JOURNAL OF THE

AMERICAN MATHEMATICAL SOCIETY

Volume 11, Number 1, January 1998, Pages 175-188
S 0894-0347(98)00251-3

ASYMPTOTIC PROPERTIES OF BANACH SPACES
UNDER RENORMINGS

E. ODELL AND TH. SCHLUMPRECHT

§1. INTRODUCTION

A classical problem in functional analysis has been to give a geometric char-
acterization of reflexivity for a Banach space. The first result of this type was
D.P. Milman’s [Mil] and B.J. Pettis’ [P] theorem that a uniformly convex space is
reflexive. While perhaps considered elementary today it illustrated how a geometric
property can be responsible for a topological property. Of course a Banach space
can be reflexive without being uniformly convex, even under renormings, as shown
by M.M. Day [D2]. The problem considered for years by functional analysts was
whether there exists a weaker property of a geometric nature which is equivalent
to reflexivity. In this paper we give an affirmative solution by demonstrating that
such a property exists. The property was suggested in 1971 by V.D. Milman [Mi]
(see also [DGZ], problem IV, p.177). We prove that a separable Banach space X is
reflexive (if and) only if there exists an equivalent norm || - || on X so that

whenever a sequence (z,,) C X satisfies
(%) lmlim || 2, + | = 2Hm || 2, ||
n m n
then (z,) must converge in norm.

The “if” part of the characterization follows easily from James’ famous character-
ization of reflexivity in terms of the sup of linear functionals [J1]. Indeed given
x* € X* with || 2*|| =1 choose (z,) C X with 2*(x,) — 1 and || || = 1 for all
n. Then lim,, lim, || 2, + x| = 2 and so x,, — « with || z|| = 1. Thus z*(z) =1
so z* attains its norm. Hence by [J1] X is reflexive.

The investigation of spaces having property (*) (also called property (2R) in
[D1]) goes back to the 1950’s. In [FG], for example, the relation of (x) to other
smoothness and rotundity properties was studied. For a more complete survey of
these notions we refer the reader to [DGZ].

More recently (over the past 30 years) functional analysts have considered the
question as to what sort of nice infinite dimensional subspaces one can find in an
arbitrary infinite dimensional Banach space X. One can assume X has a basis
and ask: What kinds of block bases does it have? Must one be unconditional? Is
some block subspace either reflexive or isomorphic to ¢y or £17 These problems
are related. James [J3] showed that if (z;) is an unconditional basis for X, then
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either X is reflexive or some block basis is equivalent to the unit vector basis for
co or £1. W.T. Gowers [G1] proved the following remarkable dichotomy theorem:
X contains a subspace Y which either has an unconditional basis or is H.I. (hered-
itarily indecomposable; i.e., if Z CY and Z =V @& W, then V or W must be finite
dimensional). Gowers and Maurey [GM] proved that both alternatives are possi-
ble. Then Gowers [G2] proved that a space need not contain ¢y, ¢1 or a reflexive
subspace.

The search for an answer to this last problem led to much research into both
characterizations of reflexivity and to the characterization as to when X contains
isomorphs of ¢ or ¢1 (e.g., [J1], [J2], [J3], [R1], [R2], [R3], [BP], [M]). The proof of
our characterization of reflexivity led to additional characterizations as to when X
contains ¢y or ¢1 in terms of the asymptotic behavior of sequences in X.

There are two main notions of asymptotic properties in Banach spaces. The first
is that of a spreading model. If (z,,) is bounded in X, then by using Ramsey theory
(cf. [B], [BS], [O], [BL]) one can extract a subsequence (y,) so that for all & and
(a;)¥ C R, we have the existence of the iterated limit

= f(a1,... ,ax) .

k
lim ... lim HE GiYn,
ni—0o0 nE—00 — )
i=

If (y,) does not converge in the norm topology, then f(-) is a norm on ¢y, the
linear space of all finitely supported real valued sequences. Let (e;) be the unit
vector basis of cog. If (yn) does not converge weakly to a nonzero element of X,
then (e;) is a basis for E = [(e;)], the completion of ¢op under f(-). In this case we
call (e;) or E the spreading model of (y,). If (x;) is weakly null, then the spreading
model (e;) is unconditional. In any event the spreading model is subsymmetric
(1> aies]l = 11 >- aien, || if (a;) CR and ng < nz < ---) and (e; — ez, €3 — €4,...)
is unconditional.

