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ON BASE CHANGE FOR ODD ORTHOGONAL GROUPS 

J. W. COGDELL AND I. I. PIATETSKI-SHAPIRO 

Let Y be an orthogonal space over Q of rank 2n + 1 ~ 5 and signature 
(2n, 1) over JR. Let G = SO(Y) be the special orthogonal group of Y, and 
G(A) its points in the adele ring A of Q. Let 7C be a cuspidal automorphic 
representation of G(A). Then 7C = ®7Cp is a restricted tensor product of local 
representations with 7Cco an irreducible admissible representation of G(JR) = 
SO(2n, 1), and for all finite p not in a finite set S the group G(Qp) is split and 
the representation 7Cp is unramified, i.e., there is a non-zero vector in 7Cp fixed 
by the compact subgroup G(Zp)' If K is a real quadratic extension of Q with 
adele ring A K ' we say that an irreducible admissible representation II = ®llv 
of G(AK ) is a base change lift of 7C provided that the local components ~ of 
II satisfy the following conditions: 

(1) noc and nco have the same Langlands parameters as 7C as repre-
1 2 co 

sentations of SO(2n, 1). 
(2) For finite p ¢. S which split in K, p = V l V2 ' we have TIv = TI = 7C • 

I Vz p 
(3) For finite p ¢. S which are inert in K, TIp is an unramified represen-

tation with Satake parameters given by the composition of the Satake 
parameters of 7Cp with the local norm map. 

The main theorem of this paper is the following: 

Theorem 1. There exist a cuspidal automorphic representation 7C of G(A) and 
a real quadratic extension K of Q such that no base change TI of 7C to G(AK) 
is automorphic. 

With the same notation, we say that an irreducible admissible representation 
n = ®llv of G(AK) is a weak base change lift of 7C provided that the local 
components TIv of TI satisfy conditions (2) and (3) above, i.e., we impose local 
conditions at the finite unramified places only. Of course, any base change is 
automatically a weak base change. In the case of 2n + 1 = 5 we are able to 
strengthen Theorem 1 by using this weaker notion of base change. 

Theorem 2. Let 2n + 1 = 5. There exist a cuspidal automorphic representation 
7C of G(A) and a real quadratic extension K of Q such that no weak base 
change II of 7C to G(AK ) is automorphic. 
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One reason for the existence of these examples is that the group G is not 
quasi-split. If we replace G by the quasi-split S02n+I' then an automorphic 
base change should exist for all quadratic extensions K/Q. For SOs we de-
scribe this base change in [4] (see also Section 6 of this paper). 

Our results should be contrasted with the results on base change for G L2 
established by Langlands [8,14] and in general for GLn by Arthur and Clozel 
[1]. If 1t is a cuspidal automorphic representation of GLn(A) and K/Q is 
any cyclic extension of prime degree, then 1t always has a weak base change 
to GLn(AK) which is automorphic, and in fact every weak base change is au-
tomatically a strong base change in the terminology of [1], a notion of base 
change which imposes local conditions at all places and implies base change in 
our sense. 

Our method of proof uses the a-correspondence between representations 
of G and representations of SL2 , the twofold metaplectic cover of SL2 , 
[16], Waldspurger's results on the correspondence between representations of 
SL2 and rep~sentations of PGL2 (15,22,23], and our previous results on base 
change for SL2 [3]. 

Under the same assumptions, there exist solvable extensions K of Q of 
degree 21, where I is odd and as large as we would like, such that 1t has no 
automorphic base change to G(AK) as well. In our example, since the local base 
change always exists, we can always find an irreducible admissible representation 
II = ®IIv of the adelicgroup G(AK) which is a lifting of 1t = ®1tp even if it is 
not automorphic. Hence it makes sense to consider a subsequent base change 
of II. The image of II under any subsequent quadratic base change will again 
be automorphic. Moreover, under the natural Langlands lifting to GL2n the 
image of II will also be automorphic. This is a consequence of our method of 
proof and the results of [3]. 

We would like to thank the editor and the referee for several helpful sugges-
tions which greatly improved the exposition. 

1. BASIC DEFINITIONS 

As our definition of base change we will take the definition which is compat-
ible with what is known about the arithmetic parameterization of admissible 
representations at the archimedean places (via the Langlands classification) and 
at the non-archimedean places which are unramified (via the Satake parameter-
ization). 

Let K be a real quadratic extension of Q. Let 1t = ®1tp be an irreducible 
cuspidal automorphic representation of G(A) . Let S be the finite set of places, 
containing 00, such that for all p ¢ S the prime p does not ramify in K 
(i.e., is split or inert), the group G(Qp) is split, and the representation 1tp 
is unramified. Let II = ®IIv be an irreducible admissible representation of 
G(AK) . 

Definition. n is a base change lift of 1t if it satisfies the following local condi-
tions: 

(1) If 00 1 and 002 are the two archimedean places of K, then nco, and 
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II are both L-equivalent to 7l ,i.e., have the same Langlands pa-002 00 

rameters as 7l 00 • 

(2) For finite p rt. S which split in K , p = V I v2 ' we have IIv = IIv = tlp • 
I 2 

(3) For finite p rt. S which are inert in K, TIp is an unramified represen-
tation with Satake parameters given by the composition of the Satake 
parameters of tlp with the local norm map. 

II is a weak base change lift of 7l if it satisfies the local conditions (2) and (3) 
at the places p rt. S. 

Usually definitions of base change include conditions (1) through (3). The 
weakest possible definition would require only (2) and (3). It is clear that a base 
change as defined here is always a weak base change. 

Let us explain the base change for the unramified finite places in a little more 
detail. We are interested in the case where Gp = G(Qp) is quasi-split (and hence 
split since it is an odd dimensional orthogonal group). Let Y be a quadratic 
space of dimension 2n + lover Q such that G = S O( Y) as an algebraic group. 
Since we are assuming G p is split at p, then the Witt index of Yp = Y ® Qp 
must be n. Decompose Yp into an orthogonal direct sum 

Yp = Qpel EI1 •.• EI1 Qpen EI1 Y; EI1 Qpe: EI1 0 0 0 EI1 Qpe~ , 

where (ej , e) = 0 = (e;, e;) and (ei , e;) = ~j,j' and Y; is one ~imen
sional anisotropic. Let Bp be the minimal parabolic subgroup associated to 
this decomposition. The Levi subgroup of Bp is the maximal split torus Tp ~ 
GLI(Qp)n. Any spherical representation of Gp is the unique unramified con-
stituent of an induced representation of the form 

G IndBP(JL I ® ... ® JLn), 
P 

where each JL j is an unramified character of GLI (Qp) ~ Q; [21. The Satake 
class for such a representation will be a semi-simple conjugacy class in the 
maximal split torus of LGo = SP2n(C)' For the spherical representation above 
it is the conjugacy class determined by 

JLI (p) 

JLI(P)-I 

Now if Kv is an unramified quadratic extension of Qp and Yv = Yp ® Kv ' 
then the base change IIv of tlp will be the unique unramified constituent of 
the induced representation 

Ind;V(JLI 0 NK /Q ®. 0 0 ® JLn ooNK /Q ). 
v v p v p 
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Its Satake parameter will be formed from the characters J.li 0 N Kv/Qp evaluated 

at a uniformizer Wv for Kv as above, and in fact tn = t2 • 
v TCp 

If P is an unramified place which splits into two distinct places VI and v2 
in K, so that Qp ~ Kv ~ Kv ' then we require that 71:p ~ IIv ~ IIv . This 

I 2 I 2 
is consistent with the above formulation for a degree one unramified extension 
and in terms of Satake parameters tn = tTC for i = 1 , 2 . 

