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CONVERGENCE OF THE RANDOM VORTEX METHOD 
IN TWO DIMENSIONS 

DING-GWO LONG 

1. INTRODUCTION 

In this paper we prove an almost optimal rate of convergence of the random 
vortex method in two dimensions through a simple and unified approach. The 
framework of the proof can easily be adapted to treat the time discretizations 
and the convergence of the random vortex method in three dimensions [12, 13]. 
It may also be applicable to analyze the accuracy of other numerical methods 
which involve random samplings. 

The inviscid and the random vortex method with regularized velocity kernels 
were introduced by Chorin [5] to simulate inviscid and viscous incompressible 
fluid flows, respectively. The convergence of the inviscid vortex method was 
first proved by Hald [11], Beale and Majda [3, 4] for two and three dimensions. 
Later Cottet [6] and Anderson and Greengard [1] gave simpler proofs for the 
estimate of the consistency error. 

The (time discretized) random vortex method in [5] is based on viscous split-
ting under which the Navier-Stokes equations are split into Euler's equations 
and the heat equation. Then Euler's equations are simulated by the inviscid 
vortex method and the heat equation is simulated by independent Gaussian 
random walks of the vortices. Thus the random vortex method generalizes the 
inviscid vortex method by adding a random term-Gaussian random walks. 
The convergence of the viscous splitting was proved by Beale and Majda [2]. 

Marchioror and Pulvirenti [15] considered the (continuous time) random 
vortex method with the Gaussian random walks replaced by independent Wiener 
processes (Brownian motions) and proved a "propagation of chaos" (law of large 
numbers) type of result on the convergence. Their result is not satisfactory 
from the point of view of numerical computations since there is no rate of 
convergence. One needs to look for a "large deviation" type of result. 
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Goodman [10] proved a rate of convergence of the order N- 1 /41n N where 
N is the number of vortices used in the computation. However, his approach 
has the following limitations. 

( I) The rate of convergence is not optimal. It should be roughly of the 
order N- J /2 by the central limit theorem. 

(2) His approach requires the smoothing parameter J to be of the order 
N-l/4In2N~hJ/21InhI2 or greater where h~N-J/2 is the grid size. 

(3) There is no dependence of the sampling error on the viscosity v since 
the initial positions of the vortices are chosen randomly. 

In this paper we prove a rate of convergence of the order N- J /2 In N ~ h lIn hi 
uniformly for v E [0, vo] with arbitrary Vo > 0 while J only has to be of the 
order h q or greater for any 0 < q < I. The problem of detailed v-dependence 
as v -+ 0 will be treated in [14]. 

The papers by Hald [11], Beale and Majda [3, 4J (abbreviated as B-M here-
after), and Anderson and Greengard [1J (abbreviated as A-G hereafter) have 
established the foundation of analyzing the vortex method in two and three 
dimensions. Since the random vortex method is a random perturbation of 
the inviscid vortex method, a satisfactory analysis of the former should be a 
generalized version of the latter. Therefore, it is important to study how to 
incorporate the additional probabilistic features appropriately. The approach 
of this paper is based on B-M and A-G with suitable modifications in order to 
treat the sampling errors and the random motions of the vortices. Therefore, 
the proof presented here is more natural other than being almost optimal. 

§§2, 3, and 4 provide the necessary backgrounds for the development in the 
later sections. They include a brief review of the inviscid vortex method, the 
formulation of the random vortex method as a system of interacting diffusion 
processes, the statement of the main result (Theorem 2), and a few estimates 
which will be applied throughout the later sections. 

§§5, 6, and 7 focus on the proof of the main result. The proof consists 
of two parts: the consistency and the stability estimates. The key idea in the 
consistency part is to separate the sampling error from two other types of error-
the moment error and the discretization error, and then estimate it through 
Bennett's inequality which is an estimate of large deviation type. The moment 
error and the discretization error are essentially the same as their counterparts 
in the inviscid case. Lemma I in §4, an estimate for the quadrature errors, 
is established for analyzing the discretization error. It is a generalization of 
the quadrature estimate in A-G. It turns out that Lemma I is also needed in 
estimating the variance of the sampling error and the variances associated with 
the stability estimate. The key idea in the stability part is to prove that the 
density of the vortices is bounded so that one can still apply Calderon-Zygmund 
inequality as B-M did in the inviscid case. 
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2. THE INVISCID VORTEX METHOD 

Euler's equations for homogeneous incompressible inviscid fluid flows in R2 
are 

( I ) 

(2) 

au 
at + (u . \1) u = - \1 p , 

\1·u=O 

where u(x, t) = (u, (x, t), u2(x ,t)) is the velocity field with x = (x, ,x2) in 
R2 . By taking the curl of equation (I), we obtain 

(3) 
ow at + \1. (wu) = 0 

where w = au2 /ax, - au,/ax2 is the vorticity. Equation (3) is the continuity 
equation for the vorticity w. Therefore, the total vorticity contained in any 
piece of fluid is conserved during the motion. Moreover, by the incompressibil-
ity condition (2), equation (3) reduces to 

(4) 
ow at + (u . \1)w = 0, 

and since the volume of any fluid element is conserved, w is conserved on 
particle paths. Namely, 

(5) w(x(t; ex) ,t) = w(ex ,0) 

where x(t; ex) is the solution of the ODE 

(6) 
dx di = u(x, t) 

with the initial data x(O; ex) = ex and ex = (ex, ,ex2 ) is the Lagrangian coordi-
nates. Notice that x(t; ex) are the characteristic curves of equations (3) and (4). 
It follows from the incompressibility condition (2) that the vorticity determines 
the velocity. Since \1. u = 0, there exists a stream function 'I' such that 

u = (~~, - ~~) 
and 

w = - \1 2'1' . 

Therefore 'I' = G * wand 

(7) u(x ,t) = (K * w)(x ,t) = l, K(x - x')w(x' ,t) dx' 

where G(x) = -(2n)-' ln Ixl and 

( aG aG) I K(x) = -;:)(x) , - -;:)(x) = --2 (-X2 ,x,). 
uX2 UX, 2nlxl 
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By combining (6), (7), (3), and (5), we obtain an equivalent formulation of 
Euler's equations by the integro-differential equation 

(8) dx 1 '" -d (t;a) = K(x(t;a) -x(t;a ))w(a ,O)da 
t R2 

with the initial data 
X(O; a) = a E R2. 

