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CONSTRUCTIBLE CHARACTERS, LEADING COEFFICIENTS
AND LEFT CELLS FOR FINITE COXETER GROUPS
WITH UNEQUAL PARAMETERS

MEINOLF GECK

ABSTRACT. Following Lusztig, we investigate constructible characters, leading
coefficients and left cells for a finite Coxeter group W in the case of unequal
parameters. We obtain explicit results for W of type Fy4, By, and I2(m) (m
even) which support Lusztig’s conjecture that known results about left cells in
the equal parameter case should remain valid in the case of unequal parameters.

1. INTRODUCTION

Consider a finite Coxeter group W with generating set S. Following Lusztig
[17), we wish to study the partition of W into left cells in the multi-parameter
case. This means that we are given a function ¢: W — T" into an abelian group I’
such that p(w) = ¢(s1)---@(sp) whenever w = s1--- s, with s; € S is a reduced
expression. Furthermore, we assume that there is a total order on I' which is
compatible with the group structure and that ¢(s) is strictly positive for all s € S.
Then the corresponding Iwahori-Hecke algebra H over the group algebra Z[I'] has
a certain distinguished basis and this is used to define a partition of W into left
cells. In the case where ¢ is constant, one obtains just the original definition of the
Kazhdan-Lusztig basis and left cells introduced in [I3]. We recall the definitions
in the multi-parameter case and establish some basic relations in Section

Using the a-function arising from the generic degrees of H, one can also define the
notions of constructible characters and leading coefficients in complete analogy to
the equal parameter case (which is studied in detail by Lusztig [18] and [21]). This
will be worked out in Section [3 In order to determine the leading coefficients, we
will introduce in Section[d the notion of orthogonal representations of Iwahori—Hecke
algebras. This will allow us to define leading coefficients of matrix representations
(and not only of their characters). We show in Theorem E.10] and its corollaries
that these leading coefficients can be used to detect left cells.

The last three sections are concerned with explicit results. First, in Section [l
we show that Hoefsmit’s matrix representations in type B, (or, rather, the variants
defined by Ariki-Koike [3]) actually are orthogonal representations satisfying an
additional integrality condition. This turns out to be an efficient tool for determin-
ing the leading coefficients in type B,,; see Theorem[E4l (In a similar way, one can
also recover the known results on leading coefficients in type A, using orthogonal
representations.) In Sections [Bl and [7] we present explicit results on constructible
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characters, leading coefficients and left cells for the types Io(m) and Fy. These were
obtained by explicit computations using the CHEVIE system; see [9] and [24].

The results we obtain provide some evidence for the conjecture expressed by
Lusztig in [177, §7] that known results on left cells in the equal parameter case should
continue to hold in the case of unequal parameters. For example, the following
results should be true in general:

(1) The constructible characters are precisely the characters afforded by the var-
ious left cells of W (see [20] in the equal parameter case).

(2) For w e W and x € Irr(W) let ¢,y be the corresponding leading coefficient;
then we have ¢y, # 0 for some x € Irr(W) if and only if w,w™! are in the
same left cell (see [21], 3.5] in the equal parameter case).

(3) For any left cell € C W, there exists a unique element xg € € such that the
character afforded by € is given by + Zx Czox X (see [18, 12.2] in the equal
parameter case).

(To be more precise, the above references cover the case of finite Weyl groups. The
analogous results for the dihedral groups and the types Hs, H4 have been checked
using explicit computation by Lusztig [16], Alvis [I] and Alvis-Lusztig [2].)

Note that, according to the classification of finite Coxeter groups, the only types
that we have to consider (as far as unequal parameters are concerned) are Ir(m) (m
even), By, (n > 2) and Fy. With one exception, we check that the above statements
are true in an “extremal” case of unequal parameters. (This means that we have
two independent parameters and the ordering is such that one of them dominates
any power of the other.) The exception is the statement in (1) for type B,: we
show that the constructible characters are precisely the irreducible characters but
we cannot show that the characters afforded by left cells are irreducible. (However,
this would follow from the explicit description of the left cells by Iancu [12].)

We shall use [10] as a reference for general facts about the characters and repre-
sentations of finite Coxeter groups and Iwahori—-Hecke algebras.

Throughout this paper, we shall use the following notation. Let I' be a free
abelian group of finite rank (written multiplicatively) and assume that we are given
a total ordering of I'. This is specified by a multiplicatively closed subset I'}. C
I'\ {1} such that we have D = 'y II {1} IIT_, where I_ = {g7' | g e Ty }. We
shall write

g<yg ifggtelu{l}

Let {vs | s € S} CT' be a subset such that v; = v, whenever s,t € S are conjugate
in W. Then we have a well-defined map ¢: W — T' such that p(w) = vs, - vs
whenever w = s; -+ -5, with s; € S is a reduced expression.

Let R C C be a subring and let A = R[I'] be the group algebra of T' over R.
Then the elements of A are Laurent polynomials in the free generators of I'. Given
any 0 # f € A, we can write uniquely f =r9go + -+ + rngn Where 0 # r; € R and
g; € ', such that gigo_1 e I'y for all ¢ > 0. (Note that any finite subset of I" has a
unique maximum and a unique minimum.) For short, we will sometimes just write
f =rogo + higher terms.

Let H be the generic Iwahori-Hecke algebra corresponding to (W, S) with param-
eters {v2 | s € S}. Thus, H has an A-basis {T, | w € W} and the multiplication is
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given by the rule
T Tow it i(sw) > l(w),
ST 02T + (02— 1)T, it i(sw) < l(w);
here, [: W — Ny denotes the usual length function on W with respect to .S. For
any w € W we set v, := v, ---vs, where w = s1---5, with s; € S is a reduced
expression. It will be convenient to introduce the elements T, = vy, *T,, for w € W.
Then we have the following relations:
Tow it i(sw) > l(w),
Tow + (vs — v )Ty if I(sw) < l(w).
The algebra H is symmetric with respect to the trace function 7: H — A defined
by 7(T1) = 1 and 7(T\,) =0 for 1 # w € W. We have

TsTw = {

1 if w' =w1,

7—(TwTu/) = { 0 if w' #w™l
see [10) §8.1].

2. ON THE GENERALIZED LEFT CELLS OF W

Assume that we have fixed a total order on I' as in Section [l Following Lusztig
[17], we obtain a corresponding Kazhdan—Lusztig basis of H which then gives rise
to a partition of W into left cells. (This generalizes the original constructions
of Kazhdan-Lusztig [13].) The aim of this section is to establish some results
concerning these left cells which generalize similar results due to Kazhdan—Lusztig
[13] and Lusztig [18] in the one-parameter case. See also [25, Chap. 1] for further
results on left cells in the multi-parameter case.

2.1. The Kazhdan—Lusztig basis. Let a — a be the R-algebra automorphism
of A which takes g to g~! for any g € I'. Let < denote the Bruhat—Chevalley order
on W. For each pair of elements y < w in W, we have a corresponding Laurent
polynomial P;, € A, as constructed in [I7, Prop. 2J; see also [10, 11.1.11] for a
recursive formula for the computation of Py ,. We have Py, =1 and, if y < w,
then P, is an integral linear combination of the elements of I'_. For each w € W,
the corresponding Kazhdan—Lusztig basis element is given by

Cy, = Z (_1)1(7,,)4(1,) ﬁ;w Ty € o;

yeW
ysw

see [17, §6]. Since C,, is a linear combination of T,, and basis elements Ty with y <
w, we see that {C,, | w € W} is a basis of H. We have the following multiplication
rules (see [17, §6]): for w € W and s € S, we have

5 Csw +vsCy — Z (_1)l(w)_l(z)M;7wCz if sw > w,
T: Cuw =
—v;1 Oy if sw < w,
where M? ,, € A are determined as in [L7, §3]. Note that we have M;w = M;,,.
Now recall the following definition from [I7, §6]. Let <y be the preorder relation
on W generated by the relation
(L) y < w if there exists some s € S such that C, appears with
nonzero coefficient in TsC,, (expressed in the Cy,-basis).
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The equivalence relation associated with <y will be denoted by ~; and the corre-
sponding equivalence classes are called the left cells of W. The following example
shows that these notions depend on the chosen total ordering of I'.

Example 2.2. Let (W, S) be of type Bz, with generators S = {¢,s1,s2} such
that (ts1)* = (s152)® = 1. Let v be an indeterminate and T' = {v™ | m € Z},
Iy = {v™|m > 0}. Let vs;, = vs, = v and vy = v, where m; > 1. Computing
the left cells of W, we find that it makes a difference if m; = 1, m; = 2 or my > 2.
For example, let w; = $18951, we = twy, ws = S1ws, wqg = Sows. Then it can be
checked that

o {wy,wa, w3} is a left cell if my = 1;
o {wy,wo, w3, wy} is a left cell if mq = 2;
o {w1} and {wo, w3, wy} are left cells if mq > 2.

This example also shows that [25] Conjecture 1.23] does not hold. (I was informed
by N. Xi that he knew that this conjecture does not hold.)

2.3. Left cell representations. FEach left cell € gives rise to a representation
of H. This is constructed as follows (see [17, §7]). Let Ve be an A-module with
a free A-basis {e,, | w € €}. Then the action of Ts (s € S) is given by the
multiplication formulas in (TI), i.e., we have

Csw T VsCoyy — Z (—1)1(1”)’Z(Z)MZS W€z if sw > w,

)
= z<w
sz<z

—v; " ey if sw < w,

where we tacitly assume that e, =0 if z ¢ €.

