=0 if (\,a") > 0.
Let v, € P be integral weights and x € W. Then there ezists a constant ¢ € k>,
independent of T,v, u and x, such that

O‘ V) 7—+]/ o >O‘(M)<T+I/+M o >O‘(V+M)
Ap,v;x) =c H
; YAt & () Vva(u)
ent N(T—i-u,a) (T4+v+p,av)en
with ta€ R™
Proof. Postponed. O

For an integral weight v € P define the map ¢, € P(h*) as in Section 3.2 by
GE | [T  (+pa)—na).
a€RT 0<n,<—(v,aV)

Lemma 11. Let w(7) be the product on the right hand side of the equation in
Theorem 3. Then

0 (T)0, (T 4 )0z gy (- T)
O (% - T)0ps (T - (T + 1))0ppps(7)

(T +p) ==
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Proof. Let x € W be fixed and let @« € RT be a positive root. We then have in
0,(7) the factor [To<,c_(avy((T + p, @) —n). Suppose now that za is also a
positive root. Then we obtain in 6, (z - 7) the factor

H (z-7+p,za’)—n)= H (z(T + p),za’) —n)

0<n<—(zv,zaV) 0<n<—(v,aV)
= JI +pa’)-—n)
0<n<—(v,aV)

and hence in the quotient 8,(7)/d.,(z - 7) all the products over « € R™ with
xa € RT cancel out. Let now o € Rt such that za ¢ R, i.e. —za is a positive
root. In this case we have in d,,(x - 7) the factor

H (z-7+p,—za’) —n) = H (— (T +p,a”) —n)

0<n<—(av,—zaV) 0<n<(v,aV)
=" I (4 pa?) +n)
0<n<(v,aV)

and taken together we get

51/(7—) H ( ) v,V H0<na uav>(<7— + Py a\/> - na)

Opv(x - T) it [o<n. < <(v, av>(<7’ +p,aY) +ng)
with ra€R™

Considering then the different cases according to whether (v, V), (u, a¥) and
(v + p, V) are positive or negative, we obtain the closed formula

0, (T)0, (T + V) 0p gy (T - T)

oo @ 1)o@ (1 - ) (1) =" PN
where & := [T (—1)@ma)taume’)=altmlptra’)) = 41, O
aeR*
with za€e R~

Now, let 7 € h" be a generic weight and recall (see 4.3) the map Nat,(7) :=
Nat (u, v;x)(T) :

Hom v (x(ry)— (T7 " 0 7, T4

= Homg (T HT7H M (@ - 7), TT /T M (2 - 7))
;Homg (M(:E'(T+V+,U))7M($'(T+l/—|—‘u)))
— k.
Denote the pre-image of 1 € k under this isomorphism by the natural transfor-
mation G*(7) := (Nat (7)) ™ (1) € Homy(y () (T7 " 0 TIH, TTH ),

Lemma 12. For generic T € h* we have G¢(1) = Au, v; z)(17)G*(T).
Proof. By definition, A(u,v;x)(7) = Nat,(7) o (Nat.(7)) (1) and therefore
G°(1) = (Nat, (7 o Nat, (1) o (Nat. (7))~ (1)

)~
= (Nat, (7))~ (A, v 2)(7))
= Ap,v;2)(r)(Nat(1)) 7 (1)
:A(:uv va)Gw( ) |
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Let now integral weights v1,... ,v, be given such that Y . v, = 0. We set
the translation functor T'(v;) := T:i',fll_t -t when there is no ambiguity of

the respective categories. For A € P an integral weight and 7 generic there are
isomorphisms (see 4.3) Fyx(x - 7) : M(z- (T +)\)) — T7 M (x- 1), such that
(Fux(@ - 7)) (Vz.r) = Pry(ran(Zex ® vp.7). Here, ex € E(A)y is a fixed chosen ex-
tremal weight vector. Since Y., »; = 0, we can compose these isomorphisms to
obtain an isomorphism M (z - 7) 2 T(vy,) - T(v1)M(x - 7) and thus also

