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THE HOWE DUALITY
AND THE PROJECTIVE REPRESENTATIONS
OF SYMMETRIC GROUPS

ALEXANDER SERGEEV

ABSTRACT. The symmetric group G possesses a nontrivial central extension,
whose irreducible representations, different from the irreducible representa-
tions of &y, itself, coincide with the irreducible representations of the algebra
A, generated by indeterminates 7; ; for i # j, 1 < 4,5 < n subject to the
relations
2 . ..
Tig = ~Tiis Tij =1, TijTmi = —TmaTij if {3,530 {m, 1} =0;
Ti,jTjmTi,j = Tj,mTi,jTj,m = —Ti,m for any i,j,1,m.

Recently M. Nazarov realized irreducible representations of 2(; and Young
symmetrizers by means of the Howe duality between the Lie superalgebra q(n)
and the Hecke algebra Hy = &y, o Cly, the semidirect product of & with the
Clifford algebra Cli on k indeterminates.

Here I construct one more analog of Young symmetrizers in Hy as well as
the analogs of Specht modules for 2 and Hy,.

1. SUMMARY

Lately, we have witnessed an increase of interest in the study of representations
of symmetric groups. In particular, in their projective representations.

Recall that the symmetric group &5 has a nontrivial central extension whose
irreducible representations do not reduce to those of &y but coincide (may be
identified) with the irreducible representations of the algebra 2 determined by
generators 7; ; for ¢ # j, 1 <i,j < n subject to the relations

2 . .o
Tij = Tji, Tij = L, TjTmi = —Tm.Ti;j if {27]} N {mvl} = 0;

TiiTjmTij = Tj,mTi,jTjm = —Ti,m for any i,j,l,m.

(1.1)

In [N1] Nazarov realized irreducible representations of 2 by means of an orthogonal
basis constructed in each of the spaces of the representations and indicating the
action of the generators 7; ;41 on them (an analog of the Young orthogonal form).
In [N2], with the help of an “odd” analog of the degenerate affine Hecke algebra
Nazarov constructed elements of the algebra Hy = Gy o Cly, the semidirect product
of 6 with the Clifford algebra Cl; on k indeterminates. Certain elements of Hy
serve as analogs of Young symmetrizers.
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Here I construct one more analog of Young symmetrizers in Hy, as well as analogs
of Specht modules (cf. [Ja]) for the algebras 2, and Hj. This construction is
based on another form of expression of Young symmetrizers based on the notion of
seminormal representation (an analog of Gelfand-Tsetlin basis) for the symmetric
group (see [OV], [R], [Mu]) one can express Young symmetrizers in the form distinct
from both the classical one (that of Weyl [W]) and that suggested in [Ju2]. Observe
that the structure of Nazarov’s symmetrizers is rather complicated; Jones simplified
them [Jo1], [Jo2] but not completely. The symmetrizers constructed in this paper
are simpler in structure. Our method is also applicable to the g-analogs of the
Young symmetrizers of the usual and projective representations of Sy; cf. [JN].

This paper is an expanded and rewritten (thanks to a shrewd referee) version
of my short note math.RT/9810148. The reader might also be interested in the
results of [Yal] and [Ya2], slightly related with this paper; namely, [Yal] describes
A as a Howe dual of q(n) and in [Ya2] a Howe dual of q(m) @ q(n) is established
to be the hyperoctahedral group.

1.1.  For the general notion of a seminormal representation see [R]. In this section
I will formulate it for &, in convenient terms (cf. [OV]).

Let &, be the symmetric group on k symbols, s;; € &, the transposition. The
Jucys—Murphy elements are defined as follows (cf. [Jul], [Mu]):

1 =0, r2 = 512, T3 = 513 + 523, ... T = S1k + Sok + -+ + Sp—_1.k.

As in [Ma], we will identify the partition X of a positive integer k with a Young
diagram of k cells. A Young tableau of the form X is the Young diagram corre-
sponding to A filled in with the integers 1 to k. The tableau is called a standard
one if the numbers that fill it do not decrease along the rows left to right and along
the columns downwards.

For any partition A denote by 7 (A) the set of standard tableaux of shape A. For
AeT(\)and 1 <p <k, weset cpa(p) = j—1i, where (7, ) is the slot in A occupied
by p.

1.2. Theorem ([Mu], [OV], [R]). Let S* be the irreducible representation of &y
corresponding to the partition . Then in S there exists a common eigenbasis for

the Jucys—Murphy elements x1, ..., xr; the basis can be indexed with the elements
of T(\) as follows:

zpvp = ca(p)va  for any A€ T(X) and 1 <p <k.

Let us partially order the pertitions with respect to dominance, i.e., we set

l l

uz)M:)ZMiZZ)\i forl=1,2,....
i=1 i=1

Let A. be a Young tableau of shape A\ consecutively filled in along columns (that
is where the subscript comes from) from left to right. Set

k
(1.1.1) ka. =[G — ),

i=1
where j is the number of the column occupied by i. Since the elements 1, ..., xg

pairwise commute, the order of factors in (1.1.1) is irrelevant.
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Example 1. For

0

1
A.=2
3

S O

we have
kan, =1-(1—a2)(1 —23)(2 — 24)(2 — 25)(2 — 26) (3 — 27)(3 — xg).

