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IRREDUCIBLE REPRESENTATIONS
OF SOLVABLE LIE SUPERALGEBRAS

ALEXANDER SERGEEV

ABSTRACT. The description of irreducible finite dimensional representations
of finite dimensional solvable Lie superalgebras over complex numbers given
by V. Kac is refined. In reality these representations are not just induced from
a polarization but are twisted ones, as infinite dimensional representations of
solvable Lie algebras. Various cases of irreducibility (general and of type Q)
are classified.

INTRODUCTION

Hereafter the ground field is C and all the modules and superalgebras are finite
dimensional; Z/2 = {0,1} and g = gy @ g7 is a solvable Lie superalgebra.

The description of irreducible representations of solvable Lie superalgebras given
in [K] (Theorem 7) contains an error. In reality, to give such a description one has
to imitate the description of infinite dimensional solvable Lie algebras [D], i.e., we
must consider twisted induced representations. In what follows I give a correct
description of irreducible representations of solvable Lie superalgebras. I also show
where a mistake crept into [K] and give a counterexample to Theorem 7 from [K].

The proof given in what follows was delivered at Leites’ Seminar on Superman-
ifolds in 1983 and is preprinted in [L] in a form considerably edited by I. Shchep-
ochkina and D. Leites. My acknowledgements are due to them and also to the
Department of Mathematics of Stockholm University that financed publication of
[L].

1. MAIN RESULT

1.1. Polarizations. Set L = {X € g*: A(g7) = 0 and \([gg, g5]) = 0}. Recall that
a superspace is a Z/2-graded space V = V5 @ V7 and its superdimension is the pair
(dim Vg, dim V7). By the usual abuse of language A € L denotes a character and
also the (1, 0)-dimensional representation of the Lie algebra gj determined by the
character A. Every functional A € L determines a symmetric form f\ on gy by the
formula fx(§1,&2) = A([€1, &2])-

A subalgebra b C g is called a polarization for A € L if A([h,h]) =0, h D gg and
b1 is a maximal fully isotropic subspace for fy.

Lemma. For every A € L there exists a polarization b.
Proof follows from Lemma 2.4.
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1.2. Twisted representations. If § is a polarization for A € L, then, clearly, A
determines a (1, 0)-dimensional representation of . Let h C g be a Lie subsuperal-
gebra that contains gg. Define a functional 6y € L by setting

—Ltryp(ad g) forg € gg
— 2 a/b 9 9 < 80
Hh(g)—{ 0 forg € g1.

Note that 6y ([h, h]) = 0. Therefore, 6y is a character of a (1,0)-dimensional repre-
sentation of h.

Let § be a polarization for A\ € L. Define the twisted (by the character 6y)
induced and coinduced representations by setting

Ir?(/\) = Indg(/\ +6y) =U(g) QU () (A +6y);
CI{(A) = Coindj (A — 0y) = Homy ) (U(g), A — Op).

Lemma. 1) Ig()\) is finite dimensional and irreducible.

2) Ir?(/\) does not depend on the choice of a polarization b; therefore, notation
I\ (= Ig(/\) for some §) is well-defined.

3) CI(N) =2 I(N).

For the proof see Corollaries 3.3 and 4.3.

1.3. Main Theorem. Let Z = {(\,h) : A € L and b is a polarization for A}.
Define an equivalence relation on Z by setting

(A h) ~ (1, t) <= A =0y = pu— 0.

Clearly, this relation is well-defined.

Recall ([BL]) that the representation of a Lie superalgebra g is called irreducible
of G-type if it has no invariant subspaces; it is called irreducible of Q-type if it has
no invariant subsuperspaces. Recall also that to every superspace V = V5 @ V7 the
change of parity functor II assigns the superspace II(V') such that II(V); = V5, 1.
Observe that the modules I(\) and II(Z(\)) are not isomorphic as g-modules (unless
they are of Q-type); they are always isomorphic, however, as gg-modules.

