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HARISH-CHANDRA BIMODULES

FOR QUANTIZED SLODOWY SLICES

VICTOR GINZBURG

Dedicated to the memory of Peter Slodowy

Abstract. The Slodowy slice is an especially nice slice to a given nilpotent
conjugacy class in a semisimple Lie algebra. Premet introduced noncommu-
tative quantizations of the Poisson algebra of polynomial functions on the
Slodowy slice.

In this paper, we define and study Harish-Chandra bimodules over Premet’s
algebras. We apply the technique of Harish-Chandra bimodules to prove a con-

jecture of Premet concerning primitive ideals, to define projective functors, and
to construct “noncommutative resolutions” of Slodowy slices via translation
functors.

1. Geometry of Slodowy slices

1.1. Introduction. Let 𝔤 be a semisimple Lie algebra, and 𝒰𝔤 the universal en-
veloping algebra of 𝔤. For any nilpotent element 𝑒 ∈ 𝔤, Slodowy used the Jacobson-
Morozov theorem to construct a slice to the conjugacy class of 𝑒 inside the nilpotent
variety of 𝔤. This slice, 𝒮, has a natural structure of an affine algebraic Poisson
variety.

More recently, Premet [P1] has defined, following earlier works by Kostant [Ko],
Kawanaka [Ka], and Moeglin [Mœ], for each character 𝑐 of the center of 𝒰𝔤, a
filtered associative algebra 𝐴𝑐. The family of algebras 𝐴𝑐 may be thought of as a
family of quantizations of the Slodowy slice 𝒮 in the sense that, for any 𝑐, one has
a natural Poisson algebra isomorphism gr𝐴𝑐

∼= ℂ[𝒮]. For further developments see
also [BK1], [BGK], [Lo1], [P2]-[P3].

The algebras 𝐴𝑐 have quite interesting representation theory which is similar, in
a sense, to the representation theory of the Lie algebra 𝔤 itself. It is well known
that category 𝒪 of Bernstein-Gelfand-Gelfand plays a key role in the representation
theory of 𝔤. Unfortunately, there seems to be no reasonable analogue of category
𝒪 for the algebra 𝐴𝑐, apart from some special cases; cf. [BK1], [BGK].

In this paper, we propose to remedy the above mentioned difficulty by intro-
ducing a category of (weak) Harish-Chandra bimodules over the algebra 𝐴𝑐. Our
definition of weak Harish-Chandra bimodules actually makes sense for a wide class
of algebras; cf. Definition 4.1.1. We show in particular that, in the case of envelop-
ing algebras, a weak Harish-Chandra 𝒰𝔤-bimodule is a Harish-Chandra bimodule
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in the conventional sense (used in representation theory of semisimple Lie alge-
bras for a long time) if and only if the corresponding D-module on the flag variety
has regular singularities; cf. Proposition 6.6.1. Motivated by this result, we use
“micro-local” technique developed in §6 to introduce a notion of “regular singular-
ities” for 𝐴𝑐-bimodules.1 We then define Harish-Chandra 𝐴𝑐-bimodules as weak
Harish-Chandra bimodules with regular singularities.

Let ℑ𝑐 be the maximal ideal of the center of the algebra 𝒰𝔤 corresponding to a
regular central character 𝑐. There is an associated block 𝒪𝑐, of the category 𝒪 of
Bernstein-Gelfand-Gelfand, formed by the objects 𝑀 ∈ 𝒪 such that the ℑ𝑐-action
on 𝑀 is nilpotent. One may also consider an analogous category of Harish-Chandra
𝒰𝔤-bimodules. Specifically, one considers Harish-Chandra 𝒰𝔤-bimodules 𝐾 such
that the left ℑ𝑐-action on 𝐾 is nilpotent and such that one has 𝐾ℑ𝑐 = 0. It is
known that the resulting category is, in fact, equivalent to the category 𝒪𝑐; see
[BG]. Thus, one may expect the category of Harish-Chandra 𝐴𝑐-bimodules to be
the right substitute for a category 𝒪(𝐴𝑐) that may or may not exist.

For any algebra 𝐴, a basic example of a weak Harish-Chandra 𝐴-bimodule is the
algebra 𝐴 itself, viewed as the diagonal bimodule. Sub-bimodules of the diagonal
bimodule are nothing but two-sided ideals of 𝐴. This shows that the theory of
(weak) Harish-Chandra 𝐴-bimodules is well suited for studying ideals in 𝐴, primi-
tive ideals, in particular.

We construct an analogue of the Whittaker functor from the category of Harish-
Chandra 𝒰𝔤-bimodules to the category of Harish-Chandra 𝐴𝑐-bimodules. Among
our most important results are Theorem 4.1.4 and Theorem 4.2.2, which describe
key properties of that functor.

We use the above results to provide an alternative proof of a conjecture of Premet
that relates finite dimensional 𝐴𝑐-modules to primitive ideals 𝐼 ⊂ 𝒰𝔤 such that the
associated variety of 𝐼 equals Ad𝐺(𝑒), the closure of the conjugacy class of the
nilpotent 𝑒 ∈ 𝔤. This conjecture was proved in a special case by Premet [P3], using
reduction to positive characteristic, and in full generality by Losev [Lo1], using
deformation quantization, and later also by Premet [P4]. Our approach is totally
different from the approaches used by Losev or Premet and is, in a way, more
straightforward. Some results closely related to ours were also obtained by Losev
[Lo2].

Finally, we introduce translation functors on representations of the algebra 𝐴𝑐.
In §6, we use those functors to construct “noncommutative resolutions” of the
Slodowy slice by means of a noncommutative Proj-construction. Similar construc-
tion has been successfully exploited earlier, in other situations, by Gordon and
Stafford [GS], and by Boyarchenko [Bo].

A different approach to “noncommutative resolutions” of Slodowy slices was also
proposed by Losev in an unpublished manuscript.

Remark 1.1.1. We expect that, in the special case of subregular nilpotent elements,
our construction of noncommutative resolution reduces to that of Boyarchenko. In
more detail, Boyarchenko considered noncommutative resolutions of certain non-
commutative algebras introduced by Crawley-Boevey and Holland [CBH]. These
algebras are quantizations of the coordinate ring of a Kleinian singularity. By a

1Our definition of regular singularities works more generally, for modules over an arbitrary
filtered ℂ-algebra 𝐴 having the property that gr𝐴 is a finitely generated commutative algebra
such that the Poisson scheme Spec(gr𝐴) admits a symplectic resolution.
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well-known result of Brieskorn and Slodowy [Sl], the Slodowy slice to the subregular
nilpotent in a simply laced Lie algebra 𝔤 is isomorphic, as an algebraic variety, to
the Kleinian singularity associated with the Dynkin diagram of 𝔤. Furthermore, it
is expected (although no written proof of this seems to be available, except for type
A, see [Hod]) that the algebras 𝐴𝑐 are, in that case, isomorphic to the algebras con-
structed by Crawley-Boevey and Holland. Thus, our noncommutative resolutions
should correspond, via the isomorphism, to those considered by Boyarchenko.

1.2. Let 𝔤 be a complex semisimple Lie algebra and 𝐺 the adjoint group of 𝔤.
From now on, we fix an 𝔰𝔩2-triple {𝑒, ℎ, 𝑓} ⊂ 𝔤, equivalently, a Lie algebra

imbedding 𝔰𝔩2 ↪→ 𝔤 such that

(
0 1
0 0

)
�→ 𝑒 and

(
1 0
0 −1

)
�→ ℎ. Slodowy (as

well as Harish-Chandra) showed (see e.g. [Sl, §7.4]), that the affine linear space
𝑒 + Ker(ad 𝑓) is a transverse slice to the Ad𝐺-conjugacy class of 𝑒, a nilpotent
element of 𝔤.

The Killing form on 𝔤 provides an Ad𝐺-equivariant isomorphism 𝜅 : 𝔤 ∼→ 𝔤∗,
where 𝔤∗ is the vector space dual to 𝔤. Put 𝜒 := 𝜅(𝑒) ∈ 𝔤∗. Write 𝒩 ⊂ 𝔤∗ for the
image of the set of nilpotent elements of 𝔤, resp. 𝕊 ⊂ 𝔤∗ for the image of the set
𝑒 + Ker ad 𝑓 , under the isomorphism 𝜅. Thus, 𝕊 is a transverse slice at 𝜒, to be
called the Slodowy slice, to the coadjoint orbit 𝕆 := Ad𝐺(𝜒).

Below, we mostly restrict our attention to the scheme theoretic intersection 𝒮 :=
𝕊∩𝒩 . Extending some classic results of Kostant, Premet proved the following, [P1,
Theorem 5.1].

Proposition 1.2.1. The scheme 𝒮 is reduced, irreducible, and Gorenstein. More-
over, it is a normal complete intersection in 𝕊 of dimension dim𝒩 − dim𝕆. □

1.3. The Lie algebra 𝔪. The adℎ-action on 𝔤 yields a weight decomposition

(1.3.1) 𝔤 =
⊕
𝑖∈ℤ

𝔤(𝑖) where 𝔤(𝑖) = {𝑥 ∈ 𝔤
∣∣ [ℎ, 𝑥] = 𝑖𝑥}.

Note that 𝑒 is a nonzero element of 𝔤(2). Hence, the assignment 𝔤(−1)×𝔤(−1) →
ℂ, 𝑥, 𝑦 �→ 𝜒([𝑥, 𝑦]), gives a skew-symmetric nondegenerate bilinear form on 𝔤(−1).
We choose and fix ℓ ⊂ 𝔤(−1), a Lagrangian subspace with respect to that form.

Following Kawanaka [Ka] and Moeglin [Mœ], one puts

𝔪 := ℓ ⊕ (⊕
𝑖≤−2

𝔤(𝑖)
)
.

Thus, 𝔪 is a nilpotent Lie subalgebra of 𝔤 such that the linear function 𝜒 vanishes
on [𝔪,𝔪]. Let 𝑀 be the unipotent subgroup of 𝐺 with Lie algebra 𝔪. By a standard
easy computation one finds (cf. (1.4.1)),

(1.3.2) dim𝑀 = 1
2 dim𝕆.

Write 𝑉 ⊥ ⊂ 𝔤∗ for the annihilator of a vector subspace 𝑉 ⊂ 𝔤. We will prove:

Proposition 1.3.3. (i) Any Ad𝐺-orbit in 𝔤∗ meets the affine space 𝜒+𝔪⊥ trans-
versely.

(ii) We have 𝕆 ∩ (𝜒 + 𝔪⊥) = Ad𝑀(𝜒) is a closed Lagrangian submanifold in
the coadjoint orbit 𝕆 = Ad𝐺(𝜒), a symplectic manifold with Kirillov’s symplectic
structure.
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(iii) The scheme theoretic intersection 𝒩 ∩ (𝜒 + 𝔪⊥) is a reduced complete in-
tersection in 𝜒 + 𝔪⊥; the 𝑀 -action induces an 𝑀 -equivariant isomorphism 𝑀 ×
𝒮 ∼→ 𝒩 ∩ (𝜒 + 𝔪⊥).

Remark 1.3.4. Using the isomorphism in the last line above, we may write

(1.3.5) 𝒮 ∼= [𝒩 ∩ (𝜒 + 𝔪⊥)]/Ad𝑀.

This formula means that the variety 𝒮 may be obtained from 𝒩 by a Hamiltonian
reduction with respect to the natural 𝑀 -action on 𝒩 .

Conjecture 1.3.6. There exists a Borel subalgebra 𝔟 ⊂ 𝔤 such that 𝔟⊥∩Ad𝑀(𝜒) =
{𝜒}.
Remark 1.3.7. We recall that, for any Borel subalgebra 𝔟, (each irreducible compo-
nent of) the set (𝔟⊥ ∩𝕆)red is known to be a Lagrangian subvariety in 𝕆; see [CG,
Theorem 3.3.6].

Thus, Conjecture 1.3.6 says that there exists a Borel subalgebra 𝔟 such that the
two Lagrangian subvarieties 𝔟⊥ ∩𝕆 and Ad𝑀(𝜒) meet at a single point 𝜒.

Let 𝜛 : 𝔤∗ → 𝔪∗ be the canonical projection induced by restriction of linear
functions from 𝔤 to 𝔪. The map 𝜛 may be thought of as a moment map associated
with the Ad𝑀 -action on 𝔤∗. We put 𝜒𝔪 := 𝜒∣𝔪 = 𝜛(𝜒). Observe that 𝜒𝔪 ∈ 𝔪∗ is
a fixed point of the coadjoint 𝑀 -action on 𝔪∗, and we have 𝜛−1(𝜒𝔪) = 𝜒 + 𝔪⊥.

We write 𝒪𝑌 for the structure sheaf of a scheme 𝑌 . Let 𝒪𝜒 denote the localiza-
tion of the polynomial algebra ℂ[𝔪∗] at the point 𝜒𝔪.

Corollary 1.3.8. Let 𝑌 be a 𝐺-scheme, and let 𝑓 : 𝑌 → 𝔤∗ be a 𝐺-equivariant
morphism such that 𝜒 ∈ 𝑓(𝑌 ). Then, we have:

(i) The point 𝜒𝔪 is a regular value of the composite map 𝜛 ∘𝑓 .
(ii) Given a 𝐺-equivariant coherent 𝒪𝑌 -module 𝑀 , the localization (𝜛 ∘𝑓)∗𝒪𝜒⊗
𝒪𝑌

𝑀 is a flat (𝜛 ∘𝑓)
�𝒪𝜒-module.

(iii) If 𝑌 is reduced and irreducible, then 𝑓−1(𝕊) is a reduced complete intersection
in 𝑌, of dimension dim 𝑓−1(𝕊) = dim𝑌 − dim𝕆. □
Proof. The transversality statement of Proposition 1.3.3(i) may be equivalently
reformulated as follows:
For any 𝑥 ∈ 𝔤∗, the point 𝜒𝔪 is a regular value of the composite map Ad𝐺(𝑥) ↪→

𝔤∗ 𝜛→ 𝔪∗.
The above statement insures that, for any point 𝑦 ∈ 𝑌 such that 𝜛(𝑓(𝑦)) = 𝜒𝔪,

the differential 𝑑𝜛 ∘𝑑𝑓 : 𝑇𝑦𝑌 → 𝑇𝜒𝔪
𝔪∗, of the map 𝜛 ∘𝑓 , is a surjective linear map.

This yields part (i) of the corollary. Parts (ii)–(iii) follow from (i) combined with
Proposition 1.3.3(i). □

1.4. Proof of Proposition 1.3.3. First, we recall a few well-known results. Write
𝔤𝑥 ⊂ 𝔤 for the centralizer of an element 𝑥 ∈ 𝔤. To prove formula (1.3.2), we compute

dim𝔪 = dim
(⊕

𝑖<0 𝔤𝑖
)− 1

2 dim 𝔤(−1) = 1
2 [dim 𝔤− dim 𝔤(0)] − 1

2 dim 𝔤(−1).

By 𝔰𝔩2-theory, one has that dim 𝔤(0) + dim 𝔤(1) = dim 𝔤𝑒. Hence, we find

(1.4.1) dim𝔪 = 1
2 [dim 𝔤− dim 𝔤(0)− dim 𝔤(1)] = 1

2 [dim 𝔤− dim 𝔤𝑒] = 1
2 dim𝕆. □

Observe next that, for the element 𝑓 of our 𝔰𝔩2-triple, we have 𝔤𝑓 ⊂⊕𝑖≤0 𝔤(𝑖),

by 𝔰𝔩2-theory. It follows that 𝕊 ⊂ 𝜒 + 𝔪⊥. Also, it is easy to see that the set
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𝜒 + 𝔪⊥ is stable under the coadjoint 𝑀 -action. Moreover, it was proved in [GG,
Lemma 2.1] that the 𝑀 -action in 𝜒 + 𝔪⊥ is free, and the action map induces an
𝑀 -equivariant isomorphism of algebraic varieties,

(1.4.2) 𝑀 × 𝕊
∼→ 𝜒 + 𝔪⊥,

where 𝑀 acts on 𝑀 × 𝕊 via its action on the first factor by left translations.
We may exponentiate the Lie algebra map 𝔰𝔩2 → 𝔤 to a rational group homomor-

phism 𝑆𝐿2 → 𝐺. Restricting the latter map to the torus ℂ× ⊂ 𝑆𝐿2, of diagonal
matrices, one gets a morphism 𝛾 : ℂ× → 𝐺, 𝑡 �→ 𝛾𝑡. Following Slodowy, one defines
a ∙-action of ℂ× on 𝔤 by

(1.4.3) ℂ
× ∋ 𝑡 : 𝑥 �→ 𝑡 ∙ 𝑥 := 𝑡2 ⋅ Ad 𝛾𝑡−1(𝑥), 𝑥 ∈ 𝔤.

Since Ad 𝛾𝑡(𝑒) = 𝑡2 ⋅ 𝑒, the ∙-action fixes 𝑒. Dualizing, one gets a ∙-action of ℂ×

on 𝔤∗ that fixes the point 𝜒 ∈ 𝔤∗. It is easy to see that each of the spaces, 𝜒 + 𝕊

and 𝜒 + 𝔪⊥, is ∙-stable and, moreover, the ∙-action contracts the space 𝜒 + 𝔪⊥ to
𝜒.

Proof of Proposition 1.3.3. Observe first that the statement of part (i) is clear for
the orbit 𝕆 = Ad𝐺(𝜒), since the space 𝜒 + 𝔪⊥ contains a transverse slice to 𝕆.
Below, we will use the identification 𝜅 : 𝔤 ∼→ 𝔤∗, so 𝜒 gets identified with 𝑒, and we
may write 𝜒 + 𝔪⊥ ⊂ 𝔤.

Now, let 𝑥 ∈ 𝜒 + 𝔪⊥ be an arbitrary element and put 𝑂 := Ad𝐺(𝑥). We are
going to reduce the statement (i) for 𝑂 to the special case of the orbit 𝕆 using the
∙-action as follows.

Observe that the tangent space to 𝑂 at the point 𝑥 equals 𝑇𝑥𝑂 = [𝔤, 𝑥] = ad𝑥(𝔤),
a vector subspace of 𝔤. Proving part (i) amounts to showing that the composite
pr ∘𝜅 ∘ ad𝑥 : 𝔤 → 𝔤 ∼→ 𝔤∗ ↠ 𝔪∗ is a surjective linear map, for any 𝑥 ∈ 𝜒+𝔪⊥. It
is clear that, for any 𝑥 ∈ 𝔤 sufficiently close to 𝑒, the map pr ∘𝜅 ∘ ad𝑥 is surjective,
by continuity. Since the ∙-action on 𝜒 + 𝔪⊥ is a contraction, we deduce by ℂ×-
equivariance that the surjectivity holds for any 𝑥 ∈ 𝑒 + 𝔪⊥. Part (i) is proved.

The isomorphism of part (iii) follows from Proposition 1.2.1, by restricting iso-
morphism (1.4.2) to 𝒩 . All the other claims of part (iii) then follow from the
isomorphism.

To prove (ii), we observe first, that since 𝜒 vanishes on [𝔪,𝔪], the vector space
ad𝔪(𝜒) is an isotropic subspace of the tangent space 𝑇𝜒𝕆. This implies, by 𝑀 -
equivariance, that Ad𝑀(𝜒) is an isotropic submanifold of 𝕆. This Ad𝑀 -orbit
is closed since 𝑀 is a unipotent group. Finally, the 𝑀 -action being free we find
dim Ad𝑀(𝜒) = dim𝑀 = 1

2 dim𝕆, by formula (1.3.2). It follows that Ad𝑀(𝜒) is
a Lagrangian submanifold of 𝕆. □

2. Springer resulution of Slodowy slices

2.1. The Slodowy variety. Let ℬ be the flag variety, i.e., the variety of all Borel
subalgebras in 𝔤. Let 𝑇 ∗ℬ be the total space of the cotangent bundle on ℬ, equipped
with the standard symplectic structure and the natural Hamiltonian 𝐺-action. An
associated moment map is given by the first projection

(2.1.1) 𝜋 : 𝑇 ∗ℬ = {(𝜆, 𝔟) ∈ 𝔤∗ × ℬ ∣∣ 𝜆 ∈ 𝔟⊥} −→ 𝔤∗, (𝜆, 𝔟) �→ 𝜆.

The map 𝜋, called Springer resolution, is a symplectic resolution of 𝒩 . This
means that, one has 𝒩 = 𝜋(𝑇 ∗ℬ) and, moreover, 𝜋 is a resolution of singularities
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of 𝒩 such that the pull-back morphism 𝜋∗ : 𝒪𝔤∗ → 𝒪𝑇∗ℬ intertwines the Kirillov-
Kostant Poisson bracket on 𝒪𝔤∗ with the Poisson bracket on 𝒪𝑇∗ℬ coming from
the symplectic structure on 𝑇 ∗ℬ.

The Slodowy variety is defined as 𝒮 := 𝜋−1(𝒮) = 𝜋−1(𝕊), a scheme theoretic
preimage of the Slodowy slice under the Springer resolution. Also, let ℬ𝜒 :=
𝜋−1(𝜒)red be the Springer fiber over 𝜒, equipped with reduced scheme structure.

Clearly, we have ℬ𝜒 ⊂ 𝒮.

Proposition 2.1.2. (i) The map 𝜋 : 𝒮 → 𝒮 is a symplectic resolution, in par-

ticular, 𝒮 is a smooth and connected symplectic submanifold in 𝑇 ∗ℬ of dimension
dim𝒮 = 2 dimℬ𝜒.

(ii) The Springer fiber ℬ𝜒 is a (not necessarily irreducible) Lagrangian subvariety
of 𝒮.

