
REPRESENTATION THEORY
An Electronic Journal of the American Mathematical Society
Volume 17, Pages 337–381 (June 17, 2013)
S 1088-4165(2013)00435-1

ON A PAIRING OF GOLDBERG-SHAHIDI FOR EVEN

ORTHOGONAL GROUPS

WEN-WEI LI

Abstract. Let π ⊗ σ be a supercuspidal representation of GL(2n)× SO(2n)
over a p-adic field with π selfdual, where SO(2n) stands for a quasisplit even
special orthogonal group. In order to study its normalized parabolic induction
to SO(6n), Goldberg and Shahidi defined a pairing R between the matrix co-
efficients of π and σ which controls the residue of the standard intertwining
operator. The elliptic part Rell of R is conjectured to be related to twisted
endoscopic transfer. Based on Arthur’s endoscopic classification and Spal-
lone’s improvement of Goldberg-Shahidi program, we will verify some of their
predictions for general n, under the assumption that π does not come from
SO(2n+ 1).
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1. Introduction

History. The residue of intertwining operators plays a pivotal role in the study
of nondiscrete tempered spectrum of reductive groups over local fields. To be
precise, let F be a non-archimedean local field of characteristic zero, and consider a
quasisplit classical group G1 together with a maximal proper Levi subgroup of the
form M := GL(H)×G, where H is some F -vector space and G is a classical group
of the same type as G1. Choose a parabolic subgroup P = MU . Let IP (π ⊗ σ) be
the normalized parabolic induction, where π⊗ σ is an essentially square-integrable
irreducible representation of M(F ). To study its reducibility, one may assume π
to be selfdual. After Harish-Chandra, the problem was reduced to the study of
the residue at λ = 0 of the standard intertwining operator JP (w0, (π ⊗ σ)λ) for
IP ((π⊗σ)λ), where π⊗σ �→ (π⊗σ)λ means the twist by the unramified character
M(F ) attached to λ ∈ a∗M,C, and w0 is a suitable element in NG1(F )(M(F )).

In the case of split even orthogonal groups and supercuspidal π ⊗ σ, Shahidi
introduced a notion of norm correspondence in [27] that relates conjugacy classes
between GL(H) and G (baptized GS-norm in this article). Using a lemma of Rallis
[26, Lemma 4.1], he showed that Resλ=0JP (w0, (π⊗ σ)λ) is actually governed by a
pairing R between matrix coefficients of π and σ. The main idea is to decompose
U into M -orbits. This method is polished and generalized to other classical groups
in a series of papers by Goldberg and Shahidi [8–10]. Later on, Spallone rewrote
R as a “weighted integral” of matrix coefficients, and gave an amended formula in
[30,31]. Recently, a broader interpretation in the context of generalized functionals
and Bessel functions was given in [7, §6.3].

In either formulation, R can be written as the sum of a regular, or elliptic term
Rell and a singular term Rsing. The term Rell can be expressed as an integral pairing
between the character of σ and some twisted character of π. Shahidi conjectured
that the nonvanishing of Rell should be closely related to twisted endoscopy for
GL(H), as developed in [17].

Nowadays, the reducibility of IP (π ⊗ σ) can be determined by Arthur’s results
[3, §6.6]. Nevertheless, some conjectures about Rell remain unanswered. Let us
explain.

We will concentrate on the case G1 = SO(V1, q1), G = SO(V, q) where (V1, q1)
and (V, q) are even-dimensional F -quadratic spaces, such that dimF V = dimF H =
2n, i.e., M consists of matrices of “three equal-sized blocks”. We exclude the case
SO(V, q) � GL(1). The pairing Rell essentially takes the form∑

T :elliptic
/conjugation

|W (SO(V, q), T (F ))|−1

∫
T (F )

ISO(V,q)(σ, γ)I
˜GL(H)(π̃, δ) dγ,
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where

• ISO(V,q)(σ, γ) is the normalized character of σ;

• I
˜GL(H)(π̃, δ) is the normalized twisted character of π;

• γ �→ δ is a section for GS-norm.

For further explanations, see §6.4.
This looks like the elliptic inner product for square-integrable representations

[5, Theorem 3], but the groups here are different, and a twist intervenes. Shahidi
made the following definition (sic): a supercuspidal selfdual representation π of
GL(H) is called a twisted endoscopic transfer of a supercuspidal representation σ
of SO(V, q), if the pairing Rell for π⊗σ is not identically zero. This is [9, Definition
5.1].

Indeed, Goldberg and Shahidi have shown that the GS-norm is compatible with
the norm mapping in twisted endoscopy, defined by Kottwitz and Shelstad in [17,
§3]. On the other hand, the Langlands-Shahidi method via L-functions also gives
some evidence for this definition when σ is generic; see [9, §5]. The connection
remains conjectural, however, until the emergence of [29]. Let ωπ denote the central
character of π. In the case n = 1 and SO(V, q) = E1 := {x ∈ E× : NE/F (x) = 1}
where E/F is a quadratic extension, Shahidi and Spallone showed that

• if ωπ = 1, then Rell is not identically zero for all π and σ;
• if ωπ �= 1, then Rell is not identically zero if and only if π is attached
to IndE/F (σ) (the local automorphic induction), where σ is regarded as a

representation of E× via the usual surjection E× → E1.

The proof of the first assertion is a direct calculation using Shimizu’s explicit char-
acter formulae, while that of the second assertion relies upon the character identi-
ties of Labesse-Langlands, which amounts to the twisted endoscopy for GL(2) (cf.
[17, §5.3]). One of their key observations is that the Labesse-Langlands’ transfer
factor Δ(γ, δ) is independent of δ, provided that γ and δ are related by GS-norm.
Also note that ωπ = 1 if and only if π comes from PGL(2) = SO(3).

Goal of this article. We consider similar problems for general GL(H) and SO(V, q)
with dimF H = dimF V = 2n, under the Hypothesis 6.5.1 that π does not come
from SO(2n+1) (the split form) by twisted endoscopic transfer. The main impetus
comes from Arthur’s monumental work [3], which provides the necessary local Lang-
lands’ correspondence and twisted character relations. Our main result is Theorem
6.5.2 which reconciles Shahidi’s definition and Arthur’s endoscopic classification for
SO(V, q).

The implications in number theory and harmonic analysis can be understood in
terms of L-functions:

nonvanishing of
R = Rell +Rsing

pole at λ = 0 of
JP (w0, (π ⊗ σ)λ)
���� �� ��

pole at s = 0 of
L(s, π × σ)L(2s, π,∧2)

,

the rightmost arrow comes from Langlands’ conjecture on the normalization of
intertwining operators, which is also a good vehicle for studying such L-functions
as illustrated in [28, Chapter 8] for generic inducing data. In view of our result,
the nonvanishing of Rell should point to a pole of the Rankin-Selberg L-function
L(s, π × σ) at s = 0, provided that the exterior square L-function L(s, π,∧2) is
holomorphic at s = 0. Cf. [9].



340 WEN-WEI LI

The idea of the proof is to apply the endoscopic character relations, then use
Schur’s orthogonality relations on SO(V, q). This does not follow from [3] for free
since the twisted transfer factor Δ(γ, δ) intervenes. Let us explain the bottlenecks.

(1) Instead of the language of [17], we adopt Labesse’s notion of twisted spaces
[18] systematically. That is, we will do the harmonic analysis on the GL(H)-
bitorsor of nondegenerate bilinear forms on H, or equivalently the space

Isom(H,H∨), denoted by G̃L(H).
(2) Following [31], the Goldberg-Shahidi-Spallone formalism is reformulated in

a basis-free way. The twisted space G̃L(H) comes out naturally from this
perspective. One also obtains a transparent description of GS-norms for
very regular classes.

(3) Unlike some other applications of endoscopy, knowing the formal properties
of transfer factors does not suffice. The key ingredient comes from Wald-
spurger’s elegant formula [35] of the transfer factor Δ for SO(V, q), viewed

as an elliptic endoscopic group of G̃L(H). Once the twisted paraphrase of
Goldberg-Shahidi-Spallone formalism is in place, it will follow easily that
Δ only depends on (V, q).

The applicability of Waldspurger’s formula is inextricably liked with the first two
points. As a consequence, our notations will deviate somehow from those of [8–10,
29, 31]. We hope the reader will be convinced of the flexibility of twisted spaces,
especially in the context of classical groups of higher rank.

In this article, we restrict ourselves to the elliptic terms in Goldberg-Shahidi or
Spallone’s formula for R. This is certainly unsatisfactory. If the nonelliptic terms
in R can be expressed in terms of Arthur’s weighted orbital integrals, as alluded
to in [29], then the endoscopic character relations obtained in [3] might still be
applicable by invoking [1].

Structure of this article. In §2, we set up the basic terminologies, including the
conventions of quadratic and hermitian forms that will be heavily used in §6.

Due to the temporary lack of a comprehensive exposition on Labesse’s notion
of twisted spaces, we collect some basic notions and results in §3. Although we
will only encounter the twisted space of bilinear or sesquilinear forms, a general
introduction seems profitable. The main sources are [20, 34].

In §4, we review the geometric aspect of twisted endoscopy for G̃L(2n) in the
spirit of [3]. The emphasis is put on the simple endoscopic groups SO(V, q) where
dimV = 2n. Nevertheless, it seems more reasonable, and not too laborious, to
include the other elliptic endoscopic data as well. In order to use Waldpsurger’s
formulae [35], we also need to parametrize conjugacy classes in terms of linear
algebra and calculate some invariants attached to regular nilpotent orbits. After
these apéritifs, we are able to state the formula for geometric transfer factors in
§4.4. We will also prove the Lemma 4.3.1 that supersedes [29, Proposition 8].

In §5 we review the spectral aspect of twisted endoscopy. After a recollection
of Arthur’s central results, we give a formula of character values at elliptic classes.
The idea of using Weyl integration formula to relate character values is certainly
well known, however, the twisted case has not been worked out in detail. We will
give a proof in the spirit of [2]. Note that we only need the crude version of local
Langlands correspondence for square-integrable representations of SO(V, q), that
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describes the representations only up to O(V, q). Indeed, the Goldberg-Shahidi
pairing is equally “crude” in this respect.

The formalism of Goldberg-Shahidi-Spallone is reformulated in §6 for classical
groups in general. Using the parametrization of very regular classes, we are able
to relate GS-norms and the correspondence in [35] directly. As an easy corollary,
we prove the constancy of transfer factors for elements γ, δ that are related via
GS-norm, in the even orthogonal case. We give a rapid review of the elliptic term
of Goldberg-Shahidi pairing R in §6.4. What we consider is actually the pairing
Rell defined in (30) that is proportional to the Rell in Spallone’s formula. Using the
aforementioned results, Theorem 6.5.2 follows immediately. See Remark 6.5.3 for
the non-quasisplit cases.

Some statements in this article are evidently more general than needed. This is
done intentionally, in the hope that they might be useful for further generalizations.

Acknowledgements. The author is grateful to Li Cai, Kuok Fai Chao and Bin Xu
for suggesting this topic. He would also like to thank Jean-Loup Waldspurger for
discussions on transfer factors, as well as Wee Teck Gan, Freydoon Shahidi and
Steven Spallone for their useful remarks. He acknowledges the referee for valuable
comments.

2. Notations and conventions

Local fields. Unless otherwise specified, F denotes a non-archimedean local field of
characteristic zero with a fixed uniformizer �F . Let oF , pF be the ring of integers
of F and its maximal ideal, respectively, and let qF be the cardinality of oF /pF .
Denote by | · | the normalized absolute value on F . Fix an algebraic closure F̄
of F . We will denote by ΓF its absolute Galois group, WF its Weil group, and
WDF := WF × SU(2) its Weil-Deligne group.

Throughout this article, we fix an additive unitary character ψF : F → C×.
Let L/F be a finite extension. We will write NL/F and trL/F for the norm and

trace, respectively. More generally, if L is an étale F -algebra of finite dimension,
we can still define NL/F and trL/F .

Group theory. By F -group we mean a group variety over F . For any F -group H,
denote by H◦ its identity connected component, and H(F ) denotes the set of F -
points of H, equipped with the topology induced by F . By a subgroup of H we
mean a closed F -subgroup, unless otherwise specified. The normalizers in H (resp.
centralizers) will be denoted by NH(·) (resp. ZH(·)) and the center of H will be
denoted by ZH . The adjoint action by an element x is denoted by Ad x(·). The
same notations pertain to topological groups. Fraktur letters are used to denote
Lie algebras.

Let (π, V ) be a smooth representation of a locally profinite group, its contragre-
dient representation is denoted by (π∨, V ∨).

Hermitian spaces. Consider a pair (E, τ ), where E is a field of characteristic �= 2
and τ is an involution of E. For a finite-dimensional E-vector space V , define its
hermitian dual as the E-vector space

V ∨ := τHomE(V,E),
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where the superscript τ means that its scalar multiplication � is twisted: α � λ :=
τ (α)λ for all α ∈ E, λ ∈ V ∨. We have the canonical isomorphism V

∼→ V ∨∨, namely
v �→ τ (〈·, v〉). We shall always identify V and V ∨∨ without further remarks.

ForX∈HomE(V1, V2), its hermitian transpose is denoted by X̌∈HomE(V
∨
2 , V ∨

1 ),
characterized by 〈v̌2, Xv1〉 = 〈X̌v̌2, v1〉.

By a (E, τ )-sesquilinear form on V , we mean a bi-additive map q : V × V →
E such that q(αv|βv′) = τ (α)q(v|v′)β for all α, β ∈ E, v, v′ ∈ V . The (E, τ )-

sesquilinear forms on V are in bijection with elements in IsomE(V, V
∨): to σ : V

∼→
V ∨ we attach the sesquilinear form q(v|v′) = 〈σ(v), v′〉.

Let q be a sesquilinear form on V , its transposed form tq is defined by (v, v′) �→
τ (q(v′|v)).

Let ε = ±1, a (E, τ )-hermitian form of sign ε on V is a nondegenerate (E, τ )-
sesquilinear form q such that tq = εq. We also call (V, q) a (E, τ )-hermitian space
of sign ε. A subspace H ⊂ V is called totally isotropic if q|H×H = 0. Define
U(V, q) := StabGLE(V )(q).

Only two cases are encountered in this article: E = F , τ = id or E/F is a
quadratic extension, Gal(E/F ) = {1, τ}. In the first case, we get F -quadratic
(resp. symplectic) spaces when ε = 1 (resp. ε = −1); in the latter case, we will
omit τ and speak of E/F -hermitian spaces, E/F -sesquilinear forms, etc. The main
concern, however, will be the case of quadratic spaces.

Quadratic spaces. As above, an F -quadratic space is a pair (V, q). We set q(v) :=
q(v|v). These two points of view on q, namely as a bilinear function on V × V or a
quadratic function on V , will be used interchangeably.

An element in a ∈ F× is said to be represented by q if a = q(v|v) for some v ∈ V .
When there is no worry of confusions, we will drop V and simply talk about the
quadratic form q. The determinant of q is det q := det(q(ei|ej)i,j) ∈ F×/F×2 where

{e1, . . . , en} is a basis of V ; the discriminant of q is d±(q) := (−1)
n(n−1)

2 det q. Note
that d± factors through the Witt group of F .

Up to isomorphism, there is a unique isotropic quadratic space (i.e., ∃v �= 0,
q(v) = 0) of dimension 2; denote it by H.

The orthogonal group (resp. special orthogonal group) is denoted by O(V, q)
(resp. SO(V, q)).

