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BASES IN EQUIVARIANT K-THEORY. II

G. LUSZTIG

Abstract. In this paper we establish a connection between the “bases” in
Bases in equivariant K-theory, Represent. Theory 2 (1999), 298-369 and the
periodic W -graphs introduced in Periodic W -graphs, Represent. Theory 1
(1997), 207–279.

Introduction

0.1. Let e be a nilpotent element in a simple Lie algebra over C. In [L5] we
have introduced (under some hypothesis on e) a candidate for a signed basis of the
equivariant K-theory of the variety Be of Borel subalgebras that contain e, and we
have speculated on its possible connections with the unrestricted representations
of the corresponding Lie algebra in characteristic p. (For an updated and revised
form of these speculations see [L7].) The main purpose of this paper is to establish
a connection between these K-theory “bases” and the construction of periodic W -
graphs in [L4]. (As mentioned in [L5, 0.4], the desire to explain those periodic
W -graphs in K-theoretic terms was one of the motivations of [L5].)

The paper is organized as follows.
In Section 1 we establish the freeness of the equivariant K-groups used in this

paper. This freeness property was conjectured in [L5, 11.7]; a key ingredient in the
proof is provided by the results in [DLP].

In Section 2 we establish a duality between the equivariant K-theory of Be and
that of the corresponding Slodowy variety Λe. Here we must in general extend
scalars to rational numbers (due probably to the author’s ignorance) but in the
case relevant to periodic W -graphs the duality works over Z.

In Section 3 we introduce (following [L7]) an element ∇e in the representation
ring and prove a key property of it (Theorem 3.5) which was stated without proof in
[L7]. The element ∇e is one of the ingredients in the conjecture [L7] on unrestricted
representations.

In Section 4 we prove that the structure sheaf on Λe is an antispherical vector
for the Hecke algebra action.

In Section 5 we extend the definition [L5, 12.18] of B±
Be
,B±

Λe
to a general e.

In Section 6 we assume that we are given a Levi of a parabolic subalgebra which
contains e and we introduce two varieties Z, Z̃ such that Be ⊂ Z̃ ⊂ Z ⊂ Λe. In
Section 7 we show that the equivariant K-groups of these two varieties may be
regarded as induced modules of the affine Hecke algebras. (See Theorem 7.11.)
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This can be viewed as a substantial strengthening of the induction theorem in
[KL].

In Section 8 we study the case where e is regular in a Levi of a parabolic sub-
algebra. In this case we have Z = Z̃ and we can describe in detail the equivariant
K-theory of Z. (In the case where e = 0, Z is more or less the same as the Steinberg
variety of triples; but in the general case, the proof in Section 6 of the fact that
Z admits a cell decomposition with all cells of the same dimension is rather more
difficult than for e = 0.)

In Section 9 we review some definitions and results of [L4] in a somewhat mod-
ified form. (In particular, the polynomials πB,A in 9.17 are obtained from the
polynomials ΠA,B in [L4, 11.2] by applying an order reversing involution of the set
of alcoves and by replacing v by −v.)

In Section 10 we establish the connection between our K-theory “bases” and the
constructions of [L4] (in the form of Section 9).

Section 11 contains an inversion formula extending a result in [L4, §12].
Section 12 contains an extension of [L4, 11.17]. Note that the proof of [L4, 11.17]

relied on [L4, 8.9] whose proof, as A. Braverman pointed out to me, contained a
gap. By using Theorem 7.11 instead of the induction theorem [KL], that gap is
filled and at same time we have a proof of the conjecture in the first line of [L4,
8.13] concerning the poles of an intertwining operator.

In Section 13 we construct an element of B±
Be

for e as in Section 8, assumed to
be of Richardson type, corresponding to an irreducible component of Be which is
a flag manifold of a smaller group; this element is essentially a square root of the
canonical bundle of that component.

In Section 14 we show that the element in Section 13 generates in a suitable
sense the equivariant K-theory of Be (if the group is simply connected). This last
condition is relaxed in Section 15.

Section 16 contains a number of examples.
Section 17 contains some conjectures. In 17.1 we explain a conjecture relating the

K-theory “bases” with cells in the affine Weyl group. In 17.2 we restate and extend
the conjecture in [L7, 2.4] which relates the K-theory “bases” with unrestricted
representations in characteristic p and in 17.3 we state a strengthening of this
conjecture in the case where e is as in Section 8.

I wish to thank J. C. Jantzen and D. A. Vogan for pointing out a number of
misprints and inaccuracies in an earlier version of this paper.

0.2. Notation. Let G be a connected, reductive algebraic group. Let g be the Lie
algebra of G and let gnil be the variety of nilpotent elements in g. Let B be the
variety of all Borel subalgebras of g. Let ν = dimB. Let Λ′ = {(y, b) ∈ g×B|y ∈ b},
Λ = {(y, b) ∈ Λ′|y ∈ gnil}. The group G × C∗ acts on B by (g, λ) : b 7→ Ad(g)b
and on g by (g, λ) : y 7→ λ−2Ad(g)y. Then G×C∗ acts on Λ′,Λ by the restriction
of the action on g× B (simultaneous action on both factors).

For any parabolic subalgebra p of g we denote by np the nil-radical of p. A
parabolic subalgebra p of g is said to be almost minimal if the variety of Borel
subalgebras contained in p is 1-dimensional. Let I be a finite set indexing the
G-orbits on the set of almost minimal parabolic subalgebras of g. A parabolic
subalgebra in the G-orbit indexed by i is said to have type i. If K is a subset of I,
we say that a parabolic subalgebra p of g has type K, if K is the set of all i ∈ I
such that p contains some parabolic subalgebra of type i.
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Let X be the set of isomorphism classes of algebraic G-equivariant line bundles
on B. We regard X as a (finitely generated free) abelian group under the operation
given by tensor product of line bundles. Let X be a free abelian group (in additive
notation) with a given isomorphism X ∼→ X denoted by x 7→ Lx. Thus, Lx+x′ =
Lx ⊗ Lx′ for x, x′ ∈ X . For i ∈ I, let αi ∈ X , α̌i : X → Z be as in [L5, 7.2].
Let X≥ =

∑
i∈I Nαi ⊂ X ,X≤ = −X≥. Let σi : X → X be the involution given

by x 7→ σix = x − α̌i(x)αi. Let W be the subgroup of Aut(X ) generated by the
elements σi, i ∈ I. (A Weyl group with simple reflections σi and length function
l : W → N.)

Let A = Z[v, v−1] where v is an indeterminate. Let H be the affine Hecke algebra
attached to G, that is, the associative A-algebra with 1 defined by the generators
T̃w, w ∈ W and θx, x ∈ X and the relations:

(a) (T̃σi + v−1)(T̃σi − v) = 0;
(b) T̃wT̃w′ = T̃ww′ if l(ww′) = l(w) + l(w′);
(c) θxT̃σi − T̃σiθσi x = (v − v−1)θ [x]−[σix]

1−[−αi]
;

(d) θxθx′ = θx+x′ ;
(e) θ0 = 1.

Here relation (c) has the same meaning as in [L5, 1.19].
In this paper, all algebraic varieties are assumed to be quasiprojective over C,

unless otherwise specified.
For a finite set X we denote by |X | the number of elements of X .

Errata to [L5]

2.18, line 2: delete “the equality σiρ = ρ− αi”
3.8(b): replace n < n0 by n > n0

p.314, line 4: replace [x]m, [x]m̃, [x′]m′, [x′]m̃′ by ιm, ιm̃, ι′m
′, ι′m̃′

3.14(b): replace b̃ by ˜̂
b

3.14(c): replace b by b̂
p.315, line -2,-1: replace Π′ by Π
p.315, line -1: replace last = by ∈
p.316, line 3: replace last = by ∈
p.316, line 7: insert ) after A
5.2(a): replace , by :
5.17: replace “We apply the identity 5.15(a) with” by “Let”
5.17: replace “as in the proof of 5.15” by “as in the proof of 5.14”
7.9, line 5: replace p12, p13, p23 by π12, π23, π13

7.9(a): replace p12, p13, p23 by π12, π13, π23

7.14, line 2: replace Λ2 by Λ× B
7.16, line 4: replace “line bundle” by “vector bundle”
7.18(a): replace v by v2

7.19, last line: replace Zi by Zi

7.23, 7.24, 7.25: replace T̃i by T̃σi

8.3,8.4: replace si by σi

8.4, line 1,2: replace h : Zw → Z≤w by h : Z≤w → Zw

p.337, line 1: delete and replace by “We have”
p.337, line 2: replace k∗ by h∗

8.7, line 2: replace Zw by Zw′
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8.7(b): replace the last K by KG
8.11: line 4 of proof; replace vξ by vξ′

8.11: last line of proof; replace 10.1 by 8.10
9.7, line 1: replace D′(ξ0 by D′(ξ)
p.343, line -3: replace Z0 = {(y, b) ∈ Λ|b′ = b0} by Z0 = {(y, b) ∈ Λ|y ∈ n0}
10.6, line -5: the last arrow should have a ∼ on top
10.8, 10.10, 10.11, 10.12: replace g, g̃ by g−1, g̃−1

10.10, line 2: replace Lx′ by Lx

11.3, line 3: replace (0, b) by (e, b)
11.3: replace limt→0 by limλ→0

11.3: replace limt→∞ by limλ→∞
11.4(a): replace BC∗

e,µ by Be,µ

11.4(b): replace ΛC∗
e,µ by Λe,µ

11.10: replace V ecΛe by V ecH(Λe)
11.10 (last line): replace 2 dim g/z(f) by dim g/z(f) (twice)
12.1-12.4 replace by: Let e, f, h, C, c, H be as in 11.1. We can find an opposition

$ of g such that $(e) = −e,$(f) = −f,$(h) = h and $ = −1 on c. We fix such
a $.

12.9: replace first two sentences by: “Let d(e) = (1/2) dimAd(G)e.”
12.18 (beginning) add: Let L be the centralizer of C in G. In the remainder of

this paper we assume that the centralizer of e, f, g in L is equal to the centre of L.
Then $ is uniquely defined by e, f, h, C up to conjugation by Ad(c) where c ∈ C.

14.2–14.5: replace by the revision in [L7, 2.4] or by 17.2 in this paper

Contents
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,B±

Λe
to [L4]

11. Inversion
12. Boundedness of poles
13. Example of an element of B±

Be

14. A case where the (H, RH)-module KH(Be) is cyclic
15. Relaxing the simply connectedness assumption
16. Examples
17. Conjectures

1. Freeness

1.1. Let X be an algebraic variety. Let K(X) be the Grothendieck group of the
category of coherent sheaves onX . Let Hu(X) be the degree u integral Borel-Moore
homology of X . Let χX be the Euler characteristic of X in Borel-Moore homology.
Let A∗(X) =

⊕
uAu(X) be the Chow group of X (see [F, 1.3]).
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Let H be a torus and assume that X has a given H-action. The fixed point set
of H on X is denoted by XH . Let CohH(X) be the abelian category whose objects
are the coherent H-equivariant sheaves on X . Let VecH(X) be the full subcategory
of CohH(X) whose objects are the H-equivariant vector bundles on X ; we identify
an object of VecH(X) with its sheaf of sections. Let OX (or sometimes C) be the
structure sheaf of X regarded naturally as an object of VecH(X). When H = {1}
we write Vec(X) instead of VecH(X).

Let KH(X) be the Grothendieck group of the category of coherentH-equivariant
sheaves on X . Occasionally, we shall also consider the higher analogues (Quillen,
Thomason) Ki

H(X) of KH(X). In fact we shall only need K0
H(X) = KH(X) and

K1
H(X). Note that Ki

H(X) are naturally modules over RH , the representation ring
of H . Recall that RH is naturally the group ring Z[Ĥ ] where Ĥ = Hom(H,C∗).
When KH(X) is a finitely generated free RH -module, we shall write rkKH(X) for
its rank (over RH).

Let R be the quotient field of RH . For any RH -module M we set MR = R⊗RH

M .

1.2. As in [DLP], we say that an algebraic variety X has property (S) if Hu(X) is
zero for u odd, has no torsion for even u and the canonical map Au(X) → H2u(X)
(see [F, 19.1]) is an isomorphism.

Lemma 1.3. If X has property (S), then K(X) is a free abelian group of rank χX .

It is known that there exists a finite filtration of K(X) whose associated graded
grK(X) is a homomorphic image of A∗(X) (see [F, p. 285]) and that Q⊗grK(X) ∼=
Q ⊗ A∗(X) (see [F, pp. 354, 355]). By our assumption, A∗(X) ∼= Zn for some
n ∈ N. Hence grK(X) is either Zn or Zn′ ⊕ torsion with n′ < n. The second
alternative cannot occur since Q ⊗ grK(X) ∼= Qn. Thus, grK(X) ∼= Zn. This
forces K(X) ∼= Zn. The lemma is proved.

1.4. Assume that X is smooth and projective. Consider the Z-bilinear pairing
(a) K(X)×K(X) → Z, E,E′ 7→ π∗(E ⊗ E′)

where E,E′ ∈ Vec(X) and π is the canonical map of X to the point.
We say that X has property (S′) if K(X) is a free abelian group of finite rank

and the pairing (a) is perfect.
Note that, if X is assumed to have property (S), then the pairing

(Q⊗K(X))× (Q⊗K(X)) → Q

obtained from (a) by extension of scalars is automatically perfect. (This follows
easily from the fact that the rational cohomology ofX satisfies Poincaré duality and
the fact that the Todd class of X is invertible in the rational cohomology algebra
of X .)

1.5. Let H be a torus. Let X be a smooth projective variety with H-action.
Consider the RH -bilinear pairing

(a) KH(X)×KH(X) → RH , E,E′ 7→ π∗(E ⊗ E′)
where E,E′ ∈ VecH(X) and π is the canonical map of X to the point. We say that
X has property (S′H) if KH(X) is a free RH -module of finite rank and the pairing
(a) is perfect.
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Lemma 1.6. Assume that X = X1 ∪ X2 ∪ · · · ∪ Xr is a partition into H-stable
subsets such that X≤j = X1 ∪ X2 ∪ · · · ∪Xj is closed in X for any j, that XH

j is
closed in XH for any j and that for any j, KH(XH

j ), KH(Xj) are free RH-modules
of the same finite rank aj. Then, for any j, KH(X≤j

H), KH(X≤j) are free RH-
modules of rank

∑
j′ ;j′≤j aj′ . In particular, KH(XH), KH(X) are free RH-modules

of rank
∑

j aj.

We argue by induction on j. The result is trivial for j = 0. Assume that j ≥ 1
and that the result is known for j − 1. By assumption, KH(XH

j ), KH(Xj) are free
of rank aj over RH . Since XH

≤j is the disjoint union (as variety) of XH
j′ with j′ ≤ j,

we see that KH(XH
≤j) is free of rank

∑
j′ ;j′≤j aj′ over RH and we have a natural

exact sequence

0 → KH(XH
≤j−1) → KH(XH

≤j) → KH(XH
j ) → 0.

Hence in the commutative diagram

K1
H(XH

j ) a−−−−→ K0
H(XH

≤j−1) −−−−→ K0
H(XH

≤j) −−−−→ K0
H(XH

j ) −−−−→ 0

b

y b′
y y y

K1
H(Xj)

a′−−−−→ K0
H(X≤j−1) −−−−→ K0

H(X≤j) −−−−→ K0
H(Xj) −−−−→ 0

with exact rows (part of the long exact sequence in higher K-theory), and with
vertical maps given by direct image induced by the inclusion, the boundary map
a is 0. Let x ∈ K1

H(Xj). We show that a′x = 0. By [Th], b is an isomorphism
after tensoring by R. Hence we can find y ∈ K1

H(XH
j ) and f ∈ RH − {0} such

that fx = b(y). Then fa′(x) = a′b(y) = b′a(y) = 0 since a = 0. By the induction
hypothesis, K0

H(X≤j−1) is free over RH hence from fa′(x) = 0 we deduce a′(x) = 0.
Thus, we have a′ = 0 and we have an exact sequence of RH -modules:

0 → KH(X≤j−1) → KH(X≤j) → KH(Xj) → 0

where KH(X≤j−1) is free of rank
∑

j′ ;j′<j aj′ and KH(Xj) is free of rank aj. It
follows that KH(X≤j) is free of rank

∑
j′;j′≤j aj′ . The lemma is proved.

Lemma 1.7. Let X be a smooth variety with H-action. Assume that we are given a
homomorphism of algebraic groups C∗ → H and that, for any connected component
µ of the fixed point set XC∗

, the RH-module KH(µ) is free of finite rank.
(a) If the induced C∗-action contracts (as λ ∈ C∗ tends to 0) X to a compact

subset, then KH(X) is a free RH-module of the same rank as KH(XC∗
).

(b) If the induced C∗-action contracts (as λ ∈ C∗ tends to ∞) X to a compact
subset, then KH(X) is a free RH-module of the same rank as KH(XC∗

).
(c) If X is projective and any connected component of XC∗

satisfies S′H , then
X satisfies S′H .

Let λ, x 7→ λ ◦ x denote the C∗-action on X (restriction of the H-action). For
any connected component µ of XC∗

we denote by µ+, in case (a), (resp. by µ−,
in case (b)) the set of all x ∈ X such that r+(x) = limλ→0 λ ◦ x ∈ µ (resp.
r−(x) = limλ→∞ λ ◦ x ∈ µ.) It is known that µ+, in case (a), (resp. µ−, in case
(b)) is a smooth subvariety of X and that

(d) r+ : µ+ → µ, in case (a) (resp. r− : µ− → µ, in case (b)) are naturally H-
equivariant vector bundles. (If X is projective, this follows from [BB]; the general
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case can be reduced to this case, as in [KL, 4.6], by using a smooth H-equivariant
compactification of X , which exists by Hironaka.)

Moreover, one can arrange the connected components of XC∗
in a sequence

µ1, . . . , µt such that, for j = 1, . . . , t,

(e) µ+
≤j := µ+

1 ∪ µ+
2 ∪ · · · ∪ µ+

j is closed in X (in case (a))

and

(f) µ−≥j := µ−t ∪ µ−t−1 ∪ · · · ∪ µ−j is closed in X (in case (b)).

Note that (µ+
j )j∈[1,t] is a partition of X (in case (a)) and (µ−j )j∈[1,t] is a partition

of X (in case (b)).
In case (a), let j ∈ [1, t]. Since µ+

j is an H-equivariant vector bundle over µj and
KH(µj) is a free RH -module of finite rank, it follows that KH(µ+

j ) is a free RH -
module of the same rank as KH(µj). Hence by 1.6, KH(X) is a free RH -module
of the same rank as

⊕
j KH(µj) = KH(XC∗

). This proves (a). The proof of (b) is
entirely similar.

We prove (c). In this case, both µ+, µ− are defined for an irreducible component
µ ofXC∗

and both maps in (d) are defined. Moreover, we can arrange the connected
components of XC∗

in a sequence µ1, . . . , µt such that, for j = 1, . . . , t, both (e),(f)
hold and also

(g) µ+
j ∩ µ−j′ = ∅ for j < j′,

(h) µ+
j , µ

−
j intersect transversally at µj for any j.

Let j ∈ [1, t]. We define a pairing KH(µ+
≤j)×KH(µ−≥j) → RH as the composition

KH(µ+
≤j)×KH(µ−≥j) → KH(X)×KH(X) → RH

where the first map is given by the direct image under the inclusions and the second
map is as in 1.5(a). Using (g), we see that this pairing is 0 on the image of

KH(µ+
≤j−1)×KH(µ−≥j) → KH(µ+

≤j)×KH(µ−≥j)

and on the image of

KH(µ+
≤j)×KH(µ−≥j+1) → KH(µ+

≤j)×KH(µ−≥j)

(given again by direct image). Hence it induces a pairing

(KH(µ+
≤j)/KH(µ+

≤j−1))× (KH(µ−≥j)/KH(µ−≥j+1)) → RH

or equivalently a pairing

KH(µ+
j )×KH(µ−j ) → RH .

We identify KH(µ+
j ) = KH(µj), KH(µ−j ) = KH(µj) using the inverse image under

the maps (d), with µ = µj . Then the last pairing becomes

(i) KH(µj)×KH(µj) → RH .

Using (h) and the definitions, we see that this coincides with the pairing 1.5(a) for
X replaced by µj . We see that the pairing 1.5(a) for X may be identified with a
pairing ⊕

j

KH(µj)×
⊕

j

KH(µj) → RH
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of the form

(
∑

j

ξj ,
∑

j

ξ′j) =
∑
j≥j′

(ξj , ξ′j′ )j,j′

where (, )j,j′ : KH(µj) × KH(µj′) → RH are bilinear pairings defined for j ≥ j′

such that (, )j,j is as in (i). Since, by assumption, (, )j,j is perfect for all j, it follows
that our pairing KH(X)×KH(X) → RH is perfect. The lemma is proved.

1.8. Throughout this paper we fix an sl2-triple (e, f, h) in g, that is, three elements
e, h, f of g such that [h, e] = 2e, [h, f ] = −2f, [e, f ] = h. Let ζ : SL2 → G be the
associated homomorphism as in [L5, 11.1].

Remark. In this paper, we shall refer a number of times to [L5] for definitions
which make sense for our general G, even though in [L5], G was assumed to be
semisimple, simply-connected.

Let φ : C∗ → G be the homomorphism defined by φ(λ) = ζ
(

λ 0
0 λ−1

)
. We have

g =
⊕

n∈Z gn where gn = {x ∈ g|[h, x] = nx}. Let

Be = {b ∈ B|e ∈ b}.

For any subspace m of g we set zm(f) = {x ∈ m|[x, f ] = 0}. Let

Σ′e = {y ∈ g|y − e ∈ zg(f)}, Σe = Σ′e ∩ gnil,

Λ′e = {(y, b) ∈ Σ′e × B|y ∈ b}, Λe = {(y, b) ∈ Σe × B|y ∈ b}.

It is known that Λe is smooth [S, p. 65], irreducible. We have inclusions Be ⊂ Λe ⊂
Λ′e; the first inclusion is b 7→ (e, b); the second inclusion is the obvious one.

Let C be a maximal torus of the simultaneous centralizer of e, f, h in G. Let
H = C ×C∗. From now on, the notation R,MR in 1.1 will refer to this H .

The group H acts on Be, g,Λe,Λ′e by restriction of the action of G × C∗ on
B, g,Λ,Λ′, where we regard H as a subgroup of G ×C∗ by (c, λ) 7→ (cφ(λ), λ). In
particular, the H-action on g is

(c, λ) : y 7→ λ−2Ad(cφ(λ))y

and the H-action on B is

(c, λ) : b 7→ λ−2Ad(cφ(λ))b = Ad(cφ(λ))b.

The subvarieties {e}, zg(f),Σ′e,Σe of g are H-stable.
Any variety with H-action will be also regarded as a variety with C∗-action, by

restricting the H-action to C∗ via C∗ → H , λ 7→ (1, λ).
Taking the fixed point sets of H on Be,Λe,Λ′e we obtain

(a) BH
e = ΛH

e = Λ′eH .
In fact we have the stronger statement that already the fixed point sets of C∗

coincide:
(b) BC∗

e = ΛC∗
e = Λ′e

C∗
.

This is because the C∗-action on zg(f) has all weights < 0, hence zg(f)C
∗

= {0}.
The varieties in (a),(b) are both smooth and projective, since Λe is smooth and

Be is projective.

Lemma 1.9 ([DLP, 3.9]). Any connected component of the fixed point set BH
e has

property (S).
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Lemma 1.10. Let µ be a connected component of the fixed point set BC∗
e = ΛC∗

e

with its induced H-action. Then the RH-modules KH(µ), KH(µH) are free of the
same (finite) rank.

We apply Lemma 1.7(a) with X = µ and for a homomorphism τ : C∗ → H
which is in general position so that the fixed point set µτ(C∗) is equal to µH .
That lemma is applicable since, for each connected component µ′ of µH we have
KH(µ′) = RH ⊗K(µ′) (since H acts trivially on µ′) and RH ⊗K(µ′) is a free RH -
module of finite rank by Lemmas 1.9, 1.3. We deduce that the RH -module KH(µ)
is a free RH -module of the same (finite) rank as KH(µH). The lemma follows.

Lemma 1.11. (a) The C∗-action on Λe is, for λ→∞, a contraction to the com-
pact subvariety BC∗

e of Λe.
(b) The RH-modules KH(Λe), KH(ΛH

e ) are free of the same finite rank.

(a) follows immediately from the fact that the weights of the C∗-action on zg(f)
are < 0. To prove (b), we apply Lemma 1.7(b) with X = Λe. That lemma is
applicable in view of (a) and 1.10. The lemma is proved.

1.12. Let q =
⊕

n≥0 gn. Then q is a parabolic subalgebra of g and nq =
⊕

n>0 gn.
Let Q,UQ be the closed connected subgroups of G corresponding to q, nq. Then
C and φ(C∗) are subgroups of Q. Hence, if O is a Q-orbit on B, then O is an
H-stable subvariety of B. In particular, O has a C∗-action (see 1.8).

Lemma 1.13. (a) This C∗-action is, for λ→ 0, a contraction of O to its compact
subvariety OC∗

.
(b) The restriction of the C∗-action above from O to its closed subvariety Be∩O

is, for λ→ 0, a contraction of Be ∩O to Be ∩OC∗
= (Be ∩O)C

∗
.

(c) The RH-modules KH(Be ∩O), KH(BH
e ∩O) are free of the same finite rank.

(d) The RH-modules KH(Be), KH(BH
e ) are free of the same finite rank.

We prove (a). We denote our C∗-action on B by λ, b 7→ λ ◦ b. If b ∈ O, then
b = Ad(u)b1 for some u ∈ UQ and b1 ∈ OC∗

. We have λ ◦ b = Ad(uλ)(b1) where
uλ = φ(λ)(u)φ(λ)−1 ∈ UQ. From the definition of UQ we see that limλ→0 uλ = 1
in UQ. Hence (a) holds. Now (b) follows immediately from (a).

We prove (c). Note that any connected component of (Be ∩ O)C
∗

is also a
connected component of BC∗

e . (Indeed, when O varies, the sets (Be ∩O)C
∗

form a
partition of BC∗

e into closed subsets.) Hence, by 1.10, for any connected component
µ of (Be∩O)C

∗
, the RH -moduleKH(µ) is free of finite rank. We can therefore apply

1.7(a) with X = Be ∩ O, which is smooth by [DLP, 3.4]. (Here we use (b).) We
deduce that KH(Be∩O) is a free RH -module of the same rank as KH((Be∩O)C

∗
).

Using again 1.10, we have that KH(µH) is free over RH of the same rank as KH(µ),
for any µ as above. Taking disjoint union over all µ, we deduce that

KH(((Be ∩O)C
∗
)H) = KH((Be ∩O))H)

is free over RH of the same rank KH((Be ∩O)C
∗
). This proves (c).

Now (d) follows from (c) for various O, using 1.6. The lemma is proved.
The following result has been conjectured and proved in some special cases in

[L5, §11].

Theorem 1.14. (a) The RH-modules KH(Be) and KH(Λe) are free of rank equal
to χBH

e
= χBe .
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(b) The canonical maps KH(BH
e ) → KH(Be), KH(ΛH

e ) → KH(Λe) (direct im-
age) induced by the inclusions BH

e ⊂ Be, ΛH
e ⊂ Λe are injective. They induce

isomorphisms

KH(BH
e )R

∼→ KH(Be)R, KH(ΛH
e )R

∼→ KH(Λe)R.

(c) The canonical map KH(Be) → KH(Λe) (direct image) induced by the inclu-
sion Be ⊂ Λe is injective. It induces an isomorphism KH(Be)R

∼→ KH(Λe)R.

We prove (a). By 1.13(d), 1.11(b), the RH -modules KH(Be), KH(Λe), KH(BH
e )

are free of the same rank. The method of proof of 1.13(d) also yields that χBH
e

=
χBe . It remains to show that rkKH(BH

e ) = χBH
e

. This follows from 1.9 and 1.3.
This proves (a).

The second sentence in (b) follows from [Th]. The first sentence in (b) follows
from the second sentence since, by (a), the natural maps

KH(BH
e ) → KH(BH

e )R, KH(ΛH
e ) → KH(ΛH

e )R

are injective. The second sentence in (c) follows from (b) since BH
e = ΛH

e . The first
sentence in (c) follows from the second sentence since we have naturally KH(Be) ⊂
KH(Be)R, KH(Λe) ⊂ KH(Λe)R by the freeness statement in (a). The theorem is
proved.

1.15. We shall identify the R-vector spaces KH(Be)R and KH(Λe)R via 1.14(c);
we denote them by Ee. Then we have naturally KH(Be) ⊂ KH(Λe) ⊂ Ee.

1.16. Now let G̃ → G be a surjective homomorphism of algebraic groups with
central kernel and with G̃ connected, reductive. Then e, h, f gives rise canonically
to an analogous triple denoted again by e, h, f in the Lie algebra of G̃. We can
naturally identify the varieties Be,Λe defined in terms of G with those defined in
terms of G̃. Let C̃ be the maximal torus of the simultaneous centralizer of e, h, f
in G̃ whose image in G equals C. Let H̃ = C̃ ×C∗. We have an obvious (injective)
ring homomorphism RH → RH̃ and obvious RH -linear maps

KH(Be) → KH̃(Be), KH(Λe)
∼→ KH̃(Λe).

Proposition 1.17. These maps induce isomorphisms of RH-modules
(a) RH̃ ⊗RH KH(Be)

∼→ KH̃(Be),
(b) RH̃ ⊗RH KH(Λe)

∼→ KH̃(Λe).

