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LATTICE PATHS
AND KAZHDAN-LUSZTIG POLYNOMIALS

FRANCESCO BRENTI

1. INTRODUCTION

In their fundamental paper [18] Kazhdan and Lusztig defined, for every Coxeter
group W, a family of polynomials, indexed by pairs of elements of W, which have
become known as the Kazhdan-Lusztig polynomials of W (see, e.g., [17], Chap.
7). These polynomials are intimately related to the Bruhat order of W and to the
geometry of Schubert varieties, and have proven to be of fundamental importance
in representation theory.

The purpose of this paper is to present a new non-recursive combinatorial formula
for these polynomials. More precisely, we show that each directed path in the
Bruhat graph of W has a naturally associated set of lattice paths with the property
that the Kazhdan-Lusztig polynomial of u, v is the sum, over all the lattice paths
associated to all the paths going from u to v, of (—1)I'z0Fd+(I)g(U(v)=I(w)+T(T)))/2
where I'>, dy (T'), and T'({(T")) are three natural statistics on the lattice path. We
believe that this formula is the most explicit non-recursive formula known for the
Kazhdan-Lusztig polynomials which holds in complete generality.

The organization of the paper is as follows. In section 3 we define and study the
R-polynomial of a chain. This polynomial reduces to the usual R-polynomial for
a chain of length one and is fundamental in all that follows. In section 4 we show
that the antisymmetrization of the Kazhdan-Lusztig polynomial of two elements
u,v of W equals the alternating sum, over all the chains going from w to v, of
the corresponding R-polynomials. In section 5 we derive some consequences of this
result which, although not needed in what follows, are of independent interest. More
precisely, we derive explicit formulas for each coefficient of any Kazhdan-Lusztig
polynomial, and comparing these to known formulas we obtain some new identities
for the R-polynomials. In section 6 we introduce and study a family of polynomials,
indexed by sequences of positive integers, which is needed in the proof of our main
result. These polynomials are independent of W, are easily computable by simple
recursions, and can be interpreted as counting certain lattice paths. In section 7 we
prove our main theorem, which is obtained by combining the results in sections 4
and 6. This expresses the Kazhdan-Lusztig polynomial of two elements u, v in W as
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230 FRANCESCO BRENTI
the sum, over a certain multiset of lattice paths, of (—1)I'zoFd+(T) e
where I'>q, d+(T'), and I'(I(T")) are three simple statistics on the lattice path I
In section 8, as an application of our main result, we obtain a generalization of
Theorem 6.3 of [6] and a connection between the Kazhdan-Lusztig polynomials
and the Bayer-Billera relations arising in the theory of Eulerian posets and convex
polytopes. Finally, in section 9, we briefly sketch how one can obtain analogues of
the results in this work for the inverse Kazhdan-Lusztig polynomials.

Some of the results of this paper and [6] can be extended with little or no change
in argument to more general classes of kernels (in the sense of [23]) in place of the
Kazhdan-Lusztig kernel R. For instance, Theorems 4.1 and 4.2 (and also Theorem
4.1 of [6]) extend easily to arbitrary kernels.

2. NOTATION, DEFINITIONS, AND PRELIMINARIES

In this section we collect some definitions, notation, and results that will be used

in the rest of this work. We let P %' {1,2,3,...} ,N Eipy {0}, Z be the ring

of integers, Q be the field of rational numbers, and R be the field of real numbers;

for a € N we let [a] et {1,2,...,a} (where [0] def 0). Given n,m € P, n < m, we
let [n,m] ef [m] \ [n — 1], and we define similarly (n, m], (n,m), and [n,m). Given

A C P we may clearly write, in a unique way, A = U—J;l [, w;] so that «; < w; <

i1 —2fori=1,...,s (where asi1 dzofws + 2); we then call [ay,w1],... ,[as, ws]
the connected components of A. For S C Q we write S = {a1,...,a,}< to mean
that S = {a1,...,a,} and a; < ... < a,. The cardinality of a set A will be denoted

by |A|; for r € N we let (f) d:Cf{S’§A:|S| =r}. For SCP and j € P we let
Sj be the j-th smallest element of S (so S = {S1,...,S|5/}<). Given a polynomial
P(q), and i € Z, we denote by [¢'](P(q)) the coefficient of ¢* in P(q). For a € Q
we let |a| (respectively, [a]) denote the largest integer < a (respectively, smallest
integer > a). Given n € P we let S,, be the set of all bijections 7 : [n] — [n]. If
o € Sy, then we write o = 01 .. .0, to mean that (i) =0, fori=1,... ,n.

A polynomial Z?:O a;z' € R[z] is called log-concave if a? > a;_1a;41 for i =
1,...,d—1. It is said to be unimodal if there exists an index 0 < j < d such
that a; < a;41 fori=0,...,5—1and a; > a;41 fori =7,... ,d—1. It is said to
have no internal zeros if there are not three indices 0 < i < j < k < d such that
ai,ar # 0 and a; = 0. It is well known that the product of two polynomials with
real non-negative coefficients which are log-concave and have no internal zeros has
again these properties (see, e.g., [22], Proposition 2, p. 503).

Recall that a composition (respectively, weak composition) of n (n € P) is a
sequence (aq,...,as) (for some s € P) of positive (respectively, non-negative)
integers such that o + ...+ a5 = n (see, e.g., [20], p. 14). When writing composi-
tions we will sometimes omit to write the parentheses (i.e., we will write a1, ... , a;
instead of (aq,... ,as)). Thusif @« = (ay,... ,as) and 8 = (B, .. , Bt) are compo-
sitions, then a, 3 is to be interpreted as the composition (i, ... ,as,B1,...,0t).

For n € P we let C}, be the set of all compositions of n and C def Un21 C,,. Given
B € C we denote by I(8) the number of parts of 3, by G;, for i = 1,...,1(0),

the i-th part of 8 (so that 8 = (81, 0s, ... ,Bys)), and we let |3 & 1) 5,
— def

B (BaBa, . ) (£1(8) 2 2), BV X (81 =1, Ba,..., Bigs) (where fO) <5

def def

lfﬁl = 1)7 ﬂ* = (Bl(ﬁ)v 562761)7 T(B) = {6?“767“"’57“—13-" 56T++62} where
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def - . . . =
r = 1(B), and B be the complementary composition of 3 (i.e., the unique g € C

such that |3] = 5] and T'(5) = [|6] = 1]\ T(8)). Given (az, ..., ), (B1, .. i) € Cn

we say that (aq, ..., as) refines (81, ..., B;) if there exist 1 <iy < io < ... <ip—1 <8

such that Eéiik,1+l a; = O for k =1,...,t (where ig LA s). We then

write (a1, ...,as) < (B1,...,0:). It is well known, and easy to see, that the map
a — T(a) is an isomorphism from (C,,, <) to the Boolean algebra B,,_1 of subsets
of [n — 1], ordered by reverse inclusion (see, e.g., [20], p.14).

For j € Q we define operators U;, D; : R[z] — Rlz] by letting

U; Z aiq' « Z aiq’,

i>0 i>j

J

i | def i

Dy (S| £
i>0 i=0

Note that U; and Dj; are linear and idempotent, and that D; = D\;) and U; = Uy,

for all j € Q.

We follow [20], Chap. 3, for notation and terminology concerning partially
ordered sets. In particular, given a finite graded poset P and S C N we let
pg & {z € P: p(x) € S}, where p: P — N is the rank function of P, a(P;S) be
the number of maximal chains of Pg, and

(1) BP;S) = 3 (1) Tla(P;T).

TCS

We also let P; def Py if i € N. We say that a finite graded poset P as above is
Eulerian if P has a 0 and 1 and p(z,y) = (=1)P@=@) for all 2,y € P, z < y.
Recall (see, e.g., [20], §3.14, p. 138, or [21], §2, p. 190) that to any Eulerian poset P
as above there are associated two polynomials, denoted f(P;q) and g(P;q), defined
inductively as follows:

i): if |P| = 1, then f(P;q) % g(P;q) ©'1;

ii): if P hasrank n+ 1 > 1, then

(2) 9(P;q) < D2 ((1 - q)f(P;q));
iii): if P has rank n 4+ 1 > 1, then
(3) FPi) = N g(l0,a]iq) (g — 1)@
aeP\{i}

The polynomials f(P;q) and g(P;q) were introduced in [21] and are two very

subtle invariants of the Eulerian poset P (see [20], §3.14, and [21], §§2,3, for further

information). We call g(P;q) the g-polynomial of P, and (hy, ... , hy), where h; Lef

[@" ) (f(P;q)), for i = 0,... ,n, the h-vector of P.
Let a,b € Z, a < b. By a lattice path on [a,b] we mean a function I": [a,b] — Z
such that I'(a) = 0 and

TE+1)-T@E)| =1
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for all ¢ € [a,b — 1]. Given such a lattice path I' we let
N(I) = {iefa+1,b—1]:T(i) < 0},
do(T) < |{i € [a,b— 1] : T(i + 1) = (i) = 1},

I(T) € b —a, and T>o & 1(T) — 1 — [N(T)|. We call N(T') the negative set of T,

and [(T") the length of T'. Note that b ¢ N(I') and that
r'e)+b—a

(1) a.r) =0

For example, if T' is the lattice path illustrated in Figure 1, then N(T') = {3,4,5},

d+(T') =2, (') =6, and I'>¢ = 2. For n € P we denote by D(n) the set of all the

lattice paths on [0, n].