For a1, . . . , an ∈ F×, write 〈a1, . . . , an〉 for the quadratic form on Fn given by
(x1, . . . , xn) �→ a1x

2
1 + · · · + anx

2
n. For c ∈ F×, write cq for the scaled quadratic

form (v, v′) �→ cq(v|v′). These notions can be generalized to the case where F is
replaced by an étale F -algebra.

We will make use of the Weil index γψF
defined in [39, §14]. Let (V, q) be an

F -quadratic space. The constant γψF
is characterized by the identity∫∫

V×V

φ(x− y)ψF (q(v)) dx dy = γψF
(q)

∫
V

φ(x) dx

for all Schwartz-Bruhat functions φ on V , where we use the selfdual measure on V
with respect to the bi-character ψF ◦2q(·|·) : V ×V → C×. The map γψF

induces a
character of the Witt group of F ; it only depends on the character of second degree
ψF ◦ q : V → C×.
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The Hasse invariant s(q) ∈ {±1} of an F -quadratic form (V, q) is defined as
follows. Choose a diagonalization (V, q) � 〈a1, . . . , am〉 and set

s(q) :=
∏

1≤i<j≤m

(ai, aj)F

where (·, ·)F is the quadratic Hilbert symbol of F .

3. Twisted harmonic analysis

3.1. General notions. We will systematically use the notion of twisted spaces
introduced by Labesse [18]. In this section, we collect some basic notions that will
be needed later. Our main references are [20] and [34, §1].

Twisted spaces. A twisted space is a pair (G, G̃), where G is an F -group and G̃ is
a G-bitorsor, that is,

• G acts on G̃ on the left and right, written multiplicatively as (x, δ) �→ xδ

and (δ, x) �→ δx, respectively, where x ∈ G and δ ∈ G̃;

• the two actions commute: (xδ)y = x(δy) for all x, y ∈ G, δ ∈ G̃;

• G̃ is a G-torsor under the action on either side.

One may also talk about the twisted subspaces (H, H̃) ⊂ (G, G̃), where H is a

subgroup of G and H̃ ⊂ G̃ forms a H-bitorsor.
There is an obvious notion of isomorphisms between twisted spaces. A twisted

space (G, G̃) is called untwisted if it is isomorphic to G̃ = G on which G acts by left
and right multiplications. The group G will often be omitted from the notation. As
the definitions are purely categorical, one can also introduce twisted spaces in the
category of locally compact spaces and define the functor (G, G̃) �→ (G(F ), G̃(F )).

Let δ ∈ G̃. Since G̃ is a bitorsor, there is an unique automorphism Ad δ : G → G
such that

δx = Ad δ(x)δ, x ∈ G.

One verifies that Ad xδy = Ad xAd δAd y for all x, y ∈ G. The image of Ad δ in
the outer automorphism group of G is thus independent of δ; denote it by θ := θG̃.
The action of θ on ZG is well defined. Thus we can set

ZG̃ := Zθ
G = {x ∈ G : xδ = δx for all δ ∈ G̃}.

Using the automorphisms Ad •, define the centralizer and normalizer in G̃ of a
subset A ⊂ G as

ZG̃(A) := {δ ∈ G̃ : Ad δ(a) = a, for all a ∈ A},
NG̃(A) := {δ ∈ G̃ : Ad δ(A) = A}.

As in the untwisted case, there is the adjoint action of G on G̃ via δ �→ xδx−1.
Its orbits are called the conjugacy classes in G̃. Set

Gδ := StabG(δ),

Gδ := StabG(δ)
◦.
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Measures. Assume G̃(F ) �= ∅. The bitorsor structure permits us to equip G̃(F ) with

invariant measures. More precisely, let us fix δ0 ∈ G̃(F ). Given a left (resp. right)

Haar measure μ on G(F ), we can transport it to G̃(F ) via the homeomorphism

G(F )
∼→ G̃(F ), x �→ xδ0, thus obtain a left (resp. right) G(F )-invariant Radon

measure μ · δ0 on G̃(F ). Similarly, by using the homeomorphism x �→ δ0x, we

obtain left (resp. right) measures δ0 · μ. In particular, G̃(F ) admits a bi-invariant
measure if G(F ) is unimodular.

Let μ be a left or right Haar measure on G(F ). We have δ0 ·μ = ΔG(Ad δ0)μ ·δ0,
where ΔG(Ad δ0) ∈ R>0 is the modulus of the automorphism Ad δ0 , defined by

μ(f ◦Ad δ0) = ΔG(Ad δ0)μ(f), f ∈ C∞
c (G(F )).

When G(F ) is unimodular and ΔG(Ad δ0) = 1 for all δ0, one can readily verify
that μ ·δ0 = δ0 ·μ only depends on μ. This will be the case when: (1) G is reductive
and θ is of finite order, or (2) when G is a torus.

Moreover, since G̃(F ) is homeomorphic to G(F ), the usual idea of C∞
c -functions

and distributions carries over to G̃(F ).

3.2. Some structure theory. Assume henceforth that G is a connected reductive
F -group and G̃(F ) �= ∅, and that the outer automorphism class θ is of finite order.

Parabolic and Levi subspaces. A parabolic subspace of (G, G̃) is a pair (P, P̃ ) such

that P is a parabolic subgroup of G, P̃ := NG̃(P ) and we require P̃ (F ) �= ∅.
Since NG(P ) = P , we see that (P, P̃ ) forms a twisted space and P is uniquely

determined by P̃ . A twisted Levi component of P̃ is a pair (M, M̃) where M is

a Levi component of P and (M, M̃) is a twisted subspace of (P, P̃ ); the second

condition is equivalent to M̃ := P̃ ∩ NG̃(M). In this case, it can be shown that

M̃(F ) �= ∅; see [38, 1.6]. Write P = MU for the Levi decomposition where U is the

unipotent radical of P , then P̃ = M̃U accordingly.
A Levi subspace (M, M̃) of (G, G̃) is a Levi component of some parabolic sub-

space. Let AM̃ denote the maximal split torus in ZM̃ . By [34, §1.2], we have

M = ZG(AM̃ ), M̃ = ZG̃(AM̃ ), and all Levi subspaces of G̃ arise from split tori in
this way.

Maximal tori. A maximal torus of (G, G̃) is a pair (T, T̃ ) such that

• T is a maximal torus in G, T̃ ⊂ G̃;
• there exists a Borel pair (B, T ) of G×F F̄ such that T̃ = NG̃(T ) ∩NG̃(B)
over F̄ ;

• T̃ (F ) �= ∅.
Therefore (T, T̃ ) is a twisted subspace. Recall that we have a well-defined automor-
phism θ = θT̃ on T since T is commutative. Define T θ as the subtorus of θ-fixed

points and Tθ := (T θ)◦. We can also define the split torus AT̃ as above. Then

(T, T̃ ) is called F -elliptic if AT̃ = AG̃. In the language of [20, §2.12], T̃ is called a
maximal torus and Tθ is called a Cartan subgroup.

Regular semisimple elements. The quasi-semisimple elements of G̃ are defined as
those δ ∈ G̃ such that Ad δ fixes a Borel pair of G×F F̄ . For such δ, it is known that
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Gδ is reductive [32, 9.4]. For a quasi-semisimple δ ∈ G̃, define its Weyl discriminant
as

DG̃(δ) := det(1− Ad δ|g/gδ).(1)

Definition 3.2.1. An element δ ∈ G̃ is called regular semisimple if δ is quasi-
semisimple and Gδ is torus (cf. [20, (2.10.4) and §2.11]). A regular semisimple

element δ ∈ G̃ is called strongly regular if Gδ is abelian.

A fundamental fact is that the regular semisimple elements form a Zariski open
dense subset of G̃ (see [20, §2.11]), which is certainly invariant by the adjoint
action. One should bear in mind that Gδ could be non-connected even for δ in
general position.

In this article, we will only use strongly regular elements. Set

G̃reg := {δ ∈ G̃ : semisimple strongly regular}.
The following construction can be found in [20, §2.12 and §2.19]. For any regular

semisimple δ ∈ G̃(F ), let T := ZG(Gδ), T̃ := Tδ. Then (T, T̃ ) is a maximal torus.
Conversely, every maximal torus arises in this way. Note that Gδ = T θ, Gδ = Tθ.
A regular semisimple element δ ∈ G̃(F ) is called elliptic if its associated maximal

torus T̃ is.

3.3. Representations.

Twisted representations. Let (G, G̃) be a twisted space. A representation of G̃(F )
is a triplet (π, π̃, V ), often abbreviated as π̃, where

• π : G(F ) → AutC(V ) is a representation of G(F );

• π̃ : G̃(F ) → AutC(V ) is a map such that

π̃(xδy) = π(x)π̃(δ)π(y)

for all x, y ∈ G(F ) and δ ∈ G̃(F ).

Two representations (π1, π̃1, V1), (π2, π̃2, V2) are called equivalent if there exist φ :

V1
∼→ V2 and A ∈ AutC(V1) such that π1 = ϕ−1π2ϕ and π̃1 = Aϕ−1π̃2ϕ. We call

(π, π̃, V ) irreducible if there is no subspace V ′ � V , V ′ �= {0} which is invariant by
all π̃(δ). This is in general weaker than the irreducibility of π. If π is irreducible,
we will call π̃ strongly irreducible. We say that π̃ is smooth (resp. admissible) if π

is. In what follows, all representations of G̃(F ) are assumed to be smooth.
To a representation (π, π̃, V ) we can associate its contragredient (π∨, π̃∨, V ∨) as

follows. Certainly, (π∨, V ∨) is the usual contragredient of (π, V ). For δ ∈ G̃(F ),
define π̃∨(δ) by 〈π̃∨(δ)v̌, v〉 = 〈v̌, π̃(δ)−1v〉 for all v̌ ∈ V ∨, v ∈ V .

Characters. Fix a Haar measure on G(F ). By choosing δ0 ∈ G̃(F ), we obtain a

bi-invariant measure on G̃(F ) using the bitorsor structure. Let π̃ be an admissible

representation of G̃(F ). For each f ∈ C∞
c (G̃(F )), set

ΘG̃
π̃ (f) := tr

( ∫
G̃(F )

f(δ)π̃(δ) dδ

)
.

This is well defined by the admissibility of π̃. This defines an invariant distribution
on G̃(F ). The following result is due to Clozel.



346 WEN-WEI LI

Theorem 3.3.1 ([4, Theorem 1]). If π̃ is an irreducible admissible representation

of G̃(F ), then the distribution ΘG̃
π̃ is a locally integrable function on G̃(F ), which

is locally constant on G̃reg(F ). Moreover, |DG̃| 12ΘG̃
π̃ is locally bounded on G̃(F ).

Let π̃ be as above, we define the normalized character of π̃ as the locally bounded
function on G̃(F ),

IG̃(π̃, ·) := |DG̃(·)| 12ΘG̃
π̃ (·).

Note that as locally integrable functions, ΘG̃
π̃ and IG̃(π̃, ·) are independent of the

choice of measure on G̃(F ).

Matrix coefficients. Let (π̃, π, V ) be a representation of G̃(F ). For v̌⊗ v ∈ V ∨⊗V ,

define the corresponding matrix coefficient as the smooth function on G̃(F ),

fv̌⊗v : δ �→ 〈v̌, π̃(δ)v〉.
This defines a linear map V ∨ ⊗ V → C(G̃(F )). Let A(π̃) be its image.

Assume henceforth π̃ admissible and strongly irreducible, i.e., π is irreducible.
We know that V ∨ ⊗ V

∼→ A(π̃). By forgetting the twist, we also have the space of

usual matrix coefficients V ∨ ⊗ V
∼→ A(π). Hence there is an isomorphism f �→ f◦

from A(π̃) to A(π) which satisfies (fv̌⊗v)
◦(1) = 〈v̌, v〉.

For f ∈ A(π̃), one can check that f(z−1δz) = f(δ) for all z ∈ ZG(F ), δ ∈ G̃(F ).
To state the next result, we also have to fix a Haar measure on ZG(F ). This permits
us to define the formal degree d(π) when π is essentially square-integrable modulo
ZG(F ).

Proposition 3.3.2. Assume π to be supercuspidal and irreducible. Let f ∈ A(π̃).

Let δ ∈ G̃reg(F ). If δ is elliptic in G̃, then

f◦(1)ΘG̃
π̃ (δ) = d(π)

∫
ZG(F )\G(F )

f(x−1δx) dx.

Proof. This is essentially a consequence of [20, (4.1.3)], in which the expression
f(x−1δx) is replaced by

vol(K)−1

∫
K

f(x−1k−1δkx) dk

where K is any open compact subgroup of G(F ). Our assumption on δ implies
the compactness of ZG(F )\ZG(F )Gδ(F ) = ZG̃(F )\Gδ(F ). Since x �→ f(x−1δx) is
integrable over ZG(F )Gδ(F )\G(F ), it is also integrable over ZG(F )\G(F ). Hence
the integral over K can be absorbed into the outer one, as required. �
Remark 3.3.3. It would be desirable to extend the result to π square-integrable
modulo ZG(F ); cf. [5, Proposition 5]. This requires more knowledge about the
Schwartz–Harish-Chandra space in a twisted setting.

3.4. Orbital integrals.

Ordinary orbital integrals. Let δ ∈ G̃reg(F ). It is known that the orbit {xδx−1 :

x ∈ G(F )} is closed in G̃(F ) and Gδ(F ), Gδ(F ) are unimodular (see [20, §5.1]).
Choose a Haar measure on Gδ(F ). The unnormalized orbital integral can thus be
defined as the distribution

OG̃
δ (f) := [Gδ(F ) : Gδ(F )]−1

∫
Gδ(F )\G(F )

f(x−1δx) dx, f ∈ C∞
c (G̃(F ))(2)



ON A PAIRING OF GOLDBERG-SHAHIDI 347

where Gδ(F )\G(F ) is equipped with the quotient measure. The normalized orbital
integral is defined by

IG̃(δ, f) := |DG̃(δ)| 12OG̃
δ (f).

The following result is well known. For the lack of an appropriate reference, we
give a quick proof below.

Proposition 3.4.1. Let f ∈ C∞
c (G̃(F )). Fix a maximal torus T̃ of G̃ and fix a

Haar measure on Tθ(F ), which permits us to define IG̃(δ, f) for δ ∈ G̃reg ∩ T̃ (F ).

Then δ �→ IG̃(δ, f) is a locally bounded function on G̃reg ∩ T̃ (F ).

Proof. By twisted descent for OG̃
δ (f) [37, 2.4] and |DG̃(δ)| 12 (use [17, 1.1 and 1.3]),

it suffices to prove a similar untwisted assertion on Lie algebras. Now apply [11,
Theorem 13]. �

Now we can state the twisted Weyl integration formula. Let (T, T̃ ) be a maximal
torus and set

T (F )/θ := (1− θ)T (F )\T (F ),

T̃ (F )/θ := (1− θ)T (F )\T̃ (F ).

Then (T (F )/θ, T̃ (F )/θ) is a twisted space. We can also regard T̃ (F )/θ as the

space of T (F )-conjugacy classes in T̃ (F ), therefore, DG̃(·) factors through T̃ (F )/θ.
The projection map Tθ(F ) → T (F )/θ is locally a homeomorphism. Two measures
on Tθ(F ), T (F )/θ are called compatible if Tθ(F ) → T (F )/θ preserves these measures
locally.