The vortex method is a discrete approximation of the particle trajectory for-
mulation (8) with the kernel K replaced by a mollified one, i.e., we use a finite 
number of particles (vortices) to replace the integro-differential equation (8) by 
a finite system of ordinary differential equations: 

dX." 2 
(9) d/ (t) = L- Ko(xi(t) - xj(t))wjh 

jhEAh 

with the initial data 

where 
-2 -I 

Ko = K * lfIo' lfIo(x) = J IfI(J x), J> 0, 

( lfI(x)dx = 1, Wi = w(aj ,0), iRl 
the initial vorticity w(·, 0) has compact support, and 

Ah = {a i : a i = h. i = h· (iI' i2), i E Z2} 

is a lattice with spacing h > O. Thus the continuous and the discrete velocities 
computed from the vortex method are 

fl(x, t) = LKo(x - x)t))Wjh2 , u;(t) = LKo(xi(t) - x j (t))wj h2. 
j j 

The choice of the smoothing function IfI is closely related to the accuracy of 
the method. Following B-M and A-G we denote IfI E M L .m if it satisfies the 
three conditions below. 

(i) JR2 IfI(X) dx = 1. 
(ii) JR2 XPIfI(X) dx = 0, for all multi-indices p with I ~ IPI ~ m - 1. 

(iii) IfI E C L (R2) and IfI decreases rapidly at infinity. 
The numerical analysis of the inviscid vortex method consists of two parts-

consistency and stability. One introduces a reference velocity uh (x ,t) obtained 
from a finite sum 

uh(X, t) = LKo(x - x j (t))wj h2 
j 

where xj(t) is the exact particle path which is the solution of the ODE (6) with 
the initial data xj(O) = h . j. The discrete reference velocity is denoted by 

u;(t) = uh(xj(t) , t) = L Ko(xj(t) - x j (t))wj h2. 
j 
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The difference between the exact velocity u and the velocity u from the vortex 
method is bounded by 

/uh(x, t) - u(x, t)/ ~ /uh(x, t) - uh(x, t)/ + /uh(x, t) - u(x, t)/ 
= stability + consistency. 

A-G gave a simpler proof of the consistency estimate that 

max max /uh (x, t) - u(x ,t)/ ~ C[om + (h/o)L 0] 
O:::;t::;T xER2 

with the smoothing function '1/ E ML ,m • For the stability estimate, B-M proved 
that if maxh'jEAh /Xj(t) - xJt)/ ~ 0 for all t, 0 ~ t ~ T* ~ T, then 

/lu;(t) - u;(t)/lu ~ C/lxj(t) - xj(t)/lu 
h h 

and 
/luh(., t) - uh(., t)/lLP(B(Ro)) ~ C/lXj(t) - Xj(t)/lL~ 

uniformly for t E [0, TJ where the discrete L P norm /lVj/lL~ = (Lj /v j/P h2)1/P 
and B(Ro) is a ball of radius Ro' 

By combining the consistency and the stability estimates, the main result on 
the convergence is obtained. It is stated in the following theorem. 

Theorem 1. Assume that the velocity field u(x, t) is smooth enough, that the 
initial vorticity has bounded support and '1/ E ML ,M. Then for all sufficiently 
small hand 0, 0 2:: hq , q < 1 , we have the following estimates. 

(i) Convergence of particle paths 

max /lxj(t) - xj(t)/lu ~ C[om + (h/o)L 0]. 
O::;t::;T h 

(ii) Convergence of discrete velocity 

max /lu; (t) - u(xj(t) ,t)/IL" ~ C[om + (h/o)L 0]. 
O::;t::;T h 

(iii) Convergence of continuous velocity 

OTt~XT /luh (. , t) - u(· , t) /lV'(B(Ro)) ~ C[om + (h/o)L 0]. 

Here Ro > 0 is an arbitrary finite radius. The constant C depends only on 
T , L , m , p , q , Ro' the diameter of supp Wo ' and the bounds for a finite number 
of derivatives of the velocity field u(x, t) . 

3. THE RANDOM VORTEX METHOD 

We begin with the formulation of the random vortex method as a system of 
interacting diffusion processes. The Navier-Stokes equations for incompressible 
viscous fluid flows are 

au. 2 -+(u·V')u=-V'P+VV' u, at 
V'·u=o, 
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where IJ is the kinematic viscosity. The vorticity-stream formulation is 

(10) 8w 2 
7jf+(U''V)W=IJ'V w, 

u(x ,t) = (K * w)(x ,t). 

Since 'V. U = 0, (10) can be written as 

( 11) 8w 2 
7jf+'V'(UW)=IJ'V w. 

In the terminology of probability theory, equation (10) is called a backward 
equation and equation (11) is called a forward equation. That w(x, t) is a 
solution of both a backward and a forward equation implies that the maximum 
principle 

sup w(x ,t) ~ sup w(x ,s) , for t 2 s, 
XER' xER2 

is satisfied and the total vorticity 

'P'"(t) = fa, w(x ,t) dx 

is conserved, respectively. 
We assume that the velocity field u(x, t) is sufficiently smooth. The random 

vortex method is motivated from the following probabilistic interpretation of 
( 11). The appropriate generalization of particle paths for equation (11) is the 
diffusion process X (t ; a), t 2 0 , defined by the stochastic differential equation 
(abbreviated as SDE) 

(12) dX(t;a) = u(X(t;a),t)dt+V2vdW(t) 

with the initial data 
X(O;a)=a, 

where W(t) is a standard Wiener process (Brownian motion) in R2 . Since the 
diffusion coefficient v'2V in equation (12) is a constant, (12) is equivalent to 
the integral equation 

( 13) X(t;a)=a+ fat u(X(s;a),s)ds+V2vW(t). 

It is not necessary to introduce Ito's stochastic integral here. Ito's integration is 
needed for variable diffusion coefficients. Since W(t) has continuous sample 
paths with probability one, (13) can be solved sample path by sample path. 
For each continuous sample path (( t) of the process W (t) , the (deterministic) 
integral equation 

~(t; a) = a + fat u(~(s; a) ,s) ds + V2v((t) 

has a unique continuous solution. We will utilize this special property in our 
proof of the convergence of the random vortex method. The basic relation be-
tween the parabolic PDE (11) and the SDE (12) is that the fundamental solution 
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(Green's function) G(x, t ; a, s) of the PDE is the transition probability density 
of the diffusion process X, i.e., G(x, t; a, s) is the probability density that a 
particle reaches the position x at time t from position a and time s < t. See 
Friedman [9, Theorem 5.4 on p. 149]. 

