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THE ADJOINT REPRESENTATION OF A REDUCTIVE GROUP
AND HYPERPLANE ARRANGEMENTS

J. MATTHEW DOUGLASS

ABSTRACT. Let G be a connected reductive algebraic group with Lie algebra
g defined over an algebraically closed field, k, with char k = 0. Fix a parabolic
subgroup of G with Levi decomposition P = LU where U is the unipotent
radical of P. Let u = Lie(U) and let 3 denote the center of Lie(L). Let T be a
maximal torus in L with Lie algebra t. Then the root system of (g, t) is a subset
of t* and by restriction to 3, the roots of t in u determine an arrangement of
hyperplanes in 3 we denote by .A3. In this paper we construct an isomorphism
of graded k[3]-modules Homg (g*, k[Gx P (5 +u)]) = D(A?), where D(A%) is the
k[3]-module of derivations of A3. We also show that Homg (g*, k[Gx T (3 + u)])
and k[3] ® Homg (g*, k[G'xFu]) are isomorphic graded k[3]-modules, so D(.A3%)
and k3] ® Homg (g*, k[GxTu]) are isomorphic, graded k[3]-modules. Tt follows
immediately that A3 is a free hyperplane arrangement. This result has been
proved using case-by-case arguments by Orlik and Terao. By keeping track of
the gradings involved, and recalling that g affords a self-dual representation
of G, we recover a result of Sommers, Trapa, and Broer which states that the
degrees in which the adjoint representation of G occurs as a constituent of the
graded, rational G-module k[GxTu] are the exponents of .A3. This result has
also been proved, again using case-by-case arguments, by Sommers and Trapa
and independently by Broer.

1. INTRODUCTION

Suppose k is an algebraically closed field with characteristic zero and G is a
connected, reductive, algebraic group defined over k with Lie algebra g. Let A
denote the cone of nilpotent elements in g. Then G acts on g by the adjoint
representation and A is a closed, G-invariant subvariety, so G acts on k[N], the
ring of regular functions on N. Since A is a cone, k[N] inherits a grading from
k[g] and each homogeneous component, k[N7];, is a G-stable subspace. Kostant [5]
proved that g occurs as a constituent of k[A]; if and only if j is an exponent of the
Weyl group of GG. Precisely, he proved the equality of polynomials in ¢:

> dimHomg (g, k[N];)g’ = g™ + - +¢™
320
where {n1,...,n; } is the multiset of exponents of W (see [7, §6.2] for a definition
of the exponents of W).
Sommers and Trapa [9] and also Broer [4] have generalized this result as follows.
Fix a maximal torus, 7', and a parabolic subgroup, P, of G with T' C P. Let U
denote the unipotent radical of P and let L be a Levi subgroup of P containing
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T. We follow the convention that lower case Fraktur letters will denote the Lie
algebra of the group denoted by the same upper case Roman letter, so for example
t = Lie(T"), and u = Lie(U). Let 3 denote the center of I, so 3 C t. Then 3 acts on
u by restricting the adjoint representation of g and the weights of 3 on u are the
restrictions to 3 of the weights of t on u. The kernels of these weights determine a
hyperplane arrangement in 3 we denote by (3,.43). Orlik and Terao [8] have proven,
using case-by-case arguments, that 43 is a free hyperplane arrangement and Orlik
and Solomon [6] have computed the exponents of 4? in all cases.

Now P acts on u and so we can form the associated fibre bundle, Gx'u, over
G/P with fibre u. Then G acts on GxPu by left multiplication and so G acts
on k[GxTu], the ring of global regular functions on G'x"u. Moreover, k[GxPu]
inherits a grading from the scalar action of k on u, k[G'xu] = D,>o k[GxPu);,
and each homogeneous component is a G-stable subspace. Sommers and Trapa
[9], and independently Broer [4], have proven that g occurs as a constituent of
k[Gx P 4 if and only if j is an exponent of 4%. Precisely, they prove the equality
of polynomials in ¢:

(1.1) > dim Home (g, k|G x"ul;)q’ = q" + -+ ™

Jj=0
where {nd,...,nd } is the multiset of exponents of A* as defined in [7, Definition
4.25).

In the special case when P is a Borel subgroup of G, then 3 = t, the exponents
of A are the exponents of the Weyl group of G, and k[N]; and k[Gx"u]; afford
equivalent representations of G for j > 0, so we recover Kostant’s result.

The proofs given by Sommers and Trapa and by Broer of the equality (1.1) are
both case-by-case arguments, with separate arguments for each type of root system.

In this paper, our main result is that there is an isomorphism of graded k[3]-
modules I': Homg (g%, k[GxT (3 + u)]) — D(A?), where D(A3) is the k[3]-module of
derivations of A%, We also show that there is an isomorphism of graded k[3]-modules
between Homg (g*, k[Gx ' (3 + u)]) and k[3]®@Homg (g*, k[Gx u]). Thus D(A3) and
k[3) @ Homg (g*, k[Gx u]) are isomorphic, graded k[3]-modules, so by keeping track
of the gradings involved, and recalling that g affords a self-dual representation of
G, we see that the isomorphism I' explains the computation, (1.1), of Sommers,
Trapa, and Broer.