Proposition 3.4.2 ([34, §1.4] or [20, (5.3.6)]). Let f be an integrable continuous

function on G̃reg(F ). Then∫
G̃reg(F )

f(δ) dδ =
∑

M̃∈LG̃(M0)

|WM
0 ||WG

0 |−1

∑
T̃

|W (M(F ), T̃ (F ))|−1

∫
T̃ (F )/θ

|DG̃(t)|OG̃
t (f) dt

where

• M0 is a chosen minimal Levi subgroup of G;

• LG̃(M0) is the set of Levi subspaces (M, M̃) with M ⊃ M0;
• WM

0 is the Weyl group of M with respect to M0, and similarly for WG
0 ;

• (T, T̃ ) runs through the M(F )-conjugacy classes of elliptic maximal tori of

(M, M̃);

• W (M(F ), T̃ (F )) := NM(F )(T̃ (F ))/T (F );

• the measure on T̃ (F )/θ is induced from that on T (F )/θ, which is compatible
with the Haar measure on Tθ(F ).

Here the orbital integral OG̃
t (f) is defined as in (2), using the chosen measure on

Tθ(F ).
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Stable orbital integrals. By definition, call δ1, δ2 ∈ G̃reg(F ) stably conjugate if they

are conjugate by G(F̄ ). Call two maximal tori (T1, T̃1), (T2, T̃2) of (G, G̃) sta-
bly conjugate if there exists x ∈ G(F̄ ) such that Ad x induces an F -isomorphism

(T1, T̃1)
∼→ (T2, T̃2).

Choose Haar measures on Tθ(F ), for every maximal tori (T, T̃ ), so that for stably
conjugate T1, T2, the measures on T1,θ(F ) and T2,θ(F ) match. Define stable orbital

integrals as follows: for each δ ∈ G̃reg(F ), set

SOG̃
δ (f) :=

∑
δ′

OG̃
δ′(f), f ∈ C∞

c (G̃(F ))(3)

where δ′ ranges over the conjugacy classes in the stable conjugacy class of δ and

OG̃
δ′(f) is defined using the measure prescribed above. The normalized stable orbital

integral is defined by

SG̃(δ, f) := |DG̃(δ)| 12SOG̃
δ (f).

As before, for each maximal torus (T, T̃ ), we define F -varieties

T/θ := (1− θ)T\T,
T̃/θ := (1− θ)T\T̃ .

Then (T/θ, T̃/θ) is a twisted space. We can regard T̃/θ(F ) as the space of stable

conjugacy classes in T̃ (F ) under T -action. The projection map T θ(F ) → T/θ(F ) is
locally a homeomorphism. Two measures on Tθ(F ), T/θ(F ) are called compatible
if Tθ(F ) → T/θ(F ) preserves these measures locally.

Proposition 3.4.3. Let f be an integrable continuous function on G̃reg(F ). Then∫
G̃reg(F )

f(δ) dδ =
∑

M̃∈LG̃(M0)

|WM
0 ||WG

0 |−1
∑
T̃

|W (M, T̃ )(F )|−1

∫
T̃/θ(F )

|DG̃(t)|SOG̃
t (f) dt

where

• (T, T̃ ) runs through the M(F )-stable conjugacy classes of elliptic maximal

tori of (M, M̃);

• W (M, T̃ ) := NM (T̃ )/T as an F -group, and W (M, T̃ )(F ) is the group of its
F -points;

• the measure on T̃/θ(F ) is induced from that on T/θ(F ), which is compatible
with the Haar measure on Tθ(F ).

Proof. This can be proved either by modifying the proof of Proposition 3.4.2 in the
stable setting, or by collecting the terms in Proposition 3.4.2 according to stable
conjugacy. �

Note that Tθ(F ) → T/θ(F ) is equal to the composition Tθ(F ) → T (F )/θ �
T/θ(F ); all arrows in sight are local homeomorphisms.

Remark 3.4.4. When (G, G̃) is untwisted, we will remove the ∼ in the notations
and write OG

γ (f), Θ
G
π (f), etc. (where f ∈ C∞

c (G(F ))) in the untwisted setting,
without further explanations. This conforms to Arthur’s notations in [3].
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In the untwisted setting, strongly regular semisimple elements form a Zariski
open dense subset.

3.5. Relation to nonconnected groups. The language of nonconnected reduc-
tive groups is used in other literature such as [4]. Recall that an F -group G+ is
called reductive if (G+)◦ is, for example the orthogonal group O(V, q) of an F -
quadratic space (V, q). This notion is related to twisted spaces as follows.

Let (G, G̃) be a twisted space and θ be the associated outer automorphism.

Assume θ to be of finite order. Choose any δ ∈ G̃, then there exist an integer n and
x ∈ GAD(F ) such that (Ad δ)

n = Ad x, where GAD denotes the adjoint group of G.
Upon increasing n, we may even assume x ∈ G(F ). Let Ad Z

δ be the free abelian
group generated by the symbol Ad δ. It acts on G in the obvious manner. Define
the quotient group

G+ :=
(
G�Ad Z

δ

)
/ the normal subgroup generated by (x−1 �Ad n

δ ).

Then G+ is a nonconnected reductive group, and G̃ can be identified as a G-
bitorsor with G�Ad δ ⊂ G+ via xδ �→ x�Ad δ. Conversely, for any nonconnected
reductive group G+ and a connected component G̃ of G+, we get a twisted space
(G := (G+)◦, G̃).

By fixing the base point δ ∈ G̃ and writing θ := Ad δ, we may also reduce to
the (G, θ)-twisted situation in [17]. Indeed, the homeomorphism xδ �→ x between

G̃(F ) and G(F ) permits us to identify C∞
c (G̃(F )) and C∞

c (G(F )). Under the
identification, we have

OG̃
xδ(f) = [Gxδ(F ) : Gxδ(F )]−1

∫
Gxδ(F )\G(F )

f(g−1xθ(g)) dg.

A representation (π, π̃, V ) becomes a representation (π, V ) of G(F ) equipped

with an intertwining operator A : V
∼→ V such that π ◦ θ = AπA−1. Indeed, up

to equivalence we have A = π̃(δ). Its twisted character becomes the distribution
f �→ tr (π(f) ◦A) on G(F ).

Conversely, given a connected reductive F -group G and θ ∈ Aut(G), we can form

the space G̃ which is isomorphic to G as F -varieties, whose elements are written
formally as gθ, g ∈ G, with the G-bitorsor structure given by x(gθ)y = xgθ(y)θ for

all x, y, g ∈ G. Then (G, G̃) is a twisted space whose outer automorphism class is
exactly that of θ.

3.6. Example: G̃LE(N). Let E/F be a field extension with [E : F ] ≤ 2. Set τ to
be the nontrivial element in Gal(E/F ) if [E : F ] = 2, otherwise τ := id. Let H be
a finite-dimensional E-vector space. Define

G̃LE(H) := {q : H ×H → E : nondegenerate (E, τ )− sesquilinear form}.

This is an F -variety. Regard GLE(H) as an F -group by restriction of scalars.

There is a natural GLE(H)-bitorsor structure on G̃LE(H), namely for q ∈ G̃LE(H),

xqy : (v, v′) �→ q(x−1v|yv), x, y ∈ GLE(H).(4)

Recall that G̃LE(H) can also be identified with IsomE(H,H∨); to

Y ∈ IsomE(H,H∨)
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we associate qY : (v, v′) �→ 〈Y v, v′〉. The bitorsor structure can be easily described:

y̌Y x−1 ↔ xqY y, x, y ∈ GLE(H).(5)

One readily checks that (GLE(H), G̃LE(H)) forms a twisted space. In particular,
the conjugacy class of q is the space of (E, τ )-sesquilinear forms on H which are

equivalent to q. To simplify notation, we use the same symbol G̃LE(H) to denote
the set of its F -points.

If, moreover, a basis e1, . . . , eN of H over E is chosen, the twisted space will

also be denoted by (GLE(N), G̃LE(N)). The outer automorphism class associated

to (GL(N), G̃L(N)) is nothing but that of x �→ ∗x−1, where ∗x is the hermitian
transpose x.

When E = F , we simply write (GL(H), G̃L(H)); this is the twisted space of
nondegenerate bilinear forms on H. Once a basis is chosen, we will denote it by

(GL(N), G̃L(N)) as before.
For the reader’s comfort, we record the following result.

Lemma 3.6.1. In G̃LE(H), every regular semisimple element is strongly regular.
In particular, strongly regular semisimple elements form a Zariski dense open subset

in G̃LE(H).

Proof. This follows from the explicit description of centralizers of semisimple el-
ements: when E = F , this can be found in [33, 1.3]; when [E : F ] = 2, see
[6, W.II.B.2]. �

4. Twisted endoscopy for G̃L(2n)

4.1. G̃L(2n) and its elliptic endoscopic data.

The twisted G̃L(2n). Our setting is the case “ν = 1” in [35], which conforms to
Arthur’s setting in [3, §1.2].

In this section, we consider an F -vector space H of dimension N = 2n. Fix a
basis

e1, . . . , en, e−n, . . . , e−1

forH. We will study the twisted space of nondegenerate bilinear forms onH defined

in §3.6, denoted by (GL(2n), G̃L(2n)).

We fix the base point θ̃ ∈ G̃L(2n) defined by

θ̃(ei|ej) =
{
(−1)iδi,−j , 1 ≤ i ≤ n, ∀j,
(−1)i+1δi,−j , −n ≤ i ≤ −1, ∀j,

where δi,−j is Kronecker’s delta. This defines a symplectic form on F 2n. Let
θ := Ad θ̃. Unwinding definitions, we see that θ is the adjoint-inverse involution

with respect to θ̃, characterized by θ̃(θ(x)−1v|v′) = θ̃(v|xv′) for all x ∈ GL(2n) and

all v, v′. Moreover, GL(2n)θ̃ = GL(2n)θ̃ is the symplectic group associated to θ̃.
We will denote the Lie algebra of GL(2n)θ̃ by gl(2n)θ̃.

Set

B := StabGL(2n)[0 ⊂ 〈e1〉 ⊂ · · · 〈e1, . . . , en, e−n〉 ⊂ · · · ⊂ 〈e1, . . . , e−1〉],
T := the diagonal subgroup of GL(2n).
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Then (B, T ) is a θ-stable Borel pair, thus (B,Bθ̃) is a twisted Borel subgroup and

(T, T θ̃) is a twisted maximal torus. This can be seen, for example, by representing

θ̃ by an anti-diagonal matrix. Their θ-fixed points (Bθ, T θ) form a Borel pair for
GL(2n)θ̃. These choices permit us to define transfer factors unambiguously. We
will return to this point in §4.4.

Endoscopic data. In this article, we only consider elliptic endoscopic data. The
following definition is from [3, p.12]; see also [35, §1.8].

Definition 4.1.1. An elliptic endoscopic datum for G̃L(2n) is a triplet (nO, nS , χ),
where

• nO, nS ∈ Z≥0 are even;
• nO + nS = n;
• χ : ΓF → {±1} is a continuous character satisfying χ = 1 if nO = 0, and
χ �= 1 if nO = 2.

To (nO, nS, χ) we associate the endoscopic group G := SO(V, q)×SO(nS+1), where
SO(nS+1) is the split odd special orthogonal group associated to some F -quadratic
space of dimension nS + 1, and (V, q) is an F -quadratic space such that

• dimV = nO;
• K = F [

√
d±(q)] is the extension associated to χ by local class field theory

(recall that d±(q) = (−1)nO/2 det q is the discriminant of q);
• SO(V, q) is quasisplit;

Note that SO(V, q) �= Gm by our conditions. Equivalently, (V, q) is not isotropic
of dimension two.

Remark 4.1.2. The possible choices of (V, q) can be described as follows. Write
K = F [

√
d] for the field extension associated to χ, for some d ∈ F×/F×2. We may

assume nO > 0, then

(V, q) � (nO − 2)H⊕ c〈1,−d〉 � c((nO − 2)H⊕ 〈1,−d〉),

where c ∈ F×/F×2 is arbitrary. If [K : F ] = 2, 〈1,−d〉 is the quadratic form
x �→ NK/F (x) on E; otherwise c〈1,−d〉 � H. Moreover, K/F is determined by

the minimal Levi subgroup of SO(V, q), which is a torus isomorphic to (Gm)
nO−2×

KerNK/F if [K : F ] = 2, otherwise split. In short, we have built up bijections

(nO, nS , χ) ←→ (nO, nS ,K/F ) ←→ (nO, nS , SO(V, q) : quasisplit).(6)

Let (nO, nS, χ) and G = SO(V, q)× SO(nS + 1) as above. The general theory of
twisted endoscopy furnishes a finite group Out2n(G) defined in terms of automor-
phisms of (nO, nS , χ) [17, p. 18]. In our case, it is simply

Out2n(G) = O(V, q)/SO(V, q) = Out(G),

where Out(·) denotes the outer automorphism group. It is nontrivial if and only if
nO > 0, in which case Out2n(G) � Z/2Z is generated by any reflection of the qua-
dratic space (V, q). Hence we can regard Out2n(G) as a group of F -automorphisms
of G modulo inner automorphisms coming from G(F ). Its actions on conjugacy
classes and representations are thus well defined.
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An elliptic endoscopic datum (nO, nS , χ) is called simple if nO = 0 or nS = 0.
Define the finite sets

Eell(2n) := {elliptic endoscopic data of G̃L(2n)},

Esim(2n) := {simple endoscopic data of G̃L(2n)}.

The general formalism of twisted endoscopy is quite involved; see [17]. Two
simplifications occur in our case. First, we do not need to pass to z-extensions of
G even though the derived group of G is not simply connected. This is due to
the existence of natural L-embeddings LG ↪→ LGL(2n) for every elliptic endoscopic
group G; see [35, 1.8]. Second, there is no need to twist the endoscopic group as in
[18].

For the geometric aspect, we only make use of the following concepts:

(1) correspondence between “very regular” semisimple classes – §4.2,
(2) Whittaker normalization of geometric transfer factors – §4.4,
(3) explicit formula of transfer factor of the case G = SO(V, q), defined relative

to various choices (F -splittings, etc.) – §6.3,
(4) transfer of orbital integrals – §4.5.

Details will be given in the case nS = 0, G = SO(V, q). The spectral counterparts
will be deferred to §5.

4.2. Correspondence of very regular classes. We will use the parametrization
in [35, §1.3, §1.4], paraphrased in terms of étale F -algebras as in [21, §3]. In each
case under consideration, we are going to define a Zariski dense open subset of the
subset of regular semisimple elements, called the set of very regular elements.

Besides the groups which intervene in the twisted endoscopy for G̃L(2n), we also

treat symplectic, unitary groups and G̃LE(N), which will be useful in §6.
It should be emphasized that for SO(V, q) with even dimV , we will only describe

the O(V, q)-conjugacy classes therein.

Conjugacy classes in G̃L(2n). The strongly regular semisimple conjugacy classes

in G̃L(2n) are parametrized by triplets (L,L±, x), where

• L is an étale F -algebra of dimension 2n;
• L± is the fixed subalgebra by an involution τ ∈ AutF (L);
• x ∈ L× generates L over F .

Note that τ is determined by L±, thus is omitted in the notation. This can be
seen by decomposing L± into fields: L± =

∏
i∈I L±,i. Decompose L =

∏
i∈I Li

accordingly, where Li is an étale L±,i-algebra of dimension 2. Hence we are reduced
to the case L± is a field: if L = L± × L±, then τ (x, y) = (y, x), otherwise τ is the
nontrivial element in Gal(L/L±). This trick furnishes a dictionary between the
terminology in [35] and ours.

To a triplet (L,L±, x), we choose an isomorphism of F -vector spaces L � F 2n

and set the associated x̃ ∈ G̃L(2n) to be

x̃(v|v′) = trL/F (τ (v)v
′x), v, v′ ∈ L.

The conjugacy class of x̃ is independent of the choice of isomorphism L
∼→ F 2n.

The pair of étale F -algebras (L,L±) are determined by x̃, up to isomorphism. The
datum x ∈ L×, however, is determined only as an element in L±

×/NL/L±(L
×).
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A strongly regular semisimple element of G̃L(2n) is called very regular if its
parameter (L,L±, x) satisfies

x

τ (x)
± 1 ∈ L×.