Upon specialization vs — 1 (s € S), we obtain a representation of W which
is called the representation carried by €. We denote by xe the character of that
representation of W.

2.4. The dual basis. The following constructions are analogous to those in [18]
5.1] (which are concerned with the one-parameter case). For y < w in W we define
a Laurent polynomial @y ,, € A inductively by

1 ify=w
1\ (w)=l(z) p* ® Y )
> yeror. g, - { =
zEW

y<z<w

We have @7, , = 1 and, if y < w, then @)} ,, is an integral linear combination of the
elements of I'_. (Proof by induction on I(w) — l(y).) Then we set, for any y € W,

e o~
D, = E QywTw € H.
weW
y<w

As in [I8] 5.1.10], we see that

1 if y =w,
T(CwDy-1) = { 0 if y # w,

where 7 is the symmetrizing trace defined in Section[Il. It follows that {C,, | w € W}
and {D,-1 | w € W} are dual bases with respect to each other. Consequently, we
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have the following rules: for w € W and s € S, we have

i Dy, —viiD, — Z (1)l Dy if sy <y,
Ts Dy = o2,

vsDy if sy > y.

(Compare with the formulas [I8| 5.1.16] in the one-parameter case.) Indeed, let
us write T, Dy =3, aywDy with ay. € A. Then we have ay,, = 7(TyDyCypy1) =

T(DyCly- 1T) On the other hand, the map T, — T,,—1 defines an anti-auto-
morphism of H. Thus, writing T,Cp = = >, by:C, with b,,. € A, we have C,,—1 T, =
>, bwzC.—1 and 50 Gy, = T(DwaqTS) = byy. Hence, the multiplication formulas
for the Dy-basis are obtained by “transposing” those for the C,,-basis in (ZTJ).

Lemma 2.5 (See Lusztig [I8, 5.1.14] in the one-parameter case). Let y,w € W.
If CyD,y-1 # 0, then we have w <r y.

Proof. This is word for word the same as in [19, Lemma 4.5]. O

Note that Lusztig actually also proves the converse of the above relation but
this requires the positivity properties of the p-constants occurring in the Kazhdan—
Lusztig polynomials in the one-parameter case. (This positivity is no longer satisfied
in the unequal parameter case, see the examples in [17] and also Example 2 below.)

The following result appears in Lusztig’s lecture notes [22, §11]. Note that the
argument we give for (b) is different from that in [I3] 3.2] (in the equal parameter
case). In Example 27 below we will see that the M-polynomials do not behave in
exactly the same way as the p-constants in the equal parameter case.

Lemma 2.6 (See Kazhdan-Lusztig [13] in the one-parameter case). Let wg € W
be the longest element. Then we have

(a) =P} for any y,w € W with y < w

y w WwWo,Yywo

Furthermore, if y,w € W and s € S are such that sy <y < w < sw, then
s — 1\ w)=U(y) ase
(b) M, = —(=1)"IMy

wWwo,Yywo

Proof. The proof of (a) is similar to that in [I3]; we sketch the main ingredients
involving the R-polynomials, which are defined as follows. As in [I7) §1], we write
for any w € W:

7.5 => R,,T, whereR;, €A
yeWw

We have R}, , =1 and R}, = 0 unless y < w. Furthermore, we have the following
recursion formula for the computation of the R-polynomials. Let y,w € W and
assume that y < w, w # 1. If s € S is such that sw < w, then

R* — { R:y sw (US - U;I)R;,sw 1f sY > Y,
RYy sw if sy <.

Using the above formula and induction on [(w)—1[(y), one easily shows the following
relations:

R;, =R, and R, =(-1)""WRs

wWwo,Yywo Y, w y,w
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(In particular, this shows that y < w if and only if wwy < ywp.) Combining this
with [I7, 1.1], we obtain the following identity:

1 ify=w
) w)=lz) p*  px — Y 5
() S R Ry {o Hiiw
V<
Now, in order to prove the identity @ ,, = Py yw,> We must show that
1 ify=w
l(w)—1(z) p* * _ Y )
(**) ;‘, ( 1) P wao,zwo - { 0 1fy < w.

y<z<w

Asin [13, 3.1], let U, ., € A denote the left-hand side of (xx). We show by induction
on l(w) — I(y) that Uy, = 0if y < w and Uy, = 1. If y = w, this is clear. Now
assume that y < w. By [I7, 2.2], we have

Z RZ,szw

zeEW
y<z<w

We have similar expressions for P . and wa o.2w - 1nserting these expressions into

Uyw = Zygzgw(—l)l(w)fl( )P wao wgs We obtain

7T _ 1\ (w)=1l(u) px* *
Uy,w - E ( 1) R wao u' wo Uu,u"
u,u’ €W
y<u<gu/ <w

Using the inductive hypothesis on U, ., the above expression simplifies to

U w—Uyw+ Z l(w) lu)R* R*

wWwWo,uwo *
y<usw

By (%), we have Uy,w = Uyw. However, the definition of the polynomials Py,
shows that U, ,, is a linear combination of elements in T'_. Since Uy, ,, = Uy ., We
conclude that Uy, = 0, as desired.

To prove (b), we proceed as follows. For any w € W, weset C7, :==>_ P;wf’
Then we have C!, = (—1)"*);(C,,), where j: H — H is the ring involution defined
by 732, awTy) = >y ay(—1)'W)T,; see [I7) §6]. We have the following multiplica-
tion rules: for any w € W and s € S, we have

cl, —vitCl + Z M:,CLif sw > w,
T.Cy = S

vs CI, if sw < w.
Now we claim that (see [18] 5.1.8] in the one-parameter case)

(1) =, T for any y € W.

ywo

— %

This is seen as follows. By [I7, Prop. 3], we have C}, = > ., P, ., Ty__ll for any
w € W. This yields

= 1 T
ywo wO - wwo,ywo wow -1 wo *

weWw
ysw
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Now, for any w € W, we have Twow—lfw = Tw0~ Inserting this into the above
equation, we obtain
~ — % ~ — % ~
ChunTuo = D Prsnyuo To = 3 @y Tw = Dy,

weWw w
ysw Y

where the second equality holds by (a). Thus, () is proved. Now fix y € W and let
s € S. We have [(sywy) = l(wo) — I(sy) and so sywy > ywyp if and only if sy < y.
Thus, using the above multiplication rules for the C! -basis, we obtain

~ S Dy, — Us_lDy + Z M3 0 e Pw if sy <y,
TSDy = TSCywOTwo = s’ﬁ;>>i/u

vs Dy if sy > .
A comparison with the multiplication rules in (24) yields the desired relation. O

Example 2.7. Let (W, S) and T'y C T be as in Example[Z2] where m; > 2. Then
we have

M;w =™ T2 4 2™ where y =182, w = 818281t.

Since I(w) — I(y) = 2, the formula in Lemma 28l yields M}, ,uw, = =M, ., # 0.
This phenomenon cannot occur in the one-parameter case, where multiplication
with wy does not change the M-polynomials (which are constant); see [13} 3.2].

Corollary 2.8 (See Lusztig [I8, 5.1.8 and 5.14] in the equal parameter case).
(a) For anyy,w € W, we have y <, w if and only if wwy <p, ywo. In particular,
if € is a left cell in W, then so is Cwy = {wwy | w € C}.
(b) Let € be a left cell and let x« be the character of the representation of W
carried by € (see[Z3). Then we have Xew, = € @ Xe, where € is the sign
character.

Proof. The statement in (a) is an immediate consequence of Lemma 2.8 and the
definition of left cells. The proof of the statement in (b) is essentially the same as
that in [4] 2.25]. For this purpose, recall the construction of the H-module Vi from
(23). Now, since every element of W is conjugate to its inverse, the representation
of H on Vg is equivalent (over the field of fractions of A) to its contragredient dual
(see [10] 8.2.6]). Thus, “transposing” the formulas in (23), we see that we may also
regard Ve as an H-module where T, acts as follows (compare with the formulas in

EZ3):

€sy — v;ley — Z (—1)l(w)*l(y)M;’wew if sy <y,
Ts ey = w>y
sw>w
Us€y if sy > vy,
where we assume again that e;, = 0 if sy € €. Now compose the above action of
H on Vg with the A-algebra automorphism v: H — H given by v(T,) = —T; !
(s € S). Then we obtain a new H-module, denoted by Vg , on which T acts via

—eay +usey + > (1) TWINE e i sy <y,
(6) Ty = a7
-1

—vg ey if sy > .

By [I0, 9.4.1], the above representation of H on Vg yields the character ¢ ® xe
upon specializing v, — 1.
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On the other hand, consider the left cell Cwy. Let Vi, be the corresponding
H-module as in (Z3). Then Vew, has a free A-basis {€,w, | w € €} and the action
of T is given by

s .
€swwg + VsCwuwq + E Mw,zezwo if Swwo > Wwy,

T e == zwo<ww(
s Cwwo szwo<z

V5! if swwy < wwy,

where we used the identity for the M-polynomials in Lemma Using the fact
that multiplication with wg reverses the Bruhat—Chevalley order, we can rewrite
the above formulas as follows:

s .
€swwg + VsCwuwq + E Mw,zezwo if sw < w,

Tse = z>w
§ Fwwo s2>2

—v5 ! ewwg if sw > w.
Now set €/, := (=1)®)e,,, for w € €. Then the action of T, on the basis {€/, |
w € €} of Vi, is given by

- —el + Vsel, + Z (—1)“2)_[(“’)ij’2€; if sw < w,
Tiey = o

—1 .
el if sw > w.