Our proof that Homg(g*, k[Gx T (3 4+ u)]) and D(A%) are isomorphic, graded k[3]-
modules does not involve any case-by-case computations. We define I' explicitly
and then show, using that the set of semisimple elements is dense in g and some
results on the P-orbit structure of 3 + u, that it’s a bijection.

Since k[3] ® Homg(g*, k[GxTu]) and D(A?) are isomorphic k[3]-modules, it fol-
lows immediately that the arrangement A% is free. We thus obtain a proof, free of
case-by-case considerations, of the result of Orlik and Terao [8] that the restrictions
of the reflection arrangements arising from Weyl groups are free.

After learning of our ideas about the definition of T, Broer [3] has given another
proof that it’s surjective, the difficult part of showing that it’s an isomorphism.
His proof is elegant, using Saito’s criterion, but relies on a previous result of his
concerning sums of exponents. Our proof that I' is surjective is completely different
than Broer’s and uses only some basic algebraic geometry and properties of root
systems and algebraic groups.
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Moreover, our technique can be extended to give a new proof of a theorem
of Broer’s [2, Theorem 1] that characterizes when the restriction mapping from
Morg(g, V) to Morw (t,VT) is an isomorphism for a rational G-module V. In a
subsequent paper we hope to give a parabolic analog of Broer’s theorem, where g
is replaced by AdG(3 + u) (the closure of a Dixmier sheet in g), t is replaced by 3,
and V7 is replaced by V%,

The rest of this paper is organized as follows. In §2 we collect several results
about hyperplane arrangements in the form we need later; in §3 we discuss associ-
ated fibre bundles over G/P; in §4 we collect some results about the adjoint action
of U on 3 + u; in §5 we construct I' and prove it’s an isomorphism; and in §6 we
explain how the fact that I' is an isomorphism implies the results discussed above.

Finally, we use the following notation throughout this paper. If X and Y are
varieties defined over k, then k[X] denotes the k-algebra of global regular functions
on X and Mor(X,Y) denotes the set of all morphisms from X to Y. If a group, G,
acts on X and Y, then Morg(X,Y") denotes the set of all G-equivariant morphisms
from X to Y. If V and W are k-vector spaces, then V ® W and Hom(V, W) denote
V @, W and Homy(V, W) respectively. If V and W afford representations of G,
then Homg (V, W) denotes the set of all G-equivariant linear transformations from
VtoW.

2. HYPERPLANE ARRANGEMENTS

In this paper a “hyperplane arrangement” is a pair, (V,.A), where V is a finite
dimensional k-vector space and A is a finite multiset of hyperplanesin V. This slight
generalization of the usual meaning has no effect on the invariants of arrangements
we consider.

Suppose (V, A) is an arrangement with dimV = n. Let {g; | 1 < j < m}
be a multiset of linear functionals so that A = {kerpus,...,ker u,, }. Fix a basis,
{e1,...,en },of Vandlet {x1,..., 2, } be the dual basis of V*. Thenfor1 <i <m
we may write p; = >, & jx; where the & ;’s are in k. We may identify k[V]
with the polynomial ring k[x1, ..., 2,] and if 0; denotes partial differentiation with
respect to x;, then Der k[V], the k[V]-module of k-linear derivations of k[V], has
basis {01,...,0, }.

With pointwise operations, Mor(V, V') is naturally a k[V]-module, isomorphic to
k[V] ® V. Suppose § = > | fi0; is in Derk[V]. Define ¢: V. — V by ¢(v) =
S, fi(v)e;. Then it is easily seen that ¢ is in Mor(V, V) and that the mapping
0 — ¢ is an isomorphism of k[V]-modules.

Recall that the module of A-derivations, D(A), is the k[V]-module of all deriva-
tions, 6, of k[V] with the property that 6(q) is in k[V]q where ¢ = H;n:l w; is the
defining polynomial of A. It’s known that D(.A) may be characterized as the set
of all 0 in Der k[V] with the property that 0(p;) is in k[V]u; for 1 < i < m [7,
Proposition 4.8]. If § and ¢ are as in the preceding paragraph, then 0 is in D(A) if
and only if 31" | & i f; is in k[V]u; for 1 < j < m. On the other hand, if ¢# is the
comorphism of ¢, then ¢# (u;) = S°1" | & i fi. Therefore, the image of D(A) under
the isomorphism in the preceding paragraph is the set of all morphisms, ¢: V — V,
with the property that ¢# (u;) is in k[V]u; for 1 < j <m.