By partitioning Be,Λe as in the proofs of 1.11, 1.13 (which rely on 1.7, 1.10)
and using short exact sequences as in 1.6, we are reduced to proving the analogous
result in the case where Be,Λe are replaced by a connected component µ of BH

e =
ΛH

e = BH̃
e = ΛH̃

e . In this case the result is obvious since H, H̃ act trivially on µ so
that KH(µ) = RH ⊗K(µ), KH̃(µ) = RH̃ ⊗K(µ).

1.18. In the next lemma we will restrict the H actions to C∗ as in 1.8.

Lemma 1.19. The natural homomorphisms RC∗ ⊗RH KH(Be)
∼→ KC∗(Be),

RC∗ ⊗RH KH(Λe)
∼→ KC∗(Λe) are isomorphisms of RC∗-modules.

The proof is similar to that of 1.17.
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2. Perfectness of a bilinear pairing

2.1. Let b ∈ B. Let O be the Q-orbit of b. Then Be ∩ O is smooth (see [DLP,
3.4]). We may regard Be ∩O as a submanifold of Λe. Thus the tangent space T ′
of Be ∩O at b is naturally a subspace of the tangent space T of Λe at (e, b) which
is itself naturally a subspace of the tangent space T0 of Λ at (e, b).

Assume now that, in addition, we have h ∈ b. Then (e, b) ∈ ΛC∗
. Then C∗

acts naturally on T and this action preserves the subspace T ′. Hence there is an
induced C∗-action on T /T ′.

Proposition 2.2. All weights of the C∗-action on T /T ′ are < 0.

θ(ξ, η) = ([ξ, e] − η, ξ mod b) is a linear map θ : g × nb → g × (g/b). We have
canonically

T0 = Im (θ) = g× nb/Ker (θ) =
g× nb

{(ζ, [ζ, e])|ζ ∈ b} .

Now T = {(ξ′, η′) ∈ Im (θ)|[ξ′, f ] = 0} ⊂ T0. Hence

T = T̃ /{(ζ, [ζ, e])|ζ ∈ b}

where T̃ = {(ξ, η) ∈ g× nb|[[ξ, e]− η, f ] = 0}. From the definition we have

T ′ = T̃ ′/b where T̃ ′ = {ξ ∈ q|[ξ, e] ∈ b}.

The inclusion T ′ ⊂ T with T is induced by the inclusion T̃ ′ → T̃ given by ξ 7→
(ξ, [ξ, e]). It follows that T /T ′ = T̃ /T̃ ′. We have exact sequences

0 → zg(e) → T̃ → nb → 0

(the first map is ζ 7→ (ζ, 0); the second map is (ξ, η) 7→ η) and

0 → zg(e) → T̃ ′ → nb ∩
⊕
n≥2

gn → 0

(the first map is ζ 7→ ζ; the second map is ξ 7→ [ξ, e]). The exactness of the first
sequence follows from the equality g = Im ad(e)⊕Ker ad(f). The exactness of the
second sequence follows from the equality [q, e] =

⊕
n≥2 gn. (Both follow from the

representation theory of sl2.)
From the exact sequences above it follows that

T̃ /T̃ ′ = nb/(nb ∩
⊕
n≥2

gn) = nb ∩
⊕
n≤1

gn.

Thus the C∗-action on T /T ′ corresponds to the C∗-action on nb ∩
⊕

n≤1 gn (re-
striction of the C∗-action on g). This action restricted to gn is by multiplication
by λ−2+n. Since −2 + n < 0 for n ≤ 1, the proposition is proved.

Corollary 2.3. Let us write T = T <0 ⊕ T 0 ⊕ T > 0, T ′ = T ′<0 ⊕ T ′0 ⊕ T ′>0,
where T <0, T ′<0 (resp. T >0, T ′>0) denote the the sum of < 0 (resp. > 0) weight
spaces of the C∗-action and T 0, T ′0 denote the 0-weight spaces. Then

(a) T 0 = T ′0,
(b) T >0 = T ′>0.
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2.4. Let (:) : KH(Be)×KH(Λe) → RH be the RH -bilinear pairing defined in [L5,
12.11].

Theorem 2.5. (a) (:) with scalars extended from RH to Q⊗RH is perfect.
(b) Assume that any irreducible component of BH

e has property (S′). (See 1.4.)
Then (:) itself is perfect.

We prove (b). Let X be a smooth H-equivariant compactification of Λe. We
consider the C∗-action on X given by the restriction of the H-action, as in 1.8. For
any connected component µ of XC∗

we consider the smooth submanifolds µ+, µ
−

of X and the vector bundle maps r+ : µ+ → µ, r− : µ− → µ as in 1.7(d). We
can arrange the connected components of XC∗

in a sequence µ1, . . . , µt such that,
for j = 1, . . . , t, 1.7(e),(f),(g),(h) hold. Note that (µ+

j )j∈[1,t] and (µ−j )j∈[1,t] are two
partitions of X . Since the C∗-action is, for λ→∞ a contraction of Λe to a compact
subset of Λe, we see that, for j ∈ [1, t], we have either µj ⊂ Λe or µj ⊂ X−Λe. Let
J be the set of j ∈ [1, t] for which the first alternative holds. For j ∈ J we have

µ−j = {x ∈ Λe| lim
λ→∞

λx ∈ µj}

(using again the contraction property on Λe). Since, for any Q-orbit O on B, the
set BC∗

e ∩ O is compact, we see that for any j ∈ J we have µj ⊂ BC∗
e ∩ O for a

unique O as above. Let µ′j
+ = {x ∈ Be ∩O| limλ→0 λx ∈ µj}.

By 1.13(b) and the proof of 1.7(a), the sets µ′j
+ (with j ∈ J) form a partition

of Be and each µ′j
+ is naturally a vector bundle over µj with fibres of dimension

equal to dim T ′>0. On the other hand, µ+
j is naturally a vector bundle over µj with

fibres of dimension equal to dim T >0. Since µ′j
+ ⊂ µ+

j and dim T ′>0 = dim T >0,
(see 2.3), it follows that we must have µ′j

+ = µ+
j for any j ∈ J .

Thus, the µ+
j with j ∈ J form a partition of Be. On the other hand, the µ−j

with j ∈ J form a partition of Be. Let us write J = {j1 < j2 < · · · < jp}. Then
properties 1.7(e)–(h) of the µ±j imply the following: µ+

j1
∪ µ+

j2
∪ · · · ∪ µ+

jk
is closed

in Be for k ∈ [1, p] (since it is the intersection of µ+
1 ∪ µ+

2 ∪ · · · ∪ µ+
jk

with Be);
µ−jp

∪ µ−jp−1
∪ · · · ∪ µ−jk

is closed in Λe for k ∈ [1, p] (equivalently: µ−j1 ∪ µ
−
j2
∪ · · · ∪

µ−jk−1
is open in Λe, since it is the intersection of µ−1 ∪ µ−2 ∪ · · · ∪ µ−jk−1

with Λe);
µ+

jk
∩ µ−jk′

= ∅ for k < k′, (since jk < jk′ ); µ+
jk
, µ−jk

intersect transversally at µjk
for

any k. Repeating now the argument in the proof of 1.7(c), we see that the pairing
(:) : KH(Be)×KH(Λe) → RH may be identified with a pairing⊕

k

KH(µjk
)×⊕kKH(µjk

) → RH

of the form

(
∑

k

ξk,
∑

k

ξ′k) =
∑
k>k′

(ξjk
, ξ′jk′ )k,k′

where (, )k,k′ : KH(µjk
) ×KH(µjk′ ) → RH are bilinear pairings defined for k ≥ k′

such that (, )k,k is as in 1.5(a).
Hence to prove that (:) is perfect, it is enough to show that each (, )k,k is perfect.

We are reduced to showing that any connected component µ of BC∗
e satisfies (S′H)

(see 1.5).
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Let τ : C∗ → H be as in the proof of Lemma 1.10. Using Lemma 1.7(c) we are
reduced to showing that each connected component of µτ(C∗) = µH has property
(S′H). Since H acts trivially on that component, it is enough to show that the
component has property (S′). But this is just the assumption of (b). Hence (b) is
proved.

Now the proof of (a) is entirely similar; it uses the fact that property (S′) is au-
tomatically satisfied over Q in the presence of property (S) (see 1.4). The theorem
is proved.

2.6. The RH -bilinear pairing (:) in 2.4 extends uniquely to an R-bilinear pairing
Ee × Ee → R (see 1.15) which will be denoted again by (:).

Lemma 2.7. This pairing is perfect and symmetric.

The fact that it is perfect follows from 2.5. To show that it is symmetric, it
suffices to show that its restriction KH(Be) × KH(Be) → RH is symmetric. This
restriction attaches to F, F ′ ∈ CohH(Be) the element π∗(F ⊗L

Λe
F ′) where ⊗L

Λe
is a

Tor-product as in [L5, 6.4] relative to the smooth manifold Λe and its closed subva-
rieties Be,Be and π is the map from Be to the point. This is obviously symmetric
in F, F ′. The lemma is proved.

3. The element ∇e ∈ RH

3.1. The one-dimensional representation pr2 : G×C∗ → C∗ will be denoted by v
(regarded as an indeterminate). Similarly, the restriction of this representation to
a closed subgroup of G×C∗ (such as H) is denoted by v. Thus, we have v ∈ RH

and the direct product decomposition H = C×C∗ defines an isomorphism of rings
RH = RC [v, v−1]. This makes RH into an A-algebra. In particular, any RH -
module, for example KH(X) where X is a variety with H-action, can be naturally
regarded as an A-module.

For any (finite dimensional) H-module V we set

V =
∑

(−1)tV (t) ∈ RH

where V (t) is the t-th exterior power of V . Let V ∗ be the dual H-module. We set
ΩV = V ∗(d) where d = dimV . We have

(a) V ∗ = (−1)dΩV V where d = dimV .
Let V † be the H-module with underlying space V in which (c, λ) acts as (c−1, λ)

in the original H-action on V . This extends by linearity to a ring involution † :
RH → RH . Let¯: RH → RH be the ring involution which maps an H-module V
to (V ∗)† = (V †)∗.

Let t be the abstract Cartan algebra of g. For any b ∈ B we have naturally
b/nb = t. The group H acts on t by (c, λ) : t 7→ λ−2t. Hence t , t∗ are well defined

elements of RH . Note that t = (1− v−2)r, t∗ = (1 − v2)r where r = dim t.

Note that zg(f) is an H-submodule of g. Hence zg(f) , zg(f)∗ are well defined
elements of RH . Let

∇e = zg(f) · t
−1 ∈ R, ∇′e = zg(f)∗ · t∗

−1
∈ R.(b)

Lemma 3.2. (a) We have ∇e ∈ 1 + v−1RC [v−1] ⊂ RH .
(b) We have ∇†e = ∇e.
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We prove (a). Since zg(f) ⊂
⊕

n≤0 gn, we see that the H-module zg(f) is of the
form

⊕
ρ,m<0 Vρ,m ⊗ ρ ⊗ vm where ρ runs over the characters C → C∗ and Vρ,m

are C-vector spaces of finite dimension, say dρ,m. We have

zg(f) =
∏

ρ,m<0

(1 − ρ⊗ vm)dρ,m .

Hence to prove (a) it suffices to show that

(1− v−2)−r
∏
m<0

(1 − vm)d1,m ∈ 1 + v−1Z[v−1].

This, in turn, would follow from the inequality
(c)

∑
m even d1,m ≥ r.

Let g̃ be the centralizer of C in g. Then e is a “distinguished” nilpotent element
of g̃, hence as is well known, e is an “even” nilpotent element of g̃. In other words,
g̃ ∩ gm 6= 0 implies that m is even. Thus, in (c) the condition that m is even is
automatic, so it can be dropped, and then (c) just states that dim(g̃ ∩ zg(f)) ≥ r.
Now g̃ is a reductive Lie algebra of rank r hence, as is well known, the centralizer
in g̃ of any element in g̃ (for example f) has dimension at least r. This proves (a).

We prove (b). We can find a Lie algebra involution $ : g → g such that
$(e) = −e,$(h) = h,$(f) = −f and $ = −1 on the Lie algebra of C (this can
be easily deduced from 5.1(a)). Then $ defines an isomorphism of the H-module
zg(f) with the H-module zg(f)†. This proves (b).

3.3. Let π : Λ′e → t be the morphism which sends (y, b) ∈ Λ′e to the image of y in
b/nb = t. Note that π is H-equivariant and that Λe = π−1(0). Consider the direct
image maps

KH(Be)
j∗−→ KH(Λe)

j′∗−→ KH(Λ′e).

where j : Be → Λe, j
′ : Λe → Λ′e are the imbeddings.

Lemma 3.4. (a) j′∗j∗OBe = zg(f)∗ OΛ′e in KH(Λ′e).

(b) j′∗OΛe = t∗ OΛ′e in KH(Λ′e).

We prove (a). Let Et be the t-th exterior power of zg(f)∗, regarded as an
H-equivariant vector bundle on Λ′e. We have a canonical map of vector bundles
Et+1 → Et which at (y, b) ∈ Λ′e is interior product by y − e ∈ zg(f). Now · · · →
E2 → E1 → E0 is a free resolution of j′∗j∗OBe and gives

j′∗j∗OBe =
∑

t

(−1)tEt = zg(f)∗ OΛ′e ∈ KH(Λ′e).

(a) is proved.
We prove (b). Let E′t be the vector bundle on Λ′e whose fibre at (y, b) is the dual

of the t-th exterior power of b/nb, regarded as an H-equivariant vector bundle on
Λ′e. We have a canonical map of vector bundles E′t+1 → E′t which at (y, b) ∈ Λ′e
is interior product by the image of y in b/nb. Now · · · → E′2 → E′1 → E′0 is a
free resolution of j′∗OΛe and gives

j′∗OΛe =
∑

t

(−1)tE′t = t∗ OΛ′e ∈ KH(Λ′e).

(b) is proved.
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Theorem 3.5. ∇eKH(Λe) ⊂ j∗KH(Be).

First we show that j′∗ is injective. Since KH(Λe) is free as an RH -module, the
canonical map KH(Λe) → KH(Λe)R is injective. Since H has the same fixed point
set on Λe as on Λ′e, we see that j′∗ induces an isomorphism KH(Λe)R

∼→ KH(Λ′e)R

(see [Th]). The injectivity of j′∗ follows.
Using 3.4 we have

t∗ j′∗j∗OBe = t∗ · zg(f)∗ OΛ′e = zg(f)∗ j′∗(OΛe).

Hence

j′∗( t∗ j∗OBe − zg(f)∗ OΛe) = 0.

Using the injectivity of j′∗, we deduce

t∗ j∗OBe = zg(f)∗ OΛe .

If E ∈ VecH(Λe), then zg(f)∗ E = t∗ j∗OBe⊗E = t∗ j∗(E|Be). Now the elements
E generate KH(Λe) as an abelian group, since Λe is smooth. Hence

zg(f)∗ KH(Λe) ⊂ t∗ j∗KH(Be).

By 3.1(a), zg(f)∗ is equal to zg(f) times an invertible element of RH . Similarly,

t∗ = (−1)rv2r t . It follows that

zg(f) KH(Λe) ⊂ t j∗KH(Be).

Hence t ∇eKH(Λe) ⊂ t j∗KH(Be). Since KH(Λe) is a free RH -module, we can
cancel t . The theorem is proved.

3.6. Let K ′
H(Be) be the Grothendieck group of the category of H-equivariant

vector bundles on Be. Consider the diagram

KH(Λe)
a−→ K ′

H(Be)
b−→ KH(Be)

j∗−→ KH(Λe)

(a is given by restricting vector bundles; (b) is the obvious map). The following
strengthening of 3.5 holds:

∇eKH(Λe) ⊂ j∗bK ′
H(Be).

Indeed, the proof of 3.5 shows that for any E ∈ VecH(Λe), the elements ∇eE and
j∗ba(E) are equal up to an invertible element of RH .

4. H-module structures

4.1. In this section we define H-module structures on KH(Be), KH(Λe) by reduc-
tion to the case where G is simply connected which is treated in [L5]. (See [L5, 0.2,
0.5, 7.9] for historical remarks and references to original sources.)
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4.2. Let i ∈ I and let Oσi ⊂ B × B be the corresponding G-orbit (see [L5, 7.3]);
let Ōi be the closure of Oσi in B ×B. Let Zi be the subvariety of Λ×Λ consisting
of all (y, b, y, b′) such that (b, b′) ∈ Oσi . As in [L5, 7.16], let Z̄i be the subvariety of
Λ× Λ consisting of all (y, b, y, b′) such that (b, b′) ∈ Ōi and y belongs to np where
p is the unique parabolic subalgebra of type i containing b, b′.

Let L′ �L′′ ∈ VecG(Ōi) be defined as in [L5, 7.19]. Here L′, L′′ are line bundles
on B that are only equivariant under the simply connected covering of the derived
group of G, but L′ � L′′ is actually equivariant under the adjoint group of G and
we regard it as a G-equivariant line bundle with trivial action of the centre of G.
We also regard it as an object of VecG×C∗(Ōi) with trivial action of C∗ or as an
object of VecH(Ōi) (via our imbedding H ⊂ G×C∗). The inverse image of this line
bundle under the canonical map Z̄i → Ōi is denoted again by L′�L′′ ∈ VecH(Z̄i).

4.3. Let Y be an H-stable closed subvariety of Λ. As in [L5, 10.22], we say that
Y is i-saturated if the following holds:

(y, b′) ∈ Y, (y, b) ∈ Λ, (b, b′) ∈ Oσi =⇒ (y, b) ∈ Y.

For such Y, we define ri : KH(Y) → KH(Y) by

ri(F ) = q∗(v−1(L′ � L′′)⊗L (C � F ))

where ⊗L (see [L5, 6.4]) is computed in the smooth manifold Λ2 relative to the
closed subvarieties Z̄i and Λ × Y with intersection

B = {(y, b, y, b′) ∈ Z̄i|(y, b′) ∈ Y};

here, q : B → Y is given by q(y, b, y, b′) = (y, b). (Note that q is well defined since
Y is i-saturated.) Using the definition and [L5, 6.5] we can check the following.

(a) If Y ′ ⊂ Y are two H-stable i-saturated closed subsets of Λ, then the maps
ri : KH(Y) → KH(Y), ri : KH(Y ′) → KH(Y ′) are compatible with the direct image
map KH(Y) → KH(Y ′) induced by the inclusion Y ′ ⊂ Y.

Proposition 4.4. (a) There is a unique H-module structure on KH(Be) in which
v ∈ H acts as v ∈ RH , −T̃σi − v−1 ∈ H acts as ri : KH(Be) → KH(Be) for any
i ∈ I and θx (x ∈ X ) acts as tensor product with Lx (regarded as an object of
VecG×C∗(B) with trivial action of C∗, or via Be → B, H ⊂ G ×C∗, as an object
of VecH(Be)). The H-module structure commutes with the RH-module structure.

(b) The same holds if in (a) we replace Be by Λe.
(c) The canonical imbedding KH(Be) → KH(Λe) (direct image under Be ⊂ Λe)

is H-linear.

We prove (a). In the case whereG is simply connected, this follows from [L5, 10.1,
7.25]. The same argument applies more generally to the case where G has simply
connected derived group. For general G we can find a surjective homomorphism
G̃→ G with central kernel where G̃ is connected reductive with simply connected
derived group. Using 1.17, the fact that KH(Be) is a free RH -module (see 1.14) and
the fact that the canonical map RH → RH̃ is injective (where H̃ is as in 1.16), we
see that KH(Be) is naturally imbedded in KH̃(Be). Hence the necessary relations
between the generators of H hold on KH(Be) since they hold on the larger space
KH̃(Be). This proves (a). The proof of (b) is entirely similar. Now (c) follows
immediately from 4.3(a). The proposition is proved.
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4.5. From 4.4 we deduce that there is a unique H-module structure on the R-
vector space Ee whose restriction to KH(Be), KH(Λe) is as in 4.4(a),(b) and which
commutes with the R-module structure. For any ξ, ξ′ ∈ Ee we have

(T̃wξ : ξ′) = (ξ : T̃w−1ξ′),(a)

(θxξ : ξ′) = (ξ : θxξ
′),(b)

where w ∈ W and x ∈ X . (See [L5, 12.12].)

Theorem 4.6. Fix i ∈ I. We have T̃σiOΛe = −v−1OΛe in KH(Λe).

The proof will be given in 4.9.

4.7. For a parabolic subalgebra p of g we denote by rp the solvable radical of p.
Let Zi be the variety of all quadruples (y, b, y, b′) ∈ g×B× g×B such that, if p

(resp. p′) is the unique parabolic of type i containing b (resp. b′), then p = p′ and
y ∈ rp.

(This implies y ∈ b ∩ b′ since rp ⊂ b ∩ b′.) Recall that t is the abstract Cartan
algebra of g. Let r : Zi → t be the morphism which sends (y, b, y, b′) to the image
of y in b/nb = b′/nb′ = t. The image of r is actually a hyperplane ti in t. (This is
the fixed point set of the simple reflection in t determined by i.) Hence r defines a
morphism r′ : Zi → ti. A standard argument shows that

(a) r′ is smooth.

Note that Zi is smooth, connected of dimension 2ν+dim t−1. We have r′−1(0) = Z̄i.
It is smooth, connected of dimension 2ν.

Lemma 4.8. The variety {(y, b, y, b′) ∈ Zi|y ∈ Σe} is smooth of pure dimension
dim Λe.

Let Zi,Σ′e = {(y, b, y, b′) ∈ Zi|y ∈ Σ′e}. We have a cartesian diagram

G×Zi,Σ′e −−−−→ Ziy y
G× Σ′e −−−−→ g

where the horizontal maps are given by the G-action and the vertical maps are
the obvious projections. The lower horizontal map is known to be smooth [S] with
fibres of pure dimension dim Σ′e. Hence the upper horizontal map is smooth with
fibres of pure dimension dim Σ′e. Hence the composition

G×Zi,Σ′e → Zi
r′−→ ti

is smooth with fibres of pure dimension dim Σ′e +2ν. (See 4.7(a).) This is the same

as the composition G × Zi,Σ′e
pr2−−→ Zi,Σ′e

r′′−→ ti where r′′ is the restriction of r′. It

follows that Zi,Σ′e
r′′−→ ti is smooth with fibres of pure dimension

dim Σ′e + 2ν − dimG = dim Σ′e − dim t = dim Λe.

In particular, r′′−1(0) = {(y, b, y, b′) ∈ Zi|y ∈ Σe} is smooth of pure dimension
dim Λe.
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4.9. Proof of Theorem 4.6. The smooth subvarieties Z̄i,Λ × Λe of Λ2 (of di-
mension 2ν, 2ν + dim Λe) intersect transversally in {(y, b, y, b′) ∈ Zi|y ∈ Σe}, a
smooth submanifold of dimension dim Λe. (See Lemma 4.8.) Hence the Tor-product
v−1(L′ � L′′) ⊗L

Λ2 (C � C) (notation of [L5, 6.4]), computed in Λ2 relative to its
subvarieties Z̄i,Λ×Λe, is just the vector bundle obtained by restricting the vector
bundles v−1(L′ � L′′),C � C to the intersection and then taking the usual tensor
product. We obtain the vector bundle v−1(L′ � L′′) on {(y, b, y, b′) ∈ Zi|y ∈ Σ}.
We now map the last space to Λe by q : (y, b, y, b′) 7→ (y, b). Then

q∗(v−1(L′ � L′′)) = ri(OΛe).

Let Λe,i be the subvariety of Λe consisting of those (y, b) such that y is contained
in the nil-radical of the unique parabolic of type i that contains b. Note that q
factors as

{(y, b, y, b′) ∈ Zi|y ∈ Σe}
q′−→ Λe,i → Λe

where the last map is the inclusion. We want to show that ri(OΛe) = 0. It is enough
to show that q′∗(v−1(L′ �L′′)) = 0. Now q′ is a P 1-bundle. Indeed, if (y, b) ∈ Λe,i,
then the fibre of q′ at (y, b) is isomorphic to the space of all b′ contained in the
unique parabolic of type i that contains b. Hence to show that q′∗(v

−1(L′�L′′)) = 0
it is enough to show that the cohomology of any fibre of q′ with coefficients in the
restriction of v−1(L′ � L′′) is zero. But this restriction is a square root of the
cotangent bundle of P 1. The theorem follows.

5. The sets B±
Be
,B±

Λe

5.1. Recall that (e, h, f) has been fixed in 1.8. Let Ie be the set of irreducible
components of Be. Recall that (by Spaltenstein) all irreducible components of
Be have the same dimension, say, b(e). The homology space H2b(e)(Be,C) has
therefore a natural basis indexed by Ie and so it can be identified naturally with
the abstract vector space C[Ie] with basis indexed by Ie. According to Springer,
W acts naturally on H2b(e)(Be,C). Hence W acts naturally on C[Ie]. We shall be
particularly interested in the action of w0, the longest element of W , on C[Ie].

We now make the assumption (until the end of 5.5) that (e, h, f) is distinguished
in g, that is, y ∈ g, [y, e] = [y, h] = [y, f ] = 0 =⇒ y ∈ centre(g). Let Ã be the
group of all automorphisms of the Lie algebra g which keep each of e, h, f fixed and
induce the identity on the centre of g. This group is finite. Let A be the intersection
of Ã with the group of inner automorphisms of g. Let A1 be the intersection of Ã
with the set of automorphisms of g which induce the automorphism w 7→ w0ww

−1
0

of W . (We identify W with the “abstract” Weyl group of g in the standard way;
then any automorphism of the Lie algebra g induces an automorphism of W .) The
group Ã acts naturally on Ie hence on C[Ie]. We have

(a) A1 6= ∅.
This can be proved as follows. By a result of Sekiguchi [Se] (conjectured by Kostant)
the following result is equivalent to (a):
(b) if O is a distinguished nilpotent G-orbit in a real split form of g, then O has

at least one real point.
By Bala-Carter, we can find a parabolic subalgebra p of g with nil-radical n such
that O ∩ n is open dense in n. We may assume that p is defined over R. Then n is
defined over R. Hence the set of real points of n is Zariski dense in n. In particular,
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it must have non-empty intersection with the non-empty open subset O ∩ n of n.
A point in this intersection is a real point of O. This proves (b) hence also (a).

(Note that (b) remains true if we drop the word “distinguished”.)

Proposition 5.2. There exists a unique involution u0 : Ie → Ie such that the
linear map C[Ie] → C[Ie] induced by u0 coincides with ±w0 : C[Ie] → C[Ie].

Moreover, if we assume that either g has no factor of type E8 or that g is simple
of type E8 and e is not of type E8(b6), then there is a unique involution a1 ∈ A1

such that a1 induces u0 : Ie → Ie.

(We use the notation of [C] for nilpotent classes in exceptional Lie algebras.)
If T : C[Ie] → C[Ie] commutes with the W -action on C[Ie] then, by the theory

of Springer correspondence, we have T =
∑

a∈A caa for some ca ∈ C. We apply
this to T = w0a1 where a1 ∈ A1. (Note that T commutes with the W -action on
C[Ie].) Hence we have w0a1 =

∑
a∈A caa : C[Ie] → C[Ie] for some ca ∈ C. Hence

we have w0 =
∑

a′∈A1 ca′a
′ : C[Ie] → C[Ie] for some ca′ ∈ C.

To prove the proposition we may assume that g is simple. We shall consider the
various cases separately.

(I) If g has type An, the result is trivial: Ie has a single element and u0 = 1.
(II) Assume now that g = so(V ) where V is an N -dimensional vector space

with a non-singular symmetric bilinear form and N = 2n + 1 ≥ 5. We can write
V = V1 ⊕ V2 ⊕ . . . ⊕ Vs (orthogonal decomposition) where each Vj is stable under
e, h, f and is a single Jordan block under e; we may assume that dim(Vj) = 2kj +1
where 0 ≤ k1 < k2 < · · · < ks. Note that s = 2s1 + 1 for some integer s1. Let
a1 : V → V be the automorphism whose restriction to Vj is multiplication by
(−1)n+kj−1+j for all j. This induces an automorphism of g denoted again by a1.
We have a1 ∈ A = A1. We have

(a) w0 = εa1

as linear maps C[Ie] → C[Ie], where ε = (−1)s1(−1)k2+k4+···+k2s1 .
This can be proved as follows. Let k̃j = kj + j − 1. As a W × A module we

have C[Ie] =
⊕

ρEρ ⊗ ρ where ρ runs over all characters A → {1,−1} and Eρ is
a W -module (irreducible or zero) which is explicitly known (see [L2, Sec. 11, 13]).
More precisely, the various ρ such that Eρ 6= 0 are in bijection with the subsets
J ⊂ [1, s] such that |J | = s1. (In this correspondence, ρ(a) =

∏
j∈J∗J0

det(a, Vj)
for a ∈ A; here J0 = {2, 4, . . . , 2s1} and J ∗ J0 is the symmetric difference.) If
ρ corresponds to J , then Eρ is the irreducible W -module corresponding to the
ordered pair of partitions in which the first partition has parts k̃ip − 2(p− 1) where
i1 < i2 < ... < is1+1 are the elements of [1, s]−J and the second partition has parts
k̃jp − 2(p − 1) where j1 < j2 < ... < js1 are the elements of J . The action of w0

on this representation of W is by multiplication by (−1)gJ where gJ =
∑

j∈J k̃j .
Note that gJ is defined for any subset J of [1, s] and it satisfies gJ∗J′ = gJ + gJ′

mod 2. We set fJ = gJ∗J0 . We have fJ = gJ + gJ0 mod 2. Then J → (−1)fJ is
a homomorphism of the F2 vector space {J |J ⊂ [1, s], |J | = 0 mod 2} into {±1}.
This vector space is generated by the elements Ji = {J |J = [1, s]−{i}} for various
i ∈ [1, s] (which satisfy a single relation: their sum is zero).

