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THE L? 0-METHOD, WEAK LEFSCHETZ THEOREMS,
AND THE TOPOLOGY OF KAHLER MANIFOLDS

TERRENCE NAPIER AND MOHAN RAMACHANDRAN

0. INTRODUCTION

In [No], Nori studied the fundamental group of complements of nodal curves
with ample normal bundle in smooth projective surfaces. The main tool was the
following weak Lefschetz theorem:

Theorem (Nori). Suppose ® : U — X is a local biholomorphism from a connected
complex manifold U into a connected smooth projective variety X of dimension at
least 2, and U contains a connected effective divisor Y with compact support and
ample normal bundle. Then, for every Zariski open subset Z of X, the image of
7 (®7Y(2Z)) in w1 (Z) is of finite index.

For X a surface, he obtained sharp bounds for the index using the Hodge index
theorem. A striking corollary of this result is the following:

Corollary (Nori). If X and Y are connected smooth projective varieties with
dmX =dimY +1>1,

and f:'Y — X is a holomorphic immersion with ample normal bundle, then the
image of w1 (Y) in w1 (X) is of finite index.

Nori’s proof of these results depends heavily on deformations. The first step is to
show that a large multiple of the divisor Y in the theorem moves in a family in which
the general member is irreducible and meets Y and the union of these members
contains an open subset of U. Unfortunately, moving arguments do not seem to
apply in the higher codimensional case, because Fulton and Lazarsfeld [FL2] have
observed that for a certain smooth projective 4-fold and a smooth surface ¥ in X
with ample normal bundle constructed by Gieseker, no multiple of ¥ in X moves.
Given the existence of a sufficiently large number of deformations, the rest of the
proof of Nori’s weak Lefschetz theorem has been streamlined by Campana [C1],
and Kolldr [K]. In [NR], another proof of Nori’s theorem was given when Z = X
using harmonic functions, but it was the same in spirit as the earlier arguments. A
survey on Lefschetz type theorems can be found in Fulton [F].

In this paper we introduce a new approach which avoids moving arguments and
which gives much stronger results. In particular, the new approach allows one to
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address the case of higher codimension. Before giving precise statements, we recall
some terminology. Let Y be a complex analytic subspace of complex space U. We
denote the structure sheaf of U by Oy and the ideal sheaf of Y in U by Zy. The

formal completion U of U with respect to Y is the ringed space
(U,05) = (Y, lim Oy /).

If F is an analytic sheaf on U we denote by F the associated analytic sheaf on U
given by

~

F =1im(F © Oy /T}).

If F is coherent, then F is also coherent over Op- The main result is the following
generalization of Nori’s weak Lefschetz theorem:

Theorem 0.1. Suppose ® : U — X is a holomorphic map from a connected com-
plex manifold U into a connected smooth projective variety X of dimension at least 2
which is a submersion at some point. Let Y C U be a connected compact analytic
subspace such that dim Ho(ﬁ,f) < oo for every locally free analytic sheaf L on U.
Then, for every Zariski open subset Z of X, the image of m (®~1(2)) in 71(Z) is
of finite index.

Remarks. 1. For example, by a theorem of Hartshorne [H] (and Grothendieck [Gr]),
HO(U, L) is finite dimensional when Y is a connected compact analytic subspace
which is locally a complete intersection and which has ample normal bundle (or
even k-ample normal bundle in the sense of Sommese [So] where k = dimY — 1).

2. Theorem 0.1 also holds for U irreducible and reduced and X normal and
projective. Moreover, as will be shown in Sect. 3 (Corollary 3.4), in the smooth
case one only needs finite dimensionality for £ the analytic pullback of an invertible
sheaf on X.

3. As a consequence of Theorem 0.1, one can remove the dimension restriction
on the subspace Y in the corollary to Nori’s theorem. More precisely, we get the
following;:

Corollary 0.2. If X and Y are connected smooth projective varieties of positive
dimension and f:Y — X is a holomorphic immersion with ample normal bundle,
then the image of 1 (Y) in m(X) is of finite index.

Hironaka and Matsumura [HM] proved the analogous result for algebraic fun-
damental groups when f is an inclusion with ample normal bundle. However, the
result for topological fundamental groups (as stated in the above corollary) is new
(provided dim X > dimY + 1) even for f an inclusion. Moreover, simple examples
show that, if dim X > dim Y + 1, then, even if f is an inclusion (with ample normal
bundle), the map m1(Y) — m1(X) is not necessarily surjective.

The idea of the proof of Theorem 0.1 is to form a covering space Z — Z with
fundamental group equal to the image G of 71(®~1(Z)) and then construct L2
holomorphic sections of a suitable line bundle which separate the sheets of the cov-
ering. This construction is a standard application of the L? §-method (Andreotti-
Vesentini [AV], Hérmander [Ho|, Skoda [Sk]|, Demailly [D1]). Pulling these sections
back to ®~1(Z) by a lifting of ®, the finite dimensionality of the space of holomor-
phic sections on the formal completion gives a bound on the dimension of the space
of sections on Z and hence a bound on the degree of the covering space (i.e., on
the index of G).
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Remark. Campana [C2] has independently applied L2-methods to study excep-
tional curves on coverings of surfaces.