Suppose a probability density po(x) in Rd is well approximated weakly by 
N particles with equal weights N- 1 at time t = 0, i.e., for a small cube 
centered at x and with side length .1x, 

d po(x) . (.1x) ~ .1N/N 

for any x E Rd where .1N is the number of particles in the cube. If we let the 
particles move according to the diffusion process (13), then it is intuitively clear 
that the ensemble of N particles at time t > 0 approximates the probability 
density 

p(x ,t) = f G(x, t; a, O)po(a) da 

provided that N is large enough. On the other hand, p(x, t) is the unique 
solution of the PDE (11) with the initial data po(x). This suggests a numeri-
cal method to compute p(x, t) or any continuous functional of p(x, t), like 
(KJ * p)(x, t) by simulating the diffusion process X. For the random vor-
tex method in two dimensions, the particles may carry different weights with 
positive or negative signs. 

From the above discussion, the particle tranjectory formulation should be 
derived from the SDE (12). We can write the velocity in the following way: 

u(x ,t) = l, K(x - y)w(y ,t) dy 

= l,K(X- Y ) [l2 G(y,t;a,O)W(a,O)da] dy 

= l2 [l2 K (X- Y )G(y,t;a,0)dY] w(a,O)da 

= l2 E[K(x - X(t; a)]w(a, 0) da 

where EY denotes the expectation of the random vector Y. It follows that 
( 12) can be rewritten as 

dX(t; a) = {l2 E'[K(X(t; a) - X(t; a'))]w(a' ,0) da'} dt 

(14) +v2vdW(t) 

where E'K(X(t;a)-X(l;a')) is EK(x-X(t;a')) evaluated at x=X(t;a). 
Equation (14) resembles closely the particle trajectory formulation (8) in the 
inviscid case. This leads naturally to the random vortex method where we 
replace Xi(l) and Xi(l) in the inviscid vortex method by the corresponding 
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diffusion processes Xi(t) and Xi(t) , respectively. Xi(t) is the solution of the 
system of SDE's 

(15) dX/t) ~ { ~ K,(X,(t) - Xj(t))wjh' } dt + ffv dW,(t) 

with the initial data 
Xi(O) = Cl: i = h . i 

and Xi(t) is the solution of the system of SDE's 

( 16) dXi(t) = u(XJt) , t) dt + V2V dWJt) 

with the same initial data Xi(O) = Cl: i where WJt) with h· i E Ah are in-
dependent standard Wiener processes in R2. Our main result is the following 
theorem. 

Theorem 2. Under the same assumption as in Theorem 1, we have the following 
estimates. 

(i) Convergence of particle paths 
~ m L 

max IIX(t) - X(t)IILP ::; C[t5 + (h/t5) 15 + hl1nhl]. 
O~/~T I I h 

(ii) Convergence of discrete velocity 

max IIz"i(t) - u(X(t) , t)IILP ::; C[t5 m + (hjt5)Lt5 +hllnhl]. 
O~/~T I I h 

(iii) Convergence of continuous velocity 

~h m h L h h max Ilu (', t) - u(·, t)IILP(B(R )) ::; C[t5 + ( /15) 15 + lIn I] 
09~T 0 

except for an event of probability less than h c' C provided that C ~ C" where 
the constants C', C" > 0 depend only on the same parameters as described in 
Theorem 1. 

Notice that one can choose a larger constant C so that the probability hC'c 
approaches zero faster. There is a trade off between the accuracy and the prob-
ability. 

Notation. We will use the short hand a ::; b in the rest of this paper to denote 
a ::; b except for an event of probability approaching zero faster than any 
polynomial rate by choosing the constant C sufficiently large. 

4. PRELIMINARY ESTIMATES 

Since the initial positions of the vortices are chosen on the lattice points 
instead of being chosen randomly, the following lemma for the quadrature error 
is essential to our analysis. It generalizes the corresponding inviscid estimate in 
A-G to the viscous case v> O. 
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Lemma 1. Let X (t ; 0) be the solution of the SDE 

dX(t; 0) = u(X(t; 0) ,t) dt + v'2V dW(t) 

in Rd with the initial data X (0; 0) = 0 E Rd where u E C L (Rd x [0 , T]) , 
L ~ d + 1 and all the spatial derivatives of u(" t) up to the order L are 
uniformly bounded. Define no, t) = {Ef(X(t; a))} . g(o) with Rd ' -valued 
functions f E C; (Rd ), g E C~ (Rd ) , L ~ d + 1. Consequently the support of 
r is contained in a bounded domain Q:J supp g. Then we have the following 
estimate for the quadrature error 

max L nh . i ,t)hd - r no, t) do 
O"5.t"5.T JRd 

iEZd 

( 17) S; Ch L max lIa P gill cxo 
0"5. IPI"5. L " 

X { L 1 laP f(x)1 dx + L sup laP f(X)I} 
O"5.IPI"5.L Ixl"5.R O"5.IPI"5.L Ixl>R 

where R > 0 is arbitrary and C depends only on d, d' , T , L, the diameter of 
Q, and max]"5.lil"5.L lIaYuIILCXO(RdX[O.T)l· 

The proof is very similar to the inviscid case. We follow the approach in 
Cottet [6] and A-G which requires the following lemma. 

Lemma 2. Let f E C~ (Rd ). Then for L ~ d + 1 we have 

where the constant C depends only on d. 

See p. 424 of A-G for a proof. 

Proof of Lemma 1. We prove the case that d = 2 and f, g are real valued. 
The proof for the general cases is essentially the same. In order to apply Lemma 
2, we need to estimate Ila]Lrllv and lIai-nlv ' By direct differentiation we 
know that a]Lr and a2Lr are sums of finite terms of the form 

(18) E [(a p f)(X(t ;0))' II (a Y X(t ;O)t(Yl]al\g(o) 
] "5.lyl"5.L 

where P ,Y , K ,11 are multiple indices with 0 S; IPI ' Iyl ' IKI ' 1111 S; L. We need 
a bound for aY X(t; 0). By differentiating 

X(t; 0) = 0 + lot u(X(s; 0) ,s) ds + v'2VW(t), 



788 D.-G. LONG 

we obtain integral equations 

a~,X(t;a)= (~) + fot["Vu(x(s;a),s)]. [a~,X(S;a)] ds, 

a~z X(t;a) = (~) + fot["Vu(x(s;a),s)]. [a~z x(s;a)] ds 

for (a/aa,)X(t ;(0) and (a/aaz)X(t ;(0). It follows that 

1 a~, X(t; (0)1 :::; 1 + lot II"VullL'''' ·1 a~, X(s; (0)1 ds, 

la~z x(t;a)l:::; 1 + lot II"VuIILoo 'Ia~z X(s;a)1 ds. 