Now A is naturally the dual of this F2-vector space. Also A is contained in Fs
2

(with natural basis ai, i ∈ [1, s]); more precisely, A is the set of elements in Fs
2

whose sum of coordinates is 0. The basis ai is on the one hand in natural bijection
with the Jordan blocks of e and on the other hand is in duality with the “basis”
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(Ji). We have g[1,s]−{i} = n− k̃i. Hence, if we set a =
∑

I∈[1,s](n− k̃i)ai ∈ A, then
a acts on the irreducible representation of A corresponding to J ∗J0 as (−1)fJ ; this
is (−1)gJ0 times the action of w0 on the corresponding representation of W (if it is
non-zero). In particular we have a = a1. This proves (a) since

gJ0 = s1 + k2 + k4 + · · ·+ k2s1 mod 2.

The proposition follows in this case. Note also that in our case we have ε = (−1)b(e).
The proof for type Dn is similar. Assume that g = so(V ) where V is an N -

dimensional vector space with a non-singular symmetric bilinear form and N =
2n ≥ 8.

We can write V = V1 ⊕ V2 ⊕ . . .⊕ Vs (orthogonal decomposition) where each Vj

is stable under e, h, f and is a single Jordan block under e; we may assume that
dim(Vj) = 2kj+1 where 0 ≤ k1 < k2 < · · · < ks. Note that s = 2s1 for some integer
s1. Let a1 : V → V be the automorphism whose restriction to Vj is multiplication
by (−1)kj−1+j for all j. This induces an automorphism of g denoted again by a1.
We have a1 ∈ A1. We again have w0 = εa1 as linear maps C[Ie] → C[Ie], where
ε = ±1.

(III) Assume next that g = sp(V ) where V is a 2n-dimensional vector space with
a non-singular symplectic bilinear form and n ≥ 2. We can write V = V1⊕V2⊕. . .⊕
Vs (orthogonal decomposition) where each Vj is stable under e, h, f and is a single
Jordan block under e; we may assume that dim(Vj) = 2kj where 0 ≤ k1 < k2 <
· · · < ks, s odd. Let a1 : V → V be the automorphism whose restriction to Vj is
multiplication by (−1)kj−1+j for all j. This induces an automorphism of g denoted
again by a1. We have a1 ∈ A1. We have w0 = ±a1 as linear maps C[Ie] → C[Ie].
The proof is similar to the orthogonal case. It is based on [L2, Sec. 11, 12]. The
proposition follows in this case.

(IV) The same method (based on the explicit knowledge of the Springer corre-
spondence; see for example [C, 13.3]) works for g of type G2, F4, E7, E8, except in
the case where e is of type E8(b6). We see that u0 = 1 in the following cases: g of
type G2; g of type F4 and e not subregular; g of type E7 and e not of type E7(a3);
g of type E8 and e of type

E8, E8(a1), E8(a2), E8(a5), E8(b5), E8(a6), E8(a7).

On the other hand u0 is given by the action of the unique element of order 2 in A
in the following cases: g of type F4 and e subregular; g of type E7 and e of type
E7(a3); g of type E8 and e of type E8(a3), E8(a4), E8(b4).

(V) Assume now that g is of type E6. If e is of type E6 or E6(a1), then A1

consists of a single element a′. By the earlier part of the proof we must have w0 =
ca′ : C[Ie] → C[Ie] for some c ∈ C. Since w2

0 = 1, a′2 = 1, we must have c = ±1,
hence we can take u0 to be induced by a′. If e is of type E6(a3), then A has order
2, hence A1 consists of two elements a′1, a′2 both of order 2; we have A = {1, a′1a′2}.
By the earlier part of the proof we must have w0 = c1a

′
1 + c2a

′
2 : C[Ie] → C[Ie] for

some c1, c2 ∈ C. Since w2
0 = 1, we have

(c21 + c22)1 + 2c1c2a′1a
′
2 = 1 : C[Ie] → C[Ie].

But a′1a
′
2, 1 are linearly independent as endomorphisms of C[Ie] since both charac-

ters of A appear with non-zero multiplicity in C[Ie]. It follows that c21 + c22 = 1 and
2c1c2 = 0. Hence (c1, c2) must be (0,±1) or (±1, 0). Thus we may assume that
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w0 = ±a′1. We can then take u0 to be induced by a′1. Thus the proposition holds
in this case.

(VI) Finally, assume that g is of type E8 and e is of type E8(b6). In this case
A may be identified with S3, the symmetric group in 3 letters. Let u, r, ε denote
the trivial, reflection, sign representation of S3. As a W × A module we have
C[Ie] = Eu⊗u⊕Er⊗ r⊕Eε⊗ ε. Here Eu, Er, Eε are irreducible W -modules which
are explicitly known; in particular, w0 acts on them as 1, 1,−1 respectively. By an
earlier result we have
(b) w0 = a+ bs+ b′s′ + b′′ss′s+ css′ + c′s′s

as maps C[Ie] → C[Ie]. Here a, b, b′, b′′, c, c′ ∈ C and s, s′ are distinct elements of
order 2 in S3. Since the W -action commutes with the A-action, the right hand side
of (b) must commute with the A-action on C[Ie]. Since all irreducible represen-
tations of A appear in C[Ie], it follows that the right hand side of (b) must come
from a central element of the group algebra C[A]. Hence b = b′ = b′′, c = c′.

Writing the equality (b) on the summand Eu ⊗ u gives 1 = a+ 3b+ 2c. Writing
the equality (b) on the summand Er ⊗ r gives 1 = a+ 0b− c. Writing the equality
(b) on the summand Eε ⊗ ε gives −1 = a − 3b + 2c. Thus we have a system of
three linear equations for a, b, c. It gives a = 2/3, b = 1/3, c = −1/3. Thus we have
w0 = T on C[Ie] where T = (2 + s+ s′ + ss′s− ss′ − s′s)/3 ∈ C[A].

Note that T acts as 1 on u and r; it acts as −1 on ε. Now w0 preserves the
lattice Z[Ie] (more generally, the W -action on the homology of Be with complex
coefficients is compatible with the integral structure; this can be deduced from the
intersection cohomology definition [L2] of the Springer representations). Moreover,
T preserves the direct sum decomposition C[Ie] =

⊕
O C[O] where O runs over the

A-orbits in Ie and C[O] is the subspace of C[Ie] spanned by the elements in O.
Hence w0 = T maps Z[O] = Z[Ie] ∩C[O] into itself.

In particular there is no A-orbit O with trivial isotropy group since T would not
preserve Z[O].

Hence Ie is a union of A-orbits O consisting of 1, 2 or 3 elements. Consider an
orbit O with |O| = 1. We have O = {x}, T x = (2x+ 3x− 2x)/3 = x.

Consider an orbit O with |O| = 2. We have O = {x, x′}, where ss′(x) =
x, s′s(x) = x. We have s(x) = x′, s′(x′) = x, ss′s(x) = x′. Hence Tx = (2x+ 3x′ −
2x)/3 = x′. Similarly Tx′ = x.

Consider an orbit O with |O| = 3. Since C[O] is isomorphic to u + r as an
A-module, T acts as 1 on C[O]. We have O = {x, x′, x′′} and Tx = x, Tx′ =
x′, T x′′ = x′′. Thus, T acts on C[Ie] as a permutation of the basis Ie: the elements
in any 2-element A-orbit are interchanged and any other element is fixed. Since
w0 = T , the proposition holds in this case. The proposition is proved.

5.3. Note that in the last case considered (g of type E8 and e of type E8(b6)) the
permutation u0 of Ie is not induced by an element of A1 (unlike all the other cases).

5.4. An involution$ of the Lie algebra g has a fixed point set of dimension equal to
at least the number of positive roots of g. If this fixed point set has dimension equal
to the number of positive roots, then $ is called an opposition of g. Equivalently,
an opposition of g is a Lie algebra involution $ : g → g such that there exists a
Cartan subalgebra of g contained in the −1 eigenspace of $. The set of oppositions
of g is non-empty and the identity component of the group of automorphisms of g
acts on it transitively by conjugation.
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Let ι = Ad(φ(
√
−1)) : g → g where φ is as in 1.8. We have g =

⊕
m∈Z gm where

gm is the m-eigenspace of ad(h) : g → g. Since e, h, f is distinguished, we have
gm = 0 for odd m. Now ι restricted to gm is multiplication by (−1)m/2 for any
even m. This shows that ι is independent of the choice of

√
−1.

Proposition 5.5. Assume that either g has no factor of type E8 or that g is simple
of type E8 and e is not of type E8(b6). Let a1 ∈ A1 be as in 5.2. Then ιa1 = a1ι is
an opposition of g.

We may assume that g is simple. Assume first that g is of exceptional type.
Then, for any involution a′ ∈ A1, the product ιa′ = a′ι is an opposition of g. This
can be checked by direct computation, using the knowledge of the Dynkin diagram
of e, or it can be deduced from the tables in [D].

Next we assume that g is of type Bn or Dn and use the notation in the proof of
5.2 (case II).

We may assume that G = SO(V ). Then, on Vj , φ(
√
−1) ∈ G acts with kj + 1

eigenvalues 1 and kj eigenvalues −1 (if kj = 0 mod 2) and with kj eigenvalues 1
and kj + 1 eigenvalues −1 (if kj = 1 mod 2). We regard a1 ∈ O(V ). Then, on Vj ,
a1 acts as (−1)n−1+j (if kj = 0 mod 2) and acts as (−1)n+j (if kj = 1 mod 2).
Hence on Vj , φ(

√
−1)a1 = a1φ(

√
−1) acts with

kj + 1 eigenvalues 1, kj eigenvalues −1 if kj is even, j = n− 1 mod 2,
kj eigenvalues 1, kj + 1 eigenvalues −1 if kj is even, j = n mod 2,
kj eigenvalues 1, kj + 1 eigenvalues −1 if kj is odd, j = n mod 2,
kj + 1 eigenvalues 1, kj eigenvalues −1 if kj is odd, j = n− 1 mod 2.
The number of eigenvalues 1 of φ(

√
−1)a1 : V → V is therefore

N1 =
∑

j;kj=0 mod2;j=n−1 mod2

(kj + 1) +
∑

j;kj=0 mod 2;j=n mod2

kj

+
∑

j;kj=1 mod 2;j=n mod 2

kj +
∑

j;kj=1 mod 2;j=n−1 mod2

(kj + 1)

=
∑

j

kj + ](j; j = n− 1 mod 2) = (N − s)/2 + x

where x = s/2 if s is even (hence N = 2n); x = (s+ 1)/2 if s is odd and n is even
(hence N = 2n+ 1); x = (s− 1)/2 if s is odd and n is odd (hence N = 2n+ 1).

Let N−1 be the number of eigenvalues −1 of φ(
√
−1)a1 : V → V .

If N and s are odd and n is even we have N1 = n+ 1 hence N−1 = n. If N and
s are odd and n is odd we have N1 = n hence N−1 = n + 1. If N and s are even
we have N1 = n hence N−1 = n. It follows that φ(

√
−1)a1 : V → V induces an

opposition of g.
Next we assume that g is of type Cn and use the notation in the proof of 5.2

(case III). We may assume that G = Sp(V ). Then, on Vj , φ(
√
−1) ∈ G acts with

kj eigenvalues
√
−1 and kj eigenvalues −

√
−1. We regard a1 ∈ Sp(V ). Then, on

Vj , a1 acts as ±1. Hence on Vj , φ(
√
−1)a1 = a1φ(

√
−1) acts with kj eigenvalues√

−1 and kj eigenvalues −
√
−1.

It follows that φ(
√
−1)a1 : V → V has n eigenvalues

√
−1 and n eigenvalues

−
√
−1. Then φ(

√
−1)a1 : V → V induces an involution of g which has exactly n2

eigenvalues equal to 1 hence is an opposition of g.
A similar argument applies when g is of type An. This completes the proof.
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5.6. We no longer assume that (e, h, f) is distinguished in g. Let A be the set of
all automorphisms g : g

∼→ g such that
g(e) = −e, g(h) = h, g(f) = −f ,
g = −1 on the Lie algebra of C,
g induces on W the automorphism w 7→ w0ww

−1
0 .

Note that g ∈ A =⇒ g−1 ∈ A.
If g ∈ A, then g defines an automorphism (y, b) 7→ (−g(y), g(b)) of Λ which

maps Be into itself and Λe into itself; the resulting automorphisms of Be,Λe are
denoted again by g. This automorphism of Λe (and hence its restriction to Be) is
compatible with the action of H in the following way:

g((c, λ)(y, b)) = (c−1, λ)g(y, b) for (c, λ) ∈ H, (y, b) ∈ Λe.

Hence, as in [L5, 12.6], g induces automorphisms g∗ of KH(Be) and KH(Λe) which
are semilinear with respect to the involution † : RH → RH . There is a unique
automorphism g∗ : Ee → Ee, semilinear with respect to the field involution † : R →
R (induced by † : RH → RH) whose restriction to KH(Be), KH(Λe) is g∗ from the
previous sentence. For ξ, ξ′ ∈ Ee, we have

(ξ : g∗ξ′) = ((g−1)∗ξ : ξ′)†,(a)

as in [L5, 12.12].

5.7. In the remainder of this paper we assume that either
(a) g is simple of type E8 and e is of type E8(b6), or
(b) the projection of e onto any simple factor of type E8 of g is not of type E8(b6).

We define Υ : Ee → Ee as follows. In case (a) we set

Υ = (2(ι.1)∗ + (ιs)∗ + (ιs′)∗ + (ιss′s)∗ − (ιss′)∗ − (ιs′s)∗)/3

where ι is as in 5.4, and 1, s, s′, ss′s, ss′, s′s are the elements of A as in 5.2 (VI).
(For any a ∈ A we have ιa ∈ A.)

In case (b) we set

Υ = $∗

where $ ∈ A is defined as follows. Let L be the centralizer of C (see 1.8) in G and
let l be the Lie algebra of L. Then (e, h, f) is distinguished in l. Let $0 : l → l be
the opposition ιa1 = a1ι of l defined as in 5.5 in terms of e, h, f and l (instead of
g). Note that $0(x) = −x for all x in the Lie algebra of C. It is easy to see that
any opposition of l is the restriction of an opposition of g. In particular, we can
find an opposition $ : g → g such that $|l = $0.

We show that $ is uniquely determined up to replacing $ by Ad(c)$Ad(c−1)
with c ∈ C (this is an opposition with the same properties as $). Indeed, let $′

be another opposition of g such that $′|l = $0. We have $′ = Ad(g)$ for some
g ∈ G such that Ad(g) is the identity on l hence g = zc where c ∈ C and z is in
the centre of G. Replacing g by z−1g we see that we may assume that g = c. Let
c1 ∈ C be such that c21 = c. Then $′ = Ad(c21)$ = Ad(c1)$Ad(c−1

1 ) as claimed.
Note that $ ∈ A and $∗ is independent of the choice of $.
In case (b), Υ restricts to maps KH(Be) → KH(Be), KH(Λe) → KH(Λe) denoted

again by Υ. Conjecturally, the same holds also in case (a). We will assume that
this is indeed the case.

It is easy to see that Υ2 = 1.
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5.8. Extending [L5, 12.14], we define a pairing (||) : Ee × Ee → R by

(ξ||ξ′) = (−v)ν−2b(e)(ξ : T̃w0Υ(ξ′)) = (−v)ν−2b(e)(T̃w0Υ(ξ), ξ′)†

where (:) is as in 2.6. (The second equality follows from 4.5(a), 5.6(a).)
Note that T̃w0Υ = ΥT̃w0 . (This follows from the equality T̃σig

∗ = g∗T̃w0σiw
−1
0

valid for any g ∈ A, i ∈ I; in turn, the last equality follows directly from the
definitions.)

The pairing (||) is R-linear in the first variable and R-semilinear (see 5.6) in the
second variable. Moreover, using 2.7, we see that it is perfect and satisfies

(ξ||ξ′) = (ξ′||ξ)†

for ξ, ξ′ ∈ Ee. Note that
(a) (||) restricts to a pairing (||) : KH(Be)×KH(Λe) → RH .

5.9. RH = RC [v, v−1] is naturally a subring of RC((v−1)). From 3.2(a) we see
that ∇e is an invertible element of RC((v−1)). Hence ∇−1

e RH (a subset of R) can
also be regarded as a subset of RC((v−1)).

Let p 7→ p(0) be the group homomorphism RC → Z which takes a non-trivial
character of C to 0 and takes the trivial character of C to 1. Let

∂ : RC [v, v−1] → Z[v, v−1]

be the group homomorphism defined by
∑

n pnv
n →

∑
n p

(0)
n vn. Here pn ∈ RC .

Lemma 5.10. (a) For ξ, ξ′ ∈ KH(Be), we have (ξ||ξ′) ∈ RH .
(b) For ξ, ξ′ ∈ KH(Λe), we have (ξ||ξ′) ∈ ∇−1

e RH .

(a) follows from 5.8(a) since KH(Be) ⊂ KH(Λe). To prove (b) it is enough to
check that (∇eξ||ξ′) ∈ RH . This follows from 5.8(a) since ∇eξ ∈ KH(Be). (See
3.5.) The lemma is proved.

5.11. Extending [L5, 12.9] we define a map β̃ : KH(Be) → KH(Be) by

ξ′ 7→ (−v)−νΥT̃−1
w0
DBe(ξ

′)

and a map β : KH(Λe) → KH(Λe) by

ξ′ 7→ (−v)−ν+2b(e)ΥT̃−1
w0
DΛe(ξ

′).

Here DBe : KH(Be) → KH(Be), DΛe : KH(Λe) → KH(Λe) is Serre-Grothendieck
duality [L5, 6.10]. Note that β̃, β are not compatible with the inclusion KH(Be) ⊂
KH(Λe). The maps β̃, β are H-antilinear (see [L5, 2.1]) involutions. (Compare [L5,
12.10].) We define

B±
Be

= {ξ ∈ KH(Be)|β̃(ξ) = ξ, (ξ||ξ) ∈ 1 + v−1RC [v−1]},

B±
Λe

= {ξ ∈ KH(Λe)|β(ξ) = ξ, (ξ||ξ) ∈ 1 + v−1RC [[v−1]]}.

(Compare [L5, 12.18].) The following property is obvious:
(a) If ξ ∈ B±

Be
, ξ′ ∈ B±

Λe
, τ ∈ Ĉ and ε ∈ {1,−1}, then ετξ ∈ B±

Be
, ετξ′ ∈ B±

Λe
.

The following is a variant of [L5, 12.19, 12.23].



BASES IN EQUIVARIANT K-THEORY. II 305

Conjecture 5.12. (a) B±
Be

is a signed basis of the A-module KH(Be).
(b) B±

Λe
is a signed basis of the A-module KH(Λe).

(c) For b, b′ ∈ B±
Be

such that ±b′ /∈ Ĉb, we have (b||b′) ∈ v−1RC [v−1].
(d) For b, b′ ∈ B±

Λe
such that ±b′ /∈ Ĉb, we have (b||b′) ∈ v−1RC [[v−1]].

(e) For any b ∈ B±
Be

there exists b̃ ∈ B±
Λe

such that (b||b̃) = 1 and (b′||b̃) = 0 for
any b′ ∈ B±

Be
such that b′ is not of the form ±τb for some τ ∈ Ĉ.

(f) b̃ in (e) is unique and b 7→ b̃ is a bijection B±
Be

∼→ B±
Λe

.
(g) Let b, b′ ∈ B±

Λe
. Then either ∂(∇eb||b′)∈N[−v−1] or −∂(∇eb||b′)∈N[−v−1].

(h) v2b(e)OΛe ∈ B±
Λe

.

5.13. For ξ ∈ B±
Be

we write (ξ||ξ) =
∑

n≥0 cnv
−n, where cn ∈ RC is 0 for n � 0

and c0 = 1. We show that

c2b(e) = 1 and cn = 0 for n > 2b(e).(a)

Note that β(ξ) = v2b(e)β̃(ξ) for ξ ∈ KH(Be). As in [L5, 12.15], we have

(β̃(ξ)||ξ) = (ξ||β(ξ))

where ¯ : RC [v, v−1] → RC [v, v−1] is the RC -algebra involution which takes v to
v−1. It follows that (β̃(ξ)||ξ) = (ξ||v2b(e)β̃(ξ)). Substituting β̃(ξ) = ξ gives (ξ||ξ) =
v−2b(e)(ξ||ξ). Hence ∑

n≥0

cnv
−n = v−2b(e)

∑
n≥0

cnv
n.

Comparing coefficients and using c0 = 1, we deduce (a).

5.14. We now verify that the element in 5.12(h) satisfies at least part of the
defining properties of an element of B±

Λe
, namely that

(a) β(v2b(e)OΛe) = v2b(e)OΛe .
From [L5, 6.13, 11.10] we have

(b) DΛe(OΛe) = (−1)2b(e)v2b(e)OΛe = v2b(e)OΛe .
Clearly, ΥOΛe = OΛe . From 4.6 we have

(c) T̃−1
w0

OΛe = (−v)νOΛe .
Hence

β(v2b(e)OΛe) = v−2b(e)(−v)−ν+2b(e)ΥT̃−1
w0
DΛe(OΛe)

= (−v)−νv2b(e)ΥT̃−1
w0

OΛe = v2b(e)ΥOΛe = v2b(e)OΛe .

This proves (a).

5.15. In this subsection we will restrict the H actions to the subgroup C∗ as in 1.8.
Let g : RH → RC∗ be the ring homomorphism induced by the inclusion C∗ ⊂ H .
We can define

(||) : KC∗(Be)×KC∗(Λe) → RC∗ ,
(||) : KC∗(Λe)×KC∗(Λe) → g(∇e)−1RC∗ ,
(||) : KC∗(Be)×KC∗(Be) → RC∗ ,

by the same definitions as in 2.4, 5.8, 5.10 (replacing H by C∗) or equivalently by
change of scalars from RH to RC∗ (using 1.19).
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We can define β̃ : KC∗(Be) → KC∗(Be), β : KC∗(Λe) → KC∗(Λe), in the same
way as β̃, β in 5.11 (replacing H by C∗) or, equivalently, by change of scalars from
RH to RC∗ (using 1.19). We define

B±
Be

= {ξ ∈ KC∗(Be)|β̃(ξ) = ξ, (ξ||ξ) ∈ 1 + v−1Z[v−1]},

B±
Λe

= {ξ ∈ KC∗(Λe)|β(ξ) = ξ, (ξ||ξ) ∈ 1 + v−1Z[[v−1]]}.

In the case where C = {1} we have B±
Be

= B±
Be

, and B±
Λe

= B±
Λe

.
We now state a variant of Conjecture 5.12.

Conjecture 5.16. (a) B±
Be

is a signed basis of the A-module KC∗(Be).
(b) B±

Λe
is a signed basis of the A-module KC∗(Λe).

(c) For b, b′ ∈ B±
Be

such that ±b′ 6= b, we have (b||b′) ∈ v−1Z[v−1].
(d) For b, b′ ∈ B±

Λe
such that ±b′ 6= b, we have (b||b′) ∈ v−1Z[[v−1]].

(e) For any b ∈ B±
Be

there exists b̃ ∈ B±
Λe

such that (b||b̃) = 1 and (b′||b̃) = 0 for
any b′ ∈ B±

Be
− {±b}.

(f) b̃ in (e) is unique and b 7→ b̃ is a bijection B±
Be

∼→ B±
Λe

.
(g) Let b, b′ ∈ B±

Λe
. Then either (g(∇e)b||b′) ∈ N[−v−1] or −(g(∇e)b||b′) ∈

N[−v−1].
(h) v2b(e)OΛe ∈ B±

Λe
.

5.17. Clearly, the obvious map KH(Be) → KC∗(Be) carries B±
Be

into B±
Be

, and
the obvious map KH(Λe) → KC∗(Λe) carries B±

Λe
into B±

Λe
.

If we assume 5.12(a) and 5.16(a) we thus get a bijection between the set of
Ĉ-orbits on B±

Be
and the set B±

Be
.

5.18. Assume that G is adjoint. Let

G1 = {(g, λ) ∈ Aut(g)×C∗|g(e) = λ2e, g(h) = h, g(f) = λ−2f}.
The map H → G1 given by (c, λ) → (Ad(cφ(λ)), λ) identifies H with a maxi-
mal torus of G1. Let N be the normalizer of H in G1. Then N acts on Λe by
g : (y, b) → (λ−2g(y), g(b)) and Be is stable under this action. Let g ∈ N . If
F ∈ CohH(Be), then g∗F is naturally an object of CohH(Be); this gives a group of
homomorphisms g∗ : KH(Be) → KH(Be). Similarly we get a group of homomor-
phisms g∗ : KH(Λe) → KH(Λe). These homomorphisms commute with the actions
of T̃w0 , with the Serre-Grothendieck duality and with Υ. Also they are A-linear.
Hence they commute with β̃, β in 5.5. Also, the inner product (||) is preserved by
g∗ up to the automorphism of RH induced by g : H → H . It follows that g∗ maps
B±
Be

into itself and B±
Λe

into itself.

5.19. The results of [L6] suggest that the elements of B±
Λe

are, up to sign, vector
bundles on Λe.

5.20. The fact that a nilpotent element of type E8(b6) has an exceptional be-
haviour is not entirely surprising. Consider a simple algebraic group G′ over F̄p

with a fixed split Fp-rational structure and let u be a unipotent element in G′(Fp).
Assume that p is a good prime for G′. Consider the action of the Frobenius map
on the set of irreducible components of the variety of Borel subgroups containing
u. This action is non-trivial if G′ is of type E8, u is of type E8(b6) and p = −1
mod 3 [BS]; it is trivial in all other cases.
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5.21. We want to give a heuristic motivation for our choice of Υ in 5.7. Assume
that 5.16(a) holds. Then the group homomorphism β̃|v=1 : K(Be) → K(Be) keeps
fixed each element of a Z-basis of K(Be) hence is the identity map. In other words,

Υ|v=1 = (−1)νDBe |v=1T̃w0 |v=1 : K(Be) → K(Be).

Now H2b(e)(Be,Z) is naturally a quotient of K(Be); on this quotient DBe |v=1 be-
comes (−1)b(e) and T̃w0 |v=1 becomes (−1)ν times the action of w0 in the Springer
representation. Hence on this quotient we should have

(a) Υ|v=1 = (−1)b(e)w0.
This justifies our choice of Υ at least in the case where (e, h, f) is distinguished.
(The action of ι in 5.4 on Ie is trivial since it comes from a C∗-action on Be.)

We have not verified that our choice of Υ satisfies (a) in the non-distinguished
case.

6. The varieties Z, Z̃

6.1. In this section we assume that we are given a parabolic subalgebra p of g
with Levi subalgebra l such that e, h, f and the Lie algebra of C are contained in l.
Let n = np. Let P,L, U be the closed subgroups of G corresponding to p, l, n. Let

Π′ = e + zp(f), Π = Π′ ∩ gnil, Π̃ = e+ zn(f),

Z = {(y, b) ∈ Π× B|y ∈ b}, Z̃ = {(y, b) ∈ Π̃× B|y ∈ b}.

We have

Be ⊂ Z̃ ⊂ Z ⊂ Λe

since {e} ⊂ Π̃ ⊂ Π ⊂ Σe.
Let K be the subset of I such that p is of type K. Let W ∗ be the subgroup

of W generated by {σi|i ∈ K}. Let W∗ be the set of all w ∈ W such that w has
minimal length in the coset wW ∗. For any w ∈W∗, let o(w) be the set of all b ∈ B
such that for some b′ ∈ B, b′ ⊂ p the relative position of b, b′ is w. Then o(w) is a
P -orbit on B (for the conjugation action) and w 7→ o(w) is a bijection between W∗
and the set of P -orbits on B.

For w ∈W∗ we define

Zw = {(y, b) ∈ Π× o(w)|y ∈ b}, Z̃w = {(y, b) ∈ Π̃× o(w)|y ∈ b},

so that we have partitions

Z =
⋃

w∈W∗

Zw, Z̃ =
⋃

w∈W∗

Z̃w

into locally closed pieces.
Let Be ⊂ Λe be the varieties defined like Be ⊂ Λe in terms of p/n and the images

of e, h, f in p/n instead of g and e, h, f . Thus,

Be = {(e, b)|b ∈ B, b ⊂ p, e ∈ b},
Λe = {(z, b)|b ∈ B, b ⊂ p, z ∈ (Π + n)/n, z ∈ nb/n}.

(We identify in an obvious way the variety of Borel subalgebras of p/n with the
variety of Borel subalgebras of p.)
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For any Borel subgroup B of G we set B! = (B ∩ P )U (a Borel subgroup of P ).
Similarly, for any Borel subalgebra b of g we set b! = (b∩p)+n (a Borel subalgebra
of p).

6.2. For any w ∈ W∗ we define morphisms γ̃ : Z̃w → Be by (y, b) 7→ (e, b!) and
γ : Zw → Λe by (y, b) 7→ (y + n, b!).

Note that the H-action on Λe leaves Z,Zw, Z̃, Z̃w stable. H also acts naturally
on Be,Λe in such a way that γ̃, γ are H-equivariant.

Theorem 6.3. (a) Zw is a smooth variety of pure dimension dim zp(f)− dim t.
(b) γ can be regarded as an H-equivariant vector bundle of dimension dim zn(f).
(c) γ̃ can be regarded as an H-equivariant vector bundle of dimension dim zn(f).

The proof of (a),(b),(c) will be given in 6.11, 6.12, 6.13 respectively.

Lemma 6.4. Let b1, b2 ∈ o(w). The following conditions are equivalent:
(a) b!

1 = b!
2;

(b) Ad(u)b1 = b2 for some u ∈ U .

Assume that (a) holds. Let B1 be the Borel subgroup with Lie algebra b1. We
have Ad(p)b1 = b2 for some p ∈ P . Hence b!