—vg

Hence we obtain the same action as that given by (). O

3. GENERALIZED a-INVARIANTS AND LEADING COEFFICIENTS

The aim of this section is to provide a precise definition of the a-invariants and
the leading coefficients of characters of finite Coxeter groups for the case of unequal
parameters. In the one-parameter case, these notions are due to Lusztig [18]; some
indications as to the general case are given in [17), §7]. Here, we follow the exposition
in [10, §9.4].

We keep all the assumptions of Section [I] but we now make a special choice of
the ring R: we take R = R. Let Irr(IW) denote the set of (complex) irreducible
characters of W; each of these characters is afforded by a representation over R.
(Note that R is a splitting field for W; see [10} 6.3.8]). Furthermore, let K be the
field of fractions of A and denote KH = K ®4 H. It is known that KH is a
split semisimple algebra, which is isomorphic to the group algebra of W over K.
Let Irr(K H) be the set of irreducible characters of K H. By Tits’ Deformation
Theorem, each x € Irr(IW) determines a unique irreducible character ¥ € Irr(K H);
for all w € W, we have x(T}y) € A and applying the R-algebra homomorphism
A— R, g1 (gel),yields x(w). (For all this, see [10} 8.1.7 and 9.3.5].)

3.1. Schur elements. For each x € Irr(WW) there exists a unique nonzero element
¢y € K such that

| 1 ifw=1
E : 1:
x€E€Irr(W) x 0 nw 7& ’

see [I0, 9.4.4]. We have in fact ¢, € A for all x € Irr(W), by [10, 9.3.5]. The
elements ¢, are called Schur elements; they can be characterized alternatively as
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follows. Let d = x(1) and consider a matrix representation X: KH — My(K)
affording x. Then we have the following Schur relations (see [10] 7.2.2]):

> E(Tw)ij B(Tyr)i = dudrjey,  for 1<, j, k1< d.
weWw

These relations are a consequence of the fact that H is a symmetric algebra with
respect to the trace function 7: H — A defined in Section [T

The following result shows that the Schur elements also arise in connection with
left cell representations.

Proposition 3.2 (See Lusztig [I8, 5.4 and 5.7] in the one-parameter case). Let €
be a left cell in W. Then the element

Zg = Z Cw Dw—l cH
wee

lies in the center Z(KH) of KH. For x € Irr(W), the element z¢ acts by the scalar
m(xe, X) ¢y on a representation affording X € Irr(K H), where m(xe, x) denotes the
multiplicity of x in the character xe afforded by the representation carried by €.

Proof. Copying word for word the proof of [I8 5.7(ii)], we obtain the identity
ze = D pew Xe(Cuw)Dy-1. This yields
ze= > mlxe, )Y X (Cu) Du).
x' €lrr(W) weWw

In order to show that z¢ € Z(H), we use an argument which is different from that in
[18]. We fix a character x’ € Irr(W) and let X': KH — Mg (K) be a representation
affording X'; we write X'(h) = (2};(h))1<i,j<a for h € KH. Then we have

d
Z X,(Cw)Dwfl = Z Z J);i(cw)Dwa

weW i=1 weWw
Furthermore, let x € Irr(W) and X: KH — M4(K) be a representation affording
x; we write X(h) = (1 (h))1<ki<a- If x = X', we assume that X = X’. Since {C\,}
and {D,-1} form a pair of dual bases with respect to the symmetrizing trace 7,
the Schur relations for the matrix coefficients of X and X’ (see (Bl)) imply that

S dikey ifx =X/,
xkl( > x;i(Cw)Dw*1> = > #(Cu)rr(Dyr) = { 0 i Ay
weWw weWw
for any 1 < k,l < d and any 1 < ¢ < d’. Summing over all ¢ € {1,...,d'} and
inserting this into the above expression for z¢, we obtain
rr1(ze) = mxe, X) Okt Cy-
Thus, we see that X(z¢) is a scalar matrix, where the scalar is as required. Since

this holds for all irreducible characters of K H, we conclude that z¢ is central. [

Definition 3.3. Let x € Irr(W). Then the set

{a el |ax(Ty) e RI'y U{1}] forallwe W}

has a unique minimal element, which is denoted by ., and called the generalized
a-invariant of x. We have

ay €T U{1l} and ¢, = rXa;Q + higher terms, where 7, € R, 7, > 0.
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(See Lusztig [18, 5.1.21] in the one-parameter case and [I0} 9.4.7] in general.) The
constant term of (—1)"*")a, x(T,,) will be denoted by ¢, , and called the leading
coefficient of X(T,,). We have

S cuxe /_{rxx(l) if x =/,
w,x Cw,x’ = : !
S 0 if x # x’.

(See [18, 5.2] in the one-parameter case and [10} §9.4] in general.)

If all parameters vy are equal, we write v = v, (s € S). Then the generalized
a-invariant is of the form v®x for some a, € Np; the integer a, is precisely the
a-invariant introduced by Lusztig [14]. The leading coefficients of the characters of
W are essential in understanding the structure of the left cells of W (see [21] for
the one-parameter case). They also play a basic role in the representation theory
of reductive groups over finite fields; see [1§].

3.4. Induction from parabolic subgroups. Let I C S and consider the para-
bolic subgroup Wy C W generated by I. Then we have a corresponding parabolic
subalgebra H;y C H. Denote by Ind}g the induction of characters, either from Wy
to W or from Hy to H. For any ¢ € Irr(W;) and x € Irr(W) let m(x, ) be
the multiplicity of x in Ind}g (v). Since Ind? is compatible with the specialization
vs — 1 (see [10, 9.1.9]), we have

(a) Ind} (¢)) = Z m(x,¥) X for all ¢ € Irr(W7).

XEIrr(W)

Furthermore, by [10 9.4.6], we have

(b) et = Y me)ey'  forall ¢ € Irr(Wy),
xEIrr(W)

where ¢, € A is the Schur element with respect to K H;.

Lemma 3.5 (See Lusztig [14] in the one-parameter case). Let 1 € Irr(Wy) where
1 CS. Let ay be the corresponding generalized a-invariant. Then, for any x €
Irr(W) with m(x,¢) # 0, we have ay < a,. Furthermore, we have

1 1
Ty X EIrr(W) Tx
oy =,

In particular, there exists at least one x € Irr(W) with m(x,v) # 0 and o, = avy.

Proof. For each x € Irr(W), we write ¢, = rxa;2(1 + fy) where f, is an R-linear
combination of elements of I' . Similarly, we write cy, = rwa;2( 14 gy), where gy is
an R-linear combination of elements of I'y.. Now we also have [[, cp,,(uy (1 + fx) =
1+ f, where f is an R-linear combination of elements of I';.. Consequently, for
each x € Irr(W), we have (14 f)/(1+ fy) = 1 + f, where f] is again an R-linear
combination of elements of I' .. Finally, let o € I' be the minimum of all a,, where
X € Irr(W) is such that m(x, ) # 0. Then we have

a 21+ f) a3+ f) 1, )
Ex - 7Ax(lx"'fx) _E(a 1ax>2(1+fX>.
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If m(x,v) # 0, the above expression is an R-linear combination of elements in
't U{1}, with constant term 1/r, if & = «,, and 0 otherwise. It follows that

o214 Y minu)—

@
XEIrr(W) X

is an R-linear combination of elements in I'; U {1}, with constant term

S L)

XEIrr (W) Tx
ax=o

Since all 7y, are positive, there are no cancellations in the sum and so the constant
term is nonzero. On the other hand, using equation (b) in (B4) we conclude that
1 1 55,147

-2
a “(1+ —a ‘o
( f)Cw Ty w1+gw

is also a R-linear combination of elements of I'y U {1}. In particular, this means
that 1 + gy divides 1 + f in A; it is easy to see that then (14 f)/(1 + gy) is also
of form 1+ h where h is an R-linear combination of elements of I';. We conclude
that oo < ayy and

1 1

a1+ f)— = —0720412/, + higher terms.
Cy Ty

Thus, the constant term of a~2(1 + f)/cy is 1/ry if @ = ay and 0 otherwise. We

have seen above that the constant term must be nonzero. So we conclude that

1 1
o= ay and — = Z m(x,l/))r—.

T xEIrr (W) X

ay=a

This implies all the desired statements. O
Definition 3.6. Let I C S and ¢ € Irr(W;). Then we set

T @) = > mb,v)x.

X EIrr(W)
Extending by linearity, we obtain a map J%I: ZIrr(Wp) — ZIrr(W), which is
called the generalized truncated induction. By Lemma [35] we have J %I (¢) # 0 for
all ¢ € Irr(Wy). Furthermore, this operation is transitive; we have

J%L = J%I o J%i : ZIrr(Wr) — ZIrr(W)  for any subsets L C I C S.

If there is no danger of confusion, we will also write J7 (1) instead of J%I (¢) to
abbreviate notation.

In the case of equal parameters, the above definition is due to Lusztig [14].