Our next goal is to find a Hamiltonian reduction construction for the variety 𝒮.
Specifically, we would like to get an analogue of formula (1.3.5) where the variety

𝒮 is replaced by 𝒮 and where the symplectic manifold 𝑇 ∗ℬ plays the role of the
Poisson variety 𝒩 . To do so, it is natural to try to replace, in formula (1.3.5), the
space 𝜒 + 𝔪⊥ by 𝜋−1(𝜒 + 𝔪⊥). Thus, we are led to introducing the scheme

(2.1.3) Σ := 𝜋−1(𝜒 + 𝔪⊥) = (𝜛 ∘𝜋)−1(𝜒𝔪) ⊂ 𝑇 ∗ℬ.
Proposition 2.1.4. (i) The scheme Σ is a (reduced) smooth connected manifold,
and we have dim Σ = dimℬ + dimℬ𝜒 = dim𝑇 ∗ℬ − dim𝔪.

(ii) The scheme Σ is 𝑀 -stable, and the action-map induces an 𝑀 -equivariant
isomorphism

(2.1.5) 𝑀 × 𝒮 ∼→ Σ.

(iii) The scheme Σ is a coisotropic submanifold in 𝑇 ∗ℬ; the nil-foliation on Σ
coincides with the fibration by 𝑀 -orbits.

2.2. Proof of Propositions 2.1.2 and 2.1.4. There is a natural ℂ×-action on
𝑇 ∗ℬ along the fibers of the cotangent bundle projection 𝑇 ∗ℬ → ℬ. Thus, the group
𝐺× ℂ× acts on 𝑇 ∗ℬ by (𝑔, 𝑧) : 𝑥 �→ 𝑧 ⋅ 𝑔(𝑥). Further, we define a ∙-action of the
torus ℂ× on 𝑇 ∗ℬ by the formula ℂ× ∋ 𝑡 : 𝑥 �→ 𝑡 ∙ 𝑥 := 𝑡2 ⋅ 𝛾𝑡−1(𝑥); cf. (1.4.3).

The Springer resolution (2.1.1) is a 𝐺 × ℂ×-equivariant morphism. Hence, the

map 𝜋 commutes with the ∙-action as well. It follows, in particular, that ℬ𝜒, 𝒮,
and Σ, are all ∙-stable subschemes of 𝑇 ∗ℬ. The ∙-action retracts 𝜒 + 𝔪⊥ to 𝜒,
hence, provides a retraction of Σ = 𝜋−1(𝜒 + 𝔪⊥) to ℬ𝜒 = 𝜋−1(𝜒).

Further, a result of Spaltenstein [Spa] says that the Springer fiber is a connected
variety and, moreover, all irreducible components of ℬ𝜒 have the same dimension
(cf. also [CG, Corollaries 7.6.16 and 3.3.24]), which is equal to

(2.2.1) dimℬ𝜒 = dimℬ − 1
2 ⋅ dim𝕆.

Proof of Proposition 2.1.4. Corollary 1.3.8(i) insures that the point 𝜒𝔪 ∈ 𝔪∗ is
a regular value of the map 𝜛 ∘𝜋 : 𝑇 ∗ℬ → 𝔪∗. It follows, in particular, that
Σ is a (reduced) smooth subscheme of 𝑇 ∗ℬ and that dim Σ = dim𝑇 ∗ℬ − dim𝔪.
Furthermore, (2.1.5) holds as a scheme theoretic isomorphism and we have dim Σ =

dim𝒮 + dim𝔪.
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Since ℬ𝜒 is connected and the ∙-action contracts 𝒮, resp. Σ, to ℬ𝜒, we deduce

that 𝒮, resp. Σ, is a connected manifold. This completes the proof of Proposition
2.1.4(i).

Part (ii) of the proposition is immediate from the isomorphism of Proposition
1.3.3(i). Part (iii) is a general property of the fiber of a moment map over a regular
value; see e.g. [GuS]. □

Proof of Proposition 2.1.2. First of all, we observe that the smoothness of Σ, com-

bined with (2.1.5), implies that 𝒮 is a smooth scheme. Furthermore, from part (iii)

of Proposition 2.1.4 and the isomorphism 𝒮 ∼= Σ/𝑀 we deduce that the symplectic

2-form on 𝑇 ∗ℬ restricts to a nondegenerate 2-form on 𝒮. This yields Proposition
2.1.2(i).

Further, we know that 𝜋 : 𝒮 ↠ 𝒮 is a projective and dominant morphism which
is an isomorphism over the open dense subset of 𝒮 formed by regular nilpotent

elements. It follows that the map 𝜋 : 𝒮 ↠ 𝒮 is a symplectic resolution. The

scheme 𝒮 being irreducible, we deduce that 𝒮 is connected (we have already proved
this fact differently in the course of the proof of Proposition 2.1.4).

By Proposition 1.2.1, we get dim𝒮 = dim𝒮 = dim 𝔤 − rk 𝔤 − dim𝕆. Hence,

using (2.2.1) and the equality 2 dimℬ + rk 𝔤 = dim 𝔤, we find dim𝒮 = (2 dimℬ +
rk 𝔤) − rk 𝔤 − 2(dimℬ − dimℬ𝜒) = 2 dimℬ𝜒. This completes the proof of part (i)
of Proposition 2.1.2.

To prove part (ii), let 𝑦 = (𝔟, 𝜒) ∈ ℬ𝜒. Recall that any tangent vector to 𝑇 ∗ℬ at
𝑦 can be written in the form ad∗ 𝑎(𝑦) + 𝛼, for some 𝑎 ∈ 𝔤 and some vertical vector
𝛼 ∈ 𝔟⊥ (i.e. a vector tangent to the fiber of the cotangent bundle). It is clear that
such a vector ad∗ 𝑎(𝑦) + 𝛼 is tangent to ℬ𝜒 if and only if one has 𝛼+ ad∗ 𝑎(𝜒) = 0.
Now, let ad∗ 𝑏(𝑦) +𝛽 be a second tangent vector at 𝑦 which is tangent to ℬ𝜒 at the
point 𝑦. Thus, we have ad∗ 𝑎(𝜒) = −𝛼 and ad∗ 𝑏(𝜒) = −𝛽.

Using an explicit formula for the symplectic 2-form 𝜔
𝑇∗ℬ on 𝑇 ∗ℬ (see e.g. [CG,

Proposition 1.4.11]), we find

𝜔
𝑇∗ℬ(ad∗ 𝑎(𝑦) + 𝛼, ad∗ 𝑏(𝑦) + 𝛽) = 𝜒([𝑎, 𝑏]) + 𝛼(𝑏) − 𝛽(𝑎)

= 𝜒([𝑎, 𝑏]) − (ad∗ 𝑎(𝜒))(𝑏) + (ad∗ 𝑏(𝜒))(𝑎)

= 𝜒([𝑎, 𝑏]) − 𝜒([𝑎, 𝑏]) − 𝜒([𝑎, 𝑏]) = −𝜒([𝑎, 𝑏]).

Next, let 𝜔𝕆 denote the Kirillov-Kostant 2-form on the orbit 𝕆. By definition,
we have 𝜔𝕆(ad∗ 𝑎(𝜒), ad∗ 𝑏(𝜒)) = 𝜒([𝑎, 𝑏]). Further, it is known that 𝕆 ∩ 𝔟⊥ is
an isotropic subvariety in 𝕆; cf. [CG, Theorem 3.3.7]. The vectors ad∗ 𝑎(𝜒) =
−𝛼, ad∗ 𝑏(𝜒) = −𝛽 ∈ 𝔟⊥ are clearly tangent to that subvariety. We deduce 0 =
𝜔𝕆(ad∗ 𝑎(𝜒), ad∗ 𝑏(𝜒)) = 𝜒([𝑎, 𝑏]). □

Remark 2.2.2. The smoothness statement in Proposition 2.1.2(i) is a special case
of the following elementary general result.

Let 𝑋 be a 𝐺-scheme, and let 𝐹 : 𝑋 → 𝔤∗ be a 𝐺-equivariant morphism such

that 𝜒 ∈ 𝐹 (𝑋). Set �̃� := 𝐹−1(𝕊), a scheme theoretic preimage of 𝕊, and write

𝐹𝕊 = 𝐹 ∣
�̃�

: �̃� → 𝕊.

Then, for any 𝑥 ∈ 𝐹−1(𝜒), there are local isomorphisms (𝑋, 𝑥) ∼→ (𝕆, 𝜒)×(�̃�, 𝑥),
resp. (𝔤∗, 𝜒) ∼→ (𝕆, 𝜒)× (𝕊, 𝜒), in étale topology, such that the map 𝐹 goes, under

the isomorphisms, to the map Id𝕆 × 𝐹𝕊 : 𝕆× �̃� → 𝕆× 𝕊.
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2.3. Given a manifold 𝑌 , we write 𝑝 : 𝑇 ∗𝑌 → 𝑌 for the cotangent bundle projec-
tion.

Let 𝑋 ⊂ 𝑌 be a submanifold. Below, we will use the following:

Definition 2.3.1. A submanifold Λ ⊂ 𝑝−1(𝑋) is said to be a twisted conormal
bundle on 𝑋 if Λ is a Lagrangian submanifold of 𝑇 ∗𝑌 and, moreover, the map 𝑝
makes the projection Λ → 𝑋 an affine bundle.

Let 𝜎 be the restriction to Σ ⊂ 𝑇 ∗ℬ of the projection 𝑝 : 𝑇 ∗ℬ → ℬ. It is
clear that 𝜎(Σ) is an 𝑀 -stable subset of ℬ, and one has the following diagram of
𝑀 -equivariant maps

(2.3.2) Σ
𝜎

������
��

��
�� 𝜋

�� �������������

𝜎(Σ) 𝒩 ∩ (𝜒 + 𝔪⊥)

Proposition 2.3.3. (i) For a Borel subalgebra 𝔟, we have: 𝔟 ∈ 𝜎(Σ) ⇔ 𝜒∣𝔪∩𝔟 = 0.
(ii) For any 𝑀 -orbit 𝑋 ⊂ 𝜎(Σ), the map 𝜎 makes the projection 𝜎−1(𝑋) → 𝑋

a twisted conormal bundle on the submanifold 𝑋 ⊂ ℬ.
Remark 2.3.4. Let ℬ∘ be the set of all Borel subalgebras 𝔟 such that 𝔟 ∩𝔪 = 0. It
is easy to see that ℬ∘ is an 𝑀 -stable Zariski open and dense subset of ℬ. Part (i)
of Proposition 2.3.3 implies that we have ℬ∘ ⊂ 𝜎(Σ).

Proof. Clearly, 𝔟 ∈ 𝜎(Σ) if and only if the fiber 𝜎−1(𝔟) is nonempty. By definition,
we have

(2.3.5) 𝜎−1(𝔟) = {(𝜆, 𝔟) ∈ 𝔤∗ × ℬ ∣∣ 𝜆 ∈ 𝔟⊥ and 𝜆 ∈ 𝜒 + 𝔪⊥} ∼= 𝔟⊥ ∩ (𝜒 + 𝔪⊥).

Note that 𝜒∣𝔪∩𝔟 = 0 says that 𝜒 ∈ (𝔟 ∩ 𝔪)⊥. Thus, the equivalences below yield
part (i),

𝔟 ∈ 𝜎(Σ) ⇐⇒ 𝜎−1(𝔟) ∕= ∅ ⇐⇒ 𝔟⊥ ∩ (𝜒 +𝔪⊥) ∕= ∅ ⇐⇒ 𝜒 ∈ 𝔟⊥ + 𝔪⊥ = (𝔟 ∩𝔪)⊥.

To prove (ii), fix a point 𝔟 ∈ 𝜎(Σ), and let 𝑋 := 𝑀 ⋅ 𝔟 ⊂ ℬ be the 𝑀 -orbit of
the point 𝔟. Thus, writing 𝐵 for the Borel subgroup corresponding to 𝔟, we have
𝑋 ∼= 𝑀/𝑀 ∩𝐵. Further, we may use the last displayed formula above and choose
𝜆𝔟 ∈ 𝔟⊥ and 𝜇𝔟 ∈ 𝔪⊥ such that 𝜒 = 𝜆𝔟 + 𝜇𝔟.

Claim 2.3.6. The map 𝜎 : 𝜎−1(𝑋) → 𝑋 is 𝑀 -equivariantly isomorphic to the
fibration 𝜙 : 𝑀 ×𝑀∩𝐵

(
𝜆𝔟 + (𝔪⊥ ∩ 𝔟⊥)

)→ 𝑀/𝑀 ∩𝐵.

The above claim implies part (ii) since the fibration 𝜙, of the claim, is well
known to be a twisted conormal bundle on the submanifold 𝑋 ⊂ ℬ = 𝐺/𝐵; cf.
[CG, Proposition 1.4.14].

To prove Claim 2.3.6, we write 𝜒+𝔪⊥ = 𝜆𝔟 +𝜇𝔟 +𝔪⊥ = 𝜆𝔟 +𝔪⊥. Hence, using
(2.3.5), we may write

𝜎−1(𝔟) = 𝔟⊥∩(𝜒+𝔪⊥) = 𝔟⊥∩(𝜆𝔟+𝔪⊥) = {𝜆 ∈ 𝔟⊥
∣∣ 𝜆−𝜆𝔟 ∈ 𝔪⊥}=𝜆𝔟+(𝔟⊥∩𝔪⊥),

which is an affine-linear subspace in 𝔟⊥ obtained from the vector space 𝔟⊥∩𝔪⊥ ⊂ 𝔟⊥

by translation. It follows that 𝜎−1(𝑀 ⋅ 𝔟) ∼= 𝑀 ×𝑀∩𝐵 𝜎−1(𝔟) ∼= 𝑀 ×𝑀∩𝐵
(
𝜆𝔟 +

(𝔪⊥ ∩ 𝔟⊥)
)
.

Now, we identify the tangent space to ℬ, resp. to the 𝑀 -orbit 𝑋, at the point 𝔟
with 𝑇𝔟ℬ = 𝔤/𝔟, resp. with 𝑇𝔟𝑋 = (𝔪 + 𝔟)/𝔟 ⊂ 𝔤/𝔟. We see that the vector space
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𝔟⊥∩𝔪⊥ = (𝔪+𝔟)⊥ equals the annihilator of 𝑇𝔟𝑋 in 𝑇𝔟ℬ. This proves Claim 2.3.6,
and part (ii) follows. □

3. Quantization

3.1. The Premet algebra. Given a Lie algebra 𝔨, we write Sym 𝔨 for the Sym-
metric, resp. 𝒰𝔨 for the enveloping, algebra of 𝔨. We keep the notation of the
previous section, fix 𝜒 ∈ 𝒩 , and define a linear map 𝔪 → Sym 𝔤, resp. 𝔪 → 𝒰𝔤,
by the assignment 𝑚 �→ 𝑚− 𝜒(𝑚). Let 𝔪𝜒 denote the image. Using the canonical
isomorphism ℂ[𝔤∗] = Sym 𝔤, one can identify 𝔪𝜒 with the space of degree ≤ 1
polynomials on 𝔤∗ vanishing on 𝜒 + 𝔪⊥.

Let ℨ𝔤 denote the center of 𝒰𝔤 and write Specmℨ𝔤 for the set of maximal ideals
of the algebra ℨ𝔤. Given 𝑐 ∈ Specmℨ𝔤, let ℑ𝑐 ⊂ ℨ𝔤 denote the corresponding
maximal ideal, and put 𝒰𝑐 := 𝒰𝔤/𝒰𝔤 ⋅ ℑ𝑐. Let 𝒰𝑐 ⋅ 𝔪𝜒 denote the left ideal of the
algebra 𝒰𝑐 generated by the image of the composite 𝔪𝜒 ↪→ 𝒰𝔤 ↠ 𝒰𝑐.

Similarly, let 𝐼𝑜 denote the augmentation ideal of the algebra (Sym 𝔤)Ad𝐺, and
put 𝑆𝑜 := Sym 𝔤/ Sym 𝔤 ⋅ 𝐼𝑜. Thus, 𝑆𝑜 = ℂ[𝒩 ]. Let 𝑆𝑜 ⋅𝔪𝜒 denote an ideal of the
algebra 𝑆𝑜 generated by the image of the composite 𝔪𝜒 ↪→ Sym 𝔤 ↠ 𝑆𝑜. It is
clear that we have

(3.1.1) ℂ[𝒩 ∩ (𝜒 + 𝔪⊥)] = 𝑆𝑜/𝑆𝑜 ⋅𝔪𝜒; by analogy, we put 𝑄𝑐 := 𝒰𝑐/𝒰𝑐 ⋅𝔪𝜒.

The left ideal 𝒰𝑐 ⋅ 𝔪𝜒 ⊂ 𝒰𝑐, resp. the ideal 𝑆𝑜 ⋅𝔪𝜒 ⊂ 𝑆𝑜, is ad𝔪-stable. It
is clear that the scheme isomorphism (1.3.5) translates into the following algebra
isomorphism

(3.1.2) ℂ[𝒮] ∼= (𝑆𝑜/𝑆𝑜 ⋅𝔪𝜒)ad𝔪; by analogy, we put 𝐴𝑐 := (𝒰𝑐/𝒰𝑐 ⋅𝔪𝜒)ad𝔪.

It is easy to see that multiplication in 𝒰𝔤 gives rise to a well-defined (not nec-
essarily commutative) associative algebra structure on 𝐴𝑐. Furthermore, the above
formulas show that the algebra ℂ[𝒮] is obtained from ℂ[𝒩 ] by a classical Hamilton-
ian reduction, resp. the algebra 𝐴𝑐 is obtained from 𝒰𝑐 by a quantum Hamiltonian
reduction. In particular, ℂ[𝒮] has a natural Poisson algebra structure. The family
of algebras {𝐴𝑐, 𝑐 ∈ Specmℨ𝔤} may be viewed as “quantizations” of the Poisson
algebra ℂ[𝒮].

Remark 3.1.3. Each of the algebras 𝐴𝑐 is a quotient of a single algebra 𝐴 :=
(𝒰𝔤/𝒰𝔤 ⋅𝔪𝜒)ad𝔪. This algebra 𝐴, that has been introduced and studied by Premet
in [P1], is a Hamiltonian reduction of the algebra 𝒰𝔤. The natural imbedding
ℨ𝔤 ↪→ 𝒰𝔤 descends to a well-defined algebra map 𝚥 : ℨ𝔤 → 𝐴 with central image.
It is easy to see that, for any central character 𝑐, one has 𝐴/𝐴 ⋅ 𝚥(ℑ𝑐) = 𝐴𝑐.

It is immediate to check that, for any right 𝒰𝑐-module 𝑁 , the assignment 𝑢 : 𝑛 �→
𝑛𝑢 induces a well-defined right 𝐴𝑐-action on the coinvariant space 𝑁/𝑁 ⋅𝔪𝜒. This
yields, in particular, a right 𝐴𝑐-action on 𝑄𝑐 (cf. (3.1.1)) that commutes with the
natural left 𝒰𝑐-action. In this way, 𝑄𝑐 becomes an (𝒰𝑐, 𝐴𝑐)-bimodule. Moreover,
the right action of 𝐴𝑐 gives an algebra isomorphism 𝐴op

𝑐
∼→ End𝒰𝑐

𝑄𝑐.

3.2. Kazhdan filtrations. Given an algebra 𝐴 with an ascending ℤ-filtration
𝐹 �𝐴, one puts gr𝐹 𝐴 :=

⊕
𝑛∈ℤ

𝐹𝑛𝐴/𝐹𝑛−1𝐴, an associated graded algebra, resp.
Rees𝐹 𝐴 :=

⊕
𝑛∈ℤ

𝐹𝑛𝐴, the Rees algebra. From now on, we assume that gr𝐹 𝐴 is a
finitely generated commutative algebra.
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Let 𝑉 be a left 𝐴 module equipped with an ascending ℤ-filtration 𝐹 �𝑉 which is
compatible with the one on 𝐴. Then, Rees

𝐹
𝑉 :=

⊕
𝑛∈ℤ

𝐹𝑛𝑉 acquires the structure
of a left Rees𝐹 𝐴-module. The filtration on 𝑉 is called good if that module is finitely
generated. In such a case, gr𝐹 𝑉 :=

⊕
𝑛∈ℤ

𝐹𝑛𝑉/𝐹𝑛−1𝑉 is a finitely generated gr𝐹 𝐴-
module, and the support of gr𝐹 𝑉 is a closed subset Supp(gr𝐹 𝑉 ) ⊂ Spec(gr𝐹 𝐴)
(equipped with reduced scheme structure).

The following standard result is well known; cf. [ABO], Theorem 1.8 and Propo-
sition 2.6.

Lemma 3.2.1. Let 𝐹 �𝐴 be a ℤ-filtration on an algebra 𝐴 such that Rees𝐹 𝐴 is both
left and right noetherian, and gr𝐹 𝐴 is commutative. Then, for any left 𝐴-module
𝑉 , we have

(i) All good filtrations on 𝑉 are equivalent to each other and the set Var𝑉 :=
Supp(gr𝐹 𝑉 ) is independent of the choice of such a filtration.

(ii) For any good filtration 𝐹 �𝑉 and any 𝐴-submodule 𝑁 ⊂ 𝑉 , the induced filtra-
tion 𝐹 �𝑁 := 𝑁 ∩ 𝐹 �𝑉 is a good filtration on 𝑁 . □

Given a vector space 𝑉 equipped with an ascending ℤ-filtration 𝐹 �𝑉 and with
a direct sum decomposition 𝑉 =

⊕
𝑎∈ℂ

𝑉 ⟨𝑎⟩, one defines an associated Kazhdan
filtration, a new ascending ℤ-filtration on 𝑉 , as follows:

(3.2.2) K𝑛𝑉 :=
∑

𝑎+2𝑗≤𝑛

(
𝐹𝑗𝑉 ∩ 𝑉 ⟨𝑎⟩).

