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SPHERICAL FUNCTIONS OF
THE SYMMETRIC SPACE G(F,.)/G(F,)

ANTHONY HENDERSON

ABSTRACT. We apply Lusztig’s theory of character sheaves to the problem of
calculating the spherical functions of G(F2)/G(Fq), where G is a connected
reductive algebraic group. We obtain the solution for generic spherical func-
tions for any G, and for all spherical functions when G = GLy,. The proof
includes a result about convolution of character sheaves and its interaction
with the associated two-sided cells.

0. INTRODUCTION

Let T" be a finite group and 7 : I' — I' a nontrivial group involution. Let I'" be
the fixed-point subgroup. Then the quotient set I'/T'" is called a finite symmetric
space. For any function f : I' — Q, we write Ave(f) for the function on I'/T™ given
by averaging over the coset

Ave(F(TT) = == 3 F().

]

The functions Ave(x) where x is an irreducible constituent of Indy., (1) are called
the spherical functions of the symmetric space I'/T'7. For example, when I' = IV xI"/
and 7 is the involution interchanging the factors, the spherical functions are (up to
scalar multiple) the irreducible characters of T".

Let G be a connected reductive algebraic group defined over the finite field
Fq. Take I' = G(IF,2) and 7 the restriction of the Frobenius map on G, so that
I'" = G(F,). This paper is concerned with the following problem.

Problem 0.1. Calculate the spherical functions of G(F,2)/G(F,).

The analogous problem of calculating the irreducible characters of G(F,) has a
long history. The first significant progress was the solution of the case G = GL,,
(with the split Fy-structure) by Green in [7]. For general groups, Lusztig in [12],
building on joint work with Deligne in [4], provided a classification of irreducible
characters, and results relating their values to those of certain basic functions
tr(—, R%). Work of Springer and Kazhdan provided an alternative geometric def-
inition of these basic functions, which enabled Shoji to define algorithms for their
computation. This in turn was generalized and expanded in Lusztig’s crucial work
[13] on character sheaves. Later work by Lusztig and Shoji among others has all
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but completed the calculation of the irreducible characters in full generality (see
[18] for more details).

Problem [01] has not been so extensively studied. The most general results
are contained in Lusztig’s paper [I5]: he classifies the spherical functions for all
G, and computes their value at the identity coset. In the case G = GL, (with
either split or non-split Fy-structure) this had already been done in [6]. Given this
classification, and the above-mentioned results on the character table of G(F,2),
the spherical functions can in principle be calculated directly from the definition.
However, this quickly becomes impractical. To be more precise about Problem
0], we could replace “Calculate” by “Find an effective algorithm for computing”,
where “effective” means “not significantly worse than the algorithms for calculating
irreducible characters of G(F,)”.

The aim of this paper is to apply the theory of character sheaves to Problem
We will come well short of a complete solution, but our results are enough to solve
Problem in the case G = GL,, (with either F -structure; see Theorem and
Theorem [7H]), and for general groups in the case of generic spherical functions (see
Theorem BT, here we need an assumption on characteristic, Assumption E7).

There are two main ideas involved. The first is to derive analogues for F of
Lusztig’s results for F', where F' : G — G is the Frobenius map with respect to F,
and F : G — G is the map g — F(g)~'. As we will see below, the symmetric space
GFZ/GF in question can be identified with the fixed-point set GE of F. So just as
Lusztig considers the characteristic functions of F-stable character sheaves, which
are functions on G closely related to the irreducible characters, we consider the
characteristic functions of F-stable character sheaves, which are functions on G¥
somewhat more loosely related to the spherical functions. The second idea, which
is necessary to make this relationship precise in the case G = GL,, is a certain fact
about convolution of character sheaves and its interaction with the associated two-
sided cells (see below, Theorem B.T). This fact was stated (in greater generality)
by Grojnowski in the inspiring document [§], and our proof follows his sketch.

There is a strong similarity between the results proved in Sections 6 and 7 below
for the symmetric spaces GL,(Fy2)/GLp(Fq), GL,(Fp2)/Un(Fy2) and the results
of [1], which amount to a computation of the spherical functions of the symmetric
space GLg,(Fq)/Span(Fy). Grojnowski noticed that the results of [I] can also be
approached via character sheaves—specifically, the theory of character sheaves on
symmetric spaces initiated by Ginzburg in [5]. I will expand on this in [9].

Acknowledgments. Some parts of this paper, including Section 6, formed part
of my Ph.D. thesis, “Character Sheaves on Symmetric Spaces”, Massachusetts In-
stitute of Technology, April 2001. My mathematical debt to my advisor, George
Lusztig, will be evident throughout; I am grateful too for his painstaking help with
some of the details of this paper. I would also like to thank Kevin McGerty for
useful conversations.

Section 1 contains definitions and conventions concerning equivariant derived
categories, perverse sheaves, I -structures, and algebraic groups over a finite field.
Section 2 concerns spherical functions and the map F. Section 3 introduces char-
acter sheaves and convolution thereof, and concludes with the crucial Theorem B.1]
and its corollaries. In Section 4 we define basic functions for G¥' analogous to the
usual ones for G¥, and state some analogous results. Section 5 applies these results
to solve Problem [0.1] in the case of generic spherical functions. Sections 6 and 7
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present the solution of Problem [T for the symmetric spaces GLy, (Fz2)/GLy(Fy)
and GLy(Fg2)/Uy,(Fg2) respectively; these sections are more explicitly combinato-
rial than the rest of the paper. (The case of GLy(F,2)/GL2(F,) is worked out in full
in Example [G.I01) Section 8 is devoted to the proof of Theorem B7 and Sections
9 and 10 to the proofs of some results stated in Section 4.

1. EQUIVARIANT DERIVED CATEGORIES AND PERVERSE SHEAVES

Let F, be a finite field of characteristic p and cardinality ¢. Let k be an algebraic
closure of Fy. All varieties considered will be over k. When the variety structure is
evident, we will identify a variety with its set of k-points.

Let ! be a prime invertible in k. If X is a variety, we write D(X) for the bounded
derived category of constructible Q;-sheaves of finite rank on X, as defined in [2]
2.2.18]. Objects of D(X) are referred to as complezes. The cohomology sheaves
of a complex K are written H'K. If f : X — Y is a morphism of varieties
(henceforth simply called a map), we have the functors fi : D(X) — D(Y) and
f*:D(Y) — D(X) as in [2], both of which commute with the shift operations [m].
We will need various well-known properties of these functors (such as base change).

Let M(X) denote the abelian full subcategory of D(X) whose objects are the
perverse sheaves. Write PH' : D(X) — M(X), i € Z, for the perverse cohomology
functors determined by the t-structure of which M(X) is the heart. If L is a local
system on a nonsingular subvariety U of X, write IC(U,L)[dim U] € M(X) for its
(shifted) intersection cohomology extension.

If G is an algebraic group acting on the variety X, write D%(X) for the G-
equivariant derived category in the sense of Bernstein and Lunts (see [3, 4.3]),
a triangulated category with ¢-structure, and MY (X) for its heart, the category
of G-equivariant perverse sheaves. We have forgetful functors D(X) — D(X)
and M%(X) — M(X), which respect the t-structures, and are equivalences when
G = {1}. Any complex K in the essential image of D%(X) — D(X) is weakly
G-equivariant in the sense that

a*K=Q XK inD(G x X),

where a : G x X — X is the action. If G is connected, then M%(X) — M(X) is
fully faithful. If in addition G has finitely many orbits on X, then it follows from
[2, 4.3.1] that every simple A € MY(X) is of the form IC(@,L)[dim @] for some
G-orbit @ and simple G-equivariant local system L on .

If G also acts on Y, and f: X — Y is a G-equivariant map, there are functors
fi: DY(X) - DYY) and f*: DE(Y) — DY(X) which lift their non-equivariant
analogues (and have similar properties). As in [3], 2.2.5], we have that if f : X — Y
is a principal G-bundle, then f*: D%(Y) — D%(X) factors through an equivalence
D(Y) = DY(X). We write the inverse of this equivalence as f, : D%(X) = D(Y).

If T is a torus acting on X and L is a tame rank-one local system on T, we
can define in an analogous way a category Dy (X), the (T, L)-covariant derived
category, which if L = Q; is equivalent to D”(X). Choose n such that L™ = Q,
and let T'(n) be the same as T but with the action (¢,2) — t™.z on X, and trivial
action on T', so that the action a : T'x X — X is T'(n)-equivariant. Then Dy (X)
is defined as the full subcategory of DT(™) (X)) consisting of complexes K such that

K =2LKRK in DT™(T x X).
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Results about Dy (X) can be deduced from results in [3]. In particular, Dy (X) in-
herits a t-structure whose heart is the category My (X) of (T, L)-covariant perverse
sheaves, and we have forgetful functors Dy (X) — D(X) and My (X) — M(X) of
which the latter is fully faithful. If an algebraic group G and a torus T have com-
muting actions on X, one can also define categories Df(X ) and ME(X ) relating
to the above categories in obvious ways.

Suppose that the variety X is defined over F,, with Frobenius map ' : X — X,
and K € D(X) is equipped with an F,-structure. (If we are considering more
than one Fg-structure on X, we will speak of an Fg-structure on K relative to F
to specify the F,-structure with Frobenius map F.) We write ¢% for the induced
isomorphism F*K = K, and define the characteristic function x% : X¥ — Q; by

Xic (@) = D (=D tr(H o, HL K).
More generally, for any isomorphism ¢ : F*K = K we define x4 in the same way.
If the action of G on X is defined over F,, and K € DY(X) has an F,-structure,
then xI is a GF-equivariant function on XF'.