1 = b!
2 = (Ad(p)b1)! = Ad(p)(b!

1).
Thus p normalizes b!

1 so that p ∈ B!
1 and p = u1p1 with u1 ∈ U, p1 ∈ B1 ∩P . Then

b2 = Ad(p)b1 = Ad(u1)Ad(p1)b1 = Ad(u1)b1 and (b) holds.
Assume that (b) holds. We have b!

2 = (Ad(u)b1)! = Ad(u)(b1)! = b!
1 and (a)

holds. The lemma is proved.

6.5. We set

R = {(y, b)|b ∈ o(w), y ∈ p ∩ b}, R = {(z, b)|b ∈ B, b ⊂ p, z ∈ b/n}.
Note that R is a smooth variety: the map pr2 : R → o(w) makes R into a vector
bundle over o(w). Also R is a smooth variety: a vector bundle over {b ∈ B|b ⊂ p}.
Let π : R→ R be the morphism defined by π(y, b) = (y + n, b!).

Let S be the connected centre of L. We have S ⊂ C. Let o(w)S be the fixed
point set of the conjugation action of S on o(w). The map o(w)S → {b ∈ B|b ⊂ p}
given by b 7→ b! is an isomorphism.

The fixed point set of the natural S-action on R is

R0 = {(y0, b0)|b0 ∈ o(w)S , y0 ∈ l ∩ b0}.

We have R0 ⊂ R and the restriction of π defines an isomorphism R0
∼→ R.

Let (y0, b0) ∈ R0. Let F be the fibre of π at π(y0, b0). Consider the map
U × (n ∩ b0) → F given by

(u, x) 7→ (Ad(u)(y0 + x),Ad(u)b0).

This map is constant on the orbits of the free action of U ∩B0 on U× (n∩b0) given
by

u1 : (u, x) 7→ (uu−1
1 ,Ad(u1)(y0 + x) − y0)

hence it induces a morphism
U × (n ∩ b0)
U ∩B0

→ F.

Lemma 6.6. This is an isomorphism. In particular, F is an irreducible variety of
dimension dimU = dim n.
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We only prove bijectivity. The injectivity is obvious. The surjectivity follows
from Lemma 6.4. The lemma is proved.

6.7. We can choose a homomorphism of algebraic groups τ ′ : C∗ → S such that
λ 7→ Ad(τ ′(λ)) has > 0 weights on n. We then define a C∗-action on R by

λ : (y, b) 7→ (Ad(τ ′(λ))y,Ad(τ ′(λ))b)

and a C∗-action on R by the identity map. Note that π : R→ R is C∗-equivariant.
We show that, for any (y, b) ∈ F we have limλ→0 λ(y, b) = (y0, b0).
We may write (y, b) = (Ad(u)(y0 + x),Ad(u)b0) for some (u, x) ∈ U × (n ∩ b0).

We have

λ(y, b) = (Ad(τ ′(λ))Ad(u)(y0 + x),Ad(τ ′(λ))Ad(u)b0)

= (Ad(τ ′(λ)uτ ′(λ−1))(y0 + Ad(τ ′(λ))x),Ad(τ ′(λ)uτ ′(λ−1))b0).

Now limλ→0 τ
′(λ)uτ ′(λ−1) = 1 and limλ→0 Ad(τ ′(λ))x = 0 (by the choice of τ ′);

our assertion follows.

6.8. Let R̃ be a smooth, connected, C∗-equivariant compactification of R. Let µ
be the connected component of the fixed point set of C∗ that contains R0 (which
is clearly connected). Let µ+ be the set of points ξ ∈ R̃ which flow as λ → 0 to a
point of µ (denoted r(ξ)). By [BB], r : µ+ → µ may be regarded as a vector bundle.
By the results in 6.7, we have R ⊂ µ+. More precisely, we have R ⊂ r−1(R0) ⊂ µ+.

We show that R = r−1(R0). It is enough to show that r−1(y0, b0) ⊂ R for any
(y0, b0) ∈ R0. We may assume that (y0, b0) is the point in 6.5. Since R is open in
R̃, we have dimµ+ = dimR. Hence

dim r−1(y0, b0) = dimµ+ − dimµ = dimR− dimµ ≤ dimR− dimR0 = dimF.

But F ⊂ r−1(y0, b0), hence dim r−1(y0, b0) = dimF . Thus, F must contain some
open subset of r−1(y0, b0). Since the C∗-action acts as contraction of r−1(y0, b0)
to (y0, b0) and F is C∗-stable, it follows that F = r−1(y0, b0). Thus, R = r−1(R0)
as claimed. We see that

(a) π : R→ R0 = R is naturally a vector bundle with fibres of dimension dim n.

Lemma 6.9. (a) Π′ is a transversal slice to the P -orbit of e in p.
(b) The map P ×Π′ 7→ p (adjoint action of P on p) is smooth with fibres of pure

dimension dim Π′ = dim zp(f).

(a) is a generalization of a result of Slodowy [S] (which is the case p = l = g.)
The proof is similar to that in [S]. The infinitesimal version of the lemma is that
p = [p, e]⊕ zp(f) which follows from the representation theory of sl2 applied to the
sl2-module p. It follows that Π′ is a transversal slice to the P -orbit of e in p at least
near e. But we can remove the words “near e” using the action of C∗ on Π′ (see
1.8) which has only < 0 weights on zp(f). This proves (a). Now (b) is just another
way to state (a).

6.10. Let Π̇′ = {(y, b) ∈ Π′ × o(w)|y ∈ b}. We have a cartesian diagram

Π̇′ −−−−→ Π′y y
R −−−−→ p
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where the vertical maps are inclusions and the horizontal maps are given by the
first projection. Hence we have a cartesian diagram

P × Π̇′ −−−−→ P ×Π′y y
R −−−−→ p

where the vertical maps are given by the Ad-action. Using this and 6.9(b), we
deduce that

(a) P×Π̇′ → R (adjoint action) is smooth with fibres of pure dimension dim Π′ =
dim zp(f).

6.11. Let t be the canonical Cartan algebra of p/n. We have a canonical map
δ : R → t which associates to (z, b) ∈ R the image of z in b/nb = t. By a well
known property of the reductive Lie algebra p/n, δ is smooth with fibres of pure
dimension dim p/n − dim t. Combining this with 6.10(a), 6.8(a), we see that the
composition

P × Π̇′ → R
π−→ R

δ−→ t

is smooth with fibres of pure dimension dim zp(f) + dim n + dim p/n− dim t. But
this map factorizes as

P × Π̇′
pr2−−→ Π̇′

ρ−→ t

where ρ is the restriction of δπ. (We use that δπ is constant on P -orbits.) Hence
the composition P × Π̇′

pr2−−→ Π̇′
ρ−→ t is smooth with fibres of pure dimension

dim zp(f) + dim p − dim t. It follows that Π̇′
ρ−→ t is smooth with fibres of pure

dimension dim zp(f) − dim t. In particular, its fibre at 0, that is Zw, is smooth of
pure dimension dim zp(f)− dim t. Thus, 6.3(a) is proved.

6.12. Let ZS
w be the fixed point set of the S-action on Zw (restriction of the S-

action on R). We have

ZS
w = {(y0, b0)|b0 ∈ o(w)S , y0 ∈ e+ zl(f), y0 ∈ nb0}.

Hence π : R→ R restricts to an isomorphism ZS
w

∼→ Λe.
Since π : R → R may be regarded as a vector bundle (by 6.8(a)) with a linear

fibre preserving C∗-action with > 0 weights (see 6.7) and Zw is a closed, smooth
C∗-stable subvariety of R, we see that limλ→0 λ(y, b) exists for any (y, b) and is
exactly the point of ZC∗

w corresponding to π(y, b) ∈ Λe. (The C∗-action considered
here is the one in 6.7.)

We choose an H-equivariant smooth compactification of Zw; this is also C∗-
equivariant since the action of C∗ in 6.7 is part of the H-action. Arguing as in
6.8, we see that the canonical map Zw → ZC∗

w = ZS
w = Λe is naturally an (H-

equivariant) vector bundle with fibres of dimension

dim Zw − dim Λe = dim zp(f)− dim t− (dim zl(f)− dim t) = dim zn(f).

This proves 6.3(b).
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6.13. We consider the commutative diagram

Z̃w −−−−→ Zw

γ̃

y γ

y
Be −−−−→ Λe

where the horizontal maps are the obvious inclusions. It is easy to see that this
diagram is cartesian. Hence 6.3(c) follows from 6.3(b). Theorem 6.3 is proved.

6.14. For any subset K of W∗ we set ZK =
⋃

w∈K Zw, Z̃K =
⋃

w∈K Z̃w.
Let ≤ be the partial order on W∗ given by w ≤ w′ whenever o(w) is contained

in the closure of o(w′) in B.
Let w ∈ W∗. We shall write Z≤w, Z̃≤w instead of ZK, Z̃K, where K = {w′|w′ ≤

w}; these are closed subvarieties of Z, Z̃. We shall write Z<w, Z̃<w instead of ZK, Z̃K,
where K = {w′|w′ < w}; these are closed subvarieties of Z, Z̃. We shall write
Z≥w, Z̃≥w instead of ZK, Z̃K where K = {w′|w′ ≥ w}; these are open subvarieties of
Z, Z̃.

A subset K of W∗ is said to be closed if

w ∈ K, w′ ≤ w =⇒ w′ ∈ K.

In this case, ZK, Z̃K are closed in Z, Z̃ respectively.

Lemma 6.15. Assume that K ⊂W∗ is closed.
(a) KH(ZK) is a free RH-module of rank |K|χBe

.
(b) KH(Z̃K) is a free RH-module of rank |K|χBe

.

We prove (a) by induction on |K|. (Compare with the proof of 1.6.) If K = ∅,
the result is trivial. Assume now that K 6= ∅. We choose w ∈ K which is maximal
for ≤ on K. Then K′ = K − {w} is closed; we may assume that the result is true
for K′. We have a partition ZK = ZK′ ∪ Zw with ZK′ closed in ZK and Zw open in
ZK. Hence we have an associated long exact sequence in higher K-theory:

K1
H(Zw) a′−→ K0

H(ZK′) → K0
H(ZK) → K0

H(Zw) → 0.

If we take fixed point sets of the S-action, we get a partition ZS
K = ZS

K′ ∪ZS
w where,

this time, ZS
K′ and ZS

w are both open and closed in ZS
K. Hence in the corresponding

long exact sequence in higher K-theory

K1
H(ZS

w) a−→ K0
H(ZS

K′) → K0
H(ZS

K) → K0
H(ZS

w) → 0

the boundary map a is 0. Let x ∈ K1(Zw). We show that a′(x) = 0. Consider the
commutative diagram

K1
H(ZS

w) a−−−−→ K0
H(ZS

K′)

b

y b′
y

K1
H(Zw) a′−−−−→ K0

H(ZK′)

with vertical maps given by direct image induced by the inclusion. By [Th], b
is an isomorphism after tensoring by R. Hence we can find y ∈ K1(ZS

w) and
f ∈ RH −{0} such that fx = b(y). Then fa′(x) = a′b(y) = b′a(y) = 0 since a = 0.
By the induction hypothesis, K0

H(ZK′) is free over RH hence from fa′(x) = 0 we
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deduce a′(x) = 0. Thus, we have a′ = 0. Thus, we have an exact sequence of
RH -modules:

0 → K0
H(ZK′) → K0

H(ZK) → K0
H(Zw) → 0(c)

where K0
H(ZK′) is free of rank |K′|χBe

and K0
H(Zw) is free of rank χBe

(see 6.3(b),
1.14(a)). It follows that K0

H(ZK) is free of rank |K|χBe
. This proves (a). The proof

of (b) is entirely similar.

6.16. A similar argument shows that we have exact sequences of RH -modules:

0 → KH(ZK) → KH(Z) → KH(Z− ZK) → 0,

0 → KH(Z̃K) → KH(Z̃) → KH(Z̃− Z̃K) → 0,

which allows us to identify KH(ZK) with an RH -submodule of KH(Z) and KH(Z̃K)
with an RH -submodule of KH(Z̃). Note that

(a) KH(ZK) =
∑

w∈KKH(Z≤w),
(b) KH(Z̃K) =

∑
w∈KKH(Z̃≤w),

as submodules of KH(Z), KH(Z̃) respectively.
We prove (a) by induction on |K|. When |K| = 0 the result is obvious. Assume

now that |K| > 0. We choose w ∈ K which is maximal for ≤ on K. Then K′ =
K − {w} is closed. Let ξ ∈ KH(ZK).

By the exact sequence 6.15(c) for Z≤w instead of ZK, we see that there exists
ξ′ ∈ KH(Z≤w) such that ξ, ξ′ have the same image in KH(Zw). By the exactness
of 6.15(c), the difference ξ − ξ′ belongs to KH(ZK′). By the induction hypothesis,
KH(ZK′) is contained in the right hand side of (a). Hence ξ is contained in the
right hand side of (a). Thus, the left hand side of (a) is contained in the right hand
side. The reverse inclusion is obvious. This proves (a). The proof of (b) is entirely
similar.

Theorem 6.17. (a) KH(Z) and KH(Z̃) are free RH-modules of the same rank as
KH(Be) and KH(Λe).

(b) The direct image maps KH(Be) → KH(Z̃) → KH(Z) → KH(Λe) (induced by
the inclusions Be ⊂ Z̃ ⊂ Z ⊂ Λe) are injective.

The fact that KH(Z) and KH(Z̃) are free RH -modules of finite rank is a special
case of Lemma 6.15. This implies the remaining statements since the maps in (b)
become isomorphisms after tensoring by R over RH (by [Th], since the H-fixed
points are the same on all four varieties).

7. KH(Z), KH(Z̃) as induced H-modules

7.1. In this section we preserve the setup of 6.1.
Given w ∈ W∗ and i ∈ I, let io(w) be the set of all b ∈ B such that (b, b′) ∈ Ōi

for some b′ ∈ o(w). There are three possibilities:
(a) l(σiw) = l(w) + 1 and σiw /∈ W∗. Then σiw = wσj for some j ∈ K and

io(w) = o(w);
(b) l(σiw) = l(w) + 1 and σiw ∈W∗. Then w < σiw and io(w) = o(w) ∪ o(σiw);
(c) l(σiw) = l(w)− 1. Then σiw ∈W∗, σiw < w and io(w) = o(w) ∪ o(σiw).

In 7.2–7.7 we assume that w, i are as in (c).

Lemma 7.2. Z≤w and Z̃≤w are i-saturated.
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The proof is immediate.

7.3. From 7.2 we see that ri : KH(Z≤w) → KH(Z≤w) and ri : KH(Z̃≤w) →
KH(Z̃≤w) are defined. (See 4.3.) Let f : KH(Z≤σiw) → KH(Zw) be the composition

KH(Z≤σiw) → KH(Z≤w) ri−→ KH(Z≤w) k∗−→ KH(Zw)

where the first map is direct image under Z≤σiw ⊂ Z≤w and k : Zw → Z≤w is the
inclusion. Let f̃ : KH(Z̃≤σiw) → KH(Z̃≤w) be the composition

KH(Z̃≤σiw) → KH(Z̃≤w) ri−→ KH(Z̃≤w) k̃∗−→ KH(Z̃w)

where the first map is direct image under Z̃≤σiw ⊂ Z̃≤w and k̃ : Z̃w → Z̃≤w is the
inclusion.

Lemma 7.4. (a) The composition KH(Z<σiw) → KH(Z≤σiw)
f−→ KH(Zw) is zero.

(b) The composition KH(Z̃<σiw) → KH(Z̃≤σiw)
f̃−→ KH(Z̃w) is zero.

The proof is entirely analogous to that of [L5, 8.7(a)].

7.5. Using Lemma 7.4, the exact sequence

0 → KH(Z<σiw) → KH(Z≤σiw) → KH(Zσiw) → 0

(a special case of the exact sequence 6.15(c)) and the analogous exact sequence

0 → KH(Z̃<σiw) → KH(Z̃≤σiw) → KH(Z̃σiw) → 0,

we see that
(a) there is a unique RH -linear map f ′ : KH(Zσiw) → KH(Zw) such that the

composition KH(Z≤σiw) k′∗−−→ KH(Zσiw)
f ′−→ KH(Zw) is equal to f ;

(b) there is a unique RH -linear map f̃ ′ : KH(Z̃σiw) → KH(Z̃w) such that the

composition KH(Z̃≤σiw) k′∗−−→ KH(Z̃σiw)
f̃ ′−→ KH(Z̃w) is equal to f̃ .

Here k′ denotes the open imbedding Zσiw → Z≤σiw or Z̃σiw → Z̃≤σiw.

Lemma 7.6. (a) We have a commutative diagram

KH(Λe)
γ′∗−−−−→ KH(Zσiw)

v−1

y f ′
y

KH(Λe)
γ∗−−−−→ KH(Zw)

(b) We have a commutative diagram

KH(Be)
γ̃′∗−−−−→ KH(Z̃σiw)

v−1

y f̃ ′
y

KH(Be)
γ̃∗−−−−→ KH(Z̃w)

where γ, γ̃ are as in 6.2 and γ′, γ̃′ are the analogous maps for σiw instead of w.
(c) f ′, f̃ ′ are isomorphisms; f, f̃ are surjective.
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We prove (a). Since Λe is smooth, it is enough to show that f ′γ′∗E = v−1γ∗E ∈
KH(Zw) for any E ∈ VecH(Λe). Let E1 = γ′∗E ∈ VecH(Zσiw). Let F ′ ∈
KH(Z≤σiw) be such that k′∗F1 = E1 in KH(Zσiw). Let F ∈ KH(Z≤w) be the
direct image of F ′ under Z≤σiw ⊂ Z≤w. Let

V ′ = {(y, b, y, b′) ∈ Zi|(y, b′) ∈ Zσiw},
B′ = {(y, b, y, b′) ∈ Z̄i|(y, b′) ∈ Z≤σiw}.

We have a cartesian diagram

V ′
q′−−−−→ Zw

k1

y k

y
B′ q−−−−→ Z≤w

where q′(y, b, y, b′) = (y, b) (an isomorphism); k1 is the obvious open imbedding;
q : B′ → Z≤w is given by q(y, b, y, b′) = (y, b). Then

ri(F ) = q∗(v−1(L′ � L′′)⊗L (C � F1))

where ⊗L is computed in the smooth manifold Λ2 relative to the closed subvarieties
Z̄i and Λ× Z≤σiw with intersection B′. We have

f(F1) = k∗ri(F ) = k∗q∗(v−1(L′ � L′′)⊗L
Λ2 (C � F1))

= q′∗k
∗
1(v−1(L′ � L′′)⊗L

Λ2 (C � F1)).

Let U ′ be the set of all (x, b;x′, b′) ∈ Λ × Λ such that b′ ∈ Z≥σiw and such that
the relative position of (b, b′) (an element of the Weyl group) contains the simple
reflection σi in any reduced expression. Then U ′ is open in Λ×Λ hence it is smooth.
We have

U ′ ∩ Z̄i = U ′ ∩ Zi = {(x, b;x, b′) ∈ Λ2|(b, b′) ∈ Oi, b
′ ∈ Z≥σiw},

U ′ ∩ (Λ× Z≤σiw) = U ′ ∩ (Λ × Zσiw),

U ′ ∩B′ = V ′.

By [L5, 6.6], we have

k∗1(v−1(L′ � L′′)⊗L
Λ2 (C � F1)) = v−1(L′ � L′′)⊗L

U ′ (C � k′∗F1)

= v−1(L′ � L′′)⊗L
U ′ (C � E1),

where ⊗L
U ′ is computed in the smooth manifold U ′ relative to the closed subvarieties

U ′ ∩ Zi and Λ × Zσiw with intersection V ′ = Zw. The subvarieties U ′ ∩ Zi and
Λ×Zσiw of U ′ are smooth (see 6.3(a)) and the intersection is transversal. (We have
dim(U ′∩Zi) = dimZi = 2ν, dim(Λ×Zσiw) = 2ν+dim Zσiw = 2ν+dim Zw.) Hence
v−1(L′�L′′)⊗L

U (C�E1) is the usual tensor product of the restrictions of the vector
bundles v−1(L′�L′′), C�E1 to V ′ = Zw. The restriction of v−1(L′�L′′) is v−1C
(as in the proof of [L5, 8.8]) and the restriction of C � E1 is γ∗E ∈ VecH(Zw).
Thus (a) is proved.
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We prove (b). We claim that the diagram

KH(Z̃σiw)
c′∗−−−−→ KH(Zσiw)

f̃ ′
y f ′

y
KH(Z̃w) c∗−−−−→ KH(Zw)

is commutative. Here c, c′ are the obvious inclusions. It is enough to show that the
analogous diagram

KH(Z̃≤σiw) −−−−→ KH(Z≤σiw)

f̃

y f

y
KH(Z̃w) −−−−→ KH(Zw)

and this follows from the property 4.3(a) of the maps ri. This establishes the claim.
Using the claim and the injectivity of c∗, we see that in order to prove (b), it is
enough to prove the commutativity of the diagram

KH(Be)
c′∗γ̃′∗−−−−→ KH(Zσiw)

v−1

y f ′
y

KH(Be)
c∗γ̃∗−−−−→ KH(Zw)

Using the cartesian diagram in 6.13 for w and for σiw, we see that the commutativity
of the last diagram is a consequence of (a). This proves (b).

The first assertion of (c) follows from (a),(b) using Theorem 6.3(b),(c). The
second assertion of (c) follows from the first assertion of (c). The lemma is proved.

Lemma 7.7. (a) Let ξ ∈ KH(Z≤w). There exist ξ′ ∈ KH(Z≤σiw) and ξ′′ ∈
KH(Z<w) such that ξ = ri(j∗(ξ′))+j′∗(ξ′′). Here j : Z≤σiw → Z≤w, j′ : Z<w → Z≤w

are the inclusions.
(b) Let ξ̃ ∈ KH(Z̃≤w). There exist ξ̃′ ∈ KH(Z̃≤σiw) and ξ̃′′ ∈ KH(Z̃<w) such

that ξ̃ = ri(j̃∗(ξ̃′)) + j̃′∗(ξ̃′′). Here j̃ : Z̃≤σiw → Z̃≤w, j̃′ : Z̃<w → Z̃≤w are the
inclusions.

We prove (a). Consider the exact sequence

0 → KH(Z<w)
j′∗−→ KH(Z≤w) k∗−→ KH(Zw) → 0

(a special case of the exact sequence 6.15(c)). By the surjectivity of f in 7.6(c), there
exists ξ′ ∈ KH(Z≤σiw) such that k∗ξ = f(ξ′) = k∗rij∗(ξ′), hence ξ − ri(j∗(ξ′)) ∈
Ker k∗ = Im j′∗. Thus, ξ−ri(j∗(ξ′)) = j′∗(ξ

′′) for some ξ′′ ∈ KH(Z<w). This proves
(a). The proof of (b) is entirely similar.

Proposition 7.8. The imbeddings KH(Be) → KH(Z̃) → KH(Z) → KH(Λe) (see
6.17(b)) identify KH(Be), KH(Z̃), KH(Z) with H-submodules of KH(Λe).

This follows easily from 4.3(a).
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7.9. Note that K,W ∗ play the same role for P/U as I,W for G.
By restricting line bundles in X to {b ∈ B|b ⊂ p} (identified naturally with the

flag manifold of p/n) we obtain an isomorphism of X defined in terms of G with
X defined in terms of P/U . Hence X can be taken to be the same for G and for
P/U . We see that the affine Hecke algebra H associated to P/U may be naturally
identified with the A-subalgebra of H generated by the elements T̃σi , i ∈ K and
θx, x ∈ X .

Applying 4.4 to P/U instead of G we obtain natural H-module structures on
KH(Be), KH(Λe).

7.10. It is clear that Z1 = {(y, b) ∈ Z|b ⊂ p} (resp. Z̃1 = {(y, b) ∈ Z̃|b ⊂ p} is
an i-saturated closed subvariety of Z (resp. Z̃) for any i ∈ K. It follows that the
images of the natural imbeddings KH(Z1) → KH(Z), KH(Z̃1) → KH(Z̃) are H-
submodules of the H-modules KH(Z), KH(Z̃). By 6.3, Z1 and Z̃1 can be regarded
as vector bundles (of the same dimension) over Λe,Be. Hence by taking inverse
images we have isomorphisms

(a) KH(Λe)
∼→ KH(Z1), KH(Be)

∼→ KH(Z̃1).
(b) The isomorphisms (a) are compatible with the H-module structures.

(We omit the proof.) We shall use (a) to identify KH(Be) with the H-submodule
KH(Z̃1) ofKH(Z̃) and to identifyKH(Λe) with theH-submoduleKH(Z1) ofKH(Z).
The inclusions of these submodules induce H-linear maps

(c) H⊗H KH(Λe) → KH(Z),
(d) H⊗H KH(Be) → KH(Z̃).

Theorem 7.11. The H-linear maps 7.10(c),(d) are isomorphisms.

We show that 7.10(d) is surjective. An equivalent statement is that the H-
submodule M of KH(Z̃) generated by KH(Z̃1) is the whole of KH(Z̃). It is enough
to show that, for any w ∈ W∗, the RH -submodule KH(Z̃≤w) is contained in M.
We argue by induction on l(w). When w = 1, we have Z̃≤1 = Z̃1 and the result is
clear. Assume now that w 6= 1. We can find i ∈ I such that l(σiw) = l(w) − 1 (so
that σiw ∈ W∗).

From 6.16(b), we see thatKH(Z̃<w) (identified with anRH -submodule ofKH(Z̃))
is equal to

∑
w′∈W∗;w′<w KH(Z̃≤w′) where each term of the sum is identified with

an RH -submodule of KH(Z̃). Hence by the induction hypothesis, we have

(a) KH(Z̃≤σiw) ⊂ KH(Z̃<w) ⊂M.

Let ξ̃ ∈ KH(Z̃≤w). By 7.7(b), there exist ξ̃′ ∈ KH(Z̃≤σiw) and ξ̃′′ ∈ KH(Z̃<w) such
that ξ̃ = (−T̃σi − v−1)(ξ̃′) + ξ̃′′. Using (a), we see that ξ̃ ∈M. This completes the
induction. Thus, 7.10(d) is surjective.

Next we note that H is a free (right) H-module of rank |W/W ∗|; hence H ⊗H
KH(Be) is isomorphic as anRH -module to a direct sum of |W/W ∗| copies ofKH(Be)
hence is free of rank |W/W ∗|χBe

(see 1.14(a)) hence by 6.15(b), has the same rank
as KH(Z̃). (Note that |W/W ∗| = |W∗|.) Thus, 7.10(d) is a surjective RH -linear
map between two finitely generated free RH -modules of the same rank. Hence it is
necessarily an isomorphism. The proof that 7.10(a) is an isomorphism is entirely
similar. The theorem is proved.
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8. The case where e is regular in l

8.1. In this section we preserve the setup of 6.1. We assume in addition that e is
a regular nilpotent element of l. Note that, in our case, Π = Π̃. (If x ∈ zp(f) and
e+x is nilpotent, then writing x = x′+x′′ with x′ ∈ zl(f), x′′ ∈ zn(f), we have that
e+ x′ is a nilpotent element of a cross section in l to the regular nilpotent class in
l, hence x′ = 0 and e+ x = e + x′′ ∈ Π̃.) It follows that

Z = Z̃.

We have S = C where, as in 6.5, S is the connected centre of L. The fixed point set
BH

e = ΛH
e is the finite set {(e, bw)|w ∈W∗}, where b1 is the unique Borel subalgebra

of p such that e ∈ b1 and, more generally, bw is the unique Borel subalgebra in
o(w) that contains b1 ∩ l. Hence Theorem 2.5(b) is applicable and yields:

(a) The RH-bilinear pairing (:) : KH(Be)×KH(Λe) → RH is perfect.
For any w ∈ W∗, Zw may be regarded as a C-vector space of dimension dim zn(f)

with linear H-action (see 6.3(b)). The origin of this vector space is the unique (e, b)
such that b ∈ o(w) and b contains b1 ∩ l.

Let $ : g → g be as in 5.7.

8.2. If x ∈ X , then C acts on the fibre at b1 of the G-equivariant line bundle Lx

(since Ad(c)b1 = b1 for c ∈ C); this action is via a character C → C∗. This defines
a homomorphism X → Ĉ. For i ∈ K, x = αi is in the kernel of this homomorphism.
(Indeed, in this case the fibre of Lx at b1 is pi/b1 where pi is the unique parabolic
subalgebra of type i containing b1. Now there exists ξ ∈ pi ∩ l whose image in the
line pi/b1 is non-zero. Since the adjoint action of C on l is trivial, our assertion
follows.) Thus, setting XK =

∑
i∈K Zαi ⊂ X , we have an induced homomorphism

(a) X/XK → Ĉ.
This is surjective. (Indeed, let C′ be a maximal torus of G such that C ⊂ C′ and
Lie(C ′) ⊂ b1. Then X → Ĉ factors as X → Ĉ′ → Ĉ where the first homomor-
phism, defined in the same way as X → Ĉ, is an isomorphism, and the second
homomorphism, given by restricting characters, is surjective, since C is a closed
subgroup of the torus C′.) Since (a) is a homomorphism of abelian groups of the
same finite rank and Ĉ is free, it follows that (a) induces an isomorphism

(b) (X/XK)/torsion ∼→ Ĉ.