Theorem. 1) Every irreducible finite dimensional representation of g is isomorphic
up to application of the change of parity functor 11 to a representation of the form
I(\) for some A.

2) The map A+ I(X) is (up to I1) a one-to-one correspondence between elements
of L and the irreducible finite dimensional representations of g.

3) Let (\,h), (u,t) € Z. Then Indg(\) = Ind{(u) if and only if (X, h) ~ (u, t).

4) If rkfy is even, then I()\) is a G-type representation; if rkfy is odd, then I())
is a Q-type representation.

For the proof see sections 3.3, 3.5, 4.2 and 4.3.

Remark. For examples of irreducible representations of dimension > 1 of solvable
Lie superalgebras (and interesting examples of the latter) see [Shch].

2. PREREQUISITES FOR THE PROOF OF MAIN THEOREM

Let € C g be a subsuperalgebra, codim ¢ = (0,1), and p the character of the
representation of gg in g/¢.

2.1. Lemma. p is a character of g.
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Proof. Let £ € g and £ ¢ €. Since in g/t there is a t-action, it suffices to prove
that p([e,€]) = p(l&,€]) = 0. By the Jacobi identity [[¢,&],€] = 0 which proves
that u([¢,€]) = 0. Let n € ¥5. Then [[n,€].¢] = 3[n,[¢,€]] € € and, therefore,

n([er,€]) = 0. 0

2.2. Corollary. Let ¢ C € be subalgebras in g such that both contain gz and
such that dim€; /¢ = (0,1). Let A be the character of an irreducible factor of g/t
considered as a gg-module. Then X is a character of £;.

Proof. Let dim g/t = (0,1); we will induct on . If [ = 1, the statement of Corollary
holds thanks to Lemma 2.1.

Let I > 1 and & be a subalgebra of g such that dimg/¢; = (0,1) and €2 D €. Any
irreducible factor of g/t is a factor of either £3/€ or g/€;. In the first case Corollary
holds by the inductive hypothesis. In the second case let A be the character of an
irreducible factor of g/€;. Then A is a character of €2; hence, a character of ¢;. O

2.3. Corollary ([K], Prop. 1.3.3, p. 25). A Lie superalgebra g = g5gPgi is solvable
if and only if is gg is also.

Proof. Here is an independent proof. We induct on [ = dimg;. If [ = 0, the
statement is obvious. Let [ > 0. Set

8 = [90, 90) © [91, 01] © 91

Since [g,g] C g, it suffices to demonstrate that g is solvable. Let h C g and
dimg/h = (0,1). By Lemma 2.1 we see that [gg, g7] C h7. Hence, [g,8] C g5 b b1-
By the inductive hypothesis, gg @ b7 is a solvable Lie superalgebra, hence, so is g.

The converse statement is obvious. O

2.4. Lemma. Let W be a finite dimensional g-module, f a symmetric g-invariant
form on W and V' a g-invariant fully isotropic subspace. Then there exists a mazx-
imal g-invariant f-isotropic subspace in W containing V.

Proof. Without loss of generality we may assume that f is nondegenerate. Suppose
first that rk f = dim W = 2[ is even.

i) Let us prove first that W contains a nonzero isotropic g-invariant one-dimen-
sional subspace. Since g is solvable, there exists a w € W such that zw = A(z)w
for any x € g. If f(w,w) = 0, we are done. If f(w,w) # 0, then the invariance
implies that

0 = f(zw,w) + f(w,zw) = 2A(z) f (w, w).

Therefore, A(z) = 0 and w is a g-invariant. Furthermore, W = Span(w) & Wi,
where W1 = Span(w)*.