In the rest of this paper, we’ll use only morphisms, and not derivations, so from
now on, we’ll abuse notation and identify D(A) with its image in Mor(V, V), so
D(A) = {& € Mox(V, V) | 6#(u;) € k[V]jij, 1 < j <m}.
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Next, recall that the lattice of A, L(A), is the set of subspaces of V' that arise as
intersections of hyperplanes in A. Suppose X is in the lattice of .A. Then if ker p;
is in A, either X C kerp; or X Nkery; is a hyperplane in X. The “restricted”
arrangement, (X,.A%), is defined to be the arrangement in X consisting of all
hyperplanes, X N ker p1;, where X € ker p1;. Let

Xreg ={v € X |vekerpy; if and only if X Ckerp;, 1 <j<m}.

Then V is the disjoint union of the Xi¢g’s as X runs through L(A). Thus, given v
in V' we can define X, to be the unique subspace in L(A) with v in (X, )reg-

Proposition 2.1. Suppose ¢: V. — V is a morphism. Then the following are
equivalent:

1. ¢ is in D(A),

2. p(v) € X, for allv in 'V,

3. ¢(X) C X for all X in L(A).

Proof. Suppose first that ¢ is in D(A). Fix v in V. If X, = X, then the result is
obvious. Suppose X, # X. Then relabeling if necessary we may assume that v is
in ker y; if and only if 1 < j < r, for some r with 1 <7 < m. Then X C kerp;
if and only if 1 < 5 < r and X, = ﬂ;:1 ker ;. By assumption, for 1 < j < r,
p1j(v) = 0 implies that p;p(v) = 0, so $(v) is in [, ker p; = Xo.

The second statement clearly implies the third since if v is in X, then X, is a
subset of X.

Finally, suppose ¢(X) C X for all X in L(A). Then ¢(ker ;) C kerp; for
1 <j < m. It follows that ker pu; is contained in the zero set of ¢# (u;) and so by
the Nullstellensatz, some power of ¢# (5) is a multiple of ;. Since p; is irreducible,
it must be the case that ¢# (u;) is a multiple of uj. Therefore ¢ is in D(A). |

3. FIBRE BUNDLES

In this section, GG is an affine algebraic group and P is a closed subgroup of G.

Suppose W is a finite dimensional k-vector space that affords a rational repre-
sentation of P. Then P acts on G x W by p(g,w) = (gp~*, pw) for pin P, g in G,
and w in W. We can form the associated fibre bundle, Gx W, over G/P, which
as a set is the set of P-orbits on G x W. For g in G and w in W, g * w will denote
the image of (g, w) in GxFW.

For a non-negative integer, j, let k[W]; denote the vector space of all homoge-
neous, degree j polynomial functions on W. Since P acts linearly on W, k[W];
is a P-invariant subspace of k[W]. The grading, k[W] = B, k[W];, induces a
grading, (k[G] @ k[W])” = @, (k[G] @ k[W];)”, of (k[G] ® k[W])”. The natural
map from (k[G] ® k[W])? to k[GxPW] is an isomorphism of k-algebras and it’s
straightforward to check that the image of (k[G] ® k[W];)" in k[GxTW] is

{fek[GXPW] | f(g*éw) =& f(gxw) forall g € G,w € W, € €k }.
Denoting this last set by k[Gx W], we see that k[Gx W] is graded by k[Gx W] =
D=0 k[GxPW];.

Left multiplication defines a regular action of G on GxFTW and so the coor-

dinate ring, k[GxTW], affords a representation of G. Clearly each k[GxPW];
is a G-invariant subspace. Moreover, if f = 3 .5, f; is in E[GxPWIY with f;
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in k[GxPW];, then for fixed g and w, and any £ in k, f(g* &w) is a polyno-
mial in ¢ with coefficients f;(g * w). Since f(g * Ew) = f(1 * w), it follows that
the coefficients don’t depend on g and so each f; is in k[GxF W1¥. Therefore,
E[GxTW]C = Do k[GxFPWIS is a graded k-algebra.

Now suppose that V is a finite dimensional k-vector space that affords a rational
representation of G. It’s easy to see that with pointwise operations Morg(Gx W, V)
is a k[GxPW]%-module. Also, Morg(Gx*W,V) is isomorphic to the vector space
of all G-equivariant linear transformations from V* to k[G'x W] since V is an affine
space. Thus, Morg(GxPW V) = Homg(V*, k[GxPW]). It’s straightforward to
check that

Home (V*, k[Gx"W]) = @5 Homa (V*, k[GX"W];)
>0
and that the image of Homg (V*, k[GxTW];) in Morg(GxFW,V) is

{¢ € Morg(GxTW, V) | ¢(g * éw) = €2 ¢(g*w) for all g € G,w € W, £ € k}.
Thus, if we define Morg(GxTW, V'); to be this last vector space, it follows that
Morg(GxPW, V) = Do Morg (GxTW,V);. Moreover, it’s easy to see that in
fact Morg(GxPW, V) is a graded k[Gx T W]%-module.

Similarly, again since P acts linearly on W, k[W]" = Do k[W]F and if

Morp(W,V); = {1 € Morp(W, V) | ¢(éw) = &w for all we W, £ € k},

then Morp(W,V) = @5, Morp(W,V); and therefore Morp(W,V) is a graded
k[W]P-module.