Therefore 

la~, x(t;a)l, la~z X(t;a)l:::; exp(II"VuII Loo(R2 x[O,T])T) 

by Gronwall's inequality. 
The integral equation for higher order derivatives a Y x (t ; a) are 

a Y X(t; a) = lot Y(s) ds + lot ["Vu(X(s; a) ,s)] . a Y X(s; a) ds 

where Y(s) is some function of (aAu)(X(s;a)) and aPX(s;a) with 1:::; IAI:::; 
Irl and 1 :::; Ipl :::; Ir - 11. By Gronwall's inequality and induction on r, we 
conclude that 

( 19) 1 :::; Irl :::; L 
y 

where C depends only on max'::;IYI::;L 110 uII LOO (R2 X[O ,T])' L, and T. 
It follows from (18) and (19) that 

Ila,Lqv = { I aLL r(a)1 da = { I aLL r(a)1 da iR2 000, in 000 1 

:::; C max IlaP gllLoo L {IE(a P f)(X(t ;(0))1 da 
o::;IPI::;L O::;IPI::;L in 

(20) :::; C max IlaPgll Loo L {EI(a P f)(X(t;a))lda. 
O::;IPI::;L O::;IPI::;L in 

Similarly, Ila;nl v is bounded by (20). One can write 

{EI(aPf)(X(t;a))lda= { { laPf(x)IG(x,t;a,O)dxda in in iR2 
(21) = L2IaPf(X)1 [In G(x,t;a,O)da] dx 
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where G is the fundamental solution of the vorticity equation (11). The func-
tion v (x , t) = In G(x , t ; a ,0) da is the solution of the vorticity equation (11) 
with the initial data v(" 0) = ~ where 

{ I if x E Q, 
2':-= 

n 0 ifx~Q 

is the characteristic function of Q. Since v(x, t) satisfies the backward equa-
tion (10) and the forward equation (11), we have 

0< v(x ,t) < 1 and ( v(x, t) dx = Area(Q), 'tit> 0 iR2 
by the maximum principle and the conservation of vorticity, respectively. 
Therefore (21) can be estimated by 

l2IaPf(X)1 [In G(x,t;a,O)da] dx 

= l21aP f(x)I' v(x ,t) dx 

(22) ::; 1 laP f(x)1 dx + Area(Q)· sup laP f(x)l· 
Ixl:'OR Ixl>R 

The lemma is proved by combining (20), (21), (22), and Lemma 2. 

Since the Navier-Stokes equations are nonlinear, we need a uniform bound 
on the velocities u with respect to the viscosity v ranging in a compact set 
(say, 0 ::; v ::; 1) so that in later sections we can apply Lemma 1 to obtain 
estimates uniform in that compact set. The next lemma from Beale and Majda 
[2] provides the bound. 

Lemma 3. Let UV denote a family of solutions of the Navier-Stokes equations 
with the same initial data Uo E H S (R2), \7 x Uo ELI (R2), S 2: 4, where v is 
the viscosity. In particular, UO is the solution of Euler's equations. If T is an 
arbitrarily large time interval, then 

max Iluv (', t)II H, ::; C O:'Ot:'OT 
O:'Ov:'Ol 

where C depends only on T, IluoIIH" and 11\7 x uoll v . 

By Lemma 3 and Sobolev's lemma, max1:'OIPI:'OL Ila P uIILOO(R2X[O ,TJ) is uni-
formly bounded with respect to the viscosity v if the initial data is smooth 
enough. 

We also need the following estimates about Ko and its derivatives. 

Lemma 4. (i) laP Ko(x)1 ::; Cp<5- HP1 , 'tIx E R2 . 

(ii) laP Ko(x)1 ::; Cplxl-l-IPI, 'til x I 2: <5. 

See (5.7) and (5.8) on p. 47 of B-M. 
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Lemma 5. (i) ~xl::;R IKo(x)1 dx ~ CR, "10 < 1. 

(ii) ~XI::;R laP Ko(x)1 dx ~ Cln(Rjo) , for IPI = 1, ° < 1. 

(iii) ~xl::;R laP Ko(x)1 dx ~ CRo HPI ,for IPI > 1, 0< 1. 

See (5.9) on p. 47 of B-M and Lemma 2.3 on p. 425 of A-G. 
The next lemma is useful in estimating the sampling error. It is also needed 

in proving the stability lemma. 

Lemma 6 (Bennett's inequality). Let Yi be independent bounded random vari-
ables (not necessarily identically distributed) with mean zero, variances (Ji2 and 

2 IYjl ~ M. Let S = Li Yi , V 2: Li (Ji . Then for all ,,> 0, 

(23) P{ISI2:,,} ~ 2exp [_-!"2 V -1 B (M,,V- 1)] 

where B()") = 2;.,-2[( 1 + ).,) In(1 + ).,) -).,], )., > 0, lim.l.--+o+ B()") 1, and 
B()") ~ 2;.,-1 In)., as )., -+ 00. 

See Pollard [16, Appendix B] for a proof. For random vectors Yj in R2 , we 
have 

P{ISI2:,,} ~ 4exp [_i"2 V -1 B (M,,V- 1)] 

by applying (23) to the two components. 

5. CONSISTENCY ERROR FOR A FIXED TIME 

The consistency error can be decomposed into three components as follows. 

luh(x, t) - u(x, t)1 = I~Ko(X - XJt))wih2 - u(x, t)1 

< I~ Ko(x - X i (t))wih2 - ~ EKo(x - Xi(t))Wih21 

+ I~ EKo(x - X i(t))wih2 -ll Ko(x - y)w(y ,t) dyl 

+ III Ko(x - y)w(y ,t) dy -l2 K(x - y)w(y ,t) dyl 

= sampling error + discretization error + moment error. 

The moment error is exactly the same as in the inviscid case and it is proved 
in B-M and A-G that 

Il2 Ko(x - y)w(y ,t) dy -l2 K(x - y)w(y ,t) dyl ~ Com. 

For the discretization error we notice that J Ko(x - y)w(y ,t) dy is a dis-
guised version of J E[Ko(x - X(t; o:))]w(o:, 0) do:. By applying Lemma 1 with 
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fey) = K t5 (x - y), g(o:) = w(o:, 0), we obtain 

I~ EKt5 (x - Xi(t))wih2 -fa2 E[Kt5(x - X(t; o:))]w(o:, 0) do:l 

5: ChL { LIla)' K t5 (x - y)1 dy + L sup laY K t5 (x - Y)I} . 
O::;JyJ::;L Jx-yJ::;R 0::; JyJ::;L Jx-yJ>R 

We choose R = max(I, diameter(Q)). By Lemmas 4 and 5, 

I~EKt5(X - Xi(t))wih2 -fa2 K t5 (x - y)w(y, t) dy l5: C(h/J)LJ 

where the constant C depends only on L, the L 00 bounds of the velocity field 
u(x ,t) and its spatial derivatives up to the order L + 1 , and the diameter of 
n. 