8.3. If x ∈ X , then C∗ acts on the fibre at b1 of the G-equivariant line bundle
Lx by Ad(φ(λ)) (since Ad(φ(λ))b1 = b1 for λ ∈ C∗); this action is via a character
λ → λn of C∗ with n ∈ Z. Now x 7→ n defines a homomorphism µ′K : X → Z. It
is characterized by:

(a) µ′K(αi) = −2 for all i ∈ K and
⋂

i∈K Ker α̌i ⊂ Ker µ′K .
The assertion concerning µ′K(αi) is proved as in [L5, 12.21]. We prove the second
assertion of (a). Let x ∈

⋂
i∈K Ker α̌i. Then Lx is the inverse image of a G-

equivariant line bundle L′ on the variety of all parabolic subalgebras of type K.
Thus the fibre of Lx at b1 may be canonically identified with the fibre of L′ at p, so
that P acts naturally on this fibre. Hence the homomorphism C∗ → C∗ associated
to x is a composition C∗ → P → C∗ where the first map is λ→ φ(λ) and the second
map is some homomorphism which is necessarily trivial on the derived subgroup of
P and hence on the image of the first map. Thus the composition is trivial and (a)
is proved.
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It is easy to see that
(b) µ′K =

∑
i∈K ciα̌i : X → Z, where ci ∈ Z.

Lemma 8.4. The H-module KH(Be) = RH can be described as follows. For i ∈ K,
T̃σi acts as multiplication by −v−1. For x ∈ X , θx acts as multiplication by the
character of H which is the image of x under the composition

X → Ĉ × Ĉ∗ = Ĥ.

(The first map has two components: the first one is described in 8.2(a); the second
one is µ′K as in 8.3(a).)

The assertion about θx follows from 8.2, 8.3. The assertion about T̃σi is deduced
from the assertion about θx as in [L5, 12.21].

We can now restate 7.11 in the present case as follows.

Proposition 8.5. We have a canonical isomorphism of H- and RH-modules

H⊗H RH
∼→ KH(Z)

where RH is regarded as a left H-module as in 8.4.

8.6. For an H-stable closed subvariety Y ⊂ Λe such that the natural map (direct
image)KH(Y ) → KH(Λe) is injective, we shall often identify KH(Y ) with its image
in KH(Λe).

Let p = {(e, b1)} ⊂ Z1 ∩ Be. We shall denote Op ∈ KH(p) again by p. Thus we
have

p ∈ KH({b1}) ⊂ KH(Z1) ∩KH(Be) ⊂ KH(Λe).

By 8.4, 7.10(b), we have

(a) T̃ip = −v−1p for any i ∈ K.
In our case, Z1 (see 7.10) becomes
(b) Z1 = {(y, b1)|y ∈ e+ zn(f)}.

Thus, we have OZ1 ∈ KH(Z1) ⊂ KH(Z) ⊂ KH(Λe). From (b) we see that

(c) p = zn(f)∗ OZ1 ∈ KH(Λe).

Let w∗0 be the longest element of W ∗ and let w0∗ = w0w
∗
0 . Then w0∗ ∈ W∗ and

o(w0∗) is the set of all b ∈ B such that b is opposed to some Borel subalgebra of p.
Thus o(w0∗) is the open P -orbit in B. Hence Zw0∗ is open in Z.

Lemma 8.7. Zw0∗ = {(e, b)|b ∈ o(w0∗), e ∈ b}.

Let (y, b) ∈ Zw0∗ . We must prove that y = e. Since b ∈ o(w0∗), the intersection
b ∩ p is contained in a Levi subalgebra l′ of p. Since y ∈ b, it follows that y ∈ l′.
Hence for some u ∈ U we have Ad(u)y ∈ l. Since y ∈ e+n, we have Ad(u)y ∈ e+n.
This implies (since Ad(u)y ∈ l, e ∈ l) that Ad(u)y = e. In particular, y ∈ Ad(G)e.
Since y−e ∈ zg(f), y is in a cross section in g to the G-orbit of e. This cross section
intersects the G-orbit of e exactly in e. Hence we must have y = e. The lemma is
proved.

Lemma 8.8. (a) The two smooth submanifolds $(Z1) and Zw0∗ of Λe intersect
transversally at the point $(e, b1).

(b) The subsets Be − Zw0∗ and $(Z1) of Λe are disjoint.
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(Note that Z is not stable under $ : Λe → Λe.)
We prove (a). We have b1 = (b1 ∩ l) ⊕ (b1 ∩ n) and $(b1 ∩ l) = b1 ∩ l, while

$(n) is a complement of p in g (since $ = −1 on LieC) hence $(b1 ∩ n) ∩ p = 0
and $(b1) ∩ p = b1 ∩ l. This shows that $(b1) ∈ o(w0∗) hence

$(e, b1) = (e,$(b1)) ∈ $(Z1) ∩ Zw0∗ .

Conversely, let (y, b) ∈ $(Z1) ∩ Zw0∗ . Since (y, b) ∈ Zw0∗ , we have y = e and
b ∈ o(w0∗). (See 8.7.) Since (y, b) ∈ $(Z1), we have b = $(b1). Thus, (y, b) =
(e,$(b1)). Hence $(Z1) ∩ Zw0∗ = {(e,$(b1))}.

To check that the intersection is transversal we also need a computation in the
tangent space to Λe at (e,$(b1)) which we omit. We note only that the smooth
manifold Λe is of pure dimension

dim zg(f)− dim t = 2 dim zn(f) + dim zl(f)− dim t = 2 dim zn(f)

and, by 6.3, $(Z1),Zw0∗ are smooth submanifolds of pure dimension dim zn(f) of
Λe. This completes the proof of (a).

We prove (b). Assume that (y, b) ∈ (Be − Zw0∗) ∩ $(Z1). Since (y, b) ∈ Be ∩
$(Z1), we must have (y, b) = (e,$(b1)). By (a), we have (e,$(b1)) ∈ Zw0∗ . This
contradiction proves (b).

Lemma 8.9. Let w ∈ W∗. Let dw be the image of OZ1 under the composition

KH(Z) T̃w−−→ KH(Z)
j∗−→ KH(Zw0∗) where j is the open imbedding Zw0∗ ⊂ Z.

(a) There exists an element ξ ∈ KH(Z≤w) such that the restriction of ξ to
KH(Zw) is (−v)−l(w)OZw and ξ = dw in KH(Z).

(b) If w = w0∗, then dw = (−v)−l(w)OZw0∗ .
(c) If w 6= w0∗, then dw = 0.

We prove (a) by induction on l(w). If l(w) = 0, the result is trivial. Assume now
that l(w) > 0. We can find i ∈ I such that l(σiw) = l(w)− 1; then w′ = σiw ∈ W∗.
We have

T̃wOZ1 = T̃σi T̃w′OZ1 = −riT̃w′OZ1 − v−1T̃w′OZ1 .

By the induction hypothesis, there exists ξ′ ∈ KH(Z≤w′) such that the restriction of
ξ′ to KH(Zw′) is (−v)−l(w′)OZw′ and ξ′ = T̃w′OZ1 in KH(Z). Now ξ′ ∈ KH(Z≤w)
hence we can apply to it ri : KH(Z≤w) → KH(Z≤w). (Note that Z≤w is i-saturated.)
By 7.6(a), the image of ri(ξ′) under the restriction KH(Z≤w) → KH(Zw) is equal
to v−1(−v)−l(w′)OZw . We set ξ = −ri(ξ′) − v−1ξ′ ∈ KH(Z≤w). Then ξ has the
required properties. This proves (a). Now (b),(c) follow easily from (a). The lemma
is proved.

Lemma 8.10. Let w ∈W∗. Let (:) : Ee × Ee → R be as in 2.6.
(a) If w = w0∗, then (T̃wOZ1 : $∗OZ1) = (−v)−l(w).
(b) If w 6= w0∗, then (T̃wOZ1 : $∗OZ1) = 0.

Let ξ ∈ KH(Z− Zw0∗) ⊂ KH(Z) ⊂ Ee. We first show that
(c) (ξ : $∗OZ1) = 0.

By [Th], the direct image map KH(Be− Zw0∗) → KH(Z−Zw0∗) is an isomorphism
after extension of scalars to R, since (Be − Zw0∗)H = (Z − Zw0∗)H . Hence there
exists ξ′ ∈ KH(Be − Zw0∗) and f ∈ RH − {0} such that fξ is the image of ξ′ under
this map. It is then enough to show that
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(d) (ξ′ : $∗OZ1) = 0.
Here (:) may be considered as the pairing in 2.4 with ξ′ regarded as an element

of KH(Be) and $∗OZ1 regarded as an element of KH(Λe). But ξ′ comes from an
element in KH(Be − Zw0∗) and $∗OZ1 comes from an element in KH($(Z1)). To
prove (d), it is enough, by the definition of (:), to show that Be − Zw0∗ and $(Z1)
are disjoint subsets of Λe. But this is known from 8.8(b). Thus, (d) and hence (c)
are proved.

Now (b) follows from (c) (which is applicable in view of 8.9(c)).
We prove (a). Let w = w0∗. Let V be the closure of Zw in Be. (See 8.7.) Let [V ]

be the image of OV ∈ KH(V ) under the direct image map KH(V ) → KH(Be). By
8.9(b), T̃wOZ1 and (−v)−l(w)[V ] (regarded as elements of KH(Z)) have the same
restriction to KH(Zw), hence T̃wOZ1 − (−v)−l(w)[V ] is the image of an element
ξ ∈ KH(Z− Zw). Applying (c) to ξ, we deduce that

(T̃wOZ1 : $∗OZ1) = ((−v)−l(w)[V ] : $∗OZ1).

Hence, to prove (a), it is enough to prove that
(e) ([V ] : $∗OZ1) = 1.

Here (:) may be considered as the pairing in 2.4 with [V ] regarded as an element of
KH(Be) and $∗OZ1 regarded as an element of KH(Λe). Then (e) follows immedi-
ately from 8.8(a),(b). The lemma is proved.

We can reformulate Lemma 8.10 in terms of (||) as follows.

Lemma 8.11. Let w ∈W∗.
(a) If w = w0∗, then (T̃−1

w0
T̃wOZ1 ||OZ1) = (−v)ν−2b(e)(−v)−l(w).

(b) If w 6= w0∗, then (T̃−1
w0
T̃wOZ1 ||OZ1) = 0.

Lemma 8.12. Let c = v−2b(e). For any w,w′ ∈ W∗ we have
(a) (T̃−1

w−1OZ1 ||T̃−1
w′−1OZ1) = δw,w′c.

From 8.11(a) we have

(T̃−1
w∗

0
OZ1 ||OZ1) = (−v)ν−2b(e)(−v)−ν+l(w∗

0 ).

Substituting here T̃−1
w∗

0
OZ1 = (−v)l(w∗

0 )OZ1 (which follows from 8.6(a),(c)) we obtain

((−v)l(w∗
0 )OZ1 ||OZ1) = (−v)−2b(e)(−v)l(w∗

0 ),

so that (a) holds for w = w′ = 1. Similarly, from 8.11(b) we deduce that (a) holds
for w 6= 1 and w′ = 1.

We prove (a) by induction on l(w′). If l(w′) = 0, then (a) holds for any w as
we have just seen. Assume now that l(w′) > 0. We can find i ∈ I such that
l(σiw

′) = l(w′)− 1. We have σiw
′ ∈W∗. For w ∈ W∗ we have

(T̃−1
w−1OZ1 ||T̃−1

w′−1OZ1) = (T̃−1
w−1OZ1 ||T̃−1

σi
T̃−1

(σiw′)−1OZ1)

= (T̃−1
σi
T̃−1

w−1OZ1 ||T̃−1
(σiw′)−1OZ1).(b)

Assume first that l(σiw) = l(w) − 1. Then T̃−1
σi
T̃−1

w−1 = (v−1 − v)T̃−1
w−1 + T̃−1

(σiw)−1

and σiw ∈W∗ hence (b) becomes (using the induction hypothesis):

(v−1 − v)(T̃−1
w−1OZ1 ||T̃−1

(σiw′)−1OZ1) + (T̃−1
(σiw)−1OZ1 ||T̃−1

(σiw′)−1OZ1)

= (v−1 − v)δw,σiw′c+ δσiw,σiw′c.(c)
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We cannot have w = σiw
′ since l(σiw) = l(w) − 1 and l(σiσiw

′) = l(σiw
′) + 1.

Hence (c) becomes δσiw,σiw′c = δw,w′c.
Assume next that l(σiw) = l(w) + 1 and σiw ∈ W∗. Then w 6= w′, T̃−1

σi
T̃−1

w−1 =
T̃−1

(σiw)−1 and (b) becomes (using the induction hypothesis):

(T̃−1
(σiw)−1OZ1 ||T̃−1

(σiw′)−1OZ1) = δσiw,σiw′c = δw,w′c = 0.

Finally, assume that l(σiw) = l(w) + 1 and σiw /∈ W∗. Then σiw = wσj where
j ∈ K. Note also that w 6= σiw

′. (If we had w = σiw
′, then σiw = w′ would be in

W∗.) We have

T̃−1
σi
T̃−1

w−1 = T̃−1
(σiw)−1 = T̃−1

(wσj)−1 = T̃−1
w−1T̃

−1
σj

and (b) becomes (using the induction hypothesis):

(T̃−1
w−1 T̃

−1
σj

OZ1 ||T̃−1
(σiw′)−1OZ1) = (−v)(T̃−1

w−1OZ1 ||T̃−1
(σiw′)−1OZ1) = (−v)δw,σiw′c = 0.

The lemma is proved.

Lemma 8.13. (a) The elements fT̃−1
w−1OZ1 (where f runs over Ĉ ⊂ RC ⊂ RH

and w runs over W∗) form an A-basis of KH(Z).
(b) Let f, f ′ ∈ Ĉ ⊂ RC ⊂ RH and let w,w′ ∈ W∗. We have

(fT̃−1
w−1OZ1 ||f ′T̃−1

w′−1OZ1) = ff ′−1δw,w′c.

(c) For any ξ, ξ′ ∈ KH(Z) we have (ξ||ξ′) ∈ RH .
(d) Let ξ ∈ KH(Z). We have (ξ||ξ) = 1 if and only if ξ = ±vb(e)fT̃−1

w−1OZ1 for
some f, w as in (a).

(a) is clear from 7.11; (b) follows immediately from 8.12; (c) follows immediately
from (a),(b). (Note that in (c) we have apriori only (ξ||ξ′) ∈ R.)

We prove (d). We can write uniquely

ξ =
∑
w,f

cw,fv
b(e)fT̃−1

w−1OZ1

where w, f are as in (a) and cw,f ∈ A are zero for all but finitely many w, f . Assume
that (ξ||ξ) = 1. From (b) we deduce

∑
w,f c

2
w,f = 1. It follows easily that there is a

unique w, f for which cw,f 6= 0 and for that w, f we have in fact cw,f = ±1. Hence
ξ = ±fT̃−1

w−1OZ1 . The converse is clear from (b). The lemma is proved.

Lemma 8.14. Let ξ ∈ KH(Z) be an element such that T̃σiξ = −v−1ξ for all i ∈ I.
Then there exists g ∈ RH such that ξ = g

∑
w∈W∗(−v)

l(w)T̃−1
w−1OZ1 .

By 8.13(a), we can write uniquely ξ =
∑

w∈W∗ gwT̃
−1
w−1OZ1 where gw ∈ RH . As

in the proof of 8.12, we see that

T̃−1
σi
ξ =

∑
w∈W∗

l(σiw)=l(w)−1

gw((v−1 − v)T̃−1
w−1OZ1 + T̃−1

(σiw)−1OZ1)

+
∑

w∈W∗
l(σiw)=l(w)+1

σiw∈W∗

gwT̃
−1
(σiw)−1OZ1 − v

∑
w∈W∗

l(σiw)=l(w)+1
σiw/∈W∗

gwT̃
−1
w−1OZ1 .

The condition that this equals −vξ can be written in the form gw = −vgσiw for
any w ∈ W∗ such that l(σiw) = l(w) − 1. It follows that gw = (−v)l(w)g1 for all
w ∈ W∗. The lemma is proved.
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Lemma 8.15. Let z = zn(f) ∈ RH . Then z̄† = zn(f)∗ ∈ RH . Let ρ be the one
dimensional representation of C on Ωzn(f) (restriction from H). We have

(a) z̄† = (−1)b(e)vb(e)+l(w0∗)ρz;
(b) Let Ĉ≥ (resp. Ĉ≤) be the image of X≥ (resp. X≤) under X → Ĉ (see 8.2)

and let Ĉ> = Ĉ≥ − {1} (resp. Ĉ< = Ĉ≤ − {1}). We have

z =
p∏

u=1

(1− vnuτu)

where for any u we have nu ∈ Z<0 and τu ∈ Ĉ<.

We prove (a). The restriction of the one-dimensional H-module Ωzn(f) to 1×C∗

is vt for some t ∈ Z. Using 3.1(a) and the equality b(e) = dim zn(f), we see that
we only have to prove that

(c) t = b(e) + l(w0∗).
Let n′ be the nil-radical of the parabolic subalgebra opposed to p and containing l.
Now $ : g → g defines an isomorphism zn(f)† = zn′ (f) as H-modules. Hence the
restriction of Ωzn′ (f) to 1×C∗ is vt. Since f is regular nilpotent in l, the restriction
of Ωzl(f) to 1×C∗ is v2l(w∗

0 )+2r where r is the rank of G (or of L). From the direct
sum decomposition zg(f) = zn(f)⊕ zl(f)⊕ zn′(f) we deduce

Ωzg(f) = Ωzn(f) ⊗ Ωzl(f) ⊗ Ωzn′ (f)

hence the restriction of Ωzg(f) to 1 ×C∗ is v2t+2l(w∗
0 )+2r. In the restriction of Ωg

to 1 × C∗, the action of (1, λ) is by multiplication by λ2 dim g. (We use the fact
that Ad(φ(λ)) : g → g has determinant 1 since φ(λ) is in the derived group of G.)
Since Ωg = Ωzg(f) ⊗Ωg/zg(f), it follows that the restriction of Ωg/zg(f) to 1×C∗ is
v2 dim g−2t−2l(w∗

0)−2r. This restriction can be also computed directly, using the fact
that g/zg(f) has a natural symplectic form (Kirillov) which is preserved up to a
scalar λ−2 by the action of (1, λ) ∈ 1×C∗; namely, the restriction is vdim(g/zg(f)).
We deduce that

vdimg/zg(f) = v2 dim g−2t−2l(w∗
0 )−2r

from which (c) follows easily.
Since zn(f) ⊂

⊕
n≤0 gn, we see that z is a product of factors of the form 1− τvm

where τ ∈ Ĉ and m ∈ Z<0. We have in fact τ ∈ Ĉ<0 since zn(f) ⊂ n. This proves
(b). The lemma is proved.

Lemma 8.16. (a) zKH(Z) ⊂ KH(Be);
(b) z†KH(Λe) ⊂ KH(Z).

We prove (a). Since OZ1 generates KH(Z) as an H-module (see 8.13(a)) and
z, z̄† differ only by an invertible element of RH (see 8.15(a)), it is enough to show
that z̄†OZ1 ∈ KH(Be). But z̄†OZ1 = p (see 8.6(c)) and clearly p ∈ KH(Be). This
proves (a).

We prove (b). Let ξ ∈ KH(Λe). Since the canonical inclusion KH(Z) ⊂ KH(Λe)
becomes an equality after tensoring with R over RH , we see (using 8.13(a)) that

gz†ξ =
∑

w∈W∗

gwT̃
−1
w−1OZ1 ∈ KH(Z)
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for some g, gw in RH with g 6= 0. Using 8.12 we have

(T̃−1
w−1OZ1 ||gz†ξ) = g†wv

−2b(e)

or equivalently

g†(zT̃−1
w−1OZ1 ||ξ) = g†wv

−2b(e)

for any w ∈ W∗. By definition of (||) we have (ξ1||ξ) ∈ RH for any ξ1 ∈ KH(Be).
(Recall that ξ ∈ KH(Λe).) By (a), we have zT̃−1

w−1OZ1 ∈ KH(Be), hence

(zT̃−1
w−1OZ1 ||ξ) ∈ RH .

It follows that g†wv−2b(e) ∈ RHg
†. Hence gw = uwg for some uw ∈ RH . We see that

gz†ξ =
∑

w∈W∗

uwgT̃
−1
w−1OZ1 .

We can cancel g in both sides and we obtain

z†ξ =
∑

w∈W∗

uwT̃
−1
w−1OZ1 .

This shows that z†ξ ∈ KH(Z). The lemma is proved.

8.17. Remark. From 8.16 we obtain a new proof and a strengthening (in the
present case) of 3.5.

As in the proof of 8.15(a) we have

∇e = zg(f) · t
−1

= zn(f) · zl(f) · zn′ (f) · t
−1

= zz† zl(f) · t
−1
.

Now zl(f) · t
−1 ∈ RH , by 3.2(a) applied to l instead of g. It follows that ∇e is

divisible by zz† in RH .
Now 8.16(a),(b) shows that zz†KH(Λe) ⊂ KH(Be). It follows that ∇eKH(Λe) ⊂

KH(Be), which is the statement of 3.5. Note that the statement zz†KH(Λe) ⊂
KH(Be) is stronger than the statement that ∇eKH(Λe) ⊂ KH(Be).

Lemma 8.18. z̄OΛe =
∑

w∈W∗(−v)
l(w)T̃−1

w−1OZ1 ∈ KH(Z).

Let ξ = z̄OΛe and let ξ′ =
∑

w∈W∗(−v)
l(w)T̃−1

w−1OZ1 . By 8.15, 8.16, we have
ξ ∈ KH(Z). By 4.6, we have T̃σiξ = −v−1ξ for all i ∈ I. Using 8.14, we deduce
that ξ = gξ′ for some g ∈ RH . From 8.13(b), we have

(OZ1 ||ξ) = g†(OZ1 ||ξ′) = g†v−2b(e).

We have

(OZ1 ||ξ) = (OZ1 ||z̄OΛe) = (z̄†OZ1 ||OΛe) = (p||OΛe)

= (−v)ν−2b(e)(p : T̃w0$
∗OΛe) = (−v)ν−2b(e)(p : T̃w0OΛe) = (−v)−2b(e)(p : OΛe).

(The last equality follows from 4.6.) Thus we have

g† = (p : OΛe).

Here (:) may be considered as the pairing in 2.4 with p regarded as an element of
KH(Be) and OΛe regarded as an element of KH(Λe). From the definition it is then
obvious that (p : OΛe) = 1. Hence g† = 1 and g = 1. The lemma is proved.
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Lemma 8.19. We have

z†v2b(e)OΛe = (−1)l(w0∗)ρ
∑

w∈W∗

(−v)l(w)−l(w0∗)(−v)b(e)T̃−1
w−1OZ1 ∈ KH(Z).(a)

By 8.15(a), 8.18, the left hand side of (a) is

(−1)b(e)v−b(e)−l(w0∗)ρz̄v2b(e)OΛe

= (−1)b(e)v−b(e)−l(w0∗)ρv2b(e)
∑

w∈W∗

(−v)l(w)T̃−1
w−1OZ1 .

The lemma follows.

Proposition 8.20. v2b(e)OΛe ∈ B±
Λe

.

By the argument in 5.14 we see that we only have to verify that
(a) (v2b(e)OΛe ||v2b(e)OΛe) ∈ 1 + v−1RC [[v−1]].
By 8.19, the left hand side of (a) equals

(zz†)−1v2b(e)(
∑

w∈W∗

(−v)l(w)−l(w0∗)T̃−1
w−1OZ1 ||

∑
w∈W∗

(−v)l(w)−l(w0∗)T̃−1
w−1OZ1)

which, by 8.13, is equal to

(zz†)−1
∑

w∈W∗

v2l(w)−2l(w0∗).

Using 8.15(b), we have zz† ∈ 1 + v−1RC [v−1] hence (zz†)−1 ∈ 1 + v−1RC [[v−1]].
On the other hand, we have

∑
w∈W∗ v

2l(w)−2l(w0∗) ∈ 1+ v−1Z[v−1] and (a) follows.
The proposition is proved.

9. A review of [L4]

9.1. We preserve the setup of 8.1. In addition we assume that G is adjoint. Let
V = R ⊗ X . We identify X with a subgroup of V by x 7→ 1 ⊗ x. We can regard
α̌i as R-linear forms on V . Let C+ = {x ∈ V|α̌i(x) > 0 ∀i ∈ I}. We extend the
W -action on X to V in the obvious way. Let I be the subgroup of the group of
affine transformations of V generated by W and by the translations by elements of
X . The action of I on V is written as (ω, x) 7→ ωx. Let I0 be the set of elements
of I that are conjugate to σi for some i ∈ I. For σ ∈ I0, let hσ be the fixed point
set of σ : V → V . Let F be the set of hyperplanes in V of the form hσ for some
σ ∈ I0. The set of points of V that are not contained in any hyperplane in F is a
union of connected components called alcoves. Let X be the set of alcoves. The set
of points of V that belong to exactly one hyperplane in F is a union of connected
components called faces. Let S be the (finite) set of I-orbits on the set of faces.
If s ∈ S and F is a face in the I-orbit of type s, we say that F is of type s. Let
opp : S → S be the involution defined by the following requirement: if F is a face
of type s, then −F is a face of type opp(s).

For any alcove A and any s ∈ S, there is a unique face δs(A) of type s such
that δs(A) is in the closure of A. For s ∈ S and A ∈ X we denote by sA the
unique alcove 6= A such that δs(A) = δs(sA). Then A 7→ sA is an involution of
X . The maps A 7→ sA generate a subgroup of the group of permutations of X
which is a Coxeter group (W a, S) (an affine Weyl group). The permutation of X
corresponding to w ∈ W a is denoted by A 7→ wA.
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For h ∈ F let h+ be the unique connected component of the complement of h in
V which contains x+ C+ for some x ∈ V . For any A ∈ X let L(A) be the set of all
s ∈ S such that, if h is the hyperplane in F containing δs(A), then A ⊂ h+.

Let A+
0 be the unique alcove contained in C+ and having 0 in its closure.

For each i ∈ I let s0i be the type of the unique face of A+
0 that is contained

in α̌−1
i (0). Then σi 7→ s0i is an isomorphism of W onto a subgroup of W a which

carries I bijectively onto a subset of S. We identify W with its image in W a.
The Hecke algebra (over A) attached to this Coxeter group (as in [L5, 1.4] is

denoted in loc. cit. by Had. A homomorphism of algebras from our H to Had is
defined in [L5, 1.15–1.20] and is in fact an isomorphism. (We take ε = 0 in [L5,
1.15]). We use this to identify the two algebras. Thus, in H we have generators T̃s

(s ∈ S) which include the elements T̃σi ; we have T̃s0
i

= T̃σi for i ∈ I; in H we also
have elements T̃w for w ∈ W a. Let¯: H → H be the ring involution defined as in
[L5, 1.5].

Let ≤ be the partial order on X defined as in [L5, 1.3].

9.2. Let VK =
⋂

i∈K α̌−1
i (0) ⊂ V . Let FK be the set of all h ∈ F such that

h + VK = h. The set of points of V that are not contained in any hyperplane in
FK is a union of connected components called K-alcoves. The subgroup IK of I
generated by {σ ∈ I0|hσ ∈ FK} acts transitively on the set of K-alcoves. Let Ξ be
a K-alcove. Let XΞ be the set of alcoves that are contained in Ξ.

If x ∈ X , then x + Ξ is a K-alcove hence x + Ξ = ω−1
Ξ for a unique ω ∈ IK .

The map x′ 7→ ω(x + x′) is then a homeomorphism γx : Ξ ∼→ Ξ. If A ∈ XΞ, then
γx(A) ∈ XΞ. As in [L4, 2.12], x 7→ γx is an action of X on Ξ and an action of X
on XΞ. The restrictions of these actions to XK (see 8.2) are trivial, hence x 7→ γx

can be regarded as an action of X/XK on Ξ and an action of X/XK on XΞ.
Let MΞ be the A-module consisting of formal A-linear combinations of alcoves

A ∈ XΞ. The support of an element m =
∑

A∈XΞ
mAA ∈ MΞ (with mA ∈ A is

the set supp(m) = {A ∈ XΞ|mA 6= 0}. Let MΞ
c be the set of all m ∈MΞ such that

supp(m) is finite.

Lemma 9.3. (a) There is a unique H-module structure on the A-module MΞ
c such

that for s ∈ S and A ∈ XΞ we have
T̃s(A) = sA if sA ∈ XΞ, s /∈ L(A);
T̃s(A) = sA+ (v − v−1)A if sA ∈ XΞ, s ∈ L(A);
T̃s(A) = vA if sA /∈ XΞ.
(b) There is a unique H-module structure on the A-module MΞ

c such that for
s ∈ S and A ∈ XΞ we have
T̃s(A) = sA if sA ∈ XΞ, s /∈ L(A);
T̃s(A) = sA+ (v − v−1)A if sA ∈ XΞ, s ∈ L(A);
T̃s(A) = −v−1A if sA /∈ XΞ.

(a) is proved as in [L4, 4.7]. We shall deduce (b) from (a) as follows. Consider
the involution of abelian groups ψ : MΞ

c → MΞ
c given by ψ(vnA) = (−v)−nA for

all A ∈ XΞ, n ∈ Z. It is easy to check that T̃s : MΞ
c → MΞ

c in (b) is equal to
ψT̃sψ where T̃s is the map MΞ

c → MΞ
c in (a). Hence the braid group relations for

the operators in (b) follow from the corresponding braid group relations for the
operators in (a). The fact that the operators in (b) satisfy (T̃s + v−1)(T̃s − v) = 0
is obvious. The lemma is proved.
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9.4. We shall assume that Ξ is the unique K-alcove that contains A+
0 . We shall

denote by Mc the H-module MΞ
c described in 9.3(b).

Lemma 9.5. Let µ′K : X → Z be as in 8.3. Let x ∈ X . We have θxA
+
0 =

(−v)µ′K(x)γx(A+
0 ) in Mc.