Let 7: W — GxPW be the “inclusion” of the fibre over P defined by 7(w) = 1xw
for w in W, so 7 is a morphism. Suppose ¢ is in Morg(GxFW, V). Then, for p in
P and win W,

poT(w) = ¢(p * w) = (1 pw) = ¢7(pw),
so ¢7 is in Morp(W, V), the k[W]F-module of all P-equivariant morphisms from
W to V. We need the following version of Frobenius reciprocity.

Proposition 3.1. The mapping ¢ — ¢71 defines an isomorphism of graded vector
spaces between Morg(GxTW, V) and Morp(W, V).

Proof. First, suppose ¢ is in Morg(GxPW,V);. Then for w in W and € in k,

¢1(¢w) = d(1* &x) = (1 * w) = & pr(w),
so o7 is in Morp(W,V);.

It’s straightforward to check that the mapping is a homomorphism of graded vec-
tor spaces. To show that it’s injective, suppose ¢ and ¢, are in Morg (GxPW, V)
and ¢17 = ¢o7. Then for g in G and w in W,

d1(g *w) = $1(1 *w)
= ¢17(w)
= ¢27(w)
= (b? (g * ’LU),

SO ¢1 = Pa.
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To show the mapping is surjective, suppose 5 is in Morp(W, V). We define
¢: GXPW — V by ¢(g9* w) = gop(w). Then ¢ is easily seen to be a well-defined

morphism and clearly ¢7 = ¢. If g1 is in G, then
P(91(g * w)) = d(g19 * w)
= g19¢(w)
= q16(g * w),

so ¢ is G-equivariant. This completes the proof of the proposition. O

Corollary 3.2. The mapping f — f7 defines an isomorphism of graded k-algebras
between k[GxTW|E and k[W]F.

Proof. This is just the preceding proposition when V = k with the trivial action of
G. |

Notice that if ¢ is in Morg(GxTW,V) and f is in k[GxTW]%, then (f¢)oT =
(foT)(¢oT), so the isomorphism above intertwines the k[G x W ]%-module structure
on Morg(GxPW,V) and the k[W]"-module structure on Morp (W, V).

Now suppose that W7 is a subspace of W with the property that pw — w is in
Wi for all pin P and w in W. Notice that W; is a P-stable subspace of W and
that P acts trivially on W/W;. Let Wy be a complement to W7 in W. Then we
may identify k[W] and k[Wy] ® k[W1]. If k[Wy] is given the trivial P-action and P
acts diagonally on k[Wy] ® k[W1], then this identification is P-equivariant.

Let 0: GxPW — Wy by 0(g * (wo + w1)) = wp. Notice that 6 is well-defined
since P acts trivially on W/Wj. The comorphism, 6% : k[W,] — k[GxTW] defines
the structure of a graded k[Wyl-module on k[GxFW].

Since P acts trivially on k[IWp] in the decomposition k[W] = k[Wy] @ k[W;] we
have G-equivariant isomorphisms of graded k[Wy]-modules,

KIGXPW] 2 (K[G] @ K[Wo @ k[Wi])"
=~ kW] ® (K[G] @ k[Wi])”
= k[Wo] ® k[Gx W],

where G acts trivially on &[] and diagonally on k[Wy] @ k[GxTW1].
More generally, using the isomorphism in the last paragraph, we have isomor-
phisms of graded k[Wp]-modules,

Morg(GxPW, V) = Homg(V*, k[GxTW])

(V & k[Wo] ® k[GxW7])¢
KWol @ (V @ k[GxPwa))”
E[Wo] ® Homg(V*, K[GxFW7)).

IR

Il

Il

This proves the next lemma.
Lemma 3.3. There is an isomorphism graded k[Wy]-modules,
Morg(GxFW, V) = k[Wy] @ Homg (V*, k[GxFW]).

Proposition 3.4. The comorphism, 07 : k[Wy] — k[GxTW], is an injective ho-
momorphism of graded k-algebras. Moreover, if PWy is a dense subvariety of W,
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then 0% (k[Wy]) = k[GxPW]C. Thus, if PWy is dense in W, then k[Wy] and
k[GxTW]C are isomorphic, graded k-algebras.

Proof. It’s easy to see that 6% is an injective homomorphism of graded k-algebras
and that 67 (k[Wy]) C k[GxTW]¥. Now suppose that PW, is dense in W. For f
in k[Wo), define f1: Wy — k by fi(wo) = f(1 xwp), so fi is in k[Wy]. Suppose g
isin G, pisin P, and wq is in Wy. Then,

f10(g * pwo) = f16(gp * wo)
= f1(wo)
= f(1 % wy)
= f(gp *wo)
= f(g * pwo).
Therefore f16 and f agree on
G+« PWy={g*pwy|geG,pe Pwy €Wy}

Since PWj is dense in W, G * PWj is dense in GxTW, and so f10 = f. Therefore
07 (f1) = f and hence k[GxTW|% C 6#(k[W;]). This completes the proof of the
proposition. O

4. THE ACTION OF U ON 3+ u

For the rest of this paper, we return to the notation of the introduction: G is a
connected, reductive, algebraic group; T is a maximal torus in G; P is a parabolic
subgroup of G with Levi decomposition P = LU; and j is the center of [. Also, let
® denote the root system of (g,t) and let ®,, be the subset of ® consisting of the
weights of t on u.