The main step in this section is to estimate the sampling error by applying 
Bennett's inequality. Let 

2 Y i = wih [Kt5 (x - Xi(t)) - EKt5 (x - XJt))]. 

We have EYi = 0, IYil 5: Ch 2J- 1 ~f M , and 

L Var Yi = h2 L {EIK t5(x - Xi (t))1 2 -IEKt5 (x - Xi (t))1 2}w:h2 

Here we simply drop the term IEKt5 (x - Xi (t))12 and consequently there is 
no dependence of the sampling errors on the viscosity v. The term will be 
taken into account in [14] to extract v-dependence. We apply Lemma 1 again 
with fey) = IKt5 (x - Y)12, g(o:) = W2(o:, 0) to approximate ~i EIKt5 (x -
Xj(t))12W7h2 by the integral 

(24) r 2 2 in EIKt5 (x - X(t; 0:))1 W (0:,0) do: 

with an error of C(h/J)L which follows from Lemmas 4 and 5 since IK(x)12 = 
constant ·IV K(x)l. Notice that 

In EIKt5 (x - X(t; 0:))1 2w2(o:, 0) do: 

= r r IKt5 (x-Y)12G(y,t;o:,O)w2(o:,O)dydo: iniR2 
= fa2 IKt5 (x - y)1 2 {In G(y ,t; 0:, 0)w2(o:, 0) do: } dy 

where G is the Green's function. Since In G(y ,t; 0:, 0)w2 (o:, 0) do: is a solu-
tion of both the forward and the backward equations, its L 00 and L 1 norm 
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are bounded by those of the initial data respectively. Therefore, by choosing 
R = max (1 , diameter( n)) , (24) is bounded by 

C1 {I IK,,(x - Y)1 2 dy + sup IK,,(x _ Y)12} 
Ix-yl::;R Ix-YI>R 

= C1 {r IK,,(x)1 2dx+ r IK,,(X) 12 dX+C2} 
}O::;lxI9 },,::;lxl::;R 

~ C3{c5- 2 • c5 2 + In ~ + C2 } 

~ C411n c51 
and we have 

where the constant C depends only on L, the L (Xl bounds of the velocity field 
u(x ,t) and its spatial derivatives up to the order L + 1, and the diameter of 
n. It follows from Bennett's inequality that 

p {I~ Yil ~ Chllnh l} 

~ 4exp {-~C2(hllnhl)2V-1 B[M(ChllnhI)V-I]} 
2 2 -I -I -I 

~exp{-CIC Ilnhlllnc51 .B[C2CM Ilnhlllnc51 ]} 
h 2 -I 

~exp{-C3C11n Illnc51 } 
~ exp{-C3C11nhl} (by h ~ c5) 

= h C3C . 

In summary, we have proved an estimate for the consistency error at fixed x 
and t: 
(25) 

except for an event of probability less than h C3C with C3 > O. For the lattice 
points zk = h . k in any ball B(Ro) , it follows from the pointwise estimate 
(25) that 

(26) 

except for an event of probability less than C4h -2 . hC3C ~ hCsc with some 
constant Cs > 0 provided that C is large enough. Let X; be an independent 
copy of Xi' It follows from (25) and K,,(O) = 0 that 

h 12m L mrx lUi (t) + K,,(Xi(t) - Xi(t))wih - U(Xi(t) ,t)1 ::5 C[c5 + (hlc5) J + hi In hI]. 

Since IK,,(x)1 ~ Cc5- 1 , 

(27) max lu~ (t) - u(Xi(t) , t)1 ::5 C[c5 m + (hlc5)L c5 + hi In h I]. 
I 
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(26) and (27) are the consistency estimates for the discrete velocities at any 
fixed time t. 

6. STABILITY ESTIMATE FOR ALL TIME 

The main stability estimate is stated in the following lemma. 

Lemma 7 (Stability Lemma). Assume 

max max IXi(t) - Xi(t)1 ~ CoJ 
05,t5,T. h'iEA" 

for some T* ::; T, then 
_h h ~ Ilui (t) - ui (t)llu ~ ClIXi(t) - XJt)ll u 

h h 

uniformly for t E [0, TJ where the constant C depends only on T, L , p , q , 
the diameter of supp wO' and the bounds for a finite number of derivatives of the 
velocity field u. C is independent of T* . 

One can write 
_h h '" ~ 2 u i - u i = L)K,,(Xi - X) - K,,(Xi - X)lWjh 

j 

+ 2::[K" (Xi - X) - K,,(Xi - X)Wjh2 
j 

= V(I) + V(2). 
I I 

In B-M the estimate for ViI) is accomplished by considering a partition of the 
support of w(· , t) into cells Bi = q,t (Qi) where q,1 is the flow map determined 
by the velocity field u and Qi is the square centered at h· i with its sides of 
length h and parallel to the axes. ViI) is then approximated by the integral 

V (x) = %(x ,x )f(x )dx (I) ! I I I 

(I) (I) .. f I -.. I where v (x) = Vi lor x E Bi' (x) = ejwj' ej = Xj - Xj lor x E Bj' 
and %(x, x') = 'V K,,(xi - Xj + Yij) for x E Bi' x' E Bj . Since <1>1 is area 
preserving, it follows that Area(B) = h2 , Ilv(I)IILP = Ilv(I)IILP' and IIfll = 

I I h 

IlewlILi' . This enables one to apply Calderon-Zygmund inequality to estimate 
} J h 

ViI) after approximating %(x ,x') by 'V K,,(x - x'). 
For the random vortex method, the approach is not readily applicable with-

out modification since the positions of the vortices Xi(t) , Xi(t) are random. 
Actually, it is not necessary to use the flow map to define a partition of R2 . All 
we need is a partition satisfying 

( I) the sizes of the cells being of the order J or less, 
(2) the densities of the vortices in the cells being uniformly bounded with 

high probability, 
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so that one can still apply the Calderon-Zygmund inequality to estimate v;'). 
An obvious choice of the partition is the squares Qk centered at the lattice 
points o· k and with the side length 0 where k E Z2. The following lemma 
is about the uniform boundedness of the density of the vortices in balls. It is 
equivalent to the uniform boundedness in squares. 

Lemma 8. Let .#(x, r, t) = U{Xi(t): IXi(t) - xl ~ r}, with r> 0, 0 ~ t ~ T, 
be the number of vortices in the ball B(x, r). If r ~ hllnhl, then 

Proof. Let 

2 2 h . .#(x , r , t) ::S Cr . 