Homg (M (z - 7), M(x - 7)) — Homg (M (2 - 7), T (vy) -+ T(v1)M (z - 7))

— Homy, (U(n™), E(vy) ® -+ ®@ E(r1) ® th(n7)),
where we have identified the Verma module M (z - 7) with {(n~). Call now the
image of the identity on M (zx - 7) under this map h*(vy,... ,v,)(7) and let U C h*
be the set of all generic weights. We then obtain for all € W a function

h(v1,...,vp): U — Homy (U(n7),E(ry) @+ ® E(r) @ U(n"))

T h* (v, ... vn)(7),
such that h®(v1,...,v,)(7) maps the element vy, € M(z-7) = U(n~) to the
element pry (4, 4...qp,) (€0, @ (+++ @ Pry(rip,)(T€s, @ vy.7)) -+ ) for fixed vectors

ev, € E(V;),,.

Lemma 13. Set d*(v1,... ,vp)(T) 1= oy (T - T)guy (- (T +11)) -+ O, (- (T +
v+ +vp_1)). Then the map d*(v1,... ,vn)h*(v1,... ) is algebraic on U and
there exists an algebraic extension on h™ whose set of zeros has codimension > 2.

Remark. Here, we call a map a : U — W to a vector space W algebraic, if it is a
morphism of varieties. Of course, this is defined only if dim W < oco. In our case
however, the image of h*(v4,...,v,) is always contained in a finite-dimensional
subspace of Homy, (4(n~), E(v) ® --- ® E(r1) ® t(n7)) and we may thus regard
h*(v1,...,v,) as a map between varieties.

Proof. Let v € P be an integral weight and recall the maps
fri " — E@)@M(r)= E()@Un)
T - DTy (740 (€ @ V7).
Let now x € W be fixed. For generic 7 define then the map aZ(7) by
at(r): Mz -1)=2d4n™) — Er)M(z-7)=2E(V)oiUn)
— Oz (X - T) fan (- T)
where fz, (2 - T) = pry(r4.)(T€y ® vy.7). Since f, is algebraic on U (see Theorem
1), we obtain in this way also an algebraic map
al: U — Homy (U(n7), E(r) @ h(n™))

T al(r).

Vg1

Here again, the image of af is contained in a finite-dimensional subspace of
Homy, (U(n7), E(v) ® th(n~)) and we regard af in this way as a map between vari-
eties.

According to Theorem 1 there is an algebraic extension of §,f, on §*, which
vanishes only on a set of codimension > 2. Therefore, also a has such an algebraic

extension and we call it again a?. For generic 7 we then have (al(7))(vg.r) =
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E(v) ® M(zx - 7) generates a Verma module with highest weight = - (7 + v). The
image of a%(7) is thus always contained in a Verma module M (z - (1 +v)) C E(v)®
M (z - 7) and we can identify the element (a%(7))(v,.r) with the canonical generator
Vg.(r4v) € M(z - (T 4 v)). Using the isomorphism M (z - (17 +v)) = U(n~ ), we may
then apply the map af, (7 + v) for another weight v/ € P. In particular, we can
concatenate the maps aj, (74+wv1+---+vp_1)o---0al (T +v1)oal (1) and obtain
in this way an algebraic map
a: b — Homy, (U(n7), E(vy) ® -+ ® E(11) ® U(n™))
T o= af (Tt vao)o-coal, (T + ) oaf (1)

which vanishes only on a set of codimension > 2 and which maps a generic weight 7
t0 a(T) = Oppy (X-T)0ppy (- (TH11)) +  + O, (- (THV1++ - V1)) B (11, - .« ) (T) =
d* (v, ... ,vp)(T)h* (11, ... ,vp) (7). We thus obtain the map a as the desired alge-
braic extension. |

O20(% + T) Pry (74 (Z€1 @ vz.r). Note that for all 7 € h* the vector (a7 (7))(vs.r) €