1.3. Theorem. Let S* be the irreducible representation of &y corresponding to
the partition p of k. Then

1) fin, (S") =0 4f p > Ac;

ii) ka,(va) =0 if Ac # A for A € T(N\) and the basis vectors va, as in Theorem
1.2;

iii) K, (va,) = 12222 pPnuy  where Ay > Ao > -+ >\, are nonzero integers
of the partition \.

Proof. Let u > A and A be a standard tableau of shape p; let va € S* be the
corresponding vector for the seminormal basis (i.e., as in section 1.2). If A # A,
then there exists a j such that the j-th columns of the tableaux A and A, are
distinct whereas all the columns with lesser numbers are identical. Since the orders
of the tableaux coincide and p > A, it follows that p; < X’ (these are the lengths
of the j-th columns of the tableaux A and A.., respectively).

Let p be the least of the numbers from the j-th column of A (such a number
exists because A # A, and u;- < /\;) Since A is standard, the slot that p occupies
is (1,7 4+ 1). Hence,

zpoa = ca(p)oa = (+ 1 —1)vs = jupa, e, (5 —xp)va =0.
Since j — xp enters ka, as a factor, ko, va = 0. This proves i) and ii).
To prove iii), observe that
(J —@p)va, = (J = (4 — 9))va, = iva,,
where ¢ is the number of the row occupied by z,. This proves iii). O
1.4. Lemma. Let p < k and let &, be considered as the subgroup of &y that

preserves all but the first p symbols. Let U be a Gi-module, € the nontrivial one-

dimensional representation and a = Y, e(o)o. Let v € U be a nonzero vector
€S,
fizxed by a transposition sy for I < p. Then

a( Z Sik)V = av.

€6,

Proof. Let P ={1,...,p}. Then

a(z Sik)U = a(z Sik)S1EV

ieP ieP
=a(l+ Z siksk)v = a(l+ Z S1iSik )V
i€P\{l} ieP\{l}
=a(l— Z sik)v =a(2 — Z Sik)V;
ieP\{1} icP
hence, a( Y sik)v = av. |

ieP
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1.5. Corollary. Let Ry, and Cy, be the row and column stabilizers of the tableau

Ac; let U be a S-module and v € U a nonzero R _-invariant vector. Set ap, =
> e(o)o. Then kp,v = apv.

oc€Cx,

Proof. Induction on the number of columns in A.. If A, consist of one column,

then by induction on k we easily verify the identity

(1 — 512)(1 — S13 — 523) e (1 — S1k — 1 — Sk—l,k) = Z 6(0’)0’.
ceSy

So for one column the statement is true.
Let tableau A. consist of n columns Aj, ..., Ay,; let AY be obtained from A. by
deleting the last column. Then

KAV = KAx H (n—z;)v= H (n — ;) - KAV

i€A, i€,
= (by induction) = H (n = x;) - ap=v = ans H (n —x;)v.
€Ay, i€An

Let i € A,,; then

an:(n —z;)v = ap-(n — Z Sei — Z Sai — " — Z Sei )V

acN; aENy a€lNy,, a<i
By Lemma 1.4 ap:( > Sai)v = ap=v for j =1, ..., n—1, 50 apx-(n — x;)v =
i OtGAj

ax-(1— > sai)v. Hence, if Ay = {i,i+1,...,i+ [}, then

aEN,, a<i

kAU = apx(1 = 85541) (1 — Siit2 — Sit1yi42) -+ (1 = St — -+ — Sigi—1,i41)V
= anx( Z e(o)o)v = ap,v.
oc€EA,

Thus, if v =) o =bys,, then

o0ERA,
en. = anba, = KA, ba,,
i.e., we have expressed the Young symmetrizer ep, as ka ba.. In §3 a similar

construction will be used to construct projective analogs of Young symmetrizers.

2. AUXILIARY DATA

Let & be the symmetric group, Clj the Clifford algebra generated by k inde-
terminates p1, ..., pr subject to the relations

p; = —1, pipj +pjpi = 0 for i # j.
The symmetric group acts on Cl, permuting the generators, so we can form a
semidirect product Hy = & o Clg, i.e., the linear span of the elements fo, where
f € Cly and 0 € &) with the multiplication satisfying

of = f7 -0 (here f7 is the result of the action of 0 € & on f € Cly).
Set

1
Tij = ﬁ(pz —Pj)Sij-
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As is not difficult to verify, the relations (1.1) hold; hence, the algebra generated
by the 7;; is isomorphic to 2,. Besides, 2, supercommutes with Cl,; hence,
H, =2, ® Cl,, as superalgebras if we define parity in 2, by setting p(7; ;) = 1.

Let N be the set of positive integers, N, another , “odd”, copy of N; its elements
are barred. Let V be a superspace of superdimension (n,n) with the fixed basis
{ei}i=i I1{ei}7_;. Define the odd operator @ : V. — V by setting

Qlei) = eis Qleg) = —ei.

The (super)centralizer of @ in Mat(V') is denoted by Q(V); cf. [BL]. We denote the
Lie superalgebras associated with the associative superalgebras Mat(V) and Q(V)
by gl(V') and q(V), respectively. We set q(n) = q(V) for n = dim V.

Select a basis in q(n): let the el be the left dual basis to the {e; : i =1,...,n;
1,...,7}; set

Eij=e®e;+6® e;f; Fj=6e® e;f +e;®e;.

