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MATRIX A, WEIGHTS VIA S-FUNCTIONS

A. VOLBERG

0. INTRODUCTION

The statement of the problem. In this paper we study weighted norm inequal-
ities with matrix valued weights. Namely, let W be a d x d matrix weight, i.e. a
L'-function whose values are selfadjoint nonnegative d x d matrices. We suppose
that the weight W is defined on the unit circle T = {z € C : |z| = 1} or the real
line R.

Let L? = LP(C%) be the space of all measurable vector functions on T whose C?-
norm is summable to the power of p. Let HP? = HP(C?) be the corresponding Hardy
space of analytic functions, and let Py be projection in LP onto HP annihilating

antianalytic functions in LP which vanish at the origin. Let H denote the Hilbert

transform, H = —iPy +i(I — Py). Clearly, Py, P defy P, , and H act as usual

operators P, P_, and H coordinatewise if we fix for all ¢ € T the same coordinate
basis in C?.

We are interested in the conditions on W under which the following weighted
norm inequality for operator H holds (say for all f € LP N L™):

/T(W(t)Q/pr(t)aHf(t))””dm(t) < C/T(W(t)wpf(t),f(t))”/2dm(t)~

Clearly this inequality is equivalent to the same inequality for P, (with another
constant). Here m denotes Lebesgue measure on T, and W (t)?/? stands for the
operator power of nonnegative selfadjoint operator W (t). If we define a weighted
space LP(W) as the space of all measurable C%-valued functions on T satisfying

1wy [V @250, 70)72a1 < o

(of course we should factorize it over the subspace of functions of norm 0), then the
last inequality means that H (or, equivalently, Py ) is a bounded operator in L? (V).
The notation is chosen in such a way that LP(W) becomes a familiar weighted LP
space in the scalar situation d = 1. We consider the range (1, 00) of p.

In the scalar-valued setting d = 1 the answer is given by the famous Hunt—
Muckenhoupt—Wheeden theorem which says that the Muckenhoupt condition (4,)

1 1/p 1 / 1/q
sup —/W) <— /W“”’) < o0
I <|I| I 1l Jr
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(¢ = p/(p—1); supremum is taken over all intervals) is necessary and sufficient in
this case.

The main purpose of this paper is to give a matrix analog of (4,) and to prove
that it is necessary and sufficient for the matrix weighted inequality to hold.

In [TV1] the matrix (Az) condition appeared:

1/2 1/2
() ()
1] Ji 1] J;
Here the power 1/2 stands for the operator power of nonnegative operators—
averages of W in our case. Later S. Treil came up with the conjecture of what
the matrix (A4,) should look like.

The matrix (A,) condition does not have such a simple form if p is not 2. It
cannot be obtained by the combination of averagings and raising to operator powers.
It requires the analysis of the geometric meaning of the Muckenhoupt condition
(A4,), even though there is no geometry in C'. We explain the matrix (4,) in the
next section. Now let us remark that very few scalar methods are available in the
vector situation.

sup < Q.

I

The difficulties. As an illustration of what kind of difficulties one can encounter
with the vector case, let us present two very simple examples. It is trivial in the
scalar case that if we have an integral operator in LP(WW) with positive (scalar)
kernel, and we know that an operator with a bigger kernel is bounded, then the
original operator is bounded too. This statement (even for scalar kernels) does
not hold for weighted LP spaces with matrix weights. Certainly if W (t) can be
diagonalized by the same basis for each ¢t € T, we do not have any difficulties. But
this is not the case we are interested in. Another difficulty comes from the fact
that while any nonzero nonnegative operator is invertible in C!, this is quite false
in C%. For example, suppose we meet the expression (we do meet such expressions
while working with matrix weights) (A(I + B)~ ', (I + B)~'z), where A and B are
nonnegative operators, B < I, and x is a vector in C?. If A, B, 2 are numbers, the
estimate from below §A|z|? would follow. But no estimate é||z||, § > 0, exists for
operators.

The main idea. Nazarov and Treil in [NT] overcome all the difficulties by using
the Bellman function approach (see below). But first a simple idea which was
successfully used in [TV1] comes into play. Roughly speaking the idea is as follows.
The first step is to choose a good basis in LP(W). It should be good in the sense
that:

1) the coefficient space with respect to this basis should be relatively simple;

2) the matrix of the operator H (or Pj) in this coefficient space should also be
relatively simple (desirably as close to a diagonal matrix as possible).

Let h; stand for a Haar function. It turns out that matrix (A4,) is equivalent
to the fact that {h;C%};ep forms an unconditional basis in LP(W). In the scalar
situation this is well known (see [FJW]), and the coefficient space is the weighted
Tribel-Lizorkin space f;? (see [FJW] and below for the notation).

The Bellman function. The main tool in [NT] is the use of the Bellman function.
Here is what it is. The desired estimates involve the averages of functions and
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weights over dyadic intervals. Consider these averages as “variables”. Generally,
the estimates one encounters will have the form

Y ar < CFy,

1cJ

where a; is a certain (depending on the problem) function of our “variables” (read
“averages”) corresponding to I. Now try to build a pretty concave function B (let
us call it the Bellman function of the problem) of our “variables” in such away that:

1) forall I € D,B(I) < CFy,

2) B(I) — 1/2(B(I-) + B(L})) = las|.

Here B(I) stands for a value of function B on “variables” (i.e. averages) correspond-
ing to I. The second requirement above is the strong concavity condition. After
function B is built, the desired estimate is obtained just by repeatedly applying
the concavity. Actually it happens very often that the existense of B is equivalent
to the singular integral estimate under consideration.