In W7, select a one-dimensional g-invariant subspace Span(wi). If f(wy,w1) =
0, we are done. If f(wi,w;) # 0, the above arguments show that w; is a g-
invariant. Then ws = w + aw; is an isotropic and g-invariant vector for a =
\/_f(wvw)/f(wlﬂwl)'

ii) Now let us induct on {. If [ = 1, let us apply step i). If I > 1 we may
assume, thanks to i), that V # 0. If V = V1, we are done. But if V # V| then
V C V*, since V is fully isotropic; moreover, the restriction of f onto V*/V is
nondegenerate. The equality dim V + dim V+ = 2 implies that dim V+/V is even.
Therefore, by induction we prove that V-/V contains a maximal g-invariant fully
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isotropic subspace U. But then its preimage U in V= is a maximal fully isotropic
g-invariant subspace of W containing V.
The case rk f = dim W = 2] + 1 is treated similarly. O

2.5. Corollary. If h is a polarization for A € L, n the kernel of fx and Ay, ...,
A1 are characters of irreducible subfactors of g1/n considered as a gg-module, then
b is also polarization for p = X+ a1 + - -+ oy for any aq,...,oq € C*.

Proof. Since fy determines a nondegenerate gg-invariant pairing b /nxgy/h — C,
the characters A1, ... , A\; coincide, up to a sign, with characters of irreducible factors
of g /h. But the latter space is a h-module, so \;([h1, h1]) = 0 and, therefore, b7 is
fully isotropic for f,.

If b1 is a mazimal fully isotropic subspace for f,, we are done. Otherwise, i.e., if
b1 is not a maximal fully isotropic subspace for f,, select a gg-invariant subspace
bi of g7 distinct from hy containing hy and isotropic with respect to f,,.

Next, in the module b;/h7 select a one-dimensional gg-invariant subspace
Span(€), where € € b;. Then €1 = by @ Span(€) is fully isotropic with respect
to f, and € = g @ by is a subalgebra of g. Then A;([¢1, 7]) = 0 by Corollary 2.2.
But A = g — a1\ — -+ — ag\;; hence, A\([7,87]) = 0. In other words, &7 is fully
isotropic with respect to fx. But this contradicts the maximality of bz. |

The following two statements are standard, so their proofs are omitted.

2.6. Lemma. Let ¢ C g be a Lie subsuperalgebra, dim g/t = (0,1). If (V,p) is an
irreducible representation of € in a superspace V, then W = Ind?(V) 1s reducible if
and only if V' admits a g-module structure that extends p.

2.7. Lemma (see [K], Lemma 5.2.2 b). Let ¢Cg be a Lie subsuperalgebra, dim g/€
= (0,1). If W is an irreducible g-module and V. C W is an irreducible proper ¢-
submodule, then W = Indg (V).

3. DESCRIPTION OF IRREDUCIBLE MODULES

3.1. Proposition. Let A € L, let p = g5 @ p1 be a polarization for \, let n be the
kernel of fx and F' C p7 a subspace such that p1 = F @ n. Define & as follows.
If rk fy is even, then we set & = 0. If rk fy is odd, choose & from p%— so that
& € p1. Let xv = Ma)v be a one-dimensional representation of p in V = Span(v).
Denote I3 (A) = Indg(V).

Ifu e I§(X\) and Fu =0, then u € Span(v,&v).
Proof. Induction on rk fy. If rk fy =0, then F' = 0 and the statement is obvious.

Let tk fy > 0. Select a subalgebra f C p such that dimg;/h; = 1. Then two
cases are possible: b~ ¢ b and b C by.

i) b%‘ ¢ h1. Then g7 = hy & Span(§), where £ L h;. Hence, £ L p7 and & & p3.
Therefore, we may assume that & = & and rk fy is an odd number. Clearly,

p is a polarization for the restriction f) onto h; and rk fy is an even number.
Furthermore,

Indg(A) = Ind)(A) @ &Ind3(N).
Let u = up + &ou1 € Ind}(\) and pu = 0 for any p € F. Then
0 = pu = pug + [p, olur + Eopua,
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therefore, pu; = 0. By induction, u; € Span(v), where v is the generator of Indp (}).
Since & L pg, it follows that [p, &lur = fa(p,&o)ur = 0. Therefore, puy = 0 and
ug € Span(v). Hence, u € Span(v, &yv).