Lemma 4.1. Suppose l is a semisimple element in . Define a;: U x Zy () — I +u
by ai(u, z) = Adu(l + 2). Then a; is surjective with fibres isomorphic to Zy(1).

Proof. To show that a; is surjective, suppose n isin u. Let I+n = (I+n)s+(+n),
be the Jordan decomposition on I + n. Then Borho [1, §2] has shown that there is
awin U with Adu(l) = (I +n)s. Set z = Adu=! ((I +n),), so Adu(z) = (I + n)pn.
Then clearly Adu(l42z) = [4+n. Moreover, [Adu(l), Adu(z)] = [(I+n)s, (I4n),] = 0.
Thus, z is in Z,(1) and a;(u,z) =1+ n.

Suppose 7 is in u and consider F' = a;~(I+n). Fix (u, z) in F. Since Adu(l+ z)
has Jordan decomposition Adu(l+2) = Adu(l) +Adu(z), if (u1,21) isin U x Zy(1),
then (u1,21) is in F if and only if Aduq(l) = Adu(l) and Adui(z1) = Adu(z).
Thus p: F — uZy(l) by p(u1,2z1) = up is a well-defined morphism. If p(uy, z1) =
plug, z2), then u; = us and so Aduj(z1) = Adui(z2), so 21 = z2 and hence p is
injective. If visin Zy (1), set uy = uv and 23 = Adv=1(I+2)—1. It’s straightforward
to check that (u1,21) is in F and so p is surjective. Finally, p is an isomorphism by
Zariski’s Main Theorem. O

Corollary 4.2. The P-saturation of 3req, AAP (3reg), 05 jreg + 1, 50 AdP(3req) is a
dense open subvariety of 3 + u.

Proof. Recall that (3,.A%) is an arrangement in 3, so jreg is defined as in §2. It’s
easy to see that 3reg = {t € t | a(t) # 0 for all @ € ®, } and hence that ¢ is in
3reg if and only if Z,(¢t) = 0. If ¢ is in jreq, then it follows from Lemma 4.1 that
AdP(t) =t+u, 50 AdP(3reg) = jreg + U. O
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For o in @ let g, denote the a-weight space in g and fix a non-zero root vector,
€q In go. Also, let U, be the corresponding root subgroup in G and suppose
Zo: k — U, is a fixed isomorphism from k to U, satisfying Adx,(§) = exp (ad(£eq))
for £ in k, where ad is the adjoint representation of g.

For a and § in ®,,, define a ~ G if ker a|; = ker g|;. Clearly this is an equivalence
relation on ®,. It’s also clear that for o and 3 in @, o ~ ( if and only if af; is a
scalar multiple of 3|,. Let ¥y, ..., ¥ be the equivalence classes for this relation
on ®,.

Notice that each ¥; is a closed set of roots (that is, if @ and § are in ¥; and
a+ B s a root, then a+ (3 is in U;). It follows that if we define u; to be the span of
the root vectors e, with « in ¥; and U; to be the subgroup of U generated by the
root subgroups, U,, where « is in ¥;, then u; is a subalgebra of u, U; is a subgroup
of U isomorphic to the product Hae% U, (the product can be taken in any order),
and Lie(U;) = u;. Moreover, if U? = [Isca,\w; Us (the product taken in some fixed
order), then every element in U has a unique factorization u = u'u; with u? in U*
and u; in U;.

For 1 <14 <s, let H; denote ker a|; for a in U;, so Hy, ..., H, are the distinct
hyperplanes in A3. Set 32 = {t €3 | B(t) Z0forall 3 € &, \¥;} =3\ Uiz, Hj-
Then 3* is an open subvariety of 3 containing 3yee. Finally, define a: U x (3 +u) —
3 +ubya(u,t+n) = Adu(t+n) and let a; denote the restriction of a to U? x (3 +1u;).

Proposition 4.3. For 1 <i < s, the morphism a;: Ut x (3* +u;) — 3 +u deter-
mines an isomorphism between U* X (3* +u;) and 3" + u.