The function B is closely related to the Burkholder function from [B1], [B2],
[B3], [Str], Section 6.3.15, constructed for obtaining the best constants in scalar
martingale and singular integral estimates.

The Bellman functions have been used for decades in Control Theory. They can
be interpreted as the supremum of price over different plans of distributing the
resources. By nature such functions are convex. In our dyadic estimates we have
averages (or integrals) over J and we wish to show that whatever the distribution
of them over the dyadic sons, grandsons, et cetera is, the price will not exceed C'F7
provided that the price for distributing from any dyadic I to its dyadic “sons” I_
and I, is aj.

Carleson measures and A,,. In the present paper another approach to proving
matrix weighted inequalities is suggested. The observation is that even though
many scalar methods are not available now, there is at least one which still manages
to survive. We mean the good A-inequality, which should be more rigorously called
the relative distributional inequality (see [St], pp. 206-209). Let us also remind the
reader about the role of A, weights. A positive function cannot be much bigger
than its average over I on a large portion of I. If we change the word “bigger” to
“smaller”, we get the class of (A, ) functions (see various definitions of (As) on pp.
196-197, and 218 of [St]). In the classical case (see [St], pp. 200-205) the class (Ao)
comes into play as follows. The singular integral operator is “factorized” through
the maximal operator M in the sense that the weighted estimate ||H f||w < C||f|lw
splits into estimates ||H f||lw < C||M f||lw and ||M f||lw < C||f|lw-

The proof of the first estimate uses the good A- inequality, which, roughly speak-
ing, amounts to the fact that |H| < CM up to a “telescopically graded” set. More
precisely, W({|H f| > 2A}\{M f < éA}) < %W({|Hf| > A}) forany A >0if 6 >0
is small. This property follows from the (A ) property of W.

To some extent, but in a more mysterious and strange way, the same two ideas
(splitting the problem into two inequalities, where one of them amounts to the
(Aoo) property of weight and uses the good \-inequality) work in this paper.

But we will really factorize our operator, H = Ef;-D-Ey, where U = W-a/p g =
p/(p — 1), and where F is an embedding operator. It will embed to a (defined
below) Triebel-Lizorkin space fgz((Cd). D is an almost diagonal operator in the

sequence space ff,’z((Cd). Those readers who preferred to read the main body of
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this article before reading the introduction may recognize the geometric meaning
of U: U defines the metric which is conjugate to the metric defined by W1/?,
In this factorization, the (As) property of the weight W will be used to prove the
boundedness of the first factor Ey (and not of the second “factor” as it happened
in the classical case treated on pp. 201-207 of [St]). Actually the property of the
matrix weight W corresponding to (A ) will be called (A4, ). For matrix weights
there is a whole spectrum of (4, ) classes graded by p € (1, 00)—they all coincide
with the usual (Ay) in the scalar situation.

So, as we will see, the boundedness of H follows from W € (4, ), U € (Ag,00)-
Together, these two properties of W are equivalent to the matrix (A4,) condition
imposed on W.

In proving this equivalence we come across a Carleson measure characterization
of (scalar) (Ay) weights obtained in [FKP], [Bul], and [Bu2]. For example, the
matrix (A o) condition is equivalent to the requirement that the following measure
in the disc is a Carleson measure:

SN2~ W )W) 1] b
1D

Here c; denotes the center of the Carleson box built on the arc I: Qr def {z €
D:1—|I| <|z| <1,2/|2| € I}. This idea from [FKP], [Bul], [Bu2] that (Ax)
is equivalent to a certain Carleson measure condition for the measures built by
the averages of W, turns out to be extremely useful in [TV1], [TV2], [TV3] for
proving that Ey and Ey are the correct embeddings. This is not surprising because
Carleson measure is what embeddings are about.

Even though we do not know such a neat characterization of (A4, o) if p is not 2,
we managed to prove that (A4, ) is equivalent to the embedding we need. This is
done in Section 3, after explaining the matrix (A4,) condition in Section 1, and the
matrix (A4, « ) condition in Section 2. Then we prove the boundedness of the Hilbert
transform H in Sections 4 and 5. To do this we will need the second ingredient
from the classical theory: we use a certain variant of the good \-inequality, the idea
of which one can trace back to the works of Burkholder and Gundy [BG] and Axler,
Chang, and Sarason [AChS].

The latter work is especially important because of its operator theory motivation.

Operator theory motivation. There is a part of the theory of singular integrals
which treats the Hardy spaces in R™. The passage from R! (or T) to R™ makes the
theory immensely richer. At the same time the theory of vector-valued Hardy spaces
on T was developing for the needs of the spectral theory of operators (see [Nik]),
because the dilation theory of linear contractions (see [Nik]) reduces questions about
bounded operators in Hilbert space to functon theoretic questions in a vector Hardy
space. Even a finite-dimensional case is known to be much richer than the scalar
case (see [Nik] again). So the increase in dimension in this direction also enriches the
theory. The connection with singular integrals becomes manifest if one considers

Hankel and Toeplitz operators, given by formulae Hp f ©p (Ffy=(I—-Py)(Ff)

and Tr f def Py (Ff), where F is a d x d matrix function and f € HP(C?). One

such problem which is very difficult already in the scalar case d = 1 was considered
in [AChS], and then a similar problem was considered in [S1], [S2]. It is closely
related to a two-weight estimate for the Hilbert transform which is still open (see
e.g. [TVZ], and the literature cited there).
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There is another classical problem for Toeplitz operators which leads to a
weighted estimate (with one weight) for the Hilbert transform. In fact, the invert-
ibility of the Toeplitz operator Tr on HP is equivalent (see [Si]) to the factorization
F = G7 - G, where G, G are d x d outer matrix functions such that the following
estimate holds:

(0.1) /T(V(L‘)PJrf(tLP+f(b‘))dm(t) < CA(W(t)f(t),f(t))dm(t)7

where we denote W = G1G%, V = (G5 1)*Gy .