We refer to [2, §5] for the notions of pure and mized Fy-structures, and their

relations with the functors defined above. We will need the following result.
Lemma 1.1. Let X be a variety with Frobenius map F. Let K be a complex on
X with a mized Fy-structure. Let A be the set of isomorphism classes of simple
constituents of PH'K for some i. Let AL be the set of isomorphism classes which
are stable under F*. Let .Af} - AK be sets of representatives for the isomorphism
classes in AY. C Ak, and choose an F,-structure for each A € AL.. Then x% is a
linear combination of {x%|A € AL}
Proof. Since x% = Y (=1)'x[;: -, we can assume that K is perverse. Let Xy be
the F,;-scheme giving rise to the F,-structure on X, and K, the perverse sheaf on
Xy giving rise to the Fy-structure on K. By [2], 5.3.5], we have a filtration of Ky by
weights so that the ith piece of the filtration (Kjp); is pure of weight i. Let K; be
the complex on X obtained from (Kj); by base change; then clearly xf = > xJ%..
So we may assume that there is only one piece in the filtration, i.e. that K is pure.
Then by [2, 5.3.8], K is a semisimple perverse sheaf, so

K~ @ A ® Hompy(x) (4, K).
AcAk
Now for each A € AF let o4 Homypg(xy (A, K) — Homyy(x) (A, K) be the map
v ¢k o F*(v) o (¢f))~1. Then as in [I3} (10.4.2)], we find that
k= Z tr(oa, Homygx) (4, K)) i,
A€ AL

which proves the result. O

2. SPHERICAL FUNCTIONS

For any finite set X, write F(X) for the Q;-vector space of functions X — Q.
If T is a group acting on X, write F1'(X) for the subspace of I'-invariant functions.
Fix once and for all a field involution : Q; — Q; which sends every root of unity
to its inverse. We define a Hermitian inner product (-,-) on F1'(X) by

N L z) f'(x)
(1) = g7 2 @) @)

zeX
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In particular, if T is a finite group, we will write T (I") for the space of Q;-valued
class functions on I', and T for the set of irreducible characters, an orthonormal
basis of F(I).

Let G be a connected reductive algebraic group over k, defined over [y, with
Frobenius map F : G — G. Write F' for the map g — F(g)~'. So any F-stable
subgroup H of G is also F-stable, and F is the Frobenius map for some F4-structure
of H as a variety (though not as a group, unless H is abelian). Note that F2 = F2
By Lang’s Theorem,

G ={gF(g)'|ge G™}.

So we can identify GFQ/GF with GF via gGT — gF(g)~'; under this identification
the left multiplication action of G¥ on G¥ 2/ GF becomes its conjugation action

on GF. 2VVe now restate the definitions of the introduction in these terms. For
f e FE(GF?), define Ave(f) € F¢"(GF) by

Ave<f><g>=@ S o).

2
916GF
g1 F(g1) " =g

Definition 2.1. The functions Ave(x) € fGF(GF), as x runs over the irreducible
2

constituents of Indgi (1), are called the spherical functions of GF2/GF.

Henceforth we interpret Problem according to this definition. The condition
on Yy is motivated by the following fact:

Proposition 2.2. For x € C?FQ,
1. Ave(x)(1) = (x, ndSs (1)), and
2. (x, IndSr (1)) = 0 & Ave(y) = 0.
Proof. () is by Frobenius reciprocity, and (@) is well known. O

Lemma 2.3. For x,x’ € GF?,

(. mdSh (1))

(Ave(x), Ave(x')) =4 — xt—» Fx=X

0, if x # X'
Proof. This is a simple calculation using the well-known formula for the convolution
of two irreducible characters. O

Remark 2.4. Some authors (see for instance [1]) use the terminology of Hecke al-
gebras (or double coset algebras) instead of our terminology of spherical functions.

The character table of the Hecke algebra H(GFQ,GF) has entries

F F
%Avemwg)—l)

. 2
where g runs over a set of representatives for GF' \ G /G, and y runs over
2

the irreducible constituents of Indgi (1). This normalization of the values of the
spherical functions makes them algebraic integers.
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Let Ggs, Giss, Guni be the subvarieties of semisimple, regular semisimple, and
unipotent elements of G. These subvarieties are all F-stable and F-stable. Let B

denote the variety of Borel subgroups of G. For any maximal torus T of G, write
W (T') for the Weyl group N¢(T)/T.

3. CONVOLUTION OF CHARACTER SHEAVES

Let G denote the set of isomorphism classes of character sheaves on G, as defined
by Lusztig in [I3] 2.10]. These are certain G-equivariant simple perverse sheaves
on G, which we will view as objects of MY(G). In a slight abuse of notation, we
write A € G to mean “A is a character sheaf”.

If a character sheaf A is F2-stable, i.e. (F?)*A = A, then its characteristic
function Xf:;z is well defined up to a scalar depending on the choice of Fz-structure
on A. Now Lusztig in [I3] proved that {Xff | (F2)*A = A} is an orthogonal basis
of F G* (GF 2), and made an explicit conjecture as to the transition matrix between
this basis and the basis of irreducible characters, which has now been verified almost
completely (see [18]). So calculating the functions Ave(Xff) would be a large step
towards calculating the spherical functions.

Problem 3.1. Calculate (up to scalar multiple) the functions Ave(xiz) for all
F?2-stable character sheaves A on G.

Let m : G x G — G be the multiplication map (g1,92) — g1g2. This map is
G-equivariant for the action of G by conjugation on all factors GG. There is an
F-structure on the variety G x G' with Frobenius map

F:(g1,g2) = (F(g2)"!, Flg1) "),
and m is F-equivariant. Note that (G x G)F = {(g,F(9)"")|g € GF’}.

Lemma 3.2. If A € G has an F 2 -structure, then AKX F*A is a simple perverse
sheaf on G x G with a natural F,-structure relative to F. For any g € GFz,

X5 (9) = XG40 F(9) ).

Proof. The first statement is obvious. The second follows from the fact that ¢§& Fea
is just qbff Xid : (F?)*AR F*A 5 AX F*A under the obvious identification of
F* (AR F*A) with (F2)*AK F*A. O
Corollary 3.3.~ If A € G has an FF 2 -structure, Ave(xiz) = |GF|_1X2(A&F*A)’
where mi(AR F*A) € D%(G) has the induced F,-structure, relative to .

Proof. By the definition of Ave and Lemma[3.2]

AVQ(XT)(Q):WLF Z Xi&F*A(x)’

ze(GxG)F
m(z)=g

to which we apply the Grothendieck Trace Formula. O

So Problem [3.1] is equivalent to calculating the characteristic functions of the
complexes m(A K F*A) € D%(Q), relative to F.
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Remark 3.4. The operation (A7, As) — my(A; X As) is called convolution, because
it corresponds to convolution of class functions on G if one uses the ordinary
Frobenius maps F' X F on G x G and F on G.

Let 7 be the set of pairs (T, L) of a maximal torus T of G and an isomorphism
class of tame local systems L of rank 1 on 7. Then G acts naturally on Z by
9-(T,L) = (Ad(g)T, Ad(g~")*L). Let

W(T)y, ={w e W(T)|w'L = L}.
For (T,L) € Z, let G(T,L) denote the set of (isomorphism classes of) character
sheaves of central character (T, L), as defined by Lusztig (who uses the notation G ;
see [13, 2.10]). So if (T, L) and (T”,L’) are in the same G-orbit, é(T I, and @(T, L)
are equal, and otherwise they are disjoint; also these sets exhaust G. (In other

words, central character of a character sheaf is uniquely defined up to G-conjugacy.)
Let DG(G)(T L) be the full subcategory of D% (@) consisting of complexes K such

that all simple constituents of all PH*K are in @(TL)'
Lemma 3.5. If A€ Gy, then F*A€ G g oy (F2) A€ G pog oy -
Proof. This follows immediately from the definition in [13]. g

Lemma 3.6. If a G-orbit in I contains both (T, L) and (F~T, F*L)jor some
(T, L), then it contains a pair (T',£') which is F-stable, i.e. FT' =T, F*E = L.
The same is true for F2.

Proof. This follows from Lang’s Theorem for F and for F2. (|

Now in [T3] §16], Lusztig defines, for each (T, L) € Z, a partition of W(T)f, into
subsets called two-sided cells, and a partial order < (which he writes <z g) on the
set of two-sided cells. He also gives a way of associating a unique two-sided cell
C(A) of W(T')g, to each character sheaf A of central character (T,L). For C a two-

sided cell of W(T')y,, let GFTC’L) be the subset of @(T,L) consisting of (isomorphism

classes of) character sheaves A such that C(A) < C. Similarly define DG(G)fTCL).

We will also use the obvious notations @fTCE)/ and DG(G)fTCE)/ .
The following crucial result will be proved in §8. As is explained there, it is part

of a more general result due to Grojnowski.

Theorem 3.7. Let A; € G(Tl,Ll)’ Ay € G(TQ,LQ)'
1. If (Th, £1) and (T2, E2) are not in the same G-orbit, mi(A; X Ag) 22 0.
2. If (Th, Eq) = (Tw, Eo) = (T, £), and A, € GfTCIL), Ay € GfTC"’L), then

mi(A; K Ay) € DG(G)chlL";z.

Specializing to the case of interest to us and using Lemma B0, we get:
Corollary 3.8. Let A € G(T,L)'
1. If (T, L) is not G-conjugate to an F-stable pair, my(AK F*A) 2 0.

2. If (T, L) is F-stable, then mi (AR F*A) € DG(G)fTCg)’C(F*A).
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Corollary 3.9. Let (T, L) be F-stable, and let A € @(T L be F2-stable. Then

F
Xon (AR E* A)

sheaves of central character (T, L) such that C(A') < C(A), C(A") < C(F*A).

is a linear combination of xf, where A" runs over F-stable character

Proof. We can assume the Fj-structure on A is such that it is pure. Then the
Fg-structure on mi(A X F*A) is mixed, so we can apply Lemma [[TT1 O

4. BASIC FUNCTIONS

Corollaries and [3.9] reduce Problem B.1] to the following two problems.

Problem 4.1. Calculate (up to scalar multiple) the characteristic functions Xf: of
all F-stable character sheaves A on G.

Problem 4.2. Find the coefficients in the linear combination of Corollary B9

Problem [Tl is analogous to the problem of calculating the characteristic func-
tions Xi for F-stable character sheaves A, which was solved by Lusztig in [13]. In
this paper we will only prove analogues of the “principal series” results of [13].