Let 𝒰𝔤 =
⊕

𝑖∈ℤ
𝒰𝔤⟨𝑖⟩ be the ℤ-grading induced by some Lie algebra grading

𝔤 =
⊕

𝑖∈ℤ
𝔤⟨𝑖⟩. We may take 𝑉 := 𝒰𝔤 and let 𝐹𝑗𝑉 := 𝒰≤𝑗𝔤, 𝑗 = 0, 1, . . . , be

the canonical ascending PBW filtration on the enveloping algebra. Then, formula
(3.2.2) gives an associated Kazhdan filtration K �𝒰𝔤, on 𝒰𝔤. This filtration is mul-
tiplicative, i.e., one has K𝑖𝒰𝔤 ⋅ K𝑗𝒰𝔤 ⊂ K𝑖+𝑗𝒰𝔤, ∀𝑖, 𝑗.

For any 𝑖 ∈ ℤ, we have 𝔤⟨𝑖⟩ ∈ K𝑖+2𝒰𝔤. We see as in [GG, §4.2] that the identity
map 𝔤 → 𝔤 extends to a Poisson algebra isomorphism grK 𝒰𝔤 ∼= Sym 𝔤. Further, it
follows easily that the algebra Rees

K
𝒰𝔤 is isomorphic to a quotient of 𝑇𝔤⊗ℂ[𝑡] by

the two-sided ideal generated by the elements 𝑥⊗𝑦−𝑦⊗𝑥−[𝑥, 𝑦]⊗𝑡2, 𝑥, 𝑦 ∈ 𝔤. Thus,
Rees

K
𝒰𝔤, is a finitely generated algebra. Moreover, Rees

K
𝒰𝔤, viewed as an algebra

without grading, is independent of the grading on 𝔤 used in (3.2.2) (for 𝑉 = 𝒰𝔤).
For the trivial grading 𝔤 = 𝔤⟨0⟩, the filtration K �𝒰𝔤 is clearly nonnegative, and the
corresponding algebra Rees

K
𝒰𝔤 is easily seen to be both left and right noetherian. It

follows that Rees
K
𝒰𝔤 is both left and right noetherian for any Lie algebra ℤ-grading

on 𝔤. In particular, Lemma 3.2.1 applies.
From now on, we let K �𝒰𝔤 be the Kazhdan filtration associated with the grading

(1.3.1) by formula (3.2.2). Given a left 𝒰𝔤-module 𝑉 , one may consider ascending
filtrations 𝐹 �𝑉 which are compatible with the PBW filtration on 𝒰𝔤, in the sense
that 𝒰≤𝑖𝔤 ⋅ 𝐹𝑗𝑉 ⊂ 𝐹𝑖+𝑗𝑉 holds for any 𝑖, 𝑗 ∈ ℤ. One may also consider filtrations
K �𝑉 which are compatible with the above defined Kazhdan filtration on 𝒰𝔤, to be
referred to as Kazhdan filtrations on 𝑉 .

Assume, in addition, that the ℎ-action on 𝑉 is locally finite. Then there is a direct
sum decomposition 𝑉 =

⊕
𝑎∈ℂ

𝑉 ⟨𝑎⟩ where, for any 𝑎 ∈ ℂ, one defines a generalized

𝑎-eigenspace by the formula 𝑉 ⟨𝑎⟩ := {𝑣 ∈ 𝑉 ∣ ∃𝑁 = 𝑁(𝑣) : (ℎ − 𝑎)𝑁𝑣 = 0}. For
any ℎ-stable ascending filtration 𝐹 �𝑉 which is compatible with the PBW filtration
on 𝒰𝔤, formula (3.2.2) gives an associated Kazhdan filtration K �𝑉 , on 𝑉 . Clearly,
one has 𝐹𝑗𝑉 =

⊕
𝑎∈ℂ

(
𝐹𝑗𝑉 ∩ 𝑉 ⟨𝑎⟩). Using this, one obtains by an appropriate
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“re-grading procedure”, a canonical isomorphism of Sym 𝔤-modules, resp. Rees
K
𝒰𝔤-

modules (that does not necessarily respect the natural gradings):

(3.2.3) gr𝐹 𝑉 ∼= grK 𝑉, resp. Rees
𝐹
𝑉 ∼= Rees

K
𝑉.

Corollary 3.2.4. Let 𝑉 be a finitely generated 𝒰𝔤-module such that the ℎ-action
on 𝑉 is locally finite. Then, one has:

(i) For any good ℎ-stable filtration 𝐹 �𝑉, on 𝑉 , formula (3.2.2) gives a good and
separated Kazhdan filtration on 𝑉 .

(ii) Any good Kazhdan filtration K′
�𝑉 , on 𝑉 , is equivalent to (3.2.2). Hence, it is

a separated filtration and, in 𝔤∗, one has VarK′ 𝑉 = Var𝐹 𝑉 (set theoretic equality).

Proof. Let 𝐹 �𝑉 be a good ℎ-stable filtration. Clearly, it is bounded from below,
hence, separated. It follows that Rees

𝐹
𝑉 is a finitely generated Rees

𝐹
𝒰𝔤-module

and, moreover, we have
∩
𝑗∈ℤ

𝑡𝑗 ⋅ Rees
𝐹
𝑉 = 0. Thus, from (3.2.3) we deduce

that Rees
K
𝑉 is a finitely generated Rees

K
𝒰𝔤-module and, moreover, we have that∩

𝑗∈ℤ
𝑡𝑗 ⋅ Rees

K
𝑉 = 0. This yields (i). Part (ii) is now a consequence of Lemma

3.2.1. □
From now on, in the setting of Corollary 3.2.4, we will use simplified notation

Var𝑉 for VarK′ 𝑉 = Var𝐹 𝑉.

3.3. Whittaker functors. Recall the space 𝑄𝑐 = 𝒰𝑐/𝒰𝑐𝔪𝜒, which is an (𝒰𝑐, 𝐴𝑐)-
bimodule.

Associated with any left 𝒰𝔤-module, resp. 𝒰𝑐-module, 𝑉 , is its Whittaker sub-
space:

(3.3.1) Hom𝒰𝑐
(𝑄𝑐, 𝑉 ) = Wh𝔪(𝑉 ) := {𝑣 ∈ 𝑉

∣∣ 𝑚𝑣 = 𝜒(𝑚)𝑣 , ∀𝑚 ∈ 𝔪}.
The right 𝐴𝑐-action on 𝑄𝑐 gives the space Wh𝔪 𝑉 a structure of a left 𝐴𝑐-module.

Similarly, for any right 𝒰𝑐-module 𝑁 , the right 𝐴𝑐-action on 𝑄𝑐 gives the coinvariant
space 𝑁/𝑁𝔪𝜒 = 𝑁 ⊗𝒰𝑐

𝑄𝑐 a structure of right 𝐴𝑐-module.
Below, we are also going to use a version of the Whittaker functor for bimodules.

Given an (𝒰𝑐′ ,𝒰𝑐)-bimodule 𝐾, the subspace 𝐾𝔪𝜒 ⊂ 𝐾 is stable under the adjoint
𝔪-action on 𝐾. Hence, the latter action descends to a well-defined ad𝔪-action
on 𝐾/𝐾𝔪𝜒. It is clear that, for any 𝑥 ∈ 𝐾/𝐾𝔪𝜒 and 𝑚 ∈ 𝔪, one has 𝑚𝑥 =
ad𝑚(𝑥) + 𝜒(𝑚) ⋅ 𝑥. We see, in particular, that the adjoint 𝔪-action and the above
defined right 𝐴𝑐-action on 𝐾/𝐾𝔪𝜒 commute.

Finally, we put

(3.3.2) Wh𝔪
𝔪(𝐾) := Hom𝒰𝑐′ (𝑄𝑐′ , 𝐾 ⊗𝒰𝑐

𝑄𝑐) = (𝐾/𝐾𝔪𝜒)ad𝔪.

The right 𝐴𝑐′-action on 𝑄𝑐′ and the right 𝐴𝑐-action on 𝑄𝑐 make Wh𝔪
𝔪(𝐾) an

(𝐴𝑐′ , 𝐴𝑐)-bimodule.

Definition 3.3.3. Let (𝒰𝑐,𝔪𝜒)- mod be the abelian category of finitely generated
𝒰𝑐-modules 𝑉 satisfying the following condition: for any 𝑣 ∈ 𝑉 there exists an
integer 𝑛 = 𝑛(𝑣) ≫ 0 such that we have (𝑚1 ⋅𝑚2 ⋅ . . .⋅𝑚𝑛)𝑣 = 0, ∀𝑚1, . . . ,𝑚𝑛 ∈ 𝔪𝜒.

Objects of the category (𝒰𝑐,𝔪𝜒)- mod are called Whittaker modules. It is clear
that 𝑄𝑐 is a Whittaker module. We let K �𝒰𝑐, resp. K �𝑄𝑐, be the quotient filtration
induced by the Kazhdan filtration on 𝒰𝔤. The Kazhdan filtration on 𝑄𝑐 induces,
by restriction, an algebra filtration K �𝐴𝑐, on 𝐴𝑐 ⊂ 𝑄𝑐. Note that, unlike the case
of K �𝒰𝑐, the filtration K �𝑄𝑐, hence also K �𝐴𝑐, is nonnegative.

The proof of the following result repeats the proof of [GG, Proposition 5.2].
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Proposition 3.3.4. For any 𝑐 ∈ Specmℨ𝔤, one has a graded Poisson algebra iso-
morphism grK 𝐴𝑐

∼= ℂ[𝒮]; cf. (3.1.2). Further, one has a graded (grK 𝒰𝑐, grK 𝐴𝑐)-
bimodule isomorphism grK 𝑄𝑐

∼= 𝑆𝑜/𝑆𝑜𝔪𝜒 =; cf. (3.1.1). □
From this proposition, using Proposition 1.2.1 and a result of Bjork [Bj], we

deduce:

Corollary 3.3.5. The algebra 𝐴𝑐 is Cohen-Macaulay and Auslander-Gorenstein.
□

Let K �𝑉 be a good Kazhdan filtration on an object 𝑉 ∈ (𝒰𝑐,𝔪𝜒)- mod. Using
that the Kazhdan filtration on 𝑄𝑐 is nonnegative, one proves that the filtration K �𝑉
is bounded from below. If, in addition, the filtration K �𝑉 is 𝔪-stable, then grK 𝑉 is
an 𝑀 -equivariant ℂ[𝒩 ]-module such that the ℂ[𝒩 ]-action factors through an action
of the algebra ℂ[𝒩 ∩ (𝜒 + 𝔪⊥)]. In particular, we have Var𝑉 ⊂ 𝒩 ∩ (𝜒 + 𝔪⊥).

One has a graded algebra isomorphism ℂ[𝒩 ∩ (𝜒 + 𝔪⊥)] ∼= ℂ[𝑀 ] ⊗ ℂ[𝒮] that
results from the scheme isomorphism of Proposition 1.3.3(iii). Here, the grading on
ℂ[𝑀 ] is the weight grading with respect to the adjoint action of the 1-parameter
subgroup 𝑡 �→ 𝛾𝑡−1 . Hence, we get grK 𝑄𝑐 = ℂ[𝑀 ] ⊗ ℂ[𝒮], by Proposition 3.3.4.

For any noetherian algebra 𝐵, let mod𝐵 denote the category of finitely generated
left 𝐵-modules. Also, in part (ii) of the proposition below, given a filtration on an
𝐴𝑐-module 𝑁 , we equip 𝑄𝑐 ⊗𝐴𝑐

𝑁 with the tensor product filtration using the
Kazhdan filtration on 𝑄𝑐.

Proposition 3.3.6. (i) The functor Wh𝔪 : (𝒰𝑐,𝔪𝜒)-mod → mod𝐴𝑐 is an equiv-
alence.

(ii) For any good filtration on a 𝐴𝑐-module 𝑁 , the natural map ℂ[𝑀 ]⊗ gr𝑁 ∼→
grK(𝑄𝑐⊗𝐴𝑐

𝑁) yields a graded ℂ[𝒩 ]-module isomorphism. Furthermore, the functor
𝑁 �→ 𝑄𝑐 ⊗𝐴𝑐

𝑁 provides a quasi-inverse to the equivalence in (i).

(iii) For any good 𝔪-stable Kazhdan filtration K �𝑉 , on 𝑉 ∈ (𝒰𝑐,𝔪𝜒)-mod, there
are canonical isomorphisms gr(Wh𝔪 𝑉 ) ∼= (grK 𝑉 )𝑀 ∼= (grK 𝑉 )∣𝒮 , of graded ℂ[𝒮]-
modules. □

The equivalences in parts (i) and (ii) of the above proposition are due to Skryabin,
[Sk], and the graded isomorphisms in parts (ii) and (iii) are immediate consequences
of the results of [GG].

4. Weak Harish-Chandra bimodules

4.1. Let 𝐵 and 𝐵′ be an arbitrary pair of nonnegatively filtered algebras such that
gr𝐵 and gr𝐵′, the corresponding associated graded algebras, are finitely generated
commutative algebras isomorphic to each other. Thus, there is a well-defined subset
Δ ⊂ Spec(gr𝐵) × Spec(gr𝐵′), the diagonal.

Associated with any finitely generated (𝐵,𝐵′)-bimodule 𝐾, viewed as a left
𝐵 ⊗ (𝐵′)op-module, is its characteristic variety Var𝐾 ⊂ Spec(gr𝐵) × Spec(gr𝐵′).

Definition 4.1.1. A finitely generated (𝐵,𝐵′)-bimodule 𝐾 is called a weak Harish-
Chandra (wHC) bimodule if, set theoretically, one has Var𝐾 ⊂ Δ.

It is straightforward to show the following:

Proposition 4.1.2. (i) Any wHC (𝐵,𝐵′)-bimodule, viewed either as a left 𝐵-
module, or as a right 𝐵′-module, is finitely generated.

(ii) The category WH C (𝐵,𝐵′), of wHC bimodules, is an abelian category. □
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Given a closed subset 𝑍 ⊂ Spec(gr𝐵) = Spec(gr𝐵′), let mod𝑍 𝐵, resp. mod𝑍 𝐵′

be the category of finitely generated left 𝐵-modules, resp. 𝐵′-modules, 𝐾 such that
Var𝐾 ⊂ 𝑍. One similarly defines WH C 𝑍(𝐵,𝐵′) to be the Serre subcategory of
WH C (𝐵,𝐵′) formed by the wHC bimodules 𝐾 such that Var𝐾 ⊂ 𝑍.

A tensor product over 𝐵′ gives the bi-functor

(4.1.3) WH C (𝐵,𝐵′) ×mod𝑍 𝐵 −→ mod𝑍 𝐵′, 𝐾 × 𝑉 �→ 𝐾 ⊗𝐵′ 𝑉.

We have, in particular, the category WH C (𝒰𝔤,𝒰𝔤), where the enveloping alge-
bra 𝒰𝔤 is equipped with the PBW filtration, not with Kazhdan filtration. Similarly,
for any 𝑐′, 𝑐∈Specmℨ𝔤, one has the category WH C (𝒰𝑐′ ,𝒰𝑐), resp. WH C (𝐴𝑐′ , 𝐴𝑐).

A finitely generated (𝒰𝔤,𝒰𝔤)-bimodule, resp. (𝒰𝑐′ ,𝒰𝑐)-bimodule, 𝐾 such that
the adjoint 𝔤-action, ad 𝑎 : 𝑣 �→ 𝑎𝑣 − 𝑣𝑎 on 𝐾 is locally finite, is called a Harish-
Chandra bimodule. It is clear that any Harish-Chandra bimodule is a weak Harish-
Chandra bimodule. However, the converse is not true, in general; cf. section
6.6. We write H C (𝒰𝑐′ ,𝒰𝑐) for the abelian category of Harish-Chandra (𝒰𝑐′ ,𝒰𝑐)-
bimodules.

Let 𝐾 be a Harish-Chandra (𝒰𝑐′ ,𝒰𝑐)-bimodule and let 𝐹 �𝐾 be a good ad 𝔤-stable
filtration compatible with the tensor product of PBW filtrations on 𝒰𝑐′ and on 𝒰op

𝑐 .
The adℎ-action on 𝐾 being locally finite, one can use formula (3.2.2) to define an
associated Kazhdan filtration K �𝐾 on 𝐾. The latter induces a quotient filtration
on 𝐾/𝐾𝔪𝜒 which gives, by restriction, a filtration K �(Wh𝔪

𝔪 𝐾) on Wh𝔪
𝔪 𝐾. It is

easy to see that this filtration is compatible with the algebra filtration on 𝐴𝑐′⊗𝐴op
𝑐 .

Recall the notation 𝕆 = Ad𝐺(𝜒). Let 𝒩◇ be the union of all nilpotent Ad𝐺-
orbits 𝕆

′ ⊂ 𝔤∗ such that 𝕆 ∕⊂ 𝕆′. Thus, 𝒩◇ ⊂ 𝒩 is a closed Ad𝐺-stable subset
such that 𝒩◇ ∩ 𝒮 = ∅.

The first main result of the paper is the following:

Theorem 4.1.4. Let 𝐾 ∈ H C (𝒰𝑐′ ,𝒰𝑐). Then, the following holds:
(i) For any good ad 𝔤-stable filtration on 𝐾, the associated filtration K �(Wh𝔪

𝔪 𝐾)
is good; moreover, one has a graded isomorphism of gr𝐴𝑐′- and gr𝐴𝑐-modules,
gr(Wh𝔪

𝔪 𝐾) ∼= (gr𝐾)∣𝒮 ; in particular, Var(Wh𝔪
𝔪 𝐾) = 𝒮 ∩ Var𝐾.

(ii) The functor 𝐾 ⊗𝒰𝑐
(−) takes Whittaker modules to Whittaker modules, and

there is a natural isomorphism of functors that makes the following diagram com-
mute:

(4.1.5) (𝒰𝑐,𝔪𝜒)-mod

𝐾⊗𝒰𝑐(−)

��

Wh𝔪
�� mod𝐴𝑐

Wh𝔪
𝔪 𝐾⊗𝐴𝑐 (−)

��
(𝒰𝑐′ ,𝔪𝜒)-mod

Wh𝔪
�� mod𝐴𝑐′

(iii) The assignment 𝐾 �→ Wh𝔪
𝔪 𝐾 induces a faithfull exact functor

H C (𝒰𝑐′ ,𝒰𝑐)/H C𝒩◇(𝒰𝑐′ ,𝒰𝑐) → WH C (𝐴𝑐′ , 𝐴𝑐).

The proof of Theorem 4.1.4 occupies subsections 4.3 and 4.4. From part (i) of
the theorem, one immediately obtains

Corollary 4.1.6. For 𝐾 ∈ H C (𝒰𝑐′ ,𝒰𝑐), we have
𝕆 ⊂ Var𝐾 ⇐⇒ Wh𝔪

𝔪 𝐾 ∕= 0,

𝕆 = Var𝐾 ⇐⇒ dim(Wh𝔪
𝔪 𝐾) < ∞.
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The following direct consequence of Theorem 4.1.4(ii) says that Wh𝔪
𝔪 is a monoidal

functor.

Corollary 4.1.7. There is a functorial isomorphism of (𝐴𝑐′ , 𝐴𝑐′′)-bimodules

Wh𝔪
𝔪(𝐾 ⊗𝒰𝑐

𝐾 ′) ∼→ (Wh𝔪
𝔪 𝐾) ⊗𝐴𝑐

(Wh𝔪
𝔪 𝐾 ′),

𝐾 ∈ H C (𝒰𝑐′ ,𝒰𝑐), 𝐾 ′ ∈ H C (𝒰𝑐,𝒰𝑐′′). □

4.2. We are going to construct a functor from (𝐴𝑐′ , 𝐴𝑐)-bimodules to (𝒰𝑐′ ,𝒰𝑐)-
bimodules as follows. Let 𝑁 be an (𝐴𝑐′ , 𝐴𝑐)-bimodule. Then, the space 𝑄𝑐′ ⊗𝐴𝑐′ 𝑁

has an obvious structure of (𝒰𝑐′ , 𝐴𝑐)-bimodule. Let 𝐼(𝑁) :=Hom𝐴𝑐
(𝑄𝑐, 𝑄𝑐′⊗𝐴𝑐′ 𝑁)

be the space of linear maps 𝑄𝑐 → 𝑄𝑐′ ⊗𝐴𝑐′ 𝑁 which commute with the right 𝐴𝑐-
action. The left 𝒰𝑐-action on 𝑄𝑐 and the left 𝒰𝑐′ -action on 𝑄𝑐′ ⊗𝐴𝑐′ 𝑁 make this
space an (𝒰𝑐′ ,𝒰𝑐)-bimodule. We put

(4.2.1) 𝐼(𝑁) := Homfin
𝐴𝑐

(𝑄𝑐, 𝑄𝑐′ ⊗𝐴𝑐′ 𝑁) ⊂ 𝐼(𝑁),

the subspace of 𝐼(𝑁) formed by ad 𝔤-locally finite elements.
Part (i) of the theorem below will be proved later, in section 6.5. It is stated

here for reference purposes.

Theorem 4.2.2. (i) Any object of WH C (𝐴𝑐′ , 𝐴𝑐) has finite length.
(ii) The assignment 𝑁 �→𝐼(𝑁) gives a functor 𝐼 : WH C (𝐴𝑐′ , 𝐴𝑐)→H C (𝒰𝑐′ ,𝒰𝑐),

which is a right adjoint of Wh𝔪
𝔪.