The second notion of asymptotic structure is due to Maurey, Milman and
Tomczak-Jaegermann (see [MT], [MMT]). Let X have a basis (z;). For z,y € X
we write z < y if maxsuppz < minsuppy where if z = Y a;x;, then suppa =
{i:a; # 0}. (;)ics denotes the linear span of {z; : i € I} and S(,,),., denotes the
unit sphere of this span. Let n € N and let (w;)} be a normalized basis for some n
dimensional space. We say (w;)} € {X},, if

V/ﬁENEylGS(wi)zﬁ V ks € N
HyQES@i)z;---V knENHynES@i)zo

so that (y;)7 is 1 + e-equivalent to (w;)}. This means that there exist A, B with
AB <1+ ¢ so that for all (a;)} CR

n n n
A_lHZaiyi < Hzaiwi < BHZ(M%‘
1 1 1

Note that if (e;) is a spreading model of a normalized block basis of (x;), then
(e;)} € {X}, for all n.

Both notions give a more regular structure in general than that possessed by the
original space X. They are a joining of the finite and infinite dimensional structures
of the space. Generally only finite dimensional information can be gleaned about
X from knowledge of its asymptotic structure.
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For example, note that the Schreier space S ([CS], p.1) has a basis having a
spreading model isometric to ¢1 and yet S is ¢y saturated (all infinite dimensional
subspaces of S contain c¢p). Tsirelson’s space T' (the dual of Tsirelson’s original
space [T] as described in [FJ]; see also [CS]) has a basis with the property that all
spreading models are isomorphic to ¢; and in addition every infinite dimensional
subspace contains a sequence whose spreading model is isometric to ¢; [OS]. Yet T'
is reflexive. We do have the following result which requires a very strong assumption
on the class of spreading models.

Theorem ([OS]). If (z;) is a basis for X and if every spreading model (e;) of
any normalized block basis of (x;) is 1-equivalent to the unit vector basis of {1
(respectively, cg), then X contains an isomorph of €1 (respectively, co).

In this paper we deduce information about the infinite dimensional structure of
X from knowledge about its asymptotic structure under equivalent norms.

We shall show that a separable space (X, || - ||) can be given a special renorming
Il - so that certain information about a given spreading model E yields information
about the infinite dimensional structure of X. For example if || e; &+ es] = 2
(respectively, || e1 + ea]| = 1) for some spreading model (e;) of a normalized (and
respectively, weakly null) sequence in X, then X contains ¢; (respectively, c¢p).
Furthermore we show that a subspace Y of X is reflexive iff Y satisfies ().

Our main result is the following theorem.

Main Theorem. FEvery separable Banach space X admits an equivalent strictly
convez norm || - || with the following properties.

a) If (x,) C X is relatively weakly compact and if

lim lim |2 + 2,| =2 lim || 2.,
m—o00 n— 00 n—o0

then (z,,) is norm convergent.
b) If (x,) C X satisfies

lim lim || 2, £2,) =2 lim ||z,] >0,
m— 00 N— 00 n—oo

then some subsequence of (x,,) is equivalent to the unit vector basis of {1.
¢) If (zn) C X is weakly null and satisfies

lim lim ||z, +2,f = lim |[2,] >0,
m— 00 n— 00 n—oo

then some subsequence of (x,,) is equivalent to the unit vector basis of co.

This theorem is proved in §2.

As a corollary we deduce Milman’s suggested characterization of reflexivity. In
addition we obtain that X contains ¢; if under all equivalent norms, ¥ admits a
normalized basic sequence having a spreading model (e;) satisfying || e; + ez = 2.
In particular if under all equivalent norms X admits a spreading model (e;) which
is l-equivalent to the unit vector basis of ¢1, then X contains an isomorph of /;.
If under all equivalent norms X admits a weakly null sequence having spreading
model (e;) with || e; + eaf| =1 (e.g., if (e;) is 1-equivalent to the unit vector basis
of ¢g), then X contains an isomorph of ¢y. From James’ proof that ¢; and ¢y are
not distortable [J2] one obtains that both implications can be reversed.