According to the Theorem of Bernstein-Gelfand we may interpret for generic 7
the maps

h*(v1, ... ,vn)(1) € Homg (M(z - 7),T(vy) -+ T(v1)M(z - 7))
= HOInM()((T))—» (Id, T(vn) - -T(Vl))
as natural transformations of functors. Set now
hi = h®(v + p, —p, —v)(1) € Hompg(y(r))— (1d, T(=v)T(=p)T (v + p)),
hy == h*(—v,v)(T + v) € Homp(y(r42))— (Id, T(v)T(—v)),
hg i= h* (=g, p) (7 + v + 1) € Hompg(x(rsvppy)— (1, ()T (—pr))
and consider the natural transformations
T(W)T(v)G*(7) T(v+ )

T(hs)1
(T(p)h2)™}
—=L T(WT(~)T (v + p)

The diagram commutes, since (h3)™! o (T'(u)ha) ™1 o T'(u)T(v)hy as well as G*(7)
imply the identity on M (z (T + v+ p)) under the isomorphism
Hompt(x(r)— (T(w) e T(w), T(v + 1))
— Homg (T(u)T (V)M (z - 7),T(v + p)M(z - 7))
— Homg (M (z - (T +v+p),M(z- (T+ v+ p))).
Lemma 14. Set D*(7) := 0y(y4p) (@ - T) /000 (x - T)0zp (2 - (T +v)). Then the map

D*G* is algebraic on U and there exists an algebraic extension on h* whose set of
zeros has codimension > 2.

NMHWMl
T()T ()T (~)T(~p)T(v + p)

Proof. Since the maps d*(v1,... ,vn)h*(v1,... ,v,) have such algebraic extensions
(Lemma 13), the commutativity of the above diagram implies that also D*G* has
such an algebraic extension, where
D¥(7) = d*(v + p, —p, —v)(7)d* (=v, ) (7 + v)d* (=, p) (T + v + 1)
= On(vip) (T T) /g (@ - T)0ppu (2 - (T + 1)).
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Finally, we come to the following:

Proof of Theorem 3. By Lemma 11 it suffices to show that A(y,v;z)(r) =
¢ w(T+ p) for a non-vanishing constant ¢. Note, that (D*/D®)(7) = £7(r+p). We
deduce from Lemma 12 that for generic weights D*DG® = A(u,v;z)D¢D*G*.
Since DG as well as D*G® have algebraic extensions on §* which vanish only on
a set of codimension > 2 (Lemma 14), it follows that there is a constant ¢ € k*,
independent of 7, 4, v and x, such that

¢ Ap,v;z)(1) = (D*/D)(7) = £ (T + p).

7. OUTLOOK

7.1. Identities. There are many nice identities for the triangle functions. Obvious
are the

Normalization identities.
Ap,vye) =1 A(0,v;z) =1 Ay, 0;z) = 1.

By means of Theorem 3 or directly with the definition of A one then checks for
v,u,n € Pand x,y e W:

Decomposition identity.
A+ p, v 2) (1) Aln, py2) (T +v) = Ay, o+ v 2)(T) A, v; 2)(7).
Rotation identity.

Alyp,yv;z)(y - 7) = (A, v;y)(1) 7 A, vy zy) (7).

Flat triangle identity. Let v, € P be in the closure of a Weyl chamber. Then
A(p,v;z) =1 for all x € W.

7.2. Generalizations.

7.2.1. The Weyl group parameter. Let v,u € P and x,y € W. Instead of applying
the translation functors to the Verma modules M (7) and M (z - 7), we may choose
the Verma modules M (x - 7) and M(y-7). We then define a generalized triangle
function A, by

Ag(p, vy, 2)(7) = det (yz =" onat(u, v;2)() o (nat(u, viy)(T)) ™).