Let (T,L) € Z. Following Lusztig, [13), 8.1], we associate to (T, L) a G-equivariant
semisimple perverse sheaf K (r.L) on G. Consider the diagram

T & {(g,2T) € Grs x G/T |27 gz € T} 5 Grs
where 7 is the first projection and a(g, 2T) = x~1gz. We let
K(T,L) = IC(G, ma*L)[dim G]
Up to isomorphism, K(T,L) depends only on the G-orbit of (T, L).
Using the stalk at the identity to normalize, we can define an action of W (T,
on L (compatible with the action of W(T)§, on T'). The above diagram is W (T')-

equivariant (where W (T') acts trivially on Giss), so this induces an action of W (T'),
on K L) by automorphisms in M%(G). Since 7 is a Galois covering with group

W (T), we in fact have an isomorphism Q;W(T)f, = Endpme () (K(T,L))' So

e D EoKuypp
EEWL

K

as perverse sheaves with a W (T')j -action, where K (TL.E) is a G-equivariant simple
perverse sheaf whose restriction to G, is a simple local system shifted.

Proposition 4.3. K, f ) € CA?(TL) for all E € VV/(T\)L.

Proof. This follows directly from the definition in [13], since K.y, = KlL in
Lusztig’s notation (see [13} (8.2.3)]). O

Remark 4.4. A character sheaf which is isomorphic to some K(TL ) is said to be
in the principal series. If G = GL,, all character sheaves are in the principal series.

Assume in addition that (7, L) is F-stable. Then there is a unique F,-structure
on L, relative to F, such that Xf is a character of the group TF. The above diagram
is F-equivariant if we define F(g,x~T) = (F(g)™!, F(z)T). So we get an induced
Fg-structure on K 7.1, relative to F.
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Definition 4.5. For F-stable (T,L) € Z, the basic function on GF associated to
(T,L) is the characteristic function % L e F¢" (GF).
by

If g € GF, :che isomorphism K(T,L) = K(ng,17Ad(g,1)*L) respects the Fg-
structures, so k& I depends only on the GF-orbit of (T, L).
)

(T

Remark 4.6. These basic functions on GF are analogous to the basic functions
F
k& L € FE (GF) for F-stable (T,L), which play a vital role in the character
b

theory of G¥' (see for instance [13], [11], [14], and [18]).

We define the Green function Qg e F&" (ani) as follows. The G*-conjugacy
class of T' corresponds to an F-conjugacy class in the canonical Weyl group W,
namely the one containing the relative position of B and F'B for any Borel subgroup

B containing T'. If w is in this class, let

QF(u) =) (~1)'u(F ow ", H' (B, Q).

i
where B, denotes the Springer fibre and we use Lusztig’s definition of the Springer
representation of W on H*(B,,Q;). (Notice that u € GE . = B, is F-stable.) We

uni

want to compare Qg to the usual Green function Qg defined by the same formula

QF(u) =Y (—1)'tr(F* ow™ !, H'(By, @1)),
but for u in GE ; rather than ani. For this we will use the Lie algebra g of G. Let
F on g be the induced Frobenius map, and define F' on g by F(z) = —F(x). Let
gnil be the subvariety of nilpotent elements of g. We need to assume the following.

Assumption 4.7. There are bijections L : G\ GI . 5= GF\ gf and L : GF\

ani = GF \gfi1 such that for all u € GE; (or GE,) there is some n € L(GF .u)

uni uni

(or L(GF u)) for which B, = B,, as subsets of B.

If p is sufficiently large, we have a G-equivariant isomorphism log : Guni — gnil
which commutes with F and F, and satisfies Biog(u) = Bu. This induces bijections
L and L as required. So if p is sufficiently large, Assumption F7] holds.

Now if a € k* is any element for which a? = —«, multiplication by a defines a
bijection G\ gfi; = GF'\ gF}, and clearly B,y = B,,. So Assumption 7 implies
that there is a (not necessarily unique) bijection ¥ : GF'\ GE . = G\ GF . such

uni uni

that for any u € GE ; there is some v’ € ¥(GF .u) with B, = B,. Clearly:

uni

Lemma 4.8. Ifu € G . and u' € GF . are in orbits which correspond under such

uni uni

a bijection W, then Q% (u) = QS (u') for all F-stable T.

Consequently the algorithms which compute the values of Q% also compute the
values of Q% if Assumption E7 holds.

Now let g € G have Jordan decomposition su, with s € GE and u € GE ..
Then Zg(s) is another group of the same kind as G. We have the following result
analogous to [I3] Theorem 8.5], to be proved in §9 below:
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Theorem 4.9 (Character Formula). With notations as above,
- (_1)dimT _— e
Xic 1 (@)= T T X (@ s2)Q L (w).
by 1Z2(s)"]
zeGF
z lszeT
As a consequence of the Character Formula and the algorithm for computing
Green functions, the basic functions y% K.1, are explicitly computable if Assump-

tion [£7] holds. We also know the inner products of the basic functions, thanks to
the following analogue of [I3] Theorem 9.2], to be proved in §10 below:

Theorem 4.10 (Inner Product Formula). For any F-stable (T, L), (T', L),

~ s IGF[ITF| ; 7 F_.omi
N Ay = GFHTF||W( )L|’ if (T, L), (T", L") are G" -conjugate,
. " @ By 0, if they are not.

5. (GENERIC SPHERICAL FUNCTIONS

Definition 5.1. We say that (T,L) € Z is generic if W(T);, = {1}.

Lemma 5.2. If (T, L) is generic, then é(T,L) has only one element, namely the
isomorphism class of K(T L

Proof. This follows immediately from the definitions in [13]. g

Now in the generic case, the relationship between characteristic functions of char-
acter sheaves and irreducible characters is particularly simple:
Theorem 5.3. If (T, L) is F2-stable and generic, then

L rankg , (T')+rankg , (G)+dim G g2

X(r.py = (1) a? Xk, p

. . . F? _ . .
is an irreducible ch(zmcter of G"" . Moreover X(r,L) = X1, 1) if and only if (T, L)
and (T', £) are GF" -conjugate.

Proof. In the notation of [, ij I is the character of (—1)3™FRY. for § = X£27

(r.by
as is proved in [14] Lemma 7.2] and [11] Lemma 2.4.1]. Since (T,L) is generic, 6
is in general position, so X(r.L) is an irreducible character by [4l Proposition 7.4].

The second statement follows from [4] Theorem 6.8]. O
Remark 5.4. The X(r.L) defined here are the reqular semisimple characters of G¥ ’

Proposition 5.5. If (T, L) is F2-stable and generic,

ar? )1, 4f(T,E) is GF* -conjugate to an F-stable pair,
Xer, g Indgr (1) = { 0, otherwise.
Proof. This is a special case of [I5] Theorem 1.4]. O

Definition 5.6. The generic spherical functions of GF2/GF are the functions
Ave(X(T L)) where (T,L) is an F-stable generic pair.

Theorem 5.7. Let (T, L) be F?-stable and generic.
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1. If (T, £) is not GF2—conjugate to an F-stable pair, then

_ F? _
Avelxrz)) = Ave(d, | ) =0.
2. If (T, L) is F-stable, then

)rankqu (T)Jrranqu2 (G)+dim G ) B X .

Ave - .
(XK(T b Xf{ (1)
@b

Ave(x o L)) (-1
Proof. In case (), Ave(X(T L)) = 0by @) of Propositionand Proposition 5.5 In

by Corollary B3]
Ly
which is a scalar multiple of £ KoL by Corollary B.9] and also Ave(x (T L))( )=1
)

by () of Proposition 22 and Proposmon 5%} O

case (@), Ave(Xf;2 L)) is a scalar multiple of X (K, 1, BF K

Assuming 7 this Theorem solves Problems [01] and Bl in the generic case.
Note that the idea of applying a result like Theorem B7 to the averages of regular
semisimple characters was mentioned (in a more general setting) in [8, §5].

6. THE SYMMETRIC SPACE GL,(F2)/GLy(F,)

Let V' be a vector space of dimension n over k, defined over F, with Frobenius
map F. In this section we consider the case when G = GL(V) with the induced
F,-structure and Frobenius map. Thus G =~ GL,(F,) and GF* ~GL, (Fg2).

We first recall Green’s results on the characters of GF As in [16] Chapter IV], we

consider the system of maps IF — IF , for e] e’ (the transpose of the norm map),

—

and its limit L = colim IF;E. Let o denote the g-th power map on both k£* and L,
so that (k)7 = FX, L7 = F% for all e > 1. Write (-,)°" : (k¥)7" x L7° — Q"
for the canonical pairing. For a € k*, we write m,, for |{c).a|; in other words, the
smallest e > 1 such that o € que. Similarly define m¢ for £ € L.

Let P,, be the set of collections of partitions A = (Aq)ackx, almost all zero, such
that » i« [Aa| = n. Let PJ be the subset of P, consisting of all A such that
Ao(a) = Ao for all a. As in [16, IV.§2], we define a bijection between Py and the
set of conjugacy classes in G, so that if g € GF in the class corresponding to A
has Jordan decomposition su, then:

1. the multiplicity of o € k* as an eigenvalue of s is |\, |;
2. consequently,

Zgr(s) = H GL),|(Fgma );
a€{o)\kX
3. under this isomorphism, the Jordan type of u is Hae(a)\kx Aa-
For A\, u € Py, we write [A| = |p| to mean that [A,| = |pa/| for all a.
Dually, let 73n be the set of erllections of partitioEs v = (V¢)eer, almost all zero,
such that » .., [v¢] = n. Let Py be the subset of P, of all v such that v, = v¢

for all £&. We can define a bijection between 73;7 and the set of GF'-conjugacy classes
of F-stable (T,L) € Z, so that if (T, L) is in the class corresponding to v:
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1. there is an isomorphism

L(ve)

T I J k< x--xk%

E€(o)\L j=1 me(ve); factors

under which F on T corresponds to cyclic permutation of each group of factors
k>, composed with o;
2. consequently,

L(ve)

= II TLeom

ge(o)\L j=1
3. under this isomorphism, Xf corresponds to

H Zﬁ) ’"5<"§>J
o)\L j=1
for some choice of representatives {£} for (o) \ L.
For v,p € 7/5,‘{, we write |v| = |p| to mean that |v¢| = |pg| for all &.
For v € 7/5" let BE be the (signed) basic function (—1)" XK( T, for F-stable
(T, L) in the corresponding class. This can be described combinatorially as follows.
Let A9 be a set of representatives for the orbits of (o) (acting on the first factor) on

{(6,/)) € LXZ|1 < j < £(vg)}. Let 7 be the set of maps ¢ : A — k* such that
Me(e.j) | me(ve); for all (&, 7) € AJ. For any ¢ € ®9, define A(¢) = (A($)a) € P2

by letting A\(¢), be the partition whose parts are all %’f)’ for (¢,7) € ¢~ 1((0).).

