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COINCIDENCE OF ALGEBRAIC AND

SMOOTH THETA CORRESPONDENCES

YIXIN BAO AND BINYONG SUN

Abstract. An “automatic continuity” question has naturally occurred since
Roger Howe established the local theta correspondence over R: Does the al-
gebraic version of local theta correspondence over R agree with the smooth
version? We show that the answer is yes, at least when the concerning dual
pair has no quaternionic type I irreducible factor.

1. Introduction

In his seminal work [Ho3], Roger Howe established the smooth version of lo-
cal theta correspondence over R as a consequence of its algebraic analogue (see
[Ho3, Theorem 1 and Theorem 2.1]). Since then, it has been expected that the
smooth version coincides with the algebraic version. Our main goal is to prove
this coincidence, at least when the dual pair concerned has no quaternionic type
I irreducible factor. In this latter case, we obtain a partial result (cf. Proposition
3.2). The proof is a rather direct application of the conservation relations which
are established in [SZ].

To be precise, let W be a finite-dimensional symplectic space over R with sym-
plectic form 〈 , 〉W . Denote by τ the involution of EndR(W ) specified by

(1.1) 〈x · u, v〉W = 〈u, xτ · v〉W , u, v ∈ W, x ∈ EndR(W ).

Let (A,A′) be a pair of τ -stable semisimple real subalgebras of EndR(W ) which are
mutual centralizers of each other in EndR(W ). Put

G := A
⋂

Sp(W ) and G′ := A′
⋂

Sp(W ),

which are closed subgroups of the symplectic group Sp(W ). Following Howe, we
call the group pair (G,G′) so obtained a reductive dual pair, or a dual pair for
simplicity, in Sp(W ).

Write

(1.2) 1 → {1, εW } → S̃p(W ) → Sp(W ) → 1

for the metaplectic cover of the symplectic group Sp(W ). It does not split unless
W = 0. Denote by H(W ) := W ×R the Heisenberg group attached to W , with the
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group multiplication

(u, α)(v, β) = (u+ v, α+ β + 〈u, v〉W ), u, v ∈ W, α, β ∈ R.

Let S̃p(W ) act on H(W ) as group automorphisms through the action of Sp(W ) on

W . Then we form the semidirect product J̃(W ) := S̃p(W )�H(W ).
When no confusion is possible, we do not distinguish a representation with its

underlying space. Fix an arbitrary non-trivial unitary character ψ on R. Up to
isomorphism, there is a unique smooth Fréchet representation (Segal-Shale-Weil

representation) ω of J̃(W ) of moderate growth such that (see [Sh] and [We]):

• ω|H(W ) is irreducible and has central character ψ;

• εW ∈ S̃p(W ) acts through the scalar multiplication by −1.

We remark that the second condition is automatic unless W = 0. The representa-
tion ω may be realized on the space of Schwartz functions on a Lagrangian subspace
of W (see [Rao]).

For every closed subgroup E of Sp(W ), write Ẽ for the double cover of E induced

by the metaplectic cover (1.2). Then G̃ and G̃
′
commute with each other inside

the group S̃p(W ) (see [MW, Lemma II.5]). Thus the representation ω induces a

representation of G̃× G̃′, which we denote by ωG,G′ .
For every real reductive group H, write Irr(H) for the set of isomorphism classes

of irreducible Casselman-Wallach representations of H. Recall that a representa-
tion of a real reductive group is called a Casselman-Wallach representation if it
is smooth, Fréchet, of moderate growth, and its Harish-Chandra module has fi-
nite length. Given a maximal compact subgroup KH of H, the Casselman-Wallach
globalization theorem asserts that the functor F , which maps a Casselman-Wallach
representation of H to its subspace of KH -finite vectors, establishes an equivalence
between the category of Casselman-Wallach representations of H and the category
of finitely generated admissible (h,KH)-modules, where h denotes the complexified
Lie algebra of H. The reader is referred to [Ca], [Wa, Chapter 11] or [BK] for
details about Casselman-Wallach representations.