Then h = Span(E;; and F;; : i = 1,...,n) is a Cartan subalgebra in q(n) and
b = Span(E;; and F;; : i < j) is a Borel subalgebra; cf. [Pe]. Set further
n_ = Span(E; ; and F; ; : ¢ > j) and ny = Span(E; ; and F; ; : ¢ < j). Then,
clearly, q(n) = n_ ®hPn,; any finite dimensional irreducible q(n)-module U = U*
is uniquely, up to an isomorphism, determined by its highest weight and the ir-
reducible h-module U™ of highest weight vectors annihilated by n, and for any
u € Ut we have hu = A(h)u for any h € bg; cf. [Pe]. Observe that since b is, unlike
the case of Lie algebras, not commutative, U™ is seldom one-dimensional; cf. [S3].
This module U will be denoted by U*.

We will stick to the following terminology; cf [BL], [L]. The representation of a
superalgebra A in the superspace V is irreducible if it does not contain homogeneous
(with respect to parity) subrepresentations distinct from 0 and V itself.

Thus, there are two types of irreducible representations: those that do not con-
tain any nontrivial subrepresentations (called of general type or of type G) and
those that contain inhomogeneous invariant subspaces (call them of type Q). If
V' is of finite dimension, then in the first case its centralizer, as of A-module, is
isomorphic to gl(1), whereas in the second case to q(1).

Let V1 and V5 be finite dimensional irreducible modules over A; and As, respec-
tively. Then V; ® V5 is an irreducible A; ® As-module except for the case where
both Vi and V5 are of type Q. In the latter case, the centralizer of the A; ® As-
module V; ® V5 is isomorphic to Cls, the Clifford superalgebra with 2 generators.
(For further interesting details see [Sch].)

If e € Cls is a minimal idempotent, then e(V; ® V4) is an irreducible 4; ® As-
module of type G that we will denote by 27 1(V; @ V3).

Let M = N[N be ordered as follows:

1<1<2<2<3<3...

)

We will call the elements from N “even” and those form N “odd” ones; so we can
encounter an “even” odd element, etc.

The partition A of k is called a strict one if its parts are pairwise distinct. To a
strict partition A we assign a shifted diagram (see [Ma]) obtained from the ordinary
diagram by shifting its i-th row by i — 1 cell to the right for i =1, 2, ... . A shifted
tableau of shape A is a filling of a shifted diagram of shape A with numbers from

M. The shifted tableau is called a standard one if:
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i) the numbers that fill it do not decrease from left to right along rows and
downwards along columns;

ii) the symbols from N strictly increase along columns (downwards);

iii) the symbols from N strictly increase along rows (from left to right).

For the strict partition A denote by ST'(\) the set of strict standard tableaux of
shape A filled with the numbers 1, ..., k, where k =X\ + Ao +.... If A € ST(})
and 1 < p < k, then set ca(p) = +/(j —i)(j — i + 1), where (i, ) is the slot in A
occupied by p.

Denote by I(A) the number of nonzero parts of the partition A and set

50 = 0 if the number of nonzero parts of \ is even,
" |1 otherwise.

As is shown in [S1], the algebras q(n) and Hj constitute a Howe-dual pair in the
superspace Wj, = V¥, The q(n)-action is uniquely determined by the identity
action in V extended as a superdifferentiation onto the tensor algebra T'(V) =
> Wi. The symmetric group &y, acts on Wy, by the formula
k>0
5iit1(V1 @ @V @ Vi1 QR -+ D g
_ (_1)P(vi)1’(vi+1)vl R U1 OV R Uy,

where p(v;) and p(v;41) are parities of respective vectors. Recall that q(n) is defined
as the centralizer of an odd operator () whose square is —id. The element p; € Hj,
acts in Wy, as the operator

1 1Q1®1®---®1 (Q occupies the i-th slot).

2.1. Lemma. Let w € Wy_1, set Ty = Y Tk, and also
a<k

2 2
B =3 (EijBjm — FigFim),  F) = (FijEjm — BijFj).
j=1 Jj=1
Then

) m(w®e;) = L

7 (Fij — prEij)(w @ €5);

=1 1=

i) m(we) = 5 3 ((EQw)®en) + (Fw) @ em) + 3 (Brmw) @ e

m=1 m=1

Proof. 1) Tt suffices to assume that w = ¢;, ® --- ® €;,_,, where all the indices iy,
, ir_1 are “even”, i.e., belong to N, not N. Then

Hw@e) =) Tar(w@e) = \/—Z = Pr)Sak(Ww @ €;)

a<k a<k

\/—Z — pr)wy, © e,

a<k

where w?, is obtained from w = e;, ® --- ® e;,_, by replacing e; with e;. Hence,

(W ® €;) —\/—ZZ — )W, ® e

Jj=lia=j
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But, on the other hand, Y w! = E;jw and Y pow! = F;;w implying that
o= ia=j
1 n
mr(w ® e;) = —Z (Fijw ® e; — Bijjw ® e3)

V2~

1 n
Z (Fij(w®ej) —w®e; —ppEij(w®e;) + w® ;)
j_l

l\D

\/L— Z —pieEij)(w ®e;))

J=1

[\

and heading 1) is proven.

ii)

1 n
Th(w ® ;) = Tk 7 > (Fy — prBy)(w @ ¢;)

j=1
! i —prEiy)mE(w @ ej)
== kg 7Tk: J
V2=
1 n n
=73 Z — peEij) Z PrEjm)(w ® em)
7j=1 m=1