On first glance the matrix weights W = G1G3, V = (G;')*G5 " seem to be
different, but the invertibility of T implies easily F~! € LS, ,;, which means that
the matrix weights V, W are equivalent in the sense that there exists a constant C'
such that for all e € C? and for almost all ¢ € T

1

a(V(t)&@) < (W(t)e,e) < C(V(t)e,e).

This is how one can come to the matrix weighted norm inequality considered in
this paper.

As far as we know, the first results about the matrix weight inequality were
obtained by Steven Blum [Bl1], [BI2], who noticed that if the matrix weight W is
assumed to be appropriately “smooth”, then it can be diagonalized by a “smooth”
unitary matrix function; and the operator of multiplication on this unitary matrix
function commutes with Py up to a compact term (because of “smoothness”). This
approach leads to the pointwise diagonalization of the estimate under consideration
and so to the corresponding scalar problem.

In the present work the matrix function W is a priori arbitrary. Rather than
doing pointwise diagonalization (which is not available now) we prefer to come to
global (almost) diagonalization of our operator in the weighted space LP(W).

Notation. The symbol fJ* denotes the sequences s = {s7}rep enumerated by the
set of dyadic intervals D such that

p/2
1
||SH1;192 = / (Z |SI|2m> dr < o0o.

I>x

Similarly one can introduce fp?(C?) by just replacing numbers s; by C* vectors s;
and |- | by || - ||. One can consider f)*(w), which is a weighted Triebel-Lizorkin
space. This amounts to changing the integration dx to w(x)dx. As to the vector
weighted norm one just replaces ||s;||? by ||[W'/P(z)s;||? to obtain the definition of
F2(C*, W), where W (x) is now a positive selfadjoint operator (matrix).

1. MATRIX A, CONDITION

Let || || denote the standard Hilbert norm in C?, and let ( , ) be the scalar
product in C?. If p denotes a norm in C%, we can notice that p(z) = || Az||, where

A is a positive selfadjoint operator and constants depend only on the dimension d.
In fact, let us consider the ellipsoid of the largest volume contained in the p-unit
ball {x : p(x) < 1}, which is a convex subset of C?. Clearly, {z : ||Az| <1} C {z:
p(z) <1} C Cy{z : || Az|| < 1}, where A is a positive matrix mapping the ellipsoid
onto the standard Hilbert ball.
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If we have a family p; of norms and consider LP(p) = {f : ([ p:(f)Pdt)}/P < oo},
then we can also introduce an equivalent norm Hf||Lp () = (1A )f||”alt)1/”7 with
A(t) as above constructed for p;.

In weighted matrix inequalities one deals usually with LP(W) spaces, where

W(t) is matrix function with positive (a.e.) W(t) : C* — C%, and ||f| rrw) o

([ W @)/ fllm)y /e,

As we see one can consider LP(p) as well and reduce it to LP(W) by setting
At) = WP(t).

Sometimes it is more convenient to use the language of p and sometimes that of
wW.

Recall that the dual metric p* is given by

I ()]
p (‘T)_y;}g ply)

1 1
We can identify (LP(p))* with L(p*), 1—7—|—a =1, and (LP(W))* with L%(U), where
the W1/P-metric should be dual to the U'/9-metric, that is,
WYP(t)y=U"Y(t), for ae. t.

To introduce the analog of A, for matrix weights we use the language of metrics p
and their averagings. Consider the norms (I is any interval)

i) (3 [ ohtarar) "

The unit ball again can be “reduced” to an ellipsoid, that is, there exists a positive
Ar such that

pp,1(w) = || Arz]].
Let us reduce the dual metric as well:
py.(x) = | Bra].
Proposition 1.1. 1) [(z,y)| < pp,1(x)p; ;(y)-
2) (pp.1)" < Py
Proof. 1) Obvious:

/ (2,9)| / pe(@)0F () < ppr (@071 (9).

2) This is a paraphrase of the first assertion.
Definition. If we have an opposite inequality
Pa1 < Clppr)*s VI,

then p is called an A,-metric. If p;(z) = |[W/P(t)z|| and p is an A,-metric, then
W is called an A, (matrix) weight.
Proposition 1.2. The following assertions are equivalent:

1) p is an Ap-metric;
2) ppJ S C(pzyl)*;
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3) if pp.1(x) = |Arz|, pi ;(x) < || Brz||, then Bf < A7? in the sense of selfad-
joint operators.
Proof. Obvious.