Define

R∞(G̃, ωG,G′) := {π ∈ Irr(G̃)|Hom
˜G(ωG,G′ , π) �= 0},

R∞(G̃′, ωG,G′) := {π′ ∈ Irr(G̃′)|Hom
˜G′(ωG,G′ , π′) �= 0},

R∞(G̃× G̃′, ωG,G′) := {(π, π′) ∈ Irr(G̃)× Irr(G̃′)|Hom
˜G×˜G′(ωG,G′ , π⊗̂π′) �= 0}.

Here “⊗̂” indicates the completed projective tensor product. Then the smooth

version of the archimedean theta correspondence asserts that R∞(G̃ × G̃′, ωG,G′)

is the graph of a bijection (smooth theta correspondence) between R∞(G̃, ωG,G′)

and R∞(G̃′, ωG,G′).
We need the following result to have a clean and uniform formulation of the

“automatic continuity” problem.

Proposition 1.1. Up to conjugation by G × G′, there exists a unique Cartan
involution θ of Sp(W ) such that

(1.3) θ(G) = G and θ(G′) = G′.

The existence part of Proposition 1.1 is well known, by using the classification of
reductive dual pairs (see [Ho3, Section 2]). The uniqueness part may also be known
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to experts. But to our best knowledge, it has not been explicitly formulated in the
literature. In Section 2, we will sketch a proof for a stronger version of Proposition
1.1.

Now let θ be as in Proposition 1.1. Then θ restricts to Cartan involutions on G
and G′. Put

C := (Sp(W ))θ, K := Gθ and K ′ := G′θ (the fixed point groups).

They are maximal compact subgroups of Sp(W ), G and G′, respectively.

For every π ∈ Irr(G̃), define

(1.4) Homalg
˜G
(ωG,G′ , π) := Hom

g, ˜K(ωalg
G,G′ , π

alg),

where g denotes the complexified Lie algebra of G, ωalg
G,G′ denotes the (sp(W ) ⊗R

C, C̃)-module of C̃-finite vectors in ω = ωG,G′ , and πalg denotes the (g, K̃)-module

of K̃-finite vectors in π. We define Homalg
˜G′ (ωG,G′ , π′) and Homalg

˜G×˜G′(ωG,G′ , π⊗̂π′)

in an analogous way, where π′ ∈ Irr(G̃′). In this algebraic setting, we define

Ralg(G̃, ωG,G′) := {π ∈ Irr(G̃)|Homalg
˜G
(ωG,G′ , π) �= 0},

Ralg(G̃′, ωG,G′) := {π′ ∈ Irr(G̃′)|Homalg
˜G′ (ωG,G′ , π′) �= 0},

Ralg(G̃× G̃′, ωG,G′) := {(π, π′) ∈ Irr(G̃)× Irr(G̃′)|Homalg
˜G×˜G′(ωG,G′ , π⊗̂π′) �= 0}.

It is clear that

(1.5)

⎧⎪⎨
⎪⎩

R∞(G̃, ωG,G′) ⊂ Ralg(G̃, ωG,G′),

R∞(G̃′, ωG,G′) ⊂ Ralg(G̃′, ωG,G′),

R∞(G̃× G̃′, ωG,G′) ⊂ Ralg(G̃× G̃′, ωG,G′).

Then the algebraic version of the archimedean theta correspondence asserts that

Ralg(G̃ × G̃′, ωG,G′) is the graph of a bijection (algebraic theta correspondence)

between Ralg(G̃, ωG,G′) and Ralg(G̃′, ωG,G′). In [Ho3], Roger Howe first proves
this assertion, and then concludes the smooth version as a consequence of it. The
following conjecture of the coincidence of the smooth version and the algebraic
version of theta correspondence has been expected since the work of Howe.

Conjecture 1.2. The inclusions in (1.5) are all equalities.

Recall that the dual pair (G,G′) is said to be irreducible of type I if A (or
equivalently A′) is a simple algebra, and it is said to be irreducible of type II if A
(or equivalently A′) is the product of two simple algebras which are exchanged by
τ . Every dual pair is a direct product in an essentially unique way of irreducible
dual pairs, and a complete classification of irreducible dual pairs has been given by
Howe [Ho1].