Proof. We begin the proof of (ii) by showing the adjunction property. The latter
says that, for any 𝐾 ∈ H C (𝒰𝑐′ ,𝒰𝑐), 𝑁 ∈ WH C (𝐴𝑐′ , 𝐴𝑐), there is a bifunctorial
isomorphism

(4.2.3) Hom(𝐴𝑐′ ,𝐴𝑐)-bimod(Wh𝔪
𝔪 𝐾, 𝑁) ∼= Hom(𝒰𝑐′ ,𝒰𝑐)-bimod(𝐾, 𝐼(𝑁)).

To prove this, using the definition of 𝐼(𝑁), we compute

Hom(𝒰𝑐′ ,𝒰𝑐)-bimod(𝐾, 𝐼(𝑁)) = Hom(𝒰𝑐′ ,𝒰𝑐)-bimod

(
𝐾, Hommod-𝐴𝑐

(𝑄𝑐, 𝑄𝑐′ ⊗𝐴𝑐′ 𝑁)
)

= Hom(𝒰𝑐′ ,𝒰𝑐⊗𝐴𝑐)-bimod(𝐾 ⊗𝑄𝑐, 𝑄𝑐′ ⊗𝐴𝑐′ 𝑁)

= Hom(𝒰𝑐′ ,𝐴𝑐)-bimod(𝐾 ⊗𝒰𝑐
𝑄𝑐, 𝑄𝑐′ ⊗𝐴𝑐′ 𝑁)(4.2.4)

= Hom(𝒰𝑐′ ,𝐴𝑐)-bimod(𝐾/𝐾𝔪𝜒, 𝑄𝑐′ ⊗𝐴𝑐′ 𝑁).

Now, both 𝐾/𝐾𝔪𝜒 and 𝑄𝑐′ ⊗𝐴𝑐′ 𝑁, viewed as left 𝒰𝑐′-modules, are objects of
(𝒰𝑐,𝔪𝜒)- mod. For these objects, we have

Wh𝔪(𝐾/𝐾𝔪𝜒) = Wh𝔪
𝔪 𝐾 and Wh𝔪(𝑄𝑐′ ⊗𝐴𝑐′ 𝑁) = 𝑁.

Hence, by the Skryabin equivalence, we get Hom𝒰𝑐′ (𝐾/𝐾𝔪𝜒, 𝑄𝑐′ ⊗𝐴𝑐′ 𝑁) =
Hom𝐴𝑐′ (Wh𝔪

𝔪 𝐾,𝑁).
We deduce the isomorphism

Hom(𝒰𝑐′ ,𝐴𝑐)-bimod(𝐾/𝐾𝔪𝜒, 𝑄𝑐′ ⊗𝐴𝑐′ 𝑁) = Hom(𝐴𝑐′ ,𝐴𝑐)-bimod(Wh𝔪
𝔪 𝐾,𝑁).

Thus, from (4.2.4), we obtain

(4.2.5) Hom(𝒰𝑐′ ,𝒰𝑐)-bimod(𝐾, 𝐼(𝑁)) = Hom(𝐴𝑐′ ,𝐴𝑐)-bimod(Wh𝔪
𝔪 𝐾,𝑁).

Observe next that since the ad 𝔤-action on 𝐾 is locally finite, the imbedding

𝐼(𝑁) ↪→ 𝐼(𝑁) induces a bijection

Hom(𝒰𝑐′ ,𝒰𝑐)-bimod(𝐾, 𝐼(𝑁)) ∼→ Hom(𝒰𝑐′ ,𝒰𝑐)-bimod(𝐾, 𝐼(𝑁)).
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Hence, in the Hom-space on the left of (4.2.5), one may replace 𝐼(𝑁) by 𝐼(𝑁). The
resulting isomorphism yields (4.2.3).

To complete the proof of part (ii) we must show that 𝐼(𝑁) is a finitely generated
(𝒰𝑐′ ,𝒰𝔤)-bimodule. To this end, we need to enlarge the category H C (𝒰𝑐′ ,𝒰𝑐) as
follows. Recall first that ℑ𝑐 ⊂ ℨ𝔤 denotes the maximal ideal in the center of the
enveloping algebra 𝒰𝔤. Let 𝐾 be a finitely generated (𝒰𝑐′ ,𝒰𝔤)-bimodule. We say

that 𝐾 is a Harish-Chandra (𝒰𝑐′ ,𝒰𝑐)-bimodule if the adjoint 𝔤-action on 𝐾 is locally
finite and, moreover, there exists a large enough integer ℓ = ℓ(𝐾) ≫ 0 such that 𝐾
is annihilated by the right action of the ideal (ℑ𝑐)

ℓ, that is, we have 𝐾 ⋅(ℑ𝑐)ℓ = 0. Let

H C (𝒰𝑐′ ,𝒰𝑐) be the full subcategory of (𝒰𝑐′ ,𝒰𝔤)-bimod whose objects are Harish-

Chandra (𝒰𝑐′ ,𝒰𝑐)-bimodules. The structure of the category H C (𝒰𝑐′ ,𝒰𝑐) has been
analyzed by Bernstein and Gelfand [BGe]. It turns out that any Harish-Chandra

(𝒰𝑐′ ,𝒰𝑐)-bimodule has finite length. Furthermore, it was shown in loc cit that

the category H C (𝒰𝑐′ ,𝒰𝑐) has enough projectives and there are only finitely many
nonisomorphic indecomposable projectives 𝑃𝑗 , 𝑗 = 1, . . . ,𝑚, say.

Next, we observe that the algebra 𝐴, introduced in Remark 3.1.3, comes equipped
with a natural ascending filtration such that one has gr𝐴 = ℂ[𝕊]. A finitely gener-
ated (𝐴𝑐′ , 𝐴)-bimodule 𝑁 will be called a weak Harish-Chandra (𝐴𝑐′ , 𝐴)-bimodule
if one has Var𝑁 ⊂ 𝒮 ⊂ 𝒮×𝕊, where 𝒮 ↪→ 𝒮×𝕊 is the diagonal imbedding. We let

WH C (𝐴𝑐′ , 𝐴𝑐) denote the full subcategory of the category (𝐴𝑐′ , 𝐴)-bimod whose
objects are weak Harish-Chandra (𝐴𝑐′ , 𝐴)-bimodules 𝑁 such that 𝑁 ⋅ (ℑ𝑐)

ℓ = 0
holds for a large enough integer ℓ = ℓ(𝑁) ≫ 0. As we will see later, the arguments

of §6.5 can be used to show that any object of the category WH C (𝐴𝑐′ , 𝐴𝑐) has
finite length.

Clearly, the category H C (𝒰𝑐′ ,𝒰𝑐) may be viewed as a full subcategory in

H C (𝒰𝑐′ ,𝒰𝑐), resp. the category WH C (𝐴𝑐′ , 𝐴𝑐) may be viewed as a full sub-

category in WH C (𝐴𝑐′ , 𝐴𝑐). It is straightforward to extend our earlier definitions

and introduce a functor Wh𝔪
𝔪 : H C (𝒰𝑐′ ,𝒰𝑐) → WH C (𝐴𝑐′ , 𝐴𝑐). One also defines

a functor 𝐼 in the opposite direction such that an analogue of formula (4.2.3) holds.
We are now ready to complete the proof of Theorem 4.2.2(ii) by showing that

𝐼(𝑁) is a finitely generated (𝒰𝑐′ ,𝒰𝔤)-bimodule, for any 𝑁 ∈ WH C (𝐴𝑐′ , 𝐴𝑐). It
suffices to show, in view of the results of [BGe] cited above, that, for each 𝑗 =
1, . . . ,𝑚, the vector space Hom(𝒰𝑐′ ,𝒰𝑐)-bimod(𝑃𝑗 , 𝐼(𝑁)) has finite dimension. To see

this, we use the analogue of formula (4.2.3), which yields

(4.2.6) dim Hom(𝒰𝑐′ ,𝒰𝑐)-bimod(𝑃𝑗 , 𝐼(𝑁) = dim Hom(𝐴𝑐′ ,𝐴𝑐)-bimod(Wh𝔪
𝔪 𝑃𝑗 , 𝑁).

However, we know that Wh𝔪
𝔪 𝑃𝑗 ∈ WH C (𝐴𝑐′ , 𝐴𝑐) and that the object 𝑁 ∈

WH C (𝐴𝑐′ , 𝐴𝑐) has finite length. It follows that the dimension on the right of
formula (4.2.6) is finite, and we are done. □

4.3. Homology vanishing. Recall the Lie subalgebra 𝔪𝜒 ⊂ 𝒰𝔤. The Kazhdan
filtration on 𝒰𝔤 restricts to a filtration on 𝔪𝜒. The latter induces an ascending
filtration K𝑗(∧ �

𝔪𝜒), 𝑗 ≥ 0, on the exterior algebra of 𝔪𝜒.
Given a right 𝒰𝔤-module 𝑉 equipped with a Kazhdan filtration K �𝑉 , we form

a tensor product 𝐶 := 𝑉 ⊗ ∧ �

𝔪𝜒, and let K𝑛𝐶 =
∑

𝑛=𝑖+𝑗 K𝑖𝑉 ⊗ K𝑗(∧ �

𝔪𝜒) be the
tensor product filtration.
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We view 𝑉 as a 𝔪𝜒-module, and write 𝐻 �(𝔪𝜒, 𝑉 ) for the corresponding Lie alge-
bra homology with coefficients in 𝑉 . The latter may be computed by means of the
complex (𝐶, ∂), where ∂ : 𝐶 → 𝐶 is the standard Chevalley-Eilenberg differential,
of degree (−1). It is immediate to check that the differential respects the filtration
K �𝐶, making 𝐶 a filtered complex.

Write 𝐵 ⊂ 𝑍 ⊂ 𝐶 for the subspaces of boundaries and cycles of the complex
𝐶, respectively. Thus, we have 𝐻 �(𝔪𝜒, 𝑉 ) = 𝐻 �(𝐶) = 𝑍/𝐵. The filtration on 𝐶
induces, by restriction, a filtration K𝑝𝑍 := 𝑍 ∩ K𝑝𝐶, on the space of cycles. The
latter filtration induces a quotient filtration on homology. Explicitly, the induced
filtration on homology is given by

(4.3.1) K𝑝𝐻(𝐶) := (𝐵 + K𝑝𝑍)/𝐵 = Im[𝐻(K𝑝𝐶) → 𝐻(𝐶)], 𝑝 ∈ ℤ.

There is an associated standard spectral sequence with the 0-th term (cf. [CE],
Ch. 15),

(4.3.2) 𝐸0
𝑝,𝑞 = ∧𝑝+𝑞𝔪𝜒 ⊗ gr−𝑞 𝑉.

Recall the local algebra 𝒪𝜒 introduced above Corollary 1.3.8. The lemma below
is a slight generalization of a result due to Holland; cf. [Ho], §2.4.

Lemma 4.3.3. Let 𝑉 be a right 𝒰𝔤-module equipped with a good Kazhdan filtration
K �𝑉 . Assume that the localization of grK 𝑉 at 𝜒 + 𝔪⊥ is a flat 𝜛

�𝒪𝜒-module
and, moreover, the induced filtration on 𝐶, the Chevalley-Eilenberg complex, is
convergent in the sense of [CE], p. 321.
Then, for any 𝑗 > 0, we have 𝐻𝑗(𝔪𝜒, grK 𝑉 ) = 0 and 𝐻𝑗(𝔪𝜒, 𝑉 ) = 0. Moreover,

the natural projection yields a canonical graded ℂ[𝔤∗]-module isomorphism

grK 𝑉/(grK 𝑉 )𝔪𝜒
∼→ grK(𝑉/𝑉𝔪𝜒) = grK 𝐻0(𝔪𝜒, 𝑉 ).

Proof. We recall various standard objects associated with the spectral sequence of
a filtered complex. We follow [CE], Ch. 15, §1 and §2 closely, except that we use
homological, rather than cohomological notation.

First of all, for each 𝑝 ∈ ℤ, one defines a pair of vector spaces 𝑍∞
𝑝 and 𝐵∞

𝑝 , in
such a way that one has

(4.3.4) gr𝑝𝐻 �(𝔪𝜒, 𝑉 ) = gr𝑝𝐻 �(𝐶) ∼= 𝑍∞
𝑝 /𝐵∞

𝑝 .

Further, one defines a chain of vector spaces (cf. [CE], p. 317),

. . . ⊂ 𝐵𝑟
𝑝 ⊂ 𝐵𝑟+1

𝑝 ⊂ . . . ⊂ 𝐵∞
𝑝 ⊂ 𝑍∞

𝑝 ⊂ . . . 𝑍𝑟+1
𝑝 ⊂ 𝑍𝑟

𝑝 ⊂ . . . .

Precise definitions of these objects are not important for our purposes, they are
given e.g. in [CE], Ch. 15, §1. What is important for us is that the definitions
imply 𝐵∞

𝑝 =
∪
𝑟≥0 𝐵𝑟

𝑝. The assumption of the lemma that the filtration K �𝐶 be

convergent means that, in addition, one has (see [CE], Ch. 15, §2),

(4.3.5) 𝑍∞
𝑝 =

∩
𝑟≥0

𝑍𝑟
𝑝 and

∩
𝑟≥0

K𝑟𝐻𝑝(𝐶) = 0, ∀𝑝 ∈ ℤ.

Now, to prove the lemma, we observe that the zeroth page (𝐸0, 𝑑0) of the spectral
sequence (4.3.2) may be identified with the Koszul complex associated with the
subscheme 𝜛−1(𝜒𝔪) ⊂ 𝔤∗. Thus, the assumption of the lemma that the localization
of grK 𝑉 at 𝜒+𝔪⊥ be a flat 𝜛

�𝒪𝜒-module forces the Koszul complex to be acyclic
in positive degrees. Therefore, the spectral sequence degenerates at 𝐸1.
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The degeneration implies that, for any 𝑝 ∈ ℤ and 𝑟 ≥ 1, one has 𝑍𝑟
𝑝 = 𝑍1

𝑝

and 𝐵𝑟
𝑝 = 𝐵1

𝑝 . Therefore, we have 𝐵1
𝑝 = 𝐵∞

𝑝 , and using the first equation in

(4.3.5), we get 𝑍1
𝑝 = 𝑍∞

𝑝 . Hence, 𝐻(𝐸0, 𝑑0) = 𝑍1/𝐵1 = 𝑍∞
𝑝 /𝐵∞

𝑝 = gr𝑝𝐻 �(𝔪𝜒, 𝑉 ),
by (4.3.4). We conclude that one has grK 𝐻0(𝔪𝜒, 𝑉 ) = (gr𝑘 𝑉 )/(gr𝑘 𝑉 )𝔪𝜒 and,
moreover, grK 𝐻𝑗(𝔪𝜒, 𝑉 ) = 0 for any 𝑗 > 0. Finally, thanks to the second equation
in (4.3.5), we have grK 𝐻𝑗(𝔪𝜒, 𝑉 ) = 0 ⇒ 𝐻𝑗(𝔪𝜒, 𝑉 ) = 0, and the lemma is
proved. □

It is important to observe that the filtration K �𝐶, on 𝐶, gives rise to two natural
filtrations on the subspace 𝐵 = ∂𝐶, of the boundaries. These two filtrations are
defined as follows:

(4.3.6) K �𝐵 := ∂(K �𝐶), resp. K′
�𝐵 := 𝐵 ∩ K �𝐶.

It is clear that one has K �𝐵 ⊂ K′
�𝐵, but this inclusion need not be an equality,

in general. We have the following result:

Lemma 4.3.7. Assume the above filtrations K �𝐵 and K′
�𝐵 are equivalent, i.e.

there exists an integer ℓ ≥ 1 such that, for all 𝑝 ∈ ℤ, one has K′
𝑝−ℓ𝐵 ⊂ K𝑝−1𝐵.

Then, we have 𝑍∞
𝑝 =

∩
𝑟≥0 𝑍𝑟

𝑝 , ∀𝑝 ∈ ℤ, i.e. the first equation in (4.3.5), holds.

Proof. For any ℓ ≥ 1, we have K �−ℓ𝐶 ⊂ K �−1𝐶, hence, one gets an obvious imbed-
ding 𝐵 ∩ K �−ℓ𝐶 ↪→ 𝑍 ∩ K �−1𝐶. Using the definitions of various filtrations
introduced above, this imbedding may be rewritten as K′

�−ℓ𝐵 ↪→ K �−1𝑍. We
may further compose the imbedding with a projection to homology to obtain the
following composite:
(4.3.8)

𝛿 : K′
�−ℓ𝐵 ↪→ K �−1𝑍 ↠ K �−1𝑍/K �−1𝐵 = K �−1𝑍/∂(K �−1𝐶) = 𝐻(K �−1𝐶).

Next, we fix 𝑝 ∈ ℤ and consider the complex K𝑝𝐶/K𝑝−ℓ𝐶. By definition, we
have

𝐻(K𝑝𝐶/K𝑝−ℓ𝐶) =
{𝑧 ∈ K𝑝𝐶 ∣ ∂(𝑧) ∈ K𝑝−ℓ𝐶}

K𝑝−ℓ𝑍 + ∂(K𝑝𝐶)
=

{𝑧 ∈ K𝑝𝐶 ∣ ∂(𝑧) ∈ K′
𝑝−ℓ𝐵}

K𝑝−ℓ𝑍 + ∂(K𝑝𝐶)
.

The differential ∂ clearly annihilates the space K𝑝−ℓ𝑍 + ∂(K𝑝𝐶), in the denom-
inator of the rightmost term. Therefore, we see that applying the differential ∂ to
the numerator of that term yields a well-defined map

∂ : 𝐻(K𝑝𝐶/K𝑝−ℓ𝐶) → K′
𝑝−ℓ𝐵, 𝑧 �→ ∂(𝑧).

Thus, we have constructed the following diagram:

𝐻(K �𝐶/K �−ℓ𝐶)
∂ �� K′

�−ℓ𝐵
𝛿 �� 𝐻(K �−1𝐶).

Now, let ℓ be such that the assumption of the lemma holds, so that we have
K′

�−ℓ𝐵 ⊂ K �−1𝐵. Then the corresponding map 𝛿, in (4.3.8), clearly vanishes. It
follows that the composite map 𝛿 ∘∂ vanishes as well, and we have

Im
[
𝛿 ∘∂ : 𝐻(K �𝐶/K �−ℓ𝐶) → 𝐻(K �−1𝐶)

]
= 0.

The last equation insures that we are in a position to apply a criterion given in
[CE, Ch. 15, Proposition 2.1]. Applying that criterion yields the statement of the
lemma. □
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4.4. Proof of Theorem 4.1.4. In this subsection, we fix 𝐾 ∈ H C (𝒰𝑐′ ,𝒰𝑐).
Choose a finite dimensional ad 𝔤-stable subspace 𝐾0 ⊂ 𝐾 that generates 𝐾 as a

bimodule. For any ℓ ≥ 0, let

𝐹ℓ𝐾 :=
∑
𝑖+𝑗≤ℓ

𝒰≤𝑖𝔤 ⋅𝐾0 ⋅ 𝒰≤𝑗𝔤 = 𝒰≤ℓ𝔤 ⋅𝐾0 = 𝐾0 ⋅ 𝒰≤ℓ𝔤.

In this way, one may define a good ad 𝔤-stable filtration on 𝐾.
Now, let 𝐹 �𝐾 be an arbitrary good ad 𝔤-stable filtration on 𝐾. Let K �𝐾 be the

Kazhdan filtration associated with the filtration 𝐹 �𝐾 via formula (3.2.2).
We first view 𝐾 as a right 𝔪𝜒-module. A key step in the proof of Theorem 4.1.4

is played by the following:

Lemma 4.4.1. For all 𝑗 > 0, we have 𝐻𝑗(𝔪𝜒, grK 𝐾) = 0 and 𝐻𝑗(𝔪𝜒,𝐾) = 0.
Furthermore, the canonical projection grK 𝐾/(grK 𝐾)𝔪𝜒

∼→ grK(𝐾/𝐾𝔪𝜒) is an
isomorphism of 𝑀 -equivariant ℂ[𝒩 ]-modules.

Proof. The result is clearly a consequence of Lemma 4.3.3, provided we show that
all the assumptions of that lemma hold in our present setup.

First, we verify the assumption that, for the above defined Kazhdan filtration
on 𝐾, the 𝜛

�𝒪𝜒-module 𝜛∗𝒪𝜒

⊗
ℂ[𝒩 ] grK 𝐾 is flat. To this end, we note that the

construction of the filtration 𝐹 �𝐾 insures that gr𝐹 𝐾 is an Ad𝐺-equivariant finitely
generated ℂ[𝒩 ]-module, where 𝒩 ⊂ 𝒩 × 𝒩 is the diagonal copy of the nilpotent
variety. By Corollary 1.3.8(ii), we conclude that the localization of gr𝐹 𝐾 at 𝜒+𝔪⊥

is a flat 𝜛
�𝒪𝜒-module.

Further, by (3.2.3), we have a ℂ[𝒩 ]-module isomorphism gr𝐹 𝐾 ∼= grK 𝐾. More-
over, it is immediate from definitions that this isomorphism is compatible with
ad𝔪-actions on each side. It follows, in particular, that 𝜛∗𝒪𝜒

⊗
ℂ[𝒩 ] grK 𝐾 is a

flat 𝜛
�𝒪𝜒-module, and we have an Ad𝑀 -equivariant ℂ[𝒩 ]-module isomorphism

grK 𝐾/(grK 𝐾)𝔪𝜒
∼= gr𝐹 𝐾/(gr𝐹 𝐾)𝔪𝜒.

To complete the proof, we show that our filtration K �𝐾 is convergent, i.e., both
equations in (4.3.5) hold in the situation at hand.