Proof. We show that a; is injective with image equal to 3* +u. Then by restricting
the range we obtain a bijective, birational morphism of normal varieties between
U x (3'+u;) and 3* +u which must be an isomorphism by Zariski’s Main Theorem.
To show that a; is injective, suppose Adu(t + n) = Adus(t1 + nq1) for u, uy in
Ut, t, t; in 3%, and n, ny in u;. Then clearly t = ¢; and Adul_lu(t +n)=t+n;.
Just suppose u; ~tw is not in U; and choose 3 in ®, with 8 not in ¥;, so that the
height of 3 is minimal and such that u; ~'u = z(c)u’ for some v’ in U, with ¢ # 0.
We show that Adzg(c)u’(t +n) =t —cB(t) + 3,45 Tata- First, if eq occurs with a
non-zero coefficient in Adw/(¢), then aw =1 + -+ + 4, with v; # 8 for 1 < ¢ < m.
If some ; are not in ¥;, then either m =1 and a # 8, or m > 1 in which case the
height of o is strictly greater than the height of 3, so again o # 3. If every ~; is in
¥;, then so is their sum, so again o # 8. It follows that Adu'(t) =t +)_,_5 Saa
for some sq’s in k. Thus Adwg(c)u'(t) = t—cB(t)+>_,.5 Saca Where the s;,’s are in
k. Next, if e, occurs with a non-zero coefficient in Adzg(c)u’(n), then again, either
« is in ¥; in which case a # (3, or « is not in ¥, in which case the height of « is
strictly greater than the height of 3, so o # ( in this case either. Thus, eg does not
appear in Adzg(c)u’(n). It follows that Adwg(c)u'(t +n) =t —cB(t) + 3,15 Tala
as desired. Since 8 # «, it must be that ¢3(t) = 0 and since ¢ is in 3°, 3(t) # 0,
so ¢ = 0, a contradiction. It follows that w; ~'u is in U; and so it follows from the
factorization U = U'U; that v = u;. Therefore n = n; also and so a; is injective.
To show that the image of a; is 3° + u, suppose that ¢ is in 3¢. If ¢ is in H;, then
Zyu(t) = u; since ¢ is not in H; for j # i, so by Lemma 4.1 given n in u, there is a
win U and an n; in u; so that Adu(t + n1) =t + n. Write v = u'u; with u? in U*
and u; in U;. Then Adu;(t+n1) is in ¢ +u; (recall that U; is a closed set of roots),
so say Adu;(t +mny) =t +n} where n is in u;. It follows that ¢ +n = Adu’(t +nj})
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is in the image of a;. If ¢ is not in H;, then ¢ is in 3, and so again by Lemma 4.1,
given n in u there is a v in U with Adu(t) = ¢t +n. Factor u = u'u; as above. Then
Adu;(t) is in t +uy, say Adu;(t) =t +ny. Then t+n = Adu’(t+n1), and so t +n
is in the image of a;. O

For 1 <1 < s, fix a root, say «;, in ¥;. This set of representatives will remain
fixed for the rest of this paper.

Proposition 4.4. Suppose 1 < i < s and u is in U;. Then there is an element,
ny, in u;, so that for t in 3, Adu(t) =t + a;(t)n;.

Proof. We can write u = xg, (¢,) - - - 8, (c1) where the ¢;’s are in k and 51, ... , 8,
are in ¥,;. We prove the result using induction on n. If n = 1, then Adzg, (c1)(t) =
t — Bi(t)ciep,. Since B is in U;, there is a rational number, r, so that §|; = ral;.
Now we can take ny = —rcieg, .

Suppose that n > 1, u = zg, (¢y) - -z, (c1), and

Ad ($5n71 (Cn—1)- -z (cl)) (t) =t + a;(t)n}
for some n} in u; and all ¢ in 3. Then
Adu(t) = Adzg, (¢,,) (t + ai(t)n])
=t — Bu(t)cnes, + a;(t)Adzg, (cn)n).

Now £, is in ¥;, so 3, |; = ra|; for some rational number, r, and Adzg, (¢p)n} = nf
for some nf in u;. The result follows by taking nq = —c,reg, + nf. |

5. THE ISOMORPHISM

Let ®; denote the root system of (I,t), so @ is the disjoint union of ®;, ®,, and
—®,. Recall that 3 C tand that 3 = (1,4, keral;. Also, for ain @, 3 C ker v if and
only if @ € ®;. Thus the hyperplanes, ker |, for o in ®,, determine a hyperplane
arrangement in 3, (3,.4%). As in §2 we consider elements in D(A?) as morphisms
from 3 to itself satisfying the equivalent conditions of Proposition 2.1.

For ¢t in 3, set ¥, = {a € ®, | a(t) = 0}. Then, with the notation of §2,
X, = ﬂae% ker af;. Recall that for « in @, the root subgroup of G corresponding
to ais Uy. Then Zy(t) = [[,eq, Ua and Zp(t) = LZy(t).

Let 0: 3 — GxP(34+u) by o(t) = 1 xt, so o is a morphism. Suppose that
¢: GxT(34+u) — g is a G-equivariant morphism. Then ¢o: 3 — g is a morphism
and since ¢ is G-equivariant and the stabilizer in G of o(t) is Zp(t), it follows that
po(t) is in g7 ® for ¢ in 3. Now gZ7() C g& =3 and so

g?r® = {1 e3]aty) =0forall e U, } = X,.
Therefore, ¢po(3) C 3 and for ¢ in 3, ¢po(t) € Xy, so by restricting the range of ¢o to

3 we obtain a morphism, A(¢), in D(.A3%).
The rest of this section is devoted to the proof of the following theorem.