Definition 3.7 (See Lusztig [16] and [18, 5.29] in the one-parameter case). Let p
be the character of a representation of W (not necessarily irreducible). We say
that p is constructible (with respect to the chosen total ordering of I') if it satisfies:
(a) If W = {1}, then p = 1y is the trivial character.
(b) If W # {1}, then there exists a proper subset I G S and a constructible
character p’ of Wy such that p = J7(p') or € ® p = J7(p), where & denotes
the sign character.
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(Note that this is an inductive definition.) Furthermore, we say that x,x €
Irr(W) belong to the same family if and only if there exist constructible char-
acters p1, p2, ..., pm (for some m > 1) such that x occurs in p1, x’ occurs in py,,
and p;, pi+1 have an irreducible constituent in common for all . Thus, the families
form a partition of Irr(W).

We say that the chosen total ordering of I' is saturated if every irreducible char-
acter of W occurs with nonzero multiplicity in some constructible character.

There is one case in which the constructible characters are easily seen to be the
irreducible characters of W. This is given by the following result.

Proposition 3.8. Assume that, for any I C S and any ¢ € Irr(Wy), we have
ry =1 (with vy as in Definition [3.3). Then all constructible characters of W are
irreducible and each x € Irr(W) forms a family by itself. Moreover, if the chosen
total ordering is saturated, then every irreducible character is constructible.

Proof. The statement about the families is clear once the assertions about the
constructible characters are shown. To prove that all constructible characters are
irreducible, we proceed by induction on the order of W. If W = {1}, then this is
clearly true by definition. Now assume that W # {1} and let p be a constructible
character of W. By definition, there exists a proper subset [ g S and a con-
structible character 1 of W; such that p = J7(¢) or e ® p = J7 (). The induction
hypothesis applies to W7, so we know that v is irreducible. Using now the identity
in Lemma [35] and the fact that ry, =, =1 for all x € Irr(W), we obtain

1= > mi).

X EIrr (W)

ay=ay,
In other words, we have J7 () € Irr(W) and e ® J5 (1) € Irr(W). So p must be
irreducible. This argument also shows that if the total ordering is saturated, then
every irreducible character is constructible. O

Example 3.9. Assume that (W, S) is of type A,,_1 such that W is isomorphic to
the symmetric group &,,. In this case, all parameters are equal; let us write v = vy
(s € S). Then we have I' = {v™ | m € Z} and the total ordering is given by
Iy ={v™|m>0}.

The a-invariants are simply given by the so-called b-invariants and the truncated
induction reduces to the Macdonald-Lusztig—Spaltenstein induction; see [10] §5.2
and 9.4.5]. By the construction of the irreducible characters of W in [10), §5.4],
the ordering of T" is saturated. Furthermore, the hypothesis of Proposition [B.8] is
satisfied (see again [10), 9.4.5]). Thus,

(a) the constructible characters are precisely the irreducible characters of W.

Now, Kazhdan and Lusztig have shown in [I3] Theorem 1.4] that we have y¢ €
Irr(W) for all left cells € in W. In particular, this means that
(b) the constructible characters are precisely the characters afforded by the vari-
ous left cells in W.

The leading coefficients of the character values of H are determined by Lusztig in
[18, 5.16]. The result is as follows.

(c) Let € be a left cell in W and x = xe¢ € Irr(W). Then there exists a unique
xo € € such that ¢y, = =1 and we have ¢, =0 for all x € €, zy # z.
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Note, however, that the proof of (c) uses the orthogonality relations for leading
coefficients in [I8, Cor. 5.8] whose proof in turn is based on a property of left cells
(see [19] 6.3(c)]) for which no elementary proof is known and which is only known to
hold in the equal parameter case. In Theorem [.4] below, we obtain an elementary
proof of (c).

4. ORTHOGONAL REPRESENTATIONS AND LEADING COEFFICIENTS

We keep the setting of the previous section. We will now introduce so-called
“orthogonal” representations of K H; these are analogues of the “orthogonal” rep-
resentations of finite groups, in the sense of [7, §73A]. We shall use them to define
a refinement of the leading coefficients. This refinement will actually allow us to
compute the leading coefficients in type A,_1 and B,,; see Section

4.1. Recall that A = R[] and that we have chosen a total ordering of I". We define
J4 C A to be the set of all f € A such that

f =1+ R-linear combination of elements of T'; .

Note that J1 is multiplicatively closed. Furthermore, every element x € K can be
written in the form

(a) x=ryf/g where r e R,y €T and f,g € Jy;

note that, here, r and v are uniquely determined. Furthermore, let

(b) Ky ={xeK|xz=ryf/gasin (a) withy=1orye T}

Note that we have K NR[I'] = R[['; U {1}]. Now let x € K. Expressing x as in
(a), we define the constant term of x to be 0if y € 'y and r if v = 1.

Definition 4.2. Let x € Irr(W) and consider the corresponding irreducible char-
acter ¥ of KH. Let d be the degree of x and X: KH — My(K) be a matrix
representation affording x. We say that X is orthogonal if there exists a diagonal
matrix D € M,(K) satisfying the following conditions:

(a) We have X(T,,-1) = D™'%(T,,)" D for all w € W.

(b) The diagonal entries of D lie in J.
(Compare this definition with the similar notion for finite groups in [7, 73.10].)
Note that if there is an orthogonal representation affording x, then we have

U(Tp-1) = X(Toy) for all w € W.
If E is a K H-module affording y, the above conditions mean that there exists a
symmetric bilinear form (, ) on E such that the following two conditions hold:
(a’) We have (Ty.e,e’) = (e,T,-1.¢') for all w € W and all e, ¢’ € E.
(b’) There exists an orthogonal basis {v;} of E such that (v;,v;) € I for all i.

Our first result shows that orthogonal representations always exist. The proof
is a refinement of Lusztig’s argument in [T5] 1.7].

Proposition 4.3. Every x € Irr(KH) is afforded by an orthogonal representation.

Proof. Let ¥ € Irr(KH) and consider a representation : KH — My(K) af-
fording x. Let E = K< be the corresponding K H-module with standard basis
{e1,...,eq}. Let (, )o: Ex E — K be the symmetric bilinear form for which {e;}
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is an orthonormal basis. Following the argument in the proof of [15], 1.7], we define
a new bilinear form (, ): E x E — K by the formula

(e,e’) == Z (To-€,T.€')o  for any e, e € E.
weW

As in the proof in [TH], it is easily checked that (Ts.e,e’) = (e, Ts.€') for all s € S
and, hence, (Ty,.e,e’) = (e, T,,-1.€’) for all w € W. We now proceed in three steps.
Step 1. We claim that (e,e) # 0 for any 0 # e € E. More precisely, we claim that

for any 0 # e € E, there exists some a € A such that (ae,ae) € J;.

This is seen as follows. Let us write e = ), x;¢; where ; € K. Multiplying e by a
nonzero common multiple of the denominators occurring in the coefficients x;, we
can assume that x; € A for all 4. Taking a further scalar multiple of e, we can also
assume that T,.e is an A-linear combination of ej, ... ,eq for any w € W. Then
the defining formula for (, ) shows that (e, e) is a sum of squares of elements of A,
at least one of which is nonzero. Consequently, there exists some by € R, by > 0,
and some g € I' such that

(e,e) = boya + linear combination of v € T with vy, 2 € T';.
Since we are working in R, we can find a square root of by. Thus, dividing e by
Vboyo € A, the above claim is established.

Step 2. We claim that there exists an orthogonal basis {v1,...,v4} of E with
respect to (, ) such that the following conditions are satisfied for any 1 <i < d:

(Ui, ’Ui) S jJr and Vi = thiej with tij € K and t;; # 0.
J<i
We proceed by induction on 4. First, consider e;. By Step 1, there exists some
ay € A such that (a1e1,a1e1) € J4. Thus, setting v1 := ajeq, the desired conditions
are satisfied for v;. Now let ¢ > 1 and assume that v1,...,v;_1 have already been
constructed. Then (as in the Gram—Schmidt orthogonalisation procedure) we set

i—1

=2 o

'Uk7 'Uk

Now, by Step 1, there exists some a; € A such that (a;v},a;v;) € T4. Thus, setting
v; = a;v}, the required conditions are satisfied for v;.
Step 3. Let T = (t;;) € My(K) be the transition matrix between the bases {e;}
and {v;}. We define
X KH — My(K),  X(T,) =T 'Y(T)T € My(K)

and write X(T,) = (% (Tw))1<i.j<d where z;;(T,) € K. Then the action of T}, on
E is given by T\y.v; = ; zji(Tw)v;. Now, we have seen in the beginning of the
proof that (Tw.e, e ) = (e,T,y-1.€') for any w € W and any e, e’ € E. Applying this
to e = i, €' = v; and the element w—! € W yields

(o1, v) @ik (Ty-1) = (Top-1.vk,01) = (&, Twvr) = (vk, vk) T (T

Thus, if D € My(K) is the diagonal matrix with diagonal entries (v;,v;) € T4
(1 <i < d), then we have DX(T,,-1) = X(T},)"" D for all w € W. Consequently, X
is an orthogonal representation, and it affords y since it is equivalent to ). O
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We can now define a refinement of the leading coefficients. Recall the definitions
of 34 and Ky from (ETI).

Theorem 4.4. Let X: KH — My(K) be an orthogonal representation affording
X € Iur(KH). Let us write X(h) = (z4j(h))1<ij<a for h € KH. Then, for any
1<4,j <d and any w € W, we have

(1)) oy 24(Ty) € Ky, with o, as in Definition 3.3;
the constant term of this element will be denoted by ng Then the following hold.
(a) For each 1 <i,j < d, there exists some w € W such that cij x #0.
(b) For allw € W and all 1 < i,j < d, we have c.) = Cﬂx and

d
Cuw,x = Zcfﬁﬁx, with ¢y, € R as in Definition 3.3.
i=1

(c) Let 9: KH — M.(K) be orthogonal affording ¢ € Irr(KH). Then we have
the following Schur relations, for any 1 <i,j < d and 1 < k,l < e:

dudjrry if X =12 and with ry € R as in Def. 3.3,
Z CU} xcw by -

s 0 if X is not equivalent to Q) (i.e., X # ).