Let H denote a quaternionic division algebra over R, which is unique up to
isomorphism. The following theorem is the main result of this paper.

Theorem 1.3. Conjecture 1.2 holds when the dual pair (G,G′) contains no quater-
nionic type I irreducible factor, that is, when A contains no τ -stable ideal which is
isomorphic to a matrix algebra Mn(H) (n ≥ 1).

It is clear that it suffices to prove Theorem 1.3 for irreducible dual pairs. By the
classification of irreducible dual pairs, we only need to show that Conjecture 1.2
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holds for (real or complex) orthogonal-symplectic dual pairs, unitary dual pairs,
and all type II irreducible dual pairs. These are, respectively, proved in Sections 4,
5 and 3. For quaternionic type I irreducible dual pairs, we obtain a partial result
in Proposition 3.2.

2. Some Cartan involutions

Let (G,G′) be a reductive dual pair in Sp(W ) as in the Introduction. We view
both G and G′ as Nash groups. See [Su] for generalities on (almost linear) Nash
groups. By a Cartan involution on G, we mean an involutive Nash automorphism
whose fixed point set is a maximal compact subgroup of G. Note that the Cartan
involution is determined by the associated maximal compact subgroup. Thus all
Cartan involutions on G are conjugate to each other by the adjoint action of G,
since all maximal compact subgroups of G are conjugate to each other. We remark
that the “Nash” condition is necessary for the definition of a Cartan involution;
for example, if G = C×, then there are infinitely many involutive continuous auto-
morphisms of G whose fixed point set equals the maximal compact subgroup U(1)
of G. The notion of Cartan involutions is similarly defined for arbitrary reductive
Nash groups (see [Su, Section 15]).

Recall that a hyperbolic Nash group is a Nash group which is Nash isomorphic
to (R×

+)
n for some n ≥ 0, where R

×
+ denotes the Nash group of all positive real

numbers (see [Su, Section 6]). Denote by Λ the largest hyperbolic Nash subgroup
in the center of G. For example, Λ = R

×
+ if G = GLn(R), GLn(C) or GLn(H)

(n ≥ 1), and Λ is trivial if G is other classical groups. Note that Λ also equals the
largest hyperbolic Nash subgroup in the center of G′.

As mentioned in the Introduction, the existence assertion of the following propo-
sition is well known.

Proposition 2.1. Let σ and σ′ be Cartan involutions on G and G′, respectively.
Then there exists a Cartan involution θ on Sp(W ) extending both σ and σ′. More-
over, such a θ is unique up to conjugation by a unique element of Λ.

Proof. Note that every Cartan involution θ on Sp(W ) is uniquely of the form g 
→
JgJ−1, where J : W → W is a R-linear automorphism such that

• J2 = −1,
• (u, v) 
→ 〈Ju, v〉W is a positive definite symmetric bilinear form on W .

The condition that θ extends both σ and σ′ is equivalent to saying that

(2.1) J(gg′.u) = (σ(g)σ(g′)).Ju, for all g ∈ G, g′ ∈ G′, u ∈ W.

Note that (2.1) implies that J stabilizes every non-degenerate G×G′-subrepresenta-
tion of W . This reduces the proof to the case when the dual pair is irreducible.
Then it is routine to verify the proposition case by case. We omit the details. �

It is clear that Proposition 2.1 implies Proposition 1.1.

3. Type II irreducible dual pairs

Let the notation be as in the Introduction. Recall that for each closed subgroup E

of Sp(W ), Ẽ denotes its double cover induced by the metaplectic cover S̃p(W ) →
Sp(W ). If E is reductive as a Lie group, then so is Ẽ, and we write Irrgen(Ẽ)

for the subset of Irr(Ẽ) of genuine irreducible Casselman-Wallach representations.
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Here and as usual, “genuine” means that the representation does not descend to a
representation of E.

Note that by the one-one correspondence property of local theta correspondence,
if one of the three inclusions in (1.5) is an equality, then so are the other two. We
first treat the simplest case of type II irreducible dual pairs.

Proposition 3.1. Conjecture 1.2 holds for all type II irreducible dual pairs.