To see this, we observe that the filtration on 𝐾 being ad 𝔤-stable, it is good
as a filtration on 𝐾 viewed as a left 𝒰𝑐′-module. Further, the differential in the
Chevalley-Eilenberg complex 𝐶 := ∧ �

𝔪𝜒⊗𝐾, involved in Lemma 4.3.3, is clearly a
morphism of left 𝒰𝑐′ -modules. Thus, the subspace 𝐵 = ∂𝐶 ⊂ 𝐶, of the boundaries
of the Chevalley-Eilenberg complex, as well as each homology group 𝐻 �(𝔪𝜒,𝐾),
acquires a natural structure of left 𝒰𝑐′ -module. Being a subquotient of 𝐶, any of
these 𝒰𝑐′ -modules is finitely generated. Hence, each of the two Kazhdan filtrations
on 𝐵 defined in (4.3.6), as well as the Kazhdan filtration on 𝐻 �(𝔪𝜒,𝐾) defined
in (4.3.1), is a good filtration on the corresponding left 𝒰𝑐′ -module. It follows, in
particular, that the two filtrations on 𝐵 are equivalent; cf. Lemma 3.2.1. Thus, the
first equation in (4.3.5) holds by Lemma 4.3.7.

It remains to prove that the Kazhdan filtration on 𝐻 �(𝔪𝜒,𝐾) defined in (4.3.1)
is separated. Recall that any good Kazhdan filtration on an object of the category
(𝒰𝑐,𝔪𝜒)- mod is bounded below, hence, separated. Thus, it suffices to show that,
for any 𝑗 ≥ 0, 𝐻𝑗(𝔪𝜒,𝐾) viewed as a left 𝒰𝑐-module, is an object of (𝒰𝑐,𝔪𝜒)- mod.

To this end, we recall that the Chevalley-Eilenberg complex of a right module
over a Lie algebra has a natural action of that Lie algebra, by the “Lie derivative”.
It is well known that the Lie derivative action on the Chevalley-Eilenberg complex
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induces the zero action on each homology group. Applying this to our Harish-
Chandra 𝒰𝔤-bimodule 𝐾, we see that the complex 𝐶 = 𝐾 ⊗ ∧ �

𝔪𝜒 has a left
𝔤-action, defined as a tensor product of the left 𝔤-action on 𝐾 and the zero 𝔤-action
on ∧ �

𝔪𝜒. There is also an 𝔪𝜒-action, by the “Lie derivative”. The left 𝔤-action and
the 𝔪𝜒-action on 𝐶 commute, and the difference of the left 𝔪𝜒-action and the Lie
derivative 𝔪𝜒-action gives a a well-defined 𝔪𝜒-action on 𝐶, to be called the adjoint
action. The adjoint 𝔤-action on 𝐾 being locally finite and the Lie algebra 𝔪𝜒 being
nilpotent, it follows easily that the adjoint 𝔪𝜒-action on 𝐶 is locally nilpotent. We
conclude that the left 𝔪𝜒-action on 𝐻𝑗(𝔪𝜒,𝐾), induced by the left 𝔪𝜒-action on
𝐶, may be written as a sum of a locally nilpotent adjoint action and of the Lie
derivative action, the latter being known to be the zero action. Thus, we have
shown that 𝐻𝑗(𝔪𝜒,𝐾) ∈ (𝒰𝑐,𝔪𝜒)- mod. This completes the proof. □

Proof of Theorem 4.1.4. It follows from the preceding paragraph that we have
𝐾/𝐾𝔪𝜒 = 𝐻0(𝔪𝜒,𝐾) ∈ (𝒰𝑐,𝔪𝜒)- mod; cf. (3.3.2). Thus, we get a functor
Wh𝔪 : H C (𝒰𝑐′ ,𝒰𝑐) → (𝒰𝑐,𝔪𝜒)- mod, 𝐾 �→ 𝐾/𝐾𝔪𝜒. The homology vanish-
ing of Lemma 4.4.1 implies that this functor is exact. Since the functor Wh𝔪 :
(𝒰𝑐,𝔪𝜒)- mod → 𝐴𝑐-mod is an equivalence (cf. Proposition 3.3.6(i)), we deduce the
exactness of the composite functor Wh𝔪 ∘ Wh𝔪. The exactness statement of part
(iii) of the theorem now follows by writing Wh𝔪

𝔪 = Wh𝔪 ∘ Wh𝔪.
Next, fix an ad 𝔤-stable good filtration on 𝐾, and write Wh𝔪

𝔪 𝐾=Wh𝔪(𝐾/𝐾𝔪𝜒).
It follows, in particular, that the induced filtration on 𝐾/𝐾𝔪𝜒 is 𝔪-stable. Further,
by Lemma 4.4.1, we get (below, (−)∣𝒮 stands for a restriction of a ℂ[𝒩 ]-module to
the subvariety 𝒮 ⊂ 𝔤∗)

gr Wh𝔪
𝔪 𝐾 = gr Wh𝔪(𝐾/𝐾𝔪𝜒) = [gr(𝐾/𝐾𝔪𝜒)]

∣∣
𝒮

= [grK 𝐾/(grK 𝐾)𝔪𝜒]
∣∣
𝒮 = (grK 𝐾)

∣∣
𝒮 .

where the second equality is due to Proposition 3.3.6(ii) applied to the object
𝑉 = 𝐾/𝐾𝔪𝜒 ∈ (𝒰𝑐,𝔪𝜒)- mod. This proves part (i) of the theorem.

Observe that proving commutativity of the diagram of part (ii) is equivalent,
thanks to Skryabin’s equivalences (cf. Proposition 3.3.6(i) and (ii)), to showing
commutativity of the following diagram:

(4.4.2) (𝒰𝑐,𝔪𝜒)- mod

𝐾⊗𝒰𝑐 (−)

��

mod𝐴𝑐

𝑄𝑐⊗𝐴𝑐 (−)��

Wh𝔪
𝔪 𝐾⊗𝐴𝑐 (−)

��
(𝒰𝑐′ ,𝔪𝜒)- mod mod𝐴𝑐′ .

𝑄𝑐′⊗𝐴
𝑐′ (−)

��

To prove (4.4.2), write Wh𝔪
𝔪 𝐾 = Wh𝔪 ∘ Wh𝔪 𝐾. Thus, one has a canonical

map

(4.4.3) 𝑄𝑐′ ⊗𝐴𝑐′ Wh𝔪(Wh𝔪 𝐾)
Φ−→ Wh𝔪 𝐾 = 𝐾/𝐾 ⋅𝔪𝜒 = 𝐾 ⊗𝒰𝑐

𝑄𝑐.

Since Wh𝔪 𝐾 ∈ (𝒰𝑐′ ,𝔪𝜒)-mod, the map Φ is actually an isomorphism, by
Skryabin’s equivalence. Hence, tensoring diagram (4.4.3) with a left 𝐴𝑐-module
𝑁 , we get a chain of isomorphisms

𝑄𝑐′ ⊗𝐴𝑐′ Wh𝔪
𝔪 𝐾 ⊗𝐴𝑐

𝑁 = (𝑄𝑐′ ⊗𝐴𝑐′ Wh𝔪
𝔪 𝐾)⊗𝐴𝑐

𝑁
(4.4.3)−→ (𝐾 ⊗𝒰𝑐

𝑄𝑐)⊗𝐴𝑐
𝑁.

The composite isomorphism above provides the isomorphism of functors that
makes diagram (4.4.2) commute, and Theorem 4.1.4(ii) follows.
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We now complete the proof of part (iii) of the theorem. To this end, pick
a good ad 𝔤 stable filtration on our wHC bimodule 𝐾. We know by part (i)
that gr Wh𝔪

𝔪 𝐾 = (grK 𝐾)∣𝒮 . This is clearly a finitely generated ℂ[𝒮 × 𝒮]-module
supported on the diagonal in 𝒮×𝒮. It follows that Wh𝔪

𝔪 𝐾 is itself finitely generated
and we have Wh𝔪

𝔪 𝐾 ∈ WH C (𝐴𝑐′ , 𝐴𝑐).
Further, it is clear that if Supp(gr Wh𝔪

𝔪 𝐾) ⊂ 𝒩◇, then we have gr Wh𝔪
𝔪 𝐾 =

(grK 𝐾)∣𝒮 = 0 since 𝒩◇ ∩ 𝒮 = ∅. The filtration on Wh𝔪
𝔪 𝐾 is bounded be-

low, hence, separated. Hence, the equation gr Wh𝔪
𝔪 𝐾 = 0 implies Wh𝔪

𝔪 𝐾 = 0.
Thus, we have shown that the functor Wh𝔪

𝔪 factors through the quotient category
H C (𝒰𝑐′ ,𝒰𝑐)/H C 𝒩◇(𝒰𝑐′ ,𝒰𝑐).

It remains to show that the resulting functor Wh𝔪
𝔪 is faithful. To prove this, ob-

serve that for 𝐾 ∈ H C (𝒰𝑐′ ,𝒰𝑐)/H C 𝒩◇(𝒰𝑐′ ,𝒰𝑐) the equation Wh𝔪
𝔪 𝐾 = 0 implies

𝐾 = 0, by the first equivalence of Corollary 4.1.6. The faithfulness of Wh𝔪
𝔪 is now

a consequence of the following general “abstract nonsense” result: Let 𝐹 : C → C ′

be an exact functor between abelian categories such that 𝐹 (𝑀) = 0 implies 𝑀 = 0.
Then 𝐹 is faithful. □

4.5. Some applications. Given an algebra 𝐵 and a left, resp. right, 𝐵-module
𝑁 , let Ann𝐵 𝑁 denote the annihilator of 𝑁 , a two-sided ideal in 𝐵.

Corollary 4.1.6 easily implies the main result of Matumoto, [Ma]. Matumoto’s
result says that, for any finitely generated right 𝒰𝑐-module 𝑀 , one has

(4.5.1) Wh𝔪 𝑀 ∕= 0 =⇒ 𝕆 ⊂ Var(𝒰𝑐/ Ann𝒰𝑐
𝑀).

To see this, put 𝐼 := Ann𝒰𝑐
𝑀 . Since 𝑀 is finitely generated, one can find

an integer 𝑛 ≥ 1 and an 𝒰𝑐-module surjection (𝒰𝑐/𝐼)⊕𝑛 ↠ 𝑀 . The functor of
coinvariants being right exact, we get a surjection Wh𝔪(𝒰𝑐/𝐼)⊕𝑛 ↠ Wh𝔪 𝑀 .
Hence, Wh𝔪 𝑀 ∕= 0 implies Wh𝔪(𝒰𝑐/𝐼) ∕= 0. We conclude that Wh𝔪

𝔪(𝒰𝑐/𝐼) ∕= 0,
by Proposition 3.3.6(i). Now, (4.5.1) follows from the first equivalence of Corollary
4.1.6 applied to 𝐾 = 𝒰𝑐/𝐼. □

As a second application of our technique, we provide a new proof of a result
(Theorem 4.5.2 below) conjectured by Premet [P2, Conjecture 3.2]. In the special
case of rational central characters, the conjecture was first proved (using character-
istic 𝑝 methods) by Premet in [P3], and shortly afterwards by Losev [Lo1] in full
generality. An alternate proof of the general case was later obtained in [P4]. Our
approach is totally different from those used by Losev and Premet.

Theorem 4.5.2. For any primitive ideal 𝐼 ⊂ 𝒰𝑐 such that Var(𝒰𝑐/𝐼) = 𝕆, there
exists a simple finite dimensional 𝐴𝑐-module 𝑁 such that one has Ann𝒰𝑐

(𝑄𝑐⊗𝐴𝑐
𝑁)

= 𝐼.

Proof. Let 𝐼 ⊂ 𝒰𝑐 be a primitive ideal such that Var(𝒰𝑐/𝐼) = 𝕆. Corollary 4.1.6
implies that Wh𝔪

𝔪(𝒰𝑐/𝐼) is a finite dimensional (𝐴𝑐, 𝐴𝑐)-bimodule.
Let 𝑁 be a simple left 𝐴𝑐-submodule of Wh𝔪

𝔪(𝒰𝑐/𝐼), the latter being viewed as a
left 𝐴𝑐-module. By Skryabin’s Proposition 3.3.6, we have a diagram of 𝒰𝑐-modules,

𝑄𝑐 ⊗𝐴𝑐
𝑁 ↪→ 𝑄𝑐 ⊗𝐴𝑐

Wh𝔪
𝔪(𝒰𝑐/𝐼) = Wh𝔪(𝒰𝑐/𝐼) = 𝒰𝑐/(𝐼 + 𝒰𝑐𝔪𝜒) ↞ 𝒰𝑐/𝐼.

Let 𝐽 = Ann𝒰𝑐
(𝑄𝑐 ⊗𝐴𝑐

𝑁). From the above diagram, we get 𝐽 ⊃ Ann𝒰𝑐
𝒰𝑐/(𝐼 +

𝒰𝑐𝔪𝜒) ⊃ 𝐼. Moreover, Var(𝒰𝑐/𝐼) is an Ad𝐺-stable subset of 𝒩 , and we have {𝜒} ⊂
Var(𝑄𝑐 ⊗𝐴𝑐

𝑁) ⊂ Var(𝒰𝑐/𝐽). Hence, 𝕆 ⊂ Var(𝒰𝑐/𝐽) and we get dimVar(𝒰𝑐/𝐼) =
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dim𝕆 ≤ dimVar(𝒰𝑐/𝐽). Since, 𝐼 ⊂ 𝐽 , we conclude that dimVar(𝒰𝑐/𝐼) =
dimVar(𝒰𝑐/𝐽).

Now, since 𝑁 is a simple finite dimensional left 𝐴𝑐-module, we deduce using
Skryabin’s equivalence that 𝑄𝑐⊗𝐴𝑐

𝑁 is a simple 𝒰𝑐-module. Thus, 𝐽 is a primitive
ideal in 𝒰𝑐. The equation dimVar(𝒰𝑐/𝐼) = dimVar(𝒰𝑐/𝐽) combined with the
inclusion 𝐼 ⊂ 𝐽 forces 𝐼 = 𝐽, due to a result by Borho and Kraft [BoK], Korollar
3.6. □

Remark 4.5.3. Set 𝑛 := dim𝒮. The assignment 𝑁 �→ Ext𝑛𝐴𝑐-mod(𝑁,𝐴𝑐) is an exact
functor on the category of finite dimensional left 𝐴𝑐-modules, thanks to Corollary
3.3.5. That functor gives a contravariant duality

WH C {𝜒}(𝐴𝑐, 𝐴𝑐)
∼→ WH C {𝜒}(𝐴𝑐, 𝐴𝑐)

op.

5. D-modules

5.1. Whittaker D-modules. Let 𝔥 denote the abstract Cartan algebra for the
Lie aldgebra 𝔤, and let 𝕏+ ⊂ 𝔥∗ be the semigroup of dominant integral weights.

For any integral weight 𝜆 ∈ 𝔥∗ one has a 𝐺-equivariant line bundle 𝒪(𝜆) on ℬ.
For any 𝜈 ∈ 𝔥∗, let D𝜈 denote the sheaf of 𝜈-twisted algebraic differential operators
on ℬ; see [BB1]. In the case where 𝜈 is integral, we have D𝜈 = D(𝒪(𝜈)) is the sheaf
of differential operators acting in the sections of the line bundle 𝒪(𝜈). There is a
canonical algebra isomorphism 𝒰𝜈 ∼= Γ(ℬ,D𝜈); see [BB1].

Let 𝒱 be a coherent D𝜈-module on ℬ that has, viewed as a quasi-coherent 𝒪ℬ-
module, an additional 𝑀 -equivariant structure. Given an element 𝑥 ∈ 𝔪, we write
𝑥D for the action on 𝒱 of the vector field corresponding to 𝑥 via the D𝜈-module
structure, and 𝑥𝑀 for the action on 𝒱 obtained by differentiating the 𝑀 -action
arising from the equivariant structure.

We say that an 𝑀 -equivariant D𝜈-module 𝒱 is an (𝔪, 𝜒)-Whittaker D𝜈-module
if, for any 𝑥 ∈ 𝔪 and 𝑣 ∈ 𝒱 , we have (𝑥D − 𝑥

𝑀
)𝑣 = 𝜒(𝑥) ⋅ 𝑣. Write (D𝜈 ,𝔪𝜒)- mod

for the abelian category of (𝔪, 𝜒)-Whittaker coherent D𝜈-modules on ℬ.
We put Q𝜈 := D𝜈/D𝜈 ⋅𝔪𝜒. This D𝜈-module is clearly an object of (D𝜈 ,𝔪𝜒)- mod.

For any D𝜈-module 𝒱 from the definitions one finds HomD𝜈
(Q𝜈 ,𝒱)=Wh𝔪(Γ(ℬ,𝒱)).

This space has a right 𝐴𝜈-module structure. In particular, taking 𝒱 = Q𝜈 , one ob-
tains an algebra homomorphism 𝐴op

𝜈 → HomD𝜈
(Q𝜈 ,Q𝜈) that makes Q𝜈 a (D𝜈 , 𝐴𝜈)-

bimodule.

Remark 5.1.1. The natural D-module projection D𝜈 ↠ Q𝜈 induces a 𝒰𝜈-module
map 𝑄𝜈 = 𝒰𝜈/𝒰𝜈𝔪𝜒 → Γ(ℬ,Q𝜈). The latter map turns out to be an isomorphism,
according to a special case (𝜆 = 0) of Corollary 5.4.2(ii). If 𝜈 is a dominant weight,
then the same isomorphism follows from the Beilinson-Bernstein theorem [BB1]. In
any case, one concludes that the canonical algebra map 𝐴op

𝜈 → HomD𝜈
(Q𝜈 ,Q𝜈) is

an isomorphism as well.

For any regular and dominant 𝜈 ∈ 𝔥∗, the localization theorem of Beilinson and
Bernstein [BB1] yields a category equivalence

Γ(ℬ,−) : (D𝜈 ,𝔪𝜒)- mod ∼→ (𝒰𝜈 ,𝔪𝜒)- mod.

Combining the Beilinson-Bernstein and the Skryabin equivalences, one obtains, see
[GG, Proposition 6.2], the following result:
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Proposition 5.1.2. For any regular and dominant 𝜈 ∈ 𝔥∗, the following functors
provide mutually inverse equivalences, of abelian categories,

(D𝜈 ,𝔪𝜒)-mod
HomD𝜈 (Q𝜈 ,−) �� mod𝐴𝜈

Q𝜈⊗𝐴𝜈 (−)
�� . □

For any Borel subalgebra 𝔟, let ℂ𝔟 denote the corresponding 1-dimensional 𝒪ℬ-
module, a skyscraper sheaf at the point {𝔟} ⊂ ℬ. Recall diagram (2.3.2). The
following result is standard:

Lemma 5.1.3. For any 𝔟 ∈ ℬ ∖ 𝜎(Σ) and any 𝒱 ∈ (D𝜈 ,𝔪𝜒)-mod, we have that

ℂ𝔟

𝐿⊗𝒪ℬ 𝒱 = 0.

Proof. Fix 𝔟 ∈ ℬ and write 𝔫 := [𝔟, 𝔟] for the nil-radical of 𝔟. Given a D𝜈-module 𝒱 ,
let 𝑉 := Γ(ℬ,𝒱) be the corresponding 𝒰𝜈-module. The Beilinson-Bernstein theory
yields, in particular, a canonical isomorphism

Tor𝒪ℬ
� (ℂ𝔟, 𝒱) = 𝐻 �(𝔫, 𝑉 )𝑜,

where 𝐻 �(𝔫,−) denotes the Lie algebra homology functor, and the subscript “𝑜”
stands for a certain particular weight space of the natural Cartan subalgebra action
on homology.

Assume now that 𝒱 ∈ (D𝜈 ,𝔪𝜒)- mod. Then, 𝑉 ∈ (𝒰𝑐,𝔪𝜒)- mod. Therefore,
for any element 𝑥 ∈ 𝔪 ∩ 𝔫, the natural action of 𝑥 on 𝐻 �(𝔫, 𝑉 ) is such that the
operator 𝑥−𝜒(𝑥) is nilpotent. On the other hand, the action of any Lie algebra on
its homology is trivial, hence, the element 𝑥 induces the zero operator on 𝐻 �(𝔫, 𝑉 ).
Thus, we must have 𝜒(𝑥) = 0. Proposition 2.3.3(i) completes the proof. □

5.2. Translation bimodules. Let 𝒪𝑇∗ℬ(𝜆) be the pull-back of the line bundle
𝒪(𝜆), on ℬ, via the cotangent bundle projection 𝑇 ∗ℬ ↠ ℬ and let 𝒪𝒮(𝜆) denote

the restriction of the line bundle 𝒪𝑇∗ℬ(𝜆) to the Slodowy variety 𝒮 ⊂ 𝑇 ∗ℬ. The

sheaf 𝒪𝒮(𝜆) is equivariant with respect to the ∙-action on 𝒮. This gives the space

Γ(𝒮, 𝒪𝒮(𝜆)) a ℤ-grading, which is bounded from below since Γ(𝒮, 𝒪𝒮(𝜆)) is a
finitely generated ℂ[𝒮]-module.

For any 𝜈 ∈ 𝔥∗ and an integral weight 𝜆, we put D𝜈+𝜆
𝜈 := 𝒪(𝜆) ⊗𝒪ℬ D𝜈 , resp.

Q𝜈+𝜆
𝜈 := 𝒪(𝜆) ⊗𝒪ℬ Q𝜈 . Let 𝑈𝜈+𝜆

𝜈 := Γ(ℬ, D𝜈+𝜆
𝜈 ), resp. 𝑄𝜈+𝜆

𝜈 := Γ(ℬ, Q𝜈+𝜆
𝜈 ).