In §3 we present some corollaries discussed briefly in this introduction. Our
notation is standard as may be found in [LT].
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§2. PROOF OF THE MAIN THEOREM
We first recall the following results of Maurey and Rosenthal.
Theorem ([M], [R1]). Let X be a separable Banach space.

a) X is not reflexive if and only if there exists a normalized basic sequence (x,,) C
X satisfying for all x € X and o, 8 > 0 with o+ 6 =1,

lim lim ||z 4+ oz, + Bz,| = lIm ||z 4+ 2] -
m— 00

m—00 N—00
b) X contains an isomorph of £1 if and only if there exists a normalized basic
sequence (x,) C X such that for all x € X and o, f € R with |a] + 6] =1,

lim lim ||z 4+ azpy + Oz,| = lm |z 4 25 -
m— 00

m—0o0 N—00
¢) X contains an isomorph of co iff there exists a normalized basic sequence
() € X such that for all x € X and o, f € R with |o| V|| =1,

lim lim ||z 4+ azpy + Oz,| = lm |z 4+ 2] -
m— 00

m—00 N—00

The intuition behind these results and the techniques employed to prove them
had their origin in [KM] where types were introduced (and further developed in
[HM]). A type 7(;,) on X is a function on X defined by a bounded sequence
() € X, T(3,)(2) = limy, oo |2 + 2, ||. Types give information on the asymptotic
behavior of a sequence acting on the whole space. This contrasts with the notion of
a spreading model which involves only the asymptotic behavior of the sequence (z,,)
itself. In this paper we characterize the three properties considered in the theorem
above in terms solely of the asymptotic behavior of the sequences themselves. The
price that must necessarily be paid is that we have to consider this behavior under
all equivalent norms on X.

Let (X, -]|) be a Banach space over R. If z € X we define the symmetrized type
norm || - || : X — [0,00) by

lylle = |2yl + ]| + |21y — ] fory e x .

Lemma 2.1. For allz € X, || - ||+ is an equivalent norm on X satisfying 2|y|| <
lylle < 201+ [lzDllyll for all y € X.

Proof. The only property not evident is that || - || satisfies the triangle inequality.
It is easy to check that for fixed u,v € X the function r — ||ru + v|| + ||ru — v is
symmetric and convex on R and thus increasing on [0, c0). Hence for y1,y2 € X

ly1 + 2l = HfC||y1 + 2/l + v +y2H + H!EHyl +yell —y1 — yzH
< [yl + ) + 1 + w2 + 20wl + gzl = 1 =

< [l + o) + || lival + e + [wllonll = o + |22l —
= lalle + e lle- O

Let X be a separable Banach space. It is well known that X admits an equivalent
strictly conver norm ||-||, i.e., ||z]| = ||y|]| = 1 and ||z+y|| = 2 implies that x = y. Fix
a countable dense subset C' in X which is closed under rational linear combinations.
Choose (pe)cec € (0,00) so that Y- . pe(1+|c]|) < oo for some (and thus for any)
equivalent norm on X. If || - || is an equivalent norm on X, define || - || : X — [0, 00)
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by | z|| =3 .ccpellzlle. By Lemma 2.1, || - || is an equivalent norm on X. Since
0 € C and since the sum of a strictly convex norm and any other equivalent norm
is also strictly convex, || - || is strictly convex.

Remark. We have assumed that X is a real Banach space. Similar results in the
complex case can be obtained using

27
Ioll. = |
0

lylle + e~y do

Our goal is to show that || - || satisfies the main theorem if || - || is strictly convex.
Lemma 2.2. Let || - || = copell - ||l and let (x,) € X be || - [|-normalized.
a) If
lim lim ||z, + 2, =2 Um ||z,
m—0o0 N—00 m— 00

then there exists a subsequence (x),) of (xy) satisfying for all y € X and
ﬁluﬁZ > 0 that

lim lim ||y + 12}, + Boxl,|| = hm lly + (81 + B2)zl, | -

b) If

lim lim [z, £2,] =2 lm ||z, ,
m—00 N— 00 m—oo

B1, B2 € R with |B1| + |B2] # 0 that
. |61 / / >
=1 _ P2 .
Moo <Hy|ﬁl| + | B2 A |61] + | B B2

then there exists a subsequence (x)) of (zy) satisfying for all y € X and
Jim Tim |y + Bray, + Bol,|
|52
Proof. a) We may choose (z},) C (zy) so that for all c € C, y € C and (1,02 €
[0,00) N Q the limits

[+

lim lim |y + Biay, + Bz, e
m—0o0 N—00
exist. Indeed this is easily done for fixed parameters and then one applies a diagonal

argument.
Our hypothesis is that

lim lim ZpCHa: +2l e = 211rn chHJ?ch .