Remark 4.2.1. Let δ ∈ G̃L(2n) be parametrized by (L,L±, x), regarded as a non-
degenerate bilinear form on F . The following observation will be useful: if tδ is the
transposed form (v, v′) �→ δ(v′|v), then δ + tδ is a quadratic form parametrized by
(L,L±, x+ τ (x)), provided that xτ (x)−1− 1 ∈ L×. This assertion also holds in the
sesquilinear context, which will be discussed later.

Conjugacy classes in G̃L(2n+1). The strongly regular semisimple conjugacy classes

in G̃L(2n+ 1) are parametrized by quadruplets (L,L±, x, xD), where (L,L±, x) is

the same as the case of G̃L(2n), and xD ∈ F×/F×2. The corresponding bilin-
ear form x̃ is given by qx ⊕ 〈xD〉, where qx is the bilinear form constructed from
(L,L±, x) as before. The notion of very regular elements is unaltered; it does not
depend on the extra parameter xD.

Conjugacy classes in odd orthogonal groups. Let (V, q) be an F -quadratic space of
dimension 2n + 1. For a semisimple element in SO(V, q), “very regular” means
regular without eigenvalue −1 if regarded as an endomorphism of V . Conjugacy
classes of such elements are parametrized by quadruplets (L,L±, y, c) where

• (L,L±) and τ ∈ AutF (L) are as above, dimF L = 2n;
• y ∈ L× generates L over F , and yτ (y) = 1;
• c ∈ L±

×, to which we associate the F -quadratic form on L defined by

qc(v|v′) = tr L/F (τ (v)v
′c),

and we require that (L, qc)⊕ 〈a〉 � (V, q) for some a ∈ F×.

By Witt’s cancellation theorem, a is uniquely determined by (L,L±, c) up to F×2.
We look upon SO(L, qc) as a subgroup of SO(V, q). To the datum (L,L±, y, c), we
associate the element in SO(V, q) corresponding to y ∈ SO(L, qc). As before, the
triplet (L,L±, y) is uniquely determined, while c is unique only in L±

×/NL/L±(L
×).

This construction does not depend on the isomorphism (L, qc)⊕ 〈a〉 ∼→ (V, q).

Conjugacy classes in even orthogonal groups. Let (V, q) be an F -quadratic space
of dimension 2n. For semisimple elements in SO(V, q), “very regular” means reg-
ular without eigenvalue ±1. Conjugacy classes by O(V, q) of such elements are
parametrized by quadruplets (L,L±, y, c) such that

• (L,L±, y, c) satisfies the conditions in the odd orthogonal case, to which we
associate the quadratic space (L, qc) by the same recipe;

• we require that (L, qc) � (V, q).

Everything works in the same manner as for odd orthogonal groups, except that (1)
there is no 〈a〉 and SO(L, qc) can be identified with SO(V, q); (2) what we get are
just the very regular O(V, q)-conjugacy classes. This suffices for our purpose. It can
be shown that each very regular O(V, q)-conjugacy class splits into two SO(V, q)-
conjugacy classes.
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Conjugacy classes in symplectic groups. The symplectic case is the easiest. Let
(W, q) be a symplectic space of dimension 2n, whose symplectic group is denoted
by Sp(W, q). In this case, very regular means regular semisimple. Conjugacy classes
in Sp(W, q) are parametrized by quadruplets (L,L±, y, c) such that

• (L,L±, y) is as in the odd orthogonal case;
• dimF L = 2n;
• c ∈ L× satisfies τ (c) = −c.

To this datum we define a symplectic form on L as qc : (v, v′) �→ tr L/F (τ (v)v
′c).

By choosing an isomorphism of symplectic spaces (W, q)
∼→ (L, qc), we obtain the

element in Sp(W, q) corresponding to y, whose conjugacy class is independent of
the chosen isomorphism. The triplet (L,L±, y) is determined up to isomorphism,
while c is determined only up to multiplication by elements of NL/L±(L

×).

Conjugacy classes in unitary groups. Let E/F be a quadratic extension and τ
the nontrivial element in Gal(E/F ). Let (V, h) be a E/F -hermitian space. Very
regular elements of U(V, h) are the regular semisimple elements without eigenvalue
±1. They are parametrized by triplets (L±, y, c) such that

• L± is an étale F -algebra;
• Set L := L±⊗F E, which is an étale E-algebra, then τ induces an involution
in AutL±(L) which we denote by the same letter τ ;

• y ∈ L× generates L over F , and yτ (y) = 1;
• c ∈ L±;
• the E/F -hermitian form on L defined by qc : (v, v′) �→ tr L/E(τ (v)v

′c) is
isomorphic to (V, h).

To (L±, y, c) we associate the element corresponding to y ∈ U(L, qc), whose conju-
gacy class is well defined. The datum c is unique in L±

×/NL/L±(L
×).

Conjugacy classes in G̃LE(N). Let (E/F, τ ) be as above. The strongly regular

elements in G̃LE(N) are parametrized by data (L,L±, x), where (L,L±) is as in
the case of unitary groups, dimE L = N , and x ∈ L× is such that F (x) = L. The
corresponding sesquilinear form is isomorphic to the form (v, v′) �→ trL/E(τ (v)v

′x)
on L. The datum x is determined up to multiplication by NL/L±(L

×). The notion

of very regular elements is defined as in the case for G̃L(2n).
Transposed forms tδ and the associated hermitian forms tδ+ δ are parametrized

in the same manner as in the case of G̃L(2n).

Centralizer and stable conjugacy. Consider an element δ ∈ G(F ), where G is equal

to one of the classical groups mentioned above; or alternatively δ ∈ G̃(F ), where G̃
is the a twisted space considered in §3.6.

Proposition 4.2.2. If δ is very regular, then Gδ = Gδ except for G̃ = G̃L(2n+1),
in which case Gδ = Gδ · {±1}.

Proof. The assertion is well known in the untwisted case; see e.g. [21, §3]. As for
the twisted case, this follows from the description of centralizers in [33, p. 194] and
[6, W.II.B.2]. Actually, a slightly different parametrization is used therein. Let
L± =

∏
i∈I L±,i be the decomposition into fields, and decompose L =

∏
i∈I Li ac-

cordingly; write x = (xi)i∈I . The parameters in [6,33] correspond to (xiτ (xi)
−1)i∈I .
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Except in the case G̃L(2n + 1), the possible disconnectedness of Gδ is caused by
those i with xiτ (xi)

−1 = ±1, which is ruled out by our assumption. �

Proposition 4.2.3. Let δ be very regular with parameter (L,L±, . . .), then

Gδ � L1 := {a ∈ L× : aτ (a) = 1},
viewed as an F -group.

Proof. This follows from the explicit description of Gδ in [6, 21, 33], as alluded
above. �

Assume now G is a quasisplit F -group. Two semisimple elements δ, γ ∈ G(F )
are called stably conjugate if they are conjugate by G(F̄ ).

Recall that stable conjugacy is also defined for elements in G̃reg(F ) in §3.4. To

get the parametrization of strongly regular semisimple classes in G̃(F ), where G̃ is
one of the twisted spaces in §3.6, we replace the x ∈ L×/NL/L±(L

×) in a parameter

(L,L±, x) by its image in L×/L×
±.

To get the parametrization of very regular stable conjugacy classes in classical
groups (modulo O(V, q)-conjugacy in the even orthogonal case), it suffices to forget
the datum c in the parametrization above. We will simply write (L,L±, y), etc.,
for the parameters of stable classes.

Definition 4.2.4 (Cf. [35, §1.9]). Let (nO, nS , χ) ∈ Eell(2n) and G = SO(V, q) ×
SO(nS + 1) be the associated endoscopic group. Let δ ∈ G̃L(2n, F ) and let γ =
(γ′, γ′′) ∈ G(F ) such that γ′,γ′′ are very regular elements. Suppose that δ (resp.
γ′, γ′′) is parametrized by (L,L±, x) (resp. (L′, L′

±, y
′), (L′′, L′′

±, y
′′). We say δ

corresponds to γ, written as δ ↔ γ, if

(1) there exists an isomorphism of pairs of F -algebras ϕ : (L′×L′′, L′
±×L′′

±)
∼→

(L,L±);
(2) letting y := ϕ(y′, y′′), we have

x

τ (x)
= −y.

In this case, δ is also very regular.

Clearly, the correspondence only depends on stable conjugacy classes on both
sides.

4.3. A separation lemma. In this subsection, we concentrate on simple endo-
scopic data of the form (2n, 0, χ), with endoscopic group G = SO(V, q) where
dimV = 2n. By Remark 4.1.2, it suffices to investigate the quasisplit groups
SO(V, q).

Lemma 4.3.1. Let δ ∈ G̃L(2n, F ) be very regular semisimple. If (V1, q1), (V2, q2)
are F -quadratic spaces of dimension 2n such that for each i = 1, 2,

• SO(Vi, qi) is quasisplit;
• there exists a very regular γi ∈ SO(Vi, qi) such that γi ↔ δ via twisted
endoscopy.

Then there is an isomorphism ϕ : SO(V1, q1) � SO(V2, q2), and ϕ(γ1), γ2 are stably
conjugate up to O(V2, q2). In particular, the corresponding endoscopic data are
equivalent.
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Proof. Take the parameter (L,L±, x) for δ. For i = 1, 2, if γi ↔ δ, then Definition
4.2.4 implies that the stable conjugacy class of γi up to O(Vi, qi) is parametrized
by (L,L±, y) with y := −xτ (x)−1. Hence it suffices to prove the first assertion.

Choose (L,L±, y) as above. By assumption, for i = 1, 2 there exists ci ∈ L×
±

such that

(Vi, qi) � (L, (trL±/F )∗(ciML/L±))

where ciML/L± is the L±-quadratic form given by

(v, v′) �→ trL/L±(τ (v)v
′ci) = citrL/L±(τ (v)v

′), v, v′ ∈ L;

and (trL±/L)∗(ciML/L±) is its composition with trL±/F , which yields an F -quad-
ratic form on L.

We claim that det q1 = det q2. Indeed, set t := c2c
−1
1 and write

c1ML/L± = 〈a, b〉, a, b ∈ L×
±,

c2ML/L± = 〈ta, tb〉.
Then we have

(V1, q1) � (trL±/F )∗〈a〉 ⊕ (trL±/F )∗〈b〉,
(V2, q2) � (trL±/F )∗〈ta〉 ⊕ (trL±/F )∗〈tb〉.

A straightforward calculation (cf. [25, p. 668]) shows that

det((trL±/F )∗〈ta〉) = NL±/F (t) det((trL±/F )∗〈a〉)
and similarly for det((trL±/F )∗〈tb〉). Hence det q2 = NL±/L(t)

2 det q1 = det q1.
It follows that SO(V1, q1) and SO(V2, q2) are inner forms (in fact, pure inner

forms) of each other. By the uniqueness of quasisplit inner forms, we conclude that
SO(V1, q1) � SO(V2, q2). �

4.4. Geometric transfer factors of G = SO(V, q).

Splittings and transfer factors. Recall that we have fixed a θ-stable Borel pair
(B, T ). Let Δ(B, T ) denote the set of simple roots over F̄ associated to (B, T ).
A splitting of GL(2n) adapted to (B, T ) is a datum (B, T, (Eα)α∈Δ(B,T )), where

Eα ∈ gl(2n, F̄ ) lies in the root subspace of α and Eα �= 0. A splitting (B, T, (Eα)α)
is called an F -splitting if it is ΓF -invariant. The involution θ also acts on F -
splittings adapted to (B, T ) since (B, T ) is θ-stable.

Iterating the definition above to the Borel pair (Bθ, T θ) := (B ∩ GL(2n)θ̃, T ∩
GL(2n)θ̃) for GL(2n)θ̃, we can also define the (Bθ, T θ)-adapted F -splittings

(Bθ, T θ, (Eβ)β∈Δ(Bθ,T θ)) of GL(2n)θ̃.
In fact, splittings can be defined for all quasisplit connected reductive groups.

Proposition 4.4.1. The restriction map X∗(T )→X∗(T θ) induces a ΓF -equivariant
bijection from the set of θ-orbits of Δ(B, T ) to Δ(Bθ, T θ). Let (B, T, (Eα)α) be a
θ-stable splitting of GL(2n). To each β ∈ Δ(Bθ, T θ) corresponding to a θ-orbit O
in Δ(B, T ), put

Eβ :=
∑
α∈O

Eα.

Then (B, T, (Eα)α) �→ (Bθ, T θ, (Eβ)β) is a ΓF -equivariant bijection from the set of
θ-stable (B, T )-adapted splittings to the set of splittings of (Bθ, T θ)-adapted split-
tings.
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Proof. The first part is contained in [17, §1.3]. For the second part, see [17, p. 61].
�

Let (nO, nS, χ) ∈ Eell(2n) with endoscopic group G. Following the recipe in [35],
one can define a transfer factor

Δ : Greg(F )× G̃Lreg(F ) → C

such that

• Δ(γ, δ) �= 0 if and only if γ ↔ δ,
• Δ(γ, δ) depends only on the conjugacy class of δ and the stable conjugacy
class of γ, taken up to Out2n(G).

The transfer factor also depends on the choice of an F -splitting (Bθ, T θ, (Eβ)β),
or equivalently a θ-stable F -splitting (B, T, (Eα)α) by Proposition 4.4.1.

As we prefer to use normalized orbital integrals, our transfer factor does not
contain the term ΔIV in [17].

Whittaker normalization. Let (B, T, (Eα)α∈Δ(B,T )) be a θ-stable F -splitting of
GL(2n). Let U be the unipotent radical of B. Define the algebraic homomorphism

λ0 : U → Ga,

using (Eα)α, as in [28, §3.1]. Recall the fixed additive character ψF and set λ := ψF ◦
λ0 on F -points. Then λ : U(F ) → C× is a θ-stable generic character. Conversely,
every θ-stable generic character of U(F ) arises in this way. By a θ-stable Whittaker
datum of GL(2n), we mean a pair (B, λ) thus obtained.

Definition 4.4.2 ([3, p. 55] and [17, §5.3]). Let (B, λ) be a θ-stable Whittaker
datum of GL(2n) arising from the θ-stable F -splitting (B, T, (Eα)α∈Δ(B,T )), we
define the Whittaker-normalized transfer factor for an elliptic endoscopic datum
(nO, nS, χ) ∈ Eell(2n) by

Δλ := ε

(
1

2
, χ, ψF

)−1

Δ,

where Δ is the transfer factor relative to (B, T, (Eα)α∈Δ(B,T )).

It is shown in [17, pp. 65-66] that Δλ only depends on (B, λ).

Remark 4.4.3. The ε-factor can be expressed in terms of the Weil index, as follows.
If χ is trivial, set K = F × F as an F -algebra, otherwise K/F is the quadratic
extension attached to χ by local class field theory. We have

ε

(
1

2
, χ, ψF

)
= γψF

(NK/F )

where NK/F is the F -quadratic form v �→ NK/F (v) on K. We have NK/F � H if
and only if K = F × F .

In order to use Waldspurger’s formula for Δ, we have to choose splittings, define
and then calculate the constants η, η(V,q) ∈ F× in [35, §1.6].
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A regular nilpotent element in gl(2n, F )θ̃. Let (Bθ, T θ, (Eβ)β∈Δ(Bθ,T θ)) be an F -
splitting of GL(2n)θ̃. Set

N :=
∑

β∈Δ(Bθ,T θ)

Eβ.