Jym=1
1 n
=3 Y (FyFjm = EyEjm) = pe(EijFin — Fij Bjm)) (w  e30)
j,m=1
1 n
=3 > (BijEjm — FijFjm) + pe(Eij Fjm — FijEjm)) (w @ en).
j,m=1

Let us calculate the sum by parts. We have
(Eij Ejm — Fij Fjm)(w @ em)
= Eij(Ejmw ®@ ey +w @ €j) — Fij (Fjmw @ ey +w @ €3)
=FEijEimw @ em + Ejpw @ Ejjen + Ejuw®e; +w @ e;
— Fij Fimw ® epy + Fjppw @ Fijen — Fijjw ® e; —w®e;
=FEijEjpw ® ey — FijFjpw® en + Enppw ® e;
+ Fpmw @ e; + Ejjw ® ej — Fijw ® €j5-
and
Pr(Eij Fjm — Fij Ejm) (w ® €m)
= pelij (Fijmw ® e +w ® €3) — prFij (Ejmw @ ey +w @ e;)
=-FEjiEipnw®en — Fnnw®e; — Ejw®e; —w®e;
+ FjEimw Q@ eq + Epmw @ €; + Fjw @ e tw®e;
= (FijEjm — Eij Fjm)w ® e, + Enmw ® €;
+ Fjw® €5 — Eijijw®e; — Fnpw® e;.
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Therefore,

N~

> (EijEjm — FijFjm) + pr(Eij Fjm — FijEjm)) (w ® e,)
Jj,m=1

Z ((EijEjm’LU D em — Fiijmw ® em)
j,m=1

N | =

+ (FijEjm — Eiijm)w R em + 2E mw ® ei)

Z (El(fn)w Q em + Eﬁ)w ® em) + Z Emw Q e;.

m=1 m=1

N | =

|

2.2.  For the convenience of the reader we formulate the main result of [S1] in the
following suitable form. Observe that if A is a strict partition of £ and A,+1 = 0,
then A can be interpreted as a linear functional on hg: set

(2.2.1) A(Eii) = M.

Theorem. The superalgebras Hy, and q(n) are mutual centralizers in the superspace
Wi and the following decomposition takes place:

(2.2.2) Wi = P2 N1 e v,
A

where A Tuns over strict partitions of k such that A,41 = 0; here T is an irreducible
(in the super sence) Hj-module corresponding to X, and V> an irrreducible q(n)-
module.

If §(\) = 0, then the corresponding representation T* is of type G, it is of type
Q if 6()) = 1.

The dimension of the space (superstructure ignored) of the highest weight vectors
(VM in Vs equal to 20NFTIN/2 copies of TH.

2.3. Corollary. The Hyi-module of highest weight vectors in Wy is a free Cly-
module.

Proof. By Theorem W,” = @27 °MNT* @ (VM)*, so the Hg-module of highest
Y

weight vectors in Wy, is equal to 2 N7 ® (VM)*. By considering the dimension
of (VM) and taking into account the type (G or Q) of its irreducibility we get the
statement desired. O

2.4. Let us denote the Hi-module of highest weight vectors of weight A\ in W}, by
RN
Lemma. Let g = q(n); let b and b be defined as above and V' a g-module on which
by acts diagonally. Let (V)T be the set of b-highest vectors of weight .

If u € U(g) and u((VM)*) C (VM)*, then there exists w € U(h) such that
ul(V*)* = ’LU|(V>\)+.

Proof. Let uw = > u, be the weight decomposition of u € U(g) with respect to
hy. Observe that (V*)T is the A\ weight space of V. Therefore, if v € V), then
uw(v) = >, uav and, if uav # 0, then the weight of u,v is equal to A + a. Thus,
thanks to the condition u(v) € (V*)T, we may assume that u = uy € U(g)"®, where
U(g)" is the centralizer of bjg.
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Further, thanks to [S2], we know that U(g)" = U(h) & L, where L = U(g)" N
U(g)b™ and where b is the linear span of the positive roots in b, is a two-sided
ideal in U/(g)b.

Hence, u = w + w1, where w € U(h) and u; € L; this implies that uv = wv for
ve (VM. O

Let T be a finite dimensional Hg-module. The q(n)-module U corresponding to
it via Howe duality is determined by the formula

U = Homy, (T, Wy) for W, = V&,

It is not difficult to deduce from Theorem 2.2 that likewise T is uniquely recoverable
from U, namely,

T = Homq(n) (U, Wk)

Further on, since U is a q(n)-submodule of Wy, it follows that all its weights with
respect to hg are of the form mie; + - - - +mye,, where the €; are the weights of the
standard q(n)-module V and the m; are nonnegative integers. This implies that
the formal character of the q(n)-module U equal to ) m,eX (here x runs over the
set of weights of U with respect to bg) is a polynomial in z1 = e, ... | z, = e*.
This polynomial is called the characteristic of T'.

Example 2. Consider the Clifford superalgebra Cl; as a module over Hy (&
acts by permuting the generators of Cl while Cl acts on itself via the left regular
representation). The corresponding characteristic g is the coefficient of t* in the
decomposition

= - qu(z)tk.
(1 —zt) k>0

3

s
Il
-

In [S1] T showed that the z-character of 77 for the strict partition A is equal to
2UN=6(N)/2Q, (z), where Qx(x) is the projective Schur function (for its definition
see [Ma]). Therefore, the characteristic of R is equal precisely to Q(x).