Proposition 6.1. If g € G is in the conjugacy class corresponding to A € P2,

then
- oewelj o Mo
Bf(g) = Z H (0(8,4),) o H Q:\\(qb)a (™)
PPy (§,5)EAY a€(o)\k*
PXCHIESPN

where Qi‘(¢)a is the Green polynomial (see [16, IIL.§7]).

Proof. Let g = su be the Jordan decomposition. Let (T, L) be an F-stable pair in
the class corresponding to v. Since Z¢(s) is connected, the Character Formula [13]
Theorem 8.5] in this case becomes

BY(9)= Y xR W),
s'eTt
s'~s in GF
where «’ denotes zuxz~! for any = € G¥ such that s’ = zsz™1, QZG(s )( ") being
independent of the choice. Using the above description of ij and the well-known
identification of the geometrically-defined Green functions with the appropriate
Green polynomials, we get the result. Note that the right-hand side clearly does
not depend on the choice of AJ. O

So to compute the character table of G¥, it suffices to express the irreducible
characters as linear combinations of these functions Bf .
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Theorem 6.2. Forp € 73;‘“

X2 = (_1)n+zgg<a>\L | el Z H (20)” 1X1€§ 35
veP? \E€(\L
lv|=lpl
is an irreducible character of G¥, and all irreducible characters arise in this way
for unique p € P;. (Here le,g, 2y, are defined as in [I6] Chapter I.)

Proof. This is a restatement of the main results of [7] and [16, Chapter IV]; see also
[T, Theorem 1.2.10]. Note that Macdonald’s parameters in PZ differ from those of
[1] by transposing all partitions; we are following the convention of [1]. O

We can also interpret x2 geometrically. Let (7,L) be an F-stable pair in the
class corresponding to ((1|pf‘))feL € 7/55 Such pairs are mazimally split in the
sense of [, Definition 5.2.5]; for example, (T, Q;) is such a pair if and only if T is
a split torus. We have an isomorphism

L_ H Sjpel X - X Spel
o)\L

me factors

where F' corresponds to cyclic permutation of each group of factors S, |, so that

Tf 2= [ Spe

ge(o)\L

Let E be the F-stable irreducible representation of W (T')g, labelled by the partition
pe on the factor corresponding to &.

Proposition 6.3. For this (T, L, E),

P — (1) ree(onr lPel
X ( 1) XK(T,L,E)’¢(T,L,E)7

where d)(TLE) F* K(TLE) = K(TLE) is induced by the obvious isomorphism
F*E = E of W(T) g-modules.

Proof. Let o : E = E be the composition of this isomorphism F*E = E with
the canonical isomorphism E = F*E of vector spaces. Then as a special case of
[13, (10.4.5)], we have

_ 1 1 F
XK(T,L,E>’¢<T,L,E) - W (T)y,| Z tr(woop, E)xk

(Tw.Liw)
weW(T)L

where (T, L,,) is an F-stable pair obtained from (7,L) by twisting by w. Now
there is a surjection ¢ : W(T')f, — W(T)f, defined on the factor corresponding to
¢ by the map (wi, ..., Wn,) = W, ... w1, with the following properties:
1. every fibre of ¢) has the same number of elements;
2. w, w' F-conjugate in W(T')j, < ¥(w), ¥(w') conjugate in W (T )L’
3. if ¢(w) is in the conjugacy class corresponding to v € P
then (Ty,Ly,) is in the class correspondlng to v, and

tr(woop', E H Xos
o)\L

n, where || = |p],
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The result follows. O

By the classification of character sheaves in [13, §18], every F-stable character
sheaf is isomorphic to some K(T,L,E) as above. So Proposition says that the
relationship between characteristic functions of character sheaves and irreducible
characters is as close as one could hope.

All of the above remains true, of course, when q is replaced by ¢2, F by F?, and
o by o2 throughout. We will use in this case the analogous notations 7752, 735 , X2
for p € ’ﬁ,‘fz, etc. We will not actually need the above results for ¢ itself, except as
helpful analogies for the following results about F.

Let & denote the (— ) th power map on both £* and L. So 62 = ¢2. For e > 1,
let (-,-)%" ¢ (k¥)7" x L7" — Q" be the canonical pairing (the same as (., N if e
is even). Define 1y, e, Pe, 73” exactly as my, mg, Po, ’P" were defined, but
with & instead of o. Clearly the conjugacy class of G corresponding to A € P;‘L
meets GF in a unique GF-orbit if A € PZ, and does not meet GF otherwise. So the
GF-orbits on GF are in bijection with PZ. Similarly there is a bijection between
GF-conjugacy classes of F-stable pairs (T, L) and 7/5,‘3 so that if (T, L) is in the class
corresponding to v:

1. there is an isomorphism

L(ve)

T = H 1_[145X N

EE(I\L J= e (ve); factors

under which F on T corresponds to cyclic permutation of each group of factors
k>, composed with &;
2. consequently,

: £(ve) } _
e T Lo
ce(a)\L j=1

3. under this isomorphism, Xf corresponds to

£(ve)

H H ~,,L§(,,§>J

GI\L j=1

for some choice of representatives {£} for (&) \ L.
2
Moreover we have the following description of the induced character Indgi (1):

Theorem 6.4. For p € ’ﬁ,‘;z,

1, ifpePy,
0, otherwise.

2
ey (1)) = {
Proof. See [6, Theorem 3.6], or [15, Theorem 1.4]. O

Corollary 6.5. 1. Ifpc P\ P2, then Ave(x2) = 0.
2. Ifpe P7, Ave(x2)(1) = 1.
3. {Ave(x?)|p € 73;3} is an orthogonal basis offGF(GF),
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Proof. (M) and (&) follow from Prop051tlon For () different Ave(x2) are
orthogonal by Lemma 23] and dim F¢" (GF) = |7?"| = |P3|. O

Our aim is to compute the functions Ave(x2) for p € Ps.
For v € 7/53, let BE be the (signed) basic function (—1)"yk L for F-stable
= b

(T, L) in the corresponding class. We have a combinatorial description of Bf anal-
ogous to the above description of BY. Let A2 be a set of representatives for the
orbits of (7) (acting on the first fact?)r) on {(f_ J) € LXZ|1 <j</l(ve)}. Let
be the set of maps ¢ : AZ — k* such that my ;) | he(ve); for all (€,5) € AJ. For
any ¢ € ®7, define H(qﬁ) (1(@)a) € PZ by letting 1u(h), be the partition ‘whose

parts are all %1:5)1 for (&,4) € 7 1((5).v).

Proposition 6.6. If g € GF is in the GF -orbit corresponding to p € P2, then

P . Srg (vg) s N e
pedg  (&5)EAS a€(G)\k*
() |=|pl
Proof. This is obtained in a similar way to Proposition B, using the Character
Formula[Z9]l We can identify the Green functions for F with the appropriate Green
polynomials without invoking Lemma 8] (and without any assumption on p). The
F ., F* acts by the scalar ¢¢ on H*(B,,Q;); this is
and the same arguments apply. [l

key point is that for u € GE

well-known for u € GE .|

So it suffices to express Ave(x2) as a linear combination of these Bf .
Let r and t be indeterminates. For any d > 1, it is known that there are unique
rational functions Ql’)(r, t) € Q(r,t) for all partitions A, p of d satisfying:

1. For all A, v there are some ay, € Q(r,t) such that
O (rt) =xp+ > anxs
v>A

for all pu.
2. For all A # v,

£(p)

1—rts
—10A v _
E z, Qu(r,t)QM(r,t) II T =0
N

Jj=1

In the notation of [T6, VI.§4], (Q2)(r,t)) is the transition matrix between the two
bases { Py (x;7,t)} and {e,z,'pu(z)} of symmetric functions with two parameters.
In the notation of [19],

Q(r,t) = euc (YN (1, 1)

Note that if r = ¢, Qﬁ(r, t) = X,’) for all A, . In this paper, we will only ever use
Qﬁ(r, t) in cases where r = t or r = —t. It is easy to see that all specializations
Qﬁ(ro,to) in any field of characteristic 0 make sense, provided rg and ty are not

roots of unity and }_ , z LOa)? HZ(Z“l) - TO # 0 for all A, which for us will always
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be the case. For p € 735, let
fot) ==t (1~ t")
% H t)men (pe) H (1—(— msé s)gme(a (S)+1))*1 € Q(1).