Vi P 

For our purposes it will also be convenient to have a weak notion of L-
equivalence for global representations. 

Definition. Let k be a number field. Let 71: = 071:v and 71:' = 071:: be two 
irreducible automorphic representations of G(Ak). We will say that 71: and 71:' 
are weakly L-equivalent if for almost all places v of k where 71: is unramified 
we have 71:v ~ n:. In particular, if S is a finite set of places including the 
archimedean places such that nv and n: are unramified and 71:v ~ n: for 
those places V tt S, then L S (71: , s) = L S (n' , s) for the Langlands partial L-
functions. 

2. SPECIAL AUTOMORPHIC FORMS AND REPRESENT A TIONS 

Let k be a number field. Let Y denote an orthogonal space of Witt in-
dex 1 and odd dimension 2n + 1 2: 5 over k. Let ( , ) denote the non-
degenerate symmetric bilinear pairing on Y and let q(t) = !(t, t) be the asso-
ciated quadratic form. Since Witt(Y) = 1 we may write 

Y = kej + L + ke; , 

where e l and e~ are isotropic satisfying (e l , e;) = 1, so that the span (e l , e;) 
is a hyperbolic plane, and L is an orthogonal space of dimension 2n - 1 which 
is anisotropic over k. Let G = SO(Y) and G' = SO(L) as algebraic groups 
over k. 

In G let P be the parabolic subgroup preserving the line (e l ). Let S be 
the unipotent radical of P. Then for each s E S there exists as E L such that 
the action of S on Y is given by 

s ·1 = 1 + (as' I)ej , 

The map S -t L sending s ~ as is an isomorphism of groups. Let the inverse 
of this map be denoted by a ~ sa with a ELand sa E S. With this notation, 
each tEL determines a linear character 0t E Hom(S, k) by o/(s) = (t, as) , 
and if 'I' is a non-trivial additive character of k, then any complex character 
of S may be written in the form 'I'/(s) = 'I'(o/(s)) with tEL. Let M denote 
the Levi subgroup of P. Then M is naturally isomorphic to k x X G' , where 
as before G' = SO(L). For each I E L which is not isotropic let 9, denote 
the stabilizer in M of the character o,(s) of S, or equivalently, the stabilizer 
in M of the element s, E S associated to L. Let ~o denote the connected 
component of the identity of 9,. 
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Fix a non-trivial additive character '" of k\Ak • If 'P is a CUsp form on 
G(Ak) , then, since S(Ak ) ~ LA is abelian, 'P will have a Fourier expansion 

k 

'P(g) = L 'P1(g) , 
IEL~ 

where L~ = Lk \ {OJ is the set of non-isotropic vectors in Lk and 

'P1(g) = 1 'P(sg)"'I-I(S) ds. 
Sk\SAk 

It is clear that 'P1(olg) = 'P1(g) for all 01 E g/(k) . 

Definition. A cusp form 'P(g) on G(Ak) is called special if each 'P1(g) ap-
pearing in its Fourier expansion is left invariant under the adelic points of the 
connected stabilizer in M of the associated character Q:/, i.e., for each I E L~ 
we have 

'P1(Olg) = 'P1(g) for all 01 E g/o(Ak )· 

A cuspidal representation 1C is called special if one (and hence all) of its cusp 
forms are special. 

Let 1C = ®1Cv be a special cuspidal representation of G(Ak). Then each of 
its local components satisfies the local analog of being special, i.e., they satisfy 
the following uniqueness property [16]. 

Definition. Let kv be a non-archimedean local field of characteristic 0 and let 
(1Cv ' VI[ ) be an irreducible admissible representation of Gv = G{kv). Then 1Cv 

v 
is said to have the U-property if for every non-isotropic Iv E Lv and every linear 
functional Av on ~ satisfying Av(1Cv(Sv)~v) = "'I (sv)Av(~v) for all Sv E Sv 
and ~v E VI[ we hav~ Av(1Cv(o, )~v) = Av(~v) for ail 0, E gt(kv)· 

v v v v 

Proposition. A cuspidal automorphic representation 1C' = ®1C~ of G(Ak) which 
is weakly L-eqz.tivalent to a special representation 1C == ®1Cv is again special. 

Proof. Since 1C~ ~ 1Cv for almost all v, 1C~ has the V-property for almost all 
v. Also 1C' is automorphic, so that for any Fourier coefficient of a smooth cusp 
form 'P in the space of 1C' we have 

(2.1 ) 

Since 1C~ has the V-property for almost all v, we have 

(2.2) 

for almost all v. By the continuity of 'PI and the approximation theorem, from 
(2.1) and (2.2) it follows that 

'P1(olg) = 'PI (g) for all o[ E g{o(Ak) ' 

and hence 1C' is special. 0 
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3. SPECIAL REPRESENTATIONS AND a-CORRESPONDENCE 

Let k be a number field and let IfI be a non-trivial additive character of 
k\Ak • Then to this additive character there is associated both a local 8-
correspondence between admissible representations of SL2(kv) and G(kv ) and 
a global a-correspondence between automorphic representations of SL2(Ak ) 
and G(Ak) as in [16]. The main results of [16] can be summarized as the 
following. 

Theorem. (i) If v is a finite place of k, then the local 8-correspondence gives 
a correspondence between irreducible admissible representations of SL2 (kv) and 
representations of G(kv ) having the V-property. More specifically, if an irre-
ducible admissible representation ltv of G(kv) is a 8-lift of some irreducible 
admissible representation Tv of SL2(kv) ' then ltv has the V-property. More-
over, if the rank of Gv is greater than or equal to 2 and if ltv is unitary, infinite 
dimensional, and has the V-property, then ltv is a 8-liftfrom SL2(kv) for some 
IfIv ' 

(ii) The global a-correspondence gives rise to a correspondence between cus-
pidal representations of SL2(Ak) and special representations of G(Ak)' More 
specifically, if It is a 8-lift of T such that It is a cuspidal automorphic repre-
sentation of G(Ak) , then It is special. Any special automorphic representation 
is an image of a 8-lifting for some IfI. 