We call the elements cg x the leading coefficients of the matrix entries of X.

Proof. Let us fix 1 < 4,5 < d. We can write :c”( w) = fw/gw with f, € A and
guw € J4. By the deﬁnitlon of J4+, we have HweW gw = 1+ g, where g is an R-linear
combination of elements of I'y. We also write 1 4+ g = g,(1 + ¢.,) where g,, is an
R-linear combination of elements of I'y. Now the set

{a el |af, e RITyU{1}] for all w e W}

has a unique minimal element, which we denote by ag € I'. Then we can write
uniquely

(%) g fu = v + R-linear combination of elements of I'y,

where 7, € R; furthermore, there exists some w € W for which r,, # 0.
Claim.

g = Qy and Tw = (—1)”“’)023 z

To prove this, we consider the Schur relations for the matrix coefficients of X:

Cxy = Z l‘ij(Tw)l‘ji(Tw—l).

weW
The condition in Definition E-3(a) means that z;(T,, 1) = d;lxij (T)d;, where d;

and d; are diagonal entries in D. Hence we obtain

(149 °djex = (1+9)* Y diwi;(Tw))> = Y di(1+g,,)° fo

weWw weWw
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Multiplying the above equation with o2 and inserting () yields (note that we also
have d; — 1 € R[I'}] by Definition EZ2(b)):

ad(1+g)djc, = Z d;i(14 g/)? (7 + combination of elements of I'; )?
weW

= Z (74 + combination of elements of T';)?
weWw

( Z 7"72”) + combination of elements of I'; .

weWw
——
>0

In particular, the right-hand side has a nonzero constant term and does not contain
any terms in I'_. Now consider the left-hand side. We can write aicx = 7+
combination of elements of I' .. Noting also that d; — 1 € R[['}], we conclude that

2
ad(1+g)?%d;c, = (%) (’I“X + combination of elements of F+).
X

Comparing with the above expression for the right-hand side shows that
oy = Qy and Z 2 =r,.
weWw

Equation () and the fact that r,, # 0 for some w € W now imply that r, =
(=14 .. Thus, the above claim is proved. Now we can write

(—l)l(“’)axg;f’xxij (Ty) = ch + R-linear combination of elements of I';,

where gfjx € J4. Let us consider the assertions in (a), (b) and (c). Since r,, =
(—1)1(“’)033E and since there exists some w € W with r,, # 0, we have (a). To

prove (b), we argue as follows. Since d;, ggx € J4, the real number c:jx is the
constant term of

di(—1)!"a, gg,xxij (T) € R U{1}].

Now note that d;z;;(T,,) = djx;;(T,-1) by Definition E2(a). So the above expres-
sion equals

dj(~=1)""ary g xji(Ty-1) € RIC4 U{1}]

and this expression has constant term A Thus, (b) is proved. Next, we have
w— X

already seen above that
2 ij \2
re= 2 = ()
weW weW

which is the desired relation in (¢) for X =), i =1, j=k. If i #1 or j # k, the

identity >, oy cg xcﬂi x = 0 follows from the Schur relation

Z Tij (Tw)xkl (T’w_l) =0,

weW

by an argument completely analogous to that above. Finally, in order to prove (c)
in the case where X 22 9), let us write 9(h) = (yri(h))1<k,i<e for h € KH. We have
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already seen above that
(—1)1(“’)an3 *Tij (T) = cig x + R-linear combination of elements of I'
(—1)l(w)axlgff’fgykl(fw) = cﬁf@ + R-linear combination of elements of 'y,

for some gfg’x, gfff’@ € J41. We can now argue by a reasoning entirely analogous to
that above, using the Schur relations [10, 7.2.2]:

> @i (Tw)yr(Tu—) =0

weWw
forany 1 <i,j<dand 1<k, l<e. O

Remark 4.5. The leading coefficients of the matrix entries of X also have the fol-
lowing properties with respect to the Kazhdan—Lusztig basis of H and its dual. For
any w € W, we have

(-1)!™a, 244(C,) € K4 and the constant term is cig 2

(-1)!™a,, 2;;(D,,) € Ky and the constant term is Cor x-
This immediately follows from Definition[33] and the expressions for C,, and D,, in

24, using that ﬁ;w and @;w are linear combinations of elements of I' if y < w
(see also [18, 5.2.1 and 5.2.2]).

Remark 4.6. By [10, 9.3.5], the character values Y(T,) lie in A = R[vE! | s € 9],
where R is the ring of algebraic integers in a splitting field for W. Consequently,
the leading coefficients ¢, in Definition B3] are algebraic integers in a splitting
field for W. In particular, if W is crystallographic, then Q is a splitting field and
the ¢y, are rational integers. On the other hand, in general, we cannot expect the
leading coeflicients ng in Theorem [4.4] to be algebraic integers.

We keep the above set-up where we assume that y € Irr(K H) is afforded by an
orthogonal representation X: KH — Mg(K). Now we consider a left cell € in W
with respect to the chosen total ordering of T' (see Section ().

Proposition 4.7. Let € be a left cell in W and 1 < i,j < d. Then we have

d
) .
Z Z Cﬂf,x quu,x = dij m(Xe, X) x-
k=1wec
In particular, if x occurs with nonzero multiplicity in x¢, then some leading coeffi-
ctent Cfff,x with w € € is nonzero.

Proof. Consider the element z¢ defined in Proposition B22. We have ai zij(ze) =
di; m(xe, X) ai ¢y and, by Definition B3, this expression lies in K and has constant
term 6;; m(xe, x)ry- On the other hand, we also have

d
a2 wij(ze) = Y 02w (CwDy—1) = Y Y (ay ik (Cw)) (g 24 (Dyy1))
wed k=1wec
and, using Remark [£H, this expression lies in K and has constant term

d
ik jk
DD izl

k=1wee
This yields the desired identity. O
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Our next aim is to show that orthogonal representations lead to strong results
about leading coefficients if an additional integrality condition is satisfied. For this
purpose, we need the following definition, which is inspired from Rouquier [23].

Definition 4.8. Recall that we have chosen a total ordering of I'. Let J4 be as in
(ET)). Then we set Ag = Z[I'] and define

O::{g‘fer,geierAo}gK.

As a first application we obtain the following result.

Lemma 4.9. Assume that X € Irr(K H) is afforded by an orthogonal representation

X: KH — My(K) such that X(T,,) € Mq(O) for all w € W. Then we have
cfj’xez for allwe W and 1 <1i,j <d.
Proof. Write X(Ty,) = (24j(Tw))1<i.j<d- By definition, we have
(-1 a,2:(Ty) € Ky NO.
It remains to observe that any element in K, N O has a constant term in Z. O

Theorem 4.10. Let x € Irr(W) and X: KH — My(K) be an orthogonal rep-
resentation affording the corresponding x € Irt(KH). Assume that ry, = 1 and

X(Tyw) € My(O) for all w € W. (Recall the definition of ry inl[33) Then there
erists a unique injective map

{60 11<d,j<d} =W, (4, 7) = w(i, j),
such that ng # 0 for w=w(i,j). Furthermore, the following hold:

(a) For1 <1i,j <d, we have cg(i,j),% =41 and w(i, j) = w(j,i)~'; in particular,
the elements w(i,i) are involutions. We have c,; ), = £1 for 1 <i < d.

(b) For a fized j, the elements w(i,j) (1 < i < d) lie in the same left cell and the
elements w(j,1) (1 < i < d) lie in the same right cell. Consequently, all the
elements w(i,j) (1 < 14,5 < d) lie in the same two-sided cell.

(c) If € is any left cell such that x € Irr(W) occurs as a constituent in xe, then
¢ contains an involution w(k, k), for some 1 < k < d.

Proof. Let 1 < i,j < d. Then the orthogonality relations in Theorem [£4{c) yield
Z (ch)Q =r,=1
weWw
Since the leading coefficients are integers by Lemma we conclude that there
exists a unique w = w(4,j) € W such that ¢} . # 0; in fact, we have ¢ , = +1.
The uniqueness and Theorem E4(b) imply that
(1) w(j,3) =w(i,j)"'  forall1<i,j<d.