A

FIGURE 1

We follow [17] for general Coxeter groups notation and terminology. Given a

Coxeter system (W, S) and 0 € W we denote by I(o) the length of ¢ in W, with

respect to S, and we let €, ef (—1)"?). We denote by e the identity of W, and we

let T 9 {osc™ : 0 € W, s € S} be the set of reflections of W. We will always
assume that W is partially ordered by Bruhat order. Recall (see, e.g., [17], §5.9)
that this means that x < y if and only if there exist r € N and t1,... ,t. € T such
that ¢,....t1x =y and I(¢;...t12) > I(t;—1...t12) for i = 1,... ,r. For example,
the Hasse diagram of the Bruhat order on S5 is shown in Figure 2. Given u,v € W
we let [u,v] €of {zr € W:u <z <wv}. We consider [u,v] as a poset with the partial
ordering induced by W. In particular, we will often use notation such as [u,v]g or
[u,v]; (S € N, i € N) to denote the rank-selected subposets of [u,v]. It is well
known (see, e.g., [5], Corollary 1) that intervals of W (and their duals) are Eulerian
posets.

321

231 312

132 213

123

F1GURE 2. The Bruhat order on Ss.
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Recall (see [17], §8.6, or [13]) that the Bruhat graph of a Coxeter system (W,S)
is the directed graph B(W, S) obtained by taking W as vertex set and putting a
directed edge from z to y if and only if yx=! € T and I(z) < I(y). For example,
the Bruhat graph of S35 is depicted in Figure 3. It follows immediately from the
definitions that B(W,S) contains the Hasse diagram of the Bruhat order of W
(considered as a directed graph in the obvious way) as a directed subgraph.

321

231 312

132 213

123

F1GURE 3. The Bruhat graph of Ss.

We denote by H(W) the Hecke algebra associated to W. Recall (see, e.g., [17],
Chap. 7) that this is the free Z[g, ¢~ ']-module having the set {T,, : w € W} as a
basis and multiplication such that

| Tuss if I(ws) > l(w),
(5) TwTs = { qTws + (g — DTy, if l(ws) < l(w),
forallw € W and s € S. It is well known that this is an associative algebra having
T, as unity and that each basis element is invertible in H(W'). More precisely, we
have the following result (see [17], Proposition 7.4).

Proposition 2.1. Let v € W. Then
(val)_l = q_l(v) Z(_l)l(v)_l(u) Ru,b(‘]) Ty,
u<v
where Ry, (q) € Z[q].

The polynomials R, , defined by the previous proposition are called the R-

polynomials of W. It is easy to see that deg(R. ) = l(v) —l(u), and that R, ,,(¢) =

1, for all u,v € W, u < v. It is customary to let R, ,(q) © 0 if £ v. We then

have the following fundamental result that follows from (5) and Proposition 2.1
(see [17], §7.5).

Theorem 2.2. Let u,v € W and s € S be such that l(vs) < l(v). Then

_ Rus,vs(q)u Zfl(’U,S) < l(u);
(6) Ryw(q) = { qRusvs(q) + (¢ — V) Ruyvs, if l(us) > 1(u).

Note that the preceding theorem can be used to inductively compute the R-
polynomials. Theorem 2.2 also has the following simple but important consequence.

Proposition 2.3. Let u,v € W. Then there exists a (necessarily unique) polyno-
mial Ry ,(q) € Nlg] such that

(7) Ruola) = 400700 Ry (gf —g3)
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Combinatorial interpretations of the coefficients of Rum(q) have been given by
V. Deodhar (see [11], Theorem 1.3) and by M. Dyer (see [12], and [14]). In partic-
ular, Dyer’s interpretation implies the following result (we refer the reader to [14],
8§82, 3, for its proof, see also [13], §(3.5)).

Proposition 2.4. Let u,v € W, and k € N. Then [¢*](Ru..(q)) # 0 if and only if
there is a directed path in B(W,S) from u to v of length k.

There is one more property of the R-polynomials that we will use quite often in
this work. We recall it here for the reader’s convenience.

Proposition 2.5. Let u,v € W. Then

®) (—q) @R, , (3) — Runle).

A proof of the preceding result can be found, e.g., in [17], §7.8.
Let A C T and W' be the subgroup of W generated by A. Following [17], §8.2,

we call W’ a reflection subgroup of W. Tt is then known (see, e.g., [17], Theorem 8.2)

that (W', ) is again a Coxeter system where S’ Lot {teT: Nt)nW' = {t}}, and

N(w) def {teT: l(wt) <l(w)}. We say that W' is a dihedral reflection subgroup if
|S] =2 (i.e., if (W', S’) is a dihedral Coxeter system). Following [14] we say that a
total ordering <7 of T' is a reflection ordering if, for any dihedral reflection subgroup
W' of W, we have that either a <7 aba <t ababa <t ... <7 babab <t bab <1 b
or b <r bab <t babab <t ... <r ababa <t aba <t a where {a,b} def ' The
existence of reflection orderings (and many of their properties) is proved in [14],
§2. Throughout this work we will always assume that we have fixed (once and for
all) a reflection ordering <7 of T'. Given a path A = (ag, a1, ... ,a,) in the Bruhat
graph of W we define its length to be [(A) Lef r, its descent set, with respect to <,
to be

DA) i [r—1]: aiai1)™ > apr ()},
and its descent composition to be the unique composition D(A) € C such that
|D(A)] =1(A) and
T(D(A)") = D(A).
Given u,v € W and k € N, we denote by Bj(u,v) the set of all directed paths in

B(W, S) from u to v of length k, and we let B(u,v) ef Ukso Br(u,v). Foru,v € W
and a € C, we let

9) Calt,v) €A € Baj(u,v) : D(A) = a}|

and

(10) ba(u,v) & {A € Baj(u,v) : D(A) = a}l.

Note that these definitions imply that

(11) Col(u,v) = Z bg(u,v)
{BeCn:B=a}

for all u,v € W and a € C,, (n € P). The following result appears in [7], Proposi-
tion 4.4.
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Proposition 2.6. Let u,v € W, u <w, and a € C. Then

Ca(uvv) = Z H[qaj](éaj—haj)

(ag,...,ar)EC,(u,v) j=1
where C,.(u,v) denotes the set of all chains of length v from u to v, and r dzefl(a).

The R-polynomials can be used to define the Kazhdan-Lusztig polynomials. The
following result is not hard to prove (and, in fact, holds in much greater generality;
see [23], Corollary 6.7 and Example 6.9) and a proof can be found, e.g., in [17],
§87.9-11, or [18], §2.2.

Theorem 2.7. There is a unique family of polynomials {Py . (q)}uvew C Zlql,
such that, for all u,v € W:

i): Pu,v(Q) =0 ifufv;

ii): P,.(q) =1;

iii): deg(Pu,o(q) < 5 (1(v) = U(u) = 1)], if u <v;

iv):

e 1
(12) JO1 p, (—) = Y Rua(@) Ponla).

q u<lz<v

ifu<wo.

The polynomials P, ,(¢) defined by the preceding theorem are called the Kazhdan-
Lusztig polynomials of W.

Throughout this work (unless otherwise explicitly stated) (W, .S) denotes a fixed
(but arbitrary) Coxeter system.

3. THE R-POLYNOMIAL OF A CHAIN

In this section we define and study the R-polynomial of a chain. This polynomial
reduces to the usual R-polynomial for chains of length one, and is fundamental in
all that follows.

Given a chain ag < a1 < ... < a; in W we define

def
(13) Rao,... ,0; (Q) = Rao,al (q)D% (Rab»»» ,a; (LI))
(where d Lef l(a;) —l(a1)) if ¢ > 2, and
def
(14) Rayg,... .0 () = Rag,a,(q)

if 1 = 1. For example, in W = 54 we have that
Ro134,2431,4321(¢) = Ro2134,2431(q) D2‘;_1(R2431,4321(Q))

= (¢"—2¢°+2¢—1)D1((g - 1)?)
= ¢ —2¢"+2¢-1,

and hence

Ri1934,2134,2431,4321(¢) = Ri234,2134(q) DS;I (R2134,2431,4321(q))

= (¢—-1)Da(q’ —2¢* +2q - 1)
= —2¢°+4¢* — 3¢+ 1.
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The next result is a straightforward consequence of our definitions, but nonetheless

deserves to be mentioned.

Proposition 3.1. Let ag < a1 < ... < a; be a chain in W. Then:
i): deg(Ragar,...0,) < max (0, L2000 1) 4 i(ar) — 1(ao);

ii): Rao,al,--- , Qi (O) = €ap€a; -

Proof. i) is immediate from (13). ii) follows immediately from (13) and (14) by
induction on ¢ € P, noting that d > 1 in (13). O

We conjecture that equality always holds in part i) of the above proposition.
We now derive several formulas for the coefficients of the R-polynomial of a chain
in terms of coefficients of ordinary R-polynomials.

