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Overview

Many applications of computational topology require efficient descriptions of topological features. This
lecture will survey recent algorithms and hardness results for computing several different descriptions of
optimal cost. We consider the following specific problems for a given topological space X :
• Find the set of loops of minimum total length whose homotopy classes generate π1 (X , x).
• Find the set of cycles of minimum total length whose homology classes generate H1 (X ).
• Find the set of p-cycles of minimum total weight whose homology classes generate H p (X ).
• Find the shortest cycle in X that is freely homotopic to a given cycle.
• Find the shortest cycle in X that is homologous to a given cycle.
• Find the minimum-weight p-cycle in X that is homologous to a given p-cycles.
We consider these problems only over combinatorial spaces: simplicial, cubical, or CW complexes
whose cells have non-negative weights. The output for each problem consists of one or more subcomplexes. In particular, for homotopy and first homology problems, we consider only paths, cycles, and
subgraphs in the 1-skeleton; the weight (or ‘length’) of such a subgraph is the sum of the weights of
its edges. Similarly, for questions about kth homology, the output is a subcomplex of the k-skeleton, or
more generally a k-chain. Thus, the internal geometry of the faces is completely irrelevant (or more
accurately, never defined).
For several of the problems, we further assume that the input space is a 2-manifold. Classical results
of Markov [44, 45, 46] imply that most computational questions about homotopy are undecidable in
non-manifold 2-complexes, or in manifolds of dimension 4 and higher. As we mention below, several
questions about homology that can be decided in polynomial time for surfaces become NP-hard in
non-manifold complexes or manifolds of higher dimension. We consider only orientable manifolds in
these notes.
For optimization problems involving homology, the choice of coefficient ring is of critical importance.
For computing optimal homology bases, there are efficient greedy algorithms for any coefficient field,
but no results are known for Z or other rings without division. Localizing a particular Z2 -homology class
is NP-hard, even for combinatorial surfaces; however, there are polynomial-time algorithms to localize
R-homology classes, or to localize Z-homology classes in manifolds.
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Combinatorial Surfaces

Before discussing any algorithms, let us establish some standard nomenclature and notation for combinatorial surfaces, mostly inherited from topological graph theory [30, 41, 48].
An embedding of an undirected graph G on a 2-manifold Σ maps vertices to distinct points and
edges to interior-disjoint curves. The faces of the embedding are maximal connected subsets of Σ that
are disjoint from the image of the graph. An embedding is cellular if each of its faces is homeomorphic
to the plane. Any cellular embedding can be represented combinatorially by a rotation system, which is
an encoding of the counterclockwise order of edges incident to each vertex. Euler’s formula implies
that any cellularly embedded graph with n vertices, n1 edges, and n2 faces lies on a surface with Euler
characteristic χ = n − n1 + n2 = 2 − 2g, which implies that n1 = O(n + g) and n2 = O(n + g). To simplify
our notation, we consider only cellular embeddings of genus g = O(n), so that the overall complexity of
the embedding is O(n).
Any undirected graph G embedded on a surface Σ has an associated dual graph G ∗ , defined as
follows. The dual graph G ∗ has a vertex f ∗ for each face f of G. Two vertices in G ∗ are joined by an
edge e∗ if and only if the corresponding faces of G are separated by an edge e. The dual graph G ∗ has
a natural cellular embedding in the same surface Σ; each face v ∗ of this embedding corresponds to a
vertex v of the primal graph G. Duality is an involution: (G ∗ )∗ = G. For any subgraph H of G, we abuse
notation by letting H ∗ denote the corresponding subgraph of the dual graph G ∗ .
Finally, a combinatorial surface is an abstract surface Σ together with a cellularly embedded graph G
with positively weighted edges. The only paths or cycles we consider in combinatorial surfaces are
walks in its graph; the length of any such walk is the sum of its edge weights, counted with appropriate
multiplicity.