Further, we define

𝐴𝜈+𝜆
𝜈 = (𝑄𝜈+𝜆

𝜈 )ad𝔪 = Wh𝔪(𝑄𝜈+𝜆
𝜈 ) = Wh𝔪

(
Γ(ℬ, 𝒪(𝜆) ⊗𝒪ℬ Q𝜈)

)
.

The space 𝐴𝜈+𝜆
𝜈 comes equipped with a natural (𝐴𝜆+𝜈 , 𝐴𝜈)-bimodule structure.

The standard filtration on D𝜈 by the order of differential operator gives rise
to a tensor product filtration on 𝒪(𝜆) ⊗𝒪ℬ D𝜈 , where the factor 𝒪(𝜆) is assigned
filtration degree 0. This induces a natural ascending filtration on the vector space
𝑄𝜈+𝜆
𝜈 , resp. 𝐴𝜈+𝜆

𝜈 . Further, the ∙-action on ℬ gives a ℤ-grading on the above vector
spaces; cf §5.3 below. Hence, formula (3.2.2) provides the vector space 𝑄𝜈+𝜆

𝜈 , resp.
𝐴𝜈+𝜆
𝜈 , with a natural Kazhdan filtration K𝑄𝜈+𝜆

𝜈 , resp. K𝐴𝜈+𝜆
𝜈 .

Main propeties of the bimodules 𝐴𝜈+𝜆
𝜈 are summarized in the following result.
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Proposition 5.2.1. Let 𝜈 be dominant regular weights. Then, for any 𝜆, 𝜇 ∈ 𝕏+,
we have:

(i) 𝐴𝜈+𝜆
𝜈 is finitely generated and projective as a left 𝐴𝜈+𝜆-module, as well as a

right 𝐴𝜈-module.

(ii) The natural pairing 𝐴𝜈+𝜆+𝜇
𝜈+𝜆 ⊗𝐴𝜈+𝜆

𝐴𝜈+𝜆
𝜈 → 𝐴𝜈+𝜆+𝜇

𝜈 is an isomorphism.
(iii) If 𝜆 is sufficiently dominant, then there is a canonical graded space isomor-

phism

(5.2.2) grK 𝐴𝜈+𝜆
𝜈 = Γ(𝒮, 𝒪𝒮(𝜆)),

which is compatible with the pairings in (ii).
(iv) The following translation functor is an equivalence:

T𝜈+𝜆
𝜈 : mod𝐴𝜈 → mod𝐴𝜈+𝜆, 𝑀 �→ 𝐴𝜈+𝜆

𝜈 ⊗𝐴𝜈
𝑀.

Remark 5.2.3. Applying gr(−) to the pairing of part (ii) of the proposition, one
obtains a pairing

grK 𝐴𝜈+𝜆+𝜇
𝜈+𝜆 ⊗grK 𝐴𝜈+𝜆

grK 𝐴𝜈+𝜆
𝜈 → grK 𝐴𝜈+𝜆+𝜇

𝜈 .

The last statement of Proposition 5.2.1(iii) means that the latter pairing gets iden-
tified, via the the isomorphisms in (5.2.2), with the natural pairing

Γ(𝒮,𝒪𝒮(𝜆)) ⊗ Γ(𝒮,𝒪𝒮(𝜇)) → Γ(𝒮,𝒪𝒮(𝜆 + 𝜇)),

induced by the sheaf morphism 𝒪𝒮(𝜆) ⊗𝒪𝒮(𝜇) → 𝒪𝒮(𝜆 + 𝜇).

We begin the proof of Proposition 5.2.1 with the following result that relates
“geometric” and “algebraic” translation functors.

Lemma 5.2.4. For any dominant regular weight 𝜈 and any 𝜆 ∈ 𝕏+, the following
diagram commutes:

(D𝜈 ,𝔪𝜒)-mod

𝒪(𝜆)⊗𝒪ℬ (−)

��

Wh𝔪 Γ(ℬ,−) �� mod𝐴𝜈

T𝜈+𝜆
𝜈

��
(D𝜈+𝜆,𝔪𝜒)-mod

Wh𝔪 Γ(ℬ,−) �� mod𝐴𝜈+𝜆

Proof. First of all, we claim that the projection D𝜈+𝜆
𝜈 ↠ Q𝜈+𝜆

𝜈 induces an iso-
morphism

(5.2.5) 𝐴𝜈+𝜆
𝜈 = Wh𝔪

𝔪 Γ(ℬ,D𝜈+𝜆
𝜈 ).

To prove this, we are going to use Corollary 5.4.2 from section 5.4 below, which
is independent of the intervening material. We have

𝐴𝜈+𝜆
𝜈 = Wh𝔪 𝑄𝜈+𝜆

𝜈 = Wh𝔪 Γ(ℬ,Q𝜈+𝜆
𝜈 ) = Wh𝔪

[
Γ(ℬ,D𝜈+𝜆

𝜈 )/Γ(ℬ,D𝜈+𝜆
𝜈 )𝔪𝜒

]
,

where the last equality holds thanks to part (ii) of Corollary 5.4.2. The rightmost
term in the above chain of equalities is nothing but Wh𝔪

𝔪 Γ(ℬ,D𝜈+𝜆
𝜈 ), and formula

(5.2.5) is proved.
Now, let 𝒱 ∈ (D𝜈 ,𝔪𝜒)- mod. One clearly has 𝒪(𝜆) ⊗𝒪ℬ 𝒱 = D𝜈+𝜆

𝜈 ⊗D𝜈
𝒱 .

Therefore, applying the Beilinson-Bernstein equivalence, we obtain

(5.2.6) Γ
(ℬ, 𝒪(𝜆) ⊗𝒪ℬ 𝒱) = Γ(ℬ,D𝜈+𝜆

𝜈 ) ⊗𝒰𝜈
Γ(ℬ,𝒱).
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We put 𝐾 := Γ(ℬ,D𝜈+𝜆
𝜈 ) so that (5.2.5) reads 𝐴𝜈+𝜆

𝜈 = Wh𝔪
𝔪 𝐾. By Theorem

4.1.4(ii), we get

Wh𝔪
(
𝐾 ⊗𝒰𝜈

Γ(ℬ,𝒱)
)

= Wh𝔪
𝔪 𝐾 ⊗𝐴𝜈

Wh𝔪 Γ(ℬ,𝒱) = 𝐴𝜈+𝜆
𝜈 ⊗𝐴𝜈

Wh𝔪 Γ(ℬ,𝒱).

The leftmost term in the last formula equals Wh𝔪 Γ
(ℬ, 𝒪(𝜆)⊗𝒪ℬ 𝒱

)
, by (5.2.6).

Thus, we have proved that Wh𝔪 Γ
(ℬ, 𝒪(𝜆) ⊗𝒪ℬ 𝒱) = T𝜈+𝜆

𝜈

(
Γ(ℬ,𝒱)

)
, and the

lemma follows. □
Proof of Proposition 5.2.1. For dominant and regular 𝜈, 𝜆, the horizontal functors
in each row of the diagram of Lemma 5.2.4 are the equivalences of Proposition
5.1.2. Further, the functor 𝒪(𝜆)⊗𝒪ℬ (−) given by the vertical arrow on the left of
the diagram is clearly an equivalence. We conclude that the functor T𝜈+𝜆

𝜈 given by
the vertical arrow on the right of the diagram is an equivalence as well, and (iv) is
proved.

Note that the equivalence of part (iv) yields, in particular, an algebra isomor-
phism

(5.2.7) End𝐴𝜈+𝜆
(𝐴𝜈+𝜆

𝜈 ) = End𝐴𝜈+𝜆
(T𝜈+𝜆

𝜈 (𝐴𝜈)) = End𝐴𝜈
(𝐴𝜈) = 𝐴op

𝜈 .

Thus, the (𝐴𝜈+𝜆, 𝐴𝜈)-bimodule 𝐴𝜈+𝜆
𝜈 fits the standard Morita context. Hence,

the general Morita theory implies all the statements from part (i) of the proposition.

We now prove (ii). To this end, we observe that the composite functor T𝜈+𝜆+𝜇
𝜈+𝜆

∘

T𝜈+𝜆
𝜈 is clearly given by tensoring with 𝐴𝜈+𝜆+𝜇

𝜈+𝜆 ⊗𝐴𝜈+𝜆
𝐴𝜈+𝜆
𝜈 , an (𝐴𝜈+𝜆+𝜇, 𝐴𝜈)-

bimodule. Therefore, the canonical pairing in (ii) induces a morphism of functors

(5.2.8) T𝜈+𝜆+𝜇
𝜈+𝜆

∘T𝜈+𝜆
𝜈 → T𝜈+𝜆+𝜇

𝜈 .

We may transport the latter morphism via the equivalences provided by Propo-
sition 5.1.2. In this way, we get a morphism 𝒪(𝜇) ⊗𝒪ℬ (−) ∘ 𝒪(𝜆) ⊗𝒪ℬ (−) −→
𝒪(𝜇 + 𝜆) ⊗𝒪ℬ (−), of functors (D𝜈 ,𝔪𝜒)- mod → (D𝜈+𝜆+𝜇,𝔪𝜒)- mod. It is clear
from commutativity of diagram (4.1.5) that the latter morphism of functors is the
one induced by the canonical morphism of sheaves 𝜓 : 𝒪(𝜇)⊗𝒪ℬ 𝒪(𝜆) → 𝒪(𝜇+𝜆).

Now, the morphism of sheaves 𝜓 is clearly an isomorphism. It follows that the
associated morphism of functors is an isomorphism as well. Thus, we conclude that
the morphism in (5.2.8) is an isomorphism. For the corresponding bimodules, this
implies that the pairing in (ii) must be an isomorphism.

The proof of part (iii) of the proposition will be given in §5.4. □

5.3. Characteristic varieties. We are going to define a Kazhdan filtration on D𝜈 .
To this end, view ℬ as a ℂ×-variety via the action ℂ× ∋ 𝑡 : 𝔟 �→ Ad 𝛾𝑡(𝔟). Any
ℂ

×-orbit in an arbitrary quasi-projective ℂ
×-variety is known to be contained in

an affine Zariski-open ℂ×-stable subset. Thus, we may view D𝜈 as a sheaf in the
topology formed by Zariski-open ℂ×-stable subsets of ℬ.

For any Zariski-open subset 𝑈 ⊂ ℬ, the order filtration on differential operators
gives a filtration on the vector space Γ(𝑈, D𝜈). If, in addition, 𝑈 is ℂ×-stable, then
the ℂ×-action gives a weight decomposition Γ(𝑈, D𝜈) =

⊕
𝑖∈ℤ

Γ(𝑈, D𝜈)⟨𝑖⟩. We are
therefore in a position to define an associated Kazhdan filtration on Γ(𝑈, D𝜈) by
formula (3.2.2). For the associated graded sheaf, one has a canonical isomorphism
grK D𝜈 = 𝑝 �𝒪𝑇∗ℬ.

Let K �𝒱 be a good 𝑀 -stable Kazhdan filtration on a D-module 𝒱 ∈(D𝜈 ,𝔪𝜒)- mod.
Write g̃rK𝒱 for the 𝑀 -equivariant coherent sheaf on 𝑇 ∗ℬ such that 𝑝 �g̃rK𝒱 = grK 𝒱 .
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For any weight 𝜆, the filtration on 𝒱 induces one on 𝒪(𝜆)⊗𝒪ℬ 𝒱 , hence, also on
the vector space Γ(ℬ, 𝒪(𝜆)⊗𝒪ℬ 𝒱) and on Wh𝔪 Γ(ℬ, 𝒪(𝜆)⊗𝒪ℬ 𝒱), by restriction.

Lemma 5.3.1. In the above setting, for all sufficiently dominant 𝜆 ∈ 𝕏
+, there is

a canonical isomorphism

Γ
(𝒮, 𝒪𝒮(𝜆) ⊗𝒪𝒮 (g̃rK𝒱∣𝒮)

) ∼→ grK Wh𝔪
(
Γ(ℬ, 𝒪(𝜆) ⊗𝒪ℬ 𝒱)

)
.

Proof. Since 𝒱 ∈ (D𝜈 ,𝔪𝜒)- mod, any good Kazhdan filtration K �𝒱 on 𝒱 is bounded
below and we have Supp g̃rK𝒱 ⊂ Σ. For any integral 𝜆, put 𝒱(𝜆) = 𝒪(𝜆) ⊗𝒪ℬ 𝒱 .
It is clear that K �𝒱(𝜆) = 𝒪(𝜆) ⊗𝒪ℬ K �𝒱 . Thus, g̃rK𝒱(𝜆) = 𝒪Σ(𝜆) ⊗𝒪Σ

g̃rK𝒱 is a
coherent sheaf supported on Σ.

We apply the functor Wh𝔪 Γ(ℬ,−) to 𝒱(𝜆), a filtered sheaf. Thus, there is a
standard convergent spectral sequence involving 𝑅

�

Wh𝔪 Γ(ℬ,−), the right derived
functors of the composite functor Wh𝔪 Γ(ℬ,−). The spectral sequence reads

(5.3.2) 𝐸1 =
(
𝑅

�

Wh𝔪 Γ(ℬ, grK 𝒱(𝜆))
) ⇒ grK

(
𝑅

�

Wh𝔪 Γ(ℬ, 𝒱(𝜆))
)
,

where 𝑅
�

Wh𝔪 Γ(ℬ,−) stand for the derived functors of Wh𝔪 Γ(ℬ,−), a left exact
functor.

We claim that, for all 𝜆 dominant enough, one has 𝑅𝑖 Wh𝔪 Γ(ℬ, grK 𝒱(𝜆)) = 0
for any 𝑖 > 0. That would yield the collapse of the above spectral sequence which
would give, in turn, the required canonical isomorphism

Wh𝔪 Γ(ℬ, grK 𝒱(𝜆)) ∼→ grK Wh𝔪 Γ(ℬ, 𝒱(𝜆)).

To complete the proof we must check the above claim that 𝑅𝑖 Wh𝔪 Γ(ℬ, grK 𝒱(𝜆))

= 0 for any 𝑖 > 0. To this end, write 𝑞 : Σ ↠ Σ/𝑀 = 𝒮 for the projection;
cf. (2.1.5). Observe further that applying the functor Wh𝔪 to the vector space

Γ(Σ, g̃r𝒱(𝜆)) amounts to taking 𝑀 -invariants. Thus, writing Inv𝑀 for the functor
of 𝑀 -invariants, we get

Wh𝔪 Γ(ℬ, grK 𝒱(𝜆)) = Inv𝑀 Γ(Σ, g̃r𝒱(𝜆)) = Inv𝑀 Γ(𝒮, 𝑞 �g̃r𝒱(𝜆))

= Γ(𝒮, Inv𝑀𝑞 �g̃r𝒱(𝜆)).

Since the 𝑀 -action on Σ is free, one can repeat the argument in the proof of [GG],

formula (6.1) and Proposition 5.2, to show that the functor Inv𝑀𝑞 � is exact (and is

isomorphic to the functor of restriction to the closed submanifold 𝒮 ⊂ Σ). Further,

using the Springer resolution 𝜋 : 𝒮 → 𝒮, we can write Γ(𝒮,−) = Γ(𝒮, 𝜋 �(−)).
Therefore, for any 𝑖 ≥ 0, we have isomorphisms of derived functors

𝑅𝑖 Wh𝔪 Γ(ℬ,−) ∼= 𝑅𝑖Γ
(𝒮, Inv𝑀𝑞 �(−)

)
= Γ

(𝒮, 𝑅𝑖𝜋 �(Inv𝑀𝑞 �(−))
)
,

where in the last isomorphism we have used that Γ(𝒮,−) is an exact functor since
𝒮 is affine.

Recall next that, for a dominant regular weight 𝜆 the sheaf 𝒪Σ(𝜆) is relatively
ample with respect to the Springer resolution 𝜋. Therefore, for 𝜆 dominant enough,
one has 𝑅𝑖𝜋 �(Inv𝑀𝑞 �g̃rK𝒱(𝜆)) = 0, for any 𝑖 > 0. Hence, for such 𝜆, and 𝑖 > 0, we
obtain 𝑅𝑖 Wh𝔪 Γ(ℬ, grK 𝒱(𝜆)) = 0, and we are done. □

5.4. Harish-Chandra D-modules. For any pair 𝜇, 𝜈 ∈ 𝔥∗, we put D𝜇,𝜈 := D𝜇 ⊠
D𝜈 , a sheaf of twisted differential operators on ℬ × ℬ. Let 𝐺𝑠𝑐 denote a simply-
connected cover of the semisimple group 𝐺. The group 𝐺𝑠𝑐 acts diagonally on ℬ×ℬ.
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We may consider the restriction of this action to the 1-parameter subgroup ℂ× and
corresponding Kazhdan filtrations on the sheaf D𝜇,𝜈 as well as on D𝜇,𝜈-modules.

Recall that a D𝜇,𝜈-module is called 𝐺-monodromic if it is 𝐺𝑠𝑐-equivariant (with
respect to the diagonal action on ℬ × ℬ). Let 𝑈 ⊂ ℬ × ℬ a Zariski open subset
stable under the ℂ×-diagonal action. Then, for any 𝐺-monodromic D𝜇,𝜈-module
𝒱 , the induced ℂ×-action on Γ(𝑈,𝒱) is locally finite. Hence, any 𝐺-stable filtration
on 𝒱 gives an associated Kazhdan filtration (3.2.2).

We define a set 𝒵 := {𝑢×𝑣 ∈ 𝑇 ∗ℬ×𝑇 ∗ℬ ∣ 𝜋(𝑢) = −𝜋(𝑣)}, where 𝜋 is the Springer
resolution (2.1.1). We will view 𝒵 as a closed reduced subscheme in 𝑇 ∗ℬ × 𝑇 ∗ℬ =
𝑇 ∗(ℬ × ℬ), called Steinberg variety. The assignment 𝑢 × 𝑣 �→ 𝜋(𝑢) gives a proper
morphism 𝜋 : 𝒵 → 𝒩 . For any 𝐺-monodromic D𝜇,𝜈-module 𝒱 , one has Var𝒱 ⊂ 𝒵.

Let 𝒱 be a coherent D𝜇,𝜈-module and let 𝑝𝑟 : ℬ × ℬ → ℬ denote the first
projection. We abuse the notation and write 𝒱/𝒱𝔪𝜒 := 𝑝𝑟 �[𝒱/(1 ⊠ 𝔪𝜒)𝒱 ] for a
sheaf-theoretic direct image of the sheaf of coinvariants with respect to the action
of the Lie algebra 1 ⊠𝔪𝜒 ⊂ D𝜇 ⊠ D𝜈 . A filtration on 𝒱 induces one on 𝒱/𝒱𝔪𝜒.

Proposition 5.4.1. Let 𝒱 be a 𝐺-monodromic D𝜇,𝜈-module equipped with a 𝐺-
stable good filtration. Then, the induced filtration on the D𝜇-module 𝒱/𝒱𝔪𝜒 is good
and we have 𝒱/𝒱𝔪𝜒 ∈ (D𝜈 ,𝔪𝜒)-mod. Furthermore, the corresponding Kazhdan
filtration on 𝒱/𝒱𝔪𝜒 is good as well.
In addition, we have 𝐻𝑗(𝔪𝜒, grK 𝒱) = 0 and 𝐻𝑗(𝔪𝜒,𝒱) = 0, for any 𝑗 > 0;

moreover, the canonical map grK 𝒱/(grK 𝒱)𝔪𝜒 → grK(𝒱/𝒱𝔪𝜒) is an isomorphism.

Proof. Given a 𝐺-stable good filtration 𝐹 �𝒱 , write g̃r𝐹𝒱 for the coherent 𝒪𝑇∗ℬ×𝑇∗ℬ-
module such that 𝑝 �g̃r𝐹𝒱 = gr𝐹 𝒱 . Then, we have that g̃r𝐹𝒱 is a 𝐺𝑠𝑐-equivariant
coherent sheaf on 𝒵. The composite p̃r : 𝒵 ↪→ 𝑇 ∗ℬ × 𝑇 ∗ℬ → 𝑇 ∗ℬ, of the
closed imbedding and the first projection, is a proper morphism. Hence, the push-
forward p̃r �(g̃r𝐹𝒱) is a coherent sheaf on 𝑇 ∗ℬ. It follows that the induced filtration
on 𝒱/𝒱𝔪𝜒, viewed as a left D𝜇-module, is good and that 𝒱/𝒱𝔪𝜒 is a coherent
D𝜇-module.

Now, applying Corollary 1.3.8(ii) to the morphism 𝜋 : 𝒵 → 𝒩 we deduce that
the stalk of the sheaf g̃r𝐹𝒱 at any point of 𝜋−1(𝜒+𝔪⊥) is a flat (𝜛 ∘𝜋)

�𝒪𝜒-module.
At this point, the proof of Lemma 4.4.1 (cf. the proof of Theorem 4.1.4 given in
§4.4) goes through verbatim in our present situation. □

The Kazhdan filtration on D𝜈 induces a good Kazhdan filtration on each of the
objects D𝜈+𝜆

𝜈 , Q𝜈 , and also on Q𝜈+𝜆
𝜈 . One may consider D𝜈 as a D𝜈-bimodule,

resp. D𝜈+𝜆
𝜈 as a (D𝜈+𝜆,D𝜈)-bimodule. Such a bimodule may be viewed as a 𝐺-

monodromic left D𝜈,𝜇-module, resp. D𝜈+𝜆,𝜇-module, supported on the diagonal
ℬ ⊂ ℬ×ℬ. Here, the weight 𝜇 is given by the formula 𝜇 = −𝑤0(𝜆) + 2𝜌, where 𝑤0

stands for the longest element in the Weyl group.