Then N is a regular nilpotent element in the symplectic Lie algebra gl(2n, F )θ̃.
Consider the symmetric bilinear form on F 2n:

(v, v′) �→ θ̃(v|N2n−1v′).

It is equivalent to (null form) ⊕ 〈η〉 with η ∈ F×/F×2. This is what we aim to
calculate.

The construction above only depends on the GL(2n, F )θ-conjugacy class of N .
By [19, Lemma 5.1A] every GL(2n, F )θ-conjugacy class of regular nilpotent ele-
ments in gl(2n, F )θ̃ contains an element of the form N , for some choice of (Eβ)β.
Therefore we can forget the F -splittings and concentrate on regular nilpotent ele-
ments.

Define an endomorphism N : F 2n → F 2n by

Ne1 = 0,

Nei = ei−1, 1 < i ≤ n,

Ne−n = en,

Nei = ei−1, −n < i ≤ −1.

One can check that N ∈ gl(2n, F )θ̃. Moreover, N is regular nilpotent and

N2n−1ei =

{
e1, if i = −1,

0, otherwise.

Hence θ̃(e−1|N2n−1e−1) = θ̃(e−1|e1) = 1. Summing up:

Lemma 4.4.4. Suppose the F -splitting (Bθ, T θ, (Eβ)β∈Δ(Bθ,T θ)) is chosen so that
the associated regular nilpotent element is conjugate to the N defined above. Then
η = 1.

Our choice of N is compatible with the θ-stable Whittaker datum (B(2n), λ(2n))
of GL(n) chosen in [3, p. 55].

A regular nilpotent element in so(V, q). In this paragraph we consider an F -quadratic
space (V, q) of dimension 2n with quasisplit SO(V, q).

For n = 1, define η(V,q) ∈ F×/F×2 to be any class represented by q.
Henceforth we assume n > 1. Let (B′, T ′, (Eα)α∈Δ(B′,T ′)) be an F -splitting of

SO(V, q). Set

N :=
∑

α∈Δ(B′,T ′)

Eα

as usual, then N is a regular nilpotent element in so(V, q). Consider the symmetric
bilinear form on V :

(v, v′) �→ q(v|N2n−2v′).

As in the previous case, it is equivalent to 〈η(V,q)〉 for some η(V,q) ∈ F×/F×2 modulo
null forms. This defines η(V,q). As before, we forget F -splittings and just consider
any regular nilpotent N ∈ so(V, q).



ON A PAIRING OF GOLDBERG-SHAHIDI 359

To study η(V,q), the first step is to reduce to the split odd orthogonal case. Set
m := n− 1 and write

(V, q) � mH⊕ (V ′, q′)(7)

where (V ′, q′) is a 2-dimensional F -quadratic space, uniquely determined by Witt’s
cancellation theorem. In fact, (V ′, q′) � H if SO(V, q) is split, otherwise it is the
anisotropic kernel of (V, q).

Let y ∈ F× be any element represented by q′. There exists a unique y′ ∈ F×/F×2

such that (V ′, q′) � 〈y, y′〉. We set (V �, q�) := mH⊕ 〈y〉 so that

(V, q) � (V �, q�)⊕ 〈y′〉,
and SO(V �, q�) is a split odd orthogonal group.

There is only one regular nilpotent class in so(V �, q�); take N to be any element
therein. Upon extension by zero, it is regarded as a nilpotent element in so(V, q).
By [36, §1] we know N is regular nilpotent in so(V, q), and any regular nilpotent
element arises in this manner.

Now begins the construction of N . Choose a basis e±1, . . . , e±m of mH such that

q�(ei|ej) = δi,−j , −m ≤ i, j ≤ m.

Choose v in the underlying space of 〈y〉 such that q�(v) = y. Set

Nei = ei+1, 1 ≤ i < m,

Nem = v,

Nv = −ye−m,

Nei = −ei+1, −m ≤ i < −1,

Ne−1 = 0.

One checks that N is regular nilpotent in so(V �, q�). A simple calculation yields
N2me1 = (−1)mye−1 and N2mx = 0 for every other element x in the basis of V �.
Hence

η(V,q) := q�(e1|N2n−2e1) = (−1)n−1y · q�(e1|e−1) = (−1)n−1y.(8)

Lemma 4.4.5. With the notations above, η(V,q) can be (−1)n−1 times any nonzero
element represented by (V ′, q′).

Proof. This has just been done for n > 1. When n = 1, we have (V ′, q′) = (V, q)
and the assertion is true by definition. �

The formula for G = SO(V, q). The crucial tool in this article is the following
formula of Waldspurger. Let (V, q) be an F -quadratic space of dimension 2n such
that SO(V, q) is quasisplit. We associate the simple endoscopic datum (2n, 0, χ) of

G̃L(2n) to SO(V, q) as in Remark 4.1.2. Fix the F -splitting of GL(2n)θ̃ chosen in
Lemma 4.4.4. Hence one can unambiguously talk about correspondence of regular
semisimple classes and the transfer factor.

Theorem 4.4.6. Let δ ∈ G̃L(2n), regarded as a nondegenerate bilinear form on
F 2n, and γ ∈ SO(V, q) such that γ is very regular and γ ↔ δ. Define a quadratic
form qδ on F 2n by

qδ :=
1

2
(δ + tδ) =

[
(v, v′) �→ 1

2
(δ(v|v′) + δ(v′|v))

]
.
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If there exists an F -splitting for SO(V, q) such that η(V,q) = −1, then

Δ(γ, δ) =

{
1, if (F 2n, qδ) � (V, q),

−1, otherwise.

Proof. In view of Lemma 4.4.4, this is an immediate consequence of [35, §1.11 (2)].
The factor 1

2 is missing in [35]. �

Note that the nondegeneracy of qδ follows from the fact that δ is very regular;
see Definition 4.2.4 and Remark 4.2.1.

To get rid of the dependence on (V, q) and the F -splitting of SO(V, q), we write
(V, q) � (n− 1)H⊕ (V ′, q′) as in (7). Write

(V ′, q′) = cNK/F

where

• c ∈ F×/F×2;
• K is either the étale F -algebra F × F , or a quadratic extension of F ; in
either case, τ denotes the nontrivial element in AutF (K) and NK/F is the
norm form on K, characterized by

v �→ NK/F (v) = vτ (v), v ∈ K.

Note that K is uniquely determined by SO(V, q). When K = F × F , we have
NK/F � cNK/F � H.

Let (V1, q1), (V2, q2) be two F -quadratic spaces. We write (V1, q1)
Witt∼ (V2, q2) if

they have the same image in the Witt group over F .

Corollary 4.4.7. For γ ↔ δ as before, we have

Δ(γ, δ) =

{
1, if (F 2n, qδ)

Witt∼ (−1)nNK/F ,

−1, otherwise.

Proof. For any F -splitting of SO(V, q) with associated η(V,q), we take t := −η(V,q).
Using the same F -splitting, we get

η(V,tq) = tη(V,q) = −1.

Thus Theorem 4.4.6 is applicable. It remains to interpret the condition qδ � (V, tq).

As (V, q)
Witt∼ cNK/F = (V ′, q′), the elements in F× represented by (V ′, q′) is

cNK/F (K
×) (this holds trivially when K = F × F ). Hence for any choice of F -

splitting of SO(V, q), we have

(V, tq)
Witt∼ tcNK/F = −(−1)n−1c2NK/F (K

×) ·NK/F

= (−1)nNK/F

by using Lemma 4.4.5.

Now Witt’s theorems imply that qδ � (V, tq) if and only if qδ
Witt∼ (−1)nNK/F ,

as required. �
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4.5. Geometric transfer. The constructions below are due to Arthur [2, 3].

The twisted side. Define

Γreg(G̃L(2n)) := {strongly regular semisimple conjugacy classes in G̃L(2n, F )},

Γreg,ell(G̃L(2n)) := {δ ∈ Γreg(G̃L(2n, F )) : δ is elliptic}.

Choose Haar measures on GL(2n, F ) and on the centralizers G̃L(2n, F )δ for each

δ ∈ Γreg(G̃L(2n)), so that the orbital integrals are well defined. Set C∞
0 (G̃L(2n, F ))

to be the vector space of functions f ∈ C∞
c (G̃L(2n, F )) such that I

˜GL(2n)(δ, f) = 0

for all δ ∈ Γreg(G̃L(2n)). Define

I(G̃L(2n)) := C∞
c (G̃L(2n, F ))/C∞

0 (G̃L(2n, F )).(9)

Elements in I(G̃L(2n)) can be seen as functions on Γreg(G̃L(2n)): δ �→I
˜GL(2n)(δ, f),

where f is fixed. It can also be viewed as the quotient of C∞
c (G̃L(2n, F )) by the

subspace spanned by functions fy − f , where f ranges over C∞
c (G̃L(2n, F )) and

fy(δ) := f(yδy−1), y ∈ GL(2n, F ). This follows from the twisted version of the
density of semisimple regular orbital integrals. To prove this, it suffices to reduce
to the corresponding result on Lie algebras [12, Lemma 4.1] using twisted descent
[37, 2.4]; see also [22, Proposition 4.1.5].

A function f ∈ C∞
c (G̃L(2n, F )) is called cuspidal if I

˜GL(2n)(δ, f) = 0 for all

nonelliptic δ ∈ Γreg(G̃L(2n)). This notion only depends on the image of f in

I(G̃L(2n)). Define

Icusp(G̃L(2n)) := {f ∈ I(G̃L(2n)) : f is cuspidal}.(10)

The endoscopic side. For any (nO, nS , χ) ∈ Eell(2n) with endoscopic group G, we
set

Γreg(G) := {very regular semisimple conjugacy classes in G(F )},
Γreg,ell(G) := {γ ∈ Γreg(G) : γ is elliptic},
Δreg(G) := Γreg(F )/stable conjugacy,

Δreg,ell(G) := Γreg,ell(F )/stable conjugacy.

Recall that very regular elements have connected centralizer by Proposition 4.2.2.
To define stable orbital integrals, we choose Haar measures onG(F ) and on the max-
imal tori in G, such that if γ1, γ2 ∈ Δreg(G) are stably conjugate up to Out2n(G),
then the isomorphism Gγ1

(F ) � Gγ2
(F ) preserves Haar measures. Such choices

are possible. For f ∈ C∞
c (G(F )) and γ ∈ Δreg(G), we can define the normalized

stable orbital integral

SG(γ, f) :=
∑
γ′

IG(γ′, f)

where γ′ ranges over the conjugacy classes in the stable conjugacy class γ.
As before, set C∞

0 (G(F )) to be the vector space of functions f ∈ C∞
c (G(F ))) such

that IG(γ, f) = 0 for all γ ∈ Γreg(G) and define I(G) := C∞
c (G(F ))/C∞

0 (G(F )).
There is a stable variant, namely set C∞

1 (G(F )) ⊂ C∞
c (G(F )) to be the subspace

of those f satisfying SG(γ, f) = 0 for all δ ∈ Δreg(G); define

SI(G) := C∞
c (G(F ))/C∞

1 (G(F )).(11)
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There is a surjection I(G) � SI(G). The algebraic dual of SI(G), regarded
as a space of invariant distributions on G(F ), is by definition the space of stable
distributions on G(F ). Elements in SI(G) can be seen as functions on Δreg(G):
γ �→ SG(γ, f); as in the previous case, an element in SI(G) is called cuspidal if its
restriction on nonelliptic stable classes is identically zero. Define

SIcusp(G) := {f ∈ SI(G) : f is cuspidal}.(12)

The group Out2n(G) acts on conjugacy classes, therefore one can define

Γreg(G) := Γreg(G)/Out2n(G), Γreg,ell(G) := Γreg,ell(G)/Out2n(G),

Δreg(G) := Δreg(G)/Out2n(G), Δreg,ell(G) := Δreg,ell(G)/Out2n(G),

I(G) := I(G)Out2n(G),

SI(G) := SI(G)Out2n(G),

SIcusp(G) := SIcusp(G)Out2n(G).

The elements in SI(G) can thus be viewed as functions on Δreg(G).

Compatibility of measures. Summing up, we have chosen Haar measures for the
groups below:

• GL(2n, F ), G(F );

• Tθ(F ), T̃ (F )/θ, T̃/θ(F ), for every maximal torus (T, T̃ ) of G̃L(2n);
• TG(F ), for every maximal torus TG of G.

Here G ranges over all elliptic endoscopic data of G̃L(2n).

Definition 4.5.1. The Haar measures above are said to be compatible if the fol-
lowing conditions hold.

(1) The Haar measures on Tθ(F ), T̃ (F )/θ, T̃/θ(F ) are compatible in the sense
of §3.4. Moreover, they are compatible with stable conjugacy of maximal

tori in G̃L(2n).
(2) The Haar measures on TG(F ) are compatible with stable conjugacy of max-

imal tori in G.
(3) Suppose γ ∈ Δreg(G), δ ∈ Γreg(G̃L(2n)), γ ↔ δ. Set TG := Gγ and T̃ :=

Z
˜GL(2n)

(GL(2n)δ), then Tθ = GL(2n)δ and twisted endoscopy provides an

isomorphism T/θ
∼→ TG. We assume that the Haar measures on TG(F ) and

Tθ(F ) match under these identifications.

This is the convention in [37, 3.10]. It differs from that in [17, 5.5] by a harmless
constant.

Langlands-Shelstad-Kottwitz transfer. Assume that a θ-stable F -splitting of G̃L(2n)
is chosen so that the associated F -splitting of GL(2n)θ̃ is as in Lemma 4.4.4. From
this we fabricate a θ-stable Whittaker datum (B, λ) and the Whittaker-normalized
transfer factor Δλ for each G (see Definition 4.4.2).

Theorem 4.5.2 (Ngô [23]). For every (nO, nS , χ) ∈ Eell(2n) with endoscopic group
G, there exists a map

I(G̃L(2n)) −→ SI(G)

f �−→ fG,
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characterized by the equation

SG(γ, fG) =
∑

δ∈Γreg(˜GL(2n))
γ↔δ

Δλ(γ, δ)I
˜GL(2n)(δ, f), γ ∈ Δreg(G).(13)

Here the orbital integrals are defined using compatible Haar measures in Defini-
tion 4.5.1.

By using this theorem, we look upon γ �→ SG(γ, fG) as functions on Δreg(G).
Varying endoscopic data, we set

ΓE
reg,ell(G̃L(2n)) :=

⊔
G

Δ2n−reg,ell(G),

IE
cusp(G̃L(n)) :=

⊕
G

SIcusp(G),

where

• by abuse of notation, G ranges over elements in Eell(2n) for which G is the
associated endoscopic group;

• Δ2n−reg,ell(G) signifies the set of elements in Δreg,ell(G) that correspond to

some strongly regular semisimple element in G̃L(2n, F ).

The correspondence γ ↔ δ induces a correspondence between ΓE
reg,ell(G̃L(2n))

and Γreg,ell(2n), since it preserves F -ellipticity [17, 5.5]. The Whittaker-normalized
transfer factors of various G also merge into a single factor

Δλ : ΓE
reg,ell(G̃L(2n))× Γreg,ell(G̃L(2n)) → C

such that Δλ(γ, δ) �= 0 if and only if γ ↔ δ.

Theorem 4.5.3. The transfer maps f �→ fG induces an isomorphism

Icusp(G̃L(2n))
∼−→ IE

cusp(G̃L(n))

f �−→ f ′ := (fG)G.

Proof. This is “the second crucial step” in the proof of [3, Proposition 2.1.1, pp. 58-
59]. �

Rewriting (13), the isomorphism f �→ f ′ is characterized as follows:

S(γ, f ′) =
∑

δ∈Γreg(˜GL(2n))
γ↔δ

Δλ(γ, δ)I
˜GL(2n)(δ, f), γ ∈ ΓE

reg,ell(G̃L(2n)),(14)

where we define S(γ, f ′) := SG(γ, fG) if γ ∈ Δreg,ell(G).