The second main result of this paper generalizes a theorem of Burns [B] which
states that a quotient of the unit ball in C™ (n > 3) by a discrete group of automor-
phisms which has a strongly pseudoconvex boundary component has only finitely
many ends. The main tools are a theorem of Lempert on the compactification of
a pseudoconvex boundary from the pseudoconcave side [L], a finiteness theorem of
Andreotti for pseudoconcave manifolds [A], and the L? Riemann-Roch inequality
of Nadel and Tsuji [NT]. The precise statement is as follows:

Theorem 0.3. If a complete Hermitian manifold X of (complex) dimension at
least 3 has a strongly pseudoconver end and Ricci (X) < —C' for some positive
constant C, then, away from the strongly pseudoconvez end, the manifold has finite
volume.

As in the proof of Theorem 0.1, the idea is to apply finite dimensionality of the
space of holomorphic sections of a line bundle. By Lempert’s theorem, one can cap
off the strongly pseudoconvex end by a domain in a smooth projective variety. An-
dreotti’s finiteness theorem applied to the resulting pseudoconcave manifold gives
finite dimensionality of the space of holomorphic sections of a suitable line bundle.
Finally, the L? Riemann-Roch inequality of Nadel and Tsuji gives a (finite) upper
bound for the volume in terms of the dimension of this space of sections.

Remark. One natural question which arises is might there be an improved version of
the L? Riemann-Roch inequality which would give improved bounds for the volume
in Theorem 0.3 as well as the index in Theorem 0.17 Also, for X a surface in the
corollary to Nori’s weak Lefschetz theorem, Nori [No] found bounds for the index in
terms of certain intersection numbers. It is therefore natural to look for analogous
bounds in more general cases.

Sect. 1 begins with a proof of Theorem 0.1 in the case where ® is a local bi-
holomorphism. The main idea of the new approach is easy to see in this context,
and, although a few technicalities arise in the general case, the proof is essentially
the same. The proof of Theorem 0.1 is then given. The required result from the
L? O-method is discussed in Sect. 2. Further generalizations of the weak Lefschetz
theorem for X not necessarily projective are considered in Sect. 3. Theorem 0.3 is
proved in Sect. 4, which may be read independently of Sects. 1-3.

1. WEAK LEFSCHETZ THEOREMS FOR A PROJECTIVE VARIETY

This section contains the proof of Theorem 0.1. We first prove the theorem for
the case of a local biholomorphism. This is a direct generalization to immersed
complex spaces of arbitrary codimension (Nori proved the theorem stated below for
Y an ample divisor in U). More general versions will be stated later. Aside from a
few minor technical problems, however, the proofs of all of the generalizations are
the same in spirit as the proof of this special case.

Theorem 1.1. Let U be a connected complex manifold, let X be a connected
smooth projective variety of dimension n > 1, let ® : U — X be a holomorphic
map, let Y be a connected compact analytic subspace (not necessarily reduced) of U,
and let U be the formal completion of U with respect to Y. Assume that

(i) @ is locally biholomorphic, and
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(i) dim HO(U, (’)@)) < oo for every holomorphic line bundle L on X.

Then there is a positive constant b depending only on the mapping ® : U — X and
the subspace Y C U such that, if R C X is a nowhere dense analytic subset of X
andV is a connected neighborhood of Y in U, then the image G of m (V\®~}(R)) —
m1 (X \ R) is of index at most b in w1 (X \ R). Moreover, if 8(Y)NR =0, then the
image of m1 (Y) — m (X \ R) is also of index at most b.

Proof. Given R,V, and G as in the statement of the theorem, let S = ®~(R), let
M=X\R,let W=V\S, and let 7 : M — M be a connected covering space
with m,(m (M)) = G. Thus 7 : M — M has degree d = [m1(M) : G] and we have
the following commutative diagram of holomorphic mappings:

/\

W=V\ScV XDOX\R=M

Since X is projective, there exists a Hermitian holomorphic line bundle (L, k) with
positive curvature and a Kahler metric g on X. As will be shown in Sect. 2 (see
Corollary 2.3), the L? 9-method, in the form given by Skoda [Sk] and Demailly [D1],
enables one to prove that there is a positive integer v independent of R and V such
that .
d < dim HY, (M, O0(r*(L" @ Ku))),

where K is the canonical bundle on M and H), (M,O(x*(L* ® Kyp))) is the
space of holomorphic sections of 7*(L” ® K ;) which are in L? with respect to the
Hermitian metrics 7*(h ® g*) on 7*(L¥ @ Kjs) and 7*g on M. If s is a section in
HY, (M, O(m*(L¥®Kr))), then ®*s is a holomorphic section of * (LY@ K x) on W.
Given a point g € SNV, ® maps a neighborhood @ of zy in V biholomorglvlically
onto ®(Q) C X. Hence ® maps Q \ S biholomorphically onto its image in M and,
therefore, ®*s is in L? on Q \ S with respect to the Hermitian metrics ®*(h ® g*)
in ®*(LY ® Kx) and ®*g on U. Since these metrics are defined over the entire
set U and a square integrable function which is holomorphic outside a nowhere
dense analytic set in a manifold extends holomorphically past the analytic set, P*s
extends to a holomorphic section of ®*(L¥ ® Kx) on V. Therefore

d < dim HY(V,0(®*(L" ® Kx))).