If we combine the local 8-correspondence betwe~ G and S L2 with the 
local 8- or Waldspurger corrrespondence between SL2 and PGL2 , we get a 
characterization of unramified representations having the U-property by their 
Satake parameters. 

Fix a non-archimedean local field kv of characteristic O. First recall that the 
genuine admissible representations of S L2 (kv) can be parameterized by repre-
sentations of PGL2(kv)' If we fix a local non-trivial additive character IfIv' 
then we have a parameterization given by Waldspurger which associates to each 
admissible irreducible representation av of PGL2(kv) a packet Wd(av ' IfIv) 
containing one or two elements [15,23]. If av is unramified, then this packet is a 
singleton and the representation W d( av ' IfIv) is also unramified. Furthermore 
all genuine unramified representations of SL2(kv) occur in this way. 

If ltv is a unitary unramified representation of Gv = G(kv ) with the U-
propertya2:d Gv is split, then ltv is in the image of the local 8-correspondence 
between SL2(kv) and Gv [16]. So let us write ltv = 8(Tv' IfIv)' The represen-
tation Tv of SL2(kv) is necessarily unramified. If we write Tv = Wd(av ' IfIv)' 
so ltv = 8(Wd(G'v' IfIv)' IfIv)' then as in [4] it is not hard to see that the cor-
respondence av ...... ltv is independent of IfIv' Hence the unitary, unramified 
representations of Gv which have the U-property are parameterized by the 
unitary, unramified representations of PGL2 (k). If G'v is an un~mified rep-
resentation of PGL2(kv )' let us denote 8(Wd(av ' /fl.,,)' IfIv) by 8(av )' Then 
8( all) is unramified and, in terms of Satake parameters, if the Satake parameter 
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then the Satake class of 7Cv = 9( (Jv) 

(3.1) tn = 
v 

qn-3/2 
v 

-I) E SP2(C) , av 

is [12] 

-I av 

981 

where qv is the order of the residue field of kv . In terms of the local L-functions 
we have 

n-2 
L(7Cv ' s) = L((Jv' s) II 'v(s + i + 1/2),v(s - i - 1/2). 

i=O 
This discussion yields the following result. 
Lemma. Let 7Cv be an unramified representation of Gv ' The Satake parameter 
of 7Cv has the form (3.1) if and only if 7Ct ) is a 9-lift from SL2(kv) ' and in this 
case 7Cv has the V-property. If 7Cv is unitary, infinite dimensional, and has the 
V-property, then its Sa take parameters must be of the form (3.1). 

This characterization of the unramified representations having the U-property 
combined with the global 9-correspondence has the following important con-
sequence for base change. 
Proposition 1. Let 7C = 07Cp be a special automorphic representation of G(A) 
and let K be a real quadratic extension of Q. Suppose that 7C has a weak base 
change IT = 0ITv to G(AK) which is a cuspidal automorphic representation. 
Then n is again special, i.e., in the image of the global correspondence from 
SL2(AK ) . 

Proof. Suppose that a weak base change n exists and is cuspidal. Since 7C is 
special, then 7Cp has the U-property for all unramified p. Then the Satake 
parameter for 7Cp must have the form (3.1). Since the base change at the 
unramified places is defined by composition with the norm map, we see that 
the Satake parameters of nv must also be of the form (3.1) and, in fact, nv = 
6«(JP)Kv/Q) ' where «(JP)Kv/Qp denotes the local base change of (Jp for PGL2 

as in [8,14]. Hence for almost all places, nv has the U-property. If n is 
cuspidal, then using the approximation theorem as in Section 2 we see that n 
will be special. This ~plies that n is the 9-lift of a cuspidal automorphic 
representation Y of SL2 • 0 

For our purposes, we will also need the following elementary global result. 
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ProPositio~? Let k = Q and let < = ®< p be a cuspidal automorphic represen-
tation of SL2(A) such that T(Xl is a principal series representation induced from 
unitary characters. Then any non-zero 8-lift n of < is a cuspidal automorphic 
representation. 
Proof. The cuspidality of the 8-lifting is implied by the compactness of the 
subgroup G'oc" which is an anisotropic orthogonal group of dimension 2n - 1 . 
Since T (Xl is a principal series representation and G'oc, is compact, there is no 
local 8-1ift of <(Xl to G'oc, [11]. Hence there can be no global 8-1ift to G'(A) 
and so the 8-lift to G(A) must be cuspidal if it is non-zero, by Rallis [17]. 0 

The case k = Q suffices for our purposes, even though the result is true in 
greater generality. It would suffice that the field k have some real archimedean 
place 00 for which L(Xl is anisotropic and T(Xl is a unitary principle series. 

~ 

4. BASE CHANGE FOR S L2 

The construction of a cuspidal representation of G(A) which disappears un-
der an appropriate quadratic base change is based on the similar phenomenon 
for SL2(A) [3]. To explain this, we first need to~ecall some more facts about 
the parameterization of the representations of SL2 by those of PGL2 given 
by Waldspurger [15,22,23]. 

Fix a local field kv of characteristic O. As we noted above, the genuine ir-
reducible admissible representations of Sl2(kv) can be parameterized by rep-
resentations of PGL2(kv)' If we fix a local non-trivial additive character 'IIv' 
then we have a parameterization given by Waldspurger which associates to each 
admissible irreducible representation av of PGL2(kv) a packet Wd(av ' 'IIv) 
containing one or two genuine irreducible admissible representations of S L2 (kv) 
[15,23]. (Waldspurger's stated results do not quite cover all admissible represen-
tations, but they are easily extended to the other cases, as in [3].) The packets 
corresponding to inequivalent representations of PGL2(kv) are disjoint, and all 
irreducible admissible genuine representations of Sl2(kv) occur. The param-
eterization or partition of the admissible representations of S L2 (kv) obtained 
in this way is compatible with the theory of L-functions for SL2 in the sense 
that two representations lie in the same Waldspurger packet if and only if they 
are L-equivalent [3,6,7]. 

Now let k be a number field and let 'II be a non-trivial character of k\Ak . 
The parameterization of the irreducible genuine automorphic representations of 
Sl2(Ak) by those of PGL2(Ak) is more subtle. To an irreducible automorphic 
representation a = ®av of PGL2(Ak) is associated a nea~quivalence class, 
or L-packet, of irreducible automorphic representations of SL2(Ak ) defined by 

W d (a, 'II) = {< = ®T v I T is genuine automorphic 
and Tv E Wd(av ' 'IIv) for all v}. 