m—00 N—00
ceC ceC
Since limy,—oo |20, |lc exists, limy,— oo limy,—oo |2}, + z,||c exists, ||x], + 2]l <
122 1l + lhlle and pell - |le < 2pe(1 + |lel)]l - || for all ¢ € C, it follows that, since
Y oeccPe(1+|lc]]) < oo, for all c € C,

lim hm llzh, + 2|l =2 hm llzh. |l
m—o0 n—

In particular taking ¢ = 0 we obtain that

lim lim ||z, +2,] =2 .

m—0o0 N—00

It follows that since ||z/,|| = 1,
(1) lim  lm |G, + Faxy, || = Br + P2

m—00 Nn—
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for all 31, 82 € [0,00). Similarly we have for all ¢ € C and 31, B2 € [0,00) that

(2) im N [, + Boa, [le = (B + B2) lim (a7, [l -
Let y € C and 1,32 € [0,00) N Q with 81 + f2 > 0. Setting ¢ = ﬁ in (2) we

obtain using (1) that

) dim lim (gt Bz, + G+ ly — Br — Baay])

. Y / Y /

- im0 (|5 bl )
m—’oo(ﬁl ﬁz)( B1 + B2 B+ B2

= lim (|ly + (81 + B2l + lly = (81 + B2)azl) -

The triangle inequality yields
Jim lim [|y + (ﬁlxl + Bazy, )|

< lim H + Bz, —|—1imH =+ Box,,
S yﬂ1+ﬁz Bram| + Jim, yﬁlwz o

— lim H i:z:;n‘+ H ix;n’
o B1+ B2 P B1+ B2

= lim_|ly £ (81 + B2)al, || -
Thus from (3) we have

Tim i [y + Bl + Bl = lim [yt (31 + Bl
This proves a) for y € C and (1, B2 € QN [0, 00), and hence by a density argument
we obtain a) in general.

b) We may assume a) holds for (z,,). The only remaining case we need consider is
where 51 > 0 and B2 < 0. Actually we shall consider “Bia, — B2” when (1, G2 >
0. Arguing as above using lim;, oo liMpy oo || Zm — Znll = 2limpm—oo || Zm|l, Wwe
may assume that (z,,) satisfies

lim hm ||ﬁlxm ﬁZfEan = (61 + 62) W}E}loo ||xm||c

m—00 N—

for all ¢ € C. Letting y € C' and ¢ = m we obtain

(4) lim lim (|ly + Bizm — Bexnl| + ||y — BrZm + Boznl|)

m—00 N—00

= (B4 52) W}E’HOO (Hﬂl + B2 + mH * Hﬂl + B2 me)
im ([ly + (Br + B2)zm | + ly — (B1 + B2)zm]]) -

Again by the triangle inequality we have

(5) Jim Ty + (Brzm — fan) |
< tim || + S| + | T -
m—»oo|:y1—|—ﬂ2 Bix yl+ﬂ2¢ﬁz
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Since

. B
©) "}E’noo {Hyﬁl -1—152 B+ Ba +52

+Hyﬁ1+ﬁz 61$mH+Hyﬁl+ﬁ2+6ﬂmM
= tim_(lly+ (B + Bl + ly — (81 + Bo)a)

it follows from (4) and (5) that we have

lim lim ly + Br2m — ozl
m—0o0 1

- + B+ | )
B <Hyﬁl + B2 o yﬁ1 + B2 i
which completes the proof of b). O

Remark. In the language of types ([R1], [M]) a) may be restated as

if  lim hm | Zm + xn| =2 hm | zm|l, then

m—oo n—

(z.n) generates an £ type on (X, - ||) (equivalently a double dual type).

The first part of our next lemma is not new (see e.g., [M], [R1]) but we include the
proof for the sake of completeness. The second part is a slight twist of Maurey’s
result that a symmetric ¢] -type yields ¢;. In addition the second part of the next
lemma establishes that b) of the main theorem holds for || - || .