See [L4, 7.5] for a closely related result.

Lemma 9.6. In Mc we have
(a) T̃σiA

+
0 = −v−1A+

0 for all i ∈ K;
(b) T̃−1

w−1A
+
0 = w−1

A+
0 ∈ XΞ for all w ∈ W∗.

This follows easily from the definitions.

9.7. For x ∈ X , the map A 7→ γxA in 9.2 extends to a A-linear map Mc → Mc

denoted again by γx. This map is in fact H-linear (as in [L4, §5]). Thus, Mc

becomes an A[X ]-module.
We shall identify X/XK = Ĉ by 8.2(b). (In the present case, X/XK has no

torsion since G is adjoint.) We define an RH -module structure on the A-module
Mc in which the generator τ ∈ Ĉ of

RH = RC [v, v−1] = A[Ĉ] = A[X/XK ]

represented by x ∈ X acts by

m 7→ τm = (−1)µ′K(x)γx(m).

This again commutes with the H-module structure.
(Note that the RH -module structure and the A[X ]-module structure on Mc are

almost the same: they differ only by a sign; it will be convenient to use sometimes
one, sometimes the other.)

Let τ → ετ be the homomorphism Ĉ → {1,−1} given by ετ = (−1)µ′K(x) for τ, x
as above. Then for any B ∈ XΞ and τ ∈ Ĉ we have τB = ετA for some A ∈ XΞ

which will be denoted τ ∗B. Thus τB = εττ ∗B with τ ∗B ∈ XΞ.
We define an A-linear map H⊗A RH → Mc by

(a) ξ ⊗ f 7→ (−v)−b(e)ρ−1fξ(A+
0 )

where ξ ∈ H, f ∈ RH .
Recall that RH is a module over the subalgebra H of H (see 8.4). We show that

for ξ′ ∈ H, f ∈ RH , the element ξξ′⊗f − ξ⊗ (ξ′f) is mapped by (a) to 0. It suffices
to show that ξ′(fA+

0 ) = (ξ′f)A+
0 for a set of algebra generators ξ′ of H and for

f ∈ RH . If ξ′ = θx where x ∈ X , this follows from 9.5, 8.4; if ξ′ = T̃σi with i ∈ K,
this follows from 9.6(a), 8.4. It follows that (a) factors through an A-linear map
(b) H⊗H RH → Mc

(in fact an H-linear and RH -linear map).

9.8. Let κ0 : V → V be the involution x 7→ −w∗
0x. Then κ0 maps any alcove onto

an alcove. Moreover, κ0(Ξ) = Ξ. Hence κ0 maps any alcove in XΞ onto an alcove
in XΞ. For any x ∈ X we have

(a) γxκ0 = κ0γ−x.
(See [L4, 2.3, 2.12(d)].) We define an involution of the abelian group Mc by vnA 7→
v−nκ0(A) for any A ∈ XΞ and any n ∈ Z. We denote it again by κ0. This involution
is H-semilinear with respect to the ring involution of H given by
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(b) T̃s 7→ T̃−1
opp(s) for s ∈ S, vn 7→ v−n for n ∈ Z,

and RH -semilinear with respect to f 7→ f̄ †. (The first assertion is proved as in [L4,
6.5]; the second assertion follows from (a).) Let

e0 =
∑

w∈W∗

(−v)l(w)−l(w0∗)(w−1
A+

0 ) ∈ Mc.(c)

We have

κ0(e0) =
∑

w∈W∗

(−v)−l(w)+l(w0∗)(w∗
0w−1w0A+

0 ) = (−v)l(w0∗)e0.(d)

We consider the A-algebra involution of H given by

(e) T̃s 7→ T̃opp(s) for s ∈ S.

This carries θx to θ−w0x for all x ∈ X .

Lemma 9.9. There exists a unique map t : Mc → z−1Mc (where z−1Mc is re-
garded as a subspace of (Mc)R) such that t is H-semilinear with respect to 9.8(e),
RH-semilinear with respect to f 7→ f †, and such that t(e0) = e0.

The uniqueness of t follows from the known fact that (Mc)R is an irreducible
H-module and that the natural map Mc → (Mc)R is injective (since Mc is free
over RH). The existence of t will be proved in 10.5.

Lemma 9.10. Let t̃ : Mc → (z†)−1Mc be given by t̃(m) = (z†)−1zt(m). (Here
(z†)−1Mc is regarded as a subspace of (Mc)R). Let

ẽ0 = (−v)l(w0∗)ze0 ∈ Mc.

We have
(a) t̃(ẽ0) = ẽ0.
(b) κ0(ẽ0) = (−1)l(w0∗)(−v)b(e)ρẽ0.

Indeed, t̃(ẽ0) = (z†)−1zt((−v)l(w0∗)ze0) = (−v)l(w0∗)ze0 = ẽ0,

κ0(ẽ0) = κ0((−v)l(w0∗)ze0) = (−v)l(w0∗)(−v)−l(w0∗)z̄†e0 = (−v)−l(w0∗)z̄†z−1ẽ0

= (−1)l(w0∗)(−v)b(e)ρẽ0.

The lemma is proved.

9.11. We define b̃ : Mc → (z†)−1Mc by b̃(m) = (−1)l(w0∗)(−v)−b(e)ρt̃κ0(m).
We define b : Mc → z−1Mc by b(m) = (−v)−l(w0∗)tκ0(m).

Lemma 9.12. (a) b̃(ẽ0) = ẽ0.
(b) b(e0) = e0.

We have

b̃(ẽ0) = (−1)l(w0∗(−v)−b(e)ρt̃κ0(ẽ0)

= (−1)l(w0∗(−v)−b(e)ρt̃((−1)l(w0∗)(−v)b(e)ρẽ0) = ẽ0,

b(e0) = (−v)−l(w0∗)tκ0(e0) = (−v)−l(w0∗)t((−v)l(w0∗)e0) = e0.

The lemma is proved.
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Lemma 9.13. (a) ẽ0 is equal to A+
0 plus a finite A-linear combination of alcoves

A ∈ XΞ, A < A+
0 .

(b) Let A!
0 = w−1

0∗ A+
0 ∈ XΞ. Then e0 is equal to A!

0 plus a finite A-linear
combination of alcoves A ∈ XΞ, A > A!

0.

(b) is obvious. We prove (a). We have e0 = (−v)−l(w0∗)A+
0 plus a finite A-linear

combination of alcoves A′ ∈ XΞ, A
′ < A+

0 . Moreover, by 8.15(b), we have z equals
1 plus an A-linear combination of elements in Ĉ<. One can show (see [L4, 2.10])
that, for any A′ ∈ XΞ and any τ ∈ Ĉ<, we have τA′ < A′. This proves (a). The
lemma is proved.

9.14. We can find (and we fix) x1, x2 ∈ X such that, for any w ∈ W∗,
w−1

A+
0 ⊂ γx1A

+
0 + C+, w−1

A+
0 ⊂ γx2A

!
0 − C+.

For any A ∈ XΞ we define elements pA, p
′
A, qA, q

′
A in Mc as follows. Assume first

that A = w−1
A+

0 for some w ∈ W∗. We have A = y(γx1A
+
0 ) and A = y′(γx2A

!
0) for

unique y, y′ ∈W a and we set

pA = T̃y(γx1 ẽ0), p′A = T̃−1
y−1(γx1 ẽ0), qA = T̃y′(γx2e0), q′A = T̃−1

y′−1(γx2e0).

For general A, we can find a unique x ∈ X such that A = γx(A′) with A′ = w−1
A+

0

for some w ∈ W∗. Then pA′ , p′A′ , qA′ , q′A′ are already defined and we set

pA = γxpA′ , p′A = γxp
′
A′ , qA = γxqA′ , q′A = γxq

′
A′ .

Using the definitions and 9.13, 9.12(a),(b) we see (as in [L4, 4.16]) that, for any
A ∈ XΞ:

(a) pA equals A plus a finite A-linear combination of alcoves A1 < A;
(b) p′A equals A plus a finite A-linear combination of alcoves A1 < A;
(c) qA equals A plus a finite A-linear combination of alcoves A1 > A;
(d) q′A equals A plus a finite A-linear combination of alcoves A1 > A;
(e) b̃(pA) = p′A;
(f) b(qA) = q′A.

9.15. The H structure of Mc extends in an obvious way to the whole of MΞ. We
will denote MΞ with this H-module by M. Similarly, the A[X ]-module structure
and the RH -module structure on Mc extend in an obvious way to M. Let M≤
be the set of all m ∈ M such that supp(m) is bounded above under ≤. Let M≥
be the set of all m ∈ M such that supp(m) is bounded below under ≤. Note that
M≤,M≥ are H-submodules, A[X ]-submodules and RH -submodules of M.

Let RH,≤ be the set of formal sums
∑

τ cττ where τ runs over Ĉ and cτ ∈ A are
zero except possibly for τ in some translate of Ĉ≤ in Ĉ. Let RH,≥ be the set of
formal sums

∑
τ cττ where τ runs over Ĉ and cτ ∈ A are zero except possibly for τ

in some translate of Ĉ≥ in Ĉ. Then RH,≤, RH,≥ are naturally rings containing RH ,
and z, z̄, z†, z̄† are invertible elements of RH,≤ and RH,≥. (See 8.15(b).) Note that
the RH -module structure on M≤ extends naturally to an RH,≤-module structure
on M≤ and that the RH -module structure on M≥ extends naturally to an RH,≥-
module structure on M≥.

Lemma 9.16. (a) There exists a unique map b̃′ : M≤ → M≤ which is H-semi-
linear with respect to¯: H → H, RH-semilinear with respect to f 7→ f̄ , continuous
(in the sense of [L4, 4.13]), and satisfies b̃′(ẽ0) = ẽ0.
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(b) For any A ∈ XΞ, b̃′(A) equals A plus an (infinite) A-linear combination of
alcoves A1 < A.

(c) We have a commutative diagram

Mc
b̃−−−−→ (z†)−1Mcy y

M≤
b̃′−−−−→ M≤

where the vertical maps are the natural imbeddings.
(d) b̃′2 = 1.
(e) There exists a unique map b′ : M≥ → M≥ which is H-semilinear with respect

to ¯ : H → H, RH-semilinear with respect to f 7→ f̄ , continuous (in the sense of
[L4, 4.13]), and satisfies b′(e0) = e0.

(f) For any A ∈ XΞ, b′(A) equals A plus an (infinite) A-linear combination of
alcoves A1 > A.

(g) We have a commutative diagram

Mc
b−−−−→ z−1Mcy y

M≥
b′−−−−→ M≥

where the vertical maps are the natural imbeddings.
(h) b′2 = 1.

Assume that for each A ∈ XΞ we are given an element LA ∈ M≤ so that
LγxA = γxLA for any x ∈ X and any A. Then there is a unique continuous map
L : M≤ → M≤ which is RH -semilinear with respect to¯: RH → RH , and such that
L(A) = LA for all A ∈ XΞ.

We apply this remark to the case where LA = b̃(A) ∈ (z†)−1Mc ⊂M≤ for each
A. The resulting map M≤ → M≤ is denoted by b̃′. This map satisfies (c), hence
it takes ẽ0 to ẽ0 (since b̃ does). Hence it satisfies (a). Thus the existence part of
(a) is established.

Now let b̃′ be any map as in (a). Using 9.15(a), any A ∈ XΞ can be written
uniquely as a series A =

∑
A′≤A cA′pA′ in M≤ where cA′ ∈ A and cA = 1. Since b̃′

is H-semilinear, RH -semilinear and it fixes ẽ0, we must have b̃′(pA′) = p′A′ . Using
now the continuity of b̃′, we obtain b̃′(A) =

∑
A′≤A cA′p′A′ . This shows that b̃′(A)

is uniquely determined for each A and then, by the remark at the beginning of the
proof, we see that b̃′(m) is uniquely determined for each m ∈ M≤. This completes
the proof of (a) and (c). Now (b) follows from the formula b̃′(A) =

∑
A′≤A cA′p′A′

together with 9.15(b).
Since b̃′2 is H-linear, RH -linear, and it fixes ẽ0, we have b̃′2(pA′) = pA′ . Since

it is also continuous, we have b̃′2(A) =
∑

A′≤A cA′pA′ . Hence b̃′2(A) = A. Using
again the continuity of b̃′2, we see that b̃′2(m) = m for all m ∈ M≤. This proves
(d). The proof of (e)–(h) is completely analogous to that of (a)–(d). (We replace
pA, p

′
A by qA, q′A.) The lemma is proved.
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9.17. Let m = {m =
∑

AmAA ∈ M|mA ∈ Z[v−1] ∀A}. Let

mc = m ∩Mc,m≤ = m ∩M≤,m≥ = m ∩M≥.

Let B ∈ XΞ. Using 9.16(b),(d),(f),(h), we see as in [L4, 11.2] that
(a) there exists a unique element B≤ ∈ m≤ such that B≤−B ∈ v−1m≤ and such

that b̃′(B≤) = B≤;
(b) we have B≤ =

∑
A∈XΞ;A≤B π̃A,BA where π̃A,B ∈ v−1Z[v−1] for all A < B

and π̃B,B = 1;
(c) there exists a unique element B≥ ∈ m≥ such that B≥−B ∈ v−1m≥ and such

that b′(B≥) = B≥;
(d) we have B≥ =

∑
A∈XΞ;B≤A πB,AA where πB,A ∈ v−1Z[v−1] for all B < A

and πB,B = 1.
If B = A!

0, then clearly B≥ = e0. (Note however, that ẽ0 is not in general of the
form B≤ for some B.)

9.18. We define b̂ : Mc → (z†)−1Mc, b̂′ : M≥ → M≥ by

b̂(m) = (−v)2b(e)b̃(m) = z̄†(z†)−1b(m), b̂′(m) = z̄†(z†)−1b′(m).

Then b̂′((z†)−1e0) = (z†)−1e0 and b̂′ is RH -semilinear with respect to f 7→ f̄ ,
continuous. Moreover, b̂′2 = 1 and, for any A ∈ XΞ, b′(A) equals A plus a formal
A-linear combination of alcoves A1 > A. From this we deduce as in [L4, 11.2] that
for any B ∈ XΞ:

(a) there exists a unique element B̂≥ ∈ m≥ such that B̂≥−B ∈ v−1m≥ and such
that b̂′(B̂≥) = B̂≥;

(b) we have B̂≥ =
∑

A∈XΞ;B≤A π̂B,AA where π̂B,A ∈ v−1Z[v−1] for all B < A
and π̂B,B = 1.

Note that (z†)−1B≥ satisfies the defining property (a) of B̂≥, hence

B̂≥ = (z†)−1B≥.

9.19. We define b̌ : Mc → z−1Mc, b̌′ : M≤ → M≤ by

b̌(m) = (−v)2l(w0∗)b(m) = z̄z−1b̃(m), b̌′(m) = z̄z−1b̃′(m).

Then b̌′(z−1ẽ0) = z−1ẽ0 and b̌′ is RH -semilinear with respect to f 7→ f̄ , continu-
ous. Moreover, b̌′2 = 1 and, for any A ∈ XΞ, b̌′(A) equals A plus a formal A-linear
combination of alcoves A1 < A. From this we deduce as in [L4, 11.2] that for any
B ∈ XΞ:

(a) there exists a unique element B̌≤ ∈ m≤ such that B̌≤−B ∈ v−1m≤ and such
that b̌′(B̌≤) = B̌≤;

(b) we have B̌≤ =
∑

A∈XΞ;A≤B π̌A,BA where π̌A,B ∈ v−1Z[v−1] for all A < B
and π̌B,B = 1.

Note that z−1B≥ satisfies the defining property (a) of B̌≤, hence

B̌≤ = z−1B≤.

9.20. We conjecture that
(a) π̃A,B ∈ N[v−1] for all A ≤ B,
(b) πB,A ∈ N[−v−1] for all B ≤ A.
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10. Relating B±
Be
,B±

Λe
to [L4]

10.1. We preserve the setup of 9.1. In this section we give a proof of the exis-
tence part of Lemma 9.9 and describe a relationship between B±

Be
,B±

Λe
and the

constructions in §9.

Lemma 10.2. There exists a (necessarily unique) isomorphism of H- and RH-
modules Φ : KH(Z) → Mc such that Φ((−1)l(w0∗)(−v)b(e)ρOZ1) = A+

0 . Under Φ,
the A-basis {(−1)l(w0∗)(−v)b(e)ρfT̃−1

w−1OZ1 |w ∈ W∗, f ∈ Ĉ} of KH(Z) (see 8.13(a),
8.15) corresponds to the A-basis {A|A ∈ XΞ} of Mc.

The uniqueness of Φ is clear since KH(Z) is generated by OZ1 as a (H, RH)-
bimodule. We prove the existence. We define Φ : KH(Z) → Mc by

Φ(ξ) = (−1)l(w0∗)a1(a2(ξ)),

where a2 is the inverse of the isomorphism in 8.5 and a1 is the map 9.7(b). Then
Φ is H-linear and RH -linear map. From the definitions, Φ carries the basis element
(−1)l(w0∗)(−v)b(e)ρfT̃−1

w−1OZ1 of KH(Z) (where w ∈ W∗, f ∈ Ĉ) onto fT̃−1
w−1A

+
0 =

f(w−1
A+

0 ). (The last equality follows from 9.6(b)). By [L4, 2.12(f)], the elements
f(w−1

A+
0 ) above form an A-basis of Mc which coincides with {A|A ∈ XΞ}. In

particular, Φ is an isomorphism. The lemma is proved.

Lemma 10.3. Φ carries the element z†v2b(e)OΛe ∈ KH(Z) (see 8.16) to

e0 =
∑

w∈W∗

(−v)l(w)−l(w0∗)w−1
A+

0 ∈ Mc.(a)

This is a reformulation of 8.19.

Lemma 10.4. Let DZ : KH(Z) → KH(Z) be Serre-Grothendieck duality on Z. For
m ∈ Mc we have

(−v)ν−l(w0∗)v−2b(e)z̄(z†)−1κ0(m) = Φ(T̃−1
w0
DZ(Φ−1(m))).

Both m 7→ (−v)ν−l(w0∗)v−2b(e)z̄(z†)−1κ0(m) and m → Φ(T̃−1
w0
DZ(Φ−1(m))) are

H-semilinear with respect to 9.8(b) and RH -semilinear with respect to f 7→ f̄ †. (For
the second map this follows easily from [L5, 12.8, 9.7, 1.22], since DZ(ξ) = DΛe(ξ)
for ξ ∈ KH(Z) ⊂ KH(Λe).) It follows that these two maps extend naturally to maps
of the H-module and R-vector space (Mc)R into itself, which are H-semilinear and
R-semilinear in an obvious sense. Since the H-module (Mc)R is known to be
(absolutely) irreducible and the natural map Mc → (Mc)R is injective (since Mc is
free over RH), we see that it is enough to verify that our two maps have the same
value on a particular non-zero vector of Mc, which we take to be e0. (See 9.8(c).)
We have

Φ(T̃−1
w0
DZ(Φ−1(e0))) = Φ(T̃−1

w0
DΛe(z

†v2b(e)OΛe)) = Φ(T̃−1
w0

(z̄OΛe))

= (−v)ν z̄Φ(OΛe) = (−v)ν z̄(z†)−1v−2b(e)e0,

where we have used 10.3, 5.14(b), 5.14(c), 10.3. The lemma is proved.

10.5. We now prove the existence part of Lemma 9.9. Let $̃∗ be the composition

KH(Z) → KH(Be)
$∗
−−→ KH(Be) → z−1KH(Z)

where the first map is ξ 7→ zξ (see 8.16(a)) and the third map is ξ 7→ z−1ξ. Then
$̃∗ is H-semilinear with respect to 9.8(e) (this is seen as in [L5, 12.6(a), 9.11])
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and RH -semilinear with respect to f 7→ f †. We define t : Mc → z−1Mc as the
composition

Mc
Φ−1

−−→ KH(Z) $̃∗
−−→ z−1KH(Z) Φ−→ z−1Mc

where the last Φ is the obvious extension of KH(Z) Φ−→ Mc. We must only verify
the equality

(a) t(e0) = e0.
Since $∗OΛe = OΛe in KH(Λe) and z†v2b(e)OΛe ∈ KH(Z) (see 8.16(b)), we have

$̃∗(z†v2b(e)OΛe) = z−1$∗(zz†v2b(e)OΛe) = z−1zz†$∗(v2b(e)OΛe) = z†v2b(e)OΛe

in KH(Z). We apply Φ and use 10.3; (a) follows. Lemma 9.9 is proved.

10.6. It will be convenient to extend β̃, DBe : KH(Be) → KH(Be), β,DΛe :
KH(Λe) → KH(Λe), by the appropriate RH -semilinearity, to R-semilinear oper-
ators β̃, D, β,D : Ee → Ee. It will be also convenient to extend the operators

κ0 : Mc → Mc, t : Mc → z−1Mc, t̃ : Mc → (z†)−1Mc,

b̃ : Mc → (z†)−1Mc, b̂ : Mc → (z†)−1Mc,

by the appropriate RH -semilinearity, to R-semilinear operators

κ0, t, t̃, b̃, b̂ : (Mc)R → (Mc)R.

We extend Φ : KH(Z) → Mc by RH -linearity to an isomorphism Φ : Ee
∼→ (Mc)R.

By 10.5, 9.10, we have

Φ$∗Φ−1(m) = z(z†)−1t(m) = t̃(m).(a)

Using (a) and 10.4, we have

Φβ̃Φ−1(m) = (−v)−νΦ$∗T̃−1
w0
DΦ−1(m) = (−v)−νΦ$∗Φ−1ΦT̃−1

w0
DΦ−1(m)

= (−v)−ν t̃((−v)ν−l(w0∗)v−2b(e)z̄(z†)−1κ0(m)) = (−1)l(w0∗)(−v)−b(e)ρt̃κ0(m)

= b̃(m),

ΦβΦ−1(m) = (−v)2b(e)Φβ̃Φ−1(m) = (−v)2b(e)b̃(m) = b̂(m), hence

Φβ̃Φ−1 = b̃,ΦβΦ−1 = b̂.

We now prove that

κ0tκ0 = t.(b)

Since κ0tκ0 has the same H- and RH -semilinearity properties as t, it suffices to
show that κ0tκ0(e0) = e0. This follows from 9.8(d) and 9.9.

The pairing (||) : Ee × Ee → R can be transported under Φ : Ee
∼→ (Mc)R to a

pairing
(c) (||) : (Mc)R × (Mc)R → R.
The pairing (a) is R-linear in the first variable and R-semilinear (with respect

to f 7→ f †) in the second variable. Note that, by 8.13(b), for A,B ∈ XΞ we have
(d) (A||B) = ετ τ if τ ∗B = A for some τ ∈ Ĉ (see 9.7); (A||B) = 0, otherwise.
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Proposition 10.7. (a) Let ξ ∈ B±
Be

. Then Φ(ξ) = ±B≤ for a unique B ∈ XΞ.
(Here we regard Φ(ξ) ∈ Mc ⊂ M≤.)

(b) Let ξ ∈ B±
Λe

. Then Φ(z†ξ) = ±B≥ for a unique B ∈ XΞ (equivalently,
Φ(ξ) = ±B̂≥). (Here we regard Φ(z†ξ) ∈ Mc ⊂ M≥.)

(c) Let ξ ∈ KH(Be). Assume that Φ(ξ) ∈ Mc is equal to ±B≤ for some B ∈ XΞ.
Then ξ ∈ B±

Be
.

(d) Let ξ ∈ KH(Λe). Assume that Φ(z†ξ) ∈ Mc is equal to ±B≥ for some
B ∈ XΞ. Then ξ ∈ B±

Λe
.

We prove (a). Since β̃(ξ) = ξ and b̃ = Φβ̃Φ−1, we have b̃(Φ(ξ)) = Φ(ξ). Hence
we have b̃′(Φ(ξ)) = Φ(ξ). Writing

ξ =
∑
f,w

(−1)l(w0∗)(−v)b(e)ρcf,wfT̃
−1
w−1OZ1

(finite sum over w ∈ W∗, f ∈ Ĉ with cf,w ∈ A), see 8.13(a), and using the orthog-
onality formula 8.13(b), we see that

∂(ξ||ξ) =
∑
f,w

c2f,w.

By assumption, (ξ||ξ) ∈ 1 + v−1RC [v−1], hence ∂(ξ||ξ) ∈ 1 + v−1Z[v−1]. Hence∑
f,w c

2
f,w ∈ 1 + v−1Z[v−1]. It follows that cf,w ∈ v−1Z[v−1] for all (f, w) except

one, for which cf,w ∈ ±1+v−1Z[v−1]. Thus, ±Φ(ξ) satisfies the defining properties
9.17(a) of B≤ for some B ∈ XΞ. This proves (a).

We prove (b). Since β(ξ) = ξ and b̂ = ΦβΦ−1, we have b̂(Φ(ξ)) = Φ(ξ). Hence
we have b̃′(Φ(ξ)) = Φ(ξ). Writing

z†ξ =
∑
f,w

(−1)l(w0∗)(−v)b(e)ρc′f,wfT̃
−1
w−1OZ1

(finite sum over w ∈ W∗, f ∈ Ĉ with c′f,w ∈ A), see 8.13(a), and using the orthog-
onality formula 8.13(b), we see that

∂(z†ξ||z†ξ) =
∑
f,w

c′f,w
2.

By assumption, (ξ||ξ) ∈ 1 + v−1RC [[v−1]]. Hence

(z†ξ||z†ξ) = zz†(ξ||ξ) ∈ 1 + v−1RC [[v−1]].

(See 8.15(b).) Since z†ξ ∈ KH(Z) (see 8.16) we may use 8.13(c) to deduce that
(z†ξ||z†ξ) ∈ RC [v, v−1]. It follows that (z†ξ||z†ξ) ∈ 1 + v−1RC [v−1]. Hence
∂(z†ξ||z†ξ) ∈ 1 + v−1Z[v−1].

It follows that c′f,w ∈ v−1Z[v−1] for all (f, w) except one, for which c′f,w ∈
±1 + v−1Z[v−1]. Thus, there exists a unique B ∈ XΞ such that

±Φ(z†ξ)−B ∈ v−1m ∩Mc.(e)

Now (z†)−1B −B ∈ v−1m≥ and (z†)−1(v−1m≥) ⊂ v−1m≥. Hence (e) implies

±Φ(ξ)−B ∈ v−1m≥.

Thus, ±Φ(ξ) satisfies the defining properties 9.18(a) of B̂≥ for some B ∈ XΞ. This
proves (b).
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We prove (c). Using 9.17(b) (where the sum is in our case known to be finite)
and 10.6(d), we see that

(B≤||B≤) =
∑

A,τ ;A≤B,τ∗A≤B

π̃τ∗A,Bπ̃A,Bεττ ∈ 1 + v−1RC [v−1].

Hence (ξ||ξ) ∈ 1 + v−1RC [v−1]. From b̃(B≤) = B≤ we deduce that β̃(ξ) = ξ. This
proves (c). The proof of (d) is similar to that of (c). The proposition is proved.

10.8. Let ∇e,l be as in 3.1(b) for l instead of g. Thus, ∇e,l = zl(f) · t
−1 ∈ RH

(see 3.2(a)). Since f is regular nilpotent in l, we have ∇e,l ∈ A.

Proposition 10.9. Let ξ, ξ′ ∈ B±
Λe

and B,B′ ∈ XΞ be such that Φ(ξ) = ±B̂≥,
Φ(ξ′) = ±B̂′≥ (see 10.7(b)). Then
∂(∇eξ||ξ′) = ±∇e,l

∑
A;A≥B;A≥B′ πB,AπB′,A.

As in 8.17, we have ∇e = zz†∇e,l. Hence

∂(∇eξ||ξ′) = ∂(zz†∇e,lξ||ξ′) = ∂∇e,l(z†ξ||z†ξ′) = ±∇e,l∂(z†B̂≥||z†B̂′≥)

= ±∇e,l∂(B≥||B′≥) = ±∇e,l∂(
∑

A;A≥B

πB,AA||
∑

A′;A′≥B′
πB′,A′A′)

= ±∇e,l

∑
A;A≥B;A≥B′

πB,AπB′,A.

The proposition is proved.

Proposition 10.10. (a) Let ξ, ξ′ ∈ B±
Be

be such that ±ξ′ /∈ Ĉξ. Let B,B′ ∈ XΞ be
such that Φ(ξ) = ±B≤,Φ(ξ′) = ±B′≤ (see 10.7(a)). We have (ξ||ξ′) ∈ v−1RC [v−1].

(b) Let ξ, ξ′ ∈ B±
Λe

be such that ±ξ′ /∈ Ĉξ. Let B,B′ ∈ XΞ be such that Φ(ξ) =
±B̂≥,Φ(ξ′) = ±B̂′≥ (see 10.7(b)). We have (ξ||ξ′) ∈ v−1RC [[v−1]].

We prove (a). We have

± (ξ||ξ′) = (B≤||B′≤) = (
∑
A

π̃A,BA||
∑
A

π̃A,B′A)

=
∑
A,τ

ετ π̃A∗τ,Bπ̃A,B′τ ∈ v−1RC [v−1].

We prove (b). We have

± zz†(ξ||ξ′) = (B≥||B′≥) = (
∑
A

πB,AA||
∑
A

πB′,AA)

=
∑
A,τ

ετπB,A∗τπB′,Aτ ∈ v−1RC [v−1].

The proposition follows.

11. Inversion

11.1. We preserve the setup of 9.1. Let¯: R → R be the field involution extending
¯: RH → RH .
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Lemma 11.2. For m,m′ ∈ (Mc)R we have
(a) (b̃(m)||m′) = (m||b̂(m′));
(b) (b̌(m)||m′) = (m||b(m′)).