Remark. For p = ¢ = 2 the operators A; and Bj can be calculated if we use the
language of matrix weight W,

A= (W)? Br= (w1}

W)t < (W=
The As-condition obtained in [TV1], [TV2] had a form
whr<comw);t,
where inequality is understood in the sense of selfadjoint operators.
2. MATRIX A, CONDITION

Let us introduce the A, o condition on metric weight which serves as the analog
of the A, condition for scalar weights. Its definition goes exactly along the lines
of the definition of A, except pj ; is replaced by

po(w) & e Irlospi(,

Proposition 2.1. (pp1)* < pj ;.
Proof. The inequality can be rewritten as

(Po,1)" < pp.1-
Then it follows from two elementary observations:

Po,I < Pp,I,
which is just Jensen’s inequality, and
(2.1) (Po,1)" < po,1-

This last inequality follows from

1 . 1
log (@)~ 7 [logpi(w)at < 7 [ 1ogpuCwyi,
I I
and this is the integration of the logarithm of |(z,v)| < p;i (y)p:(2).

Definition. If we have an opposite inequality

(2.2) Por < Clopr)™, VI
which is equivalent to
(2.3) por < Clpg ) VI,

then p is called an A, o-metric. If p,(x) = |[W/P(t)z| and p is an A, -metric,
then W is called an A, o, matrix weight.

Remark. By Jensen’s inequality pj ; < p; ; and thus 4, = A4 .
Let B, denote the unit ball in the metric p.

Proposition 2.2. The following assertions are equivalent:
1) p€4poo;
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2) 1 [;logvol B, dt < C +logvol By, , for all I.
In particular, W € A, » if and only if
det A; < 06% I; logdctW(t)l/pdt’ VI,
where Ay is a positive definite operator reducing p, 1 in the previous sense, namely
pp.1(x) = [[Arz].

Proof. 1) = 2). It is convenient to use the language of matrices. So let p;(x) =
|A(t)x|| and pp () < ||Asz||. Let {e;}¢_; be an orthonormal basis of eigenvectors
of A;. We apply 1) to each of these vectors:

1
7/10g||A(t)_16iH < CtloglAlell, i=1,....d
I

Use the following elementary observation: for any positive definite d x d matrix
@ and any orthonormal basis {e;}¢ | in C?, det Q < H?Zl(Qei, e;) < H?:l |Qe;ll-
This inequality is just the consequence of arithmetic mean-geometric mean inequal-
ity. Summing up the inequalities above we get

1
7 /logdetA(t)_ldt < C +logdet A,
I

which means

1

2) = 1). Let g be a unit vector. Choose ¢1(t) = g, ga2(t),... ,ga(t) to be unit

vectors such that for C(t) et A7 A(t) we have det C(t) ™! > Cy Hle lC®)g: ().

We know that

1 p
7 [Icwael

1
—/logvoprt < C+logvolB,, ;.
1

IN

d
Cin 37 [ Wes. )P

IN

d d
Cup S AN AT el = Cap 3 081 (Ar e
=1

i=1
< (), < oo

In particular,
1 1
> o8 lcg ol < 5,
i=1 " /1 p

1
We are given 7 J;logdet C(t)~'dt < C which implies

d

1 _ 1 _ _

7 [l ico gt < e+ 307 [0 Ic@ g0l
=1

d
<C+ Z % /10g+ IC(#)g:(t)]|dt < C + %C(/Lp — " < .
i=1 I
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This implies
1 _ -
7 [oslaw) glde < "+ log]L 47 g,
1

The matrix As o condition can be reformulated (see [TV1]) in terms of the

Carleson property of a certain measure built using ||[W, 1/ Wy, — W)W, 1/ %)
exactly as it is done for scalar Ay, in Fefferman, Kenig and Pipher’s work [FKP].
The same should probably be true for A, o if some A;-built measure is used.

3. EMBEDDING THEOREM

In this section we deal with p € A, . We consider the “reducing” selfadjoint
operators Ay:

(3.) (% / m(x)pdt)w = [l sl

Then the A;, o condition can be written as (p,,1)* > cp} 7, that is,
1
(3.2) v J, i / log p; (z)dt < C +log || A7 |,
J

with the inverse inequality being always valid as well with C' = 0 (see Proposition
2.1).

Lemma 3.1. Let p € Ap o, and given a dyadic I let Fj, denote the family of dyadic
J, J C I, such that

AT ALl > €.
Then
c
< —|I|.
(3.3) U 7| < md
JEFy

Proof. Let {e;}¢_, be a standard basis in C?. Denote by Fi the set of dyadic
intervals with

||A;1A161H 2 €k.

First use (3.2) to conclude that

(3.4) 7 [ossisen <.
I

Then use the inverse to (3.2) to conclude that for J € F}

1 _
(3.5) y / log* pi (Ar,e;) > log | A7 Ases| > k.
J
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If we could replace log by log™ in (3.4) we would be done by standard argument.
To do this replacement let us notice that

1 1 1 1
- 10+*Aei:—/lo *Aei+—/lo+7
I/f g pi(Arei) = 5 ’ gpi(Arei) + 7 o e

1 1
§C’+—/1o+ c+—/1o+ A7le;))P
o7 /108 pIIg(pt(f))

- - <
(pi(Areq))? =
<Cu o [aarie) <c s @laly <
Toopl T -
In this chain we used an elementary inequality
pe(A7 et (Ares) > |(eisei)| = 1.
The lemma is proved.
Remark. It is needless to say that for the scalar situation all A, o just coincide

with A,,. Lemma 3.1 reflects a characteristic property of A, functions: the set
where the function is much smaller than its average is small.

Let hy denote a standard Haar function normalized in L?(dt).

Before stating the theorem we need to introduce a new type of weighted Triebel-
Lizorkin spaces. Given a family of linear operators {C;} jep we consider the space
J2(C {Cy}) to consist of sequences {s}ep such that {Cys;} € f2%.

The following is the embedding theorem which gives the name to the section.