On the other hand, by a general fact about formal completions, if F is a coherent
analytic sheaf on V', then the kernel of the mapping

H(V,F) — H(V,F) = H*(U, F)
consists of all of the sections of 7 on V which vanish on a neighborhood of Y in V'

(see [BS, Proposition V1.2.7]). In particular, if F is locally free, then this mapping
is injective. Therefore, taking F = O(®*(L” @ Kx)), we get

d < dim H(V, F) < dim H*(U, F) < .
Thus b = dim HO(U, F) is a uniform bound for d independent of R and V.
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Finally, if ®(Y) N R = (), then we may choose the neighborhood V' so that
V c U\ S and the map m(Y) — w1 (V) is a surjective isomorphism. Hence the
image of 1 (Y) in 71 (M) is equal to the image of 71 (V) = 71 (V' \ S) and therefore
is of index at most b. O

We now consider generalizations. If in the above theorem one assumes only
that ® is a generic submersion (or a generic local biholomorphism), then a
slight technical problem arises. While (as one may easily check) the section ®*s of
®*(L¥ ® K x) extends holomorphically past S near points at which ® is submersive,
®* s need not extend near points where rank ®, < n. However, as we will see, P*s
does extend as a holomorphic n-form with values in ®*L”. A simple illustration is
given by

UZABZ'gC:ZQEA, M:A*Bz@CZzQEA* =M, ands=z"'7%dC.

Here, ®*s does not extend as a section of the pullback of the canonical bundle, but
the corresponding holomorphic 1-form 2dz does extend.

In fact, by passing to desingularizations, one also gets this extension property
for U and X singular. Given an irreducible reduced complex space A and a positive
integer n, we denote by Q' the coherent analytic sheaf on A obtained by forming a
desingularization A — A of A and taking the direct image of Q7. By the following
lemma, this sheaf is independent of the choice of the desingularization.

Lemma 1.2 (Grauert and Riemenschneider [GR, Sect. 2.1]). Let A be an irreduc-
ible reduced complex space of dimension m and let n be a positive integer. Suppose

that, for i = 1,2, B; is a connected complex manifold of dimension m and V; :
B; — A is a proper modification. Then (¥1).Qp = (V2).Q%, .

The proof is similar to the proof for dim A = n given in [GR]. The main point is
that if A is smooth, then ¥, is biholomorphic outside an analytic set of codimension
at least 2 in A. For the general case, one passes to a common proper modification

of By and Bs.
We may now state the extension property as follows:

Lemma 1.3. Let ® : U — X be a holomorphic mapping of irreducible reduced
complex spaces U and X of dimensions m and n, respectively, such that ®(U) has
nonempty interior. Suppose

/\

W=U\ScU XD>X\R=M

is a commutative diagram of holomorphic mappings where R C X is a nowhere
dense analytic subset which contains Xgng, S = <I>_1(R), and ©: M — M is a
connected holomorphic covering space. Let L be a holomorphic line bundle on X
and let 6 be a holomorphic n-form with values in ©* L on M which is in L2 with
respect to the liftings of a Hermitian metric h in L on X and a Hermitian metric g
on M. Then the pullback (‘i’|Wreg)*9 of 6 to a holomorphic n-form with values in
®*L on Wyeg extends to a (unique) section in H°(U,O(®*L) ® QF).
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The proof uses standard methods but will be postponed until the end of this
section (see also Sakai [S]). We may now apply the argument given in the proof of
Theorem 1.1 to get Theorem 0.1 of the introduction. In fact, we get the following:

Theorem 1.4. Let U be an irreducible reduced complex space, let X be a connected
normal projective variety of dimensionn > 1, let ® : U — X be a holomorphic map,
let Y be a connected compact analytic subspace (not necessarily reduced) of U, and

let U be the formal completion of U with respect to Y. Assume that

(i) ®(U) has nonempty interior, and

(i) dim HO(U,O0(®*L) ® (2?’}) < oo for every holomorphic line bundle L on X.
Then there exists a positive constant b depending only on the mapping ® : U — X
and the subspace Y such that , if R C X is a nowhere dense analytic subset and V is
a connected neighborhood of Y in U, then the image of m1(V\® 1(R)) — m (X \ R)
is of index at most b. Moreover, if ®(Y) N R = 0, then the image of m(Y) in
m1 (X \ R) is also of index at most b.