£e(@)\L s€pg

Here [, pe I8 product over boxes s = (4, j) in the Young diagram of the partition
pe, and a(s) = (pg)i — j and {(s) = (p¢)’; — i are the arm-length and leg-length of
the box. The solution of Problem [Q.1] in this case is completed by:

Theorem 6.7. For all p € 733,

[N=SH

Ave(x®) = (fola) ™ 3 | TT (o) "% ((—a)™,q™) | B

Proof. For all p € 735 , define

N1

4,= S| T o '2(—a)™.q™) | B

Using Proposition [6.6] and the formulas
)

QM) =1 -t)(1—12)-- (117 H (1— )

£(p)
Z (Zu H 1 — tHJ _ n(N) H l(s ta(s +1)

[[=[A SEX

the second of which follows from [T6, VI, §6] (cf. [I, Theorem 6.4.5]), we get
Ap(1) = fo(q). Since Ave(x2)(1) = 1 by @) of Corollary [6.5] it suffices to prove
that Ave(x2) is a scalar multiple of A,. By the Inner Product Formula, different

(6.1)

Bf are orthogonal, and

%

- - "q 1
F pF -
B >:||
=
Soforp;ézeﬁg,

(A, Ar) H
ey (—q)™e(ve)

100 ( Te e i
X Z H (z0) W ()™, ™)L ((—q) ™, ™) H T g
veP? E€(O\L j=1
lv|=lp|=Iz]
which vanishes by (&) of the definition of Q) (r,t). That is, different A, are orthog-
onal, as are different Ave(x2) by (@) of Corollary £.5. So to prove that Ave( 2)isa
scalar multiple of A, it suffices to prove that the transition matrix from the basis

ms(”&); — (= )ms(vs)j

5
: H
H Ve mgugJ_l

£e(a)\

i
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{Ave(x2)} to the set {A,} is triangular with respect to some total order on 7/53
For 1 € 735 , let

T

C; = Z H (zve) 'xii | B
veP? \EE(\L

lu|=|z|
Then by (@) of the definition of Q) (r,t),
Ap= > ap:Cr
€P]
Izl=lpl
TeZ>pe, V€

for some a, » € Q. So it would suffice to prove the same triangularity property for
Ave(x2), namely that

(6.2) Ave(x2) = > b,.Cr

Te>pe, VE
for some b, € Q. Let (T,L) be an F-stable pair in the class corresponding to
(1lrel))eer, € 7/53 Then there is an isomorphism

W(T)g, = H Sipel X+ X S|
E€(a)\L

m¢ factors

where F' corresponds to cyclic permutation of each group of factors S, |, so that

WDE= T] S
£€(a)\L
For 7 € P? such that |r| = lpl, let E; be the F-stable irreducible representa-
tion of W (T')j, labelled by the partition 7¢ on the factor corresponding to . We
have an isomorphism SZ(T,L,EL) : F*K(T,L,El) = K(T7L7E1) induced by the obvious
isomorphism F*E, = E, of W(T')f-modules. Exactly as with Proposition .3}

XK(T,L,EL)’¢(T,L,EL) = (_1) CI'

On the other hand, x2 is, up to sign, xx , where

(T,L,Eﬁ) ’(b(T,L,EK)

. 2\ * ~
¢(T,L,Eﬁ) :(F7) K(T,L,Eﬁ) - K(T,L,Eﬁ)

is as defined in Proposition [6.3] so by Corollary [3.3], Ave(x2) is a scalar multiple

F ) = i
of Xony (K RE K ) Now if we take A = K(T,L,Eﬁ) in Corollary [3.9] the
(T,L,Eﬁ) (T,L,Eﬁ)

character sheaves A’ which arise are precisely the K (r.L.E,) for T € 735 such that
7| = |p| and 7¢ > p¢, V€. (This follows from the classification in [I3, §18].) So
(62) is exactly the content of Corollary B9 in this case. O

Remark 6.8. The appearance of Macdonald’s symmetric functions with two param-
eters above is analogous to that in [1, §6].

The following special case is worth mentioning.



598 ANTHONY HENDERSON

Corollary 6.9. Let p € 7/53 be such that pe = (|pe|) for all &, or equivalently that

X2 is a semisimple character of GF*. Then

 Tlee@pr(—a™)(1 = ¢7™¢) - (1 - glrel)
1-9-¢*)--(1—-q")

< > T ()t BE

veP? \E€(G)\L
lv|=|pl

Ave(x?)

Proof. By () of the definition of Q) (r, t),
d ) I
QEL )(r,t) = XL) =1.
So the result follows from Theorem O

Example 6.10. Let us work out what Theorem [6.7] says in the case when n = 2.
We will use an exponential notation for elements of P§ and 7/55 , so that for instance
a® means the function in P§ assigning the partition (2) to o € (k*)? and (0) to
every other o/ € kX, and 551)551) or simply £1&5 means the function in 735’ assigning
the partition (1) to both of & # & € L%, and (0) to every other & € L.

The elements of P§ correspond to GF-orbits in GF' as follows:

. 04(12), for o € (k*)?, corresponds to the orbit of the central element a.1.
e a? forae (k*)?, corresponds to the orbit of non-semisimple elements with
semisimple part «.1.
o aja, for oy # ag € (k*)7, corresponds to the orbit of (F-split) semisimple
elements with eigenvalues a7 and as.
e ad(a), for a € (k)7 \ (kX)?, corresponds to the orbit of (non-F-split)
semisimple elements with eigenvalues a and & ().
These four classes of orbits contain, respectively, ¢ + 1 orbits of size 1, ¢ + 1 orbits
of size ¢® — 1, qz% orbits of size ¢% + ¢, and ¢ _2(1_2 orbits of size g% — ¢, for a total
of g(q +1)(¢? + 1) elements of GF.
The list of elements of 735} is similar. The basic functions, as computed by
Proposition [G.0], are as follows. (The entry in the row labelled by v € 735’ and the

column labelled by p € Pg is Bg (g9) for g € GF in the orbit corresponding to p.)

C T a7 @ [ aw [ ww ]
£1? (1+ q)({ar, €)7)? ({0, €)7)2 2(on, €)% (a2, €)% 0
€@ (1 - q)(a, &) (@,6)% 0 2(a, €)%’

G || 1+ 60 8) | (&) (e | (e 0
+{a1,€2)7 (a2,&1)°

(@,8)5”

€5(¢) (1 - q){a, &) ,6)7’ 0
‘ < (5(0), &)
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~ 2
The elements of P§ correspond to irreducible constituents of Indgi (1) as fol-
lows:
° X5(2>, for € € L7, is the degree-one character (det(-),ﬁ)‘}z.
2 .

° Xf(l >, for £ € L9, is St.X5(2), where St is the Steinberg character of degree gq.
o x&1&2 for £ # & € L, is a principal series character of degree q + 1.

e \$7©) for ¢ e Lo’ \ L%, is a discrete series character of degree q — 1.

The averages of the semisimple characters can be computed using Corollary [6.9

(2) 1_~ 1_ £
AVG(X5 ) = 535}212) —+ §BEF(‘2),
1 ~
Ave(x1¥) = T Bilc,.
- 1 =
£5(9)) — E
Ave(x-7'%) = = qBE&(ﬁ)'

2
To compute Ave(xf(1 )) we first observe that

a2, _ @A+ -1
fQannt) ==
), o _A=rd+t
Q(g) (ra t) = 1— 1t )
1—t2
feazn (t) = e

So by Theorem [6.7],

12 14+¢> [1(1—-¢q)? 1(1+q)? 5
Ave( ¢y = -4 [< 0 oF (1+q) F]

gl =) [2 T4+ €M T 2T g2 e
__1-4q pp 1t .
2q(1+¢q) €7 " 2q(1—q) ¢

Thus the values of the spherical functions are (for simplicity we write (-,-) for

()7):

| [ [ @ [ o | ww ]
Ave(x?) || (02,6 (a2,¢) (arasz,€) (ad (), €)
AveE" ) [ 028 | 220028 | gL (e8| o5 (a5(a),€)

14 ({01, €1) (02, &2)

Ave(x&1€2 , 1
VOO ) i) g o fa62) +(a1,82){az, £1))

L (@, 07
Ave(x$7®) | (@,5(8) | 5 (o £5(9) 0 Tt
o R T +(5(0). 6%
It is an interesting exercise to calculate these spherical functions directly from the
definition.
Recall from Remark [Z4] that to convert these values into the character table of
the double coset algebra H(G Ly (F2), GL2(F,)), each column should be multiplied

by the size of the corresponding G¥'-orbit on GF ; the entries then become algebraic

2
integers as expected. Another interesting point is that since Ave(xl(1 )) is a linear



600 ANTHONY HENDERSON

combination of both the constant function 1 and the characteristic function of the
character sheaf Ag; corresponding to the Steinberg character, both Q;[4] and Ag;
must occur as simple perverse constituents of my(Agy X Agt), which is not obvious
from the characteristic functions with respect to F'.

7. THE SYMMETRIC SPACE GL,(F2)/U,(F,2)

Keep the notations of the previous section, except that the Frobenius map F
on G is no longer that induced by F on V', but its composition with some outer
involution of G’ which commutes with it. Thus F? is the same as in the previous
section, so we still have GF~ = GL, (Fg2), but now GF 2 U, (F2).

As shown in 6l Lemma 1.3], the conjugacy class of GF* correspondlng toA € 77"
meets G in a unique GF-orbit if A € PZ, and does not meet GF otherwise. So the
GF-orbits on GF are in bijection with PZ. (By contrast, the conjugacy classes in
GT are naturally in bijection with PZ, so that the situation of the previous section
has been reversed.) Similarly there is a bijection between GF-conjugacy classes of
F-stable pairs (T,L) and 73;{ so that if (T, L) is in the class corresponding to v:

1. there is an isomorphism

£(ve)

T ] JE x--xkX

E€(o)\L j=1 me(ve); factors

under which F on T corresponds to cyclic permutation of each group of factors
k>, composed with o;
2. consequently,

£(ve)

~ H H mg(%)j.
- )

o)\L j=1
3. under this isomorphism, ij corresponds to

£(ve)
H H m.g(ug)j
o)\L j=1
for some choice of representatlves {¢} for (o) \ L.

For instance, if T}, is an F-stable maximal torus obtained by twisting a maximally
split torus by an element w of the canonical Weyl group W = S,,, then (T, Q)
corresponds to the partition giving the cycle type of wwg, where wy € W is the
longest element. So the maximal tori corresponding to the partition (1) are now

the minimally split tori, not the maximally split tori as in the previous section.
2

Moreover we have the following description of the induced character Indgi (1):

Theorem 7.1. Forp € 7352,

(X2, Indg§2(1)> - { 1, ifpePy,

0, otherwise.

Proof. See [6, Theorems 2.1, 2.4], or [L5] Theorem 1.4]. O

Corollary 7.2. 1. Ifpc P2’ \ P2, then Ave(x?) = 0.
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2. If pe PZ, Ave(x2)(1) = 1.
3. {Ave(x2)|p € P2} is an orthogonal basis of FC' (GF).

Proof. This is deduced exactly as in the previous section. [l
For v € 7/5;‘” let Bf be the (signed) basic function (—1)")&2 L for F-stable
= (.13

(T,L) in the corresponding class. As in the previous section, we have a combinato-
rial description of Bi .