3

Optimal Homotopy Bases

We now consider the problem of computing a set of loops of minimum total length whose homotopy
classes generate the fundamental group π1 (Σ, x) of some space Σ.
We first describe an algorithm of Erickson and Whittlesey [26] for the special case of combinatorial
surfaces. Their algorithm is a modification of a simple linear-time algorithm to compute an arbitrary
homotopy basis, due to Eppstein [23]. Their algorithm actually constructs a system of loops, that is, a
set of 2g loops `1 , . . . , `2g with a common basepoint, such that Σ \ (`1 ∪ · · · ∪ `2g ) is a topological disk.
Any system of loops with basepoint x is also a basis for the fundamental group π1 (Σ, x). Not every
homotopy basis is a system of loops, however; homotopy bases may contain (self-)intersections that
cannot be removed by homotopy.
A spanning tree (or maximal tree) of G is any connected acyclic subgraph of G that contains every
vertex of G. We call a subgraph C a spanning cotree of an embedded graph G if the dual subgraph C ∗
is a spanning tree of the dual graph G ∗ . A tree-cotree decomposition (T, L, C) of G is a partition of
its edges into three disjoint subsets: a spanning tree T , a spanning cotree C, and the leftover edges
L = G \ (T ∪ C). The spanning tree T and spanning cotree C can be chosen arbitrarily, as long as they
do not share an edge. If G is embedded on an orientable surface of genus g, Euler’s formula implies that
in any tree-cotree decomposition (T, L, C) of G, the set L contains exactly 2g edges. Indeed, tree-cotree
decompositions of planar graphs (with L = ∅) were introduced by von Staudt [51] in his proof of Euler’s
formula.
Given any embedded graph G with n vertices, it is easy to construct a tree-cotree decomposition
(T, L, C) in O(n) time as follows. Construct a spanning tree T of G using depth-first search; then
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construct a spanning tree C ∗ of the dual subgraph (G \ T )∗ , again by depth-first search; and finally, let
L = G \ (T ∪ C).
Finally, given a tree-cotree decomposition, we can construct basis for π1 (Σ, x) as follows. For each
edge uv ∈ L, let `(uv) be the loop formed by concatenating the unique path in T from x to u, the edge
uv, and the unique path in T from v back to x. Eppstein [23] proves that the set {`(e) | e ∈ L} is a
system of loops and therefore a homotopy basis. Each loop `(e) can be computed from T and e in
O(1) time per edge. Thus, the overall time to complete these 2g loops is O(n + kout ), where kout is the
complexity of the output. Each loop `(e) traverses each edge of the combinatorial surface at most twice,
so kout = O(ng); this bound is tight in the worst case.
To construct the shortest homotopy basis with a given basepoint x, Erickson and Whittlesey [26]
modify Eppstein’s algorithm by choosing a particular greedy tree-cotree decomposition (T, L, C). In this
decomposition, T is a single-source shortest path tree rooted at the basepoint x, and C ∗ is the maximum
spanning tree of G ∗ , where the weight of each dual edge e∗ is the length of the corresponding primal
loop `(e). Standard textbook algorithms to compute shortest-path trees and minimum spanning trees let
us construct this tree-cotree decomposition in O(n log n) time. If g = O(n1−" ) for any constant " > 0,
both the shortest-path tree and the dual maximum spanning tree can be computed in O(n) time [33, 43].
Erickson and Whittlesey [26] prove that the greedy tree-cotree decomposition defines the shortest
system of loops using a complex exchange argument. A much simpler proof was more recently given by
Colin de Verdière [15], who also described a similar greedy algorithm to compute the minimum-length
cut graph with a prescribed set of vertices. A cut graph is a subgraph X of the graph G such that Σ \ X is
an open disk; computing the shortest cut graph with no prescribed vertex set is NP-hard [24].
If no basepoint is specified in advance, we can compute the shortest homotopy basis in O(n2 log n +
kout ) time by running the previous algorithm at every vertex.