Now let 1 < k,I < d be such that ¢ # k or j # . Then we claim that w(k,l) #
w(, 7). Indeed, if this were not the case, the orthogonality relations would yield

- N
1= )2 Coghnx = ik 01 cx =0,

a contradiction. So we must have w(i, j) # w(k, ). Thus, we have established the

existence and uniqueness of the required injection. Furthermore, we have seen that
Cg,x = +1 for w = w(i, 7), proving the first statement in (a). Now assume that i = j
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and set w(i) = w(i,4). Then (1) shows that w(i) = w(i)~! is an involution. Now
Theorem EZ(b) implies that c, e, = Z?Zl cg(i) x = Cﬁ(i),x = +1. Conversely,
assume that ¢,y 7 0 for some w € W. Then Theorem E.4lb) implies that ¢} 5 # 0

for some ¢. The uniqueness of w(i) then shows that w = w(¢). Thus, we have

) cw, # 0 if and only if w = w(i) for some 1 < i < d;
Cuw(i),y = £1 and w(i )2 =1foralll1<i<d,

and the remaining statements in (a) are proved. To prove (b), fix j and let w =
w(i,j), y = w(i,j) for 1 < 4,4’ < d. First we check that w <z y. We apply % to
the product CyD,,-1. The (¢, 7)-coefficient is given by

x(Cwa—l)i/i = (X(Cy) —1 1 i = Z(Ellk iL'}m )

Using Remark 5] this implies that
(_1)l(y)+l(w)ai X(Cwa—l)i’i c K+

and the constant term of this element equals

i _ 1] U —
E nyc —1%_2:63/%6111% ny 'wx_il

where the last two equahtles hold since w = w(i, j) and y = w(i’, j). In particular,
this shows X(CyD,,-1)i; # 0. Hence we also have CyD,,—1 # 0 and so w <, y, by
Lemma [2.51 Applying X to the product C,,D,-1, we also find y <z w and, hence,
y ~r w. On the other hand, we also have w(j,i) ™' = w ~1 y = w(j,7')~ . Thus,
for fixed j, all the elements w(j,7) (1 < i < d) lie in the same right cell. Hence, all
elements w(i, j) lie in the same two-sided cell.

Finally, to prove (c), let € be any left cell such that x occurs in x¢. Let 1 < ¢ < d.
Then Proposition [4.7] shows that

Z Z 2 X¢7 )TX 7é 0.

k=1wec

Hence, there exists some w € € and some k such that cffi x 7 0. Thus, we must have
w = w(i, k) € €. On the other hand, by (b), all the elements w(j, k) (1 < j < d)
lie in the same left cell. In particular, we have w(k, k) € €. O

In the setting of Theorem [.10] it may be conjectured that, for each fixed j, the
set {w(i,7) | 1 < j < d} actually is a left cell.

Corollary 4.11. For any x € Irr(W), we assume that the conditions in Theo-
rem [{.10) are satisfied. Then the following hold:
(a) Set Dy :=={w € W | cwy # 0}. Then Dy NDy = @ if x # X' and |J, Dy is
the set of all involutions in W.
(b) For anyw € W, we have ¢y, = 0 unless w? = 1. If ey # 0, then ¢y = £1.

Proof By Theorem IO we have Dy, = {w(i,7) | 1 < i < d}. Next, let x' € Irr(W),
X # x,andletY: KH — M.(K) be an orthogonal representatlon over O affording
the corresponding X’ € Irr(K H). Then, for each 1 < k,1 < e, there exists a unique
element w(k, 1)’ € W such that Cﬁ,l(k,l)/,@ # 0; furthermore, we have

Dy = {w(k, k) |1 <k <e}.
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Now assume that there exists some ¢ € {1,...,d} and some k € {1,... e} such
that w(i,7) = w(k, k)’. Then the orthogonality relations in Theorem E4(c) yield

i kk ji kk
0= Z C,zu?;’xcw’gg = Cﬁ(i,i),xcw(k,k)’,iy = il,
weW
a contradiction. Thus, we have D, N Dy, = @. It follows that
‘ U DX‘: Yo = Y X))z {weW | w =1},
XEIrr (W) x€E€Irr(W) XEIrr (W)
where the last inequality is a well-known result for finite groups (see, for example, [7]

Ex. 73.5]). Since each set D, consists of involutions, we have, in fact, equality. O

5. CONSTRUCTIBLE CHARACTERS AND LEADING COEFFICIENTS IN TYPE B,

In this section, let (W, S) be of type A,_1 or B, (n > 2), with generators and
relations given by the following diagrams:

S1 So Sn—1 t S1 S92 Sp—1
Anfl — o ... —no Bn . —7:
{vs}: v v v {vs}: ve v v v

We assume that I' = {v]"0™ | m,n € Z}, where v; and v are independent indeter-
minates, and that the total ordering on I is given by

(%) Iy ={vf! | k>0,1€Z}u{v'|1>0}.

In type A, —_1, the set Irr(W) has a natural parametrization by the set of partitions
of n; in type By, we have a natural parametrization of Irr(WW) by the set of all pairs
of partitions (A, p) such that |A| + |u| = n; see [10, Chap. 5]. The set of irreducible
characters in type A,,—1 will be identified with the set of those irreducible characters
in type B, which are labelled by pairs of partitions (A, ) such that g = @. (This
identification is compatible with the subsequent formulas for Schur elements, a-
invariants etc.; see also [I1}, §2.3].)
The first consequence of the above condition (x) is the following result.

Remark 5.1. Explicit formulas for the Schur elements ¢, are due to Steinberg (in
type A) and Hoefsmit [I1] (in type B); see also [I0, 10.5.3]. Writing ¢, = ryoy® +
higher terms as in Definition B3] these formulas show that we have

ry =1 for all x € Irr(W),

Qy = oW H2n(w)=n" (1) vl”l if x is labelled by (A, p),

where for any partition v = (147 2 v2 > -+ > v, 2 0) we define
T T
n(v) = Z(z —1vy; and n*(v) = Z vi(v; —1)/2.
i=1 1=1
Proposition 5.2. All constructible characters of W are irreducible. Furthermore,
the above ordering of I' is saturated and so all irreducible characters are con-
structible.

Proof. Since r,, = 1 for all x € Irr(W), the first statement follows from Proposi-
tion B8 To prove the second statement, we shall need the following preliminary
result about the induction of characters. Let k,I > 0 be such that n = k + [.
Then we have a natural embedding Wy x &; C W,,, where Wy, is generated by
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t,$1,...,8—1 (if £ > 1) and &; is generated by sgy1,...,8,—1 (if I = 1); we use
the convention that Wy = &y = {1}. Now let (XN, u') be a pair of partitions such
that || + |¢'| = k and consider the corresponding irreducible character x (/) of
Wi; let g; be the sign character of &;. Then we claim that

W
() Iwi e, (X(M/ﬂ) X 51) = X(w')s

where the partition X is obtained from A by increasing the [ largest parts by 1.
This is seen by an argument which is similar to the proof in the case of equal
parameters; see [L0} 6.4.7]. By Pieri’s rule (see [10, Ex. 6.3]), we have

Wy,
Inde x 6, (X(Xvﬂ') X El) Z X(Au)>
(Xp)

where the sum is over all pairs (A, u) such that, for some 0 < d < [, the Young
diagram of A (resp., p) is obtained from that of A’ (resp., ') by adding d (resp.,
[ — d) boxes, with no two boxes in the same row. Consider a pair (A, 1) occurring
in the above sum. If d < (i.e., the Young diagram of u has more boxes than that

of p), then a(y )y < o,y and so x(x ) will not occur in J%ZXG,, (X(/\,!Ml) X gl).
Hence, it is enough to consider pairs (A, u) with g = p/. Then A is obtained by
adding [ boxes to X, with no two in the same row. Let 1 < i1 < --- < 4; be the
rows where a box is added. Then we have

! 1

n(A) —n(N) =Y (iD= N) = (4 =) (-1 =11-1)/2,

i>1 j=1 j=1

with equality if and only if ¢; = j for all j. Now note that the generalized a-invariant
of X (y,u)Me; is obtained from that of x(,/ ,) by multiplication with vt =172 Thus,
we see that the above claim (f) is proved

Now we can argue as follows to prove that the ordering is saturated. Let n > 2.
By an inductive hypothesis, we may assume that the saturation condition is satisfied
for Wy, with k& < n and so all irreducible characters of W}, are constructible. Now
let (A, 1) be a pair of partitions such that |A| + || = n. Then we have two cases.

(a) Assume that A # @ and write A = (A1 > A2 = -+ = A\ > A1 = 0) where
r > 1. Let k > 1 besuch that A\; = --- = Ay > A\p11 and let A’ be the partition
obtained from A\ by decreasing the k first parts by 1. We set | = n — k. Now
(1) applies and so

W
I e, (X(A’,u) X 51) = X(\p)-

Hence, the saturation condition is satisfied for x(x -

(b) Assume that A = @. Then consider € ® x(g,,) = X(u*,2), Where u* denotes
the transposed partition (see [10, 5.5.6]). We can now apply the argument in
(a) to the pair (1*, @) and so the saturation condition is satisfied for x(,+ ).

Thus, we have shown that the ordering on I' is saturated and so the constructible
characters are precisely the irreducible characters of W. O

An analogy with the case of equal parameters suggests that the characters carried
by the various left cells in type B, are irreducible. (Further evidence for this is also
provided by [5].) Our next result is an integral version of Proposition E3.
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5.3. Hoefsmit’s matrices. For any x € Irr(KH), Hoefsmit [11 §2] has con-
structed a representation ): KH — My(K) affording x such that

D(T) € Mg(©)  for all w € W;
(see also [10} §10.1]). We shall now show that Hoefsmit’s representations, slightly
modified as in Ariki-Koike [3], are orthogonal (see also [8] §8] for a related state-
ment). The point about Ariki-Koike’s construction is that 9 : KH — My(K) can
be chosen such that the following holds.
Consider the action of 9)(T,,) on K?. Let {ei,... ,eq} be the standard basis of
K9, First, @(Tt) acts diagonally on K¢; each e; is an eigenvector with eigenvalue

—; L or vs. Now let us consider the action of 2)(T~g) where 1 <7 < n—1 is fixed.
For a given basis vector e;, we have two possibilities. Either e; is an eigenvector
with eigenvalue —v~! or v. Or there exists a basis vector e; with k # j such that
(ej,ek) is an invariant subspace on which the action of T, is given by a certain

2 x 2-matrix M depending on i, j, k. This matrix M is specified as follows.

v—v1 v2u? (v — vt

1+ vZo?r 1+ vZo?r
Now, by [Bl Remark 3.15], there is some freedom in the choice of the off-diagonal
entries in M, as long as their product has a specified value. We make the following
choice.