2.5.  Set Py(x) = 27" Qy(x). Denote by SST()) the set of standard tableaux of
arbitrary shape with elements from M and such that

a) scanning the tableau from left to right and downwards the last of the symbols
encountered should be an “even” one;

b) for every i = 1, 2, ... the total number of occurrences of any of the symbols
i oriis equal to ;.

Lemma. Let A be a strict partition of k and \y > --- > A, > 0. Then

Py (z)... Py (2) = > ma,Pu(x),

where the sum runs over strict partitions p such that p > X\ (with respect to dom-
inance partial order) and my, is equal to the number of tableaux from SST(X) of
shape .

Proof of this statement is an easy corollary of the multiplication table for pro-
jective Schur functions; cf. [P], §4.



PROJECTIVE REPRESENTATIONS OF SYMMETRIC GROUPS 425

2.6. Even and odd Jucys-Murphy elements (cf. [N2]). Set

21 =0, 23 = s12(1+ p1pa), -, wx = 3 sik(1 + pipr)-
i<k

The odd analogs of the Jucys-Murphy elements 7; are defined as

1 :0, T2 = T12y «-.y Tk :ZTik.
i<k
Observe that m; = —\%pixi and the distinction of 7; from z; is that the former

supercommute with the elements of the Clifford superalgebra Cl.
The following statement proven by M. Nazarov in [N2] (Th. 7.2) describes the
action of x; in R*.

Theorem. The Cly,-module R is free with a basis {vy : A € ST(N\)} and

xpvpa = ca(p)va for 1 <p<k.

3. SPECHT MODULES OVER Hj,

Let A be a strict partition of k and A,4+1 = 0. Define the functional A on the
Cartan subalgebra h by setting

In W), = V®k where V is the standard q(n)-module of dimension (n,n), consider
the Hy-submodule M* consisting of the vectors of weight ), i.e., w € W}, such that
Ei;w = \w. Let A, be a shifted tableau of shape A filled in consecutively along
rows from left to right with the numbers 1 to k.

Let A be an arbitrary shifted tableau of shape A and let Rp be the row stabilizer
of A. Let I be the sequence obtained by reading the tableau A from left to right
and downwards. For ¢ € I define

T = E Toui-

a€l, o preceeds ¢

Set

1
sn=[[GiG+1) =),
el

where j is the number of the column occupied by 4.

Example 3. For

D O
oo

we have
kA =1-(3—73)(3 —m3)(6 — m5)(6 — 75)(6 — m5)(10 — 77)(10 — 75).

For every shifted tableau A of shape A denote by wp the vector from Wy equal
to v1 ® - - - ® vy, where v, = e; if p occupies the i-th row. Clearly, wa € MA.

3.1. Theorem. r(M?*) = Clyrp(wa) and ka(wp) € R is nonzero.
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Proof. Since M* is the module induced from the trivial representation of the row
stabilizer of A,, it follows that

Homp, (T, W) = S (V)@ --- @ S (V),

where S? is the operator of the p-th symmetric power and V is the standard q(n)-
module. Hence, the characteristic of M* is equal to gy, . ..qx, (see (2.4)). Lemma
2.5 implies that

gr, ---Qx, = Z QI(A)_I(#)mA#QM.
B>

Hence, M is equal to the direct sum of modules isomorphic to either 7% or II(T*).
Further, let ¢; : M* — M?> be a homomorphism such that ¢;(vs,) = pl, for
i=1,...,l()), where ply = > D;.

7 lies in the i-th row

It is not difficult to verify that ¢1, ..., ;) generate the Clifford algebra Cl;(y).
Therefore, M* is equal to the direct sum of modules isomorphic to R* (or II(RH))
for 1 > X and the multiplicity of R* in M* is equal to 1.

It suffices to consider the case when A = A, is a shifted tableau of shape A
filled from left to right and downwards, as usual. In each module R*, select a basis
{va}, where A runs over standard shifted tableaux, as in Theorem 2.6. Let us
demonstrate that ra, (R*) = 0if > X and xp, (RY) = Clyvy, .

Consider a vector vy € R* for p > X and A # A.. There exists a number j such
that the j-th columns of the tableaux A and A, are distinct and all the respective
columns with lesser numbers are identical. Since the tableaux are of the same order
and p > A, it follows that the length of the j-th column of the shifted tableau A
is not less than the length of the j-th column of the shifted tableaux A. Let p be
the least of the numbers occupying the j-th column of A. which is not contained
in the j-th column of A. Since A is standard, we see theat p occupies the (j + 1)-st
column and the first row of A.

By Theorem 2.6

1 1, . . 1.,
wzv/\ = §x12,v,\ = §(j +1-1D)G+1-141vs = 5](] + 1)va.
Hence,
1. )
(590 +1) = m,)va = 0.

Since $j(j + 1) — 72 enters ki, as a factor, ka,(va) = 0. Moreover, since the m,
for p=1, ..., k supercommute with Clg, it follows that ks (R*) = 0if p > X and
ka,(vp) = 0if vy € R* and A # A.. Moreover,

(590 +1) = won, = (34G +1) = 50 =)0 i+ Don, = i@ +i - Doa,,
where (7, j) is the position of p. Hence, ka,(va,) = awa, for a nonzero a.