ii) Let us show now that the weight of £yv with respect to gg is also equal to A.
If £ = 0, all is clear. So let & # 0. Since [x,&0] L p1 for any = € gg, it follows that
[x,&0] = p(x)éo + p for some p € p1. Furthermore, [z, [0, o] = 2[[z, £o], &o]; hence,

0 = A([z, [0, &ol]) = 2A([u(x)&o + p, o))
= 2u(z)A([€0, o)) + 2A([p; &o]) = 2(@)A([€0, o))

But A\([&0,&0]) # 0, so, pu(z) = 0 and the weight of v is equal to A.
iii) b%‘ C bi. Then the restriction of the form fy onto by is of rank two less than

that of f) itself.
Select & ¢ b7 and set I} = F N Span(€)*. Let n be the kernel of fy. Then

dim b1 4+ dim h%‘ = dim g7 + dimn,
so dim f)iL = dimn + 1. Therefore, there exists an element n € f)iL N F and such
that n & n. Clearly, fA(¢,n) # 0 and p3- C hy. Therefore,
F =F @ Span(n), &L F and f\(&n) #O0.
Let

u = ug + §u1, where u € Indy(N), uo,u1 € Indg(/\) and pu = 0 for any p € F.
Then
0 = pu = puo + [p, §Jur + &pua,

hence, pu; = 0 and by induction w1 € Span(v,&v). Thanks to i) [p,{lur =
fip,&uy and if p € Fy, then fi(p,&)u; = 0; hence, pug = 0 for any p € F;. By
induction we deduce that ug € Span(v,&yv). Further on,

0 = nu = nuo + néur = [, {ur = fr(n, ) u

and since fx(n,£) # 0, then u; = 0 and v = ug € Span(v, &yv). |

3.2. Corollary. Ifh = gzg®bt is a polarization for A, then Indg (N) is an irreducible
module.

Proof. Observe that irreducibility is equivalent to the absence of vectors annihilated
by b; that do not lie in Span(v, &yv). |

3.3. Corollary. Heading 1) of Lemma 1.2 and heading 4) of the Main Theorem
1.3 hold.

3.4. Corollary. Let U be an irreducible finite dimensional g-module. Then U =
Ind§(X) for some A € L and a polarization b.

Proof. Induction on dimg;. If g = gg, then this is Lie’s theorem. Let £ C g and
dimg7/t; = 1.
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Let U be irreducible as a £-module. Then there exist A € L and a polarization
h C & for A € L such that U = Indg(x\). If h were a polarization for A in g, too,
then by Corollary 3.2 the representation
Ind§()) = Ind (Indg (X))

would I}ave been irreducible contradicting Lemm&} 2.6.
Let h D b be a polarization for A in g and £ € b so that £ € h. If v is an element
of Indg(x\) as the one described in 3.1 and p € b7, then

pév = [p,€lv = fa(p, §)v =0,
v = 516, 6v = 5 (6 v =0.

Therefore, there exists a non-zero g-module homomorphism Ind?\ — Indg N=U

and since both modules are irreducible, this is an “odd isomorphism,” i.e., the
composition of an isomorpism with the change of parity.
Now let U be reducible as a £-module. Then by Lemma 2.7 U = Inde7 and, by

induction, V = Indg (M) for a polarization h C € and A € L. If b is not a polarization
for A in g, then let 6 D b be a polarization. We have a non-zero g-module homomor-
phism U = Indj(\) — Indg()\) and since both modules are irreducible, this is an
isomorphism which is impossible because dim IndéJ (A) < dim Indg (A). Therefore, b

is a polarization for A in g and U = Indg()). O
3.5. Corollary. Heading 1) of Theorem holds.
3.6. A subsuperalgebra subordinate for A € L. Recall (see [K] p. 79) that if

on=1{9€9|A(g,1]) =0 forall g€ g},
then a subalgebra p C g is called subordinate to X if A([p,p]) = 0 and p D g..