Proof. Suppose that (G,G′) = (GLr(D),GLs(D)) is a type II irreducible dual pair,
whereD = R, C or H. Without loss of generality, assume that r ≤ s. By Godement-
Jacquet zeta integrals [GJ, Section I.8] and Kudla’s persistence principle [Ku], we

know that all representations in Irrgen(G̃) occur in the smooth theta correspondence,
namely,

Irrgen(G̃) ⊂ R∞(G̃, ωG,G′).

Since
R∞(G̃, ωG,G′) ⊂ Ralg(G̃, ωG,G′) ⊂ Irrgen(G̃),

we conclude that R∞(G̃, ωG,G′) = Ralg(G̃, ωG,G′). This proves the proposition. �

Similar proof shows the following result for quaternionic dual pairs.

Proposition 3.2. Suppose that (G,G′) = (Sp(p, q),O∗(2n)) is a quaternionic dual
pair. If p+ q ≤ n, then the three inclusions in (1.5) are all equalities.

Proof. By [SZ, Theorem 7.3],

Irrgen(G̃) ⊂ R∞(G̃, ωG,G′).

Then the proposition follows by the same argument as in the proof of Proposition
3.1. �

4. Orthogonal-symplectic dual pairs

We are aimed to prove the following proposition in this section.

Proposition 4.1. Conjecture 1.2 holds for all real orthogonal-symplectic dual pairs
and all complex orthogonal-symplectic dual pairs.

In this section, let F be either the field R of real numbers, or the field C of complex
numbers. Let U be a finite-dimensional vector space over F, equipped with a non-
degenerate symmetric bilinear form on it. Let G denote the isometry group of U ,
which is either a real orthogonal group or a complex orthogonal group. Fix a Cartan
involution σ on G. For each n ≥ 0, we also fix an arbitrary Cartan involution σn on
the symplectic group Sp2n(F). Using Proposition 2.1, the pair (σ, σn) determines a
Cartan involution θn on the larger symplectic group Sp2n·dimR U (R). This yields a

subspace ωalg
G,Sp2n(F)

of the smooth representation ωG,Sp2n(F)
, as in the Introduction.

After twisting by an appropriate character, the representation of the double
cover of G on ωG,Sp2n(F)

descends to a representation of G, which is realized on the

Schwartz function space S(Fn·dimF U ) with the standard G-action. The reader is

referred to [Mo] and [AB2] for more details. The space ωalg
G,Sp2n(F)

corresponds to a

subspace of S(Fn·dimF U ), which we denote by S(Fn·dimF U )alg.
Let π ∈ Irr(G). Define its first occurrence index

n(π) := min
{
n ≥ 0 | HomG(S(Fn·dimF U ), π) �= 0

}
.
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Define the algebraic analogue

n′(π) := min
{
n ≥ 0 | Homalg

G (S(Fn·dimF U ), π) �= 0
}
,

where Homalg
G is defined as in (1.4), by using the subspace of S(Fn·dimF U )alg of

S(Fn·dimF U ). In view of Kudla’s persistence principle [Ku], it suffices to show that

n(π) = n′(π).

Let sgn denote the determinant character of G. The following lemma is a di-
rect consequence of the correspondence in the joint harmonics (cf. [Ho3]). An
explicit computation of the correspondence in the joint harmonics can be found
in [A, Proposition 7.5]. The computation can be easily obtained by the duality
correspondence for compact dual pairs (see [KV], [EWH] and [Ho2]).

Lemma 4.2. The inequality

n′(sgn) ≥ dimF U

holds.

Proof. See [Ho3, Lemma 4.1] and [A, Proposition 7.5]. �

By a well-know argument (cf. [Pr, Theorem 3.6.1 and Corollary C.43] and [AB1,
Proposition 1.7]), Lemma 4.2 implies the following lemma.

Lemma 4.3. The inequality

(4.1) n′(π) + n′(π ⊗ sgn) ≥ dimF U

holds.

On the other hand, by the conservation relation ([SZ, Theorem 7.1]), we have
that

(4.2) n(π) + n(π ⊗ sgn) = dimF U.