4

Optimal Homology Bases

Any set of loops that define a basis for the fundamental group also immediately define a basis for the
first homology group H1 (Σ), over any coefficient ring. Thus, Eppstein’s linear-time tree-cotree algorithm
can also be used to construct a first homology basis for any combinatorial surface in O(n + kout ) = O(ng)
time. (We can reduce the output size slightly by replacing each loop `(e) with the unique cycle in the
graph T ∪ {e}, but the output size is still Θ(g n) in the worst case.) However, the minimum-length first
homology basis is not generally consistent with any tree-cotree decomposition.
Erickson and Whittlesey [26] describe an efficient algorithm to compute the shortest homology basis
with respect to any coefficient field R, generalizing an earlier algorithm of Horton [37] to compute the
shortest cycle basis of an edge-weighted graph. Their algorithm is simplified by the following observation
of Dey et al. [19]: Every generator in the optimal homology basis is also a generator in the optimal
homotopy basis for some basepoint. Thus, in O(n2 log n + g n2 ) time, we can compute a set of O(g n)
candidate cycles that must include the optimal homology basis. For each candidate cycle, we can also
compute its length and a vector of length 2g encoding its homology class, in total time O(g n2 ).
We are now faced with the following matroid optimization problem: Given a collection of O(g n)
vectors, each with a positive weight, find a subset of minimum total weight that generates the vector
space R2g . This problem can be solved by a greedy algorithm, similar to Kruskal’s classical algorithm to
compute minimum spanning trees [40]. Starting with an empty basis, consider the vectors one at a time
in order of increasing weight; whenever we encounter a vector that is linearly independent of the vectors
already in the basis, add it to the basis. This portion of the algorithm can be implemented to run in
O(g n log n + g 3 n) time. The total time to compute an optimal homology basis is O(n2 log n + g n2 + g 3 n);
for surfaces of genus O(n1−" ), the O(n2 log n) term can be removed from the running time.
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Dey et al. [19] and Chen and Freedman [14] extend this greedy strategy to compute optimal bases
for the first homology group (again, over any coefficient field) of an arbitrary simplicial complex in
polynomial time using persistent homology [20, 21, 53]. Chen and Friedman generalize the algorithm
further to compute minimum-cost bases for higher-dimensional homology groups, where the cost of a
single generator is the radius of the smallest ball that contains it. It is more natural to define the cost of
a generator to be the number (or total weight) of the simplices it contains, but finding the minimum-cost
basis for H p (Σ) with this measure, for any p > 1, is NP-hard [12].
The restriction to coefficient fields is unfortunately necessary for all of these algorithms. For coefficient
rings without division, such as the integers Z, homology groups are not vector spaces, and thus a
maximal independent set of homology classes is not necessarily a basis. Gortler and Thurston (personal
communication) have shown that the greedy algorithm can return a set of 2g cycles in independent
Z-homology classes but do not generate the first homology group, even for a combinatorial surface of
genus 2. No algorithm or hardness result is currently known for computing minimal Z-homology bases.

5

Shortest Homotopic Paths and Cycles

The shortest homotopic path problem asks, given a path π in some space Σ, to compute the shortest
path in Σ that is homotopic to π. The definition of the universal cover Σ implies that the shortest path
homotopic to π is the projection of the shortest path in Σ̃ between the endpoints of some lift π̃ of π.
This characterization does not give us an actual algorithm, because the universal cover has unbounded
complexity. Algorithms to solve the homotopic shortest path problem first construct a small finite portion
of the Σ̃ and then compute a shortest path between the endpoints of π̃ in this relevant region.
The first efficient algorithm for this problem was described by Hershberger and Snoeyink [34], who
considered the problem in simple Euclidean polygons with holes. Their algorithm proceeds in five stages.
(1) In a preprocessing phase, compute a triangulation of the polygon P, and assign each diagonal in
the triangulation a unique label. (2) Compute the sequence of diagonals crossed by a point moving
along the input path π. (3) Reduce this crossing sequence by repeatedly removing adjacent pairs of
the same diagonal label. (4) Construct the sleeve of triangles containing every path whose crossing
sequence is the reduced crossing sequence of π. The sleeve is a topological disk, but not necessarily
a simple Euclidean polygon; rather, it is a subset of the universal cover of the triangulated polygon P.
(5) Compute the shortest path in the sleeve between the endpoints of π using the funnel algorithm of
Chazelle [11] and Lee and Preparata [42]. The overall running time of Hershberger and Snoeyink’s
algorithm is O(n log n + nkin ), where kin is the number of segments in the input path. A similar algorithm
constructs the shortest cycle freely homotopic to a given cycle in the same time bound. Extensions of
this algorithm were developed by Bespamyatnikh [3, 4], Cabello et al. [7], and Efrat et al. [22].
Colin de Verdière and Erickson follow a similar strategy for computing shortest homotopic paths in
combinatorial surfaces [17]. Instead of a triangulation, their preprocessing algorithm constructs a tight
octagonal decomposition of the given surface Σ in O(g n log n) time; this is a collection of O(g) cycles,
each as short as possible in its homotopy class, that decompose the surface into octagons meeting four at
a vertex. The universal cover of the octagonal decomposition is combinatorially isomorphic to a tiling
of the hyperbolic plane by right-angled octagons. In particular, each cycle in the decomposition lifts
to an infinite geodesic in Σ̃, which crosses any other shortest path in Σ̃ at most once. Given a path π
in Σ, the algorithm exploits this regular structure to construct a finite portion of the infinite octagonal
tiling containing the shortest path between the endpoints of π̃, then fills each relevant octagon with
the corresponding planar portion of the input graph, and finally computes the shortest path in the
resulting finite portion of the universal cover Σ̃. Assuming k ≥ 2, the query phase of the algorithm
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runs in O(g nkin ) time, where kin is the number of edges in the input path. A slightly more complicated
algorithm constructs the shortest cycle freely homotopic to a given cycle in O(g nkin log(nkin )) time.