Proposition 3.2. Letk € Z and agp < a1 < ... < a; be a chain in W. Then

(15) [4"](Rag....at) = D T [10* 1 (Ra, 1 .a,)

a r=1
where a = (a1, ... , ;) € N runs over all weak compositions of k into i parts such
that o < par—1) — p(ay) forr=1,... i, and ary1 + ...+ a; < 2(p(a,) — 1) for
r=1,...,i—1; here p: [ap,a;] — N is the rank function of [ag, a;]*.

Proof. The result is clear if ¢ = 1 so we may assume that i > 2. We prove first that

Lp(a12)*1J Lp(ai—l)*l

7 —J i
(16) [qk](Rao7... ai) = Z ce Z H[quil_jr](Ranlxar)

j1=0 ji-1=0 r=1

where jo ) and Ji 400. In fact, from (13) we conclude that
L5 ‘ ‘

(17) [qk](RaO)'”7ai) = Z [qk_j](Rao,al)[qj](Ral,---,ai)
§=0

where d = l(a;) — l(a1). We now prove (16) by induction on ¢ > 2. If i = 2, then
(16) reduces to (17). If ¢ > 3, then from (17) and our induction hypothesis we
conclude that

aq)— ag)— i—1)—1
LP( 12) 1J LP( 22) 1J l_p(a 1

7 —J i
[qk](Rao7...,a¢): Z [qk_j](Rao,lh) Z Z H[qufl_jT](RawhaT)

Jj=0 J2=0 Jji—1=0 r=2

where j; ef j, and (16) follows. Now note that

H [qufl_jr] (Rarfl,ar) #0

r=1

only if 0 < jr—1 — jr < l(ar) — l(ar—1) for » = 1,...,i. Furthermore, given
(j1,---,ji-1) € N'"t such that k > j1 > ... > jioy > 0, jr < $(p(ay) — 1)
for r = 1,...,i—1, and j,—1 — jr < l(ar) — l(ap—1) for 7 = 1,...,i, then
(k—=j1,71—J2, -+ yJi—2—Ji—1, ji—1) is a weak composition of k into ¢ parts satisfying
the conditions of the proposition, and this is a bijection. O
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Note that Proposition 3.2 implies Proposition 3.1.

Using the fact that [¢°](Rs,y) = e.¢y for all z,y € W, 2 < y, we can obtain the
following more compact (though less elegant) formulation of the preceding propo-
sition.

Proposition 3.3. Let ag < a1 < ... < a; be a chain in W, and let k € Z \ {0}.

Then
(o)
[qk](Rao,m, i) = €aoa;y Z ZHE‘IS 715as j](RaSj—haSj)
acCy, S j=1
where the set S = {S1,...,S1}< runs over all subsets of [i] of size I(c) such that

s(plas,—1)—1) > aj+...+a; for j=2,...,1, and L(p(as,—1) —1) > k if S; > 1.

Proof. If a € N* is a weak composition of k into i parts, then a = (0,...,0, as,,
0,...,0,as,, 0,...,0,as,0,...,0) for some (unique) I, sy,...,s such that as,,

yag, > 0,1 <81 < s2 <...< s <i,and ! € [i], and this is a bijection
between the weak compositions of &k into ¢ parts and pairs (3,5) where 8 € Cy

and S € ((;)) Furthermore, if a and (3, {S1,...,Si}<) correspond under this

bijection, then a1 + ...+ o; < $(pla ) 1) for r =1,...,i—1if and only if
B+ + 0 < 5(plas, —1)—1) for j=2,....land f1 +.. +ﬁz < 2( (as,-1)—1)
if S1 > 1. Since [¢*" (R4, 1,0.) = 0 if o > plar—1) — p(ar) and [¢*" (R4, 1,4.) =
€a,_1€a, if ap = 0, the thesis follows from Proposition 3.2. |

Note that if & < 1(I(a;) — I(ag) — 1), then the conditions on the subset S in
Proposition 3.3 may be stated simply as “I(p(as,—1) —1) > a; + ... + oy for
] — 1 l”

Using Proposition 2.5 we can obtain the following “dual” expression for the
coefficient of ¢* of the R-polynomial of a chain. This formulation is simpler than
the one in Proposition 3.2 if k > 1(I(a;) — I(ag)) and will be used in section 5.

Proposition 3.4. Let ag < a1 < ...<a; be a chain in W, and let k € Z. Then

(18) [qk] ag,... ZH ] ar71,ar)5arf15ar

a r=1
where a = (o, ... , ;) € N* runs over all weak compositions of p(ag)—k into i parts

such that a, < plar—1) —play) forr=1,... i, and ary1+ ...+ a; > $(p(ar) +1)
forr=1,...,1—1, and p has the same meaning as in Proposition 3.2.

Proof. Let a = (a1,... ,q;) € N* be a weak composition satisfying the conditions

in the proposition. Then 8 %' (plag) — plar) —aa,...,plai—1) — pla;) — ;) € N* is
a weak composition of k into 4 parts such that 5, < p(ar—1) —p(a,) forr=1,... 1
and Bry1+...+0i = plar) = plai) = (@1 +. . 4ai) < plar)—plai) = %(P(ar%‘l)
%(p(aT) —1)forr=1,...,i— 1. Tt is clear that this correspondence is a bijection
between the summation sets in the right hand sides of (18) and (15). Furthermore,
if & and 3 correspond under this bijection, then

H[an](RaTa,ar)gapﬁar = H[qﬁT](RarflﬂlT)’

r=1 r=1

by (8), and the result follows from Proposition 3.2. O
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In the same way that Proposition 3.3 follows from Proposition 3.2 one can deduce
from Proposition 3.4 the following result.

Proposition 3.5. Let ap < a1 < ... < a; be a chain in W, and let k € Z \ {0}.
Then

1)
[qp(a())_k](Rao7...7ai) = Z Z H[qaj](Rasja,asj )Easjagasj

acCy, S j=1

where S = {S1,...,S1}< runs over all subsets of [i] of size l(«) such that i € S,
i1+t > t(plas,)+1) forj=1,...,1—-1, and Sy =1 if k < 3(p(a1) +1).

Proof. The result is clear if i = 1 by (8), so we may assume that i > 2. Note first
that if « € N’ appears in the sum on the RHS of (18), then necessarily o; > 0 (since
a; > L(p(a;_1) +1) > 1). Now reasoning as in the proof of Proposition 3.3 we see
that there is a bijection between weak compositions o € N? of k into ¢ parts such

that c; > 0 and pairs (3, S) where 8 € Cy, S € (l([g ), and ¢ € S. Furthermore, if

a and (8,{S1,...,S1}<) correspond under this bijection, then .41 + ... + a; >
L(pla;) +1) for r =1,...,i—1if and only if Bj41 +... + B > (plas,) + 1) for
j=1,...,1=1,and Bi+...+B > L(p(a)+1) if S; > 1. Since [¢*"|(Ra,_,a,) =0
if o > p(ar—1) — p(ar) and [¢*"|(Ra, ;1 .a.) = €ar_1€a, if o = 0, the thesis follows
from Proposition 3.4. O

Note that the preceding proposition also holds for k = 0 as long as 7 > 2.

Given the similarity of the definition of the R-polynomial of a chain with that
of the R-polynomial of a multichain given in §3 of [6] it is natural to ask whether
there are any connections between the two concepts. Indeed, it follows easily from
Proposition 3.7 of [6] and from Proposition 3.5 that if ag < a1 < ... < a; (1 > 2) is
a chain in W, then

(19) [qk](Rao,--- ai) = (_l)k[ql(ai)_l(ao)_k](Rao,m ai)

for k = 0,1. However, (19) fails for k& > 2. For example, if C is the chain 1234 <
3142 < 3421 < 4321 in Sy, then Re(q) = —¢° + 3¢* — 3¢% + ¢ but Re(q) =
1 —5q+9¢% — 7¢® + 2¢*. Also, it is not hard to verify that

a —ila 1
5a15a2Rao,a1,a2(Q) = ql( 2)=i O)Rao,al,m <a>

for any chain ag < a1 < as in W. However, in general, the R-polynomial of a chain
does not determine its R-polynomial as a multichain, and conversely. For example,

R123,213,321(q) = R123,213,312,321(q)

but
R123,213,321(Q) 7’é R123,213,312,321(Q)7
while
R1234,2134,3412,3421(¢) = R1234,2134,2431,3421(q)
but

Ri1234,2134,3412,3421 (¢) 7 R1234,2134,2431,3421(q)-
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4. A NON-RECURSIVE FORMULA

In this section we prove a non-recursive formula for the Kazhdan-Lusztig polyno-
mial of any two elements of any Coxeter group, which is needed in the proof of our
main result. This formula is analogous to, but different from, the one obtained in
Theorem 4.1 of [6]. In fact, comparison of the two formulas yields some interesting
new identities, as will be shown in section 5.

Theorem 4.1. Let u,v € W, u <wv. Then

Pyw(q) = DLM SISy Z (_1)1(C)Rc(q)
CeC(u,v)

where C(u,v) is the set of all chains from u to v.