Lemma 2.3. Let (z,) C X be || - ||-normalized and let €; C (0,1) decrease to 0.
a) If
lim_lim o+ i + Gl = Tim_[la + (5 + )|

m—0o0 Nn—r

for all x € X and (1,82 > 0, then there exists a subsequence (x,,) of (x;)

satisfying for all 1 < iy <k and (asy, Gig+1,--- , ) C [0,00) that
k k
H Zaixm > (1 —Eio)Zai )
i=io i=io

In particular (z,,) has no weakly null subsequence.

b) If
lim lim ||z 4+ Bi2m + Boz||

m—00 N—00

= <Hy|ﬂ1||il|lﬁzl + B+ Hywn'i?'ml

for all x € X and (1, B2 € R with |51] + |B2| # 0, then there is a subsequence
(Tn,) so that for all 1 <ig <k and (ai)fo CR,

k
H Z i, || > (1 —€iy) Z lovi] -

1= ’Lo i:’io

)

In particular (x,,,) is equivalent to the unit vector basis of £;.
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Proof. a) Given ¢; | 0 we can choose (zp,;) C (z;) satisfying the following. For all
m < £ and y € Ball(x,,,)" ", we have

1y + Brn,, + Boan, || = (1 = bm)lly + (B1 + B2)zn,, |

if B1, B2 € [0,1]. Thus if (8;)% € [0,1], 225 ; = 1, then

k k—2
H Z Biwn, || = H Z BiTn; + Br—1Tny_, + B2y,

1=10 1=10

1—6k 1 HZBz$nI ﬂk l+ﬂk)$nk 1

=10

k=3
(1 —0k—1)(1 - 5k—2)H Zﬁwm + (Be-2 + Be—1 + Br)Tny_s

k—1
=Ta-a =Tla-a

=10 =10 1=10

Y

v

ZIInIO

a) follows if we choose the &;’s to satisfy [[;=; (1 —&;) > 1 — &, for all ip. The “in
particular” assertion is immediate from Mazur’s theorem.

b) The argument here is similar but slightly more complicated than a) in as
much as the condition in b) is not as nice as the one in a). Let ¢; | 0 satisfy
[1:2,, (1 = 6) > 1 — &, for all 4y and using the assumption choose (zn,) € (%) to

1

satisfy for all m < £ and y € Ball(z,, )" ",

ly + Bizn,, + Batn, ||

5
00t [ e

15|
s

|y + ﬁanm H:|

if 51,52 S [—171] with |ﬁ1| + |52| 75 0.
We now show by induction on k that

HZ@% >H (1-8)

=10 ’L’Lo

ifip < k and Zf:io |8i| = 1. The claim is trivial for k =1 (taking [],(1 —¢&;) =1).
Assume validity of the claim for k& and let Zf;t |B;| = 1. For simplicity of the

exposition assume (3; # 0 for i < i < k4 1 (the general case follows by a density
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argument). Thus letting y = Zf:zt Bity, in (1),

H ;; Bzznl H Mm Z ﬂzxrh + 6k$nk

> (1—6g) [

|

2 (1=4) H(l 6)[|ﬁk|"|€]rﬁk+ | £ ZMLH—WIC

=10

1Bl N }
" 18k| + 18k+1 | Z 1Bil + |Br+1]

k
=[[a-46). O
i=io
Lemma 2.4. Let || - || = > .ccpell - lle, where ||-|| is an equivalent strictly convex
norm on X. Let (x,) C X be a relatively weakly compact sequence. If

lim hm | Zm + x| =2 hm Il | s
m—0o0 N—

then (x,,) is norm convergent.

Proof. Since || - || is a strictly convex norm we need only show that (z,) has a
convergent subsequence. Indeed if then (x,) were not convergent it would have
two subsequences converging to x # y respectively. But our hypothesis yields
I +yll = 2lim 0zl = ol + [yl which is impossible.

By passing to a subsequence of (x,) we may assume that z, = x + y, where
(yn) is weakly null and lim, . ||yn| exists. If (y,) were not norm null, we may
also assume ||y, || = 1 for all n. From Lemma 2.2, passing to a further subsequence,
we may assume that for all y € X,

lim lim ||y + @ + 20| = hm ly + 22| -

m—oo n—

For z € X, letting y = z — 2z we obtain

(1) lim lim ||z 4 ym + yul = Um ||z 4+ 2ym|| -
m— 00 Nn—00 m— oo
Since in particular limg, e limy,— oo [|Ym + ynl| = 2 it follows from (1) and the
definition of || - || that
m  Hm [y +yall =2 Lm [y -
m—00 N—00 m—oo

By Lemma 2.2 a) and Lemma 2.3 a) we conclude that (y,,) is not weakly null which
is a contradiction. O