Together with the obvious inequalities

n′(π) ≤ n(π) and n′(π ⊗ sgn) ≤ n(π ⊗ sgn),

(4.1) and (4.2) imply that n(π) = n′(π). This proves Proposition 4.1.

5. Unitary dual pairs

For the proof of Theorem 1.3, it remains to show the following proposition.

Proposition 5.1. Conjecture 1.2 holds for all unitary dual pairs.

In this section, let G be a unitary group attached to a complex skew-Hermitian
space of dimension n ≥ 0. Let δ ∈ Z/2Z. Define

Gδ :=

{
G× {1,−1}, if δ = 0,
{(g, t) ∈ G× C× | det g = t2}, if δ = 1.

This is a double cover of G. Note that the double cover of G associated to the dual
pair (G,U(p, q)) is canonically isomorphic to Gδ, where U(p, q) is the unitary group
attached to the complex Hermitian space of signature (p, q) (p, q ≥ 0), with p − q
having parity δ. See [Pa1, Section 1] for details.

As in the last section, fix a Cartan involution on G, and for all p, q ≥ 0, fix
a Cartan involution of U(p, q). Using Proposition 2.1, this determines a Cartan
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involution on the larger symplectic group Sp2n(p+q)(R), which further determines

a subspace ωalg
G,U(p,q) of the smooth representation ωG,U(p,q).

Let π ∈ Irrgen(Gδ). For every integer t with parity δ, define the first occurrence
index

nt(π) := min
{
p+ q | p, q ≥ 0, p− q = t, HomGδ

(ωG,U(p,q), π) �= 0
}
.

Define its algebraic analogue

n′t(π) := min
{
p+ q | p, q ≥ 0, p− q = t, Homalg

Gδ
(ωG,U(p,q), π) �= 0

}
,

where Homalg
Gδ

is defined as in (1.4).

Recall the following fact of conservation relations from [SZ, Theorem 7.6].

Lemma 5.2. There are two distinct integers t1 and t2, both of parity δ, such that

(5.1) nt1(π) + nt2(π) = 2n+ 2.

In the algebraic setting, we need the following lemma.

Lemma 5.3. Assume that δ = 0 and let t be a non-zero even integer. Then

n′t(1U ) = 2n+ |t|,

where 1U ∈ Irrgen(Gδ) denotes the representation with trivial action of G ⊂ Gδ.

Proof. See [Pa2, Lemma 3.1]. �

As in the last section, Lemma 5.3 implies the following lemma (cf. the proof of
[SZ, Theorem 7.6]).

Lemma 5.4. Let t1 and t2 be two distinct integers, both of parity δ. Then

(5.2) n′t1(π) + n′t2(π) ≥ 2n+ |t1 − t2|.

We need the following lemma.

Lemma 5.5. Let t be an integer with parity δ. If n′t(π) ≤ n, then nt(π) = n′t(π).

Proof. Let t1 and t2 be as in Lemma 5.2. Together with the obvious inequalities

n′t1(π) ≤ nt1(π) and n′t2(π) ≤ nt2(π),

(5.1) and (5.2) imply that

(5.3) n′t1(π) = nt1(π) and n′t2(π) = nt2(π).

Thus it suffices to show that t = t1 or t2. Assume this is not true. Then Lemma
5.4 implies that

(5.4) n′t(π) + n′ti(π) ≥ 2n+ 2, i = 1, 2.

Together with the inequality n′t(π) ≤ n, (5.4) implies that

n′t1(π) + n′t2(π) ≥ 2n+ 4.

This contradicts (5.1) and (5.3). �
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Finally, we come to the proof of Proposition 5.1 for the dual pair (G,U(p, q)).
Without loss of generality, assume that p+ q ≤ n. Suppose that p+ q has parity δ
and π ∈ Ralg(Gδ, ωG,U(p,q)). Then

n′p−q(π) ≤ p+ q ≤ n.

Thus by Lemma 5.5,

np−q(π) = n′p−q(π) ≤ p+ q.

This implies that π ∈ R∞(Gδ, ωG,U(p,q)), and Proposition 5.1 is proved.
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