Thus, it is shown that x5, projects M* onto the subspace Cljva,. To prove the
theorem, it suffices to establish that xa,(wa,) # 0. We induct on k. For k = 1 the
statement is obvious. Let k > 1, let A} be obtained from A. by deleting the last
cell in the last column and let (4, j) be the position of k. Then

i (wn) = (530 + 1) = whhma; (on; © e0) = (5505 + 1) = 1) (sa; () @ 1),
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By induction, xax(wa:) # 0 while by Lemma 2.1 and in notations of Lemma 2.1
we have

1 n
<§j(j +1) — m3) (kaz (way) @ el-) = (W ® em + T @ em),

m=1
where
1., L@ -
Wy = 5](] +1) - §Eim — il ZE” i (waz)
=1
and W,, = _%Fi(ri)'%/\’é (UIA;).

It remains to show that w; # 0. Observe that since & Az (wax ) is a highest weight
vector with respect to q(n), i.e.,

Eijkins (war) = Fijrps(wa:) =0 fori < j,

we have
n

. 1 -
.7(] + 1) - 5 Z(EirEri - FirFri) - ZE’I‘T‘> ﬁAZ (w/\’c‘)

w; =

N =

r=1 r=1

n

( j@G+1) - %Z(E’LTETZ — Fin Fry) — %(Efl - F3) - ZE’”T> ks (wax)

N =

= ( 36+ 0= 3 S Bl = (B )

r>1

[\D|'—‘

r=1
1 n
= 5.7]+1 __gErr_ E _;Err> ﬁA*(wAZ)

j]+1__ZZET‘T_ u)KJA* wA*
-0y —2)) e (wns)

I
W=/~ ——~ —

MM +1)— (M +- —-1) -

DO | = l\3|>—ﬂ

()\1 (/\1 + 1) - 2()\1 + -+ /\i) +2— ()\i - 1)()\1' - 2)) KAx (wAz).
If ¢ is the number of the row occupied by k, then

AM=NFi—1, =XN+i—2, ..., Nis1 =\ + 1,
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and, therefore,
1
w; = 5(()\1-4—1'—1)()\1-4-2')—2(i/\i+1+2+~~~+i—1)
+2 — ()\1 — 1)()\1 — 2)) KJAZ (’U)Az) = )\iﬁ?/\: (’U)Az) 75 0.

3.2. Remark. Observe that

_ 1 2 1 «—
Wi = —§F” KAx (wA;) = D) ;(FirEri - EirFri)HA; (wA;)
1Zn:(EF FirEri)kips (wax) 1Z(EF FirEyi)fins (was)
=3 irLrs — LjpLipg JRAx (WA* ) = = drdLrs — Lgp Lopg JRA* (WA
21‘:1 R 2'r>i B
1
= 5 2_[Eir, Fril = [Fir, Bril)in; (wa;) = 0.
T>1

Hence,

kA (wa,) = Nikias (wax) ® e; + Z(wr +Wrpr) @ e
r#i
and by the inductive hypothesis applied to ra-(wa-) we deduce that

ka, (wa,) = Moo A wa, + ZwaA, where fa € Cli and wp # wa,

and where the summation runs over the tableaux A of order k which contain \;
symbols 1 or 1, A2 symbols 2 or 2, etc., A, symbols n or 7.

3.3. Specht modules. Recall that for a strict partition A of k the Specht module
is the submodule in M* generated by the vectors kawp for all shifted tableaux s
of shape A.

3.3.1. Theorem. Specht module is equal to R*. It is isotypical and its Hy,-central-
izer is isomorphic to the Clifford algebra with I()\) generators.

Proof. Recall that R is the set of highest weight vectors in W), = V®F. By
the Howe duality between U(q(n)) and Hj the algebra of Hji-homomorphisms is
generated by U(q(n)). But thanks to Lemma 2.4 we may assume that the algebra
of Hj-homomorphisms is generated by U(h) for the Cartan subalgebra b of q(n).
If A\; =0, then, in our notations for the basis of h, we have

F2=F; =X\ =0in R*.

K22

But ker F; is an h-submodule in the set (V*)* of highest weight vectors. But
(V) is irreducible as an h-module by Theorem 2.2. Hence, Fy;|y»)+ = 0 which
implies Fj;|px» = 0. Thus, the algebra of Hi-homomorphisms is generated by the
Fy; for i such that \; # 0.

By Theorem 3.1 the Specht module is contained in R*. Moreover, if A is a
shifted tableau of shape A, then

Fiikpwa = kaFjwp = ( E pa> KAWA.
« lies in the i-th row of A

Therefore, any homomorphism of M?* sends R into itself. Hence, the Specht
module coincides with R™. O



PROJECTIVE REPRESENTATIONS OF SYMMETRIC GROUPS 429

3.3.2. Corollary. Let A be a shifted tableau. Set p} = > Pa-

« lies in the i-th row of A

Then for any Hy-module endomorphism o of M* we have

p(kawp) = f - Kawa,

where f belongs to the subalgebra of Cly generated by p}, ... , pf\(A).

Proof. Recall that M?* is the subset of vectors of weight A in Wj,. Therefore, any
endomorphism of M* may be identified with an element of U(q(n)); the restriction
of this endomorphism onto R* may be identified with an element of U(h).

But U(h) is generated by the Fj; and to prove the corollary, it suffices to verify
it for these elements. We have

Fii(kawa) = ka(Fiwa) = ka(pywa) = phria(wa).
O

3.3.3. Corollary. Let by be the sum of the elements of the row stabilizer of a
shifted tableau A and ¢ : M» —s M™ be an Hy-module endomorphism given by the
formula @(wp) = baka(wa). Then ¢|gr = c € C.