Proof. We prove the result by induction on I(v) — I(u). If [(v) — I(u) = 1, then
D | > (~D)"ORe(q)
ceC(u,v)
= Do(=Ruv(q)) = Do(—=(¢ - 1)) = w0 (4)-

Now let v < v be such that [(v) — (u) > 2. Then from Theorem 2.7, our
definitions (13) and (14), and our induction hypothesis, we have that

(20)
JO-1p, <_

1
- Pu,v q
q> (q)
+ Z Ru”a(q)DLﬂ%ﬂﬁj Z (_1)l(C)RC(q)
usa<v ceC(aw)

+ 2 2 U ORu(@)D s (Re(@))

u<a<v CeCl(a,v)

) (VR

u<a<v CeC(a,v)

= Ru,v(Q) + Z (_1)l(c,)_1RC/((I)

{C’eC(u,v): I(C")>2}
== > (=D)"Relq).
C'eC(u,v)

But from part iii) of Theorem 2.7 we deduce that

1
D l(v)—l(u)—1 ql(v)_l(u)Puv - _Pu v(q) = _Pu v(q)
| L=t | o\ : :
and the thesis follows from (20). O

Note that Corollaries 4.3 and 4.4 of [6] also follow from Theorem 4.1, with proofs
analogous to those in [6].

The preceding result makes it natural to ask the question: what is the polynomial
Y cectuw (1" Re(g)? The answer is already contained in the previous theorem
and its proof, which imply the following.
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Theorem 4.2. Let u,v € W, u < v. Then

(21) Punla) — 410 p, (3) = Y (1) ORe(q).

ceC(u,v)

In particular, the polynomial Ecgc(u,v)(_l)l(c)RC(Q) is antisymmetric with respect
to l(v) —l(u). O

Note that it is not true that the polynomial Zceck(um)(_l)l(C)RC@)’ where
Ci(u,v) is the set of all chains from u to v of length k, is antisymmetric with
respect to [(v) — I(u) (take, e.g., u =123, v =321, and k =2 in W = S3). In fact,
the antisymmetry of the polynomial > ¢c ¢, ) (—1)"© Re(g) has some interesting
and non-trivial consequences, as will be shown in the next section.

5. COEFFICIENTS OF KAZHDAN-LUSZTIG POLYNOMIALS

In this section we derive some consequences of Theorem 4.2. More precisely, we
prove two formulas for the coefficients of any Kazhdan-Lusztig polynomial in terms
of coefficients of R-polynomials. These two formulas are different, and they also
differ from the one given in Theorem 5.2 of [6]. The results in this section are not
needed in the rest of this work.

The first formula is obtained by combining Proposition 3.3 and Theorem 4.2.

Theorem 5.1. Let u,v € W, u < v, and k € P. Then

()

[qk](Pu,v) = Z (_l)l(a) Z H[qai](Razz‘fbazi)

a€cCy (ag,...,a2141)EMq (u,v) =1

where My, (u,v) is the set of all multichains u = a9 < a1 < ... < ag < ag41 =v of
length 2l(a) + 1 from u to v such that l(v) — l(agi—1) > 2(a; + @ip1 + ... + ) + 1,
and agi—1 < ag; fori=1,... 1.

Proof. Let p : [u,v] — N be the rank function of [u,v]*. The result clearly holds
if 2k > I(v) — l(u) by part iii) of Theorem 2.7, so we may assume that 2k + 1 <
I(v) = l(u).

Fix a € C;. Now let C = (bg,...,b;) € C(u,v) and S = {S1,...,S}< €

(l[(i)) be such that (p(bs,—1) —1) > oj 4+ ...+ for j = 1,...,l. Then

(b0, b, —1,b8,+ - - 1 bs,—1, bsys bi) € Ma(u,v), Co % (bo, b1, ..., bg,—1) € C(bo, bs, 1),
C1 Y (bs,,... bs,_1) € Clbs,,bs,—1),-..,C < (bs,,....b:;) € C(bs,,b;). Con-

versely, if (ag, ... ,a2+1) € Mq(u,v) and Cy € C(ag, a1), C1 € C(az,as),... ,C; €
C(asy, azis1), then C < (Co,Cr,...,C) € Clu,v), S L {I(Co) + 1,1(Co) + 1(C1) +
2., 0Co)+ ...+ UC—1) + 1} € (l(lC)>, and %(p(bl(co)+...+l(cj,1)+j—1) -1) >
a;j+...+agfor j=1,...,1 (where b, denotes the (n+1)-st element of C, from the
bottom). Since this is a bijection we conclude from Theorem 4.2 and Proposition
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3.3, that
[@"1(Puw) = > (1) O[g*](Re)

ceC(u,v)

=cuty > > 3 (— 1)@+ e

a€Ck (ag,... ,a2141)EMa(u,v) Co€C(ag,a1) CeC(azr,a2141)

(o)
! H €aszj_1€any [qaj](Ra%‘fl,azj)
j=1

U(c)
= Euy Z (_1)l(a) Z H €aszj_1€any [qaj](Ran—l)UQj)
Jj=1

acCy (ag,...,a2141)EMa(u,v) J
e Y (e,
CoeC(ag,ar) CieC(agi,a2141)
and the result follows since intervals of W are Eulerian posets. O

Note that in the proof of Theorem 5.1 we have used only the “bottom half”
of (21). If we use the “upper half”, then we obtain a different formula for the
coefficients of Kazhdan-Lusztig polynomials. Given u,v € W with u <wv and i€ N

we let
> (—1)!@) | if u < v,
def
Ei(u,v) = S (wefuv]: i(z)>i}
—Ey, if u=no.

Theorem 5.2. Let u,v € W, u< v, and k € [1, [3(I(v) — l(u) — 1)]]. Then

(o)
[qk](Pu,v) =&v Z (_l)l(a) Z gl(v)—2/€+1(u7 a’l) H[qai](Razz‘fham)

acCy (ao,-... ,a21) ENg (u,v) i=1

where Ny (u,v) is the set of all multichains u = ag < a1 < ... < ag = v of length
2l(a) from u to v such that l(v) —l(a2;) < 2(ip1+...+aq) =1 fori=1,...,1-1,
and agi—1 < ag; fori=1,... 1.

Proof. Let p: [u,v] — N be the rank function of [u,v]*. Fix a € Ck. Now let
C = (bg,...,b;) € Clu,v) and S={51,...,5}<€ (l%‘] )

o)
be such that ¢ € S, %(p(bsj) +1) <ajp1+...+q,forj=1,...,1—1, and
k> L(p(b1) + 1) if S; > 1. Then (bo, bs,—1,bs,,- - »bs,—1,b:) € Na(u,v), Co
(bo, ... ,bs,—1) € C"(bo,bs,—1), C1 = (bs,,..., bsy—1) € Clbg,,bgy_1)s-..,C_q &
(bSL,U B 7b51—1) S O(bslflvbi—lx where

C'(2,y) = {(ag, a1,...) € Cla,y) : plar) < 2k — 1}

for z,y e W, 2 <y (so C'(z,y) = C(x,y) if x = y). Conversely, if (ag,... ,a2) €
Na(u,v), and C; € C”(ao,al), Cy € C(CLQ,CLg),... s C € C(CLQZ_Q,CLQI_l), then
C¥ (1, Co, ..., CLY) € Cluyv), S E{I(C) +1,1(C) +1(C2) +2,... 1(C) + ...+
l(Cl) + l} c ([lgc)]), Z(C) S S, %(p(bl(cl)+...+l(cj)+j) + 1) < Qjtl + ...+ o for

j=1,...,1—1 (where b, denotes the (n + 1)-st element of C, from the bottom),
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and k > £(p(b1) + 1) if {(C1) > 0. Since this is a bijection then from Theorem 4.2
and Proposition 3.5 we deduce that

—[d1(Puw) = Y ()" (Re)

ceC(u,v)
=> > Y (e
a€Cy (ao,...,a2)ENG (u,v) C1€C'(ag,a1) CieClagi_2,a21-1)
l(a)
3 [ (A0 R

j=1
and the result follows as in the proof of Theorem 5.1 since

Z (_1)l(C) _ Z Z (_1)Z(C)+1

CeC’(ap,a1) {z€(ap,a1]: p(z)<2k—1} CeC(zx,a1)

{z€(ao,a1]: p(z)<2k—1}
= —¢€a, Ei(v)—20+1(a0, a1)
(since 2k — 1 < p(u) = p(aop)) if ap < a1, while

Z (_1)z(c) = Z (—1)1(6) = (-1)° = —¢q, Ei(v)—2k+1(a0, a1),

CeC’(ap,a1) CeC(ao,ao0)

if apgp = aj. (|
Note that, if u < v, &(u,v) = 0 unless {(u) +1 < ¢ < [(v). Also, we have the

following result.
Proposition 5.3. Let u,v € W, u < v, and i € [l(u) + 1,1(v)]. Then —e&,&;(u,v)
equals the walue of the Mobius function of the rank-selected subposet
[, V] {03 Ulim1(u),I(v)—1(uw)] €Valuated at (u,v). In particular, (—1)%&(u,v) > 0.