Proposition 7.3. If g € GF is in the GF -orbit corresponding to u € Py, then

n’

- . o™ (ve); N —_
Bl = S TI @en o™ T @, ((-a™).
PeDy  (§5)EAY ag(o)\kx
(6 |=|p]

Proof. Again, this follows from the Character Formula L9 once we identify the
Green functions for F' with the appropriate Green polynomials of —q. For this we
have to know that for u € G ., F* o wg acts by the scalar (—q)* on H?(B,, Q).
This statement for u € GZ . is Lemma 3.2 of [I0], and the same arguments apply

here. (The assumption that ¢ is sufficiently large is no longer necessary, by results
of Shoji in [1§].) O

Remark 7.4. The values of the basic functions on G here are the same as those of
the basic functions on G¥' in the previous section, with ¢ replaced by —q.

So as in the previous section, to solve Problem [Tt suffices to express Ave(x2)
for p € PJ as a linear combination of the B]'. Define

go(H) = (1= D)(1 = £2) - (1 = 17)
« H (_t)mgn(pg) H (1 _ (_t)mgé(s)tmg(a(s)+1))fl c Q(t),
E€(o)\L s€Epe
where the notation is the same as before Theorem [6.7. Then the solution of Problem

0T in this case is completed by:
Theorem 7.5. For all p € 735,

[NRSSH

Ave(x?) = (go(=a)) ™" D | TI (zwe) '2%(a™, (—9)™) | B
sl

Proof. The proof is entirely analogous to the proof of Theorem O
Corollary 7.6. Let p € PS be such that pe = (|pel) for all §&. Then

_ HEG(U)\L(]- — (=)™ (1 — (—q)?>™¢) - (1 — (_q)‘Pdmg)
a I+q)(1—-¢2) --(1—(—q))

x Y Il o' |BL
veP? \EE(\L
lv|=lpl

Ave(x2)

Proof. This is deduced as in the previous section. O
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8. PROOF OF THEOREM [B.7]

In this section we are not concerned with our given IF-structures, so all maximal
tori are equivalent. So we fix a maximal torus T and speak only of character sheaves
of central character L (determined up to W (T')-conjugacy) where L is a tame rank-
one local system on T'. We drop T from the notation and write W, CA?L, DG(G)L7
ch DG(G)L , ete. We write Wy for W(T)y, (following [13], where the notation
WL is reserved for a certain subgroup of Wy )

It is most convenient to reformulate Theorem B in terms of the map

m:GxG—G:(g1,92) — 91 ' go-

Since pull-back through the inverse map interchanges @EC and (A?Egl (using the

obvious identification of WI/, with WIIFI ), Theorem[3.7is equivalent to the following:

Theorem 8.1. Let A € @L, A e éL"

1. IfE 1, L' are not in the same W-orbit, then mi(AX A") = 0.

2. If I/ =L " and A€ G5°, A’ € Gfl, then i (AR A') € DG(G)E‘&E’.

The rest of this section will be devoted to the proof of this theorem. The ar-
guments below are all present, if sometimes sketchily, in Grojnowski’s thesis [g].
Theorem RBTlitself is a special case of the proposition and corollary stated in [8] §5].

Fix a Borel subgroup B of G containing 7' with unipotent radical U. Identify B
with G/B and write B for G/U. Then T acts freely on B by right multiplication,
and the obvious map ¢ : B — B is a principal T-bundle. Also T x T acts on B x B
in the obvious way, and so on for more factors. If L and L’ are tame local systems
of rank one on 7', then LXL' is a tame local system of rank one on the torus 7' x T
As in §1, define Dy (B), Dy w1,/ (B x B), and so on for more factors. If K € Dy (B)
and~K’ € DL: (B)z then KXK' € Dy g5/ (B x B), etc. (;lear}y the interchzjnge}nap
i: B x B — Bx B induces an equivalence i* : Dy o1 /(B x B) — Dy g1 (B x B).

Let pio,pos, pis : B x B x B — B x B be the three projections. Factor pi3 as
pi3(id x ¢ x id), where pi3 : Bx Bx B — B x B. LetKeDLxL (B x B),

K' €Dy gy, (B x B). Form piy K @ ps3K' € Dy, gy, (B x B x B) and
(id x g x id), (p}, K @ p33K') € Dy, gy, (B x B x B).
We write K « K’ for the convolution
(pra)i(id x ¢ x id),(pjo K ® p3K')[— dim B — dim T] € Dy, oy (B x B).

(The shift makes convolution commute with Verdier duality.)

Now G acts diagonally on B x B by g.(¢1U, 92U) = (991U, gg2U) and this action
commutes with that of 7' x T. Define DL&L/ (B x B) as in §1. Tt is clear that
convolution lifts uniquely to these categories. In particular, we get a functor

* DE&L (BXB)XDEL (BXB)_)DEL (B x B).

Proposition 8.2. The simple objects in M%gf/ (5’ X B) are indexed by
{fweW|(w )t =L
In particular, D%x[/ (B x B) = {0} if I and L~ are not in the same W -orbit.
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Proof. Let A be a G-equivariant (T x T, L. X L')-covariant simple perverse sheaf on
B x B. Then supp A is a (G x T x T')-invariant irreducible closed subvariety of

B x B, hence of the form 6;, for some w € W, where
Dw = {(91U, 92U) | g7 ' 92 € BuwB}.

Thus A =T C(é:u,é‘)[dim 6;,] for some G-equivariant (T x T,L X L')-covariant
simple local system &£ on @,,. Since @, is a homogeneous space for G x T'x T', and
the stabilizer in G x T' x T of (U,wU) € O, is

{(tu,t,” ") |t € T,u e UN"U}
which is connected, such a local system can only exist if
ERE) w1y = Q, de () B =L

and is unique up to isomorphism if this is true. O

If we Wy, let A}Uj be the simple object of MggL,l(é x B) associated to w by

this proposition. Clearly i*A% & A}Ujj It is easy to see that
Al Al = b oab > AL

for all w € Wi General convolutions Alllj * A}ﬂj/ will be described in Theorem

below. For C a two-sided cell of Wy , let Dng_l(B x B)<C¢ denote the full

subcategory of DE&L” (B X lg’) consisting of complexes K such that every simple

constituent of every PH'K is isomorphic to some A% with w < C. Since two-sided
. . kTG > Q<C _ NG 3 3\<C

cells are stable under inversion, "Dy _, (B x B)SY = Dy g (B x B)SC.

Now let u'/? be an indeterminate, and write A = Z[u'/? 4~/2]. In [I3, 6.1],
Lusztig defines an associative A-algebra H’L, the Hecke algebra associated to Wi
(see also [17, 3.3]). Let {C’lIU‘|w € Wy } denote its second Kazhdan-Lusztig basis
(written {Cy,} in [13, (12.9.2)]). Let ()" : Hp — ’H'L,l be the unique anti-algebra
isomorphism satisfying (C’}U‘ )= C}U‘: for all w € Wy = W}’J,l. For C a two-sided
cell of Wy, let (’H'L)<C be the A-submodule of Hy spanned by {C’q};|w < C}, a
two-sided ideal of Hj . It is evident that ((H/L)gcy = ('H'L,l)gc.

Suppose we are given some Fge-structure on G (not necessarily related to the
F,-structures in other sections of this paper) such that T' is Fye-split, and L is
defined over F4. and pure of weight 0. Then B inherits an [Fe-structure, and every
Ag can be given an Fg.-structure which is also pure of weight 0. We have a mixed

G,mixed /15 > G > > G,mixed /3 > PITi
analogue DL&L” (B x B) of DL&L‘l(B x B). For K € DL&L‘l (B x B), let PH; K
denote the pure-of-weight-j constituent of the weight filtration on PH*K. Define
Xul(K) =Y (1) PHIK]W/? € Hy
,J
where the Grothendieck group K OMEgL‘l (BxB) is embedded in H’L by identifying
[A%j] with C}U’. This definition is inspired by [I3] 6.3]; as noted there, we have:
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Lemma 8.3. If (K1, Ko, K3) is a distinguished triangle in Dgggfﬁ(lf;’ x B), then
Xu(K2) = xu(K1) + Xu(K3).

If K is pure of weight 0, then PH?K is pure of weight %, so
(8.1) Xu(K) = [PH' K]u'/?.

(2

It is clear that

K € Dy 50 (B x B)S¢ & xu(K) € (H,)<C.

In extending the definition of convolution to ngﬁ’f}f (5’ X B), we add a Tate twist,

so that

dimB  dimT
2 2

Then since p13 is proper, if K and K’ are pure of weight 0, K * K’ is also.

K+ K' = (p13)1(id x ¢ x id), (pio K @ pis K')[— dim B — dim T (—

).

Theorem 8.4. If K, K' € DY (B x B), then xu(K * K') = xu(K)xu(K").

Also xu(K)! = xu(i*K) where i : Bx B — B x B is the interchange map.

Proof. The second assertion follows trivially from the definitions. For the first, it
suffices, by Lemma B3, to prove that

L 4L L L
Xu(Aw * A'w/) = XU(Aw)Xu(Aw’)'
By (&), this is equivalent to proving that
S i (AL« AR)i? = cLek.

(3

This result is due to Mars and Springer—it is equivalent to the special case x,y €
W, of [T, Corollary 4.2.5]. To translate between our notation and theirs, note that

DY (B x B) = DUV (G x @) = DV*V(@Q)

where U x U acts on GG by two-sided translation. It is easy to check that their notion
of convolution coincides with ours after this change of viewpoint. (Note that their
indeterminate ¢ corresponds to our u'/2.) O

Corollary 8.5. If K € Dgg’g‘_ef(é x B)<¢, K' € Dggz’:ef(g x B)<C', then

K+xK' € Dggf;’ief(é x B)S¢C,

Moreover if y < C,C’, there exist some w < C and w' < C' so that Ag’ 18 a simple
constituent of some pHi(AfU’ * Ajfj,),

Proof. By Theorem B.4, we need only show that

() SC (M7 )< = (M) <9

But this follows from the fact that 'H’L ®4 Q(u'/?) is a semisimple algebra whose
simple modules fall into families parametrized by the two-sided cells of Wi, in
such a way that (H’L)gc ®.4 Q(u'/?) is the sum of all the simple two-sided ideals
corresponding to cells C’ < C. O
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Now consider the diagram
BxBxBxBEGxBxBxBxBLBxBxBxB
where a(g, 01U, 92U, g3U, gaU) = (991U, g2U, gg3U, gaU) and S is the projection.