Proof. Let us show that ¢ commutes with the endomorphisms Fj;. Indeed,
¢ Fyi(wa) = o(phwa) = php(wa) = phbara(wa);
Fii - o(wp) = Fiibaka(wa) = bakw (Fiwa)
= baka(pywa) = baphka(wa) = pibara(wa).

The latter identity holds thanks to the fact that p}, commutes with by .
Thus, ¢ - Fijj(wp) = Fi; - (wa) and, since the elements wy generate the Hy-
module M?*, we have

- Fiy =Ly - .
Further, p(R*) C R for any endomorphism ¢ of M?*, so ¢|z» is an element from

the centralizer of R*. But by Theorem 3.3.1 the centralizer is the Clifford algebra
Clyn)- But ¢ is an even central element of Cl;(y), hence, ¢ is a constant. O

3.3.4. Corollary. Set ex = kabx. Then
e =c-ep forceC, c#0;

the algebra ex Hyep is isomorphic to Clz(x) and is generated by the p}'\ for1 <i<
I(A).

Proof. Thanks to Corollary 3.3.3
@(ka(wa)) = kabaka(wa) = cra(wa)
or, equivalently,
el =c-en.

If ¢ = 0, then @(ka(wp)) = 0. But the Hp-submodule generated by ra(wa)
coincides with the Specht module, which, thanks to Theorem 3.3.1 is equal to
R*. So in this case ¢(R*) = 0. On the other hand, Theorem 3.1 implies that
ka(wp) = awp + Y. Brwr, where o € C and Br € Cli and where wp # wr.
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Therefore,

bara(wp) = adr!.. A\ lwp + Z'yTwT,

where yp € Clg, the sum runs over the tableaux T of order k& which contain \;

symbols 1 or 1, A\» symbols 2 or 2, etc., A, symbols n or 77, and where wp # wr and

@(wa) = baka(wa) # 0. This contradicts the requirement ¢(R*) = 0. So ¢ # 0.
The algebra ey Hiep is anti-isomorphic to the algebra Hj of endomorphisms of

R and, thanks to Theorem 3.3.1, it is the Clifford superalgebra Cliny- O
3.3.5. Let A = (k) be the partition consisting of one part, A = 12 ...k the
corresponding one-row tableau. Then by = > o and

gES),

1
ka=1-(3—m3)(6—73)(10 —73)... (Ek(k +1) —72).
Further, for any 4, j and [ we have (7;; + 75, + 71:)ba = 0, so
2

meba =D Tip | ba=|p—1= > (TipTip + TjpTip) | b

i<p i<j<p
1
= <p — 1= (o (Toj + Ty + i) — 1)) ba = 5p(p — 1)ba.

Therefore, kaby = klbp = ex and, up to a factor, ex coincides with the respective
Young symmetrizer.

Observe that the symmetrizer Nazarov constructed for the one-row tableau is
equal to

ko /-1
1 Sij PiP;jSij
_ 1 J _ )Y
k!H<H( +'Lbj_ui uj+u1') ’

j=2 \i=1
where u, = \/p(p — 1) and s;; is the transposition; so it does not coincide with ba.

3.3.6. In the case A= (p+1,p) and

Al 246 .
T35 7 ... 2p+1

we can simplify the expression for kxby. Namely, set

a; = 1+ T127T23 + T23T12,
az =2+ (T14 + To4 + 734)Tas + Tas(T14 + Toa + T34),
az = 3+ TeTe7 + T67T6,
Ap =P+ T2pTop 2p+1 + T2p,2p+17T2p-
Then it is possible to verify that
KAba = a1az ... apba.

The author does not know how to simplify the expression for k5bp in the general
case similarly to the case of the symmetric group; cf. section 1.5.
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4. THE SPECHT MODULES OVER 2l

In this section, we construct for 2, certain analogs of the modules M* and the
Specht modules R*. First of all, we need the following statement.

4.1. Lemma. Letm, = Y Top forp=2, ..., k be odd analogs of Jucys—Murphy’s
a<p
elements. Then for k > 2

er = H%lyﬂf

s PP
is an idempotent and exAxey is isomorphic to the Clifford algebra Cly_1.

Proof. Set e; = eg = 1. It is easy to verify by induction that for &k > 2 we have

1 e
er = EZ(_I)ka P opt1,

p>1

where Yo, y1 is the sum of all elements from 2 of the form 75,4, Tisiy - - - Tiznivar -
This implies that ey is a central element that does not vary under automorphisms
of 2y that send 7;; into 75(;)0(;) for any o € &y. It is not difficult to verify that

(7'12 + To3 + 7'31)7T§ =0.

Hence, (112 + 723 + 731)ex, = 0. Having applied the above described automorphisms
to this relation we deduce that

(Tij + T+ m)ek =0.
Further, arguments as in section 3.3.5 yield

1
nien = 5p(p — Ve,

hence,

2
2 2
e, = H — T €L — €k.
s Plp—1)
Furthermore, since ej is a central element, then egRrer = Arer. Let I be the
Ewo—sided ideal_in A generated by the elements 7;; + 7j; + 7;. Then exl = 0. Set
A =2A,/I. In 2 then, the following relations hold:

1 1 1

Ti2 = T2, T23 = 5(7T3 - 7T2)7 T34 = §(7T4 - 7T3)7 ceey Th—1,k = m

Hence, 2 is generated by the mp for 2 < p < k. We showed above that condition
Tij+Tiu+m; = 0in 2l implies that 72 = %(i—l)(i—2) in 2. Moreover, mmj+mim =0
for i # j. So 2Ais the Clifford algebra generated by the images of the 7; for 2 < i < k.