All genuine automorphic representations of SL2(Ak ) occur in some packet, 
but now there will be some packets which are empty since there are no genuine 
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admissible representations which are both automorphic and meet all the local 
conditions. The representations U of PGL2(Ak ) which do not figure into the 
global parameterization by Waldspurger packets have the following very beau-
tiful arithmetic characterization, due to Waldspurger (15,23]. The automorphic 
representation U of PGL2(Ak ) has an empty Waldspurger packet if and only 
if u is cuspidal and L(u®X, !) == 0 for all quadratic characters X of kX\A; . 

Now let us tum to base change. Since the genuine automorphic represen-
tations of SL2 (Ak ) are parameterized by the automorphic representations of 
PGL2(Ak ), where base change is understood by the work of Saito-Shintani 
and Langlands [8,14], and this parameterization is consistent with the theory 
of L-functions [3,6,7], the natural definition for base change for SL2 is the 
following [3]. If [1'] = Wd(u, "') is an L-packet for SL2(Ak ) and Kjk is a 
cyclic extensionofprime degree, we set [T]K/k = Wd(uK/k , "'K/k)' where UK/k 
is the base change of u as defined in [8,14]. 

One of the main results of [3] is the following. 

Theorem. The set of automorphic representations of PGL2(Ak ) which occur 
in the Waldspurger correspondence need not be preserved under quadratic base 
change. 

This fact is responsible for several interesting phenomena [3,4]. One imme-
diate ~nsequence is that there can exist cuspidal automorphic representations 
l' of SL2(Ak ) and quadratic extensions Kjk such that [T]K/k = (2), i.e., such 
that l' disappears under the quadratic base change from k to K. We will give 
a more precise characterization of these r in Section 7. 

Another consequence will be Theorems 1 and 2 of this paper. They will 
follow from the following result. 

Theorem 3. Let k = Q and fix a non-trivial additive character of Q\A. There 
exist a cuspidai automorphic representation u = ®up of PGL2(A) and a real 
quadratic extension K of Q with the following properties: 

(1) The component at infinity u 00 is an infinite dimensional unitary princi-
pal series representation of PGL2 (1R). 

(2) W d (u, IJI) = {T} is a singleton with l' cuspidal automorphic. 
(3) The base change uK / Q remains cuspidal. but no longer lies in the image 

of the Waldspurger correspondence, i.e., [r]K/Q = (2) and l' disappears 
under the base change from Q to K. 

(4) Under the global e-lift to G(A). e(T, IJI) is non~zero. 

In Section 7 we will give an explicit construction of a number of such repre-
sentations and extensions. In the next section we will show that the represen-
tation 1t = e(T, "') of G(A) has no automorphic base change from Q to K, 
thereby proving Theorem 1. 

5. PROOF OF THEOREM 1 
Let "', K, u, and l' be as in Theorem 3 and let 1t = e(T, ",). Since Uoo 

is a unitary principle series, so is Too [22]. Then 1t is cuspidal by Proposition 2 
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of Section 3. The following two propositions show that 1C has no automorphic 
base change to G(AK) , and hence we obtain Theorem 1. 

Proposition 1. There is no weak base change lift of 1C which occurs in the space 
of cusp forms on G(AK). 
Proof. Suppose that a weak base change n exists and is cuspidal. Then Propo-
sition 1 of Section 3 implies that n is the a-lift of a cuspidal automorphic 
representation l' of SL2 • Write l' = Wd(1:, 1fI). Let S be a sufficiently_large 
finite set of places outside of which everything is unramified. Then nv = 6(1:v ) 
for v ¢ S, and hence its Satake parameters are given by (3.1) with 

( av a; 1 ) = tIv· 

On the other hand, by the definition of base change at the un ramified places, 
the Satake parameters of nv must be the base change of the parameters of 1C p ; 

that is, they must be of the form (3.1) with 

( a v -1) = ta . a v KvIQp 

By the strong multiplicity one theorem for PGL2 this implies that 1: = (JK/Q 

is the global base change of (J as in [8,14], and l' would then have to be the 
base change lift of T [3]. But this contradicts the fact that (J K/k does not occur 
in the Waldspurger correspondence, i.e., that T disappears under this quadratic 
base change. 0 

Proposition 2. There is no base change lift of 1C occurring as a subquotient of 
the space of automorphic forms on G(AK ). 

Proof. Assume that there exists an automorphic base change lift n of 1C. By 
Proposition 1 it is not a cuspidal representation. Hence, by a theorem of Lang-
lands [13], it must be a subquotient of some space of Eisenstein series associated 
to an induced representation of the form Ind;~!~ (p ® III ISO), where p is a cus-
pidal representation of G' (A), Il isa unitary character of AX , and So E C. 

At 00, Ind;OO(poo ® Il I ISO) must have a constituent L-equivalent to noo. 
00 00 

By definition of base change noo is L-equivalent to 1C00 ' and by construction 
1C00 is the local 6-lift of Too' which is a unitary principal series for SL;(lR) . By 
construction there is a unitary character Xoo such that Too = W d «(J 00' IfI 00) with 
(Joo = Ind~GL2(R)(Xoc)· Then noo is L-equivalent to Ind;OO(IG, ® X:.c,), where 
either x:.c, :; Xoo or x:.c, = sgn·xoo depending on whether 2""n-l -; I (mod 4) or 
not [18]. Comparing infinitesimal characters, we find that Poo and I G, agree 
after restriction to the connected component of G:.c, and that x:.c, = ;00 I I!· 
This implies that So is imaginary. 

Consider now a finite place where nv is spherical. Then we know the Satake 
~arameter ~f nv has the form (3.1). Since 1C was the a-lift of a cuspidal T, 
then 1Cp = 6«(Jp) and that part of the Satake parameter for 1Cp coming from (Jp 
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satisfies lapl± < pl/2 since a was cuspidal [9,10]. Then since the base change 
at the unramified places is given by composition with the norm map, we see that 

- lP the Satake parameter for Ilv = 9«ap)Kv/Q) also satisfies lavl < qv where av 
is as in (3.1). 

On the other hand, since Ilv is the unramified constituent of 

Ind~V(pv ® .uvll~O), 
v 

we know that the Satake parameter for ilv must be of the form 

(
.uv ('tv v)ltvJo ) 

t - t IT - P , 

v • .u;\wv)lwvl;So 
where tpv is the Satake parameter of pv. 

Comparing these two representations of the Satake parameter, we find that 

( )1 ,SO {±1 ±(n-3/2) ±1/2} .uv tvv tvv E av ' qv ' ... , qv . 

Since So is imaginary and l.uv(wv)1 = 1, we must have .uv(wv)lwvISO = a;1 
for almost all v. 