1 1
As always —+ - =1
p q

Theorem 3.2. Let p € A, oo and let {A;} be its reducing operators as in (3.1).
Let sy = fJth, Then the following inequality holds:

||{5J}||fg2({A;1}) < CllgllLagpr

Remarks. 1) Even in the simplest case p = ¢ = 2 and the scalar weight w € A
this result seems to be rather new (although we did not check all the literature). It
amounts to the inequality

w € A :>Z )7 (g, ) |2<CH9”L2(1)7
JebD

which was mentioned in [TV1], [TVZ]. Notice that when w € Ay the left part is
equivalent to

St allgmf = [ Sl ho) P s

Jox

{(g hJ)}H?gz(wfl) = ||9H%2(w71)~

2) There are interesting general relationships between

p/2
fgz((cd’p) def {51}:/<Zpt (s1) |I|> dt < oo

1>t
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and

p/2
y(ch{Cry) = @}:/(Zm@ﬁ) dt < oo

1>t

Quite naturally one should choose Cj reducing p;:

(3.6) (%/Ipi)(x)dt) v = ||Crz||,
and then
» p/2
f£2((cd’{01}) =< {ss}: / <IZ (%/Ip’s’(s])ds)w ﬁ) dt < oo

It is clear that for p = 2 these spaces coincide. It will be proved elsewhere that for
p>2, p € A, they also coincide. Clearly, many questions appear: what about
p < 27, what if we change exponent p to another one in (3.6)?, etc.

Notice that if W € A, these spaces coincide.

3) The space f2?(C?,{A;"}) is not of the type considered in 3). The difference
is that now C; = A;l are not generated as reducing operators as it was in (3.6).
They are inverses to reducing operators.

Notice that if W € A,, then inverses to reducing operators are also reducing for
the dual weight U = W~%/? and in this particular case we are going to prove in the
next section that

(3.7) LP(W) = f2(C? {As}),
where A; are reducing operators introduced in (3.1).

Proof of Theorem 3.2. Fix g € L(p*) and a test function f € LP. We need to show

that
(forxs f )

(3.8) >
The sum on the left can be rewritten as

/(Z (/thaAjl/chﬂﬁ) dtdéf/S(t)dt.

Jat
Let us consider a nonnegative function h(t) and introduce

< Clfllzrliglzager)-

_ 1
Shy(t) = Z (/th7AJ1/ch) ik
M)
S (t) < S(t) but
/Sh(t)(t)dtz a/S(t)dt
if the function h(t) has the following property:
(3.9) VJeD |{teJ:h(t)>|J} >all|

We are going to choose now a function h satisfying (3.9) and such that

(3.10) Sue (1) < B FIP) (1) (M (o"(9))"™)* (1)



456 A. VOLBERG

for certain B < 00, 1 < px < p, 1 < ¢« < q. M denotes the maximal function.
After (3.10) we are done:

/S < ot /Sh(t)(t)dt < a‘1/(M||f p*)l/p* (1) - (Mp*(g)q*)l/q* o
< a! </ (M| f p*)p/p*)l/p </ (Mp*(g)q*)q/q*)l/q
- commn{ )" (f o)

= Cla,p/p«, /¢ fllze - gl Laor)

which is what we need.

To choose h(t) satisfying (3.9) and (3.10) we follow the algorithm below.

Fix a dyadic interval I. Fix a large k and delete from I all the dyadic intervals
for which

AL AT > e".
By Lemma 3.1 the set £; which rests has the property that
1
1B1 > 5|1,
Let us introduce
1/2
-1
tel. @0 = [ Shart fanlPg|
e
1/2
vel S0 = | S ldms [l

J>t,
JCI

We are interested in proving that there are relatively large subsets of I on which
these S-functions are smaller than maximal functions from (3.10).

To find such sets it is sufficient to estimate any averages of these S-functions.
Fix a > 1 and very close to 1. Then

i [ (57 @) @

IN

1 - (0%
)7 [ 147

1 — [e%
= Cla)7 [ a7yl

The first inequality follows from the classical L* estimate of the S-function by the
L® norm of the function when o > 1 (see e.g. [St]). To continue the estimate we
use that we are in the space of finite dimension to write ({e;} is a standard basis
of C%):

d
[A7 g(®)]l < Ca Y (A7 g(t),e0)] < Cdet A7'es).
=1
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Thus

d 1
-1 1 a _ (p+e)a
1597 @l < Clasd Y (7 [ a7 1e0)

i=1

1
1 [CErrY
= * (g—8)a
< 7 /1 i (9) ) :

Here (p+)7! + (¢ — §)7! = 1, and ¢ is chosen to be very small to guarantee
q — 6 > 1. The choice of ¢ and « is also dictated by the observation that the
positive function ¢ — p?(z) is an As-function if p € Ap .

In fact, inequalities (2.1) and (2.3) imply that

(3.11)

(3.12) %/pf(x)dt < Cet Jilogpi(@)dt
I

which is equivalent to A, (see [GCRF] and [St], p. 218). As pV(z) is (uniformly
in z) in A it satisfies (uniformly in ) a reverse Holder inequality. In particular,
there exist a p > p such that

(3.13) VI, ¥, G/Ipf(x)dt) "o (%/Ipf(x)dty/p.

Now we choose a close to 1 and € close to 0 to guarantee that
(p+e)a<p.