5. Crude local Langlands correspondence for orthogonal groups

5.1. Selfdual L-parameters. This is mainly a review of well-known results in
order to fix notation. Let N ∈ Z≥1. Recall that WDF := WF × SU(2).

Definition 5.1.1. A L-parameter for GL(N,F ) is a semisimple, continuous repre-
sentation

φ : WDF → GL(N,C)

taken up to equivalence, i.e., up to GL(N,C)-conjugacy.
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Introduce the nested family of L-parameters as follows:

Φ(GL(N)) := {L− parameters of GL(N,F )},
Φbdd(GL(N)) := {φ ∈ Φ(GL(N)) : φ has bounded image in GL(N,C)},

Φ2,bdd(GL(N)) := {φ ∈ Φbdd(GL(N)) : irreducible},
Φsc,bdd(GL(N)) := {φ ∈ Φ2,bdd(GL(N)) : φ|1×SU(2) = 1}.

Denote the contragredient operation of L-parameters for GL(N,F ) by φ �→ φ∨. It
preserves each of the subsets above.

On the other hand, define

Π(GL(N)) := {smooth irreducible representations of GL(N,F )}/ ∼,

Πtemp(GL(N)) := {π ∈ Π(GL(N)) : π is tempered},
Π2,temp(GL(N)) := {π ∈ Πtemp(GL(N)) : π is essentially square-integrable},
Πsc,temp(GL(N)) := {π ∈ Π2,temp(GL(N)) : π is supercuspidal}.

Recall that a tempered irreducible representation is unitary.
Now we can state a small portion of local Langlands correspondence for GL(N,F ).

Theorem 5.1.2 ([13, 14]). There is a canonical bijection between Φ(GL(N)) and
Π(GL(N)), written as φ ↔ π, such that

(1) when N = 1, the bijection is given by local class field theory;
(2) for φ ↔ π, the central character ωπ : F× → C× of π corresponds to

det ◦φ : WDF → C×;
(3) φ∨ ↔ π∨ if and only if φ ↔ π;
(4) the correspondence matches

Φbdd(GL(N)) ←→ Πtemp(GL(N))

Φ2,bdd(GL(N)) ←→ Π2,temp(GL(N))

Φsc,bdd(GL(N)) ←→ Πsc,temp(GL(N)).

Remark 5.1.3. The correspondence can be characterized by further properties,
namely the matching for Rankin-Selberg L-functions and ε-factors; see [15] for
details.

Let φ ∈ Φ(GL(N)). Call φ selfdual if φ � φ∨. Selfdual φ have a unique decom-
position into subrepresentations of WDF :

φ =
⊕
i∈Iφ

�iφi ⊕
⊕
j∈Jφ

�j(φj ⊕ φ∨
j ),(15)

where

• �i, �j ∈ Z≥1;
• the representations (φi)i∈Iφ are irreducible and distinct, idem for (φj)j∈Jφ

;
• φ∨

i � φi for all i ∈ Iφ;
• φ∨

j �� φj for all j ∈ Jφ;

For each i ∈ Iφ as above, there exists an isomorphism fi : φi
∼→ φ∨

i . By
identifying φ∨∨

i = φi and consequently f∨∨
i = fi, we see that there exists a well-

defined sign sgn(φi) = ±1 such that f∨
i = sgn(φi)fi for every choice of fi.
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We write

Φbdd(G̃L(N)) := {φ ∈ Φbdd(GL(N)) : φ � φ∨},

Φell,bdd(G̃L(N)) := {φ ∈ Φbdd(G̃L(N)) : Jφ = ∅, ∀i ∈ Iφ, �i = 1 in (15)}.

Remark 5.1.4. To justify our notation, let us show how to associate a representation

(π, π̃, V ) of G̃L(N,F ) to a φ ∈ Φbdd(G̃L(N)). Fix an element δ ∈ G̃L(N,F ) such
that θ := Ad δ fixes a Whittaker datum (B, λ). We have the notion of (B, λ)-
generic representations [28, Definition 3.1.2]. Take (π, V ) ∈ Πtemp(GL(N)) such
that φ ↔ π, then (π, V ) is selfdual. Jacquet’s theorem [16] asserts that tempered
representations of GL(N,F ) are (B, λ)-generic. Hence we can define π̃ by requiring
that A := π̃(δ) satisfies π ◦ θ = AπA−1 and ω ◦ A = ω for every (B, λ)-Whittaker
functional ω of π. Conversely, every strongly irreducible representation (π, π̃, V ) of

G̃L(N,F ) with tempered π is so obtained up to equivalence.

5.2. Spectral transfer.

The setting. Henceforth we specialize to N = 2n and study the parameters φ ∈
Φell,bdd(G̃L(2n)).

Write φ=
⊕

i∈Iφ
φi as in (15). Every φi is viewed as an element in Φell,bdd(G̃L(ni))

for some ni. Set χi := det ◦φi ∈ Φbdd(GL(1)), it can be regarded as a continuous
homomorphism ΓF → {±1} by the self-duality of φi. Note that sgn(φi) = −1
implies χi = 1.

Consider an elliptic endoscopic datum (nO, nS, χ) ∈ Eell(2n) with endoscopic
group G = SO(V, q)× SO(nS + 1). Define

Π(G) := {π : π is an irreducible smooth representation of G(F )}/ ∼,

Π2(G) := {π ∈ Π(G) : π is square-integrable},
Π(G) := Π(G)/Out(G),

Π2(G) := Π2(G)/Out(G).

In §4.5 we have defined the spaces I(G), I(G). Since Out(G) = Out2n(G), we
have I(G) = I(G)Out(G). Fix a Haar measure on G(F ). Each σ̄ ∈ Π(G) defines a
linear functional

ΘG
σ : I(G) −→ C

f �−→ ΘG
σ (f) = tr

( ∫
G(F )

f(x)π(x) dx

)
,

where σ is any inverse image of σ̄ in Π(G).
Now we define the L-parameters corresponding to elements in Π2(G). Let φ ∈

Φell,bdd(G̃L(2n)) with the decomposition (15). Define

I+φ := {i ∈ Iφ : sgn(φi) = 1},
I−φ := {i ∈ Iφ : sgn(φi) = −1}.
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Recall from Remark 4.1.2 that χ is a continuous character ΓF → {±1} which
determines SO(V, q). Define

Φ2(G) :=

⎧⎪⎨⎪⎩φ ∈ Φell,bdd(G̃L(2n)) : |I−φ | = nS ,
∏
i∈I+

φ

χi = χ

⎫⎪⎬⎪⎭ .(16)

Therefore,

Φell,bdd(G̃L(2n)) =
⊔
G

Φ2(G).(17)

Moreover, φ gives rise to

φO :=
⊕
i∈I+

φ

φi ∈ Φell,bdd(G̃L(nO)),

φS :=
⊕
i∈I−

φ

φi ∈ Φell,bdd(G̃L(nS)).

The crude correspondence. Let G be an elliptic endoscopic group as above. Fix
the θ-stable F -splitting and Whittaker datum as in §4.5. Choose compatible Haar
measures in the sense of Definition 4.5.1.

Theorem 5.2.1 (Arthur, [3, Theorems 1.5.1 and 2.2.1]). For each φ ∈ Φ2(G), one
can canonically associate a nonempty finite subset Πφ of Π2(G), such that

(1) there is the disjoint union

Π2(G) =
⊔

φ∈Φ2(G)

Πφ;

(2) the linear functional on I(G),

ΘG
φ : fG �−→

∑
σ̄∈Πφ

ΘG
σ (f

G)

factors through SI(G), i.e., ΘG
φ is a stable distribution;

(3) let f �→ fG be the transfer map from I(G̃L(n)) to SI(G) in Theorem 4.5.2,
if π ∈ Πtemp(GL(2n)), φ ↔ π, then

Θ
˜GL(2n)
π̃ (f) = ΘG

φ (f
G)

for all f ∈ I(G̃L(2n)), where π̃ is the representation of G̃L(2n, F ) defined
in Remark 5.1.4.

(4) set GO := SO(V, q), GS := SO(NS + 1), if fG admits a decomposition
fG = fGO ⊗ fGS with fGO ∈ SI(GO), f

GS ∈ SI(GS), then

ΘG
φ (f

G) = ΘGO

φO
(fGO)ΘGS

φS
(fGS ).

The last assertion is trivial for simple endoscopic data. Moreover, Πφ is charac-
terized by these properties; see [3, Remark 1 after Theorem 2.2.1].

Remark 5.2.2. To see why this furnishes a local Langlands correspondence, one
should regard the L-embedding ξ : LG ↪→ GL(2n,C) × WF given by twisted en-
doscopy. This is explained, for example, in [35, 1.8]. The correspondence is crude
in the sense that LG can admit an extra symmetry in LGL(2n) if Out(G) �= {1}.
See also [17, pp. 18-19].
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Definition 5.2.3. Let φ ∈ Φell,bdd(G̃L(2n)). We say that φ comes from G if

φ ∈ Φ2(G). Let π be a selfdual representation of GL(2n, F ), we say that π comes
from G if π ↔ φ for some φ coming from G.

By (17), φ comes from exactly one G.

5.3. Character relations. The aim of this subsection is to establish a twisted
case of [2, Corollary 6.4] that relates character values. Retain the notation in the
preceding subsection and use compatible measures prescribed in Definition 4.5.1.

Measures and integration. We set up a convenient integration apparatus as in

[2]. The sets Γreg,ell(G̃L(2n)), Δreg,ell(G̃L(n)) acquire quotient topologies from

G̃L(2n)reg. Define Radon measures on these spaces by requiring that∫
Γreg,ell(˜GL(2n))

α(δ) dδ =
∑
T̃

|W (GL(2n, F ), T̃ (F ))|−1

∫
T̃ (F )/θ

α(t) dt,(18)

∫
Δreg,ell(˜GL(2n))

α′(δ′) dδ′ =
∑
T̃

|W (GL(2n), T̃ )(F )|−1

∫
T̃/θ(F )

α′(t) dt,(19)

where α ∈ Cc(Γreg,ell(G̃L(2n))), α′ ∈ Cc(Δreg,ell(G̃L(2n))); the T̃ ranges over con-

jugacy classes and stable conjugacy classes of elliptic maximal tori in G̃L(2n), re-
spectively. The measures on T (F )/θ, T/θ(F ) and Tθ(F ) are related as in §3.4.

Write δ �→ δ′ if δ lies in the stable conjugacy class δ′. It follows easily from the
definitions above that

(20)

∫
Δreg,ell(˜GL(2n))

(∑
δ →δ′

α(δ)

)
dδ′

=

∫
Γreg,ell(˜GL(2n))

α(δ) dδ, α ∈ Cc(Γreg,ell(G̃L(2n))).

Using similar notations, define Radon measures on Γreg,ell(G), Δreg,ell(G) such
that ∫

Γreg,ell(G)

β(γ) dγ =
∑
TG

|W (G(F ), TG(F )|−1

∫
TG(F )

β(t) dt,(21) ∫
Δreg,ell(G)

β′(γ′) dγ′ =
∑
TG

|W (G, TG)(F )|−1

∫
TG(F )

β′(t) dt,(22)

∫
Δreg,ell(G)

⎛⎝∑
γ →γ′

β(γ)

⎞⎠ dγ′ =

∫
Γreg,ell(G)

β(γ) dγ,(23)

where β ∈ Cc(Γreg,ell(G)), β′ ∈ Cc(Δreg,ell(G)).

Equip Γreg,ell(G), Δreg,ell(G) with quotient measures by Out2n(G); we can also

replace Δreg,ell(G) by its open dense subset Δ2n−reg,ell(G). By taking disjoint union,

we obtain a Radon measure on ΓE
reg,ell(G̃L(2n)).

The following result is a twisted analogue of [2, Lemma 2.3].
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Lemma 5.3.1. Suppose the Haar measures are compatible in the sense of Definition

4.5.1. Let α ∈ Cc(Γreg,ell(G̃L(2n))), β ∈ Cc(Γ
E
reg,ell(G̃L(2n))), then

∫
Γreg,ell(˜GL(2n))

⎛⎜⎝ ∑
γ∈ΓE

reg,ell(
˜GL(2n))

β(γ)Δλ(γ, δ)α(δ)

⎞⎟⎠ dδ

=

∫
ΓE
reg,ell(

˜GL(2n))

⎛⎝ ∑
δ∈Γreg,ell(˜GL(2n))

β(γ)Δλ(γ, δ)α(δ)

⎞⎠ dγ.

Proof. Using (20), the left-hand side transforms into

∫
Δreg,ell(˜GL(2n))

⎛⎜⎜⎝∑
γ,δ

δ →δ′

β(γ)Δλ(γ, δ)α(δ)

⎞⎟⎟⎠ dδ′.

Recall that the correspondence γ ↔ δ is really determined by the stable conju-
gacy class δ′ such that δ �→ δ′; write this correspondence as γ ↔ δ′. To conclude,
we claim that the right-hand side is equal to∫

Δreg,ell(˜GL(2n))

⎛⎝∑
γ↔δ′

β(γ)Δλ(γ, δ)α(δ)

⎞⎠ dδ′.

Indeed, it suffices to concentrate on only one endoscopic group G at a time.

We transfer the classes between Δ2n−reg(G) and Δreg(G̃L(2n)) using the maps

TG
∼→ T/θ mentioned in Definition 4.5.1 where TG ⊂ G, T̃ ⊂ GL(2n) are appropriate

elliptic maximal tori; it factorizes into a map between F -varieties TG/W (G, T ) →
T/θ/W (GL(2n), T̃ ). Taking F -points induces a well-defined map Ξ : Δ2n−reg(G) →
Δreg(G̃L(2n)), which is locally a homeomorphism. We have seen that it factors
through the Out2n(G)-action.

Observe that only those elements δ′ in the image of Ξ contribute to the integral
because of the presence of Δλ(γ, δ). By Definition 4.5.1, the change of variables by

Δ2n−reg,ell(G)
Ξ−→ Δreg,ell(G̃L(2n)) has jacobian equal to 1, whence the claim. �

Character values. Let ΛG be a linear functional SI(G) → C. There is a canonical
way to extend ΛG to SI(G), namely by setting

Λ̃G : f �→ ΛG

(
f + s(f)

2

)
(24)

where s is the nontrivial element in Out2n(G) if Out2n(G) �= {1}; otherwise take

s = id. Thus Λ̃G can be viewed as an invariant distribution on G(F ). We say ΛG

is represented by a locally integrable function (resp. locally constant on Greg(F ))

if Λ̃G is. Note that when ΛG is represented by a locally integrable function, the
invariant function is necessarily Out2n(G)-invariant.

In particular, the linear functionals ΘG
φ defined in Theorem 5.2.1 are represented

by locally integrable functions which are locally constant on Greg(F ).

Consider now a linear functional Λ′ = (ΛG)G on
⊕

G SI(G). We say Λ′ is
represented by a locally integrable function, etc., if each component ΛG is. If it is
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indeed the case, we will view Λ′ as a function on
⊔

G Δreg(G). One can also speak

of its restriction to ΓE
reg,ell(G̃L(2n)).

In the same vein, define the Weyl discriminant D′ = (DG)G as a function on⊔
G Δreg(G).

Proposition 5.3.2. Let Λ (resp. Λ′ = (ΛG)G) be a linear functional on I(G̃L(2n))
(resp.