Proof. Given R and V as in the statement of the theorem, we get a commutative

diagram
/ \

W=V\ScVv X>X\R=M

as in the proof of Theorem 1.1. Since X is normal, the map 1 (M \ Xging) — m1 (M)
is surjective. Therefore, by replacing R by RUXi,g, we may assume that X, C R;
ie., that M is a complete Kéhler manifold. If s € HY, (M, O((m* L") @ K3;)) for
some v (with respect to metrics lifted from the base), then, by Lemma 1.3, the
pullback to Wyeg as a holomorphic n-form with values in ®*L" extends to a unique
section in HO(V,O(®*L") ® QF). By applying Corollary 2.3 as in the proof of
Theorem 1.1, one now gets the required bound on the index. O

A finiteness theorem of Hartshorne [H, Theorem I11.4.1] and Grothendieck [Gr]
and the above theorem together imply immediately that, in Nori’s weak Lefschetz
theorem, one may take the mapping to be a generic submersion and the subvariety
to be of arbitrary codimension. More precisely, we have the following:

Corollary 1.5. Let U be a connected complex manifold, let X be a connected nor-
mal projective variety of dimension n > 1, let & : U — X be a holomorphic map,
and let Y be a positive dimensional connected compact analytic subspace (not nec-
essarily reduced) of U. Assume that

(i) ®(U) has nonempty interior,

(ii) Y is locally a complete intersection in U, and

(iii) the normal bundle Ny y is ample.

Then there is a positive constant b depending only on the mapping ® : U — X and
the subspace Y C U such that, if Z is a nonempty Zariski open subset of X and V
is a connected neighborhood of Y in U, then the image of 1 (VN®~Y(Z)) — m1(Z)
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is of index at most b in m1(Z). Moreover, if ®(Y) C Z, then the image of m(Y) in
m1(Z) is also of index at most b.

Remarks. 1. The approach of considering sections of vector bundles on formal
completions fits well with Grothendieck’s approach to Lefschetz theorems for the
algebraic fundamental group [Gr] (see also [H]). In a sense, the results of this paper
(for the topological fundamental group) are extensions of Grothendieck’s Lefschetz
theorems.

2. Further generalizations in which X is not necessarily projective will be stated
and proved in Sect. 3. A slightly more precise bound for the index in terms of the
dimension of a space of sections will also be obtained.

We conclude this section with the proof of the extension property.

Proof of Lemma 1.3. We first observe that we may assume that U and X are
smooth and that R is a divisor with normal crossings by passing to desingular-
izations. More precisely, we may form a commutative diagram

prx’

Uxx X' X’
pru \ﬂ
U X

(0]

where X’ is a connected complex manifold, R’ = 371(R) of R is a divisor with
normal crossings, and 8 : X’ — X is a proper modification which maps M’ = X'\ R’
biholomorphically onto M = X \ R. Since prj;' (W) = W x 3 M’ is just the graph
of the restriction of ® to a mapping W — M’ = M and U is irreducible, pr;;' (W) is
an open irreducible subset of U x x X’ which is mapped isomorphically onto . In
particular, plr[}1 (W) lies in a unique irreducible component C of U x x X'; and, since
pry is a proper mapping, we must have pry (C) = U. Passing to a desingularization
of C', we get a commutative diagram of holomorphic mappings

(b/

U’ X'
« \6
U X
(0]

where U’ is a connected complex manifold of dimension m, a : U’ — U is a proper
modification, S’ = a=1(S) = (&)~ (R), and, if W/ = U’"\ §' = a~1(W), then «
maps the set W'\ a~! (Using) biholomorphically onto Wies. We also get a connected
covering space ' = (B|a)"tom: M — M’ and a lifting &' = ®o (a|w/) : W — M
of (I)/|W/.

Therefore, if L’ = 3*L, then # is a holomorphic n-form with values in 7*L =
(n')* L’ which is in L? with respect to the metrics 7*h = (7')*#*h in (7')*L’ and
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*

m*g = (7')**g on M. Suppose the pullback of 8 to W’ extends to a section
ne HO U, O(®) L)@ Q).

Since (®')*L' = o*®*L and a : U’ — U is a proper modification, we have (by the
definition of Q}, and Lemma 1.2)

o (O((®)* L") @ Qf) = O(@*L) @ Q.

Hence 7 determines an extension of (fi)|ng)*9 to a section in HO(U, O(®*L) @ Q).
Thus we may assume that U and X are smooth and that R is a divisor with normal
crossings in X. In particular, S = ®~1(R) is a divisor in U.