6

Optimizing in Z2 -Homology Classes

The complexity of finding optimal representatives in a given homology class depends crucially on
the choice of coefficient ring. Somewhat surprisingly, optimization over finite fields turns out to be
significantly harder than optimization over either the reals or the integers.
We first consider homology over Z2 . With this coefficient field, a 1-chain in a combinatorial surface
is a subgraph of its graph; a 1-cycle is a subgraph in which every vertex has even degree; a 1-boundary is
the boundary of the union of a subset of faces; and two even subgraphs are homologous if and only if
their symmetric difference is a boundary subgraph. Euler’s formula immediately implies that the first
2g
homology group is the vector space Z2 .
Unfortunately, any reasonable variant of localizing a Z2 -homology class is NP-hard, even in combinatorial surfaces. An argument of Chambers et al. [8] can be modified to show that finding either the
shortest cycle or the shortest closed walk Z2 -homologous to a given cycle is NP-hard, by reduction from
the Hamiltonian cycle problem in planar grid graphs [38]. Later Chambers, Erickson, and Nayyeri [10]
proved that finding the minimum-length even subgraph Z2 -homologous to a given cycle is NP-hard, by
reduction from MINCUT in graphs with negative edges [47]. In more general simplicial complexes, Chen
and Friedman [13] prove that approximating the shortest even subgraph in a given homology class to
within any constant factor is NP-hard, even when the rank of the first homology group is 1, by reduction
from the nearest codeword problem [2].
However, for surfaces of constant genus, we can find minimal representatives in any Z2 -homology
class in O(n log n) time. Specifically, Erickson and Nayyeri [25] describe an algorithm to compute either
the shortest closed walk or the shortest even subgraph in a given Z2 -homology class in 2O(g) n log n time,
simplifying and improving an earlier algorithm by Chambers et al. [8] that runs in g O(g) n log n time.
Erickson and Nayyeri’s algorithm first constructs the Z2 -homology cover Σ of the combinatorial
surface Σ; this is the unique connected covering space of Σ whose group of deck transformations is
2g
H1 (Σ; Z2 ) ∼
= Z2 . More concretely, this covering space can be constructed as follows. Let `1 , . . . , `2g be
any systems of loops for Σ, such as the one constructed from a tree-cotree decomposition by Eppstein’s
algorithm. The surface D := Σ\(`1 ∪· · ·∪`2g ) is a topological disk; each loop `i appears on the boundary
−
2g
of D as two boundary segments `+
i and `i . For each homology class h ∈ (Z2 ) , we create a disjoint
+
−
−
copy (D, h) of D; for each index i, let (`+
i , h) and (`i , h) denote the copies of `i and `i in the disk (D, h).
For each index i, let bi denote the 2g-bit vector whose ith bit is equal 1 and whose other 2g − 1 bits are
all equal to 0. The Z2 -homology cover Σ is constructed by gluing the copies of D together by identifying
−
boundary paths (`+
i , h) and (`i , h ⊕ bi ), for every index i and every homology class h. The resulting
combinatorial surface has n = 22g n vertices, each labeled by a pair (v, h) for some vertex v in Σ and
some homology class h, and genus g = 22g (g − 1) + 1.
Let ω be a closed walk in Σ, and let [ω] denote its Z2 -homology class. the walk ω is the projection
of a path in Σ from (v, 0) to (v, [ω]), where v is any vertex in ω. Thus, the shortest closed walk in
homology class h is the projection of the shortest path in Σ from some vertex (v, 0) to the corresponding
vertex (v, h). This shortest path can be found in O(n· n) = 2O(g) n2 time by computing a shortest-path tree
at every vertex (v, 0). Erickson and Nayerri [25] reduce the running time to O(gn log n) = 2O(g) n log n
using more complex data structures [6].
The minimum-weight even subgraph in any Z2 -homology class has at most g connected components,
each of which is (the image of) the shortest closed walk in its own Z2 -homology class. To find the
optimal even subgraph, Erickson and Nayerri first compute the shortest closed walk in every Z2 -homology
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class, in 2O(g) n log n time, and then assemble the components using a simple dynamic programming
algorithm in 2O(g) additional time. Specifically, let C(h, k) denote the minimum total weight of any
set of at most k closed walks whose homology classes sum to h. This function obeys the recurrence