⊕
G SI(G)). Assume that Λ′|IE

cusp(
˜GL(2n))

transfers to Λ|Icusp(˜GL(2n))
in the

sense that

Λ′(f ′) = Λ(f), f ∈ Icusp(G̃L(2n)), f �→ f ′ = (fG)G;

cf. Theorem 4.5.3. If Λ, Λ′ are both represented by locally integrable functions which
are locally constant on regular semisimple elements, then

|D˜GL(2n)(δ)| 12Λ(δ) =
∑

γ∈ΓE
reg,ell(

˜GL(2n))

|D′(γ)| 12Λ′(γ)Δλ(γ, δ), δ ∈ Γreg,ell(G̃L(2n)).

Proof. In what follows, we treat all G simultaneously by using the language in
Theorem 4.5.3 and (14).

Take f ∈ Icusp(G̃L(2n)). By Proposition 3.4.2 and the definition of measures on

Γreg,ell(G̃L(2n)), we have

Λ(f) =

∫
Γreg,ell(˜GL(2n))

|D˜GL(2n)(δ)| 12Λ(δ)I ˜GL(2n)(δ, f) dδ.

Similarly, the untwisted case of Proposition 3.4.3, applied simultaneously to each
G, implies

Λ′(f ′) =

∫
ΓE
reg,ell(

˜GL(2n))

|D′(γ)| 12Λ′(γ)S′(γ, f ′) dγ.

Applying (14), Λ′(f ′) is equal to∫
ΓE
reg,ell(

˜GL(2n))

|D′(γ)| 12Λ′(γ)
∑

δ∈Γreg,ell(˜GL(2n))

Δλ(γ, δ)I
˜GL(2n)(δ, f) dδ.

Now we can apply Lemma 5.3.1 to get

Λ′(f ′) =

∫
Γreg,ell(˜GL(2n))

⎛⎜⎝ ∑
γ∈ΓE

reg,ell(
˜GL(2n))

|D′(γ)| 12Λ′(γ)Δλ(γ, δ)

⎞⎟⎠ I
˜GL(2n)(δ, f) dγ.

Let δ0 ∈ Γreg,ell(G̃L(2n)). Replace f by a sequence {fi}∞i=1 in Icusp(G̃L(2n))

such that I
˜GL(2n)(·, fi) approaches the Dirac measure concentrated at δ0 as i → ∞,

then the equality Λ(fi) = Λ′(f ′
i) and the equations above show

|D˜GL(2n)(δ0)|
1
2Λ(δ0) =

∑
γ∈ΓE

reg,ell(
˜GL(2n))

|D′(γ)| 12Λ′(γ)Δλ(γ, δ0),

as asserted. �

For φ ∈ Φ2(G), define

SG(φ, γ) := |DG(γ)| 12ΘG
φ (γ), γ ∈ Δreg,ell(G).
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Corollary 5.3.3. Let π ∈ Πtemp(GL(2n)) be selfdual with L-parameter

φ ∈ Φell,bdd(G̃L(2n)).

Let G be the elliptic endoscopic group such that φ ∈ Φ2(G), then

I
˜GL(2n)(π̃, δ) =

∑
γ∈Δreg,ell(G)

SG(φ, γ)Δλ(γ, δ), δ ∈ Γreg,ell(G̃L(2n)).

Here π̃ is the representation of G̃L(2n, F ) defined in Remark 5.1.4.

Proof. Take Λ′ := ΘG
φ , regarded as a linear functional on

⊕
G1

SI(G1) concentrated

at the G-slot. By Theorem 5.2.1, Λ′(f ′) = Λ(f) for all f ∈ I(G̃L(2n)). Now
Proposition 5.3.2 can be applied. �

These character identities are independent of choice of Haar measures.

6. The Goldberg-Shahidi-Spallone formalism

The setting below is modeled upon [31], corresponding to the special case “n =
2m” (resp. “n = 2m+ 1”) in the terminology of [9, 10] (resp. of [8]).

6.1. Sesquilinear algebra. Let E/F be a field extension with [E : F ] ≤ 2. As
usual, set τ to be the nontrivial element in Gal(E/F ) if [E : F ] = 2, otherwise
τ := id. Fix ε = ±1 and consider a (E, τ )-hermitian space (V1, q1) of sign ε. There
are four cases.

(1) Even orthogonal case: E = F , ε = 1, dimF V1 = 2k for some k.
(2) Odd orthogonal case: E = F , ε = 1, dimF V1 = 2k + 1 for some k.
(3) Symplectic case: E = F , ε = −1.
(4) Hermitian/anti-hermitian case: [E : F ] = 2.

Assume that there exists a decomposition of E-vector spaces

V1 = H ′ ⊕ V ⊕H

such that

• dimE H = dimE H ′ = dimE V ;
• H,H ′ are totally isotropic in V1;
• set q := q1|V , then (V, q) is a E/F -hermitian space of sign ε;
• V is orthogonal to H ⊕H ′;
• in the even orthogonal case, (V, q) is not isotropic of dimension two.

This leads to an identification H ′ = H∨, namely an element v′ ∈ H ′ corresponds
to the E-linear functional

v �−→ q(v′|v), v ∈ H.

Henceforth we abandon the notation H ′ and write H∨ instead. Note that for
Y ∈ HomE(H,H∨) ↪→ EndE(V1), the adjoint map of Y with respect to q1 is then
identified with εY̌ : H → H∨.

Set G1 := U(V1, q1)
◦. Given the decomposition above for V1, we define the

following subgroups of G1:

P := StabG1
(H∨),

P− := StabG1
(H),

M := P ∩ P− = GLE(H)× U(V, q)◦.
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The groups P, P− are maximal parabolic subgroups of G1 with the common
Levi component M . Write P = MU , P− = MU− for the corresponding Levi
decompositions.

Write σ[q] for the element in IsomE(V, V
∨) corresponding to q, that is, 〈σ[q]v, v′〉

= q(v|v′) for all v, v′ ∈ V .

Proposition 6.1.1. The elements of U are in natural bijection with pairs (X,Y )
such that

X ∈ HomE(V,H
∨),

Y ∈ HomE(H,H∨),

and

Y + εY̌ +Xσ[q]−1X̌ = 0.(25)

More precisely, given (X,Y ) as above, set X ′ := −σ[q]−1X̌ ∈ HomE(H,V ). Then
(X,Y,X ′) defines an element n(X,Y ) ∈ EndE(V1) such that n(X,Y )|H = Y +X ′,
n(X,Y )|V = X, n(X,Y )|H∨ = 0. The corresponding element is u(X,Y ) := 1 +
n(X,Y ).

Proof. This is [31, §2.1]. �

Introduce the twisted space (GLE(H), G̃LE(H)) of nondegenerate E/F -sesqui-
linear forms on H (recall §3.6).

Lemma 6.1.2. Let U ′ be the Zariski open dense subset of U consisting of elements
of the form u(X,Y ), in the notation of Proposition 6.1.1, such that X,Y are both
invertible. There is a canonical isomorphism between F -varieties

U ′ ∼−→
{
(δ, ϕ) :

δ :∈ G̃LE(H),
ϕ ∈ IsomE,τ ((H, δ + ε · tδ), (V,−εq)),

u(X,Y ) �−→
{
δ : (v, v′) �→ 〈Y v, v′〉,
ϕ := σ[q]−1X̌.

Proof. By recalling our identification H = H∨∨ and the definition of tδ, one sees
that tδ(v|v′) = τ 〈Y v′, v〉 = 〈Y̌ v, v′〉. By the same reasoning, one can rewrite (25)
as

〈(Y + εŶ )v, v′〉 = −〈Xσ[q]−1X̌v, v′〉
= −τ 〈X̌v′, σ[q]−1X̌v〉
= −τ 〈σ[q]ϕv′, ϕv〉
= −τq(ϕv′|ϕv) = −εq(ϕv|ϕv′)

for all v, v′ ∈ H. The invertibility of Y + εY̌ follows automatically. This is enough
to complete the proof. �
6.2. GS-norms.

Definition 6.2.1. Let (X,Y ) be as in Proposition 6.1.1 such that X,Y are both
invertible. Define the Goldberg-Shahidi norm (abbreviated as GS-norm) by

Norm(X,Y ) := 1 + σ[q]−1X̌Y −1X ∈ EndE(V ).(26)

We also regard Norm as a morphism U ′ → EndE(V ).
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We will identify IsomE(H,H∨) and G̃LE(H) by sending Y : H
∼→ H∨ to the

sesquilinear form δY : (v, v′) �→ 〈Y v, v′〉.

Theorem 6.2.2 ([31, §3, §5]). The morphism Norm has the following properties.

(1) The image of Norm is {γ ∈ U(V, q) : det(γ − 1) �= 0}; this subset is con-
tained in −1 ·U(V, q)◦ if (V, q) is odd orthogonal, otherwise it is contained
in U(V, q)◦.

(2) Let (X,Y ) be as in Proposition 6.1.1, g ∈ GLE(V ), then (gX, gY ǧ) also
satisfies (25), and

Norm(gX, gY ǧ) = Norm(X,Y ).

(3) Let X ∈ IsomE(V,H
∨), then the morphism

γ �−→ δX(γ) := X(γ − 1)−1σ[q]−1X̌ ∈ IsomE(H,H∨)(27)

is a section of Norm.
(4) Norm induces a surjection

GLE(H)\{δ ∈ G̃LE(H) : δ = δY for some (X,Y ) from U ′}

����

� (X,Y )
�

��

U(V, q)\{γ ∈ U(V, q) : det(γ − 1) �= 0} � Norm(X,Y )

where GLE(V ) (resp. U(V, q)) acts by conjugation.

Let δ ∈ G̃LE(H), γ ∈ U(V, q), we will write

δ
GS−→ γ

if their conjugacy classes correspond as in the last assertion.

Proof. These assertions are essentially due to [8–10] and proved in [31] using a
coordinate-free approach. Note that in the last assertion, the GLE(H)-action is
well defined by the second assertion and (5). �

The crux is to compare the GS-norm with the correspondence of conjugacy
classes in twisted endoscopy. This is done in [8–10] using the language of [17],
in a broader context. Our concern here is to describe Norm directly in terms of
twisted spaces and the parametrization in §4.2. This will also give a transparent
explanation for Theorem 6.2.2, at least for very regular semisimple classes.

First of all, as the map in the last assertion of Theorem 6.2.2 is obtained from
a morphism between F -varieties, we actually get a map between stable conjugacy

classes. Let δ ∈ G̃LE(H) be very regular semisimple. We invoke the parametriza-
tion in §4.2.

(1) In the odd orthogonal case, the stable conjugacy class of δ is parametrized
by a quadruplet (L,L±, x, xD).

(2) In the remaining cases, the stable conjugacy class of δ is parametrized by
a triplet (L,L±, x).

Lemma 6.2.3. Let δ ∈ G̃LE(H) be very regular semisimple, such that δ = δY
for some (X,Y ) satisfying (25). Assume that the stable conjugacy class of δ is
parametrized by (L,L±, x) (resp. (L,L±, x, xD) in the odd orthogonal case).
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(1) In the odd orthogonal case, suppose that (−1) ·Norm(X,Y ) is very regular
semisimple in SO(V, q), then its stable conjugacy class is parametrized by
(L,L±, y) where

y =
τ (x)

x
.

(2) In the remaining cases, suppose that Norm(X,Y ) is very regular semisim-
ple in U(V, q)◦, then its stable conjugacy class (up to O(V, q) in the even
orthogonal case) is parametrized by (L,L±, y) where

y = −ετ (x)

x
.

Since very regular semisimple elements form Zariski open dense subsets, the
condition in this lemma holds generically.

Proof. We start from the second case. Implicit in the parametrization of δ is an
identification H = L as E-vector spaces. We deduce an isomorphism ϕL : H∨ =
L∨ ∼→ L, characterized by

〈v̌, v〉 = tr L/E(τ (ϕLv̌)v), v̌ ∈ L∨, v ∈ L.(28)

Since δ is very regular, we have δ + ε · tδ ∈ G̃LE(H). Moreover, Remark 4.2.1

affirms that δ+ε · tδ ∈ G̃LE(H) is parametrized by (L,L±, x+ετ (x)). This element
corresponds to Y +εY̌ ∈ IsomE(H,H∨). Hence we have the following commutative
diagram with invertible arrows:

V
X̌Y −1X ��

X

��

V ∨ σ[q]−1

�� V

X

��

H∨

ϕL

��

Y −1
��
H

X̌

��

−(Y+εY̌ )
��

Y
�� H∨

ϕL

��

L
x−1· ��

L
−(x+ετ(x))·

��

x·
�� L

where we have used (25). In view of the definition of GS-norms in (26), we get the
commutative diagram

V
Norm(X,Y )

��

ϕL◦X
��

V

ϕL◦X
��

L
(1−x−1(x+ετ(x)))·

�� L

We have 1 − x−1(x + ετ (x)) = −εx−1τ (x) = y. The parametrization in §4.2 says
that (L,L±, y) parametrizes Norm(X,Y ).
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Consider the odd orthogonal case now. We have E = F , ε = 1 and an identifi-
cation H = L ⊕ F as F -vector spaces. In this case, we deduce an isomorphism of
F -vector spaces

ϕL = (ϕ1
L, ϕ

2
L) : H

∨ = L∨ ⊕ F∨ ∼→ L⊕ F,

where ϕ1
L : L∨ ∼→ L is defined by (28) and ϕ2

L : F∨ ∼→ F , or rather its inverse,
corresponds to the quadratic form x �→ x2 on F .

As before, we obtain a commutative diagram

V
X̌Y −1X ��

X

��

V ∨ σ[q]−1

�� V

X

��

H∨

ϕL

��

Y −1
��
H

X̌

��

−(Y+Y̌ )
��

Y
�� H∨

ϕL

��

L⊕ F
(x−1,x−1

D )·
��
L⊕ F

(−(x+τ(x)),−2xD)·
��

(x,xD)·
�� L⊕ F

Hence

V
Norm(X,Y )

��

ϕL◦X
��

V

ϕL◦X
��

L⊕ F
(−x−1τ(x),−1)·

�� L⊕ F

To conclude, it suffices to note that (−x−1τ (x),−1) = −(y, 1). �

Corollary 6.2.4. Suppose δ ∈ G̃LE(H), γ ∈ U(V, q)◦ (resp. −γ ∈ U(V, q)◦ in the

odd orthogonal case) are both very regular semisimple. If δ
GS−→ γ, then G̃LE(H)δ �

U(V, q)γ. In particular, δ is elliptic if and only if γ (resp. −γ in the odd orthogonal
case) is.

Proof. The first assertion follows from the Proposition 4.2.3 and Lemma 6.2.3. The
second assertion follows from the easy fact that the identity components of ZU(V,q)◦

and Z
˜GLE(V )

are both anisotropic. �

Corollary 6.2.5. In the even orthogonal case, suppose δ ∈ G̃L(H), γ ∈ SO(V, q)

are very regular semisimple. If δ
GS−→ γ, then δ corresponds to γ−1 (or equivalently

γ) in the sense of twisted endoscopy for G̃L(H).

Proof. Compare Lemma 6.2.3 and Definition 4.2.4. Note that γ and γ−1 are stably
conjugate up to O(V, q). Indeed, their parameters (L,L±, y), (L,L±, τ (y)) are
equivalent via τ . �
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6.3. Transfer factor in the even orthogonal case. We rejoin the setting of
§4.4 in this subsection, namely we consider an F -quadratic space (V, q) such that
dimF V = 2n = dimF H and SO(V, q) is quasisplit. Regard SO(V, q) as an en-

doscopic group of G̃L(H) for some (2n, 0, χ) ∈ Esim(2n). Choose a basis for H
and fix the θ-stable Whittaker datum (B, λ) of GL(H) as in §4.4, by which the
Whittaker-normalized transfer factor Δλ is defined.