In particular, (3.13) implies

TR /p
1 (pt+e)a, 4—1 pre)e 1 / prA—1 !
— . < — .
(3.14) < /Ipt (A] e;)dt C Ipt (A7 "es)

< O ArAT e = C,
where we use the definition (3.1) of Aj.

Now we can continue (3.11) using (3.14):

(3.15) 1S4 (@)l o1, 2t) < Clov,d) - d - C" - inf [M (" (g) ) (D],

where ¢. = (¢ — 6) - a € (1,q) if 6 = 6(¢) and « are chosen properly.
This last inequality ensures that for any 7, 7 € (0,1), we can find the subset
E(r,I)C I, |[E(r,I)] > (1 — 7)|I| such that

< 0D ot [ar (g o

(3.16) te B(r,I)= SA;l(g)(t) T tel

This is the main estimate of our first S-function. »
Now we will give a similar estimate for the second S-function SA474s" (f)(¢).

1 _ «@
Again choose o > 1 and close to 1 to estimate B [z, (SAIAJl(f)(t)) dt. For
te Erall J>t,J C I have the property

1ArA7Y| < e
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and so
1/2
ArA7Y I def ZL
teBr, SY (N <STHO =D Fh W
Thus
ﬁ . (SAIAjl(f)(t))adtg ;/I(Sl(f)(t))adtg C(a)%/IHf”adt.

Choosing 1 < a < p and denoting it by p, we get
—1
1544 (N gy,

As before it implies for any 7 € (0,1) the existence of e(r,I) C Ey, |e(r,I)| >
1
(1 —=719|E;r| > 5(1 — 79)|I| such that

PP (1)

Ly < i
gy < Cla) inf (M| f

[E

(3.17) tee(r) = A7 (p)(r) < L2 e (M || £]|7)!/7.
T te

Now choose 7 so small that

(3.18) le(r, )N E(r,I)| > ilfl-

We are ready to choose the height function h(t) satisfying (3.9) and (3.10). Put

h(t) d:efsup{hzsh(t) def Z ﬁ‘(/th,Aglfch>

Jot

(3.19) isn

< B(M| f

PP (1) (M (g)1 <t>},

C" (a,d)C ()

where p.,q. appeared in (3.17) and (3.16) and where B = 5

constants taken from (3.16) and (3.17).
Then (3.10) is fulfilled automatically. To check (3.9) let us fix any I € D and let
us consider for t € 1

Sr(t) d:“Zﬁ’(/th,A;l/ch)‘.

Jot
JCI

, with
-

Notice that

Srt) =Y

Jot
JCI

Thus (3.16) and (3.17) applied for ¢t € e(r,I) N E(r,I) show that on at least a
quarter of I (see (3.18))

(47" [onsarast [ 11| <597 @55 (o,

Si(t) < B(M | fI[P*)"/P= ()(Mp* (9)*) /% ().

Thus on a quarter of I the function h just defined in (3.19) is greater than |I|.
Because I was arbitrary, (3.9) holds and Theorem 3.2 is finished.
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4. T4 THEOREM
Theorem 3.2 means that the operator ° A5 'h; @ h; given by
g— > A </th> “hy
JED

is bounded as Li(p*) — f;m. If we use the language of matrix functions, meaning
that p;(z) = |WYP(t)z|, pi(z) = ||[UV9(t)z||, where UY? = W~1/P we can make
a change of variable g(t) = W'/P(¢)G(t) now having G € L? with no weight. The
operator now can be written in the form > A}th @ W'/Ph;. If Ay is given by
(3.1), the sum above is proved to be a bounded operator from L? to f;m. The same

proof certainly shows that operators > :l:A}lh 7@ W1Y/Ph; are uniformly bounded.
All these claims are true under the condition that p (or W) belongs to A .
Now if p (or W) belongs to A, one can say more. We summarize it in two
theorems.

Theorem 4.1. Let p € A,. Then if A; are from (3.1) and s; = [ fhy we have

(4.1) s} g2 ctasp) = I llLeg)-

Proof. Tt follows immediately from the definition that p € A, = p € A, and
pEA, =>p cA;=p"€A; .
Let us also introduce the reducing operators for p*:

1 1/q
(5 [oitarar) =1l

Let us apply Theorem 3.2 to p* € A, « to obtain

o

Notice that p € A, means that C;? < A% and so we get
S Clfllep)-

/o)
P{AD

To obtain the inverse inequality we use duality and again Theorem 3.2 for p € A4,
sup  [(f, 9)| = sup

to obtain

lgllza(pe) <1 Z(/ch,/th)‘
sup’Z (AJ/ch,A#/th)‘
VRS P VR
VAL

The last inequality is Theorem 3.2. We are done.

< Clfllze(p)-
2({Cty

Il e

IN

FO2({A7'D

IN
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Remark. It seems to us that this theorem gives new information about LP(w), w €
Ap, even in the scalar case. The reader should notice that we organized a canon-
ical isomorphism of LP(w) and fJ*. This is not the classical isomorphism f —

{(f,hs)}sep between LP(w) and f3?(w).

Corollary 4.2. Operators

Tidéfzihj(ghj

defined by the formula
Tep= th'/SDhJ
JeD

are uniformly bounded in LP(p) if and only if p € A,.

Proof. The “if” part follows immediately from Theorem 4.1. In fact, we just use
the equivalent norm || -{| fo2({4,}) in LP(p) which does not change if ¢ is replaced by

Ti¢ because [Tip-hy ==+ [@hy. The “only if” part follows from the uniform
boundedness of rank one operators hy ® hy. It follows exactly as the first part of
Theorem 5.1 below. So we send the reader to this coming proof.