Recall that the group ℂ
× acts on 𝒮 via the ∙-action.

Corollary 5.4.2. For an 𝜈, 𝜆 ∈ 𝔥∗, we have
(i) Q𝜈+𝜆

𝜈 ∈ (D𝜈 ,𝔪𝜒)-mod is a Cohen-Macaulay left D𝜈+𝜆-module and there is
an 𝑀 × ℂ

×-equivariant isomorphism grK Q𝜈+𝜆
𝜈 = 𝑝 �𝒪Σ(𝜆).

(ii) If 𝜆 ∈ 𝕏+, then we have 𝐻𝑗(ℬ,Q𝜈+𝜆
𝜈 ) = 0 for any 𝑗 > 0; moreover, the

projection D𝜈+𝜆
𝜈 ↠ Q𝜈+𝜆

𝜈 induces an isomorphism

Γ(ℬ,D𝜈+𝜆
𝜈 )/Γ(ℬ,D𝜈+𝜆

𝜈 )𝔪𝜒
∼→ Γ(ℬ,Q𝜈+𝜆

𝜈 ) = 𝑄𝜈+𝜆
𝜈 .
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Recall that the Cohen-Macaulay property claimed in part (i) of the corollay says
that the sheaves E 𝑥𝑡

�

D𝜈+𝜆
(Q𝜈+𝜆

𝜈 ,D𝜈+𝜆) vanish in all degrees but one.

Proof. We view 𝒱 := D𝜈+𝜆
𝜈 as a D𝜈+𝜆,𝜇-module as explained above. Applying

Proposition 5.4.1, we deduce the isomorphisms

grK Q𝜈+𝜆
𝜈

∼= grK D𝜈+𝜆
𝜈 /(grK D𝜈+𝜆

𝜈 )𝔪𝜒
∼= 𝑝 �𝒪Σ(𝜆).

In addition, we deduce that the Chevalley-Eilenberg complex D𝜈+𝜆
𝜈 ⊗∧ �

𝔪𝜒 is acyclic
in positive degrees. Thus, forgetting the right action, we see that the Chevalley-
Eilenberg complex provides a resolution of Q𝜈+𝜆

𝜈 by locally free left D𝜈+𝜆-modules.
To prove the Cohen-Macaulay property, we use the Chevalley-Eilenberg complex

as a resolution of Q𝜈+𝜆
𝜈 . Thus, the sheaves E 𝑥𝑡

�

D𝜈+𝜆
(Q𝜈+𝜆

𝜈 ,D𝜈+𝜆) may be obtained

as cohomology groups of the complex
(5.4.3)

H 𝑜𝑚D𝜈+𝜆
(D𝜈+𝜆

𝜈 ⊗ ∧ �

𝔪𝜒, D𝜈+𝜆) = H 𝑜𝑚D𝜈+𝜆
(𝒪(𝜆)⊗ D𝜈 , D𝜈+𝜆) ⊗ (∧ �

𝔪𝜒)∗.

Recall that the functor 𝒪(𝜆) ⊗ (−) is an equivalence and D𝜈+𝜆 = 𝒪(𝜆) ⊗ D𝜈 ⊗
𝒪(−𝜆). Hence, we get an isomorphism

H 𝑜𝑚D𝜈+𝜆
(𝒪(𝜆)⊗ D𝜈 , D𝜈+𝜆) = H 𝑜𝑚D𝜈

(D𝜈 , D𝜈 ⊗𝒪(−𝜆)) = 𝒪(−𝜆) ⊗ (D𝜈)𝑜𝑝.

Put 𝑚 := dim𝔪𝜒 and recall that one has a canonical isomorphism (D𝜈)𝑜𝑝 = D𝜇

where 𝜇 = −𝑤0(𝜈) + 2𝜌. For any 𝑗 ≥ 0, we deduce

H 𝑜𝑚D𝜈+𝜆
(D𝜈+𝜆

𝜈 ⊗ ∧𝑗𝔪𝜒, D𝜈+𝜆) = 𝒪(−𝜆) ⊗ (D𝜈)𝑜𝑝 ⊗ ∧𝑗𝔪∗
𝜒

= [D𝜇−𝜆
𝜇 ⊗ ∧𝑚−𝑗𝔪𝜒] ⊗ ∧𝑚𝔪∗

𝜒.

Since the Lie algebra 𝔪𝜒 is nilpotent, one has an isomorphism ∧𝑚𝔪∗
𝜒
∼= ℂ of

𝔪𝜒-modules. We see that the complex on the right of (5.4.3) may be identified, up
to degree shift, with the Chevalley-Eilenberg complex D𝜇−𝜆

𝜇 ⊗∧ �

𝔪𝜒. But the latter
complex is a resolution of the D𝜇−𝜆-module Q𝜇−𝜆, by the first paragraph of the
proof. Therefore, the complex (5.4.3) has a single nonvanishing cohomology group
which is isomorphic to Q𝜇−𝜆. This completes the proof of part (i).

To prove part (ii) we recall that, for 𝜆 ∈ 𝕏
+ and any 𝑗 > 0, one has the

cohomology vanishing 𝐻𝑗(𝑇 ∗ℬ, 𝒪𝑇∗ℬ(𝜆)) = 0; cf. [Br]. Using that g̃rD𝜈+𝜆
𝜈 =

𝒪𝑇∗ℬ(𝜆), by a standard spectral sequence argument, we deduce 𝐻𝑗(ℬ,D𝜈+𝜆
𝜈 ) = 0

for all 𝑗 > 0. Thus, the Chevalley-Eilenberg complex D𝜈+𝜆
𝜈 ⊗∧ �

𝔪𝜒 yields a Γ-acyclic
resolution of Q𝜈+𝜆

𝜈 , the latter being viewed as a sheaf on ℬ. We conclude that the
sheaf cohomology groups 𝐻𝑗(ℬ,Q𝜈+𝜆

𝜈 ) may be computed as the cohomology groups
of the complex

(5.4.4)
⋅ ⋅ ⋅ → Γ(ℬ, D𝜈+𝜆

𝜈 ⊗ ∧3𝔪𝜒) → Γ(ℬ, D𝜈+𝜆
𝜈 ⊗ ∧2𝔪𝜒)

→ Γ(ℬ, D𝜈+𝜆
𝜈 ⊗𝔪𝜒) → Γ(ℬ, D𝜈+𝜆

𝜈 ).

Next we apply Lemma 4.4.1 to 𝐾 := Γ(ℬ, D𝜈+𝜆
𝜈 ), a Harish-Chandra (𝒰𝜈+𝜆,𝒰𝜇)-

bimodule. We conclude that the complex (5.4.4) is acyclic in positive degrees
and, in degree 0, we have 𝐻0(ℬ,Q𝜈+𝜆

𝜈 ) = 𝐾/𝐾𝔪𝜒. This proves part (ii) of the
corollary. □

Proof of Proposition 5.2.1(iii). For any weights 𝜈, 𝜆, we have

(5.4.5) Q𝜈+𝜆
𝜈 = 𝒪(𝜆)⊗𝒪ℬ D𝜈/(𝒪(𝜆) ⊗𝒪ℬ D𝜈)𝔪𝜒 = 𝒪(𝜆) ⊗𝒪ℬ (D𝜈/D𝜈𝔪𝜒).
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We apply Lemma 5.3.1 to the D𝜈-module 𝒱 = Wh𝔪 D𝜈 := D𝜈/D𝜈𝔪𝜒. The
lemma says that, for all sufficiently dominant 𝜆 ∈ 𝕏+, one has
(5.4.6)

grK Wh𝔪 Γ
(ℬ, 𝒪(𝜆)⊗𝒪ℬ (D𝜈/D𝜈𝔪𝜒)

)
= Γ

(𝒮, 𝒪𝒮(𝜆) ⊗𝒪𝒮 (g̃rK Wh𝔪 D𝜈)∣𝒮
)
.

On the other hand, Corollary 5.4.2 yields g̃rK Wh𝔪 D𝜈 = 𝒪Σ, hence

(g̃rK Wh𝔪 D𝜈)∣𝒮 = 𝒪𝒮 .

Thus, using (5.4.5) and (5.4.6), we get

grK 𝐴𝜈+𝜆
𝜈 = grK Wh𝔪 Γ

(ℬ,Q𝜈+𝜆
𝜈 ) = Γ(𝒮, 𝒪𝒮(𝜆) ⊗𝒪𝒮 𝒪𝒮) = Γ(𝒮, 𝒪𝒮(𝜆)).

The verification of compatibilities with the pairings is left to the reader. □

6. Noncommutative resolutions of Slodowy slices

6.1. Directed algebras. Let Λ be a torsion free abelian group, and Λ+ ⊂ Λ a
subsemigroup such that Λ+ ∩ (−Λ+) = {0}. Given a pair 𝜇, 𝜈 ∈ Λ, we write 𝜇≽𝜈
whenever 𝜇− 𝜈 ∈ Λ+. This gives a partial order on Λ.

A directed algebra is a vector space 𝐵 :=
⊕

𝜇≽𝜈 𝐵𝜇𝜈 , graded by pairs 𝜇, 𝜈 ∈ Λ
such that 𝜇≽𝜈, and equipped, for each triple 𝜇≽𝜈≽𝜆, with a bilinear multiplication
pairing 𝐵𝜇𝜈⊗𝐵𝜈𝜆 → 𝐵𝜇𝜆. These pairings are required to satisfy, for each quadruple
𝜇≽𝜈≽𝜆≽𝜚, a natural associativity condition; cf. [Mu]. In the special case where
the group Λ = ℤ is equipped with the usual order, our definition reduces to the
notion of ℤ-algebra used in [GS], and [Bo].

In general, for any directed algebra 𝐵, the multiplication pairings give each of
the spaces 𝐵𝜇𝜇 an associative algebra structure. Similarly, for each pair 𝜇≽𝜈, the
space 𝐵𝜇𝜈 acquires a (𝐵𝜇𝜇, 𝐵𝜈𝜈)-bimodule structure. Note that, for any 𝜇≽𝜈≽𝜆,
the mutiplication pairing descends to a well-defined map 𝐵𝜇𝜈 ⊗𝐵𝜈𝜈

𝐵𝜈𝜆 → 𝐵𝜇𝜆.

Example 6.1.1. Let B =
⊕

𝜆∈Λ B𝜆 be an ordinary Λ-graded associative algebra.

For any pair 𝜇≽𝜈, put 𝐵𝜇𝜈 := B𝜇−𝜈 . Then, the bigraded space ♯B =
⊕

𝜇≽𝜈 𝐵𝜇𝜈 has
a natural structure of directed algebra. It is called the directed algebra associated
with the graded algebra B.

We say that a directed algebra 𝐵 is filtered provided, for each pair 𝜇 ≻ 𝜈, one has
an ascending ℤ-filtration 𝐹 �𝐵𝜇,𝜈 , on the corresponding component 𝐵𝜇,𝜈 , and multi-
plication pairings 𝐵𝜇,𝜈⊗𝐵𝜈,𝜆 → 𝐵𝜇,𝜆 respect the filtrations. There is an associated
graded directed algebra gr𝐵, with components (gr𝐵)𝜇𝜈 :=

⊕
𝑖∈ℤ

𝐹𝑖𝐵𝜇𝜈/𝐹𝑖−1𝐵𝜇𝜈 .
Given a directed algebra 𝐵 =

⊕
𝜇≽𝜈 𝐵𝜇𝜈 , one has the notion of a Λ-graded 𝐵-

module. Such a module is, by definition, a Λ-graded vector space 𝑀 =
⊕

𝜈∈Λ 𝑀𝜈

equipped, for each pair 𝜇≽𝜈, with an “action map” act𝜇,𝜈 : 𝐵𝜇𝜈 ⊗𝑀𝜈 → 𝑀𝜇, that
satisfies a natural associativity condition for each triple 𝜇≽𝜈≽𝜆. Such a module
𝑀 is said to be finitely generated if there exists a finite collection of elements
𝑚1 ∈ 𝑀𝜈1 , . . . ,𝑚𝑝 ∈ 𝑀𝜈𝑝 such that one has

(6.1.2) 𝑀𝜇 =

𝑝∑
𝑖=1

act𝜇,𝜈𝑖(𝐵𝜇,𝜈𝑖 , 𝑚𝑖), ∀𝜇 ∈ Λ.

We let grmod(𝐵) denote the category of finitely generated Λ-graded left 𝐵-modules.
Given a Λ-graded 𝐵-module 𝑀 , we put Spec𝑀 := {𝜈 ∈ Λ ∣ 𝑀𝜈 ∕= 0}. It is clear

that, for any 𝑀 ∈ grmod(𝐵), there exists a finite subset 𝑆 ⊂ Λ such that we have
Spec𝑀 ⊂ 𝑆 + Λ+. We say that 𝑀 is negligible if there exists 𝜈 ∈ Λ such that
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(𝜈 + Λ+) ∩ Spec𝑀 = ∅. Let tails(𝐵) be the full subcategory of grmod(𝐵) whose
objects are negligible 𝐵-modules.

A directed algebra 𝐵 is said to be noetherian if, for each 𝜆 ∈ Λ, the algebra 𝐵𝜆𝜆

is left noetherian and, moreover, 𝐵𝜆𝜈 is a finitely generated left 𝐵𝜆𝜆-module, for
any 𝜆≽𝜈. It is known (see Boyarchenko [Bo, Theorem 4.4(1)]) that, for a noetherian
directed algebra 𝐵, the category grmod(𝐵) is an abelian category, and tails(𝐵) is
its Serre subcategory. Thus, one can define Qgrmod(𝐵) := grmod(𝐵)/tails(𝐵), a
Serre quotient category.

Fix 𝛼 ∈ Λ. Given a directed algebra 𝐵 =
⊕

𝜇≽𝜈 𝐵𝜇𝜈 , resp. a Λ-graded 𝐵-module

𝑀 =
⊕

𝜇𝑀𝜇, put 𝐵≽𝛼 =
⊕

𝜇≽𝜈≽𝛼𝐵𝜇𝜈 , resp. 𝑀≽𝛼 =
⊕

𝜇≽𝛼𝑀𝜇. Thus, 𝐵≽𝛼 may
be viewed as a directed subalgebra of 𝐵 which has zero homogeneous components
(𝐵≽𝛼)𝜇𝜈 unless 𝜇≽𝜈≽𝛼. Similarly, 𝑀≽𝛼 may be viewed as a 𝐵-submodule in 𝑀 .
If 𝐵 is noetherian, then 𝐵≽𝛼 is clearly noetherian as well.

One easily proves the following result

Proposition 6.1.3. Assume that the pair (Λ,Λ+) satisfies the following two con-
ditions:

∙ The semi-group Λ+ is finitely generated.
∙ For any 𝜇, 𝜈 ∈ Λ the set (𝜇 + Λ+) ∩ (𝜈 + Λ+) is nonempty.

Then, for any noetherian directed algebra 𝐵 and any 𝛼 ∈ Λ, restriction of scalars
gives a well-defined functor grmod(𝐵) → grmod(𝐵≽𝛼). Furthermore, this functor
induces an equivalence Qgrmod(𝐵) ∼→ Qgrmod(𝐵≽𝛼). □

6.2. Geometric example. Let 𝑋 be a quasi-projective algebraic variety, and write
Coh𝑋 for the abelian category of coherent sheaves on 𝑋. Given an ample line bun-
dle L on 𝑋, one defines B(𝑋,L ) :=

⊕
𝑛≥0 Γ(𝑋,L ⊗𝑛), a homogeneous coordinate

ring of 𝑋. For the corresponding Proj-scheme, we have Proj B(𝑋,L ) ∼= 𝑋.
Following Example 6.1.1 in the special case where Λ = ℤ and Λ+ = ℤ≥0, we

may form the directed algebra ♯B(𝑋,L ) associated with B(𝑋,L ), the latter being
viewed as a Λ-graded algebra. Then, one can construct a natural equivalence of
categories

(6.2.1) Coh𝑋 ∼= Qgrmod(♯B(𝑋,L )).

We return to the setting of §1.1. Let 𝔥 be the Cartan subalgebra for the
semisimple Lie algebra 𝔤, and fix 𝕏+ ⊂ 𝔥∗, the subsemigroup of integral domi-
nant weights. For each 𝜆 ∈ 𝕏

+, we have the line bundle 𝒪𝒮(𝜆) on the Slodowy

variety 𝒮. The direct sum A (𝑒) =
⊕

𝜆∈𝕏+ Γ
(𝒮, 𝒪𝒮(𝜆)

)
has a natural structure

of 𝕏+-graded algebra. For the corresponding multi-homogeneous Proj-scheme, one

has 𝒮 ∼= Proj A (𝑒).
Now, in the setting of §6.1, we put Λ := 𝔥∗, resp Λ+ := 𝕏

+, and let ♯A (𝑒)
be the directed algebra associated to the 𝕏+-graded algebra A (𝑒). One can show
that ♯A (𝑒) is a noetherian directed algebra and the following multi-homogeneous
analogue of the equivalence (6.2.1) holds:

(6.2.2) Coh𝒮 ∼= Qgrmod(♯A (𝑒)).

6.3. We are going to produce a family of quantizations of the directed algebra ♯A (𝑒).
To this end, we exploit translation bimodules 𝐴𝜈+𝜆

𝜈 introduced in §5.2.
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Given 𝜈 ∈ 𝔥∗, we associate to our nilpotent element 𝑒 ∈ 𝔤 a directed algebra

𝔄(𝑒, 𝜈) :=
⊕

𝜇,𝜆∈𝕏+ 𝐴𝜇+𝜆+𝜈
𝜆+𝜈 , i.e., using directed algebra notation, for any 𝛼≽𝛽≽0,

we put 𝐴𝛼𝛽 := 𝐴𝛼+𝜈
𝛽+𝜈 .

The resulting directed algebra 𝔄(𝑒, 𝜈) has the following properties:

(i) Each homogeneous component 𝐴𝜇+𝜈
𝜆+𝜈 , of 𝔄(𝑒, 𝜈), comes equipped with a Kazh-

dan filtration K �𝐴𝜇+𝜈
𝜆+𝜈 , by nonnegative integers, such that the multiplication pair-

ings respect the filtrations.
(ii) For all 𝜆 ∈ 𝕏+, one has 𝐴𝜆𝜆 = 𝐴𝜆+𝜈 is the Premet algebra associated to

the central character that corresponds to the weight 𝜆 + 𝜈 via the Harish-Chandra
isomorphism.

In addition, for a regular dominant 𝜈 and any 𝜇, 𝜆 ∈ 𝕏+, part (iv), resp. part
(ii), of Proposition 5.2.1, implies the following:

(iii) The (𝐴𝜆+𝜈 , 𝐴𝜈)-bimodule 𝐴𝜆+𝜈
𝜈 yields an equivalence mod𝐴𝜈

∼→ mod𝐴𝜆+𝜈 .

(iv) The multiplication in 𝔄(𝑒, 𝜈) induces an isomorphism 𝐴𝜇+𝜆+𝜈
𝜆+𝜈 ⊗𝐴𝜆+𝜈

𝐴𝜆+𝜈
𝜈

∼→
𝐴𝜇+𝜆+𝜈
𝜈 .
We make 𝔄(𝑒, 𝜈) a filtered directed algebra by using the Kazhdan filtrations on

each homogeneous component 𝐴𝜇+𝜆+𝜈
𝜆+𝜈 ; cf. (i) above.

Note that, by construction, for each 𝜆 ∈ 𝕏+, the space 𝐴𝜆0 = 𝐴𝜈+𝜆
𝜈 has a

structure of right 𝐴𝜈-module. Thus, one can introduce a functor
(6.3.1)

Loc : mod𝐴𝜈 → Qgrmod(𝔄(𝑒, 𝜈)), 𝑀 �→ Loc𝑀 :=
⊕
𝜆∈𝕏+

𝐴𝜆+𝜈
𝜈 ⊗𝐴𝜈

𝑀.

Theorem 6.3.2. For any 𝜈 ∈ 𝔥∗, we have that 𝔄(𝑒, 𝜈) is a noetherian, filtered
directed algebra. If 𝜈 is dominant and regular, then grK 𝔄(𝑒, 𝜈) ∼= ♯A (𝑒)≽𝜈 , and the
functor (6.3.1) is an equivalence.

The equivalence of the theorem may be thought of as some sort of the Beilinson-
Bernstein localization theorem for Slodowy slices; cf. the Introduction to [GS] for
more discussions concerning this analogy.

A different approach to a result closely related to Theorem 6.3.2 was also pro-
posed by Losev in an unpublished manuscript.

Proof of Theorem 6.3.2. The noetherian property is immediate from Proposition
5.2.1, and the isomorphism grK 𝔄(𝑒, 𝜈)∼= ♯A (𝑒)≽𝜈 follows from Proposition 5.2.1(iii).

The equivalence statement in the theorem is a consequence of properties (iii)
and (iv) above, thanks to Gordon and Stafford [GS, Lemma 5.5], and Boyarchenko
[Bo, Theorem 4.4]. □

Remark 6.3.3. Theorem 6.3.2 applies also to enveloping algebras. This corresponds,
at least formally, to the case of the zero nilpotent element although the case 𝑒 = 0
was not considered in this paper. Specifically, introduce a filtered directed algebra

𝔘(𝜈) :=
⊕

𝜇,𝜆∈𝕏+ 𝑈𝜇+𝜆+𝜈
𝜆+𝜈 , where 𝑈𝜈+𝜆

𝜈 := Γ(ℬ, 𝒪(𝜆)⊗𝒪ℬ D𝜈). Then, arguing as in
the proof of Theorem 6.3.2, one obtains, for any dominant regular 𝜈, an equivalence
mod𝒰𝜈 ∼→ Qgrmod(𝔘(𝜈)).