We now have Ag(u,v;e,x)(1) = A(p,v;z)(r) and going back to the definition of
Ay we deduce the identities
(I1) Ag(p,viy,2)(7) = (A, vsy)(7) 7 A, v 2)(7),
(12) Ag(pviy,2)(7) = (Ag(p, vi2,y)(7)) "
and
(I3) Ag(p,viy,x) Ag(p, vz, 2) = Ag(p, v5y, 2).

The equivalent statement to the Rotation identity is obtained by comparing (I1)
with
(14) Ag(pviy,2)(r) = Alyp, yvizy~ ) (y - 7).
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7.2.2. Number of translations. The triangle functions measure in a subtle way the
relation between the two translation functors 77, ™#oT7 ™ and T7 TV *#. Therefore
the triangle

Let now integral weights vy,...,v, and p1,...,un € P be given such that
>y Vi = > 5oy iy =: p. Then call T(v;) the translation functor
Tw;) : MOO(X(T Y4+ yi_l)) SN MOO(X(T Tt Vz))
M = prx(7'+l/1+---+1/i)(E(Vi) ® M)

and define similarly the translation functor T'(u;). We now want to compare the
functors T'(vy,) o -+~ 0T (v1) and T () o - - - o T(u1) with each other and instead of
a triangle of translations we thus have now the following situation:

[ .
v AN
T TP
\lx Un
[ .
We start by defining a map nat(pm, - .- , 41;n,--- ,v1;2)(7) for z € W and

generic weight 7 analogously to the definition of nat(u, v;z)(7) as the composition
Hom g (y(r))— (T(pm) 0 -0 T(pr), T'(vn) 0 -~ 0 T (1))
= Homg (T (i) - T(u1)M(z - 7), T(vn) -+ T(w1)M(z - 7))
= Homg (E,,, & -+ ®E,, @M (2 - (1 +p)), By, ® - -- ®E,, &M (x - (1 +p)))
—E ® - --QFE ®F,Q -QFE,.
Here, we wrote E,, for E(p),,. We then obtain a generalized triangle function <
by
Oy -+ - 113 Vny - - - v132) (1) = det (271 o nat(fim, - - . 115 Vn, - .. v152)(7)
o (nat(fm, . .- 413 Vns - - . v15€) (7)) ).
Obviously we have O(p, vy v 4 p;x) = A(p, v;x) as well as
Oy - s 113 Vs oo s V1 2)(T) = (OWny o oo s V15 s -+ 5 13 2) (7)) 71
and we can reduce the calculation of <& to the calculation of A by means of the
Split identities.
(1)  O(vs,va,v15v3 +vo +v152)(7) = A(va, v1;2)(T)A(vs, 11 + va; 2)(T)
= A(vg + vs,11;2) (1) A(vs, va; ) (T + 11),

(2) Oz, 113 va, 13 8)(7) = Atz s ) (7) (Ao, m1; 2) (7))
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v
>,

The first identity just means that we can split VlT ll’s into tri-
T.
vi+va+vs
123 v
angles according to ”IT /l”?’ or w T\l’*” . This is
Te —— S Te — =
vi+ra+rs vitv2+trs

just the Decomposition identity in 7.1. The second equation describes the decom-
N N

. In T T——=.
NA TN

Inductively, we may thus first split up our situation into

position of 7.

o N
P
T T FD
P
V\l\ Un
T .

In formulae:

Oy - - 15 Vns - - 015 2)(T) = O(pm,y - - - 13 p3 2) (1) O (i v,y - - v152) (1)
= Oy - - 11 D) (1) (O Wy v i) (1)) T

and in order to calculate the ¢-functions it suffices thus to know them in the special
case Oty - - 1415 Z;”:l ;). This situation can then be reduced to triangles by
decomposing it into

Hm—1

or into

Inductively one can then prove
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Proposition. Let py, ..., um € P be integral weights and x € W. Then

Oy s gy s @) (7) = [ Alwes TiZ pss 2)(7)

k=2
m—1
m k—1
= H A(Zj:k—i—l g e ) (T + Ej:l 5)-
k=1
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