(a) follows by transferring the identity [L5, 12.15] (which holds in our case with
the same proof) and using 10.6. We shall deduce (b) from (a). We have b̌(m) =
z̄z−1b̃(m) and b̂(m′) = z̄†(z†)−1b(m′) (see 9.19, 9.18). Hence

(b̌(m)||m′) = z̄z−1(b̃(m)||m′) = z̄z−1(m||b̂(m′))

= z̄z−1(m||z̄†(z†)−1b(m′)) = (m||b(m′)).

The lemma is proved.

11.3. We have
b̃′(A) =

∑
D≤A r̃D,AD,

b′(A) =
∑

D≥A rA,DD,
b̂′(A) =

∑
D≥A r̂A,DD,

b̌′(A) =
∑

D≤A řD,AD,
where r̃D,A, rA,D, r̂A,D, řD,A ∈ A are 1 for D = A. If D 6≤ A we set r̃D,A = řD,A =
0; if A 6≤ D we set rA,D = r̂A,D = 0.

Lemma 11.4. For any B ≤ A in XΞ we have
(a) r̃B,A = r̂B,A;
(b) rB,A = řB,A.

We have b̃(z̄†A) =
∑

D xD,AD ∈ Mc, b̂(zB) =
∑

D yB,DD ∈ Mc, where
xD,A, yB,D ∈ A. By 11.2, we have

(b̃(z̄†A)||B) = (A||b̂(zB))

or equivalently (
∑

D xD,AD||B) = (A||
∑

D yB,DD). Using 10.6(d), we deduce∑
τ∈Ĉ

xτ∗B,Aεττ =
∑
τ∈Ĉ

yB,τ−1∗Aεττ ∈ RH ,

hence
(c) xτ∗B,A = yB,τ−1∗A

for any τ ∈ Ĉ. We write z =
∑

τ∈Ĉ zττ (finite sum) with zτ ∈ A. We have
b̃(z̄†A) = z†b̃′(A) hence

∑
D xD,AD = z†

∑
D r̃D,AD and

(d) xD,A =
∑

τ zτ ετ r̃τ∗D,A.

We have b̂(zB) = z̄b̂′(B) hence
∑

D yB,DD = z̄
∑

D r̂B,DD,
(e) yB,D =

∑
τ z̄τ ετ r̂B,τ−1∗D.

Using now (c),(d),(e), we see that, for any τ ′ ∈ Ĉ,∑
τ

zτ ετ r̃(ττ ′)∗B,A =
∑

τ

zτ ετ r̂B,(τ−1τ ′−1)∗A.

Clearly, r̂B,(τ−1τ ′−1)∗A = r̂(ττ ′)∗B,A. Hence

(f)
∑

τ zτ ετ r̃(ττ ′)∗B,A =
∑

τ zτ ετ r̂(ττ ′)∗B,A.
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Let

g1 =
∑

τ

ετ r̃τ∗B,Aτ
−1 ∈ RH,≥, g2 =

∑
τ

ετ r̂τ∗B,Aτ
−1 ∈ RH,≥.

(RH,≥ as in 9.15.) Then (f) implies zg1 = zg2. Since z is invertible in RH,≥, it
follows that g1 = g2. This proves (a). The proof of (b) is entirely similar. The
lemma is proved.

Lemma 11.5. The elements π̃A,B, π̂B,A, π̌A,B, πB,A in 9.17(b), 9.18(b), 9.19(b),
9.17(d), satisfy for A ≤ A′ in XΞ:

(a)
∑

D;A≤D≤A′ π̃A,Dπ̂D,A′ = δA,A′ ,
(b)

∑
D;A≤D≤A′ π̌A,DπD,A′ = δA,A′ .

We prove (a). For any A ≤ B we define π′A,B by the system of equations∑
D;A≤D≤A′

π̃A,Dπ
′
D,A′ = δA,A′

for any A ≤ A′ in XΞ. This system of equations has a unique solution and it clearly
satisfies

π′A,A = 1, π′A,B ∈ v−1Z[v−1] for A < B.

It is then enough to show that π′A,B = π̂A,B for all A ≤ B. From the equalities

b̂′(
∑

A∈XΞ;B≤A

π̂B,AA) =
∑

A∈XΞ;B≤A

π̂B,AA,

b̂′(A) =
∑
D≥A

r̂A,DD,

(see 9.18, 11.3) we deduce

π̂B,D =
∑

A;B≤A≤D

π̂B,Ar̂A,D,

or in matrix form, π̂ = π̂r̂. In fact, this equation, together with the condition
π̂A,A = 1, π̂A,B ∈ v−1Z[v−1] for A < B, characterizes π̂. Hence it is enough to
show that the matrix π′ satisfies the same equation as π̂, that is, that

(c) π′ = π′r̂.
From

b̃′(
∑

A;A≤B

π̃A,BA) =
∑

A;A≤B

π̃A,BA, b̃′(A) =
∑
D≤A

r̃D,AD,

(see 9.17, 11.3) we deduce

π̃D,B =
∑

A;D≤A≤B

r̃D,Aπ̃A,B

for any D ≤ B, or in matrix form, π̃ = r̃π̃. Taking inverses gives π′ = π′r̃−1. Hence
to show (c), it is enough to show that

(d) r̃−1 = r̂.
Since b̃′2 = 1, we have the matrix equation r̃r̃ = 1. Thus to prove (d), it is

enough to show that r̂ = r̃. But this follows from 11.4(a). This proves (a). The
proof of (b) is entirely similar. The lemma is proved.
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11.6. The pairing Mc ×Mc → A given by m,m′ 7→ ∂(m||m′) (where (m||m′) is
as in 10.6(c)) can be extended to a pairing

M≤ ×M≥ → A
given by m,m′ 7→

∑
AmAm

′
A for m =

∑
AmAA,m

′ =
∑

A′ A′ with mA,m
′
A ∈ A.

(See 10.6(d).) We denote this pairing by ∂(||) even though (m||m′) is not defined.
With this notation we can reformulate 11.5 as follows.

Lemma 11.7. For A,A′ ∈ XΞ we have
(a) ∂(A≤||Â′≥) = δA,A′ ;
(b) ∂(Ǎ≤||A′≥) = δA,A′ .

With the notation of 11.5, we see that (a) is equivalent to the matrix equation
π̂π̃ = 1. This is equivalent to the matrix equation π̃π̂ = 1, which is just 11.5(a). A
similar argument gives (b).

12. Boundedness of poles

12.1. We preserve the setup of 9.1.

Lemma 12.2. For any m,m′ ∈ (Mc)R we have
(a) (m||t̃(m′)) = (t̃(m)||m′)†,
(b) (m||t(m′)) = (t(m)||m′)†.

From 5.6(a) it follows easily that ($∗ξ||ξ′) = (ξ||$∗ξ′)† for ξ, ξ′ ∈ Ee. This
implies, by 10.6(a) that (b) holds. Now (b) follows from (a) using the equality

(c) z(z†)−1t(m) = t̃(m).

Lemma 12.3. The maps t̃, t : (Mc)R → (Mc)R are involutions.

Using 10.6(a) we have t̃2 = Φ$∗Φ−1Φ$∗Φ−1 = 1 since $∗ = 1. By 12.2(c),

t̃2(m) = t̃(z(z†)−1t(m)) = z−1z†t̃(t(m)) = t2(m).

Thus, t2 = 1. The lemma is proved.

12.4. Define t1 : Mc → Mc by t1(m) = zt(m) = z†t̃(m).
For m,m′ ∈ Mc we have (using 12.2, 12.3)

(t1(m)||t1(m′)) = zz†(t(m)||t(m′)) = zz†(t2(m)||m′)† = zz†(m||m′)†.

In particular, (t1(A)||t1(A)) = zz†. Hence ∂(t1(A)||t1(A)) = ∂(zz†). Setting
t1(A) =

∑
D gD,AD, we can rewrite this, using 10.6(d):∑

D

g2
D,A = ∂(zz†) ∈ 1 + v−1Z[v−1].

It follows that, for fixed A we have
gD,A ∈ ±1 + v−1Z[v−1] for one value of D, denoted by D = A∗;
gD,A ∈ v−1Z[v−1] for all D 6= A∗.
Thus, t1 maps mc into itself and we have t1(A) = A∗ mod v−1mc. Since t2

1 =
zz† : mc → mc is the identity map modulo v−1mc, it follows that

(A∗)∗ = 1 for any A.

Lemma 12.5. (a) For any A ≤ D we have rA,D ∈ v−l(w0∗)Z[v]; more precisely,
rA,D ∈ ±1 + v−l(w0∗)+1Z[v] if D = κ0(A∗) and rA,D ∈ v−l(w0∗)+1Z[v] if D 6= κ0A

∗.
(b) For any D ≤ A we have r̃D,A ∈ v−b(e)Z[v]; more precisely, r̃D,A ∈ ±1 +

v−b(e)+1Z[v] if D = κ0(ρA∗) and r̃D,A ∈ v−b(e)+1Z[v] if D 6= κ0(ρA∗).
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From 10.6(b) we deduce
(c) κ0t1κ0 = z̄†z−1t1 : Mc → Mc.
The bijection κ0 : Mc → Mc extends in an obvious way to bijections κ′0 : M≤

∼→
M≥, κ′′0 : M≥

∼→ M≤ (inverse to each other).
We write z−1 =

∑
τ∈Ĉ≤ zττ where zτ ∈ v−1Z[v−1] for τ ∈ Ĉ≤, τ 6= 1 and z1 = 1.

We prove (a). In M≤ we have∑
D′

r̄A,D′κ0(D′) = κ′′0
∑
D′

rA,D′D′ = κ′′0b
′(A)

= κ′′0((−v)−l(w0∗)z−1t1(κ0(A))) = (−v)l(w0∗)(z̄†)−1κ0t1κ0(A)

= (−v)l(w0∗)z−1t1(A) = (−v)l(w0∗)z−1
∑
D

gD,AD.

Hence

r̄A,κ0D =
∑

τ

(−v)l(w0∗)zτ ετgτ−1∗D,A.

By 12.4, the right hand side is in vl(w0∗)Z[v−1]. The first assertion of (a) follows.
The same argument gives the second assertion of (a).

We prove (b). In M≥ we have∑
D′

¯̃rD′,Aκ0(D′) = κ′0
∑
D′

r̃D′,AD
′ = κ′0b̃

′(A)

= κ′0((−1)l(w0∗)(−v)−b(e)ρ(z†)−1t1(κ0(A)))

= (−1)l(w0∗)(−v)b(e)ρ−1z̄−1κ0t1κ0(A) = (−1)l(w0∗)(−v)b(e)ρ(z†)−1t1(A).

Hence
¯̃rκ0D,A =

∑
τ

(−1)l(w0∗)(−v)b(e)zτ ετ ερg(ρ−1τ)∗D,A.

By 12.4, the right hand side is in vb(e)Z[v−1]. The first assertion of (b) follows.
The same argument gives the second assertion of (b). The lemma is proved.

Proposition 12.6. (a) For B ≤ A we have πB,A ∈ v−l(w0∗)Z[v]. More precisely,
πB,A ∈ v−l(w0∗)+1Z[v] if D 6= κ0(A∗) and πB,A ∈ ±v−l(w0∗) + v−l(w0∗)+1Z[v] if
D = κ0(ρA∗).

(b) For A ≤ B we have π̃A,B ∈ v−b(e)Z[v]. More precisely, π̃B,A ∈ v−b(e)+1Z[v]
if D 6= κ0(ρA∗) and π̃A,B ∈ ±v−b(e) + v−b(e)+1Z[v] if D = κ0(ρA∗).

We prove (a). For B ≤ D we have as in the proof of 11.5:
(c) πB,D =

∑
A;B≤A≤D πB,ArA,D.

For any A in the sum we have πB,A ∈ Z[v−1] hence πB,A ∈ Z[v] and rA,D ∈
v−l(w0∗)Z[v] (by 12.5(a)). Hence the right hand side of (c) is in v−l(w0∗)Z[v]. The
first assertion of (a) is proved. The same argument gives the second assertion of
(a).

We prove (b). For D ≤ B we have as in the proof of 11.5:
(d) π̃D,B =

∑
A;D≤A≤B r̃D,Aπ̃A,B.

For any A in the sum we have πA,B ∈ Z[v−1] hence π̃A,B ∈ Z[v] and r̃D,A ∈
v−b(e)Z[v] (by 12.5(b)). Hence the right hand side of (d) is in v−b(e)Z[v]. The first
assertion of (b) is proved. The same argument gives the second assertion of (b).
The proposition is proved.
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12.7. We conjecture that for B ∈ XΞ, we have B≤ ∈ Mc, B≥ ∈ Mc. Note that
12.6 provides some support for this conjecture by showing that there are only finitely
many powers of v that can appear with a non-zero coefficient in some πB,A or in
some π̃B,A (with A variable). In the remainder of this section we develop a method
which shows at least that if all of B≤ are in Mc, then all of B≥ are in Mc (and
conversely).

12.8. Let RH,int = Z[Ĉ]((v−1)) be the ring of power series in v−1 with coefficients
in the group ring of Ĉ over Z. Since RH = Z[Ĉ][v, v−1], we can regardRH naturally
as a subring of RH,int. By 8.15(b), the elements z, z† of RH are invertible in RH,int.

Let Mint be the subset of M consisting of the formal sums m =
∑

A∈XΞ
mAA

(with mA ∈ A) such that
(a) there exists n0 ∈ Z such that vn0mA ∈ Z[v−1] for all A ∈ XΞ;
(b) for any n ∈ Z, there are only finitely many A ∈ XΞ such that vn appears

with non-zero coefficient in mA.
Note that Mc is naturally contained in Mint and that the RH -module structure

on Mc extends naturally to an RH,int-module structure on Mint.

Proposition 12.9. The following six statements are equivalent.
(1) B≥ ∈ Mint for all B ∈ XΞ;
(2) B≤ ∈ Mint for all B ∈ XΞ;
(3) B̂≥ ∈ Mint for all B ∈ XΞ;
(4) B̌≤ ∈ Mint for all B ∈ XΞ;
(5) B≥ ∈ Mc for all B ∈ XΞ;
(6) B≤ ∈ Mc for all B ∈ XΞ.

Since B≤ = zB̌≤ and z is invertible in RH,int, we see that (2),(4) are equivalent.
Since B≥ = z†B̂≥ and z† is invertible in RH,int, we see that (1),(3) are equivalent.
We show that (1),(5) are equivalent. Trivially, if (5) holds, then (1) holds.

Assume now that (1) holds. Let B ∈ XΞ. By (1) there are only finitely many A
such that vn with n ∈ [−l(w0∗), 0] appears with non-zero coefficient in πB,A. By
12.6(a), if n /∈ [−l(w0∗), 0], then vn appears with coefficient in πB,A for any A. It
follows that B≥ ∈ Mc and (5) holds.

Similarly, (2),(6) are equivalent. Thus, (1),(3),(5) are equivalent and (2),(4),(6)
are equivalent.

We show that (6) implies (3). Since (6) is assumed to hold,
(a) for any B, the set {A|π̃A,B 6= 0} is finite.
We show that
(b) for any A, the set {B|π̃A,B 6= 0} is finite.
We can find a finite subset B1, B2, . . . , Bm of XΞ so that any B ∈ XΞ is of the

form τ ∗ Bk for a unique k ∈ [1,m] and a unique τ ∈ Ĉ. To show (b) we must
show that {(k, τ)|π̃A,τ∗Bk

6= 0} is finite. From the definitions we have π̃A,τ∗Bk
=

π̃τ−1∗A,Bk
. Thus we must show that Z = {(k, τ)|π̃τ−1∗A,Bk

6= 0} is finite. If
(k, τ) ∈ Z, then using (a) for B = Bk, we see that τ−1 ∗ A must belong to a fixed
finite set. Hence τ must belong to a fixed finite set. Hence Z is finite and (b) is
proved.

Let D ∈ XΞ and let any n ∈ Z. Let YD,n be the set of all A ∈ XΞ such that vn

appears with non-zero coefficient in π̂D,A. If n > 0, then YD,n = ∅. If n = 0, then
YD,n = {D}. Assume now that n < 0.
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From 11.5(a) we see that

π̂D,A =
∑

(−1)rπ̃A0,A1 π̃A1,A2 . . . π̃Ar−1,Ar

where the sum is taken over all sequences A0, A1, . . . , Ar in XΞ such that A = A0 <
A1 < · · · < Ar = D. Note that each pAj ,Aj+1 is in v−1Z[v−1]. Hence, if A ∈ YD,n,
then in the sum above we may restrict r to be in [0,−n]. By (b) there are only
finitely many sequences A0, A1, . . . , Ar in XΞ such that r ∈ [0,−n], Ar = D and

π̃A0,A1 π̃A1,A2 . . . π̃Ar−1,Ar 6= 0.

Since A = A0 for such a sequence we see that A is in a fixed finite set. Thus, YD,n is
finite for any D,n. We see that D̂≥ ∈ Mint. We have thus proved that (6) implies
(3).

An entirely similar proof shows that (5) implies (4). The proposition is proved.

13. Example of an element of B±
Be

13.1. We return to the general setup of 1.8. We consider the following conditions
on (e, h, f):

(a) there exists a parabolic subalgebra q′ of g such that e is in the Richardson
orbit in nq′ ;

(b) e is regular in a Levi subalgebra of some parabolic subalgebra of g.
For example, (a),(b) certainly hold if G is of type A.
In the remainder of this section we will assume that (a),(b) are satisfied. We

choose a parabolic subalgebra p as in (b) and we define K !,W !,W! in terms of q′

in the same way as K,W ∗,W∗ were defined in terms of p in 6.1, 6.14.

13.2. Let Y ′ be an irreducible component of Be. Since Z is partitioned into locally
closed subvarieties Zw which are irreducible of dimension b(e) and Y ′ is a projective,
irreducible subvariety of Z of dimension b(e), there exists a unique w ∈ W∗ such
that Zw is an open dense subset of Y ′.

The map Y ′ 7→ w is an injective map from the set of irreducible components of
Be into W∗.

13.3. Let Y = {b ∈ B|b ⊂ q′}. From 13.1(a) it follows that Y is an irreducible
component of Be. We can find an H-equivariant line bundle L on Y such that
L ⊗ L is isomorphic to fΩ where Ω is the canonical line bundle of Y and f ∈ Ĥ.
Moreover, L is unique up to multiplication by an element in Ĥ .

By 13.2, there is a unique w ∈ W∗ such that Zw is an open dense subset of Y .

Lemma 13.4. For any i ∈ K ! we have T̃σiL = vL.

The proof is along the lines of the proof of [L6, 3.8].
In the remainder of this section we assume that G is adjoint.

Lemma 13.5. Let w ∈ W∗ be as in 13.3. We can normalize L uniquely so that
Φ : Ee

∼→ (mc)R carries L to (−1)l(w)+b(e)w−1
A+

0 plus an RH-linear combination
of elements w′−1

A+
0 with w′ ∈W∗, w′ < w.

The image of L under KH(Z≤w) → KH(Zw) (inverse image under the open
imbedding Zw ⊂ Z≤w) is just the restriction of the line bunde L to Zw. Using 6.3,
we see that any H-equivariant line bundle on Zw is of the form fOZw for some
f ∈ Ĥ . Replacing if necessary L by f−1L, we may assume that the image of
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L under KH(Z≤w) → KH(Zw) is vb(e)v−l(w)ρOZw . By the proof of 8.9, we have
T̃wOZ1 ∈ KH(Z≤w) and the image of this element under KH(Z≤w) → KH(Zw)
is (−v)−l(w)OZw . Thus, L − (−1)l(w)vb(e)ρT̃wOZ1 is in the kernel of KH(Z≤w) →
KH(Zw) hence it belongs to KH(Z<w); it is then an RH -linear combination of
elements of the form T̃w′OZ1 with w′ ∈ W∗, w′ < w (again by the arguments in
8.9). Now T̃wOZ1 is equal to T̃−1

w−1OZ1 plus an A-linear combination of elements
T̃−1

w′−1OZ1 with w′ ∈ W∗, w′ < w. It follows that L equals (−1)l(w)vb(e)ρT̃−1
w−1OZ1

plus an RH -linear combination of elements vb(e)ρT̃−1
w′−1OZ1 with w′ ∈ W∗, w′ < w.

Now the result follows from 10.2.

Lemma 13.6. Let m′ =
∑

w′∈W∗ gw′(w′−1
A+

0 ) ∈ Mc where gw′ ∈ RH . Let i ∈ I.
The following two conditions are equivalent:

(a) T̃σim = vm;
(b) gσiw′ = vgw′ for any w ∈ W∗ such that l(σiw) = l(w) − 1 and gw′ = 0 for

any w′ ∈W∗ such that l(σiw
′) = l(w′) + 1, σiw

′ /∈W∗.

The proof is along the same lines as that of 8.14.

13.7. We consider the following property of K,K !:
(a) dim{m′ ∈ (Mc)R|T̃σim

′ = vm′ ∀i ∈ K !} = 1.
One can show that this property is satisfied if G = PGLn.
In the remainder of this section we assume that (a) is satisfied for our (e, h, f).

13.8. Let w ∈ W∗ be as in 13.3. Let m = (−1)l(w)+b(e)Φ(L) ∈ Mc. (We assume
that L is normalized as in 13.5.) By 13.4, 13.5, we have

(a) m = w−1
A+

0 +
∑

w′∈W∗,w′<w gw′(w′−1
A+

0 ), where gw′ ∈ RH ,
(b) T̃σim = vm for any i ∈ K !.

Lemma 13.9. (a) w has maximal length in W !w.
(b) W !w ⊂W∗.

We prove (a). We write m =
∑

w′∈W∗ gw′(w′−1
A+

0 ) as in 13.6. It suffices to show
that l(σiw) < l(w) for any i ∈ K !. Assume that i ∈ K ! and l(σiw) = l(w) + 1.
Since gw 6= 0, we see from 13.6(b) that σiw ∈ W∗ and that gσiw = v−1gw 6= 0. This
contradicts 13.8(a).

We prove (b). We show that y ∈ W∗ for y ∈ W !w by descending induction on
l(y). Our claim is true in the case where y has maximal length in W !w by (a).
Assume now that y ∈ W∗, l(y) < l(w). We can find i ∈ K ! such that l(σiy) =
l(y) + 1. By the induction hypothesis we have σiy ∈ W∗. This implies y ∈ W∗. (In
general, if y′ ∈W∗ and σiy

′ < y′ then σiy
′ ∈W∗.) The lemma is proved.

13.10. Using 13.7(a), we see that the vector m in 13.8 is proportional to the vector∑
t∈W ! vl(t)((tw)−1

A+
0 ), which belongs to the space in 13.7(a), by 13.9(b) and 13.6.

Since w−1
A+

0 appears with coefficient 1 in both vectors, we see that
(a) m =

∑
t∈W ! vl(t)((tw)−1

A+
0 ).

13.11. From 13.7(a) we see also that
(a) w is the unique element of W∗ such that w has maximal length in W !w.
Indeed, if w′ ∈ W∗ has maximal length in W !w′, then

∑
t∈W ! vl(t)((tw

′)−1
A+

0 )
would again be a vector in the space in 13.7(a), hence it would be proportional to
m, which forces w = w′.
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Lemma 13.12. b̃(m) = v−2b(e)m.

From the H-semilinearity property of b̃ : (Mc)R → (Mc)R we see easily that b̃
maps the space in 13.7(a) into itself. In particular, we have b̃(m) = fm for some
f ∈ R. Since b̃ maps Mc into (z†)−1Mc, we must have f ∈ (z†)−1RH . Then
the equality b̃(m) = fm implies the equality b̃′(m) = fm in M≤. Let w!

0 be the
longest element of W !. Since l(w!

0) = b(e), we have m = vb(e)((w
!
0w)−1

A+
0 ) plus an

A-linear combination of alcoves A′ < (w!
0w)−1

A+
0 .

Using 9.16(b), we deduce that b̃′(m) = v−b(e)((w
!
0w)−1

A+
0 ) plus a formal A-linear

combination of alcoves A′ < (w!
0w)−1

A+
0 .

Using now b̃′(m) = fm and comparing the coefficients of (w!
0w)−1

A+
0 , we see that

v−b(e) = fvb(e). The lemma follows.

Theorem 13.13. (a) We have v−b(e)m = B≤ where B = (w!
0w)−1

A+
0 .

(b) We have v−b(e)L ∈ B±
Be

.

From 13.10(a) we have

v−b(e)m =
∑

t∈W !

vl(t)−b(e)((tw)−1
A+

0 ) ∈ B + v−1mc;

from 13.12, we have b̃(v−b(e)m) = v−b(e)m. This proves (a). Now (b) follows from
(a), using 10.7(c). The theorem is proved.

14. A case where the (H, RH)-module KH(Be) is cyclic

14.1. In this section we assume that (e, h, f) satisfies 13.1(a),(b). In fact we shall
assume that, in addition, the following strengthened form of 13.1(a) holds:

(a) there exists a homomorphism ι : C∗ → G with corresponding weight de-
composition g =

⊕
n∈2Z gn such that, if we set q′ =

⊕
n≥0 gn (with corresponding

subgroup Q′), n′ =
⊕

n>0 gn, then e ∈ g2, h ∈ g0, f ∈ g−2 and e is in the unique
open Q′-orbit in n′.

It is likely that this automatically holds in the presence of 13.1(a),(b). It certainly
holds if G = SLN . (See 14.12.)

14.2. Let ι, q′, n′, l′ = g0 be as in 14.1(a). Let

Z̃(e, h, f) = {(g, λ) ∈ G×C∗|Ad(g)e = λ2e,Ad(g)h = h,Ad(g)f = λ−2f},
Z(e, h, f) = {g ∈ G|Ad(g)e = e,Ad(g)h = h,Ad(g)f = f}.

We have an isomorphism

(a) Z(e, h, f)0 ×C∗ ∼→ Z̃(e, h, f)0

given by (g, λ) 7→ (gφ(λ), λ).
Note that T1 = {(ι(λ), λ)|λ ∈ C∗} ⊂ Z̃(e, h, f)0. Also T2 = {(φ(λ), λ)|λ ∈ C∗} is

in the centre of Z̃(e, h, f)0. Under (a), T2 corresponds to 1×C∗ and T1 corresponds
to a one-dimensional torus T ′1 in Z(e, h, f)0 × C∗. Now T ′1 is contained in some
maximal torus of Z(e, h, f)0×C∗ (necessarily of form C×C∗ where C is a maximal
torus of Z(e, h, f)0). We shall assume that C in 1.8 is the one just considered. Then
T1 ⊂ CT2, hence

(b) ι(C∗) ⊂ Cφ(C∗).
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Now let l be the centralizer of C in g and let p be any parabolic subalgebra of
g with Levi l. We have e, h, f ∈ l. Condition 13.1(b) implies that e is regular in l.
Thus, p, l are as in 8.1.

14.3. As in 13.1, let K !,W !,W!,≤ be defined in terms of q′ in the same way as
K,W ∗,W∗,≤ were defined in terms of p in 6.1, 6.14. We define a partition

Be =
⊔

w∈W!

Be,w,

where Be,w is the set of all b ∈ Be such that, for some b′ ∈ B, b′ ⊂ q′, the relative
position of b, b′ is w.

Since e is a Richardson element of n′ (see 13.1(a)), we can apply [DLP, 3.2, 3.3]
and we see that

(a) each Be,w is smooth of pure dimension b(e).
Let Be,≤w =

⋃
w1∈W!;w1≤w Be,w1 , Be,<w = Be,≤w − Be,w.

Again, since e is a Richardson element of n′, H stabilizes q′; it follows that
Be,w,Be,≤w,Be,<w are H-stable subvarieties of B.

14.4. Let w ∈ W!, i ∈ I be such that σiw = w′ < w. Then w′ ∈ W! and we can
define ζ : Be,w → Be,w′ as follows.

Let b ∈ Be,w. There is a unique b′ ∈ B such that b, b′ are in relative position
σi and b′, b′′ are in relative position w′, for some b′′ ∈ B, b′′ ⊂ q′. Since e ∈ q′,
exp(e)b′ satisfies the defining properties of b′, hence it is equal to b′. Thus, e ∈ b′,
hence b′ ∈ Be,w′ . This defines ζ.

Since b, b′ both contain e and are in relative position σi, it follows that any
point on the i-line in B containing b must contain e. Hence that line (minus b′)
is contained in Be,w. Thus, ζ is a line bundle over its image, a closed smooth
submanifold of Be,w′ of pure codimension 1. Since Be,w,Be,w′ are smooth (14.3(a)),
the map ζ∗ : KH(Be,w′) → KH(Be,w) is well defined.

Lemma 14.5. ζ∗ is surjective.

By an argument like the one in 1.13(a),(b), we see that Be,w,Be,w′ are vector
bundles over Bι(C∗)

e,w ,Bι(C∗)
e,w′ . We are reduced to showing that

j∗ : KH(Bι(C∗)
e,w′ ) → KH(Bι(C∗)

e,w )

is surjective, where j : Bι(C∗)
e,w → Bι(C∗)

e,w′ is a natural imbedding (of smooth projective
varieties) induced by ζ. Note that the fixed point sets of ι(C∗) are H-stable, by
14.2(b).