Proof. Let, for brevity, P def [, V] {0}Uli—1(u),i(v)—1(w)]- Note that by the definition
of the M&bius function of a poset (see, e.g., [20], §3.7) we have that

HpP (au ’U) = Hfu,v)] (a7 U)
for all @ € P\ {u}. Therefore, again by the definition of the Mobius function

pp(u,v) = — Z pr(a,v)

a€P\{u}

=_ Z (—1)H)=H@)
(22) a€P\{u}
=_ Z (—1)i)=Ha@)
{a€luv]:1(a)>i}
= —&, &i(u,v)

where we have used the fact that the intervals of W are Eulerian posets. Now, it
is well known (see, e.g., [4], Theorem 5.5) that intervals of W are Cohen-Macaulay
(see, e.g., [3] for the definition of, and further information about, Cohen-Macaulay
posets), hence by Theorem 5.2 of [3], P is a Cohen-Macaulay poset, and this, by
(22) and Proposition 3.8.11 of [20] implies that (—1)%&;(u,v) > 0. O
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We don’t know any direct proof of the equivalence of Theorems 5.1 and 5.2, nor
of the equivalence of these results with Theorem 5.2 of [6], even for k = 3. For k =1
it is easy to see that Theorem 5.2 reduces to Corollary 5.3 of [6] while Theorem 5.1
yields the following result.

Corollary 5.4. Let u,v € W. Then
q](Puw) = — Z [q)(Ra,y),

{z,y€lu,v]: p(x)=3}
where p: [u,v] — N is the rank function of [u,v]*. O

Comparison of Corollary 5.4 with Corollary 5.3 of [6] yields the following curious
identity, which proves a special case of Conjecture 7.2 of [8].

Corollary 5.5. Let u,v € W. Then

(23) [q] Z Rey | = —cueold](Ruw)-
z,y€[u,v]
In particular, [q)(3_, ,eu o) Bay) = 0.

Proof. Comparing Corollary 5.4 with Corollary 5.3 of [6] we obtain that

(24) - >, [9)(Ray) = €ueolg)(Ruv) + |[u, v]1,
{z,y€[u,v): p(x) 23}

where p : [u,v] — N is the rank function of [u, v]*. Now note that

|[u, v]i| = Z [q](RLy)

{z.y€lu,0]: p(z)=1}

> [@(Rey) = Y D lal(Rey)= Y, (1+1-2)=0,

{z,y€lu,v]: p(x)=2} z€[u,v]; yElu,v] z€[u,v|

and

since W is Eulerian, and (23) follows from (24). The second statement follows
easily from (23) and (6). |

For k = 2 it is not hard to see that Theorem 5.2 is equivalent to Corollary 5.4
of [6], while Theorem 5.1 implies the following result.

Corollary 5.6. Let u,v € W. Then
[4°)(Pu,w) = — > ([4°)(Rey) + 0] (Ray) @) (Py.0)),
{z,y€lu,v]: p(z)>5}

where p has the same meaning as in Corollary 5.4.

Proof. From Theorem 5.1 we deduce that

[q2](Pu7v) == Z [qz](RLy)

{u<z<y<o: p(x)>5}

+ > (4] (Ra.y)[q)(R-.w),

{u<z<y<z<w<v: p(x)>5, p(z)>3}

(25)

and the result follows from Corollary 5.4. |
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Comparing (25) with Corollary 5.4 of [6] yields an identity for the R-polynomials
which, however, we have been unable to state in a simple way analogous to that of
Corollary 5.5.

It should be noted that the antisymmetry of the polynomial on the RHS of (21)
(which, of course, implies the equivalence of Theorems 5.1 and 5.2) is not trivial
even for the coefficients of ¢° and ¢"») =% as the next result shows.

Corollary 5.7. Let u,v € W, u <wv. Then

(26) S (—1)ie; = (~1)-t),

i>1
where ¢; is the number of chains of length i from u to v, for i € P.

Proof. By Proposition 3.1 we have that

[ X CDOR | = Y (D ORO) =, Y (-1,

CceC(u,v) ceC(u,v) ceC(u,v)
and that
@O Y ()OR ) = Y ()OO (Re)
ceC(uw) ceC(uw)
= [ T)(R,) = -1,
and the result follows from Theorem 4.2. O

By P. Hall’s Theorem (see, e.g., [20], Proposition 3.8.5) Corollary 5.7 is equivalent
to the well known (but non-trivial, see, e.g., [24], [10], [4]) result that u(u,v) =
(—1)“”)_““) for all u,v € W, u < v, where u denotes the Mobius function of W
(as a poset). Hence Corollary 5.7 is equivalent to the fact that intervals of W are
Eulerian posets.

6. LATTICE PATHS

In this section we define and study a family of polynomials, indexed by sequences
of positive integers, which plays a fundamental role in the proof of our main result.
These polynomials are independent of W, and are related to the combinatorics of
lattice paths.

For a € C we define a polynomial ¥, (q) € Z[q] inductively as follows:

def

(27 Valg) = (¢ = D) Dimis (Va(g))

if i(a) > 2, and

(28) Valg) < (g — D,

it i{(a) =1. For n € P and § € C,, we then let

(29) To@ ™ Y (D).
{a€Cn: axp}

For example,

V15(q) = (¢ — 1) Ds=1(P5(q)) = (¢ — 1)D2((q — 1)°) = ~10¢° + 15¢° — 6¢ + 1,
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and

Tos(q) = Pa3(q) —V1,1,3(¢) —Va2,1(q) +¥i1,21(q) — Yo2,1,2(q) + V1,1,1,2(q)

+W2111(q) — ¥i111a(9) = ¢ — ¢*

We begin by giving a combinatorial interpretation to the polynomials ¥, (¢q) and
To(q), «€ C. For n € P and S C [n — 1] we let

(30) H(S,n) €' {T eD(n): NT)2 S}

and

(31) E(S,n) €' {T e D(n): NT) =S}

For example, the four lattice paths in F({5},6) are illustrated in Figure 4. Recall

that for 8 € C we let T(8) < {8y, By + Br1,--. ,Br + ...+ Bo} where r (3).

Theorem 6.1. Let a € C'. Then
(32) (D) (—g)= > M
PeH(T(a),lal)
and
(3 R N D D i
PeE(T(a),lal)

Proof. We prove (32) first. Let I' € H(T(«),|af). Then 'y € H(T'(@), [@]) and
I(Ja]) < 0. Conversely, if IV € H(T(a),|a|) and I'(Ja|) < 0, then extending I
to [0, |a|] by adding any a; steps yields 2%t different lattice paths in H(T'(«), |a]).

Therefore
Z qd+(l“) =(1+q¢™ Z qd+(F/)
PeH(T(a),|al) {IeH(T(@),lal): I'(Ja]) <0}
(34)
— arp dy(T)

TeH(T (@), @)

by (4), and (32) follows easily from (34), (27), and (28) by induction on I(«).
To prove (33) note that it is clear from our definitions (30) and (31) that

3 DR il D DR

SCAC[lal-1] \I'€E(A,]al) TeH(S,|al)

for all S C [|a| — 1]. Therefore, by the principle of Inclusion-Exclusion, and (32),
we conclude that

Z qd+(F) - Z (_1)|5\T(a)\ Z qd+(F)

FeE(T(a),lal) T(a)CSC[lal—1] TeH(S,lal)
- Z (_1)\T(ﬁ)\T(a)\+IB\\I;B(_q)
{B€C)a: T()CT(B)}
= (DY (O,
{BEC|a:82a}
and (33) follows from (29). O
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We illustrate the preceding theorem with an example. Let a = (1,5); then
E({5},6) consists of the four lattice paths illustrated in Figure 4 and hence Y1 5(—q)
=2q% + 2¢°.

X

FIGURE 4. The four lattice paths in E({5},6).

There is a geometric reformulation of Theorem 6.1 which we feel is worth noting
explicitly. Let ¢ be a prime power and k def F, be the finite field on ¢ elements. Let
n € P, and let (e1,...,e,) be an ordered basis of Fy. Given a subspace V' C Fy
we let

D(V)dzef{ie[n—l]: dimk<VﬂEi><i;1}’

where E; def (e1,...,€j), for j =1,... ,n. We say that a subspace V' C Fy is a
coordinate subspace if V.= (e;,,... ,e;.) for some {i1,...,i,} C [n] (0 <r < n).
Given S C [n — 1] we denote by Eg, (respectively, Hs ) the set of all coordinate
subspaces V' of F}} such that D(V) = S (respectively, D(V) 2 S). It is then
clear that there is a bijection between Eg,, and E(S,n) (and hence, since Hg,, =
Haos Ean, also between Hg,, and H(S,n)). Namely, if V' € Eg, ,, then the lattice
path I'y : [0,n] — Z defined by

Ty (i) —Dy(i—1) =1
if and only if e; € V, is in E(S,n) (since dimy(V N E;) = [{j € [i] : ¢; € V}| =
dy (Tv)ljo,e)) = W, for i € [n]). Conversely, if ' € E(S,n), then ({e¢; : i €
[n],T'(i) = T'(: — 1) = 1}) € Eg,, and this is a bijection. We can therefore restate

Theorem 6.1 in geometric language as follows.

Theorem 6.2. Let § € C, and let q be a prime power. Then

()P (=g = Y V)

VeErpg), 8

and

eV ZIC D S 4

VeHr ), 5
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Proof. From Theorem 6.1, and the above comments, we have that

(—1)‘5|‘l(5)T5(—q) - Z g+
TeE(T(8),18])

_ Z qdimk (V)

VeEr@), s

Z |Fq|dimk(V)

VeErs), s

= > v

VeEr(s), s

and similarly for (—1)1#1W5(—q). |

It would be interesting to know if the preceding result can be interpreted in
terms of intersection homology.