Since the lemma is entirely local, it suffices to extend the section near each point
xo € S and we may assume that U = A™ is the unit polydisk centered at zo = 0
in C™, that X = A™ is the unit polydisk centered at ®(zg) = 0 in C", that L is the
trivial line bundle with the trivial metric on X (since all metrics are comparable on
relatively compact subsets), and that g is the restriction of the Euclidean metric
gcn to M (since the L? condition on forms of type (n,0) is independent of the choice
of the metric on an n-dimensional manifold). We denote the coordinates in C™ by
z = (21,...,2m), the coordinates in C" by ¢ = ((1,...,(.), and the coordinate
functions of the mapping by ® = (®1,...,®,). Thus § = fd(¢iom)A---Ad((nom)
for some holomorphic function f which is square integrable on M with respect to
7 gen and B*0 = (fo é)d@l A---ANd®D, on W. Since holomorphic sections extend
past analytic sets of codimension at least 2, we may assume that zg € Siez and
hence that S is the zero set of z;. Since R is a divisor with normal crossings, we
may also assume that R is the zero set of (1 ---(;. Finally, if {z € S| ®;(z) =0}
is nowhere dense in S for some j, then, again, it suffices to consider a point xg
which avoids this zero set. Thus we may assume that

S=0"R)={®; =0} forj=1,...,k.

We now show that (@ --- ®;) - (f o ®) extends to a holomorphic function which
vanishes along S. If z = (21,...,2,,) is a point in W = U\ § = A* x Am~!
near o = 0 and y = ®(z) = (y1,...,Yn), then we have r; = |y;| < 1/2 for
j=1,...,nandr; >0for j=1,...,k Thus the polydisk

P =A(y1;r1) X - X A(yr; me) X Ayrt131/2) x A(yn; 1/2)

centered at y is contained in M = (A*)* x A"* and is therefore evenly covered
by m: M — M. Hence 7 maps the component P of 7=1(P) containing §j = ®(x)
isomorphically onto P. The L°/L?estimate now gives

£ < ol P)™ [ 1P Ve
As z approaches a point z1 in S near zg, vol(P) = vol(P) will approach 0. There-

fore, after multiplying both sides of the above inequality by (71 - - - r)? we get, since
|f|? is integrable on M,

|®1(2) -~ Bro(a) f(R(@) P = (r1 - 70| f(§)]> < w4 H) /15 |2 dVasgen — 0

and the claim follows.
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For each j =1,...,k, we have ®&; = zfjhj where p; = ords®; and h; is a unit.
Therefore, setting g = p1 + - -+ + px and Y = d®g4q1 A - A dDy,, we get

d®i A -+ NdP,, = 2'dhy A -+ ANdhi, N

+ 2 12“3 “dzy Adhy A+ Adhy A -+ A dhy, A,

Since 24'(f 0<i>) extends to a holomorphic function which vanishes along S, it follows
that the n-form ®*0 = (f o ®)d®; A --- A d®,, also extends holomorphically as
claimed. O

2. RESULTS FROM THE L? H-METHOD

As described in Sect. 1, the proofs of the weak Lefschetz theorems rely on a conse-
quence of the L? 9-method (Andreotti-Vesentini [AV], Hormander [Ho], Skoda [Sk],
Demailly [D1]) which will be described in this section.

Given a real-valued function ¢ of class C? on a complex manifold M of dimen-
sion n, the Levi form L(p) of ¢ is the Hermitian tensor defined by

Z 97 <'O dzzdzj

i,j=1
in local holomorphic coordinates (z1,. .., z,). The function ¢ is said to be plurisub-
harmonic if £L(p) > 0 and strictly plurisubharmonic if £(¢) > 0. If (L,h) is a
Hermitian holomorphic line bundle on a complex manifold M, then the curvature
tensor C(L, h) of (L, h) is given by

C(L,h) = L(~log|s|*)

for any nonvanishing local holomorphic section s of L. We will need the following
special case of a theorem of Demailly [D1, Theorem 5.1] concerning the d-method
for singular metrics with semipositive curvature.

Theorem 2.1 (Demailly). Let (E,h) be a Hermitian holomorphic line bundle with
semipositive curvature (i.e., C(L,h) > 0) on a complete Kdihler manifold (M, g) of
dimension n. Suppose ¢ : M — [—00,0] is a function which is of class C™° outside
a discrete subset S of M and, near each point p € S, o(z) = A,log|z|? where A, is
a positive constant and z = (21, ..., 2n) are local holomorphic coordinates centered
at p. Assume that C(E,he=%) =C(E,h)+ L(p) >0 on M\ S (and hence on M as
the curvature of a singular metric) and let A : M — [0,1] be a continuous function
such that C(E,h) + L(¢) > Ag on M\ S. Then, for every C* form 6 of type (n,1)
with values in £ on M which satisfies

20 =0 and /M /\_1|9|,21®g*e_“’ dVy < oo,
there exists a C* form n of type (n,0) with values in L on M such that
on=0 and / |77|,21®q*e_“" dv, < / )\_1|9|,21®q*e_“’ avy.
M ‘ M ‘