As usual, we set K = F ×F if χ = 1, otherwise K is defined to be the quadratic
extension attached to χ. In either case, x �→ NK/F (x) denotes the norm form on
K. Therefore we can write

(V, q) � (n− 1)H⊕ cNK/F(29)

for some c ∈ F×/F×2.

Proposition 6.3.1. Let δ ∈ G̃L(H), γ ∈ SO(V, q) be both very regular semisimple.

If δ
GS−→ γ as in Theorem 6.2.2, then

Δλ(γ
−1, δ) = γψF

(2(−1)nq).

Proof. Set qδ := 1
2 (δ +

tδ) as in Theorem 4.4.6. The assumption on (γ, δ), Lemma
6.1.2 together with Corollary 4.4.7 imply

Δ(γ−1, δ) =

{
1, if (V,− 1

2q)
Witt∼ (−1)nNK/F ,

−1, otherwise.

However, (V,− 1
2q)

Witt∼ (−1)nNK/F if and only if (V, 2(−1)n−1q)
Witt∼ NK/F .

Put

(V ′, q′) := (n− 1)H⊕NK/F .

It remains to decide whether (V, 2(−1)n−1q) � (V ′, q′) or not. According to
(29), d±(2(−1)n−1q) = d±(q

′), thus it suffices to compare their Hasse invariants
s(2(−1)n−1q) and s(q′). To this end we use [24, Proposition 1.3.4], which implies

Δ(γ−1, δ) =
s(q′)

s(2(−1)n−1q)
=

γψF
(NK/F )

γψF
(2(−1)n−1q)

= γψF
(NK/F )γψF

(2(−1)nq),

where we have used the fact that γψF
(·) factors through the Witt group.

By Definition 4.4.2 and Remark 4.4.3, we arrive at

Δλ(γ
−1, δ) = ε

(
1

2
, χ, ψF

)−1

Δ(γ−1, δ)

= γψF
(NK/F )

−1Δ(γ−1, δ) = γψF
(2(−1)nq),

as required. �

6.4. Goldberg-Shahidi pairing. We are now ready to introduce the integral pair-
ing of Goldberg and Shahidi. Consider the general case:

• G1, P , M = GLE(H)×U(V, q)◦: as in §6.1;
• w0: the nontrivial element in WG1(M) := NG1(F )(M(F ))/M(F );
• (π⊗σ, Vπ⊗Vσ): irreducible supercuspidal representation ofM = GLE(H)×
U(V, q)◦ satisfying w0 · (π ⊗ σ) � π ⊗ σ;

• (B, λ): a θ-stable Whittaker datum for G̃LE(H) (recall Definition 4.4.2,
replace F by E if necessary).
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The condition w0 ·(π⊗σ) � π⊗σ implies π is unitary, hence tempered. Therefore

π can be canonically extended to a representation π̃ of G̃LE(H) by Remark 5.1.4.
Let HM : M(F ) → aM,C be the Harish-Chandra map, λ ∈ a∗M,C, and set (π ⊗

σ)λ := (π⊗ σ)⊗ e〈λ,HM (·)〉. Denote the normalized parabolic induction of (π⊗ σ)λ
by IG1

P ((π ⊗ σ)λ). Choose a representative ŵ0 of w0 in G1(F ). We want to study
the residue at λ = 0 of the standard intertwining operator

JP (w0, (π ⊗ σ)λ) : IG1

P ((π ⊗ σ)λ) −→ IG1

P ((π ⊗ σ)λ)

f �−→
[
x �→

∫
U(F )

f(ŵ−1
0 ux) du

]
.

This integral is absolutely convergent if Reλ lies in the positive chamber, for general
λ it is obtained by meromorphic continuation.

In the study of Resλ=0JP (w0, (π⊗σ)λ), Goldberg and Shahidi were led to study
an intricate pairing R : A(π̃) × A(σ) → C between matrix coefficients (recall the
definition of twisted matrix coefficients in §3.3) using GS-norms, which has a reg-
ular (or elliptic) part Rell that is defined as an integral pairing between orbital
integrals. As mentioned in §1, the nonvanishing of Rell is conjectured to be related
to twisted endoscopic transfer [8–10, 27]. In view of Spallone’s improved formulae
[31, Corollary 6], Rell is proportional to another pairing Rell, which we set off to
define.

Henceforth, we assume E = F in order to apply Spallone’s formulae in [31, §9].
Fix Haar measures on the groups GL(H), U(V, q)◦, ZU(V,q)◦(F ) and ZGL(H)(F ) =

F×.

Definition 6.4.1. Assume E = F . Let fπ̃ ∈ A(π̃), fσ ∈ A(σ). Define

(30) Rell(fπ̃, fσ) =
∑
T

elliptic

|W (U(V, q)◦, T (F ))|−1

∫
T (F )(

|DU(V,q)◦(γ)| 12
∫
ZU(V,q)◦ (F )\U(V,q)

fσ(y
−1γy) dy

)
(
|D˜GL(H)(δ)| 12

∫
F×\GL(H)

fπ̃(x
−1δx) dx

)
dγ,

where

• T ranges over conjugacy classes of elliptic maximal tori in U(V, q)◦, whose
measures are normalized so that vol(T (F )/ZU(V,q)◦(F )) = 1;

• δ ∈ G̃L(H) is given by choosing X ∈ IsomF (V,H
∨) and setting

δ :=

{
δX(−γ), in the odd orthogonal case,

δX(γ), otherwise;

here δX(·) is the section of GS-norm defined in Theorem 6.2.2.

This is the main object is this article. To justify the definition, let us show that
Rell is indeed the elliptic part of the pairing in [31], up to a harmless constant.
Write dimF V = 2n (resp. 2n+ 1) in the even orthogonal or symplectic case (resp.
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the odd orthogonal case). Choose f π̃ ∈ C∞
c (G̃L(H)) such that

fπ̃(δ) =

∫
F×

ωπ(z)
−1f π̃(zδ) dz, δ ∈ G̃L(H)reg.

Spallone defined a pairing R(f π̃, fσ) in [31, Corollary 6]. Translated into the
language of twisted spaces using §3.5, the elliptic part of R(f π̃, fσ) is

Rell(f
π̃, fσ) := Ress=0

∞∑
k=0

q−2nks
F

∑
T

elliptic

|W (U(V, q)◦, T (F ))|−1

×
∫
T (F )

|DU(V,q)◦(γ)| 12 |D˜GL(H)(δ)| 12∫∫
x∈T (F )\GL(H)
y∈T (F )\U(V,q)

∑
α∈F×/F×2

ωπ(α)
−1f π̃(αx−1δx)fσ(y

−1γy)wk(x, y) dx dy dγ

where wk(x, y) is Spallone’s weight factor. Here T is identified with GL(H)δ via
Corollary 6.2.4. We only need two properties of wk(x, y):

• 0 ≤ wk(x, y) ≤ vol(T (F ));
• wk(x, y) converges to vol(T (F )) pointwise, for elliptic T .

For each T , the corresponding sums inside Ress=0 are absolutely convergent when
Re(s) > 0, by [30, Proposition 14].

Proposition 6.4.2. We have

Rell(f
π̃, fσ) =

⎧⎪⎨⎪⎩
(|2|F 2n log qF )

−1Rell(fπ̃, fσ), in the even orthogonal or

symplectic case;

2(|2|F 2n log qF )
−1Rell(fπ̃, fσ), in the odd orthogonal case.

Proof. The argument is almost identical to that in [29, §3]. Fix an elliptic torus T

in U(V, q)◦ and write its contribution in Rell as Ress=0

∑∞
k=0 q

−2nks
F aTk . Then aTk

is bounded by a linear combination of terms∫
T (F )

|DU(V,q)◦(γ)| 12 |D˜GL(H)(δ)| 12O˜GL(H)
δ (|f π̃(α· )|)OU(V,q)

γ (|fσ|) dγ

with α ∈ F×/F×2, whose absolute convergence follows from Proposition 3.4.1 .
From the dominated convergence theorem, one sees limk→∞ aTk = aT where aT

is the expression

|W (U(V, q)◦, T (F ))|−1

∫
T (F )

|DU(V,q)◦(γ)| 12 |D˜GL(H)(δ)| 12∫∫
x∈T (F )\GL(H)
y∈T (F )\U(V,q)

∑
α∈F×/F×2

ωπ(α)
−1f π̃(αx−1δx)fσ(y

−1γy) dx dy dγ.

Recall that vol(ZU(V,q)◦(F )\T (F )) = 1, hence the integral over y yields∫
ZU(V,q)◦ (F )\U(V,q)

fσ(y
−1δy) dy.

Note that T (F )∩F× = ZU(V,q)◦(F ) ⊂ {±1} (as subgroups of GL(H)) in each case.
Put t := [{±1} : ZU(V,q)◦(F )] which equals 2 in the odd orthogonal case, otherwise
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it equals 1. The integral over x yields∫
T (F )\GL(H)

∑
α∈F×/F×2

ωπ(α)
−1f π̃(αx−1δx) dx

= t ·
∫
T (F )F×\GL(H)

∫
{±1}\F×

∑
α∈F×/F×2

ωπ(α)
−1f π̃(αz−2x−1δx) dz dx

= t|2|−1
F

∫
T (F )F×\GL(H)

∫
F×

ωπ(z)
−1f π̃(zx−1δx) dz dx

= t|2|−1
F

∫
T (F )F×\GL(H)

fπ̃(x
−1δx) dx = t|2|−1

F

∫
F×\GL(H)

fπ̃(x
−1δx) dx

using the fact that Ad δ(z) = z−1 and ω2
π = 1.

Summing over T gives Rell(f
π̃, fσ) = Ress=0

∑∞
k=0 q

−2nks
F ak where

lim
k→∞

ak =
∑
T

aT = t|2|−1
F Rell(fπ̃, fσ).

To relate the residue at s = 0 and limk→∞ ak, it remains to apply [29, Proposition
6]. �

Now return to the study of Rell.

Lemma 6.4.3. We have

Rell(fπ̃, fσ) = c · f
◦
π̃(1)fσ(1)

d(π)d(σ)

∑
T

|W (U(V, q)◦, T (F ))|−1

×
∫
T (F )

IU(V,q)◦(σ, γ)I
˜GL(H)(π̃, δ) dγ

= c · f
◦
π̃(1)fσ(1)

d(π)d(σ)

∫
Γreg,ell(U(V,q)◦)

IU(V,q)◦(σ, γ)I
˜GL(H)(π̃, δ) dγ,

where c = 1 in the symplectic case, and c = 2 in the even or odd orthogonal cases.

Proof. To begin with, we replace the integral over ZU(V,q)◦(F )\U(V, q) in Rell by
an integral over ZU(V,q)◦(F )\U(V, q)◦ at the cost of introducing c. This is feasible
as conjugating γ by an element of U(V, q) amounts to conjugating δ by GL(H,F ),
by (27).

In view of the ellipticity of γ and δ (Corollary 6.2.4), the first equality follows by

applying Proposition 3.3.2 to U(V, q)◦ and G̃L(H), while the second follows from
our definition of the measure on Γreg,ell(U(V, q)◦) in (21). �

In the next subsection, we will investigate the even orthogonal case dimF V = 2n,
under the hypothesis that π does not come from SO(2n+1) by endoscopic transfer.

6.5. The pairing for even orthogonal groups. The Goldberg-Shahidi-Spallone
formalism is now specialized to the even orthogonal case. Assume that dimF V1 =
6n, dimF V = dimF H = 2n. In this case π � π∨. Set G := SO(V, q), thus
σ ∈ Π2(G).

Since π ∈ Πsc,temp(GL(H)) ⊂ Π2,temp(GL(H)), we have φ ↔ π for some selfdual

L-parameter φ ∈ Φell,bdd(G̃L(H)) which is irreducible as a representation of WDF .
By (17), either
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(1) sgn(φ) = −1, hence π comes from SO(2n+ 1), or
(2) sgn(φ) = 1, hence π comes from a unique elliptic endoscopic group G′ =

SO(V ′, q′), where (V ′, q′) is an F -quadratic space with dimF V ′ = 2n.

Hypothesis 6.5.1. Assume π does not come from SO(2n+ 1).

In Theorem 5.2.1, we have constructed a subset Πφ ⊂ Π2(G
′) and a distribution

ΘG′

φ on G′. Let s be the nontrivial element in Out2n(G
′). In view of (24), it satisfies

ΘG′

φ (fG′
) =

∑
ν̄∈Πφ

ΘG′

ν

(
fG′

+ s(fG′
)

2

)
=

1

2

∑
ν̄∈Πφ

(ΘG′

ν +ΘG′

sν )(f
G′
), fG′ ∈ I(G′),

where ν is any inverse image of ν̄ in Π2(G
′). In particular, ΘG′

φ is a virtual character

of G′ and one can define the multiplicity

mult(σ : φ) :=

{
2 · (the coefficient of ΘG

σ in ΘG
φ ), if G = G′,

0, if G �= G′,
(31)

which belongs to {0, 1, 2}.

Theorem 6.5.2. Under the Hypothesis 6.5.1, we have

Rell(fπ̃, fσ) =
f◦
π̃(1)fσ(1)

d(π)d(σ)
· γψF

(2(−1)nq) ·mult(σ : φ)

for all fπ̃ ∈ A(π̃), fσ ∈ A(σ). In particular, Rell(fπ̃, fσ) is not identically zero if
and only if π comes from G and the Out2n(G)-orbit of σ is contained Πφ.

Bonus: it follows immediately that Rell does not depend on the choice of X ∈
IsomF (V,H

∨).

Proof. In view of Lemma 6.4.3, it suffices to show that∫
Γreg,ell(G)

IG(σ, γ)I
˜GL(H)(π̃, δ) dγ = γψF

(2(−1)nq) · 2−1mult(σ : φ).

Upon restriction to an open dense subset of Γreg,ell(G), one may assume that γ
and δ = δX(γ) are both very regular semisimple. By Theorem 5.3.3, we have

I
˜GL(H)(π̃, δ) =

∑
γ′∈Δreg,ell(G′)

SG′
(φ, γ′)Δλ(γ

′, δ).

Since δ
GS−→ γ, Corollary 6.2.5 affirms that δ corresponds to γ−1 ∈ Greg(F ) by

twisted endoscopy. If G �= G′, no γ′ ∈ Δreg,ell(G
′) can correspond to δ according

to Lemma 4.3.1, hence Rell(fπ̃, fσ) = 0 = mult(σ : φ).
Thus we may suppose G = G′. Again, Lemma 4.3.1 affirms that γ−1 represents

the unique class in Δreg,ell(G) corresponding to δ, hence∫
Γreg,ell(G)

IG(σ, γ)I
˜GL(H)(π̃, δ) dγ =

∫
Γreg,ell(G)

IG(σ, γ)SG(φ, γ−1)Δλ(γ
−1, δ) dγ

= γψF
(2(−1)nq)

∫
Γreg,ell(G)

IG(σ, γ)SG(φ, γ−1) dγ

= γψF
(2(−1)nq)

∫
Γreg,ell(G)

IG(σ, γ)SG(φ, γ) dγ,



380 WEN-WEI LI

by Proposition 6.3.1. To get the term 2−1mult(σ : φ), it remains to apply Schur’s
orthogonality relations for Π2(G); see [5, Theorem 3]. �

This justifies [9, Definition 5.1], as promised.

Remark 6.5.3. In [31], Spallone also considered the broader setting in which SO(V, q)
is not necessarily quasisplit. It seems that our arguments can be adapted accord-
ingly, once Arthur’s endoscopic classification in the non-quasisplit case is completed;
see [3, Chapter 9] for an announcement of his results.
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