Theorem 6.1 enables us to give a simple inductive procedure to compute the
polynomials Y 3(q), analogous to the definition of the polynomials ¥, (g).

Theorem 6.3. Let € C. Then

(35) T5(9) = (¢ = DU s (Y (),
lf 61 > 27
(36) Ts(q) = (1 = ¢)D 12 (Y5(9),

if fr=1and [(B) > 2, and

Ti(g) =1-¢
Proof. Suppose first that 41 > 2. Then || ¢ T(3) and T'(3) = T(31")). Hence if
I € E(T(B),|8]), then T(|8M)|) > 0 and L)y € E(T(BM),|8M)]). Conversely,

if T/ € B(T(BM),|8M)]) and T'(|31M]) > 0, then extending I" to all of [0, |3]] by
adding any one step yields two lattice paths in E(T(5),|8]). Therefore

Z qd+(F) = (1+¢) Z qd+(F')

TeE(T(8),181) {IVeB(T(BMW),|8MW]): T (|8M[)>0}
_ d4(T)

LeE(T(BM),|M])
by (4), and (35) follows from (33). _
Similarly, if 81 = 1, then |8] — 1 € T(6) and T(B) = T(8) \ {|8| — 1}. Hence
if ' € E(T(8),|0]), then I'(|3| — 1) < 0 and Ly.5, € ETB), |3]). Conversely, if

I € E(T(B),|B]) and T(|8] — 1) < 0, then extending I' to all of [0, |3|] by adding
any one step yields two lattice paths in E(T(8),|8]). Therefore

Z qd+(F) = (149 Z qd+(F')

TeE(T(8),|8) {I e E(T(8),18): T (I8])<0}

(1+q)Dis» g+,
2
TeE(T(B),I6])
again by (4), and (36) follows from (33). |
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There are a number of symmetries that act on lattice paths. One of these yields
(by Theorem 6.1) a corresponding symmetry for the Y-polynomials. Recall that
for § € C we let g € C be the complementary composition of .

Proposition 6.4. Let 3 € C. Then
1
—quﬁ (a) = T(é,1)(‘1)-

In particular, —q"Yn(1/q) = Tnt1y(q) forn € P.
Proof. For T' € E(T(8),|8]) let TV : [0,]8] + 1] — Z be defined by

1o def |0, if i =0,
I(3) —{ -T(i—-1)-1, ifielg+1].

Then I" is clearly a lattice path and I € E(T(3,1),|3| + 1) since
(37)

T(5,1) = {1} U (1 +T(B) = {1} U (2, 18]\ (1 +T(8)) = [BI\ (1 + T(8)),
and N(I') = [|B[] \ (1 + N(I')).

Conversely, if I” € E(T(5,1),|8| + 1), then I" : [0, |3]] — Z defined by
@) =-r'igt+1)-1

for i € [0,]0]] is again a lattice path and T' € E(T(8),|8]) (note that I'V(1) = —1).
It is clear that this correspondence I' <> I is a bijection between E(T'(8),[8]) and
E(T(5,1), 8] + 1), and that d4 (") = |8] — d4(I'"); hence

Z g+ — Z qlﬁ\—d+(F’)7

e E(T(8),|8) IeE(T(B,1),|81+1)

and the thesis follows from (33) since 1(3) + 1(6) = (|T(B)| + 1) + (|T(B)| + 1) =
18] + 1. O

Theorem 6.1 and Proposition 6.4 enable us to prove the fundamental fact that
any polynomial Yg(q) is easily expressible in terms of two very special kinds of
T-polynomials. For n € N we denote by C(n) the n-th Catalan number (see, e.g.,
[9], §1.15, p. 53) so that C'(n) = —~ (%) if n € P, and C(0) = 1.

T n+l1 \n

Theorem 6.5. Let § € C, I(B) > 2, and [aq,w1],. .., |as,ws] be the connected
components of T(B) (indexed so that 1 < a1 < ag < ... < as <|8] —1). Then

(38)

161=p1—1 oo 1BlI=p 41 .
o= | OV R € (252) R Y (), 22,
(_1)l(ﬁ)+ T _IKB q ' T(151)(q)7 if B1 =1,
where Kg df o (%‘“1_2) HJS;} (C (aj_w§’1_2) o (wjgaj)), wo & -1 , and

C(n) €0 ifn ¢ N.

Proof. Assume first that 51 > 2. Note that if I' € E(T'(6), |3|), then I'(e;; —1) > 0,
I'(a;) <0, T (wj) <0, and I'(wj +1) > 0 for j € [s]. Since I is a lattice path this
implies that

(39) I'(oj —1)=T(a;)+1=0
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and

(40) MNwj+1)=T(w;j)+1=0

for j € [s]. Now, for I' € E(T(8),|6]), let T; €1y and I} < I} —1,
for j € [s]. Then it is clear from our definitions that N(I';) = N(T";) = 0 for j € [s].
This, by (39) and (40), shows that I'; € B, | o, and I € By, o forj e [s],
where, for a,b € Z, E[*;,b] denotes the set of all the lattice paths T : [a,b] — Z such
that N(T') = () and T'(b) = 0. We now construct a bijection

o E(T(9), 18]) — E@,18] — 0, — 1) x <>< (Bl s ¥ Ef;j,wj])> ,

Jj=1

that will prove (38) combinatorially. Given I' € E(T(0),|0]) we let ¢(I') €of

(To,T1,..., s, T, ..., %) where

S

(41) To(i) €' T(i +w, + 1)

fori € [0, |3|—ws—1]. Note that, by (41) and our definitions, T’y € E(0, |3|—ws—1).
Conversely, if T'g € E(0,|f] —ws — 1) and T; € E, Ly U5 € B, for

j € [s], then T": [0,]8]] — Z defined by

L, (i), ifi € (wj_1,a;), for some j € [s],
I'(7) def =3 - 1, if i € [oj,wj), for some j € [s],
Fo(i_wS_l)a ifie (Ws,|ﬁ|]7

is clearly a lattice path and T" € E(T'(5),|3|). This shows that ¢ is a bijection and
furthermore we have that

2.y = TUBD +18] _ To(l8] —wa —1) +18

ws+1
2 2 '

2

=dy (Do) +

Hence

qd+(F)

e E(T(8),|8)

S > VEEED VRN SRR SRRCL

ToeE®,|8|—ws—1) T1€E} I\ €E" r.eE T.eE*

(wg,1) [og,wy] Eku-’s—bas) s [os,ws]

S

ws+1 * *
=q 2 Z qur(FO) H(|E(w]~,1,aj)||E[aj,wj]|)
ToeE(0,|B|—ws—1) Jj=1

_ e T o —wj1—2 wj — 4y (D)
eI )e () Y
Jj=1 reE(

0,18]—ws—1)

by a well known property of Catalan numbers (see, e.g., [9], Theorem B, p. 21) and
the first part of (38) follows from (33).

Assume now that 8y = 1. Then w, = |5 — 1, and hence, by (37), [wo + 2, a1],
[wi+2,00],...,[ws_1+2, ] are the connected components of T'(3,1). By Propo-
sition 6.4, and what we have just proved (applied to (B, 1), since ([3)1 > 2 because
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B1 = 1) we then have that

1
Tﬁ(‘]) = _q|ﬁ‘T(5,1) <a>

. 1B+ 181=51 . g — Wg_1 — 2 gl l8l=p1t2 1
= (_1)() 2 K(m)c - q\l P T51—1 5

5y 14 181=5 Qs —Ws—1 — 2\ 185
— (_1)l(ﬁ)+1+—2]‘K(5~)1)C <f) q 2 T(lél)(Q)

and the result follows since it is easy to verify that K 5 ,C (%‘“”14) =Kz O

We illustrate the preceding theorem with some examples. Let
6:(1717174717172747171’5)'

Then T(8) = {5,6,7,11,13,14,15,19,20,21} = [5,7] W [11,11] W [13, 15] W [19, 21]
and hence Yg(q) = C(2)C(1)C(1)C(0)C(0)C(1)C(1)¢* T (14y(q) = 2¢° T(1ay(q). If
8=004,1,1,6,4,1,1,7), then T(B8) = {7,8,9,13,19, 20,21} = [7,9]w[13, 13]w[19, 21]
and hence T 5(q) = C(3)C(L)C(1)C(0)C(2)C(L)g" Ta(g) = 10g'Ts(q).

Theorem 6.5 and Proposition 6.4 reduce the problem of computing any Y-
polynomial to that of computing Y, (g) for n € P. These polynomials, in turn,
can be computed in a completely explicit way. For n € P let

defxn [ 200\ 2i+1 ;
42 Bn(q) & g
(42) (@) ;(n—i)l—i-n—i—iq
The polynomials B,,(q) are closely related to ballot problems (see, e.g., [1], [15]
§IIL1, p. 21, [16], §5.3).