Since IIv = 9«ap)K.lk) we see that the Satake parameter for l:v = (ap)Kv/kp 
is 

tr.. = '(av av- 1) = (.uv(tvv)q!O ) 
.u;;1 (wv)q;;SO . 

From the strong multiplicity one theorem for PGL2 , we conclude that the 
base change lift aK / k of a is a subquotient of the space of Eisenstein series 
associated to Ind~~~(A)(.ullso ® .u- 11 I-sO). This contradicts our assumption, 
since by construction a remains cuspidal after base change. 0 

6. PROOF OF THEOREM 2 
In this section let 2n + 1 = 5. Let VI, K, a, and 't' be as in Theorem 3 

and let 1C = ect', VI). Since a 00 is a unitary principle series, 't' 00 will also be 
[22]. Then 1C is cuspidal by Proposition 2 of Section 3. By Proposition 1 of 
Section 5 we know that 1C can have no weak base change toG(AK ) which is 
cuspidal and automorphic. Hence, to prove Theorem 2, it suffices to prove th.e 
following strengthening of Proposition 2 of Section 5. 

Proposition. There is no weak base change lift of 1C occurring as a subquotient 
of the space of automorphic forms on G( A K) . 
Proof, Assume that there exists an automorphic weak base change lift II of 1C • 

Since it cannot be a cuspidal representation, then by the theorem of Langlands 
[13], it must be a subquotient of some space of Eisenstein series associated to 
an induced representation of the form Ind~~!~(p®.uIISO), where p is a cuspidal 
representation of G' (A), .u is a unitary character of AX , and So E C . 
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Sjnce 2n + 1 = 5, G' is now a special orthogonal group in three variables 
over K. Since K is a real quadratic field, the group will have signature (3, 0) 
at the archimedean places; hence G' is anisotropic over K. Therefore there 
is a division quaternion algebra Dover K such that G' (K) is isomorphic to 
P DX (K) [5]. Atthe archimedean places D(KooJ must be a division algebra. At 
those places v where G' (Kv) is split we have D(Kv) = M2(Kv) and G' (Kv) ~ 
PGL2(Kv) . 

Consider now a finite place where flv is spherical. Since flv is the unrami-
fied constituent of Ind(p v ® ttv I ISO), the Satake parameter of flv will be of the 
form 

where the Satake parameter of p v is 

t = (Pv ) Pv p;l . 
Since Pv is an irreducible unitary unramified infinite dimensional representa-
tion of the group G' (Kv) ~ PGL2(Kv) ' we have the estimate IPvl±l < q~/2 

On the other hand, since fl is a weak base change of 1t , we know the Satake 
parameter of flv has the form (3.1), i.e., 

- -Since 1t was the 9-lift of the cuspidal T, then 1tp = 8(O"p) and flv = 9(1:v ) , 

where l:v = (O"p)Kv/fAp and 

tIv = (av a~ 1 ) • 

Since O"K/fA is assumed to be cuspidal, we have the estimate lavl±l < q~/2 by 
[9,10]. 

If we compare the above forms of the Satake parameters for flv for un-
ramified v we can draw the following conclusions. Since IPvl±i < q~/2 we 
must have {Pv ' p;l} = {av ' a~l}, i.e., as Satake classes tp = tI ' where 
l:v = (O"p)Kv/Qp • Therefore Pv '::: l:v as representations of PGL;(Kv). vThen we 
also see that we must have So = ±! ' and ttv is trivial. 

Now consider the representation p of P D X (AK ). By the work of Jacquet 
and Langlands [9], we know that to p is associated a cuspidal representation r.' 
of PGL2(AK ) such that at each place v we have that Pv = J L(l:~}, where J L 
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denotes the local Jacquet-Langlands correspondence. At the unramified places 
Pv ::,-1:: since PDx(Kv )::'- PGL2(Kv )' 

Therefore, at almost all places we have 1:v ~ Pv ~ 1:~. By strong multi-
plicity one for PG L2 we must have 1: = 1:'. By construction, 1:00 = 0'00 

is a unitary principle series. But the unitary principal series do not ~ccur in 
the local Jacquet-Langlands correspondence to the local division algebra. This 
contradicts the fact that p = J L(1:'). 0 

This concludes the proof of Theorem 2. 
Consider for a moment the case of G the split special orthogonal group in 

five variables. In this case G ~ PGSP4 and we have analysed the base change 
for the analogue of special representations, the so-called Saito-Kurokawa rep-
resentations, in (4]. In this case a weak base change lift of such a 1l would exist 
and is in fact given by a constituent of Ind(p ® 11-1/2 ) with p equal to O'KIQ' 
(For the split SOs the group G' occurring in the Levi supgroup of P will be 
the split S03 and hence isomorphic to PGL2 .) 

7. PROOF OF THEOREM 3 
In this section we will let k = Q and 2n + 1 ~ 5. Fix a non-trivial additive 

character IfI of Q\A. If ~ E (t we will let X~ denote the quadratic character 
of QX\A x associated to the extension Q(Je) by class field theory. 

Let us first give a more structural description of those automorphic repre-
sentat~ns of PGL2(A) which occur in the global Waldspurger correspondence 
with SL2(A). 

Let ,W' (PGL2 /Q) denote the set of irreducible automorphic representations 
of PGL2(A), and let Stfo(PGLz/Q) denote the subset of irreducible cuspidal 
representations. Let 

,W"(PGLz/Q) = {a E ,W'(PGLz/Q) : Wd(O', IfI) -10 } 
denote those automorphic representations which occur in the global Waldspurger 
correspondence with SL2 (A). Let 

Stfoo(PGLz/Q) = {a E Stfo(PGL2/Q) I there exists ~ E QX 
such that L(O' ® X~, !) -IO}. 

Then Waldspurger has shown that all irreducible non-cuspidal automorphic 
representations of PGL2(A) lie in ,W"(PGL2 /Q) and that Stfo(PGL2/Q) n 
,W"(PGL2/Q) = ,W'oo(PGLz/Q) [15,23]. This is the arithmetic characteriza-
tion of those representations occurring in the Waldspurger correspondence that 
we mentioned in Section 4. 

For our purposes, it is more convenient to use a more structural charac-
terization of Stfoo(PGL2 /Q) which is also due to Waldspurger. Given 0' E 
,W'(PGL2 /Q), let 

reO') = {p : O'p is not a principal series representation} 
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and let € (u) = € (u, !), where € (u , s) is the € -factor of Jacquet and Langlands 
[9]. Note that for our purposes we include the one dimensional representations 
in the principal series representations as in [23]. Then we also have [23] 
.wOO(PGL2/Q) = {u E .wo(PGL2/Q) : either (i) €(u) = 1 or (ii) 1:(u) # 0 }. 