{ I if y E B(x ,r), 
H(y) = o ifyf/.B(x,r) 

be the characteristic function of the ball B(x, r). We can write 
2 2,", h ·.#(x, r, t) = h L'....J H(Xi(t)) 

i 

= h2 L EH(Xi(t)) + h2 L {H(Xi(t)) - EH(Xi(t))} 

= (I) + (II) 

where (I) is h2 times the expected number of vortices inside B(x ,r) and (II) 
is the fluctuation from the expectation. In order to apply Lemma 1, we need to 
introduce a smooth function H ~ H . Let ¢ E C;; (R2) be defined by 

¢(x) = {exp(-x 2/(I-X2)) if Ixl < 1, 
o if Ixl ~ 1. 

Define the function H by 

{ 
H (y) = 1 if y E B (x , r) , 

H(y) = ¢(Iy - xl/r - 1) If r ~ Iy - xl ~ 2r, 
o therwise. 

It is obvious that H E C;' (R2) , and its partial derivatives of order L are 
bounded by Cr- L where C depends only on L. Since H ~ H, we can 

2 -bound (I) by h Ei EH(Xi(t)) . 
By applying Lemma 1 with f(y) = H(y), g(o:) = 1, we can approximate 

h2 Ei EH(Xi(t)) by the integral In EH(X(t; 0:)) do: within an error 
L 

C1 hL . 4nr2 L r -I ~ C2r2hL {L . [min( 1, r)]-L} ~ Cr2 
1=0 

provided that h ~ r. Moreover 

r EH(X(t;o:))do:~ r r G(y,t;o:,O)dydo: in in i B(x ,2r) 

~ r dy = 4nr2. i B(x ,2r) 



THE RANDOM VORTEX METHOD IN TWO DIMENSIONS 795 

Thus we arrive at the conclusion that (I) I ~ Cr2 if r ~ h . 
We use Bennett's inequality to estimate (II). Let 

Yj = h2[H(XJt)) - EH(XJt))]. 

We have EYj = 0, IYjl ~ h 2 , and 

I:VarYj ~ h4I:E[H(Xj(t))]2 ~ h4 I: E[H(Xi (t))]2 . 

We apply Lemma 1 with f(y) = E[H(XJt))]2, g(a) = 1, to approximate 
h2 L: j E[H(Xj(t))]2 by the integral In E[H(X(t ;a))]2 da within an error 

L 

C1 hL . 4nr2 I: r -I ~ C2r 2hL {L . [min(1 ,r)]-L} ~ Cr2 
1=0 

provided that h ~ r. Furthermore 

r E[H(X(t;a))]2da~ r r G(y,t;a,O)dyda in in 1 B(x ,2r) 

~ r dy = 4nr2, 1 B(x ,2r) 

Therefore L: j Var Yj ~ Cr2 h2 if r ~ h . 
According to Bennett's inequality, it follows that 

p {I~ Yil ~ crhllnh l } 

~ 4exp {-t(Crhlin hl)2 . C1 r -2 h -2. B[h2CrhllnhlCI r -2 h -2]} 

2 2 -I 
~ exp{ -C2C Ilnhl . B[C2Cr hllnhl]} 

2 
~ exp{ -C3 C1 lnhl } 
= hC)Cllnh l 

provided that r - 1 h lIn h I stays bounded. 
Hence the fluctuation of h2 • ff(x ,r ,t) is 

1(11)1 ~ Crhllnhl ~ Cr2 

if h lIn h I ~ r. This completes the proof of the lemma. 
We will apply the above lemma with r ~ f5. The condition r ~ hllnhl is 

satisfied if we choose f5 = hq , 0 ~ q ~ 1. Next, we give a generalization of 
(5.11) on p. 470fB-M. 

9 (I) P I Lemma . Let Mij = maxlyl:SCoo max1P=118 Ko(Xj - Xj + y) , Then 

I: (I) 2 {CI In f5 I if I = 1 , 
M. h -< 1 

. IJ - Cf5- if I = 2. 
J 
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Proof. We prove the case I = 1 and Co = 1 in detail. The proofs for general 
Co and 1=2 are almost the same. We write 

= (/) + (II) + (II/) . 

(I) ~ C· (2£5)2 . C1 £5-2 ~ C, by the assumption and (i) of Lemma 4. 
In order to estimate (I/) and (II/) , we notice that IX) - Xii;::: 2£5 implies 

that 

It follows that 

and 

(28) 

To estimate (28) we decompose the ring 9l = {x: 2£5 < Ix - Xii ~ 2} into 
N -2 concentric rings 9ln = {x: (n+ 1)£5 < Ix-Xii ~ (n+2)£5} , 1 ~ n ~ N-2 
where N = [2/£5] is the least integer greater than or equal to 2/£5. Let an = 
./f/(Xj' (n + 1)£5, t) be the number of the vortices in the ball B(Xi' (n + 1)£5). 

(29) 

(30) 

(II) ~ L C1 • 41X} - Xjl-2h2 
XJE,h' 

N-2 

~ C2 L L IX} - Xjl-2h2 
n=l XJE.h'" 

n=2 

~ C3 { C4 + C6 ~ ~ } 

~ C7(1 + InN) 

~ Clln£51 

where (29) is obtained through summation by parts and (30) follows from 
Lemma 8. This completes the proof of the lemma. 
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Finally we are ready to estimate v(l) • We write 

V)I) = ~)K,,(Xi - X) - K,,(Xi - X)JWjh2 
j 

= L \7 K,,(Xi - Xj + Y i) . ej w jh 2 
j 
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where ej = Xj - Xj and we ignore the fact that Y 1j may depend on the com-
ponents. Let Zi EO' Z2 be the closest lattice point to Xi' If there is more 
than one lattice point closest to Xi' then we chose one of them arbitrarily. We 
write 

where 

For each zk = 0 . k = 0 . (k l ,k2), we define fk to be the average of all ejwj 
where Xj is in the square Qk' Namely, 

fk = 0- 2 L ej w j h 2 

X)EQk 

with the convention that fk = 0 if Qk contains none of the vortices X j . It 
follows from Lemma 8 that 

p 

Ilfkll~p = L 0-2 p+2 L ejw jh 2 
,) k X)EQk 

:5 LO-2P+2. (C0 2)P-I L lej w)Ph 2 

k XJEQk 
p-I P 

= C lIewlILI" 
j j h 

Furthermore, 

L \7 K,,(Zi - Z) . ej wj h 2 

j 
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since 
p p 

LVK6(Z;-Zj).e/'vjh2 = L VK6(Z;-Zk')'fk,~2 
j k'EZ2 

= LILVK6(Z;-Zk')'fk,~2IP ·h2 
; k' 

= L #(X; E Qk) ·IL V K6(Zk - Zk')' fk,~2IP . h2 
k k' 

~ CL ILVK6(Zk - Zk')' fk,~2IP .~2 
k k' 

~ CII~VKJ(Z' -z,,). M'[ 
• by Lemma 8. 