Summarizing our progress thus far we have shown that b) of the main theorem

is satisfied for || - || = > .copell - ||c and in addition a) holds if || - || is furthermore
a strictly convex norm on X.
Lemma 2.5. Let || - || = coll - lle- If (xn) € X is weakly null and satisfies
lim lim ||y + 2] = Um | zn| >0,
m—00 N—00 m—0o0

then (x,) admits a subsequence which is equivalent to the unit vector basis of cy.
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Proof. Let (x,,) satisfy the hypothesis of the lemma for || - || = > copell - [le. We
may assume (x,,) is basic, ||z, || = 1 for all n, and that for all y € X and £, 02 € R
the following limits exist:

m—00 N—00

Since (x,,) is weakly null for all y € X,

lim lim ||zg, + 2./, > Hm |z,
m— 00 Nn—00 m—0o0

As in the proof of Lemma 2.2 since
mli_{noo nh_{lgo chme + Znlle = mlgnoo chnzm”c
ceC ceC
we obtain for all y € C' and hence in X that

(1) lim lm ||zp + 2|y = Hm ||z, -
o0 m— 00

m—0o0 Nn—r

In particular, limy, e limy— oo [|Zm + || = 1. Thus by (1) for all y € X,
lim i ([ly + 2 + 2l + || =y + 2 + 20])

m—00 N—00

(2) = Tim (ly+@ml + | = y+ zm])
Since

lim lim ||y 4 2m + 2] > lim || £y + 2
m— 00

m—0o0 N—00

we have from (2) that for all y € X,

(3) lim lim ||y + zm + zn| = éimoony-f-xm” .

m—0o0 N—00

Choose ¢; | 0 with [];°(1 + &;) < 2 and choose, using (3), a subsequence (zy,)
of (z,) so that for any integer k > 0, k < i < j, and F C {1,... ,k} then

H E xns + any + xnj ’ E ‘TTLS + x’l’bi
sEF seF

It follows by iterating this inequality that for all finite ¥ C N, || 3 _pxn,| <
[15°(1 +&;) < 2. This implies that (x,,) is equivalent to the unit vector basis of
Co. O

‘S(l—i—&')

Remark. The proof yields that for any € > 0 by judiciously choosing the p.’s and
the original strictly convex norm one can choose the norm || - || satisfying the
conclusion of the main theorem to satisfy for all z € X,

el <Nzl < @+l -

We give one final corollary of Lemma 2.5. Recall that the summing basis (s,,)
for ¢g is defined for all n by s, = Z?:l e;.

Corollary 2.6. Let || - || = > .copell - llc and let (z,,) € X satisfy

lim lim lim lm || Zp, — Zny + Tng — Ty ||

M1 —00 Ng— 00 N3 —00 Ng—00

= lim lm ||zn, — x| >0.

ni—00 Ny —00

a) If (zy,) is weak Cauchy but not weakly convergent, then some subsequence of
(xn) 1s equivalent to the summing basis.
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b) If (z,,) is weakly null, then some subsequence of (x,,) is equivalent to the unit
vector basis of cg.

Proof. Lemma 2.5 yields the following. There exists C' < oo so that for all subse-
quences of (z,) there exists a further subsequence (y;,) so that for all finite ¥ C N,

H Z(an - an—l)H <C.

neF
Let

A= {(nz) € [N]: for all finite F C N, H Z(xn% — Tpgiy) ‘ < C} .
i€F

Here [N] denotes the set of all subsequences of N. A is a Ramsey set (see e.g., [O])
and thus by our remark above there exists M € [N] so that [M] C A. Thus by
passing to a subsequence we may assume that if ny < --- < ngg, then

k
356~

a) By passing to a subsequence of z;,, we may assume that (x,) is basic and
moreover (1, s — X1, T3 — Ta,...) is seminormalized basic (see e.g., [Be, Theorem
8] or [R2]). Calling this sequence (y,,) we have that || Y - pynll < 2C + |2y, || for
all finite F', and so (y,) is equivalent to the unit vector basis of ¢g. Hence (x,,) is
equivalent to the summing basis: z, = > 1 | v;.

b) By Elton’s theorem (see [O]) we have that either a subsequence of (z,) is
equivalent to the unit vector basis of ¢y or some subsequence (y,,) of (z,) satisfies

k
tim || S(=1)p.,
=1

[<c

=o00 forall ny<ng<---.

k—oo

From our above remarks we have that a subsequence is the unit vector basis of

Co. O
Remark. 1. We do not know if X can be given a norm || - || satisfying:
if  lim lim |z, £, = lim |z.] >0,
m—00 N—00 m—0Q0

then some subsequence of () is equivalent to the unit vector basis of c¢g.