Now let K be a quadratic extension of Q, and· X = X the quadratic 
KIQ 

character of QX\A x associated to K by class field theory. Let 

B(K/Q) = {u E .wOO (PGL2 /Q) : (i) IT Xp(-I) = -1 and (ii) r(uK/Q) = 0}. 
pEl:(a} 

Using the above structural characterization of .woo(PGL2 /Q) , one can then 
show that B(K/Q) is precisely the set of u E .w'(PGL2 /Q) such that uK/Q ~ 
.w' (PGL2/ K), i.e., the set of (necessarily cuspidal) u whose base change lift 
is not in the image of the Waldspurger correspondence. If u E B(KIQ) , then 
uK/ Q remains a cuspidal representation of PGL2 (AK ). Moreover, if L/K is 
any subsequent quadratic extension, then [UK/Q]L/K is in Noo(PGL2 /L) and 
is thus again in the image of the Waldspurger correspondence. These can be 
found in [3]. 

To prove Theorem 3, we must construct a real quadratic extension K of Q 
and a representation U E B(K/Q) which satisfies all the extra conditions listed 
in the statement of Theorem 3. Our representation will be supercuspidal at one 
finite place and unramified at all others. We begin with the construction of the 
appropriate supercuspidal representation. 
A local construction. Locally what we need is a supercuspidal representation up 
of PGL2(Qp) and a quadratic extension Kv/Qp such that 

( 1 ) X ( - 1) = -1 , and 
KvlQp 

(2) (Up)K /Q is a principal series representation. 
v p 

Let us first get our quadratic extension. Let Kv = Qp ( .jP). Let (a, b) p be 
the local Hilbert symbol of Qp ' Then from [19] we know that for a, b E Qp 

we have (a, b)p = 1 iff a is a norm from Qp(v'b). Therefore X (a) = 
Qp(v'b)fQp 

(a, b) . In particular X ( -1) = ( -1 , p)p' On the other hand, the Hilbert 
P Qp(o/Pl/Qp 

symbol can be computed in terms of the Legendre symbol as in [19]. For p an 
odd prime, we find (-1, p) p = (-1/ p) = (- 1) (p-I)/2 • Therefore, if we take p 
to be an odd prime, p == 3 (mod 4), and our extension to be Kv = Qp(.jP) , 
then X (-1) = -1 . This fulfills criterion (1). 

KvlQp 

Let Gal(Kv/Qp) = {l, I}. Let I1v be a character of K: such that I1v does 
not factor through the norm map N Kv/Qp : K: -+ Q; , so 11~ # I1v ' and such 
that the restriction of I1v to Q; is the quadratic character associated to the 
extension KlI/Qp by local class field theory, so 11~ = 11;;1. Such characters 
exist. Then I1v determines a representation of the local Weil group WQ by in-

p 
w. 

ducing Indw~: (111,), Let up(l1v) be the admissible representation of PGL2(Qp) 
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w. . 
associated to Ind~Qp C.uv) by the local Langlands correspondence. This repre-

K. 

sentation can be explicitly constructed using the Wei! representation as in [9]. 
Since .uv does not factor through the norm map, upC.uv) will be irreducible 
and supercuspidal. On the other hand, from either [8] or [14] we know that 
up (.uv) K./Qp = 1Cv (.uv ' .u:), where 1Cv (.uv ' .u:) is the principal series represen-
tation induced off the Borel as in [9]. Therefore this representation fulfills 
criterion (2). 

There is an alternate construction of up(.uv) as a constituent of arepresen-
tation induced from PGL2CZp)' To construct a global automorphic represen-
tation having up(J.lv ) as its local component at p, we will need this alternate 
construction. This construction can be found in Silberger [20] for example. 

Let Zp and (P) denote the ring of integers and maximal ideal of Qp' and 
0v and (wv) the ring of integers and maximal ideal of Xv' 

To .uv as above, Silberger associates an irreducible unitary representation of 
PGL2C'l.p) ' which we will denote "II.' If J.lv has conductor (wv)m, then "II. 
has conductor (p)m in the sense that "II. is trivial on the principal congruence 
subgroup of PGL2(Zp) oflevel pm , which we denote by Xp(pm) , and this is the 
minimal m for which this is true. In our situation m ~ 2. Hence "II. factors 
through a representation of the finite group PGL2(Zpj(p)m) = PGL2(ZjpmZ) , 
which we will also denote "II •. 

For our problem the significance of "II. is the following. Let t( be the 
unique non-trivial character of X: such that .uv and J.l~ agree on 0: and Q; 
but .uv =I .u~ , i.e., J.lv and J.l~ differ by the unramified quadratic character of K:. Then 

I dPGL2(Qp)() () C' ) n PGL2(Zp) "II. = up J.lv EB up J.lv 
[20, Theorem (3.19)]. 
A global construction. Let k = Q. Choose a prime Po == 3 (mod 4) and let 
K = Q(../PO) be the associated real quadratic field. Let Vo be the place of K 
dividing Po' and Kv the completion of K at vo' Let .uv be a character o 0 

of K: as above. We would like to construct a representation u of PGL2(A) 
o 

such that Uoo is a unitary principal series, Un ~ u(J.lv ) or uCJ.l~ ) , and up is 
yo 0 0 

unramified at all p =I Po . 
Let "Pva be the representation of PGL2(Zp) associated to the character Ilvo 

as above. Then "II factors through the irreducible representation "II of the 
va va 

finite group PGL2 (Zp/(Pot) = PGL2(Zjp';Z). In order to simplify notation, 
let" = "Il . 

'0 
Let r = PGL2(Z) and let r l = rep';) be the kernel of the natural reduction 

map PGL2(Z) -+ PGL2{Zjp';Z). Via the reduction map, " defines a unitary 
representation of r which is trivial on r I . Let VK denote the complex vector 
space in which" acts. Let Koo = PSO(2) , the connected component of the 
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maximal compact subgroup of PGL2(R.) , and let X = PGL2(R.)/ Koo ~ S)uS) - . 
Then rand r l act on X via linear fractional transformations. 

Lemma. As a representation of r the finite dimensional representation (K, ~) 
is cuspidal in the sense that if a is a cusp of r acting on X and r a is the 
stabilizer of a in r, then 

L K(Y)=O, 
rEr l ,a \ra 

where r l " = r l n r" is the stabilizer of a in r l . 
Proof. Let B denote the Borel subgroup of upper triangular matrices of PGL2 
and N its unipotent radical. The representation (K, ~) is cuspidal as a rep-
resentation of PGL2(7lp) in the sense that it has no N(7lp)-fixed vectors 
[20]. Since the representation is trivial on the principal congruence subgroup 
Kpo (P:;'), we see that for any v E ~ we have 

L K(n)v=O 
nE (N('l.po)nKpo (p;;'))\N('l.po) 

since the resulting vector would be N(7lp)-fixed. 
Now let a be a cusp of r. All cusps of r are equivalent to the cusp at 00, 

whose stabilizer in PGL2(Q) is N(Q). SO roo = N(7l). Let Ya E r be such 
that Y; I a = 00. Then the stabilizer of a is Ya N (Q) Y; I and the stabilizer in 
r is r" = y"rooy;l. Since r l is normal in r, r l ,,, = Yarl,ooy;l. 