Theorem 5.1. The mapping A: Morg(GxF (3 4+u),g) — D(A3) is an isomor-
phism of graded k[3]-modules.

It’s well-known that P acts trivially on (3 +u)/u. Therefore, we can apply
the results in §3 with W = 34u, Wy = 3, and W7 = u, and conclude that
Morg(GxF (3 + u), g) has the structure of a graded k[3]-module via the comorphism
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of §: GxT (3 +u) — 3. Moreover, by Corollary 4.2, AdP(3) is dense in 3 + u, and
so k[3] and k[GxT (3 4+ u)]¢ are isomorphic graded k-algebras by Proposition 3.4.

It’s straightforward to check that A is a homomorphism of k[3]-modules. More-
over, if ¢ is in Morg(GxF (3 4+ u), g); for some non-negative integer, j, then

A(p(€t)) = ¢(1 x £t) = EM(9)(t)

for t in 3 and £ in k, so A(¢) is in D(A?%);. Thus A is a homomorphism of graded
k[3]-modules.

To show that A is injective, suppose ¢; and @5 are in Morg(Gx ¥ (3 4 u), g) with
A(¢p1) = A(¢2). Define G * (jreg + 1) ={g*(t+n) | g € G, t € jreg, n € u}. Then
if g% (t+n) is in G * (jreg + 1), by Lemma 4.1 there is a v in U with Adu(t) =t+n
and so

$1(g* (t+n)) = d1(guxt)
=¢1(1xt)
= ¢10(t)
= ¢20(t)
= p2(guxt)
= ¢a(g * (t +n)).
Therefore, ¢1 and ¢y agree on G * (Greg + U). Since jreg + U is a dense subvariety of

3+ U, G * (3reg + 1) is a dense subvariety of GxP(3+u) and so ¢y = ¢o.

To show that A is surjective we proceed as follows. Suppose 7 is in D(A%). We
first construct a P-equivariant morphism, 5 t3+u—3+uwith $| ; = 1. Extending
the range of 5 to all of g we can apply Proposition 3.1 and obtain a G-equivariant
morphism, ¢: GxF (3 4+ u) — g, with ¢(1x (t+n)) = ¢(t +n) for all t+n in 3+ u.
Then clearly A(¢) = n and so A is surjective.

Now, to complete the proof of Theorem 5.1 it remains to construct a morphism,
5, in Morp(3 4+ u,3 4+ u), given a morphism, 7, in D(A?%). So for the rest of this
section, fix n in D(A3).

Let areg denote the restriction of a: U x (3 +u) — 34+ u to U X 3reg. Then by
Corollary 4.2, areg determines an isomorphism of varieties between U X 3y and
reg +u. Thus, if 1y: U — U is the identity morphism, then a o (1y x nl;.,) ©
areg_lz 3reg U — 3+ u is a morphism. Set &eg =ao (ly x 77|31_eg) oa~!. Then
Greg(Adu(t)) = Adu(n(t)) for uin U and t in jreg SO Greglsrey = Msres-

We next show that %reg is P-equivariant. Then, since 3eg + u is dense in 3 + u,

it will follow that if ¢,es extends to a morphism, ¢: 3 +u — 3 +u, then q~5 is also
P-equivariant. So suppose p is in P, ¢ is in 3reg, and n is in u. Then there is a u in
U so that t +n = Adu(t). Write pu = w1l where uy is in U and [ is in L. Then

ereg(Adp(t +n)) = ereg(Adpu(t))
= res(Adus (1))
= Aduy (n(t))
= Aduyl(n(t))
= Adpu(n(t))

= Adp(Preg(t +n)).

Therefore, ¢reg is P-equivariant.
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Our strategy for showing that areg extends to all of 3 + u is to show that (Ereg
extends to a morphism 51-: 3'+u — 3+u for all @ in @, where as in §4, 3* =
{tes|B(t)#0forall ged,\Y,}.

Assuming this has been done and that ¢y denotes the extension to [ JS_, (3 + u),
we can complete the proof as follows. If f is in k[3 4+ u], then fgreg is a rational

function on 3 + u whose domain contains | J;_; (3i + u). If fqzreg is not a regular
function on 3 + u, then the set of points at which it’s not defined is a closed sub-
set of 3 +u with codimension 1. Now UJ;_; (3* + u) is contained in the domain of

freg and so the set of points in 3 + u at which f¢yeg is not defined is contained in
(3+uw) \Ui_; (3" +u). However

S

(3+u)\U(5i+u): U(HimHj) T

i=1 i#j

Thus, the set of points at which quSreg is not defined has codimension at least 2.
Therefore f quCg must be defined on all of 3 + u and so f (brcg is in k[5 + u]. Tt follows
that gbreg (k[3+u]) Ck[3+ u] and so (bmg extends to a morphism ¢: 3+ u — 3 + u.