We can now follow the same procedure in B-M which is outlined above 
2 J ~ I ~ I I to rewrite the sum Ek VK6(Z; - zk)fk~ by the integral %(x ,x )f(x )dx 

~ ~ I 
where f = fk on the square Qk and %(x, x) = V K6(z; - zk)' x E Q;, 
x' E Qk' It follows from the argument in B-M (pp. 47-48) that 

L V K6(z; - zk) . fk~2 
kEZ2 

which implies that 

LV K 6 (Z; - Z) . ej w j h 2 

j 

provided that ~ 2: hl1nhl. By the Mean Value Theorem 
(I) ""' 2 ", h2 r; = L..,[V K6(X; - Xj + Y;j + y;). y;). ejwj 

j 

where Y;j = Y;j + (X; - Z;) - (Xj - Z) and we ignore that Y;j and Y;~ may 
depend on the components. Since IY;jl ~ ~, IY;~I ~ IY;jl ~ 4~ , 

(I) ""' (2) h2 Ir; I ~ L.., Mij . 4~ 'Iejw) . 
j 

By Young's inequality (see Folland [7, §O.C]) and Lemma 9 with Co = 5, we 
conclude that 

Ilr(I)IILP ~ 4~· max {""' M(2)h 2 , ""' M(2)h 2} ·lIe.w·IILP I h L.., IJ L.., IJ J J h 
j ; 

~ CllejwjIIL~' 

This finishes the estimation for V(I) • 
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To estimate V(2) , we apply the Mean Value Theorem 

(2) L - 2 V. = V'K.(X - X. + Y.)· (X - X)· w.h 
I 0 I J IJ I I J 

j 

~ [~VK,(Xi - Xj + Yi,l' Wjh']' (Xi - Xi)' 

We want to show that 

m~x LV'K,j(X; - Xj + y;). wj h2 ~ C. 
j 
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Since IV' KJ(X; - Xj + Y;) -IV' KJ(X; - X)I :5 JM;j2) , it is enough to prove the 
uniform boundedness of L: j V'KJ(X; - X). wj h2 by Lemma 9 and Young's 
inequality as in the estimation for r( I) • The proof is essentially the same as the 
consistency estimate except for K,j being replaced by V' K J . For any x E R2 
we may write 

LV' KJ(x - X) . wj h2 = LEV' K,j(x - X) . w j h2 
j j 

+ L[V' KJ(x - X) - EV' KJ(x - X)1 . w j h2 
j 

= (III) + (IV). 

By applying Lemma 1 with f(y) = V' KJ(x - y), g(o:) = w(o:, 0), we can 
approximate (III) by the integral 

l2 E[V' K,j(x - X(t; 0:))]' w(o:, 0) do: = l2 V' KJ(x - y) . w(y, t) dy 

with an error C(h/J)L which follows from Lemmas 4 and 5. (III) is uniformly 
bounded since 

Il2 V' K,j(x - y). w(y, t) dyl = Il2 K,j(x - y). V'w(y ,t) dyl 

:5 /IV'w/lv'" IIK,jI/lv(B) + /IV'w/l v /IK,j/lLOO(R2\B) 

is uniformly bounded with respect to x where B = {x E R2: Ixi < I} . 
We begin to estimate (IV). Let 

2 2 
Yj=V'KJ(x-X)·wjh -EV'K,j(x-X).wjh . 

We assume hi In hi :5 J as before. It follows that 

IYj l:5 Ch 2J-2 :5 Cjlnhl- 2 ~f M. 

To bound the variance 
" 2" 2 2 2 (31) V=L..tVarYj:5h L..tEIV'KJ(x-X)1 .wjh, 

j j 
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we once again apply Lemma 1 to approximate the sum in (31) by the integral 

12IV'K,,(X-Y)12 [In G(Y,I;a,0)w2(a,0)da] dy 

within an error Ch L l5-2- L ::; Cl5-2 . Therefore V::; Ch 2l5- 2 ::; Cllnhl-2 • 

From Bennett's inequality we obtain 

p { ~ Yj "C} ,; 4exp {-iC'V-' B(MCV-')} 
2 2 ::; exp{-C CIllnhl B(C2C)} 

2 2 -I ::;exp{-C3Cl lnh l'C} 
2 ::; exp{ -C3 Clln hi} 

= hCJCllnhl. 

Hence for any fixed time I, E j V' Kt5(Xj - X). w j h2 is uniformly bounded by 
C except for an event of probability less than hC4C1lnhl. 

We need to extend the previous stability result to all time I E [0, T*]. Here 
is our strategy. Let In' n = 0, ... ,N, divide [0, T*] into N subintervals 
with lengths less than hi for some I > 0 to be determined later. Since the 
stability estimate holds for any fixed time except for an event of probability less 
than h C, Clln hi, it holds on {In} ~= I except for an event of probability less than 
C2hc,Cllnhl-1 where CI C > I by choosing C large enough. The length of each 
time interval approaches zero as the number of vortices approaches infinity. 
Therefore, if we can prove that the positions of the vortices Xj(t), Xj(l) for 
I E [In' In+t1 are close to their own positions at time I = In' then we can pass 
the stability estimate on 10' ... ,INto the stability estimate for all time. To be 
more precise, we write 

Xj(l) - Xj(t) = {Xj(ln) + [Xj(l) - Xj(ln) + Xj(ln) - Xj(l)]} - Xj(ln) 

= {Xj(tn) + Yj(l)} - Xj(tn) 

= X)t) - Xj(tn) 

for t E [tn' tn+t1. Since our stability estimate (with Lemmas 8 and 9) requires 
only statistics of Xj(tn) and treat XJtn) as small perturbation from Xj(tn) , it 
makes no difference to add another small perturbation Yj(t) to Xj(tn) and the 
stability estimate 

_h h -;:: ~ 
Ilu j (t) - uj (t)llu :5 ClIXj(t) - Xj(tn)llu = ClIXj(t) - Xj(t)llu 

h h h 

holds for all t, t n < t < t n+ I ' as long as I Yj (t) I :5 constant·l5 since our estimate 
does not make use of the statistics of Xj(t). 

To prove maxn maxtn::;t::;tn+1 IXj(t) - Xj(tn)1 :5 l5 , we need the following ele-
mentary property of Wiener processes. 
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Lemma 10. Let W(t) be a standard Wiener process in Rd. Then 

p { max IW(s) - W(t)1 ~ b}::; CI (ViJ/b)exp(-C2b2/l1t) 
tScs9+tl.t 

where b > 0 and the positive constants CI ' C2 depend only on d. 