Corollary. Let A € L, p a subalgebra subordinate to \. Then Indg(x\) is 1rreducible
if and only if p is a polarization for .

4. CLASSIFICATION OF MODULES Indg(/\)

4.1. Lemma. If (A\,h) ~ (u,t), then b is a polarization for .

Proof. By 2.5 b is a polarization for A — 6. Since A — 6y = p — ¢, then t is also
a polarization for A — 6. Let n be the kernel of fx_g,, then t > n. Hence, g7/t is
a subfactor of gy/n. Therefore, by Lemma 2.5 we see that § is a polarization for
= (A—0y) + 6. |

4.2. Proof of heading 3) of Theorem. Let (A, h) ~ (u,t). We will carry the
proof out by induction on k = dimb/(hNt). If k = 0 the statement is obvious. Let
k =1, then, obviously, dimt/(hNt) = 1. Consider the space h+t. By Lemma 4.1 t
is a polarization for A\ and, therefore, the kernel of f) on the subspace b+t is equal
tohNt.

Let ¢ € hand i € t be such that £ € h/(hNt),£ # 0 and 77 € t/(hNt),7 # 0. We
may assume that fy(£,n) = 1.

Let v € Indg(/\) be as in Proposition 3.1. Then for r € h Nt we have

1 1

= [r,nfo = A[r,n))v =0, mmo = 5 [n,nlv = SA([ln, 7))o =0,
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i.e., t{(nv) = 0 and, therefore, there exists a non-zero homomorphism Ind{ (i) —
Ind§()), where /i is the weight of 7.
Since Indj () is irreducible and dim Ind{(x) = dim Ind§(A), this homomorphism
is an isomorphism. Let g € g5. Then
g(nv) = n(gv) + [g, v = [A + trynmyad gln,
ie, p=A+ trt/(mh)adg.
Since A € L, it follows that
0= Allg, [&,ml]) = Alllg: €1 m) + (S, [g, mlD)
= (triinpad g + tryinpad g)A([E, 1))
Since A([§,n] = 1, it follows that try/npad g = —try/inpad g, and
p=A—=0p — 0= X+ tryng = [,

L.e., Ind{(p) = m(Indg ().

Let £ > 1. On g1, consider the form fy. Let h = g5 + h1 and t = g5 D t;. Select
F so that by Nt; C F C b1, F' # by and F # hi N5, where F is a gg-submodule
in g7. Set vy = F + (F+ Ntg). It is not difficult to verify that t = gg @t is a
polarization for A. Set

v(x) = Mx) — try; /(h;ne) (ad ).

Since hi/(h7 Nt7) is a subfactor in g7 /n, where n is the kernel of fy, it follows from
Lemma 2.5 that n is a polarization for v.

Since hy Nty D F D b1 Ntg, then dimri/(h Nr7) < dim b7/ (b1 N 7).

Further, the diagram of inclusions

b1

51 - 8

bt N vy —

=]

shows that
20y (z) — tTh;/(hy M ep)ad (x) =20, (x) — tTe; /(ep n opp)ad (x).

By duality, there exists a nondegenerate pairing
(b1/(br Ner)) x (v1/(h1 Nr7)) — C

and since try: /(v 0 ri)ad(x) = —try/(h1 N ti)ad (), then tre; /(v N ti)ad(x) =
—0y(x) + 6c(z).

Thus,

v(z) — 0c(x) = Mx) +tre; /(7 0 op)ad(z) — Oc(x) = A(w) — Oy (),
i.e., (A, h) ~ (v,v) and, by induction, Ind§ () = Ind?(v). Besides, v — 0, = A~y =
pu— 0 and 1 Nt; O FLNtg D t; N by, where the latter inclusion is a strict one
because F' # bi; therefore,
dim t; /t; Nty < dim t7/(t; N h1).

By induction, Indf(v) = Ind{ (u), therefore, Indf (A) = Ind{(u).