The next result is an analog of the classical isomorphism LP(w) =~ fJ?(w).
Theorem 4.3. Let p € A,. Let s; = [ fhy. Then

(4.2) {s 59200 = N 2o e)-

Proof. This follows easily from the corollary. In fact, we know that

||f||12p(p) = /Pi) (Z thy- /ch> dt.

JeD

We integrate over the signs and use the Khintchin theorem which is valid here. We

obtain
[ (S )

Jot

X

p
1£12,

||{5J}H§g2(p)-

Remark and question. In particular, if p € A, and A; are reducing operators
for p considered in (3.1), we see from (4.1) and (4.2) the following equivalence of
norms in sequence spaces:

(4.3) [{ss}HIro2(0) = {5} o2 (g a,p)-

But it has already been mentioned in the remarks to Theorem 3.2 that this equiv-

alence does not require p € A,. For p = 2 it holds always. For p > 2, p € A

would be sufficient for (4.3). This can be proved along the lines of Theorem 3.2.
We would like to ask for the criterion for (4.3) to hold.
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5. HILBERT TRANSFORM

Theorem 4.1 and Corollary 4.2 allow one to show that any Calderon Zygmund
operator with 7'1 = T*1 = 0 is bounded in LP(p) if p € A,. But still the reduction
of any T to Ty is a very technical and difficult task. In this section we show that
at least for the Hilbert transform one can give a relatively easy and straightforward
proof very similar to the one of Corollary 4.2.

Theorem 5.1. Let p € A,. Then

(5.1) 1P+ fllepy < CllflLr(p)-
Conversely if (5.1) holds, then p € Ap.

Before proving Theorem 5.1 let us prove two simple lemmas. Consider the Pois-

1
2L IE —||—||I|2 and define k7, = PIq/2 119271 (1 < ¢ < ). Then

J k1,q <1 and here is the first lemma.

son kernel Py =

1
Lemma 5.2. Ifu is a scalar Ay weight, then fukl,q < C’m flu

Proof. We can write kr 4 < > 2 | €k Xor 1, Wwhere g5, < (27%)9/P. Now if u € A,

1
|2*1]
let w = u"P/? € A, and we can write the following chain of inequalities:

wr)4/? krqu < (wr) q/pUQkIEk
.
k=1
- i wr) q/P i( w(I) >Q/P2k.28
< PEE
b1 U}Qk] q/p 1 w(2kl)
oo I a/p >
< oY) <w‘(”2(k§)> <cY (1+e)F <
k=1 k=1

The last inequality follows from the doubling property of A, weights. We get
[ krqu < C(wy)~%? < C'uy by using the A, condition again.

Lemma 5.3. If W is a matriz A, weight, thent — |W/Pz||P is a scalar A, weight
for any vector x.

Proof. Tt is convenient to use the language of pt( ) = |[WYP(t)z||. Fix z and choose
|

) (2. y(@)
@ < 2 N

(o) " (5 o)™ <o G (E5))
e < <xo

Proof of Theorem 5.1. (5.1) = p € A,,.

y(x) in such a way that (pp 1)(z) = sup,
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1
Operator Py has the kernel & We are given that it is a bounded operator.
—(z
Fix an a in the unit disk and consider the operator with the kernel

1 1 (—a\ z—a
1—(2[ _<1—ELC) l—c_zzl

Obviously it is a bounded operator in L?(p) too, actually it is given by the formula

Py — byPyb,, where by(¢) =

—a
—. Notice that pointwise multiplication by b,
az

1—
does not change the norm in LP(p). Now let us make the simplification in the kernel
to see that it equals 1_—|a|2 =k (Z) ®k (C) where k (C) _ (1 - |CL|2)1/2

P T Ct—a) @S )=

is a normalized Szegd kernel in L?. Notice that

|ka(€)|2 = Pa(C)a

where P,(¢) denotes the Poisson kernel.

Now let us use the fact (which we just derived from the boundedness of P;)
that k, ® k, are uniformly bounded. Let ¢(t) € L%, ¢ € LP, and [ ||p|%dt <
1, [||¥||Pdt < 1. Then

‘</ ka(t)Wl/P(t)cp(t)dt,/ka(s)Ul/q(S)w(S)d8>

uniformly in a. Denoting k) = (1 — |a]?)'/?=1/Pk, and B = (1 — |a]?)V/?2~ 1k,

we have
AR
Denoting z = [ k,(lq)(s)Ul/q (8)1(s)ds we conclude that
1/p
([wermew:1r) " < clulu.

This is an averaging because [ |kép)|p =< 1. Denote it by pp.q:

Pp.a(z) < Cll| e

<C

P
<C.