We can show that this is the case for || - || provided in addition one has
lim lim ||z, £ 2,||= lm |2, .
m—00 N—00 m—00

However the hypothesis of Corollary 2.6 a) does require the assertion that (zy,)
not be weakly convergent. Indeed if X contains ¢y, then there exists a normalized
sequence (y,) C X which is asymptotically 1-equivalent to the unit vector basis of
co and hence

1= lim lim ||yn, —Unoll= lim lim lim Um ||yn, — Yny, + Yns — Unall -
n1—00 Ng—00 n1—00 Ng—00 N3 — 00 Ng— 00
Thus z, = y + y, satisfies the same condition for any y # 0 but (x,) admits no
basic subsequence.
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2. As we have noted parts b) and ¢) of the main theorem hold for any equivalent
norm |[|-|| on X where || -|| =3 copell-||e. From the proof of Lemma 2.4 it follows
that whenever (x,) C X is relatively weakly compact and satisfies

lim lim || + z,] = lm |2,
n—oo m— 00

m—00

then (x,,) is relatively norm compact.

§3. COROLLARIES

We now give some corollaries. Part a) of Corollary 3.1 yields a positive answer
to Milman’s problem mentioned above.

Corollary 3.1. Let X be a separable Banach space. X is reflexive (if and) only if

there exists an equivalent norm || - || on X satisfying the following for any bounded
(xn) C X :

a) Iflimy,— oo imy, oo || Tm + 0| = 21my, || .||, then (z,) is norm convergent.
Furthermore the norm || - || in a) satisfies

b) if (z,,) is weakly null but not norm null, then
ln T |2+ 2] > lim [
m—0o0 N—00 m— 00

provided both limits exist.

Proof. The main theorem (a), c)) yields such a norm if X is reflexive. Conversely

if a) holds let z* € X* with ||z*]] = 1. Choose (z,) C X, ||z,] = 1 with
limy, o0 2*(x,,) = 1. Tt follows that lim,,— o im,— || Tm + z»|| = 2 and so by a),
(z5,) converges to some z with || z|| =1 and *(z) = 1. Thus z* achieves its norm.
By James’ theorem [J1] X must be reflexive. |

Corollary 3.2. Let X be a separable Banach space. Then there exists an equivalent
norm || - || on X such that if Y is a subspace of X, then'Y is reflexive iff a) (and
b)) of Corollary 3.1 hold for all bounded (x,) C Y.

From b) and ¢) of the main theorem we obtain

Corollary 3.3. Let X be a separable Banach space. The following are equivalent.

1) X contains an isomorph of 1 (respectively, cy).

2) For all equivalent norms || - || on X there exists a normalized sequence in X
having spreading model (e,) which is 1-equivalent to the unit vector basis of
41 (respectively, cqg).

3) For all equivalent norms || || on X there exists a normalized (and respectively,
weakly null) sequence in X having spreading model (e;,) satisfying || e1 Lea| =
2 (respectively || ex + ez =1).

In addition to the main theorem the proof requires James’ proof that ¢; and cg
are not distortable ([J2] or [LT, p.97]). Indeed 1) = 2) or 3) is well known from
James’ result. Our discovery is the reverse implications.

Our work also yields the following corollaries.

Corollary 3.4. Let X be a separable Banach space. The following are equivalent.

1) X is not reflexive.
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For all equivalent norms || - || on X there exists a || - || -normalized basic
sequence (x;) having spreading model ((e;),|| - ) satisfying for all (a;) C
[0, 00),
1> aied = ai.
For all equivalent norms || - || on X there exists a | - || -normalized basic
sequence (x;) having spreading model ((e;),| - ||) satisfying
er +eaff =2 .

Corollary 3.5. Let X be a separable Banach space. The following are equivalent.

a) X is reflexive.

b)

[BL]
[Be]
(BP]
(B]

(BS]
[CS]

[D1]
(D2]

[DGZ]

[FG]
(FJ]
[G1]
[G2]
([GM]
(HM]
[J1]
[J2]
[J3]

(KM]

There exists an equivalent norm || - || on X such that if ((e;),] - ||) is
a spreading model of any || - || -normalized basic sequence in X, then 1 <
ler +ezfl <2.
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