Now j∗, j∗ are adjoint with respect to the bilinear forms 1.5(a) for these two
varieties, and these bilinear forms are perfect, by 1.7(c) (since the H-action on
both varieties has only finitely many fixed points, by 13.1(b)). We are therefore
reduced to showing that j∗ : KH(Bι(C∗)

e,w ) → KH(Bι(C∗)
e,w′ ) is injective. But after

tensoring with R over RH , it is certainly injective since for the fixed point sets of
H we just have the inclusion of one finite set in another finite set. Since our KH

groups are free over RH , the map is also injective before tensoring. The lemma is
proved.
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14.6. In the setup of 14.4, Be,≤w is an i-saturated subvariety of Be. Hence ri :
KH(Be,≤w) → KH(Be,≤w) is defined. As in 7.5, there is a unique RH -linear map

f : KH(Be,w′) → KH(Be,w)

such that the composition

KH(Be,≤w′) → KH(Be,w′)
f−→ KH(Be,w)

(where the first map is inverse image under Be,w′ ⊂ Be,≤w′) is equal to the compo-
sition

KH(Be,≤w′) → KH(Be,≤w) ri−→ KH(Be,≤w) → KH(Be,w)

(where the first map is direct image under Be,≤w′ ⊂ Be,≤w and the third map is
inverse image under Be,w ⊂ Be,≤w).

Lemma 14.7. f = v−1ζ∗.

The proof is similar to that of 7.6(a). It is based on the fact that the intersection
in Λ × Λ (smooth of dimension 4ν) of the subvariety Z̄i (smooth of dimension
2ν) with the subvariety Λ × Be,w (smooth of dimension 2ν + b(e), by 14.3(a)) is
transversal: it is Be,w′ (smooth of dimension b(e), by 14.3(a)). The lemma follows.

14.8. We regard KH(Be,1) as a subspace of KH(Be) via direct image under Be,1 ⊂
Be.

Lemma 14.9. The H-module KH(Be) is generated by KH(Be,1).

The proof is entirely analogous to the proof of surjectivity of the map 7.10(d),
given in 7.11; instead of using 7.6, we use 14.5, 14.7.

In 14.10, 14.11, we assume that G is simply connected.

14.10. We have Be,1 = Y (see 13.3). Note that the subspace KH(Be,1) of KH(Be)
is stable under the operators θx : KH(Be) → KH(Be) with x ∈ X .) Let L be
an H-equivariant line bundle on Be,1 = Y as in 13.3. By [L5, 7.8(c)], for any H-
equivariant line bundle L′ on Be,1, the RH -module KH(Be,1) is generated by the
elements θxL′ with x ∈ X . (It is here that the simply connectedness of G is used.)
In particular, this holds for L′ = L. Hence from 14.9 we deduce the following result.

Theorem 14.11. The (H, RH)-module KH(Be) is generated by L.

Lemma 14.12. If G = SLN , then condition 14.1(a) is automatically satisfied.

Let G = SL(V ), where V is an N -dimensional vector space over C. Let ε :
V → V be a nilpotent endomorphism. Define a1, a2, a3, . . . by aj = dim ker εj −
dim ker εj−1. Then a1 ≥ a2 ≥ a3 ≥ . . . and a1 + a2 + · · · = N . Consider a direct
sum decomposition V = V1 ⊕ V2 ⊕ . . . with dim Vj = aj . For j ≤ 0 we set Vj = 0.
Let q′ ⊂ sl(V ) be the stabilizer of the filtration V1 ⊂ V1 ⊕ V2 ⊂ . . . . It is well
known that ε belongs to the Richardson orbit in n′ = nq′ . We grade g by g2n =
{T ∈ sl(V )|T (Vj+n) ⊂ Vj ∀j} and g2n+1 = 0. Then

⊕
n≥0 gn = q′,

⊕
n>0 gn = n′.

In g2 we can find T such that T restricts to an injective map Vj+1 → Vj for
j ∈ [1, n − 1] and T (V1) = 0. We have dim kerT = a1, dim kerT 2 = a1 + a2, etc.
Thus dim kerT j = dim ker εj for all j hence T ∈ Ad(G)ε. But Ad(G)ε ∩ n′ is the
Richardson orbit in n′. Thus, T belongs to the Richardson orbit in n′. By a known
graded variant of the Morozov-Jacobson theorem, there exists T ′′ ∈ g−2, T ′ ∈ g0

such that T, T ′, T ′′ is an sl2-triple. Note that (e, h, f) is in the G-orbit of T, T ′, T ′′.
Thus, condition 14.1(a) is verified. The lemma is proved.
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15. Relaxing the simply connectedness assumption

15.1. In this section we assume that G is adjoint. Let π : G̃ → G be a simply
connected covering of G. We assume that (e, h, f) satisfies conditions 13.1(b),
14.1(a), 13.7(a) relative to G̃. Let q′, p be as in 14.1, 14.2. What in 14.2 was denoted
by C will now be denoted by C̃, and we set C = π(C̃), H = C ×C∗, H̃ = C̃ ×C∗.
The notation X ,H will refer to G; the analogous objects for G̃ will be denoted by
X̃ , H̃. Note that X may be naturally identified with a subgroup of X̃ and H may
be naturally identified with a subalgebra of H̃.

The finite group X = X̃/X acts on W a (see 9.1) by Coxeter group automor-
phisms (ι, w) 7→ ιw as in [L5, 1.3].

The results in [L5, §1] give us an imbedding ι 7→ T̃ι of X into the group of
invertible elements of H̃ such that ι⊗ h 7→ T̃ιh defines an isomorphism

A[X ]⊗A H ∼→ H̃

and T̃ιHT̃−1
ι = H for all ι ∈ X . More precisely, T̃ιT̃sT̃

−1
ι = T̃ιs for s ∈ S.

For any x ∈ X̃ we denote by x the image of x in X .

15.2. By 1.17(a), we have canonically
(a) RH̃ ⊗RH KH(Be) = KH̃(Be).

In particular, KH(Be) may be naturally identified with a subgroup of KH̃(Be).
Let Γ be the kernel of the canonical map H̃ → H or equivalently the kernel of

the canonical map C̃ → C. Let Γ̂ = Hom(Γ,C∗). For any ω ∈ Γ̂ let ˆ̃Cω (resp.
ˆ̃Hω) be the set of characters of C̃ (resp. H̃) whose restriction to Γ is ω. We have
a direct sum decomposition (as an RH -module)

RH̃ =
⊕
ω∈Γ̂

RH̃,ω

where RH̃,ω is the subgroup of RH̃ spanned by ˆ̃Hω (in particular, RH̃,1 = RH) .
Combining this with (a) we obtain a direct sum decomposition (as H-modules)
(b) KH̃(Be) =

⊕
ω∈Γ̂KH̃(Be)ω

where KH̃(Be)ω = RH̃,ωKH(Be) (in particular, KH̃(Be)1 = KH(Be)).

Let x 7→ [x] be the homomorphism X̃ → ˆ̃C with kernel XK defined as in 8.2 (for
G̃ instead of G).

Let x 7→ [[x]] be the composition X̃ → ˆ̃C → Γ̂ where the first map is x 7→ [x]
and the second one is restriction of characters.

Lemma 15.3. Let x ∈ X̃ . We have
(a) [x]KH̃(Be)ω ⊂ KH̃(Be)ω[[x]];
(b) θ−xKH̃(Be)ω ⊂ KH̃(Be)ω[[−x]];
(c) T̃xKH̃(Be)ω ⊂ KH̃(Be)ω[[−x]].

(a),(b) follow from the definitions; (c) follows from (b) since, by [L5, 1.10], we
have
(d) θ−x = hxT̃x

where hx ∈ H is invertible.
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15.4. Let Y ⊂ Be be as in 13.3. We have KH̃(Y ) ⊂ KH̃(Be), KH(Y ) ⊂ KH(Be)
and the direct sum decomposition 15.2(b) induces a direct sum decomposition
(b) KH̃(Y ) =

⊕
ω∈Γ̂KH̃(Y )ω

where KH̃(Y )ω = RH̃,ωKH(Y ) (in particular, KH̃(Y )1 = KH(Y )). The operators
[x], θx : KH̃(Be) → KH̃(Be) map KH̃(Y ) into itself (x ∈ X̃ ) and from 15.3 we
deduce that

[x]KH̃(Y )ω ⊂ KH̃(Y )ω[[x]],

θxKH̃(Y )ω ⊂ KH̃(Y )ω[[x]].

for x ∈ X̃ . In particular, [x]θ−x maps KH̃(Y )1 = KH(Y ) into itself for x ∈ X̃ .
Let L′ be anyH-equivariant line bundle on Y . We shall need the following result.

Lemma 15.5. The RH-module KH(Y ) is generated by the elements [x]θ−xL′ for
various x ∈ X̃ .

Let T̃1 be a maximal torus of G̃ containing C̃ and contained in the parabolic
subgroup of G̃ corresponding to q′. Let T1 = π(T1). The H̃-action (resp. H-action)
on Y is the restriction of the natural action of T̃1 ×C∗ (resp. T1 ×C∗) on Y . It
is then enough to prove a statement analogous to that of the lemma in which H is
replaced by T1 ×C∗. That statement can be deduced from [L5, 7.8] (or rather, its
obvious extension to the case of a reductive group with simply connected derived
group).

Lemma 15.6. Let L ∈ KH(Be) be as in 13.3. The (H, RH)-module KH(Be) is
generated by the elements [x]θ−xL for various x ∈ X̃ .

This follows immediately from 14.9 and 15.5.

15.7. We define an action of X̃ on KH̃(Be) by

(a) x : ξ 7→ x ◦ ξ = [x](T̃xξ)

where T̃x acts by the H̃-action and [x] acts by the RH̃ -module structure. From 15.3
we see that this restricts to an action of X̃ on KH(Be).

We can now state the following variant (for adjoint groups) of Theorem 14.11.

Proposition 15.8. Let L ∈ KH(Be) be as in 13.3. Then the elements x ◦ L (for
various x ∈ X̃ ) generate the H-module KH(Be).

Let ξ ∈ KH(Be). By 15.6 we have

ξ =
∑

x∈X̃ ,x′∈X
hx,x′[x′][x]θ−xL

where hx,x′ ∈ H are 0 for all but finitely many x, x′. Using now 15.3(d), we obtain

ξ =
∑

x∈X̃ ,x′∈X
hx,x′[x′][x]hxT̃xL =

∑
x∈X̃ ,x′∈X

hx,x′hx[x′][x]T̃xL

=
∑

x∈X̃ ,x′∈X
hx,x′hx[x′ + x]T̃x+x′L,

since x′ = 0. The proposition is proved.
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15.9. For x ∈ X̃ , the map t̃x : ξ 7→ x ◦ ξ of KH(Be) into itself is RH -linear and H-
semilinear with respect to the automorphism of H given by conjugation by T̃x in H̃.
Hence it extends to an R-linear map t̃x of Ee into itself which is again H-semilinear
as above.

15.10. In the setup of 9.1, we may identify X̃ with the set of vectors x ∈ V
such that α̌i(x) ∈ Z for any i ∈ I. The definition of the action x 7→ γx of X on
Ξ and XΞ (see 9.2) extends without change to a definition of an action x 7→ γx

of X̃ on Ξ and XΞ. For x ∈ X̃ we define an A-linear map tx : Mc → Mc by
tx(A) = (−1)µ′K(x)γx(A). This is well defined since µ′K(x) ∈ Z, by 8.3(b). Note
that x 7→ tx is an action of X̃ . The map tx : Mc → Mc is RH -linear and H-
semilinear with respect to the automorphism of H given by conjugation by T̃x in
H̃. Hence it extends to an R-linear map tx of (Mc)R into itself which is again
H-semilinear as above. Using the (absolute) irreducibility of the H-module (Mc)R,
it then follows that the map Φt̃xΦ−1 : (Mc)R → (Mc)R must be a multiple of the
map γx : (Mc)R → (Mc)R. Thus, ΦtxΦ−1 = fxtx for some fx ∈ R− {0}. Clearly,
x 7→ fx is a homomorphism X̃ → R − {0}. For x ∈ X both the action tx and t̃x
are given by the RH -module structures. Hence fx = 1 for x ∈ X . Thus, x 7→ fx

factors through a homomorphism X̃/X → R−{0}. Since X̃/X is finite and R−{0}
contains no roots of 1 other than ±1, it follows that fx = ±1 for any x ∈ X̃ .

15.11. Let M′
c be the H-submodule of Mc generated by the elements

tx(
∑

t∈W !

vl(t)((tw)−1
A+

0 ))

where x runs over X̃ and w is as in 13.11(a). Let M′′
c be the set of all m′ ∈ (Mc)R

such that (m1||m′) ∈ RH for all m1 ∈ M′
c.

The following result describes KH(Be), KH(Λe) in an almost combinatorial way.

Theorem 15.12. (a) Φ maps KH(Be) isomorphically onto M′
c.

(b) Φ maps KH(Λe) isomorphically onto M′′
c .

(a) follows from 15.8, 15.10, and the results in §13. To prove (b), it is enough to
show that the pairing (||) : KH(Be)×KH(Λe) → RH is perfect. This follows from
8.1(a), since (||) is obtained by twisting (:) using some transformations which are
invertible over RH . The theorem is proved.

15.13. In addition to the assumptions in 15.11 we make the following assumption:
(a) For any B ∈ XΞ we have B≤ ∈ M′

c; moreover, {B≤|B ∈ XΞ} is an A-basis
of M′

c.
(It is likely that (a) follows automatically from the assumptions in 15.11.) We

show that, in this case, Conjecture 5.12 holds for (e, h, f) except possibly for 5.12(g).
Using 15.12(a), 10.7(a),(c), we see that B±

Be
= Φ−1{±B≤|B ∈ X} and that this

is a signed basis of the A-module KH(Be). Thus, 5.12(a) holds in our case. By
12.9, we have B≥ ∈ Mc hence B̂≥ ∈ (z†)−1Mc for all B. By (a) and 11.7(a),
{B̂≥|B ∈ XΞ} is an A-basis of M′′

c . Using 15.12(b), 10.7(b),(d), we see that
B±

Λe
= Φ−1{±B≥|B ∈ X} and that this is a signed basis of the A-module KH(Λe).

Thus, 5.12(b) holds in our case. The argument above also yields 5.12(e),(f). Now
5.12(c),(d) follow from 10.10; 5.12(h) holds by 8.20.
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16. Examples

16.1. By [L6], Conjecture 5.12 holds for e subregular nilpotent in G of type Dn

or En. In this section we give a number of examples where the arguments in 15.13
can be applied, yielding most of the statements of 5.12. In these examples G is
adjoint and (e, h, f) is as in 8.1.

16.2. In this subsection we assume that e = h = f = 0. Conditions 13.1(b),
14.1(a) are trivially satisfied; we may take K = ∅, K ! = I. Condition 13.7(a) is also
satisfied. Condition 15.13(a) holds by results in [L1]. Hence by 15.13, conjecture
5.12 holds in this case except possibly for 5.12(g).

16.3. Assume now that k is an integer ≥ 1 and V is a C-vector space of dimension
N ≥ 2k. Let G = PGL(V ) so that g = sl(V ). Assume that (e, h, f) is as in 8.1 such
that e has exactly two Jordan blocks, of sizes k,N − k. Note that the assumptions
of 15.1 are satisfied in this case. (See 14.12.)

In this case, the alcoves in XΞ can be indexed by sequences (ai)i∈Z with ai ∈ Z
such that

(a) ai < ai+1 and ai+k = ai +N for all i.

Let A(ai) be the alcove corresponding to (ai). Moreover, we may identify S = Z/NZ
so that the H-module structure on Mc is described as follows.

Assume that (ai), (a′i), n are such that for some residue class γ (modulo k) in Z
we have

(b) a′i = ai + 1, ai = n mod N if i ∈ γ and a′i = ai if i /∈ γ.
Then T̃nA(ai) = A(a′i) and T̃nA(a′i) = A(ai) + (v − v−1)A(a′i).

Assume that (ai), n are such that there is no (a′i) so that (b) holds. Then
T̃nA(ai) = −v−1A(ai).

Assume that (a′i), n are such that there is no (ai) so that (b) holds. Then
T̃nA(a′i) = −v−1A(a′i).

For any A ∈ XΞ, the elements A≤ can be computed explicitly, at least if k ∈
{1, 2, 3}. The result is as follows.

Case k = 1. Let A = A(ai). Then

A≤ = A(...a0... ) + v−1A(...a0−1... ).

Case k = 2. Let A = A(ai) be such that ai+1 − ai ≥ 2 for all i. Then

A≤ = A(...a0,a1... ) + v−1A(...a0−1,a1... ) + v−1A(...a0,a1−1... ) + v−2A(...a0−1,a1−1... ).

Let A = A(ai) be such that ai = a, ai+1 = a+ 1 for some i. Then

A≤ = A(...a,a+1... ) + v−1A(...a−1,a+1... ) + v−1A(...a−2,a... ) + v−2A(...a−2,a−1... ).

Case k = 3. Let A = A(ai) be such that ai+1 − ai ≥ 2 for all i. Then

A≤ = A(...a0,a1,a2... ) + v−1A(...a0−1,a1,a2... ) + v−1A(...a0,a1−1,a2... )

+ v−1A(...a0,a1,a2−1... ) + v−2A(...a0−1,a1−1,a2... ) + v−2A(...a0,a1−1,a2−1... )

+ v−2A(...a0−1,a1,a2−1... ) + v−3A(...a0−1,a1−1,a2−1... ).
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Let A = A(ai) be such that for some i, ai = a, ai+1 = a+1, ai−1 = b ≤ a−3, ai+2 ≥
a+ 3. Then

A≤ = A(...b,a,a+1... ) + v−1A(...b−1,a,a+1... ) + v−1A(...b,a−1,a+1... )

+ v−1A(...b,a−2,a... ) + v−2A(...b−1,a−1,a... ) + v−2A(...b,a−2,a−1... )

+ v−2A(...b−1,a−2,a... ) + v−3A(...b−1,a−2,a−1... ).

Let A = A(ai) be such that for some i, ai = a, ai+1 = a+1, ai−1 = a−2, ai+2 ≥ a+3.
Then

A≤ = A(...a−2,a,a+1... ) + v−1A(...a−3,a,a+1... ) + v−1A(...a−2,a−1,a+1... )

+ v−1A(...a−4,a−2,a... ) + v−2A(...a−3,a−1,a+1... ) + v−2A(...a−4,a−2,a−1... )

+ v−2A(...a−4,a−3,a... ) + v−3A(...a−4,a−3,a−1... ).

Let A = A(ai) be such that for some i, ai−1 = a− 1, ai = a, ai+1 = a+ 1. Then

A≤ = A(...a−1,a,a+1... ) + v−1A(...a−2,a,a+1... ) + v−1A(...a−3,a−1,a+1... )

+ v−1A(...a−4,a−1,a... ) + v−2A(...a−3,a−2,a+1... ) + v−2A(...a−4,a−2,a... )

+ v−2A(...a−4,a−3,a−1... ) + v−3A(...a−4,a−3,a−2... ).

In particular, A≤ ∈ Mc for all A. Using the formulas above one can check that
we also have A≤ ∈ M′

c (notation of 15.11). Hence the arguments in 15.13 are
applicable, so that conjecture 5.12 holds in this case except possibly for 5.12(g).

16.4. Let V be a C-vector space of dimension 2N ≥ 6 with a given symmetric
perfect bilinear pairing (, ) : V × V → C. Assume that G = SO(V )/ ± 1, so that
g = so(V ). We list the elements of I as

1 2 3 ... N−1
1′

where σi, σj do not commute if i, j are adjacent elements in the same row or column
and σi, σj commute, otherwise. Let (e, h, f) be as in 8.1, such that with the notation
of 8.1, we have K = I − {N − 1}. Then e : V → V has one Jordan block of size
2N − 3 and 3 Jordan blocks of size 1. Thus e satisfies condition 13.1(b).

We show that (e, f, h) satisfies condition 14.1(a). Consider a direct sum decom-
position

V = V−N+2 ⊕ V−N+3 ⊕ . . .⊕ V−1 ⊕ V0 ⊕ V1 ⊕ . . .⊕ VN−2,

where dimV0 = 4, dimVk = 1 for ±k ∈ [1, N − 2], such that (Vk, Vk′ ) = 0 for
k + k′ 6= 0. We set Vk = 0 for |k| > N − 2. We define

g2n = {T ∈ so(V )|T (Vj+n) ⊂ Vj ∀j},
g2n+1 = 0.

Then g =
⊕

n gn is a grading of the Lie algebra g and q′ =
⊕

n≥0 gn is a parabolic
subalgebra. It consists of all T ∈ g such that, for any k, T maps V1 ⊕ V2 ⊕ . . .⊕ Vk

into itself. The nil-radical of q′ is n′ =
⊕

n≥0 gn. It consists of all T ∈ g such that,
for any k, T maps V1 ⊕ V2 ⊕ . . . ⊕ Vk into V1 ⊕ V2 ⊕ . . . ⊕ Vk−1. It is easy to see
that e belongs to the Richardson orbit in n′.

In g2 we can find T ∈ so(V ) such that the following holds: there exists an
orthogonal direct sum decomposition V0 = V ′0 ⊕ V ′′0 with dimV ′0 = 1, dimV ′′0 = 3
such that T (V ′′0 ) = 0 and T restricts to isomorphisms Vj+1

∼→ Vj for j ∈ [−N +
2,−2] ∪ [1, N − 3] and V1

∼→ V ′0
∼→ V−1.
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Clearly, T ∈ Ad(G)e. But Ad(G)e ∩ n′ is the Richardson orbit in n′. Thus, T
belongs to the Richardson orbit in n′. By a known graded variant of the Morozov-
Jacobson theorem, there exists T ′′ ∈ g−2, T ′ ∈ g0 such that T, T ′, T ′′ is an sl2-triple.
Note that (e, h, f) is in the G-orbit of T, T ′, T ′′. Thus, condition 14.1(a) is verified.

With the notation of §13, we have K ! = {1, 1′}. It is easy to see that K,K !

satisfy the condition 13.7(a). Thus the assumptions of 15.1 are verified in our case.
The alcoves in XΞ can be labelled as

An, (n ∈ Z), and A′n, (n ∈ Z, n = 1 mod N − 1),

in such a way that An ≤ An+1 for any n and An−1 ≤ A′n ≤ An+1 for any n = 1
mod N − 1.

The elements B≤ can be computed for any alcove B. They are given

(An)≤ = An + v−1An−1 + v−1An−2N+3 + v−2A′n−2N+2,

(A′n)≤ = A′n + v−1An−1 + v−1An−2N+3 + v−2An−2N+2,

if n = 1 mod N − 1,

(An)≤ = An + v−1An−1 + v−1A′n−1 + v−2An−2,

if n = 2 mod N − 1,

(An)≤ = An + v−1An−1 + v−1An′′+1 + v−2An′′ ,

if 2 + (p − 1)(N − 1) < n < 1 + p(N − 1), and n′′ is given by (n′′ + n)/2 =
1 + (p − 1)(N − 1). In particular, B≤ ∈ Mc. Using the formulas above one can
check that we also have B≤ ∈ M′

c (notation of 15.11). Hence the arguments in
15.13 are applicable, so that Conjecture 5.12 holds in this case except possibly for
5.12(g).

16.5. The elements B≥ can be computed for any alcove B. They are given by:

(An)≥ = An +
∑

t∈[1,N−2]

(−v)−tAn+t + (−v)−N+1(An+N−1 +A′n+N−1)

+
∑

t∈[1,N−2]

(−v)−t−N+1An+N−1+t + (−v)−2N+2A′n+2N−2,

(A′n)≥ = A′n +
∑

t∈[1,N−2]

(−v)−tAn+t + (−v)−N+1(An+N−1 +A′n+N−1)

+
∑

t∈[1,N−2]

(−v)−t−N+1An+N−1+t + (−v)−2N+2An+2N−2,

if n = 1 mod N − 1,

(An)≥ =
∑

t∈[0,2N−3]

(−v)−tAn+t +
∑

t∈[1,2N−2]

(−v)−tAn′+t

+
∑

t∈[0,2N−3]
n+t=1 mod N−1

(−v)−tA′n+t +
∑

t∈[1,2N−2]
n′+t=1 mod N−1

(−v)−tA′n′+t,

if 1+(p−1)(N−1) < n < 1+p(N−1) and n′ is given by (n′+n)/2 = 1+p(N−1).
Using these formulas and 10.9 we see that Conjecture 5.12(g) holds in our case.
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17. Conjectures

17.1. We return to the setting in 1.8. We assume that G is of adjoint type. Let
(W a, S), T̃w ∈ H,̄ : H → H be as in 9.1. For any w ∈ W a, let c′w be the unique
element of H such that c̄′w = c′w and c′w = T̃w mod v−1

∑
y∈W a Z[v−1]T̃y. Let

a : W a → N be the function defined in [L3, I]. Consider the largest number a0

such that c′w : KH(Be) → KH(Be) is non-zero for some w ∈ W a with a(w) = a0.
It is known [L3, IV] that the two sided cell c containing such a w is well defined
(it depends only on e) and that a0 = b(e). For any right cell R contained in c, we
set KH(Be)R

R =
∑

w∈R c
′
w(KH(Be)R). According to [L3, III, 3.7], we have a direct

sum decomposition
(a) KH(Be)R =

⊕
R(KH(Be)R

R)
where R runs over the right cells in c. We conjecture that

(b) any element of B±
Be

is contained in one of the summands in (a).
This would give us a map
(c) B±

Be
→ set of right cells in c

If we assume 5.12(a) and 5.16(a) we see (by 5.17) that (c) factors through a
surjective map

(d) B±
Be
→ set of right cells in c.

We conjecture that the finite set B±
Be

(which carries a natural action of the
(finite) group of components of the centralizer of e) is the set Y which appears in
[L3, IV, 10.5]. In particular, we expect that the orbits of the finite group above are
precisely the fibres of the map (d).

17.2. Assume that G is adjoint. Let g′ be the Lie algebra of an adjoint algebraic
group of the same type as G, but over an algebraic closure k of the field with p
elements (p sufficiently large). Let χ be a nilpotent element in g′ of the same type
as e ∈ g. Let Cχ be the abelian category considered in [L5, 14.1]. Its objects are
modules over a k-algebra Uχ of dimension of pdimg which are at the same time
modules over a torus with the same character group as C. We fix a generic block
of this category. Let I be an indexing set for the simple objects in this block. Note
that Ĉ acts naturally and freely on I. For i ∈ I, let Li be the corresponding simple
object of Cχ and let Qi be the indecomposable projective cover of Li. For i ∈ I we
have Qi =

∑
i′∈I ni,i′Li′ in the appropriate Grothendieck group. Here ni,i′ ∈ N are

0 for all but finitely many i′.
We conjecture (cf. [L7, 2.4]) that there exists a bijection ζ : I ∼→ B±

Λe
/±1 which

is compatible with the natural free Ĉ-actions on the two sets, such that

ni,i′ = |∂(∇eζ(i)||ζ(i′))v=−1|(a)

for all i, i′ ∈ I. (This conjecture is a revised form of [L5, 14.5].)
The category Cχ admits a quantum analogue (in characteristic 0) in which instead

of g′ one uses a quantum group (as in [DK]) at a root of 1. I expect that exactly
the same formalism as in the conjecture above applies in this quantum case.

17.3. Assume now that (e, h, f), l,W ∗ are as in 8.1. In this case, we can assume
that I = XΞ (as in 9.2, 9.4). Hence LA, QA are defined for A ∈ XΞ and nA,A′ ∈ N
are defined for A,A′ ∈ XΞ. Moreover, we can consider for each A ∈ XΞ, the
corresponding “baby Verma module” ZA with simple quotient LA. We conjecture
that
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(a) ζ : XΞ
∼→ B±

Λe
/± is given by Φ(ζ(B)) = ±B̂≥ (see 10.7(b)),

(b) ZA =
∑

B′;A≥B′ πB′,A(−1)LB′ and
(c) QB =

∑
A;A≥B |W ∗|πB,A(−1)ZA,

for any A,B ∈ XΞ in the Grothendieck group of our block. Here πB,A is as in
9.17(d). (In particular, the sums (b),(c) should have only finitely many non-zero
terms.)

We show that this conjecture implies the conjecture 17.2(a) (in the present case).
Indeed, assuming that (a),(b),(c) hold, we have

QB =
∑
B′
|W ∗|

∑
A;A≥B;A≥B′

πB,A(−1)πB′,A(−1)LB′ .

We note that |W ∗| = ∇e,l(−1) and we use 10.9; we obtain

QB =
∑
B′
|∂(∇eζ(B)||ζ(B′))v=−1|LB′

so that 17.2(a) holds.

Index of notation

0.2. G, g, gnil,B, ν,Λ′,Λ, np, I,X,X , Lx, αi, α̌i,X≥,X≤, σi,W, l : W → N,A,H
1.1. χX , A∗(X),CohH(X),VecH(X), KH(X), Ki

H(X), RH

1.8. e, h, f, φ, zm(f),Be,Σ′e,Σe,Λ′e,Λe, C,H,R
1.15. Ee

2.4. (:)
3.1. V ,ΩV ,

† : RH → RH ,̄ : RH → RH , t,∇e,∇′e
4.2. Oσi , Ōi, Z̄i

5.1. Ie, b(e)
5.7. Υ
5.8. (||)
5.9. ∂
5.11. β̃, β,DBe , DΛe ,B

±
Be
,B±

Λe

6.1. p, n, P, L, U,Π′,Π, Π̃,Z, Z̃, K,W ∗,W∗,Be,Λe, b
!

7.9. H
8.1. $
8.2. XK

8.3. µ′K
8.15. z
9.1. V , C+, I,F , X, S,W a, A+

0 ,Had,≤
9.2. XΞ, γx : Ξ → Ξ,MΞ,MΞ

c

9.4. Ξ,Mc

9.7. ετ , τ ∗B
9.8. κ0, e0

9.9. t
9.10. t̃, ẽ0

9.11. b̃,b
9.13. A!

0

9.15. M≤,M≥
9.16. b̃′,b′

9.17. B≤, π̃A,B, B≥, πB,A
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9.18. b̂, b̂′, B̂≥, π̂B,A

9.19. b̌, b̌′, B̌≤, π̌A,B

10.2. Φ
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