It remains to show that gbrcg can be extended to a morphism from 3* +uto 3 +u
for 1 <4 < s. In order to show that $rcg extends to 3* 4+ u, we’ll finally use the
hypothesis that 7 is in D(A?). Since 7 is in D(A?), for a in @, n#(al;) is a k[3)-
multiple of al;. Say n#(cu|;) = ficul; for 1 <i < s. Define n;: 3 +u; — 3 +u by
n:(t+n) = n(t)+ fi(t)n, so n; is a morphism. Recall that a;: U* x (3* +w;) — 3 +u
determines an isomorphism between U x (3* + u;) and 3° + u by Proposition 4.3.
Define 51 =ao(ly xmi)oa; L3 +u—jz+u

Lemma 5.2. The restriction of <l~51 10 3reg + U is equal to qzreg,

Proof. Suppose ¢t + n is in jreg + u. Then ¢ +n = Adu(t) for some u in U. Write
u = u'u; where v’ is in U? and wu; is in U;. It follows from Proposition 4.4 that
there is an n; in u; so that Adu;(t') =t + «;(t')n; for every t' in 3. Then t +n =
Adut(t + a;(t)n1) and so

Gi(t+n) = Adu’ (n

= (Ereg (t + n)
This completes the proof of the lemma. O

It follows from the lemma that gmg extends to 3* + u for o in ®,, and so the
proof of Theorem 5.1 is complete.

Corollary 5.3. The graded k[3]-modules, Homg (g%, k[Gx T (3 + u)]) and D(A?) are
isomorphic.

Proof. It is easily seen that the natural map between Homg (g*, k[G'x T (3 + u)]) and
Morg(GxF (3 + 1), g) is an isomorphism of graded k[3]-modules, and so if T is the
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composition of A with this isomorphism, then
I': Homg(g*, k[Gx (3 +u)]) — D(A?)

is an isomorphism of graded k[3]-modules. O

6. CONCLUSIONS

As in §5, since P acts trivially on (3 +u)/u, we can take W = 3 +u, Wy = 3,
and W7 = u in Lemma 3.3 and conclude that there is an isomorphism of graded
k[3]-modules, k[3] ® Homg(g*, k[Gx"u]) = Morg(GxF (3 +u),g). Composing this
isomorphism with the isomorphism of Theorem 5.1 and using that g affords a
self-dual representation of G, we obtain an isomorphism of graded k[3]-modules,
k[3] ® Homg(g, k[GxTu]) = D(A%). It follows that (3,.43) is a free hyperplane
arrangement. We can now prove the following result of Orlik and Terao [8].

Corollary 6.1. If (V, A) is a reflection arrangement arising from a finite Weyl
group, then for X in the lattice of A, the restricted arrangement, (X, AX) is free.

Proof. Suppose @ is a root system in a k-vector space V. Let A be the arrangement
of hyperplanes in V' consisting of the hyperplanes orthogonal to the vectors in
®. It’s straightforward to check that if G is the adjoint group with root system
® = &(G,T), then every restriction of (V, . A) arises as (3,.4?) for a suitable choice
of P and L.

Alternately, if W is the Weyl group of (V,.A), then W acts on the lattice of A
and it follows from standard results about root systems that if IT is a base of ®, then
every W-orbit in the lattice of A contains a representative that’s an intersection of
the hyperplanes orthogonal to the vectors in a subset of IT (see [6]). Clearly, if X is
in the lattice of A and w is in W, then AX is free if and only if A¥X is free. Now if
G is the adjoint group with root system ® = ®(G, T), B is a Borel subgroup of G
containing T', P is a parabolic subgroup of G containing B, and L is the standard
Levi factor in P, then (3,.4%) is free. Since every orbit of W on the lattice of A
contains a representative of this form, the result follows. O

Finally, we show that the isomorphism of graded k[3]-modules between k[3] ®
Homg (g, k[GxTu]) and D(A?%) can be used to prove the result of Sommers, Trapa,
and Broer mentioned in the introduction.

Corollary 6.2. The multiplicity of the adjoint representation of G in the graded
representation k[GxTu] is given by

ZdimHomg(g, k[GxTu];)q’ = A g

320
where q is an indeterminate and {n3, ..., nd } is the multiset of exponents of A?.
Proof. As in §2, Homg (g, k[GxTu]) inherits a grading from the scalar action of k

on u. Suppose { ¢1,...,d, } is a homogeneous basis of Homg(g, k[G'xu]) with ¢;
in Homg (g, k[GxTu]g,) for 1 <i < s. Then clearly

> dim Homg (g, k[Gx"u];)¢” = g% + - +¢*.

j=0
On the other hand, the set {1 ® ¢1,...,1 ® ¢5 } is a homogeneous basis of k3] ®
Homg (g, k[GxTu]) and so corresponds to a homogeneous basis of D(A?) under
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the isomorphism k[3] ® Homg(g, k[GxTu]) = D(A?). Therefore, the multisets

{di,...,ds} and {ni,...,nd} are equal. O
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