Further on, (1 — ex)l = I; so 2A,(1 —ex) D I, and since 2 is simple as a
superalgebra, we deduce that A (1 —ex) = I. Therefore, Aper =2 Ap/Ap(l —ex) =

Apo /T = Ay O

(T — Tp—1)-

Let A be a strict partition of k£ and A a shifted A-tableau. Let A®) = {a1,...ay,}
be the i-th row. Recall that
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Let further 7T1()i) = > Taja, and
J<p
ey

A.
. kd 2 N\ 2 )
i (i) _ i
eA—ll—(ﬂ—p) ) eA—IIeA~
S P —1) Pl

Let V be an (n,n)-dimensional superspace with n > I(\) and W = V®* where
k = > \;. Let M" be the subspace of W}, spanned by the vectors w € Wy such
that

Eiw = Nw;, Fw= pf\w for 1 < <I(N).

Let RY = {w € M : Ej;w = Fjjw = 0} be the set of highest weight vectors from
M*. Recall that the irreducible representations of superalgebra 2, are labelled by
strict partitions A of k; moreover, the representation is of type G if k and I()\) are
of the same parity, and of type @, otherwise; see [N2].

4.2. Specht modules. Let \ be a strict partition of k¥ and A a shifted tableau of
shape A. The Specht module for tableau A is the submodule in M* generated by
the vectors krwy, where the tableau T is of shape A\ and its rows have the same
numbers as the respective rows of A.

Theorem. i) As Ai-module, M2 s isomorphic to Aren.
ii) The Specht submodule of M* is equal to R™ and its centralizer is isomorphic
to the Clifford superalgebra Cly_y(y)-

Proof. 1) Let 2; be the subalgebra of 2 generated by the 7,3, where o and § lie
in the i-th row of A. Define the homomorphism ¢; : A; — Cl,, into the Clifford
superalgebra on A; generators pq, , ... , Pa,,, where ; runs numbers in the the i-th
row of A by setting

pi(Tap) = %@a — pg).

From Lemma 4.1 we deduce that this homomorphism induces an isomorphism of
;e with the subalgebra of Cly, generated by p, — pg for o, 8 € A® (recall that
A® is the i-th row of A).

Therefore, we have an homomorphism

1@ @@ A1 @ @A\ — Cly, ® - @ Cly,,

which induces an isomorphism of 2; ® --- ® Q[l(,\)eA with a subalgebra Cly in
Cly, ® -+ ® C’ZAM) > (Cli. Moreover, we can see that this subsuperalgebra is
generated by the p, — pg, where « and (3 lie in the same row of A. The dimension
of this subalgebra is equal to 221 —12*2=1 oMy —1 = 2k=l(N)  Thig implies that
the ideal 2Aien is isomorphic, as an Ax-module, to the module induced from the
module Cly over 21 @ - -+ @ Uy, is of dimension

k! ok—I(\)

Ml !

It is subject to direct verification that dim M™ is the same and the homomorphism
@ : Apep — M such that p(ep) = wy is surjective. Hence, ¢ is an isomorphism.

ii) By Theorem 3.1 krwp = Krwr € RA, so the Specht module is contained in
R,
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Now, let us show that the centralizer of R is isomorphic to the Clifford algebra
Cli—i(n)-

Obviously, A, and Cli @ U(q(n)) form a Howe-dual pair in Wj. By Theorem
3.3.1 the centralizer of the Hj-module R* is the Clifford algebra generated by the
Fy; for 1 < i < I(X\). Therefore, the centralizer of the j-module R* is the Clifford
algebra Cly1(x) generated by the Fj; for 1 <i <I(\) and p1, ..., px.

The condition Fj;w = pf\w is equivalent to the condition ew = w for

1 1 .
e= H 5(1—)\—1pﬁ\Fu> and e = e.

1<i<I(N)

Therefore, the centralizer of R* is isomorphic to eClytinye-

Let Cla be the subalgebra of Cl; generated by the p; — p; for 4, j that belong
to the same row of A. Then it is not difficult to see that eClj4nye = Clp and this
proves that the centralizer of R is isomorphic to Cli—i(n)-

Let us prove now that the Specht module is actually equal to R*. Indeed, Clx
naturally acts on R* by left multiplications and this action commutes with that of
2j.. Hence, by the above, any endomorphism of the 2;-module R* is of the form
w — fw, where w € R* and f € Cl,, and the algebra of such endomorphisms is
generated by multiplications by p, — pg, where o and 3 lie in the same row of A.

To prove that the Specht module is equal to R?, it suffices to verify that every
endomorphism of R” fixes the Specht module. By the above, it suffices to consider
the homomorphism ¢ given by multiplication by p, — pg, where a and 3 lie in the
same row of A. We have

©(Pa — pp)ETWA = (Do — Pp)RTWA = ﬁTaﬁSaﬁFéTwA = ﬁTaﬁﬁsaﬁTU}A.

But the rows of s,37" consist of the same elements that constitute the respective
rows of A. O
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