Proposition 6.6. Let n € P. Then

(43) Ton(q) = —Bn(—q)
and
(44) Tont1(q) = (1 = q)Bn(—9).
Proof. We prove (43) first. By Theorem 6.1 we have that
n+I'(2n
~Ton(—q)= Y, ¢"" = > ¢
TEE(D,2n) {I:T(i)>0, ic[2n]}
(45)

1+ 1 2n 2n4i
Z Zngi |\ 2nei q *

{i€[0,2n], i=0 (2)} 2 2

where we have used a well known classical result on lattice paths (see, e.g., [9],
Theorem B, p. 21). This proves (43). To prove (44) note that from Theorem 6.3
we have that

Ton+1(q) = (¢ — DUn(Y2n(q)),
and (44) follows from (43) and (42). |

An immediate consequence of Theorem 6.5 and Proposition 6.6 is a simple char-
acterization of which Y-polynomials are equal to zero.

Corollary 6.7. Let 5 € C, and let [a1,w1],... ,[as,ws] be the connected compo-
nents of T(B) (indexed as in Theorem 6.5). Then the following are equivalent:
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i): Tg(q) #0;

i) a1,...,q5,wi,... ,ws—1 are odd, and ws is odd if ws < |B| —1. O

Note that condition ii) in the above corollary is vacuously satisfied if I[(8) = 1
(i.e., if T(B) = 0), and is always satisfied if g = (11°).

We conclude this section by collecting some more properties of the polynomials
Ts(q). For B € C we denote by my(8) the maximum power of ¢ that divides

T5s(q).

Proposition 6.8. Let § € C be such that Yg(q) # 0. Then:
i): (—1)IPI=UB) T 4(—q) is a log-concave polynomial with no internal zeros;
iy moe(9) = | B
iif): deg(Ys) = f1 + max (W‘T‘lJ ,o).

Proof. 1) is an immediate consequence of Theorem 6.3. To prove ii) and iii) assume
first that {(8) = 1. Tt then follows from Proposition 6.6 that

(46) deg(T,) = n, my(n) = {gJ

for n € P, and hence ii) and iii) hold in this case. Furthermore, it follows from (46)
and Proposition 6.4 that

mr((1"71)) =0

2

(47) deg(Ynen) = | "5

for n € P, so that ii) and iii) also hold if [(3) = 1. In the other cases ii) and iii)
follow from Theorem 6.5, using (46) and (47). O

Proposition 6.9. Let 3 € C be such that 1(8), [(8) > 2, and Tz # 0. Then
T;=0.
B

Proof. Since I(8), I(8) > 2 we have that T(8), T(3) # 0. Therefore either a; > 1
or wi < |B| — 1 but this means that either [1, a1 — 1] or [wy + 1, a2 — 1] is the first

[1
(i.e., leftmost) connected component of T'(3), and the thesis follows from Corollary
6.7. O

Note that the converse of the above result does not hold. For example, T1311 =
T271)3 =0.

7. THE MAIN RESULT

In this section we prove the main result of this work (Theorem 7.3). We begin
by expressing the R-polynomial of a chain in terms of the polynomials ¥,(q).
Proposition 7.1. Let ag < a1 < ... < a; be a chain in W. Then

%

a;)~Uag) ~a] i
(48) Ra,....a:(q) = Z q 2 Valq) H[q "J(Ra,_ya,)-

aePi r=1

Proof. If i = 1, then (48) follows immediately from (28), (14), and (7). We now
proceed by induction on ¢ € P. Since ¢ > 2 we have from (13) and our induction
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hypothesis that

Ram»»»ﬁi(Q)
Iag)—l(ag)—| s
Ua)=Uay)=la] o
«
= Rao,a1 Dd 1 E q H " ar,a'r+1)
acPi-1 r=1
I(ag)—l(ag)—ag - l(a;)=l(ag)—]|a]
_ 0
= § q 2 Vao(q) (g ] ao,a1) ( E q 2
ap>0 acPi-1

ﬁ >>

1—1
l(ay)—l(ag)—« o ~ d—|a
=> > q = [Tl* 1Ry a) Wan (@D eaci (a2 Walq))

ap>0 qePi—1 r=0
i—1
l(ap)—l(ag)—ag , d—|a] 1s
=> > ¢ 2 ]l N(Rarari1)Vao (@) Do _azjer (Valq))
ap>0 qePi-1 r=0
l(aj)=l(ag)—ag—|a] : Q110 P
= Z Z q 2 H[q ](Rarﬂ,ar)\l/ao(Q)DJ&I{_l(\IJa(Q))a
ap>0 qePi—1 r=1
where d &' l(a;) — l(a1), and (48) follows from (27) and (28). |

The preceding result, together with (29) and Theorem 4.2, yields the following
elegant expression for the Kazhdan-Lusztig polynomials in terms of the polynomials

T5s(q)-
Theorem 7.2. Let u,v € W, u <v. Then

V-1 1 () —1(u)—1(A)
(49)  Puu(q) — ™7™ P, (-) = > ¢ = Tpu)
A€B(u,v)

where B(u,v) is the set of all Bruhat paths from u to v.

Proof. From Theorem 4.2 and Proposition 7.1 we have that

1
Pu,v(Q) - ql(v)_l(u)Puﬂ’ <a> = Z (_I)Z(C)RC(Q)

ceC(u,v)
i L(v)—l(u)— | : e ~
(50) =Y 0 e Y [l (Ra )
i>1 aePi (ag,...,a;) r=1

= Y (D)@ o (g) cau,v),

acC
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by Proposition 2.6 (where (ao,... ,a;) runs over all the chains of length 4 from u
to v). On the other hand, from (11) and (29) we have that
(51)
Z (_l)l(a) \I/oz(q) Ca(ua U) = Z (_1)l(a) \I/oz(q) Z bﬁ(ua U)
acCy, acCy, {BeCr: Bra}
=D bslwv) D (D)D)
BeC, {a€C): a=p}
= Z bs(u,v) Tps(q),
BeCH

for all n € P. Therefore we conclude from (50) that
1 v)—1(u)—
(52)  Puula) —d 7P, (5) =Y a T Ta(g) bs(w ),
gecC

which, by (10), is equivalent to (49). O

We can now prove the main result of this work. Given n € Z and A C Z we let

n—AdZEf{n—a: a € A}

Theorem 7.3. Let u,v € W, u <v. Then

L(v) =l(w)+T(U(T))
Pun(g) = Y (—1)Fzod ) 75
(T.A)

where the sum is over all pairs (T'; A) such that T is a lattice path, A is a Bruhat
path from u to v, I(T') = 1(A), N(T') =1(A) — D(A), and T(I(T")) < 0.

Proof. Note first that if T is a lattice path and § € C is such that I" € E(T'(8), |8]),
then T'(8) = N(T') and |8| = I(T'). Hence, in particular,

1(B) =ITB) +1=[8] - T>o.

Therefore we conclude from Theorems 7.2 and 6.1 that

—r 1 L) l(w)—1(A)
Pu,v(Q) - ql( )-u )Pu,v <a) = Z q 2 TD(A)(Q)

A€B(u,v)
_ Z quugz—mm_(_1)\D(A)|—1(D(A)) Z (_q)d+(F)
A€eB(u,v) PEE(T(D(A)),ID(A)])
_ Z Z qw+d+(r)(_l)on+d+(F)’

A€B(u,v) TEE(I(A)—D(A),I(A))

and the result follows from (4) and part iii) of Theorem 2.7. O

8. KAZHDAN-LUSZTIG POLYNOMIALS AND GENERALIZED h-VECTORS

In this section we obtain, as an application of our main result, a generalization
of Theorem 6.3 of [6] and a connection between Kazhdan-Lusztig polynomials and
the so-called “Bayer-Billera relations” arising in the theory of convex polytopes and
Eulerian posets.
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The following definition is naturally suggested by Theorem 7.2. For u,v € W,
u<wv,and i € Z let

def L(v)— l(u) i
(53) Py iw)—1w)—i(q) = Z q Tpa)(9),
A€EB;(u,v)

where B;(u,v) is the set of all Bruhat paths from u to v of length i. Note that
P, ,i(q) =0unless i € [0,{(v) —(u) — 1] and ¢ = 0 (mod 2) and that Theorem 7.2
can then be rewritten as

(54) Puu(q) — ¢ P,, () > Puilg)
1>0

for all u,v € W, u < v.

Proposition 8.1. Let u,v € W, u < v, and let i € N be such that P, ,.(q) = 0.
Then P,y i+2(q) = 0.

Proof. We may clearly assume that ¢ = 0 (mod 2). From part ii) of Proposition 6.8
and from our definition (53) we have that

0=[q %](Puvi(Q))
—b(ll('u) 1(u)— 1)(’LL U) T(ll('u) 1(u)— 1)( )
= b(ll(v) 1(u)— 7)(u,v) = bl U) l(u) 1(u ’U)
= [¢"“ 7 ) (R (a)),

where we have used Proposition 5.2 of [7], (11), and Proposition 2.6. This, by
Proposition 6.1 of [6], implies that [¢/(") =" ~=2](R, ,(¢q)) = 0 and this, by Propo-
sition 2.4, implies that Bj()—y(u)—i—2(u,v) = 0 which by (53) implies the result. O

(55)

The preceding proposition seems to suggest that P, ,;+2(q) is “smaller” than
P, v,i(q), and implies that P, . 0(q) # 0 for all u,v € W, v < v. The next result
shows that, in fact, P, ,,0(g) is an important combinatorial invariant of the poset
[u,v]. Given a chain C = (ag < a1 < ... < a;) in W we define

def

(56) a(C) = (l(ar) — U(ao), l(az) — l(a1),... . l(a;) — lai—1)).
Proposition 8.2. Let u,v € W, u < v. Then

(57) Puwolg) = (1 —q) f(lu,v]";9)

and

(58) D11 (Puw0(9)) = g([u, v]"; ).