Let v E VK • Then we have 

If we let va = K(y;I)V and note that 

rl,oo \r 00 ~ N(7l/p;7l) ~ (N(7lp) n Kp/p;»\N(7lp) ' 

we see that 

But as we noted above, this last sum must be zero. Hence as an element of 
End(VK) we have 

L K(Y)=O, 
r l ,a \ra 

and (K, VK ) is cuspidal as a representation of r. 0 

Consider the space of L 2 vector valued functions L \rl \X, ~) from r) \X 
to VK • There is a natural action of r on this space by left translation 

L(y)F(z) = F(y -I x) 
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for y E r and x EX. Since r 1 is normal in r, this action preserves 
L2(r1 \X, ~) and factors to an action of r/rl ~ PGL2(Z/p';Z). Let PIC 
denote the projection to the K-isotypic component 

P"F(x) = L K(y)F(y -I x). 
YEr/r. 

The image of PIC consists of those FE L2(r1 \X, ~) which satisfy F(yx) = 
K(y)F(x) for all y E r. Let us denote this image by L2(r1 \X, ~)IC' or L; 
for short. 

Fix an orthonormal basis of VIC' Then each function F E L; determines 
a vector U;(x» of component functions with each J;(x) in L2(r1 \X). Let 
AO(K) be the subspace of L2(r] \X) spanned by the coeffecient functions of all 
F(x) in L;. 
Lemma. Ao (K) is contained in the space of cuspidai automorphic functions 

2 Lo(rl \X). 

Proof. Let (J be a cusp for r 1 and let Nu be the unipotent subgroup of 
PGLzClR.) fixing (J. Then we must show that 

( f(nx) dn == 0 
ir.,,,\N,, 

for f E AO(K) . It is enough to consider f(x) a coeffecient of F(x) E L; . For 
F(x) we have 

i F(nx) = i (L F(ynX») dn 
r.,,,\N,, r.\N" r. "\r,, 

= i (L K(Y)F(nX») dn. 
r,,\N. r \r 

J ,(/ (1 

But for each n and x, v = F(nx) E ~ and so the inner summation 
LK(y)F(nx) = 0 since K is cuspidal as a representation of r. Hence 

i F(nx) dn = 0, 
r •. "\N,, 

and consequently 1 f(nx) dn = O. 
r •. "\N,, 

Lemma. The space AO(K) is infinite dimensional. 
Proof. It suffices to show that L; is infinite dimensional. 
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Let H denote the finite group r 1 \r :::::: PGL2(Z/p';Z). Then H acts in a 
natural way on r l \X, namely, if x E X and y E r, then the natural action 
x I-> yx of r on X factors to an action of r 1 \r = H on r 1 \X since r l is 
normal in r. 

Let x E X be a point whose orbit Hx under H has exactly IHI distinct 
points. Then we can identify the orbit H x with H in the natural way. If 
we restrict the functions FE L2Wl \X, ~) to the set Hx ~ H, we obtain all 
functions f: H -+ VK , which we denote by 9T(H, VK). This restriction map, 
which we denote by rx ' intertwines the action of H on L 2W1X, VK ) via left 
translation L with the left regular representation of H on !T (H, VK ). As a 
representation of the finite group H, 9'"(H, ~) is isomorphic to dK = dim VK 

copies of the regular representation of H on q H). So we have 

L2(r1\X, VK) ~ dKC[H]. 

Under the map 'x' the projection PK induces on qH] the projection onto 
the K-isotypic component of the regular representation of H. The regular 
representation contains Ie with mUltiplicity dK • Hence 

L 2(rl \X, VK)K ~ d;K , 

so that dim(L 2(rl \X, VK)K) 2: d: . 
If we repeat this with N distinct points Xl' ... , X N which are inequivalent 

mod r and each of whose orbits under H contains exactly IHI points, then the 
maps rx are independent and we obtain dim(L2(rl\X, VK)K) 2: Nd:. Hence 
L2(rl \X, ~)K is infinite dimensional, and so is Ao(K). 0 

In PGL2(Af ) , where Af denotes the finite adeles, consider the following 
open compact subgroup. Let Kf = ITKp ,.where Kp = PGL2(Zp) if Pi-Po 
and Kpo = Kpo (P';). Then r(p';) = PGL2 (Q) n PGL2(JR.)Kf · 

Lemma. r(p;;')\PGL2(JR.) ~ PGL2(Q)\PGL2(A)/ Kf . 

Proof. Let Kf = ITPGL2(Zp) be the product of the maximal compact sub-
groups at all finite places. By strong approximation for S L2 and the fact the 
field Q has class number one, we know that 

PGL2(Z)\PGL2(R.) ~ PGL2(Q)\PGL2(A)/Kj. 

Since K f is a normal subgroup of Kj, even though strong approximation fails 
for PGL2 , we still have 

c 
PGL2(Q)\PGL2(A)/Kf ~ lir(p;)\PGL2(1R) 

i=l 

for some integer c. We wish to determine c. 
Let us first compute the number of connected components of the set 

PGL2(Q)\PGL2 (A)/ K f · 
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This will be given by IPGL2(Q)\PGL2(A)/PGL;CR.)Kfl where PGL;(JR) is 
the connected component of PGL2(R..) consisting of those elements repre-
sented by matrices with positive determinant. Since SL2 has strong approx-
imation, we can compute this order from its image under the determinant 
map. det(PGL2(A» = A x /(AX)2 consists of all square classes in A x while 
det(PGL2(Q)PGL;(R..)Kf ) consists of those square classes determined by the 
subgroup QXR..+Uf C A x , where Uf = (TIp;ipo Z;)Upo (m) and Upo(m) = 
1 + P;ZPo' Since Q has class number one, A x = QXR..+ TI z;. Since for 
m 2: 1 we have Up/m) c (Z;0)2 , we see that 

IPGL2(Q)\PGL2(A)/PGL;(R..)Kfl = IZ;/(Z;0)2, = 2. 

Now, since Po == 3 (mod 4) , we know that -1 is not a square mod Po (and 
in fact Z~/(Z;0)2 ~ {±l}). One consequence of this is that reP;) cannot 
contain elements represented by matrices with negative determinants. Hence 
f(p;) c PSL2(Z). Therefore if we consider the quotient r(p;)\PGL2 (R..) we 
see that this has two connected components, distinguished by the sign of the 
determinant. 