Remark 6.3.4. One can show that for a dominant, but not necessarily regular 𝜈,
the functor 𝑀 �→ Loc𝑀 is exact and, moreover, one has 𝑀 ∕= 0 ⇒ Loc𝑀 ∕= 0.
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6.4. Characteristic varieties for 𝔄(𝑒, 𝜈)-modules. Fix Λ as in §6.1 and let 𝐵
be a filtered directed algebra. A Λ-graded 𝐵-module 𝑀 =

⊕
𝜈∈Λ 𝑀𝜈 is said to be

filtered provided each of the spaces 𝑀𝜈 is equipped with an ascending ℤ-filtration
𝐹 �𝑀𝜈 such that, for any 𝑖, 𝑗 ∈ ℤ and 𝜇, 𝜈 ∈ Λ, we have 𝐹𝑖𝐵𝜇𝜈 ⋅ 𝐹𝑗𝑀𝜈 ⊂ 𝐹𝑖+𝑗𝑀𝜇.
In such a case, there is a well-defined associated graded Λ-module gr𝑀 , over gr𝐵.
Thus gr𝑀 has an additional ℤ-grading.

A filtration on 𝑀 is called good if gr𝑀 is a finitely generated gr𝐵-module in
the sense of (6.1.2).

Now let (Λ,Λ+) = (𝔥∗,𝕏+). This pair satisfies the conditions of Proposition
6.1.3. Thus, for any 𝜈 ∈ 𝔥∗, combining the proposition and (6.2.2), we get a

category equivalence Φ : Qgrmod(♯A (𝑒)≽𝜈) ∼→ Coh𝒮.
Assume first that 𝜈 ∈ 𝔥∗ is a dominant and regular weight. Then, we have

grK 𝔄(𝑒, 𝜈) ∼= ♯A (𝑒)≽𝜈 , by Theorem 6.3.2. Therefore, for any Λ-graded 𝔄(𝑒, 𝜈)-
module 𝑀 equipped with a good filtration, we may view gr𝑀 as a finitely generated
graded ♯A (𝑒)≽𝜈-module and put qgr𝑀 := Φ(gr𝑀). This is a coherent sheaf on

𝒮. The additional ℤ-grading on gr𝑀 gives that sheaf a ℂ
×-equivariant structure.

Thus, Var𝑀 := Supp(qgr𝑀) is a ∙-stable closed algebraic subset in 𝒮.
Now, let 𝜈 be an arbitrary, not necessarily dominant and regular, weight. Then,

we find a sufficiently dominant integral weight 𝜇 such that 𝜈 +𝜇 is a dominant and
regular weight. Given a Λ-graded 𝔄(𝑒, 𝜈)-module 𝑀 , we may view 𝑀≽𝜈+𝜇 as a Λ-
graded 𝔄(𝑒, 𝜈 +𝜇)-module. A good filtration on 𝑀 induces one on 𝑀≽𝜈+𝜇, and we
have gr(𝑀≽𝜈+𝜇) = (gr𝑀)≽𝜈+𝜇. Thus, one may apply all the above constructions
to the 𝔄(𝑒, 𝜈 + 𝜇)-module 𝑀≽𝜈+𝜇. This way, one defines the set Var𝑀 in the
general case where 𝜈 is an arbitrary weight.

One has the following standard result

Proposition 6.4.1. (i) The set Var𝑀 is a coisotropic subset in 𝒮 which is inde-
pendent of the choice of a good filtration on 𝑀 .

(ii) For any finitely generated 𝐴𝜈-module 𝑁 , we have 𝜋(VarLoc𝑁) ⊂ Var𝑁 .
(iii) Let 𝜈 be a dominant and regular weight and 𝒱 ∈ (D𝜈 ,𝔪𝜒)-mod. Then, a

good filtration on 𝒱 induces a good filtration on LocWh𝔪 Γ(ℬ,𝒱) such that one has

g̃rK𝒱∣𝒮 ∼= qgr(LocWh𝔪 Γ(ℬ,𝒱)) (isomorphism in Coh𝒮).

Sketch of Proof. The coisotropicness statement in part (i) is a special case of Gab-
ber’s “integrability of characteristics” result [Ga]. Part (ii) is an analogous to a
well-known result of Borho-Brylinski (cf. [BoBr], proof of Proposition 4.3). A key

point is that the map 𝜋 : 𝒮 → 𝒮 is proper.
To prove part (iii), let 𝜆 ∈ 𝕏+. Lemma 5.2.4 yields an isomorphism 𝐴𝜈+𝜆

𝜈 ⊗𝐴𝜈

Wh𝔪 Γ(ℬ,𝒱) = Wh𝔪 Γ(ℬ, 𝒪(𝜆) ⊗𝒪ℬ 𝒱). Thus, by definition of the functor Loc,
we obtain

(6.4.2) qgr(LocWh𝔪 Γ(ℬ,𝒱)) = qgr

(⊕
𝜆∈𝕏+

Wh𝔪 Γ(ℬ, 𝒪(𝜆) ⊗𝒪ℬ 𝒱)

)
.

Recall the equivalence Φ : Qgrmod(♯A (𝑒)≽𝜈) ∼→ Coh𝒮 considered earlier in this
subsection. The object on the right-hand side of (6.4.2) equals

Φ

(⊕
𝜆∈𝕏+

g̃r Wh𝔪 Γ(ℬ, 𝒪(𝜆)⊗𝒪ℬ 𝒱)

)
,
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by definition of the functor qgr. Further, for 𝜆 sufficiently dominant, we have an

isomorphism g̃r Wh𝔪 Γ(ℬ, 𝒪(𝜆) ⊗𝒪ℬ 𝒱) = Γ
(𝒮, 𝒪𝒮(𝜆) ⊗𝒪𝒮 (g̃rK𝒱∣𝒮)

)
, by Lemma

5.3.1. Therefore, we deduce an isomorphism
(6.4.3)

Φ

(⊕
𝜆∈𝕏+

g̃r Wh𝔪 Γ(ℬ, 𝒪(𝜆) ⊗𝒪ℬ 𝒱)

)
= Φ

(⊕
𝜆∈𝕏+

Γ
(𝒮, 𝒪𝒮(𝜆)⊗𝒪𝒮 (g̃rK𝒱∣𝒮)

))
.

In general, let ℱ be an arbitrary coherent sheaf on 𝒮. By definition of the equiva-

lence (6.2.2), in Coh𝒮, one has an isomorphism Φ
(⊕

𝜆∈𝕏+ Γ(𝒮, 𝒪𝒮(𝜆) ⊗𝒪𝒮 ℱ)
)

=

ℱ . Applying this observation to the sheaf ℱ := g̃rK𝒱∣𝒮 , and using isomorphisms
(6.4.2) and (6.4.3), we deduce part (iii) of Proposition 6.4.1. □

To proceed further, we introduce the following terminology. A coherent sheaf ℱ ,
on a reduced scheme 𝑋, is said to be reduced if the annihilator of ℱ is a radical
ideal in 𝒪𝑋 .

Definition 6.4.4. An object 𝑉 ∈ Qgrmod(𝔄(𝑒, 𝜈)) is said to have regular singulari-
ties if there exists a representative 𝑀 ∈ grmod(𝔄(𝑒, 𝜈)), of 𝑉 , and a good filtration

on 𝑀 such that the corresponding sheaf qgr𝑀 ∈ Coh𝒮 is reduced and, moreover,

Supp(qgr𝑀) is a Lagrangian subvariety in 𝒮.

6.5. Definition of Harish-Chandra (𝐴𝑐′ , 𝐴𝑐)-bimodules. We fix a pair of
weights 𝛽, 𝛾 ∈ 𝔥∗ and specialize the general setting at the beginning of section
6.4 to 𝐵 = 𝔄(𝑒, 𝛽) ⊗ 𝔄(𝑒, 𝛾)op, a filtered Λ × Λ-graded directed algebra. By The-
orem 6.3.2, we have grK(𝔄(𝑒, 𝛽) ⊗ 𝔄(𝑒, 𝛾)op) = ♯(A (𝑒) ⊗ A (𝑒))≽𝛽×𝛾 . Hence, there

is a category equivalence Qgrmod(grK(𝔄(𝑒, 𝛽) ⊗ 𝔄(𝑒, 𝛾)op)) ∼= Coh(𝒮 × 𝒮). There-
fore, associated with any Λ × Λ-graded (𝔄(𝑒, 𝛽),𝔄(𝑒, 𝛾))-bimodule 𝑀 with a good

filtration, there is a ℂ
×-equivariant coherent sheaf qgr𝑀 , on 𝒮 × 𝒮.

One proves the following analogue of Theorem 6.3.2 for bimodules.

Proposition 6.5.1. For dominant regular 𝛽, 𝛾 ∈ 𝔥∗, there is a canonical equiva-
lence

𝑀 �−→ Loc𝑀 :=
⊕

𝜆,𝜇∈𝕏+

(𝐴𝜆+𝛽
𝛽 ⊗𝐴𝛽

𝑀 ⊗𝐴𝛾
𝐴𝜇+𝛾
𝜇 ),

between the category mod (𝐴𝛽 ⊗𝐴op
𝛾 ), of finitely generated (𝐴𝛽, 𝐴𝛾)-bimodules, and

category Qgrmod(𝔄(𝑒, 𝛽)⊗ 𝔄(𝑒, 𝛾)op). □

Next, recall the Steinberg variety 𝒵 and observe that 𝒵∩(𝒮×𝒮) is a Lagrangian

subvariety in 𝒮 × 𝒮. An analogue of Proposition 6.4.1 for bimodules yields the
following result.

Proposition 6.5.2. Let 𝛽, 𝛾 ∈ 𝔥∗ be dominant weights. Then:
(i) For any wHC (𝐴𝛽, 𝐴𝛾)-bimodule 𝑁 , we have Var(Loc𝑁) ⊂ 𝒵 ∩ (𝒮 × 𝒮).
(ii) Let 𝛽 and 𝛾 be dominant, and let 𝒱 be a 𝐺-monodromic D𝛽,𝛾-module. Then,

a good filtration on 𝒱 induces a good filtration on LocWh𝔪
𝔪 Γ(ℬ × ℬ,𝒱) such that

one has
g̃rK𝒱∣𝒮×𝒮

∼= qgr LocWh𝔪
𝔪 Γ(ℬ × ℬ,𝒱).

In part (ii) above, we have abused the notation Wh𝔪
𝔪 and, given a left (𝒰𝛽⊗𝒰𝛾)-

module 𝑁 , write Wh𝔪
𝔪 𝑁 for (𝔪𝜒 ⊗ 1)-invariants in 𝑁/(1 ⊗𝔪𝜒)𝑁.
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Transition from left D𝛽,𝛾-modules to (𝒰𝔤,𝒰𝔤)-bimodules can be carried out as
explained e.g. in [BG, §5], esp. Lemma 5.4 and formula (5.5).

Proof of Theorem 4.2.2(i). Fix a wHC (𝐴𝑐′ , 𝐴𝑐)-bimodule 𝑁 and choose a good

filtration on Loc𝑁 . We know that Var(Loc𝑁) ⊂ 𝒵 ∩ (𝒮 × 𝒮), by the proposition

above, and that 𝒵 ∩ (𝒮 × 𝒮) is a Lagrangian variety. Therefore, Gabber’s theorem
(cf. Proposition 6.4.1(i)), implies that any irreducible component of the scheme

Supp(Loc𝑁) is Lagrangian, moreover, it is an irreducible component of 𝒵∩(𝒮×𝒮).
We define 𝐶𝐶(Loc𝑁), the characteristic cycle of Loc𝑁 , to be a Lagrangian

cycle in 𝒮 × 𝒮 equal to the linear combination of the irreducible components of
the scheme Supp(Loc𝑁), counted with multiplicities. A standard argument shows
that the cycle 𝐶𝐶(Loc𝑁) is independent of the choice of good filtration. Further,
an analogue of Remark 6.3.4 for bimodules implies the exactness of the functor
𝑁 �→ Loc𝑁 . It follows that the assignment 𝑁 �→ 𝐶𝐶(Loc𝑁) is additive on short
exact sequences.

Now, let 𝑁 = 𝑁0 ⊃ 𝑁1 ⊃ 𝑁2 ⊃ . . . be a descending chain of sub-bimodules
of 𝑁 such that 𝑁 𝑖/𝑁 𝑖+1 ∕= 0 for any 𝑖. Thus, we have Loc𝑁 𝑖/Loc𝑁 𝑖+1 =
Loc𝑁 𝑖/𝑁 𝑖+1 ∕= 0; cf. Remark 6.3.4. It follows that the total multiplicity in the
cycle 𝐶𝐶(Loc𝑁 𝑖), 𝑖 = 0, 1, . . . , gives a strictly decreasing sequence of natural
numbers. Therefore, this sequence terminates. We conclude that 𝑁 𝑖 = 0 for 𝑖 ≫ 0,
hence 𝑁 has finite length. □

Further, it is clear that Definition 6.4.4 of “regular singularities” may be adapted
to objects of Qgrmod(𝔄(𝑒, 𝛽)⊗𝔄(𝑒, 𝛾)op) in an obvious way. The following definition
is motivated by Corollary 6.6.2, to be discussed in section 6.6 below.

Definition 6.5.3. A weak Harish-Chandra (𝐴𝜇, 𝐴𝜈)-bimodule 𝑁 is called a Harish-
Chandra bimodule if Loc𝑁 ∈ Qgrmod(𝔄(𝑒, 𝜇)⊗𝔄(𝑒, 𝜈)op), the object correspond-
ing to 𝑁 via the equivalence of Proposition 6.5.1, has regular singularities.

Part (ii) of Proposition 6.5.2, combined with Corollary 1.3.8(iii) and with Propo-
sition 6.6.1 below, yields the following result.

Proposition 6.5.4. If 𝐾 ∈ H C (𝒰𝑐,𝒰𝑐′), then Wh𝔪
𝔪 𝐾 is a Harish-Chandra

(𝐴𝜇, 𝐴𝜈)-bimodule; furthermore, we have Var(LocWh𝔪
𝔪 𝐾) = Var𝐾 ∩ (𝒮 ×𝒮). □

6.6. Harish-Chandra 𝒰𝔤-bimodules vs. regular singularities.

Proposition 6.6.1. Let 𝜇, 𝜈 ∈ 𝔥∗ be dominant regular weights and let ℳ be a
D𝜇,𝜈-module such that, set-theoretically, one has Varℳ ⊂ 𝒵. Then, the following
conditions are equivalent:

(i) The D-module ℳ has regular singularities in the sense of [KK];
(ii) There exists a good filtration on ℳ such that g̃rℳ, the associated graded

sheaf, is reduced.
(iii) There exists a good filtration on Γ(ℬ × ℬ,ℳ) such that gr Γ(ℬ × ℬ,ℳ) is

a symmetric (ℂ[𝔤∗],ℂ[𝔤∗])-bimodule, i.e., such that one has 𝑎 ⋅ 𝑚 = 𝑚 ⋅ 𝑎, ∀𝑎 ∈
ℂ[𝔤∗],𝑚 ∈ gr Γ(ℬ × ℬ,ℳ).

(iv) The 𝔤-diagonal action on Γ(ℬ × ℬ,ℳ) is locally finite.

Proof. The implication (i) ⇒ (ii) is a special case of a general result of Kashiwara-
Kawai; cf. also [Kas, Definition 5.2]. The corresponding filtration was defined in
[KK, Theorem 5.1.6].
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To prove (ii) ⇒ (iii) let 𝐹 �ℳ be a good filtration on ℳ such that (ii) holds.
Any element 𝑥 ∈ 𝔤 gives rise to a linear function 𝔤∗ × 𝔤∗ → ℂ, (𝛼, 𝛽) �→ ⟨𝛼+ 𝛽, 𝑥⟩.
Let 𝑥 denote the pull-back of that function via the map 𝜋 × (−𝜋) : 𝑇 ∗ℬ × 𝑇 ∗ℬ →
𝒩 × 𝒩 , 𝑢 × 𝑣 �→ 𝜋(𝑢) × (−𝜋(𝑣)). Thus, we have 𝒵 = [𝜋 × (−𝜋)]−1(𝒩Δ), where
𝒩Δ ⊂ 𝒩 × 𝒩 is the diagonal. Clearly, the function 𝑥 vanishes on 𝒵. Hence, we
have 𝑥 ⋅ g̃rℳ = 0.

Observe next that 𝑥 is a homogeneous function, of degree 1, along the fibers of
the cotangent bundle 𝑇 ∗(ℬ × ℬ). Thus, the equation 𝑥 ⋅ g̃rℳ = 0 implies that, for
any 𝑗 ∈ ℤ, the good filtration on ℳ satisfies 𝑥(𝐹𝑗ℳ) ⊂ 𝐹𝑗ℳ, where 𝑥(−) stands
for the 𝔤-diagonal action of 𝑥 on ℳ. It follows that the filtration on Γ(ℬ × ℬ,ℳ)
defined, for any 𝑗 ∈ ℤ, by Γ𝑗(ℬ × ℬ,ℳ) := Γ(ℬ × ℬ, 𝐹𝑗ℳ) makes gr Γ(ℬ × ℬ,ℳ)
a symmetric (ℂ[𝔤∗],ℂ[𝔤∗])-bimodule.

To prove the implication (iii) ⇒ (iv), let Γ �(ℬ × ℬ,ℳ) be an arbitrary good
filtration on the bimodule Γ(ℬ × ℬ,ℳ) that makes gr Γ(ℬ × ℬ,ℳ) a symmetric
(ℂ[𝔤∗],ℂ[𝔤∗])-bimodule. The filtration being good, the vector space Γ𝑗(ℬ × ℬ,ℳ)
is finite dimensional for each 𝑗 ∈ ℤ. The symmetry of the bimodule gr Γ(ℬ×ℬ,ℳ)
implies, by an easy induction on 𝑗, that the vector space Γ𝑗(ℬ×ℬ,ℳ) is stable under
the 𝔤-diagonal action. We conclude that the 𝔤-diagonal action on Γ(ℬ × ℬ,ℳ) =∪
𝑗 Γ𝑗(ℬ × ℬ,ℳ) is locally finite.

To complete the proof of the theorem, let ℳ be a D-module such that (iv) holds
and put 𝑀 := Γ(ℬ × ℬ,ℳ). It is clear that the 𝔤-diagonal action on 𝑀 can be
exponentiated to an algebraic 𝐺𝑠𝑐-action. It follows that D𝜇,𝜈 ⊗𝒰𝜇⊗𝒰𝜈

𝑀 is a 𝐺𝑠𝑐-
equivariant D-module. But, ℬ×ℬ being a projective variety with finitely many 𝐺𝑠𝑐-
diagonal orbits, any 𝐺𝑠𝑐-equivariant D-module on ℬ × ℬ has regular singularities,
see e.g. [HTT, Theorem 11.6.1]. Finally, by the Beilinson-Bernstein theorem, we
have ℳ = D𝜇,𝜈 ⊗𝒰𝜇⊗𝒰𝜈

𝑀 , and the implication (iv) ⇒ (i) follows. □

Using an analogue of the equivalence of Remark 6.3.3 for (𝒰𝜇,𝒰𝜈)-bimodules,
one can reformulate Proposition 6.6.1 as follows:

Corollary 6.6.2. Let 𝜇, 𝜈 ∈ 𝔥∗ be dominant regular weights and let 𝑀 be a wHC
(𝒰𝜇,𝒰𝜈)-bimodule. Then, the following conditions are equivalent:

(i) The adjoint 𝔤-action on 𝑀 is locally finite, i.e., 𝑀 ∈ H C (𝒰𝜇,𝒰𝜈) is a
Harish-Chandra bimodule in the sense of §4.1.

(ii) The object Loc𝑀 ∈ Qgrmod(𝔘(𝜇) ⊗ 𝔘(𝜈)op) has regular singularities. □

Acknowledgments

I am very much indebted to Ivan Losev for initiating this work, for very useful
discussions, and for explaning to me the results of [Lo2] before that work was made
public. I also thank Mitya Boyarchenko for explaining to me some details of his
work [Bo], and Iain Gordon for a careful reading of a preliminary draft of this paper.
This work was supported in part by the NSF grant DMS-0601050.

References

[ABO] M.-J. Asensio, M. Van den Bergh, and F. Van Oystaeyen, A new algebraic approach to mi-
crolocalization of filtered rings. Trans. Amer. Math. Soc. 316 (1989), 537–553. MR958890
(90c:16001)

[BB1] A. Beilinson, J. Bernstein, Localisation de 𝔤-modules, C. R. Acad. Sci. Paris 292 (1981),
no. 1, 15–18. MR610137 (82k:14015)

http://www.ams.org/mathscinet-getitem?mr=958890
http://www.ams.org/mathscinet-getitem?mr=958890
http://www.ams.org/mathscinet-getitem?mr=610137
http://www.ams.org/mathscinet-getitem?mr=610137


270 VICTOR GINZBURG

[BB2] , A proof of Jantzen conjectures. I. M. Gelfand Seminar, 1–50, Adv. Soviet Math.,
16, Part 1, Amer. Math. Soc., Providence, RI, 1993. MR1237825 (95a:22022)

[BG] A. Beilinson, V. Ginzburg, Wall-crossing functors and D-modules. Represent. Theory 3
(1999), 1–31. MR1659527 (2000d:17007)

[BGe] J. Bernstein, S. Gelfand, Tensor products of finite- and infinite-dimensional represen-
tations of semisimple Lie algebras. Compositio Math. 41 (1980), 245–285. MR581584
(82c:17003)

[Bj] J.-E. Bjork, The Auslander condition on Noetherian rings. Séminaire d’Algèbre Paul
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