Remark. Demailly’s theorem is much stronger than the above special case. This
special case also follows from Theorem 4.1 of [D1], since one can approximate ¢(z)
by functions which locally have the form A, log(|z|*>+¢€) near the nonsmooth points;
or one can complete the metric on M \ S.
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A well-known technique for producing sections with prescribed values on a dis-
crete set gives the following:

Theorem 2.2. Suppose (L, h) is a Hermitian holomorphic line bundle on an irre-
ducible reduced complex space X of dimension n and the curvature of h is semipos-
itive on X and positive at some point in X. Then there exist a positive integer vy
and a positive constant ¢y which depend only on X and C(L,h) and which have the
following property. If v is an integer with v > vy, R is a nowhere dense analytic
subset of X whose complement M = X \ R is smooth and admits a complete Kdhler
metric, (F, k) is a Hermitian holomorphic line bundle on X with semipositive cur-
vature, B, = LY @ F, and 7 : M — M is a connected covering space of degree d
(1 <d< ) then

cov™d < dim HY, (M, O(x*(E, @ Kup))).

The L? condition is taken with respect to the Hermitian metric 7*(h¥ @ k) in n*E,
and, for any choice of a Hermitian metric g on M, with respect to the Hermitian
metric g* in Ky; = 7Ky and g on M (the L?-norm of an (n,0)-form does not
depend on the choice of the metric on the manifold).

Remarks. 1. The curvature condition on L means that if s is a nonvanishing holo-
morphic section of L on an open set W, then — log |5|,21 is plurisubharmonic and,
for some choice of W # (), —log|s|? is strictly plurisubharmonic.

2. The proof will also show that

cov"d < cov™(d — 1) + dim H*(X, O(E,) ® %)

< dim (H22 (M,0(r" (B, ® Ku))) + 7" H(X,0(B,) ® Q&)) :

where the sum in the last expression takes place in HO(M, O(r*(E, ® Kur))).

3. By a theorem of Demailly [D1], M = X \ R admits a complete K&hler metric
if, for example, X is a complete K&hler manifold and R is a compact analytic subset.
In particular, any smooth quasiprojective variety admits a complete Kahler metric.
Thus we get as a special case the following:

Corollary 2.3. Suppose (L, h) is a positive Hermitian holomorphic line bundle on
an irreducible reduced projective variety X of dimension n. Then there exists a
positive integer vy which depends on X and C(L,h) and which has the following
property. If v is an integer with v > vo, R is a nowhere dense analytic subset of X
with smooth complement M = X \ R, and m : M — M is a connected covering
space of degree d, then

d < dim HY, (M, O(x*(L” @ Ku))).

The L? condition is taken with respect to the Hermitian metric m*hY in 7*L¥ and,
for any choice of a Hermitian metric g on M, with respect to the Hermitian metric
g"in Ky =7n"Kpy and g on M.

Proof of Theorem 2.2. By hypothesis, C(L,h) > 0 on X and C(L,h) > 0 on some
relatively compact open subset W of X. We may assume that W C X,., and that
there exist holomorphic coordinates z = (z1,...,2,) with |z|] < 1/2 on W. Fix
a nonempty relatively compact open subset V of W and a C'*° function p with
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compact support in W such that p = 1 on a neighborhood of V, and, for each
point p € V, let ¢, be the function on X defined by

(z) = p(x)log(|2(x) — 2(p)[*) if reW,
P 0 ifxe X\ W

Then supp ¢, = suppp C W, ¢, = log(|z — 2(p)|?) (a plurisubharmonic function)
on V, and there is a positive constant ag which does not depend on p such that
aoC(L, h) + L(pp) is semipositive on X \ {p} and positive on W \ {p}. Fix an
integer vy > nao (later, we will also choose ¢y to depend only on ag and n).

Let Xgng CRC X, 7 M- M=X \ R, and d be as in the statement of the
theorem, and fix a point p in the nonempty open set V' \ R. Given a multi-index
a=(a,...,0n) € Z%,, a nonnegative integer v, and a C* section s of E, @ Kx =
L¥ ® F ® Kx on a neighborhood of p, we denote by 9!%ls/92* the corresponding
multiple derivative of s with respect to some fixed trivialization in L and F on
a neighborhood of p and the trivialization in Kx induced by the holomorphic
coordinates z = (21, ..., 2,) on W. Similarly, if s is a C* section of 7*(E, @ Kps) =
7 E, ® K 37 on a neighborhood of a point ¢ € 77! (p), then we denote by dlels )0z
the corresponding multiple derivative of s with respect to the trivialization and
local coordinates lifted from X.