Therefore, comparing the number of connected components, when Po == 3 
(mod 4) we have c = 1. This proves the Lemma. (Note that if Po == 1 
(mod 4), then rep;) would contain elements whose determinants had both 
positive and negative signs. In this case f(p;)\PGL2(R..) would be connected 
and we would have c = 2.) 0 

By this Lemma, we mayview Ao(le) as a subspace of L~(PGL2(Q)\PGL2(A» 
consisting of functions which are invariant under the action of K = KooK f . 

By the spectral theorem for L 2(r(p;)\X) this space first decomposes into 
a direct sum of finite dimensional eigenspaces for the Laplacian with eigenval-
ues occurring discretely in [0, 00) [21). Each eigenspace for the Laplacian will 
be preserved by the Hecke operators ~ for p =1= Po and give a finite dimen-
sional representation of the Hecke algebra at Po of level p;. We can then 
find a basis for L~(rcp;)\X) consisting of simultaneous eigenfunctions for the 
Laplacian and the Hecke operators Tp for p =1= Po ' and generating irreducible 
representations of the Hecke algebra at Po of level p; . Let {rp j} denote this 
basis. 

If rp E Ao (Ie), then rp will have a spectral expansion rp = E C jrp j' By 
construction, any function rp E Ao(le) under the action of the Hecke algebra at 
Po of level p; will generate a finite dimensional representation which must be 
equivalent to a sum of constituents of the representation of the Hecke algebra 
. f . PGL2(Qp ). • m the space 0 Kp -fixed vectors m IndpGL (Z 0) (Ie), that IS , the representatIOn 

o 2 PO 

of the Hecke algebra of level p; on a(/lv )Kpo or a(f1.: )Kpo. Hence in the 
o 0 

spectral expansion, cj = 0 unless rpj generates a representation of the Hecke 
algebra of level p; corresponding to a(f1.v )Kpo or a(f1.: )Kpo • 

o 0 
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Since AO(IC) is infinite dimensional, we can choose a 'P E AO(IC) so that not 
all 'P occurring in its spectral expansion have Laplace eigenvalues correspond-
ing to complementary series representations of PGL2(1R.). If a 'Pj does not 
correspond to a complementary series representation, then it must correspond 
to a unitary principal series representation. 

Therefore we can find a non-zero 'P j occurring in the spectral expansion 
of some 'P E AO(IC) such that (i) the eigenvalue of the Laplacian for 'P j cor-
responds to a unitary principal series representation, (ii) 'P j is an eigenvec-
tor for the Hecke operators Tp for P :f. PO' and (iii) under the Hecke al-
gebra at Po of level p;;Z the function 'P j generates a representation isomor-
phic to that on (I(J.lv )Kp() or (I(J.l~ )Kp(). Let (I be the subrepresentation of 

o 0 

L~(PGL2(Q)\PGL2(A» generated by such a 'Pj. Then (i)-(iii) imply that this 
representation is irreducible and that if we write (I = ®(lp' then (i) (100 is the 
unitary principal series attached to the eigenvalue of the Laplacian on 'P j , (ii) 
for P =I- Po the representation (lp is the unramified representation attached to 
the Hecke eigenvalue of 'PJ., and (iii) (lp is either (I(J.lv ) or (I(J.l~ ). Then (I 

o 0 0 
is cuspidal, and in fact (I E Aoo (PGL2/Q) since l:«(I) = {po} i- 0. 

Thus we see that for the (I constructed here and K = Q(.,flJO) we have 
l:«(lK/Q) = 0 and X (-1) = -1. Therefore (I E B(K/Q). Moreover, (100 

Kvo/Qp() 
is a unitary principal series representation. . 

Proof of Theorem 3. To obtain Theorem 3, we first take (I as constructed above 
and let r = Wd«(I, ",). Since 1l:«(I) I = 1, Wd«(I, "') is a singleton [15,23]. If 
2n + I ? 7 , then by a result of Rallis [17] the 8-lift a(-r, '1/) is non-zero for 
any choice of ",'. In particular, 1C = a(r, "') =I- O. The Satake parameters of 
(Iv and 1Cv are then related as in Section 3. This proves Theorem 3 in the case 
2n + I? 7. 

In the case 2n + 1 = 5 there is an extra complication. There is now an 
additional condition for 1C = a(r, "') not to vanish. We need that some au-
tomorphic form 'P E r has a non-vanishing "'a-Fourier coefficient for some 
a E q(L) [16], where "'a is the additive character given by "'a(x) = ",(ax). 
Choose some a E QX such that 'P has a non-vanishing "'a-Fourier coefficient. 
Write a = a l • a2 with a2 E q(L). Then "'a = ("'a)a and so a(r, "'a ) i- O. 

I 2 I 
Let 

1C' = S(r, "'a ) = a(W d«(I, "'), "'a ). 
I I 

Now, analyzing the variation of the lifts under a change in additive character 
as in [23] and [4], we have 

1C' = 8(Wd«(I, "'), "'a ) = S(Wd«(I, ",tl , "') 
1 

=8(Wd«(I, "'a)' ",)=a(Wd«(I®Xa , "'), "'), 
I I 

where X~ for e E Q denotes the quadratic character of QX \A x associated 
to the quadratic extension Q(~) of Q by class field theory. Now set (I' = 
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a ® Xa and r' = Wd(a, 'II), so 1[' = S(r' , 'II). We claim that the statement 
I 

of Theorem 3 is true for this choice of r' , a', and 1['. 

By construction, we have 

a E B(K/Q) 

= {p E Noo(PGL2/Q) : (i) II X/-I) = -1 and (ii) k(PK/Q) = 0 }. 
pEI.(p) 

The arithmetic characterization of the space Noo(PGL2/Q) , namely 

.wOO(PGL2/Q) = {p E .9f'o(PGL2/Q) I there exists { such that 
L(p ® X~, 1/2) # A}, 

is stable under quadratic twists, so that a' E .wOO(PGL2/Q). Since a' = a ® Xa1 

we have k(a') = k(a) , and since (a')K/Q = aK/Q ® (Xal 0 NK/Q) we see that 
l:(a~/Q) = l:(aK/Q). Thus a' E B(K/Q). This shows that a', r', and 1[' 

satisfy (2), (3), and (4). 
On the other hand, since a 00 is a unitary principle series, so is a:x, = a 00 ® 

Xa ,and a' satisfies (1). Thus this choice of a', r', and 1[' now satisfy the 
1,00 

requirements of Theorem 3 in the case 2n + 1 = 5. 0 
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