C(h, k) = minh0 C(h0 , k − 1) + C(h ⊕ h0 , 1) , where h0 ranges over all homology classes. The base cases
are C(0, k) = 0 and C(h, 1), which has already been computed for each h.

7

Optimizing in R- and Z-Homology Classes

We now switch to finding minimum-cost representatives in real and integer homology classes. For
homology over the reals, we can describe polynomial-time algorithms for arbitrary weighted simplicial
complexes via linear programming. Under appropriate conditions, the resulting linear programs actually
have integral solutions, and thus can be used to find optimal representatives in integer homology classes.
Fix a simplicial complex X and a non-negative integer p ≥ 0. Let m and n respectively denote the
number of p-simplices and (p + 1)-simplices in X . In real simplicial homology, a p-chain is a formal linear
combination of oriented p-simplices in X , which we identify with a real vector c = (c1 , c2 , . . . , cn )inRm .
Two p-chains are homologous if their difference is the boundary of some (p + 1)-chain. Note that we are
not restricting our homology classes to chains with empty boundaries.
Suppose each unoriented p-simplex in X has a non-negative real weight; we represent these weights
m
by
P another vector w = (w1 , . . . , w n ) ∈ R . The weight of a p-chain c is defined as the sum w(c) :=
i |ci |w i . Given a real p-chain c as input, our goal is to another p-chain x of minimum weight w(x ) in
the real-homology class of c. Dey, Hirani, and Krishnamoorthy [18] observe that this problem has the
following linear programming formulation:
P
+
−
minimize
i w i · (x i + x i )
(LP1)
subject to
x + − x − = c + [∂ p+1 ](y + − y − )
+
−
+
−
x ,x ,y ,y ≥0
Here, the vector x = x + − x − ∈ Rm is the target p-chain, the vector y = y + − y − ∈ Rn is a (p + 1)-chain,
and [∂ p+1 ] is the m × n matrix representing the boundary operator ∂ p+1 : Rn → Rm .
Finding the minimum-cost representative in a given integer homology class is the solution to an
integer program, obtained by adding the constraints x + , x − ∈ Zm and y + , y − ∈ Zn to the linear
program (LP1). Unlike linear programming, which can be solved by strongly polynomial-time algorithms
integer programming is in general NP-hard.
A matrix is totally unimodular if every square minor has determinant 0, 1, or −1. Cramer’s rule
implies that for any totally unimodular matrix A and any integer vector b, every vertex of the polyhedron
{x | Ax = b, x ≥ 0} is integral [36]. Thus, any linear program defined by a totally unimodular constraint
matrix and an integral constraint vector has an integral solution. Dey, Hirani, and Krishnamoorthy [18]
prove that the boundary matrix [∂ p+1 ] is totally unimodular if and only if certain relative pth homology
groups of subcomplexes of X are torsion-free. In particular, any orientable compact manifold satisfies
this condition, as does any finite simplicial d-complex embedded in Rd . Thus, for complexes with totally
unimodular boundary matrices, the linear program (LP1) automatically has integral solutions, and thus
can be used to optimize within any integer homology class in polynomial time.
Moreover, for any chain c ∈ {−1, 0, 1}n , we can obtain the minimum-cost homologous chain
x ∈ {−1, 0, 1}n of minimum total weight in the Z-homology class of c by adding constraints x + , x − ≤ 1
to (LP1) and solving the resulting linear program.
Dey, Hirani, and Krishnamoorthy’s result generalizes an earlier result of Sullivan [52], who described
a polynomial-time algorithm to find the minimum-weight p-chain in a given Z-homology class, in
a (p + 1)-manifold cell complex. Sullivan observed that the dual of linear program (LP1) describes
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the following minimum-cost circulation problem. Let G be the 1-skeleton of the dual cell complex;
conveniently, this graph has n vertices and m edges. We interpret G as a symmetric directed graph
~ = (V, E
~ a capacity c(~e) equal to
~ ) with the same adjacency matrix. Assign each directed edge ~e of G
G
the weight of the corresponding unoriented primal p-cell, and a cost $(~e) equal to the coefficient of
the corresponding oriented p-cell in the input chain c. We emphasize here that the capacity function is
symmetric, but the cost function is antisymmetric. Sullivan applies a primal-dual algorithm [] to solve
both the primal and dual liner programs in time polynomial in n, m, and kck1 .
For complexes that do not satisfy the total unimodularity condition, it is not known whether
minimum-cost z-homologous chains can be computed in polynomial time, or if the problem is NP-hard.