Clearly we get a functor

« . yG12]xG[34] pDE18IxG[24]
Ba* : DleszLng; (BxBxBxB)— leLz&Lg&hw x B x B x B)

where G[12] denotes G acting simultaneously on the first and second factors, and
so on. We will need to consider two embeddings:

Dglng (B x B) x ngxhl (B x B)

G[12]xG[34] 5 5 s
— DleszL3xL4(B x B x BxB),

which we will write (K, K') — K X K’, and
G 5. 13 G 3. 7
Dy g1, (B x B) x DY _gr (B x B)

G[13]xG[24] 5 5 s
— DL1®L2®L3®L4(B x B x BxB),

which we will write (K, K') — K K K'. Since G x T x T has finitely many orbits

on B x B, every simple object in Mg[g]ﬁ %%4 - (B x B x B x B) is isomorphic to
2 3 4

B x B).

AR A’ for some simple A € Mflng (BxB), A € ML sk, (

Lemma 8.6. If £/ and L™ are not in the same W-orbit, then fio* = 0 on

G[12]x G[34] 5 5 s
DL&L”&L’&(L’)—l(B x Bx B xB).

Proof. Tt suffices to note that

G13]x G[24] 5B B B A
DL@L”&L’&(L’)—l(B x B x B x B) = {0},
by the previous remark and Proposition [82. O
If C, C’ are two-sided cells of WL WL 1, write
G[13]xG[24] 5. BB P<CxC
DL@L”&L”@L(B x B x BxB)
G13]xG[24] 5 5 e

for the subcategory of DL&L - L(B x B x B x B) consisting of complexes

K such that every simple perverse constituent of every PH'K is isomorphic to

A% X A}Uj,_ for some w < C, w’ < C'.
Suppose that we have an F - structure on (G as above. Via the identification

KoMOWIXCRA (3 By B x B)

LxE~ @L '®L
~ KoM (B x B) @ KoM¢ (B x B),

LxL L '=L

define x. (K) € Hy @H; _, for any K € Dg;ixc’;?] m@?’;d(B x Bx B x B). Clearly

K e DE;‘SL]XGEE%] m@j’gd(B x B x B x B)S¢x¢

& xulK) € (M) ® (M) 1)<

’
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Proposition 8.7. If z = x,(fa*(AF R AF ) e Wy @ 1/, then

Xu(Bia™ (K BK')) = (xu(K) @ 1)z(1 @ xu(K'))
= (1@ xu(K))z(xu(K') ®1)
G,mixed /5 > G,mixed /5 >
for all K € DLM,S(B x B), K’ € DL,lng(B x B).
Proof. Define a functor
P . DLgL—l(é X BN) X DL&L—le/x(L/)_l(B X BN X BN X B)
— DLgL—lgL/‘X(L/)_l(B x Bx B xB)
in the same way as convolution, using only the first two factors of B x B x B x B.
In the case L' = L™, it is easy to see that this lifts uniquely to a functor

- Dggix_efi(lg’ x B) x Dggif%%]_’%fd(g x B x B x B)

G[13]xG[24],mixed /5 5 5 5
— DL&L”&L”&L (B x BxBxB),
and by Theorem [B.4]

Xu(P(K, K')) = (xu(K) ® 1)xu(K),

for any K € D& d(Bx B) and K’ € DELSIxCRAmixed g 3. 3y B). Easy base-

ExE! ExL 'mbE T 'RE N ) F
change arguments show that for K1, Ky € Dggﬁ’iefi(l? xB), K3 € Dgfﬁlgf(lg x B),

Pro (K1 * K2) W K3) = ©(Ky, fia” (K2 X K3)).

Applying x., we get that

NalBo (K Kz) B Ky)) = (xu(K1) © Dxa(Ba” (K B Ky)).
An exactly analogous argument shows that

Xu(Bra® (Ko B (K3 % Ky)) = xu(Bro" (K2 B K3)) (1@ xu(Ky)).
Combining these formulas, we get

Xu(Bra™ (K Ka) B (K3 * Ky)))
= (xu(K1) @ Dxu(fro” (K2 B K3)) (1 @ xu(Ks)).

Setting Ko = A%, Ks = A%_l, we get the first equality in the proposition. The

second must also hold by symmetry (consider reversing the order of all factors B,
and using the second statement of Theorem [R.4). O

Corollary 8.8. If K € Dggg"ff(é x B)<¢, K' € Dgfjg‘f(é x B)<C', then

* / G[13] x G[24],mixed ; 13 > 3 2\ <CxC,C'xC’
O (K&K)EDL&L_le_lgL (Bx Bx BxB) .
Proof. Thanks to Proposition BT, this follows from
(Hg,)SC @ 1)(Hf, @ Hp —1)(1® (Hp 1))
N1 ® (Hy-1)S)(Hp, © Hy 1) (H)SC @ 1)

C ()50 @ (M7 1)0C
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Now we must relate all this to character sheaves. Consider the diagram

idxq

BxB< GxB<XaGxB-La

where p : G X B — G is the first projection and 7'(g~7 g’([) = (99'U, ¢'U). Following
Ginzburg (see [5]), define a functor Ch : Dy oy —1(B x B) — D(G) by

Ch(K) =p(id x ¢)yr*K[dimU — dim 7.

(This shift ensures that Ch commutes with Verdier duality, since p is proper.) Since
it is defined by a G-equivariant diagram, Ch lifts uniquely to a functor

Ch:D{ _; -1(B x B) — DYG).

We also need the functor ChX Ch : DL&L’le’x(L’)—l (BxBxBxB)— D(GxGq)
defined in the obvious way. This lifts uniquely to functors

_G[12]xG[34] BB B G[1]xG[2]
Ch X Ch: DL@L”&L’&(L’)A(B xBxBxB)—D (G x G),
Ch X Ch : DE3IxC121] (B x B x Bx B) - DCIA*G2(G x @),

LxL'®L'®EL) -1
where G[1] x G[2] denotes G x G acting on itself by

(91,92)-(91,92) = (919491 ", 929592 ),
and G[12] x G[12] denotes G x G acting on itself by

(91,92)-(91, 95) = (919195, 919595 ).

Proposition 8.9. For a G-equivariant simple perverse sheaf A on G, the following
conditions are equivalent (in @) and (@) we have an Fge-structure on G as above):

~<c
1. AGGL .

m*A[dim G| is a constituent of some PH(ChXCh) (Ag_1 %Ag,) forw,w" <C.
m*Aldim G] is a constituent of some PH*(Ch X Ch)(K) for some

2. A is a constituent of some pHiCh(Ag) forw <C. o

3. A is a constituent of some PH'Ch(K) for some K € ng—l (B x B)<C¢
4. A is a constituent of some PH'Ch(K) for some K € Dg;i’f}fl(g x B)<¢
5.

6.

K e D([Jj[*l?gLGEE?I]xL”(B x B x B x B)S¢xC,

7. m*A[dim G] is a constituent of some PH*(Ch X Ch)(K) for some

G[3]xG[24)mixed 3 3 13 o 3<CXC
KEDL”&L&L&L’I (B x BxBxDB) .

Proof. The equivalences @) < B), @) < @), @ < (@), and @) < (@) follow by

general principles. For w € Wy , it is easy to see that (up to shift) Ch(A%j) ~ K,
in Lusztig’s notation. So without the information on cells, (@) < (@) is simply [13]
Proposition 12.7]. The version involving cells is easy to deduce from the results of
[13, §16]. In view of Corollary BH, @) < (B) follows from the formula

(Ch K Ch)(K K K') & m*Ch(i*K % K') ® H* (T, Q;)[dim G
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in DEM2XCN2(G x @), for K € ng}jl (BxB), K' € Dg—lgL(B x B). To prove
this formula, factor the map r x r used in defining Ch X Ch as a-y, where

Y:GxBxGxB—-GxBxBxBxB
H (91,910, 92, 95U) = (91, 91U, 61U, 91 9205, 95U
and « is as above. Since K is G-equivariant,
(KK = (KKK
where (3 is as above. So
(Ch B Ch)(K R K') 2 (p x p)(id x g x id x q),7*8* (K K K")[2dim U — 2 dim 7.
Now straightforward base-change arguments show that
(px ph(id x g x id x q)yy* " = M pi(id x g x q),(67)",
where in the diagram
BxBxBxB BxBxBe GxBxB2Z'GxBxB-La

we have p is the first projection, 7(g, g1U, gU) = (91U, gg5U, gbU), and 4 is the
map which repeats the first factor. Again, it is easy to see that

pi(id x g x )y = pi(id X q)y7 (pas)r,
so it suffices to prove that
(pos)8* (K K K') = (i*K  K') @ H*(T,Q)[dim B + dim T7.
But from the definition of convolution,
(i*K * K")[dim B + dim T] 2 (pa3 )1(q x id x id),6* (K %K’)
It only remains to note that ¢Q; = H, (T, @), because of the Cartesian square
GxT —1- @
| |
B —
where q is the projection, and the vertical maps are (g,t) — gt U and g — gB. O

Proposition 8.10. There is an isomorphism of functors

7i*y(Ch ) Ch) = (Ch K Ch)Ba* :

Di;z]f%%,]&(ﬂ)_l(é x B x B x B) — DCIMAXC2(G « @).