W/ (r) / EO (YU ()p(s) ds

We want to show that

(01.2)"(2) > C'int {nwm o= k§q><s>U1/Q<s>¢<s>} |

But
1/q
) = maxlw )/ ([ 102l )
= max |(K (U )y, N IR ()0 syl
= inf{|1/)||Lp iz = /k((lq)(s)Ul/q(s)w(s)ds} .
Thus

Pp.a(2) < Clpga)(2).
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But |k((lp)|p > C(p) Ti_l‘], where I, is the interval of length 1 — |a| centered at a/|al.
Thus ’

pp.1 < Clpgr)"

Now let us prove that p € A, = (5.1).
Let p be given by WP and p* by UY? = W~1/P. We have to prove that

f— Wl/Pp+W—1/pf

is a bounded operator as L? — L?. Fix g € L9. We need to show

/I(VP+W_1/”f(Z)7VP+W1/”9(Z))I5(2)dA(Z) < ClIflpllgllg,

where 6(z) means the distance to the boundary. In other words, introducing a Stolz
cone I';, and

def

S@t) = [ [(VPyW VP f(2), VLW Pg(2))|dA(z),

'y
one needs to prove that

(5.2) / Syt < Cf 1Nl

We follow closely the lines of the proof of Theorem 3.2. Let us consider a nonneg-
ative function A(t) and

Snie() = / (VP W17 f(2), TP WP g(2))|dA(2),
t,h(t)

where
Ft,h(t) = Ft n {Z : 6(2:) S h(t)}

As in Section 3

(5.3) / Sneydt = / S(t)dt

if the function h(t) has the following property:

(5.4) vJ |{teJ:ht)>|J[} = al]]|

Let us choose h to be maximal such that

(5.5) Shey(t) < B(MI|f[[P)1 /2= (£)(M | g]| %)%= (),

where B, p. € (1,p), ¢« € (1,q) will be chosen later.

If this h satisfies (5.4), then (5.3) and (5.2) imply what we need.

To choose B, ps, g« and to prove that h satisfies (5.4) we follow the algorithm
below.

Fix an interval I. Consider f1 = f-x21,91 = ¢g-xer and fo = f— f1,92 = g— 1.
Let us introduce A; as in (3.1):

1/2
tel, SA’(f»(t):(/ |VP+AIW_1/pfi||2dA(Z)> L i=1,2;
Te 1

1/2
tel, SA*@»@F(/ IIVP+A;1W1/Pgi|2dA<Z>> b
Ly i1y
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Then exactly as in Section 3 we choose a > 1, « close to 1, and

||S (fl)”LaIdt) < Cad ( / ||f||p 8o )()

d 1

1 CET

. E <7/||W_1/p(t)Alei||(q+5)°‘dt> .
i=1 I

We can now use the fact that the function t — [|[UY9(t)z| = |W—YP(t)z| is
uniformly in A, to conclude that we have a uniform inverse Holder inequality with

g > q. Now choosing € and « to satisfy (¢ + ) < g we conclude that the last
1 1/q
integral is bounded by (T I; ||W_1/PAI€i||th> . But W € A, so A7* reduces

averages of the metric p* given by W1/ = /4. In other words,

1 1 Y 1
5.6 (7 [iw=eae) <4y e,

Thus finally
- 1),

154 ()l r, ) < o) imE(M

11|

where p. = (p — 6(¢))a is ensured to be in (1,p). Similarly
ATt / . \1/q
157 (gl e (1, ) < C'a, d) i (M g]| )% (2).
Now let us estimate SA47(f2)(t), S’A;l(gg)(t)7 fort e I.

Let C; be a center of the square @7 built on I. It is easy to see that for ¢t € T
we have

(5.7)
1/2
( / ||<VP+Afw-1/p<t>f2<t>><z>||2) <a [ e O1AW 70 alt) .
1]

where P¢, denotes the Poisson kernel. Let § be small, p—§& > 1, and let (p—§8) =1+

(¢g+¢)~! =1. We can continue the estimate as follows (k,(f) of (1—lal?)z=7 - ko)

d
/ Po AW < 50 / WV Ared] |l folllke, (6)
=1

d
<Co0) Y [ W Al kT

d 1/(q+e)
<C(p,q) Z (/ ||W_1/pA1€i||q+s|k(cq,+6)|q+€>
=1

1/(p—6
(s ||P-6|k<P-‘”|p-6) o
2 Cr .

Notice that [k jote < Ok < Cky,
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Ast — |W=YP(t)x||? is uniformly A, weight (see Lemma 5.3) we can conclude
that there exists a small € such that ¢ — ||WW~=/?(¢)x| 97 is uniformly A, weight by
a classical inverse Holder inequality. Lemma 5.2 claims that if v is a scalar weight

1
in Ay, then [wkr, < CY J; u. Combining this knowledge we conclude that

d (a4e) 1/(q+¢)
—_ 1>

Z< / W1/ A e |+ Iq”)

=1

d 1 . 1/(gq+e) d 1 . 1/q
< CZ (7/I|W_ /pA1€i|q+6> < CZ <f /1 W= /pA1€i|q> :
i=1 1=1

The last inequality is another application of inverse Holder inequality.
Finally, using (5.6) we estimate the last sum by a constant.
Combining this with (5.7) and (5.8) we get (p« =p — )

tel = SY(fo)(t) < C(p,q,d) (M| f]P)"" ().
Similarly

tel= 84" (g2)(t) < Clp, g, d)(M|gl|*)"* (2).

Combining with our previous estimates for S47(f;), S4r ' (g1) we get

ISA (A pagray < Clo,g,a, d)(M]|f||P)/P=(1),

]

IS4 Dl o aey < Cloig 0, d)(Mg] ™) (1),

In particular, on a quarter of I

Si0 [ TP ), TP () aA)
t, 1]

_ / AV P Y7 f ATV P /g dA(2)
T

- /F (VP AW Y7 £V Py AT W g d A(2)
t, 1]

< SM(H)SAT (9)(t) < CPp.g,d)
(M| I[P )Y/P= () (M || g]| 9~ )M 2 (2).

For such ¢, h(t) > |I|, if we choose in the definition of h to have B = C?(p, ¢, a, d)
and p., g« as above. Thus (5.4) is satisfied and the Theorem is proved.
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