Proof. Note first that by Proposition 5.1 of [7], our definition (53), and (51) we
have that

(59)
Puwole) = Y, (=1)'Pegu,0)Ws(q)
BECI(v)—1(u)
= > (DD a[u o TBE)NTsle) = D (D" Wye)(g)
BECI(v)—1(u) ceC(u,v)

for all u,v € W, u < v.
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We now prove the result by induction on I(v) — I(u). If I(v) — I(u) = 1, then

Pum,O(Q) =Ti(¢g)=1-¢

and the result holds by (2) and (3). Now let u < v be such that I(v) — I(u) > 2
Then we have from (3), (59), and our induction hypothesis that

(¢ = Df ([u 0] 0)
=(a=1) Y gllao]sa)(g— 107100t

u<a<v
= > glla,v]";q)(q — D@~
u<a<v
= Z (q )l(a) l(u)D Loy la _ Z (_1)l(c)\1/a(c)((I) 4 (L]— l)l(v)—l(u)
u<a<v ceC(aw)
= (q _ 1)l(v)—l(u) + Z (q _ 1)l(a)—l('u.) Z (_1)1(C)Dl } 712(1 o (\Ila(c)(q))

u<a<v CGC(a v)

= (g — 1)i)~lw) 4 Z Z N0y 1(w).0(0) (@)

u<a<v CeC(a,v)

= (=)' 3T (D) e ()
{C’eC(u,v):1(C")>2}

=— Y (1O,

ceC(u,v)
which proves (57). Now (58) follows from (57) and (2). O

Theorem 8.3. Let u,v € W, u < v, and j € N, j = 0 (mod 2). Then the
following are equivalent:

i): Puo(q) =70, Diwzim=1 (Pu,v,i(4));
ii): [¢" ") 1W=I72)(Ry 4 (g)) = 0.

Proof. The result is trivial if [(v) — I(u) — j — 2 < 0 so we may assume that
j+2<I(v) —l(u) — 1. Suppose that i) holds. Then, by (54),

ZDM(RJ,M(Q)) =0.

i>j
Therefore
it2
0 = g7 ZDM(Pu,m(Q))
1>]
it2
= Z[q 2 ](Pu,mi(q))
i>j

= [qj;_z](Pu,v,j—i-Q(Q))
= [ql(v)—l(u)—j—2] (Ru,v (Q))

by (53) and (55). Conversely, if assertion ii) holds, then, by Proposition 2.4,
Bi(v)=i(u)—j—2(u,v) = 0 and hence P, , ji12(¢) = 0, and i) follows from (54) and
Proposition 8.1. O
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Note that, by (7) and Proposition 8.2, the preceding result reduces to Theorem
6.3 of [6] when j = 0.

We conclude this section by observing that the coefficients ¢, (u, v) appearing in
(50) satisfy the so-called “Bayer-Billera relations” arising in the theory of Eulerian
posets and convex polytopes (see [2], Theorem 2.1).

Theorem 8.4. Let u,v € W, u < v, a € C, and let t € [[(a)] be such that ay > 2.
Then

(60)

ar—1

Z (_1)i_1 Cay,... 7at711i>at_i>at+l>~»;ar(u? U) = (1 =+ (_1)%)0&1,»”,% (u,v)
i=1

where r % ().
Proof. Since u < v, it follows from (7) and Proposition 7.8(c) of [17] that

(61) Z 5u5aRu,a(q% - q_%) Ra,v(q% - q_%) =0,

a€lu,v]

for all ¢ € R\ {0}. Since lim,_ 4 (q% — q_%> = +00 and ¢2 —¢~ 2 is a continuous
function for ¢ > 0 we deduce from (61) that

(62) Z 5u5aéu,a(q)éa,v (q) =0

a€u,v]

in Z[g]. Extracting the coefficient of ¢** on both sides of (62) therefore yields that

0=3" 3" cucald)(Rua)lg™ )(Ran)

=0 a€u,v]

= [qal](Ruﬂl) + EuEv[qal](Ru,v)

63 a1 L s
(63 + Z Z (—=1)"[¢"](Ru,a) g™ ™| (Ra,v)
i=1 a€lu,v]
= (U ()™ () + 3 (<1Yiesyiu,0)

i=1

by Proposition 2.6, where we have used the fact that [¢"](Ry.q) = 0 unless i =
l(a) — I(u) (mod 2). This proves the result if /(o) = 1. In general, it follows from
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(63) and Proposition 2.6 that
1+ (=1)")can,... a, (u,0)
= Z Cal,---,at—l(u7a’)(1 + (_1>at)cat (a’b)cat+1>»»»7ar(b7v)

u<la<b<v

257

ar—1
= Z Car,e sy (U, @) (Z (_1)1_101',0&—1'(0“7[))) Cat+17~~7ar(b7v)

u<la<b<lv =1

ar—1

=Y DTN DT o (0,0)¢ 0 —i(0, D)oy a (B0)

i=1 u<a<b<v
ag—1

_ i—1 ) )

= E (_1) Cal,m,Oct—1>1706t—1704t+1,---,ar(uvv)v
=1

as desired.

9. INVERSE KAZHDAN-LUSZTIG POLYNOMIALS

In this section we briefly outline how to obtain analogues of the results in this
work for the inverse Kazhdan-Lusztig polynomials. Recall (see, e.g., [17], §7.13, or
[19], p. 190) that these are the polynomials {P; ,(¢)}u,vew uniquely defined by

the condition that
(64) ST (1)@ Py o (q) Pl (g) = bu

u<la<lv

for all w,v € W, u < v. The next (well known) result follows easily from (64), (8),

and Theorem 2.7.

Theorem 9.1. For u,v € W we have that:
i): Pr.(q) =1;
ii): deg(Py,(q)) < |3(U(v) —1(u) = 1)] if u<wv;
iii):
1
(OO (D) = Pa@Ru)
q u<a<v

ifu<wv. O

For any chain ap < a1 < ... < a; in W we define a polynomial R}

inductively as follows:

(65) Rl (@) = Daca (RY, 0 (@) Rayya,(a)

(where d Lef l(a;—1) —l(ap)), if i > 2, and
(66) R:g,...,ai (q) = Rao,a1 (q)u

(@)

ifi =1. Wecall R;  , (q) the dual R-polynomial of the chain ap < a; <... < a;.
Note that if W is finite, then we have the following result, whose proof follows easily

from (13), (14), (65), (66), and Proposition 7.6 of [17].
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Proposition 9.2. Let (W,S) be a finite Cozeter system and ag < a1 < ... < a; be
a chain in W. Then

R207... ,a; (Q) = Rwoai,... ,Woao (Q)a
where wy denotes the longest element of W. O

The reader can check that all of the results in sections 3, 4, 5, 7, and 8 have ana-
logues for the inverse Kazhdan-Lusztig polynomials and for the dual R-polynomials
of a chain. For example, the analogues of Theorems 4.2, 5.1, 7.2, and 7.3 are the
following.

Theorem 9.3. Let u,v € W, u <v. Then
1
Py (q) — ¢ Py <—) = > (-D)'“Rgg). O
q ceC(u,v)
Theorem 9.4. Letu,v € W, u<wv, and k € P. Then

()
[d*)(P;) = D (-1 > [0 (Rasy s a,)

acCy (ag,..-,a2141)EMY (u,v) j=1

where M (u,v) is the set of all multichains u =ag < a1 <...<agy1 =v fromu
to v of length 21(a) +1 such that %(l(azi) —l(u)=1) > a1+...+a; and agz;—1 < as;
fori=1,...,0. 0

Theorem 9.5. Let u,v € W, u < v. Then
N D)= l(w) 1o 1 L) —1(w) = 1(A)
Pu;u(q) - ql( )=H )Pu;u (_) = Z q 2 TD(A)*(Q) U

q AeB(u,v)

Theorem 9.6. Let u,v € W, u < v. Then
Pr(q) = Y (—1)Fzotes (D) et
(T,4)
where the sum is over all pairs (I'y A) such that T is a lattice path, A is a Bruhat
path from u to v, [(I') = I(A), NT') = D(A), and T(I(T")) < 0. O
For u,v e W, u < v, and i € Z let
« def L(v)—l(u)—i
Pu,v,l(v)—l(u)—i(q) = Z q 2 TD(A)* (q)
A€B;(u,v)

Then the analogues of Proposition 8.2 and of Theorem 8.3 are the following.
Proposition 9.7. Let u,v € W, u < v. Then

w0,0(@) = (1= q) f([u,v];9)
and
D1 (Pyao(q) = g([u,v];q). O

2

Theorem 9.8. Let u,v € W, u < v, and j € N, j = 0 (mod 2). Then the
following are equivalent:

i): Ply(q) = Yl Dicomiws (P, 5(0)):
ii): [¢") (R, (g) = 0. O
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