See Freedman [7, p. 18] for a proof in R. Since 

Xi(t) - Xi(s) = it u(X/r) ,r) dr + J2!;{w(t) - W(s)} , 

it follows that for all t E [tn' tn+l ] 

IXi(t) - X/tJI ::; C1lt - tnl + J2!;1 w(t) - W(tn)1 

::; ChI + J2!;IW(t) - W(tn)l. 

By Lemma 10 

p { max IW(t) - W(tn)1 ~ h} ::; C1h(l/2)-1 exp[-C2h- I+2] 
In SctSctn+l 

which implies that for I > 2 , 

p { m:\n2l~~+1 I W(t) - W(tn) I ~ h} ::; C I h -(1+2)/2 exp{ -C2h -1+2} ----> 0 

faster than any polynomial in h as h ----> O. This justifies that 

max max IX(t) - X(t )1::; ChI + J2!;IW(t) - W(t )1 n tnSctSctn+l I Inn 

~ ChI +v1/2h::; c5 

and the proof of the stability lemma for all time is completed. 

7. CONVERGENCE 

801 

We first prove the convergence of the particle paths and the discrete velocity. 
In order to do that we need to extend the consistency estimate for the discete 
velocity to all time. It can be derived simply by combining the consistency 
estimate for a finite number of times 0 = to < t I < ... < t N = T and the 
stability estimate for all time where maxn Itn+1 - tnl < hI with I> 2. For each 
t E [tn ' tn+ l ) , we apply the triangle inequality to obtain 

h h h h 
lIu i (t) - u(Xi(t) , t)llu ::; Ilui (t) - ui (tn)llu + Ilui (tn) - u(X/tn) , tn)lIu 

h h h 

+ Ilu(X/tn) , tn) - u(Xi(t) ,t)llu 
h 

~ C11IXi(t) - Xi(tn)ll u + C2[c5 rn + (h/c5)L c5 + hi In hI] 
h 

~ C[c5 rn + (h/c5)L c5 + hi In h I] 
by the estimate IXi(t) - Xi(tn)1 ~ C[h l + v 1/2h] and the assumption that u has 
bounded derivatives. Therefore 

(32) max lIuh (t) - u(X(t) , t)IILP ~ C[c5 rn + (h/c5)L c5 + hi In h I]. OSctScT I I h 
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Similarly, 

(33) max lIuh (Zk ,t) - u(Zk ,t)llu ~ C[c5m + (h/c5)L c5 + hi In hi] 
O~(~T h 

for the lattice points zk = h . k in any ball B(Ro)' This finishes the (discrete) 
consistency estimate for all time. Notice that the L 00 estimate is excluded since 
we applied the stability lemma. 

The convergence of particle paths and the discrete velocity can be proved by 
the same argument as in B-M. Let ei(t) = Xi(t) - Xi(t). We have 

dei(t) = [u; (t) - u(XJt) ,t)] dt 

and the differential inequality 

(34) II ~i lIu ~ c[llei(t)IIL~ + c5 m + (h/c5)L c5 + h lIn h I] 
h 

by the stability lemma and the consistency estimate (32). Since ei(O) = 0, it 
follows from (34) that Ilei(t)ll u ~ y(t), 0 ::; t ::; T* , where y is the solution 

h 
of the ODE 

y(O) = O. 
- m L Therefore lIei(t)llu ~ C[c5 + (h/c5) c5 + hllnhlL 0::; t::; T*. 

h 
To complete the proof, we need to justify that lei(t)1 ~ c5 for all and 

0::; t::; T. Since h2 • maxi le/ ::; (Ileillu)p , we have 
h 

maxleil::; h-2/Plleillu ~ Ch'-(2/P)llnhl::; ~ 
I h 

for t < T* by choosing p large enough, c5 = hq with appropriate q < I, and 
h small enough. Therefore, maxi leil can hardly reach c5 and all the estimates 
hold for T* = T . 

For the convergence of discrete velocity, we have 

Ilu;(t) - u(Xi(t) ,t)IIL~::; lI u;(t) - u~(t)IIL~ + Ilu;(t) - u(Xi(t) ,t)II L1: 
~ m L 

~ C,IIXi(t) - Xi(t)llu + C2[c5 + (h/c5) c5 + hllnhl] 
h 

~ C[c5m + (h/c5)Lc5 + hl1nhl] 

by applying the consistency estimate (32), the stability lemma, and the conver-
gence of particle paths. 

For the convergence of the continuous velocity, we consider the lattice points 
Bh = (h . Z2) n B(Ro) and apply the triangle inequality to obtain 

luh(x, t) - u(x, t)1 ::; luh(x, t) - uh(x, t)1 + luh(x, t) - u(x, t)1 

::; luh (x, t) - il (zk ,t)1 + luh (zk ,t) - uh (zk ,t)1 
h + lu (zk' t) - u(zk ,t)1 + IU(zk ,t) - u(x ,t)1 

= (I) + (II) + (III) + (IV) 
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where zk E Bh is the lattice point closest to x E B(Ro)' The set of all points x 
closest to zk is the square Qk centered at zk with its sides parallel to the axes 
and of length h. The continuous velocities Ii (. ,t) and u(" t) are approx-
imated by the piecewise constant functions which take values f:l (z k ' I) and 
u(zk ,t) on Qk respectively. The terms (I) and (IV) are the errors intro-
duced by these approximations. (III) is handled by the consistency estimate 
(33) and I(IV)I ~ Ch follows from the boundedness of the derivatives of u. 
To estimate (I) we apply the Mean Value Theorem to write 

where Z ki = Xi (I) - Xi (t) + Y ki and we ignore that Y ki may depend on the 
components. By the convergence of the particle paths, we have 

We use the same arguments as in the estimate for V(2) in the stability lemma 
to obtain that 

Finally, 

(II) = 1~[Ko(Zk - Xi(t)) - Ko(zk - Xi(t))]Wih21 

= I~ V' Ko(zk - Xi(l) + Yki ) . eiWih21 

and it can be treated in the same way as that of v (I) in the stability lemma. 
The extension to all time is obvious, too. This completes the proof for the 
convergence of the continuous velocity. 
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ABSTRACT. A theoretical framework for analyzing the random vortex method 
is presented. It extends and modifies the analysis of the inviscid vortex method 
in a natural and unified manner. 

The rate of convergence of the random vortex method in two dimensions is 
obtained by analyzing the consistency error and justifying the stability estimate. 
The sampling error introduced by the random motions of finitely many vortices 
is the dominant component of the consistency error in terms of order. It is 
estimated by applying Bennett's inequality. 
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