We will now apply the d-method to show that if v > vy, @ = (ay,...,a,) is
a multi-index with |a] = >~ a; < (v/ag) —n, and q € 7~ !(p), then there exists a
section . B

s € H»(M,O(r*(E, ® Ky))) = H)»(M,O(r*E, ® K7))
such that, for every multi-index 8 with |8] < (v/ag) — n and for every point r €
7~ 1(p), we have
ol8lg 1 if8=aandr=q,
Z %) =
0z {

By hypothesis, there exists a complete Kéhler metric g on M = X \ R. Let E, =
n*E, for each v, let h = m*h, let k= m*k, let g = 7*g, and let ¢, = 7" p,. We may
choose a relatively compact neighborhood U of ¢ in #=1(V) \ (#=*(p) \ {¢}) and
a C* section u of E, ® K 57 With compact support in U such that u is holomorphic

0 otherwise.

on a neighborhood of ¢ in M and, for every multi-index g,
I8y, 1 if g=aq,
92 q_{o if 8 # a.

Hence the form § = Qu is a C°° J-closed (n, 1)-form with values in E, and the sup-
port of 6 is a compact subset of U \ 7! (p) (since Ju = 0 near q). By construction,

there is also a continuous function A : M — [0,1] such that A > 0 on 7~1(V) and
c (El,,exp (—:—0¢p) b ® k) = vC(n* L, h) + C(x* F, k) + %c(@,) > A
on M \ 7~1(p). Moreover,
/M A—1|9|%U®,~C®g*e‘%% AV < o0,

because 6 has compact support in U \ 77(p), A > 0 on U, and @, is smooth on
U\{q} = U\ 7 '(p). Applying Demailly’s theorem (Theorem 2.1), one gets a C>
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form 7 of type (n,0) with values in E, on M such that
_ ) s
(917 =60 and /M |n|ﬁ“®]}®g*e ag Pp dVg < 0.

In particular, the (n,0)-form s = u —n is in HY, (M,0(E, ® K ;7)) because ds = 0
and @, < 0. Since u is holomorphic near each point r € 771(p), so is n. Moreover,
in suitable local holomorphic coordinates w = (ws,...,w,) centered at r in a
neighborhood @, we have @,(w) = log |w|* and hence

/ Il ]2/ 4V < oo,
Q

where the notation for the metrics has been suppressed. Therefore 7 vanishes at r to
an order greater than (v/ag) —n. Thus, if 8 is a multi-index with |5 < (v/ag) —n,
then 9!Pln/2P vanishes at each point r € 7~ (p) and the claim follows.

The claim implies that if, for each ¢ > 0, b, = ([C]:[") denotes the number of
multi-indices « satisfying |a| < ¢, then we have

dlmng (M7 O(EV ® KM)) 2 b(V/af))_n -d

for each integer v > 1. It is easy to see that b, q0)—n = cov™ for some positive
constant ¢y depending only on ag and n and the theorem now follows. O

Remark. To obtain the inequalities given in 2 of the previous remark, we fix a
point 7 € 77! (p) and, for each point ¢ € 77! (p) \ {r} and each multi-index a with
la| < (v/ag) —n, we form a section in ng(]T/f, O(E, ® K3;)) as in the above proof.
We then get a collection of b(,/4,)—n - (d — 1) linearly independent sections and
the span of this collection meets m*H°(X, O(E,) ® Q%) only in the zero section.
Therefore

cov™(d — 1) +dim H*(X,O(E,) ® Q%)
< dim (ng (M,0(E, ® K7)) + 7 H(X,0(E,) ® Q})).

Finally, observe that if we take M =M and s € HY,(M,O(E, ® Kyr)), then, since
the L? condition in the canonical bundle is independent of the choice of the metric
on the base manifold (provided one also takes the associated metric in the canonical
bundle), the pullback s’ of s to a desingularization X’ of X is locally in L? with
respect to a metric on X'. Therefore s’ extends to a section in H°(X’,Q%,) and
hence s extends to a section in H°(X,Q%). It follows that

cov™ < dim HY(X, O(E,) ® Q%).

Thus we get all of the desired inequalities.

3. FURTHER GENERALIZATIONS OF THE WEAK LEFSCHETZ THEOREM

Theorem 2.2 and the arguments given in the proofs of Theorem 1.1 and Theo-
rem 1.4 now give the following generalization:

Theorem 3.1. Let U be an irreducible reduced complex space, let X be a connected
normal complex space of dimension n > 1, let & : U — X be a holomorphic
mapping, and let (L,h) be a Hermitian holomorphic line bundle on X. Assume
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that

(i) ®(U) has nonempty interior, and

(i) the curvature of (L,h) is semipositive everywhere on X and positive at some

point in X.

Then there exist a positive integer vy and a positive constant co which depend only
on X and (the curvature of) (L,h) such that, if R is a nowhere dense analytic
subset of X whose complement X,eq \ R in Xyeg admits a complete Kihler metric,
V is a (nonempty) domain in U, and v is an integer with v > vy, then

cov™d < dim H°(V, O(®* L") ® QF),

where d is the indez of the image G of 11 (V \ ® 1 (R)) — 71 (X \ R). In particular,
if HO(V,O(®*(L")) @ Q) is finite dimensional for some choice of a sufficiently
large v, then G is of finite index.