Conversely, let Indj(A) = Ind¢(u). Then A = p+ Ay + -+ + A, where the \;
are the weights of g7/t;. Therefore, by Lemma 2.5 t is a polarization for A and,

thanks to section 4.1, for i = A — 6y + 8¢, too. Since i — 6 = A — 6y, then by
the above Ind{ (1) = Indj(A) = Ind{(u). Let @ € Ind{(j2) be as in Proposition 3.1
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and t;0 = 0. By 4.1 © € Span(v, &), where v € Ind{(p) be as in Proposition 3.1;
therefore, it = p and (p,t) ~ (A, h). |

4.3. Corollary. Heading 2) of Theorem and heading 2) of Lemma 1.2 hold.

Proof. Due to section 2.5 it is clear that b is a polarization for A+ 6y and, therefore,
Ié’()\) is irreducible. If t is another polarization for A, then by section 4.2

(N =Ind{ (A + 6,) = Indf (X + 0y) = I (N).

If U is irreducible, then by section 3.4 U = I§ () for some A and b.
If I(\) = I(p), then Ind§ (X + 6y) = Ind{(u + 6) and by section 4.2

)\:)\—i—ﬁh—ﬁhzu—f—ﬁt—at:u. O

Proof of heading 3) of Lemma 1.2. Let us prove now that I5()\) = CIg(\).
To this end, make use of the isomorphisms (I3 (\))* = CIJ(—A) and (I§(\))* =
I3 (=X + 26,). The first of these isomorphisms follows from the deﬁmtlons of the
induced and coinduced modules.

Let us prove the other one. Select a basis &1, ... , &, in the complement to p7 in
g1 and consider the following filtration of I (X):

Iy = Span(v) C Iy = Span(v,&1v, &0, ..., {uv) C -+ C Iy = I§(N),

where v is as in Proposition 3.1. It is clear that the elements &1,&s,...,&, can be
chosen so that each Iy is a gg-module. Let [ € (I§(A))* be such that [(I,) # 0
while [(I,—1) = 0. Then it is easy to verify that p;l = 0 and the weight [ with
respect to g is equal to —A4-26,. Therefore, there exists a nonzero homomorphism
ot I8(-A+26,) — (I(V)"

Since the dimensions of these modules are equal and the first of them is irre-
ducible, ¢ is an isomorphism. Hence,

CI\) = CIg(A = 0p) = (I3 (=A+6p))" = IJ (A = 0, +20,) = I(N).

5. AN EXAMPLE

Let A(2) = C[¢1, &) be the Grassmann superalgebra on two indeterminates with
the natural Z/2-grading (parity). In gl(A(2)), consider the linear hull g of the
operators

r=8& 52 z=2£§1&, u=1;

5 981

0 0
771:8_51’ ne = o6, 5152§

n-1=2~&1, n-2=~&,

where f € A(2) is identified with the operator of left multiplication by f. It is not
difficult to verify that g = g5 @ g1 is a Lie superalgebra. It is solvable since gg is
also. Moreover, [gg, g5] = Span(y, z) and [g1, g1] = gg-

Let w*, y*, 2%, " be the basis of gj left dual u, y, z, x, respectively, and let
A =u*. Then h = g5 ® Span(n-1,17-2) and t = gg @ Span(n,n2) are polarizations
for A
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As is easy to verify, the characters of the irreducible factors of the gg-module
Ihg (\) are A and A — z* whereas the characters of the irreducible factors of the
go-module I(X) are X and A + 2*. Hence, I§(\) % I ().

Moreover, A — (A — z*) = a* but 2*([g1, g1]) # 0 contradicting the statement of
Theorem 7 of [K].

The error in the proof of Theorem 7 of [K] is not easy to find: it is an incorrect
induction in the proof of heading a) on p. 80. Namely, if, in notations of [K], the
subalgebra H is of codimension (0, 1), then the irreducible factors of W considered
as Go-modules belong by the inductive hypothesis to one class from L/L{, where

L' ={\eg": \([H, H]) =0},
NOT to one class from L/L§ as stated on p. 80, line 13 of [K].
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