(H1) The diagonal entries of M are for some r € Z.

1 +vt2v2(ri1)
1+ vZv?r

First of all, we see that all matrix coefficients lie in O.

(H2) The off-diagonal entries of M are , withr € Z as in (H1).

Theorem 5.4. Let x € Irr(W) and : KH — My(K) be a matriz representation
affording x € Irr(KH). We assume that %) is constructed as in Ariki-Koike [3],
where (H1) and (H2) are satisfied. Then ) is orthogonal.

Thus, all the assertions in Theorem[{.10] and Corollary .11 hold for (W, S) of
type Ap—1 or By. In particular, we have ¢, € {0,£1} for allw e W.

Proof. First we show that there exists some invertible diagonal matrix B € My(K)
such that Y(T,,-1) = B~'Y(T,)" B for all w € W. This can be seen as follows. By
Theorem 3] there exists an orthogonal representation X: KH — My(K) afford-
ing x. Since X and ) afford the same character, there exists an invertible matrix
P € My(K) such that (T,,) = P~'%(T,,)P for all w € W. Then the condition in
Definition [£:2[a) translates to

VD(Ty-1) = B7'Y(T,)"* B for all w € W, where B = P*DP;

note that B is symmetric and invertible. Hence, it is enough to show that any
symmetric matrix B satisfying 9)(T,,—1) = B 'Y(T,)"B (w € W) must be a
diagonal matrix. We proceed by induction on n.

If n = 1, this is clear since W only has 1-dimensional representations. Now
assume that n > 2 and let W’ C W be the parabolic subgroup of type A,,_1 or B,,_1
generated by s1,... ,8,_20rt,81,...,S,_2, respectively. By the branching rule (see
[10, §6.1]), the restriction of x to W' is multiplicity-free; let x4,...,x. € Irr(W")
be the irreducible constituents of that restriction. By induction, each x; is afforded
by a representation ); which is constructed in a similar way as ). Then, for
a suitable numbering, the restriction of ) to K H’ is the matrix direct sum of
V..., Y, (see [II, 2.2.8] or [3, p. 236] or [10, 10.1.5]). Now we write B as a
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block matrix with blocks corresponding to 2)/,... .2, and consider the relation
BY(Ty-1) = D(Tw)" B block by block for w € W'. Since the 9 are pairwise
nonequivalent, a standard argument using Schur’s Lemma shows that B must be
a block diagonal matrix, with diagonal blocks By, ..., B, satisfying @;(Tw_l) =
B;lﬁg(f’w)“Bi for all w € W’. By induction, we know that each B; must be a
diagonal matrix and, hence, so is B.

It remains to show that B can be chosen to lie in J4y N Ag. Let us first choose
B such that some diagonal coefficient equals 1. Then it easily follows, using (H2),
that each diagonal coefficient of B can be written as a product of the quotients of
the two off-diagonal coefficients in matrices M, for various values of r. Multiplying
by a suitable common denominator we see that we can find B such that all diagonal
coefficients lie in J4 N Ay. O

Example 5.5. Assume that (W, S) is of type By with generators ¢,s1. Then W
has a unique irreducible character x of degree 2; it is labelled by (A, u) where
A= p = (1). So the formula in Remark B TIshows that o, = v;. By [10, Table 10.1]
(and taking into account the freedom that we have in choosing off-diagonal entries),
X is afforded by the following representation:
R v 0 -~ I [vo—vt 1+4+0d 2]
Y Tt'_)[o _Ut_l]7 Sl'_)vtz—i—l 1+vi? vi(v—v Y|’

it is readily checked that this is an orthogonal representation; also note that

D(Tw) € Ma(O) for all w € W. We compute the following leading coefficients.

22 1,1 -1 d 2,1 1,2 -1
Ct,@ - Csltsl,@ - an Ctsl,Q_) - Cslt,@ - '

Thus, Theorem [LI0(b) shows that ¢ ~, s1t and ts; ~p, sitsy, in accordance with
the computation in [17, p. 106]; see also (6-3) below.

Remark 5.6. Let (W, S) be of type B,, as above. We now make a different choice
of parameters, as follows. Let u be an indeterminate and I' = {u™ | m € Z}, with
total ordering given by I'y = {u™ | m > 0}. Assume that

a b

v =u" and wvs, =u’ where a,b> 1 are integers such that a # 0 mod b.

Then Hoefsmit’s formulas also show that r, = 1 for all x € Irr(I¥) and so all
constructible characters are irreducible. In the case where b = 2 and a € {1, 3},
Lusztig has shown in [I7, Theorem 11] that x¢ € Irr(W) for all left cells € C W. The
proof of the latter result requires some deep positivity properties of the structure
constants of H with respect to the C-basis.

6. CELLS AND LEADING COEFFICIENTS IN TYPE I(m)

In this section, we determine the leading coefficients and the characters afforded
by the left cells in the unequal parameter case for Coxeter groups of type Iz2(m)
(with m even). To fix notation, let W = (s,¢) be the dihedral group of order 2m,
where S = {s,t} and st has even order m > 4. Assume that I' = {v*0! | k.1 € Z},
where v, v; are independent indeterminates, and that the total ordering on I' is
given by

Iy ={v"! | k>0,l€Z}u{vl|1>0}.

We shall see that the constructible characters are precisely the characters afforded
by the various left cells and we will determine all leading coefficients.
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6.1. Irreducible characters. Let 1y and ¢ denote the trivial and the sign char-
acter, respectively. We have two more linear characters €1 and €5 which are given
by €1(s) = e2(t) = 1 and £1(t) = e2(s) = —1. All the remaining irreducible char-
acters of W have degree 2, and they are afforded by the following representations
where a = st (see [10, 5.3.4]):

o ¢ o0 |01
Pja 0 C_j ’ S 1 0 )
where ¢ = exp(2myv/—1/m) € Cand 1 < j < (m — 2)/2. Let x; be the character
afforded by ;. Using the formulas for the Schur elements in [10} 8.3.4], we find

A1y, = 1 T1w =1
e, = Vg re, = 1
ey, = (vsvt_l)m/Qvt re, = 1
e = (vsvt)m/2 re = 1
Qy, = Us Ty, = m/(2—¢¥ ()

The corresponding irreducible characters of K H will be denoted by 1y, &1, &2, &,
X; (1 <j < (m—2)/2), respectively.

6.2. Constructible characters. We have the following induced characters (here,
1 and € stand for the trivial and the sign character of the relevant parabolic sub-

group):
Ind{y (1) = 1w +e1 + ij and  Indj,(e) =c+ex+ Zx]»

I j
Ind{y (1) =1w+e+ > x; and  Ind{y(e)=c+e+ ) x5
J i

It is easily checked that the constructible characters for the parabolic subgroups

corresponding to the subsets {s} and {¢t} (which are of type A;) are precisely the

irreducible characters. It follows that the constructible characters for W are
(m—2)/2

1w, €1, €9, g, E X;-
j=1

In particular, every irreducible character of W occurs with nonzero multiplicity in
some constructible character so the ordering of I' is saturated.

6.3. Left cells. The Kazhdan—Lusztig polynomials and the M-polynomials with
respect to unequal parameters and the above total ordering are determined in [I0}
Ex. 11.4]. For any i with 1 < i < m, let z;,y; € W be the unique elements of
length i such that (x;s) < I(x;) and I(y;t) < l(y;), respectively. Then the left cells
are

{1}, {t}, {two}, {wo}, {zi|1<i<m—1}, {yi|l<i<m}.

(Note that y; = ¢ and x,,—1 = twg.) The characters carried by the left cells are,
respectively,

(m—2)/2 (m—2)/2

)
Lw, €1, €2, &, Z Xjs Z Xj-
=1 =1

Thus, we obtain precisely the constructible characters.
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6.4. Leading coefficients. Using the matrix representations in [I0, §8.3], we
obtain (by an explicit computation) the following table of leading coefficients:

Left cell € we € (w?=1) Dy Cux X
{1} 1 Ly
{t} t £1

{two} two —(—1)"™/2gy
{wo} Wo €

{w:i} s Zj X
{vi} tst 2 X

For example, if w = tst, We compute the character values as follows. We have
1W(T ) = vsvZ, &1(Ty) = vy 2vs, E9(Ty) = —viv7?, &(Ty) = vy w72 and

Xi(Tw) = X5(Ts) + (ve — v, )X (Tot) = vs — v5 "+ 2(v — vy 1) cos(2m5 /m),

where we use [10, 8.2.2 and 8.3.3]. Since the o, are known by (&1I), this immediately
yields the corresponding leading coefficients. The computations in the remaining
cases are similar and will be omitted.