Proof. The first step is to consider the Cartesian square
GxGxG —% GxG
d »|

GxG@ "™, @
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where d(g, g1, 92) = (991, 992) and B(g.g1,92) = (g1, g2). By base-change, we have
an isomorphism of functors

Wi = fat s DGR x @) — DONAXCN2 (G x @),

The proof that 3¢ (Ch X Ch) 2 (Ch K Ch)fia* is then entirely routine. O

We can now prove Theorem Bl First suppose we are in the situation of ().
By (M=) in Proposition B9} we can find some K € Dfo,l (B x B) and some
K' e DG,g(L,)_l(é x B) such that A is a simple constituent of some PH'Ch(K),
and A’ is a simple constituent of some PH'Ch(K’). It then suffices to prove that
7 (Ch(K) X Ch(K’)) = 0. But by Proposition R0

m*imy (Ch(K) K Ch(K")) = (Ch X Ch)(fie* (K K K))
=~ (), by Lemma [8:6]

Now suppose we are in the situation of (2]) of Theorem[81]l By ({)={) in Proposi-

tion 8.9, we can choose K € Dggix_efi(é X B)gc and K’ € Dgf?;jid(é X g)gc/ such

that A is a simple constituent of some PH'Ch(K ), and A’ is a simple constituent of
some PH'Ch(K"). It then suffices to prove that

7 (Ch(K) B Ch(K")) € DG’mixed(G)Eﬁf’.
Now by Proposition (or more precisely its mixed analogue),
m*1m (Ch(K) X Ch(K')) 2 (Ch X Ch)(Bia* (K X K'))
in DG[lQ]XG[lQ],mixed(G % C;V)7 and
Bio* (K B K') € DYLIIRImed o g B B)sexeeic
by Corollary R Using (@)= (1) in Proposition[89, we are done.
9. PROOF OF THE CHARACTER FORMULA

This section imitates the “principal series” case of [I3], §8]. We first describe an
alternative construction of K .. Ly Let B be any Borel subgroup of G containing
T, and let g : B — T be the canonical projection. Consider the diagram

T & {(g,2B) € G x G/Bla~'gz € B} % G
where 1) is the first projection and &(g,zB) = mp(x~1gz). We let
md$ 5 (L[dim T]) = ¢1a*L[dim G] € DE(G).
Theorem 9.1. 1. For every B, we have a canonical isomorphism
Indfc g (E[dim T)) = K .
2. The natural isomorphism F*IndchB (E[dimT]) = Indch(L[dim T)) in-
duced by d)i . F*L = E becomes oy
identifications of ().

Proof. Part () follows from the fact that the map 1 is small and proper, and (2
is obvious from the construction. See [13| 8.2] for more details. g

- : F*K(T,L) = K(T,L) under the

uni’

Corollary 9.2. Foru € GF Xf;(T I (u) = (—UdimGQ%(u)-
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Proof. As in the proof of [13, (8.3.2)], we deduce from (2) of Theorem [@.1] that the
left-hand side does not depend on L. In the case L. = Q;, @) of Theorem [ also
implies that for all g € G,

Xf((ﬂ@) (g) — Z(_l)ierimGtr(F* o wil,Hi(Bg,@))v

where w is as in the definition of the Green function. So we are done. O
We can now prove the Character Formula, Theorem [£.9.

Proof. Let U be an F-stable open subvariety of Z%(s) containing u such that for
all Borel subgroups B containing T,

gesU,z e G atgre B=az sz e B,
and hence

gesU,z € Gz lgreT=a sz el
(Such a U certainly exists: take the U defined in [13] and intersect with Z/~1.) Now
fix a Borel subgroup B containing T'. Let Q = {z € G|z~ 'sx € T}. Then Q/T is a
disjoint union of Zg (s)-orbits @. Moreover @B = {z € G|z~ 'sz € B}, and QB/B
is a disjoint union of Zg(s)-orbits

O = {aB € G/B|2T € 0}.
Thus by definition of U, the variety
{(g,xB) € sUU x G/Blz"'gx € B}

is a disjoint union of its subvarieties

Y, 5 =1{(g,2B) € sl x Oz~ gz € B}
where ) runs over the above set of orbits. Consequently

G : ~ N * .
Indfe g (E[dim T))|ar = @D (4, 5)1(éy, 5) Eldim G,
%]

where 9, o and &, ;4 are the restrictions of ¢ and & to Y, 5. Now choose for each
() a representative xg € G such that xpg = F(zp). Let Bg = x@Bmél N Z&(s),
a Borel subgroup of Z&(s) containing the maximal torus Ty = J,'@Ta:(gl. Then we
have a commutative diagram:

*Uu,» Yu,o

T ——— {(g,zB) € s x D|z" gz € B} —— sU

d d I
A~/ wl
Tp <~ {(g,2Bo) € U x Zg(s)/Bolv gz € Bo} —%> U
where dz’/,’g and wz’,{,@ are defined analogously to & and ¢ but for the group Zg(s)
instead of G, (t) = x(glst:c@, 0(g,2Bgp) = (sg,zxpB), and €(g) = sg. It is easy to
see that ¢ is an isomorphism, and € is obviously an isomorphism. So if Ly denotes

the local system v*L on Ty, we have

¢ (IndSe g (E[dim T))| o) [~ (dim G — dim Z&(s))] = @ Wmd7E 8, (Lo[dim To)) -
(%)
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By Theorem [@1], this is equivalent to
€ (K p x| [—(dim G — dim Z¢(s))] = P K 1, 1,,,)lu
(%]

where K, 1, ) means the perverse sheaf on Z3(s). The crucial question is why
this isomorphism respects the F -structures. The reason is that this isomorphism
is the result of applying the IC functor to an isomorphism

6*(K(T7L) |stnGee ) [— (dim G — dim Zg (s))] = @ K(T@L@) ltns—1Gree
(%)

obtained by a similar procedure to the above, using the first construction of K (L)
which results from an F-stable diagram. (Note that the required action of F on
{@} is simply that of F.)

Once we know that this isomorphism respects F,-structures, we consider the
stalk at w € U and find:

F F
su) = U
XK(T,L)( ) z@: XK(T@,L@)( )
Fo=
_ _ 1\dim Z&(s)  F ~Z¢(s)
= Y (F)IEEEhE (1)Q7S (u)
F®®:®
_ Z (—1)dimT 15( -1\ AHZa(s)
= xg,(Toszy ) Q7S (u)
F(D@:@
_ (=pdmT P13 A28
*W Z XL(»T sT)Q 51 (u),
zeGF
z " lszeT
as required. [l

10. PROOF OF THE INNER PrRODUCT FORMULA

This section imitates the “principal series” case of [13], §9].

Lemma 10.1. If (T, L) is F-stable, then so is (T, £~"), and XE( P =xk
T,

Proof. This follows easily from the fact that Xf—l (t) = Xf (t™ 1) = Xf (t). O
We first prove the “geometric” part of Theorem EI0l

Theorem 10.2. If (T, L), (T', L) are not G-conjugate, <X§(T L)’X?T/ L’>> =0.

Proof. By Lemma [[LT] and the Grothendieck Trace Formula, it is enough to show
Ho(G Kip 1y ® K 1y-1y) = 0, Vi.

By Theorem [1], this is equivalent to
H(G,nd$ 5(L[dim T)) @ dS 5 (L)) Hdim T'))) = 0, Vi.
From the definition of IndgC p it is easy to see that this will follow from

H{(Y,&*LX (&)* (L)"') =0, Vi,
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where
Y ={(9,2B,2'B') € G x G/Bx G/B' |z 'gx € B, (2') ‘g2’ € B'}.

Now there are only finitely many G-orbits @ on G/B x G/B’, so it suffices to prove
this vanishing for the preimage of each. But for each @, the map

{(9,2B,2'B") € Y |(xB,2'B") € O} — O

is a fibre bundle, so by the Leray spectral sequence it suffices to prove the vanishing
for one fibre of it. We consider the fibre over (B, 2’ B’) where 2/T'(2’)~! = T. That
is, we must prove that for any such ’,

H{(BNna'B'(z) ' ngL o Ad((2))"H)* (L)1) =0, Vi.
Now 7mp : BNa'B'(2')~! — T is an affine space bundle, so this will follow from
HY(T,L®Ad((")""H)*@)" Y =0, Vi.

But since (T,L) and (T",1/) are not G-conjugate, L. @ Ad((z")~)*(L/)~! is non-
trivial, and it is well known that all cohomology groups of a torus with coefficients
in a nontrivial local system vanish. (|

Now take L' = @, and assume that Lz = Q; but L is non-trivial, which
can always be arranged unless G is a torus. Applying Theorem and using the
Character Formula, we find that the following expression vanishes:

1 P ~Z2(s ~Z2(s
(101) Z m Z XE(Q) 155[)) Z QITG-‘:E_)1(U)QI/%(,(L/)—1(U)
SEGSF; G z, 2’ eGF uEZ?;(s)fni
z lszeT
(z') sz’ €T’

We can now prove the analogue of [13, Theorem 9.3]:

Theorem 10.3. For any F-stable T, T',

| o e ING(TLT)]
[Gr 2 R = rEim

ueGE

uni

Proof. 1f G is a torus this theorem is trivial. By induction on dim G, we may assume
the Theorem known when G is replaced by Zg(s) for any s € Gfs - Z(G)F. Since
the terms where s € Z(G)F contribute |Z(G)F| ZuEGfm Q% (u)Q% (u) to (IO, it
is enough to prove that (I0T]) still vanishes when the left-hand side of the theorem
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is replaced by the right-hand side throughout. But
)3 DR G L Lk CECP e
o |Z° or L (T 1) " (2T (2') )"
s€ x,x’ €
z " lszeT
(z") sz’ €T’
_ 1 1 P,
“EEE X werae
seGE
z,x'eGF
scxTa " 1nz'T ()1
n€z(s)¥
T (z') t=naTae " 'n~1!
_ |GF|ING (T, T")"| Z
- [ TF||(T")F| L
teTF
by assumption on L. O

The full Inner Product Formula, Theorem ET0, is deduced as follows:

Proof. Using Lemma[IT01], the Character Formula, and Theorem [T0.3]

IGFILHS = > xk . (9Oxk ., (9
s [ ) @, &LH-1
g

1L pa Bt 1 Nzg o @Ta™ T/ (@) )"
= X e s () s
G

2, Te P T @) 7]
x,x/EZ‘SF
z 1 szeT
(/)" sz’ €T’
_ 1 Z 1 F( -1 ) F (( /)71 -1 /)
R [Zg(syT L POARES S
sEGi ¢
z,x'eGF
scxTa Nz’ T (')~ 1
neZ(s)F

' T () t=paTae tn?!

71 1 Foo—1 F T . |
SEEE L, (e e e
F
xEG?
s€xTaz ™t
neZg(s)”
nENG(T, T
__ 167 PP .
=TT Z XE X g q - ()
teT”
nENg(T, T
|G ||TF| N
= ey (7 € Na(T T)IAd(n) L = 1}

= |GF|RHS.
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