8

Maximum flows in surface graphs

The minimum-cost circulation problem is a generalization of the classical maximum flow problem,
which is described as follows. The input is a directed graph G = (V, E), with two specified vertices s
+
and t, andPa non-negative
P capacity function c : E → R . An (s, t)-flow in G is a function φ : E → R
such that u φ(u v) = w φ(v w) for every vertex v except s and t; this equation is usually called
the conservation
constraint.
P
P A flow φ is feasible if 0 ≤ φ(e) ≤ c(e) for every edge e. The value of φ
is | f | := w φ(sw) − u φ(us), the total net flow out of s. The maximum flow problem asks to
compute a feasible flow in G with maximum value. For graphs with n vertices and O(n) edges, the
fastest maximum-flow algorithms run in O(n2 log n) time [29, 27, 35, 50] or in O(n3/2 log n log U) time,
where U is an upper bound on the edge capacities [28].
We close this lecture by discussing a recent algorithm by Chambers, Erickson, and Nayerri [9] to
compute maximum flows in surface-embedded graphs. For surfaces of constant genus, this algorithm
p
is faster than the best maximum-flow algorithms for sparse graphs by roughly a factor of O( n). The
algorithm can be generalized to solve the LP-dual problem of localizing a real or integer homology class
in the same asymptotic running time.
Let G be a graph that is cellularly embedding on a 2-manifold Σ. In more topological language, an
(s, t)-flow φ in G is any real 1-chain whose boundary is the 0-chain |φ|(t − s). A circulation is a flow
with value 0, or in other words, a real 1-cycle. Two flows in G are homologous if their difference is a
formal sum of contractible cycles, also called a boundary circulation. The set of all homology classes
of flows is the relative homology group H1 (Σ, {s, t}) ∼
= R2g+1 . A homology class of flows is feasible if it
contains a feasible flow.
Flow homology can also be characterized in terms of the dual graph G ∗ as follows. A cocycle λ in G
is any subgraph whose dual λ∗ is a directed cycle in G ∗ . The capacity P
c(λ) of a cocycle λ is just the sum
of the capacities of its edges. Similarly, for any flow φ, we let φ(λ) = e∈λ φ(e). It is easy to prove that
two flows φ and ψ are homologous if and only if φ(λ) = ψ(λ) for every cocycle λ; in particular, any
two homologous flows have the same value.
Chambers, Erickson, and Nayerri [9] prove that the homology class of a flow φ is feasible if and
only if φ(λ) ≤ c(λ) for every cocycle λ. This condition can be tested by running a single-source shortest
path algorithm in the dual graph G ∗ with appropriate (possibly negative) edge weights. Chambers
et al. describe a suitable shortest-path algorithm that runs in O(g 2 n log2 n) time, generalizes an earlier
algorithm for planar graphs by Klein, Mozes, and Weimann [39, 49]. This algorithm returns either a
feasible flow homologous to φ or a cocycle that is over-saturated by φ.
For any cocycle λ, the inequality φ(λ) ≤ c(λ) imposes a linear constraint on the homology class
of φ. Thus, the set of all feasible homology classes is a convex polyhedron in R2g+1 , and finding the
feasible homology class of maximum value is a linear programming problem. Unfortunately, this linear
program appears to have nO(g) non-redundant constraints, so we cannot solve it directly. However, the
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linear program can be solved using implicit methods that apply the dual shortest-path algorithm as a
membership/separation oracle. Specifically, if the edge capacities are integers less than C, the central-cut
ellipsoid method [31, 32] solves the linear program in O(g 8 n log2 n log2 C) time. Alternatively, for
arbitrary capacities, multidimensional parametric search [1] gives us a combinatorial algorithm that
p
runs in g O(g) n3/2 time. Both time bounds are faster by roughly a factor of n than the fastest algorithms
for general sparse graphs when the genus is constant.
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