As a result of these computations, we see that each left cell € contains an invo-
lution w € € such that y¢ = + Zx Cwx X-

Lemma 6.5. For any w € W and x € Irr(W), we have ¢y, = 0 unless w? = 1.
Furthermore, each left cell € of W contains a unique element w such that xe =

+ ZX Cwx X-

Proof. Let w € W. First note that if {(w) is odd, then w is conjugate to s or to
t and so w is an involution. Assume now that w is not an involution; then I(w)
is even and so w is conjugate by cyclic shift (in the sense of [I0, Def. 3.1.3]) to
an element of form (st)*, for some 1 < k < (m — 2)/2. Thus, as far as character
values are concerned, we can assume that w = (st)* (1 < k < (m — 2)/2) and so
vw = (vsv¢)¥. Using the data in (6I) and [0, 8.3.3], we find that

( )l(w)a1 1W(T k

)
(—1)'™a, &1 (T)
)
w) =

vs0)",

(
(1) oke ",
(-
(

(~1)a,Ea(T,) = (~1)Foy /o, 27,

(—1)"a.&(T
(—1)Hw )anXj(Tw) = 2vu; cos(2mjk/m).

v, Ut)m/Q k

In any case, we see that the constant terms of the above expressions are zero and
SO Cy, = 0. Thus, the first statement is proved. As far as the second statement is
concerned, we only need to consider the left cells {x;} and {y;}.

Consider first the left cell {x;}. If m = 4, then {z;} = {s,ts} and ts is not an
involution. So there is nothing to prove in this case. Now assume that m > 4 so
that {z;} = {s, s, sts,tsts,...}. Let wy = (st)*s be an involution in this set, where
1 < k < (m—2)/2. We must show that there exist 1 < 7 < 5/ < (m—2)/2 such that
Cw,x; 7 Cw,, - As in the proof of [10, 8.3.4], we compute Xj(Tw) = oIk 4 §¢Ik
where «, ¢ are given by the expressions in [I0, p. 257] and ¢ is a primitive mth root
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of unity. Using these expressions for « and §, we find that
(=1, %5 (Tw) = —(a¢? +6¢79%)

and S0 Cy y, = (¢7k+2 — ¢=I9k) /(¢? — 1). Now consider these expressions for j = 1,
j = 2 and suppose they are equal. This would imply that (?**2 — (=% = 2. Since
¢ is a root of unity, this implies (¥ = —1 and so k > m/2, a contradiction.

The argument for the left cell {y;} is similar and will be omitted. O

Example 6.6. Assume that m = 6 so that (W, S) is of type Go. In this case, the
above results show that we have the following table of leading coefficients:

weW (w?=1) Excw7XX

1 1w
t €1
ststs €9
wo €
S X1+ X2
sts X1 — X2
tst X1+ X2
tstst X1 — X2

7. CELLS AND LEADING COEFFICIENTS IN TYPE F}

In this section, we determine the leading coefficients and the characters afforded
by the left cells in the unequal parameter case for Coxeter groups of type Fy. To fix
notation, let (W, S) be of type Fy, where S = {a,b, ¢,d} and the defining relations
are given the following diagram:

a b c d

Fy

{US } . Vq Va Vd Vd

We assume that I' = {050}, | k,1 € Z}, where v, and vy are independent indetermi-
nates, and that the total ordering on I' is given by

Ty = {wf [ 1>0,kezZ}U{vr |k >0}

We shall see that the constructible characters are precisely the characters afforded
by the various left cells and we will determine all leading coefficients.

7.1. Irreducible characters. We refer to Kondo’s labelling of the irreducible
characters of W; see [0, p. 413] or [10}, 5.3.6 and Table C.3]. Using the formulas for
the Schur elements in [L0, Table 11.1], we find
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X Qy Ty X Qy Ty X Qy Ty
1 1 1 91 (vevg)? 1 4 wevl 1
15 véz 1 99 vgvg 1 44 vad 1
13 vl2 1 95 %02 1 45 (vevag)” 1
1y (veva)'? 1 9, (vevg)® 1 81 wav3 1
21 v3 1 61 (vqvq)® 3 8  vlvd 1
2, vid 1 62 (vqvq)® 3 8  wlug 1
23 v3 1 12 (vavq)® 6 84 vsvg 1
2, vivl? 1 4y VuUg 1 16 (vqvq)® 2
41 (vavd)3 2

7.2. Constructible characters and left cells. Let I C S be a proper sub-
set. Then the corresponding parabolic subgroup Wy is a direct product of Cox-
eter groups of type Ay, Az, By or Bs. It is easily checked that ry, = 1 for all
¥ € Irr(Wy) and so the constructible characters of Wy are irreducible by Propo-
sition B8l Furthermore, the decomposition of the induced characters from W7y
to W into irreducibles is easily computed (with the help of the CHEVIE function
InductionTable, for example). Thus, the constructible characters of W can be
determined; they are given as follows.

e All irreducible characters except 41, 61, 62, 12 and 16 are constructible.
e The characters 16 + 41, 16 + 12 + 6, and 16 4+ 12 + 62 are constructible.

In particular, we see that every irreducible character occurs in some constructible
character. On the other hand, the Kazhdan—Lusztig cells with respect to two inde-
pendent parameters and the above choice of I'y C T" have been determined explicitly
in [10} 11.3.1] and the results of these computations show that the characters carried
by the various left cells are precisely the constructible characters.

7.3. Leading coefficients. All the character values (and, hence, their leading
coefficients) of K H can be computed using the “class polynomials” and the explicit
knowledge of the character table of H; see the algorithmic description in [I0} §8.2].
(In the CHEVIE system [9], this can be done using the function HeckeCharValues.)
In Table [ we list the expressions Zx cw,y X for each involution w € W. (There
are 140 involutions in W.) In that table, we use the convention that rows which
are not separated by bars correspond to elements in the same left cell; furthermore,
double bars separate elements in different two-sided cells. Thus, we see that in each
left cell €, there exists a unique involution w such that xye¢ = + EX Cw,x X Similar

computations also show that ¢, , = 0 unless w? = 1.



28

MEINOLF GECK

TABLE 1. The leading coefficients of all involutions in type Fj

weW (w”=1) 3 cuxX
1 14
woaba —15
aba 13

wo 14
cbacbe —21
dcbacbed -2
wocbache —29
wodcbacbed —29
a 23

b 23

woa —24
wob —24

c 45

d 49

beb 45
abcba 45
woabad —44
woacbadc —43
wobacbadcb —44
woabacbadcba —43
abad 44
acbade 4y
bacbadcb 44
abacbadcba 44
woC 45
wod 45
wobeb 45
woabcba 45
cde 81
bedeb 81
abcdcba 81
cbedebe 81
acbedebac 81
bacbedcbach 81

weW (w?=1) Doy Cux X
woabacbacbe 81
woabadcbacbed 81
abacbacbe 8o
abadcbacbed 89
wocde 89
wobedceh 89
wocbedebe 89
woabedcba 8
woacbedcebac 89
wobacbedcbach 89
ac 83

ad 83

bd 83

bacb 83

cbde 83
abacba 83
bebdeb 83
abcbdcba 83
woac —84
woad —84
wobd —84
wobach —84
wocbdc —84
woabacba —84
wobebdeb —84
woabebdcba —84
cbe -9
acbac -9
debed =91
adcbacd -9
bacbach -9
badcbacbd -9
cbadcbacbdc -9
wobebedcebed -9
woabcbedebacd -9
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TABLE 1. The leading coefficients of all involutions in type F; (con’t)

weW (w?=1) Excw7XX
cbedebed 9,
acbedebacd 99
bacbedcebachbd 9,
wobcebe 99
woabcbac 99
wobdcbed 9,
woabacbacb 99
woabdcbacd 9,
woabadcbacbd 99
bebe 93
abcbac 93
bdcbed 93
abacbach 93
abdcbacd 93
abadcbacbd 93
acbadcbacbdc 93
wocbedebed 93
woacbedcbacd 93
bebedcebed 94
abcbedcebacd 9y
wocbe 94
woacbac 9y
wodcbed 9y
woadcbacd 94
wobacbach 9y
wobadcbacbd 94
wocbadcbacbde 9,
abcbacbe -4, — 16
wobadcbacbed —41 + 16
bacbacbe —4; — 16
woabdcbacbed —41 + 16
abdcbacbed —4; — 16
wobacbacbe —4; + 16
badcbacbed —4; — 16
woabcbachbe —4; + 16

weW (w?=1) >y Cux X
acdc 61 +12+ 16
acdcbacd —61+2-12
acbdcbacbedc 61+ 12— 16
abacdcba 61 +12+ 16
abacbdcbacbd —61+2-12
wocbacdcbe 61 +12—16
bacbacdcbach 61 +12+16
woacdcbacd —67+2-12
woacde 61 +12—16
cbacdcbe 61 + 12+ 16
cbacdcbacbdce —61+2-12
woabacdcba 61 +12—16
acbacdcbac 61 +12+16
wobacdcbacbd —61+2-12
wobacdcb 61 +12—16
bacdcb 61 +12+16
bacdcbacbd —61+2-12
woacbacdcbac 61 +12—16
abacbedcebach 69+ 12+ 16
wocdebachede —60 +2-12
wocdcebed 62+ 12— 16
cdcbed 69+ 12+ 16
cdebacbede —60 +2-12
cbadcbacbedc 62+ 12— 16
bebedcebe 69 + 12+ 16
bebacbdcebe —60 +2-12
woabcbdcbacd 62+ 12— 16
abebdcebacd 60+ 12+ 16
wobcbacbdebe —60 +2-12
wobcbedcebe 62+ 12— 16
abcbedcebac 69+ 12+ 16
abcbacbdcbac —60 +2-12
wobebdcbed 62+ 12— 16
bebdebed 69 + 12+ 16
bedcebacbedceb —60 +2-12
woabcbedcebac 62+ 12— 16
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