Next, we show that for U and X smooth, there exists a bound on the index in
terms of the dimension of the space of sections of an invertible sheaf. We first prove
an elementary fact which relates sections of the pullback of the canonical bundle
to holomorphic n-forms (see also Sakai [S]).

Lemma 3.2. Suppose ® = (®4,...,P,) : A™ — C" is a holomorphic mapping
and ®,. has rank n at each point in A* x A™™1. We denote the coordinates in C™
and the coordinates in C™ by z = (21,...,2m) and ( = ((1,...,Cn), respectively.
Let 1 > 0 be the order of vanishing of the holomorphic n-form d®, A---ANd®,, along
{0} x A™=1. Then the mapping O(®* Kcn) — Q% given by

s = fO*(dCL A---NdCy) — farld®y Ao AdD,

maps O(P*Kcn) isomorphically onto the sheaf of holomorphic n-forms 6 such that
0, € C(d®y A--- ANd®,), for each point z € A* x A™™1 at which 6 is defined.

Remark. Here ®*(d¢y A---Ad(,) denotes the pullback of d(y A---Ad(, as a section
of ®* K¢n, while d®q A - -+ A d®,, is the pullback as a form of type (n,0).

Proof. Clearly, z; {d®y A - A dP,, is a holomorphic n-form on A™, so we get
an injective mapping as described above. Conversely, suppose 6 is a holomorphic
n-form on an open set V' C A™ and there exists a holomorphic function A on
VN (A* x A™7Y) with = hd®; A -+ Ad®,, on V N (A* x A™~1). We have

0 =>'0rdzronV and d®;A---Ad®, =Y Brdz on A™,
where >’ denotes the sum over increasing multi-indices. In particular,
l= IIlIiIl(OI‘d{O}XAmfl ﬂ[) = OI‘d{O} x Am—1 6]0

for some multi-index Iy, and, for each nonzero coefficient 8;, we have h = 0;/8;
on V N (A* x A™~1). Therefore h is a meromorphic function on V with pole set
contained in {0} x A™~! and z{h = 0;,/(B1,/7}). Since the intersection of the zero
set of Br,/2) and {0} x A™~! has codimension at least 2 in A™ and since the pole
set of zih lies in this intersection, the pole set must be empty. Therefore zih is
holomorphic on V and the holomorphic section s = 2, h®*(d(y A+ - - Ad(,,) of ®*Kcn
maps to § (on V N (A* x A™~1) and hence on V). O

Theorem 3.3. Let U and X be connected complexr manifolds of dimensions m and
n > 1, respectively, let ® : U — X be a holomorphic mapping, and let (L,h) be a
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Hermitian holomorphic line bundle on X. Assume that

(i) ® has rank n at some point (i.e., ®(U) has nonempty interior), and
(i) the curvature of (L,h) is semipositive everywhere on X and positive at some
point in X.

Then there exist a positive integer vy and a positive constant co which depend only
on X and (the curvature of) (L,h) and there exists an effective divisor Dq in U
which depends only on the mapping ® : U — X such that, if R is a nowhere dense
analytic subset of X whose complement X \ R admits a complete Kdhler metric,
(F, k) is a Hermitian holomorphic line bundle on X with semipositive curvature,
V is a (nonempty) domain in U, v is an integer with v > vy, E, = LY @ F, and
d is the index of the image G of m(V \ @~ 1(R)) — 71 (X \ R), then we have the
estimates

cov™d < cov™(d — 1) + dim H*(X, O(E, ® Kx))
(1) < dim H(V, O(®*(E, ® Kx) ® [Do)))
< dim H(V,0(®*E,) ® Q).

Remarks. 1. If, for some positive integer k, L* ® K)_(1 is semipositive, then we
may take F = LF @ K;(l and we get estimates which do not involve the canonical
bundle Kx.

2. The divisor Dy which will be constructed is probably not the optimal choice.

Proof of Theorem 3.3. Guided by Lemma 3.2, we first describe Dy. The set
B={z €U |rank(®.), <n}

is a nowhere dense analytic subset of U. Let {A4;} be the collection of all of the
irreducible components of B of dimension m — 1 whose image ®(A4;) lies in some
nowhere dense analytic subset of X, let A = J, A;, and, for each 4, let [; be the
minimal order of vanishing along A; of the (n x n)-minor determinants of ®,. In
other words, if ® = (®1,...,®,) and d®; A --- A d®,, = 3" asdz; with respect to
local coordinates (z1,...,2m,) near g € A; in U and ((3, ..., () near ®(zg) in X,
then
li = InJin(OrdAiaJ).

Given a holomorphic line bundle £ on X, Lemma 3.2 implies that we have an
injective linear mapping

H(U,0((®*(E® Kx)) ® [Do])) — H° (U, O(®*E) @ Q)

given as follows. Let ¢t be a global defining section for [Dg] on U. To each section
s € H(U,O((®*(E ® Kx)) ® [Dy])), we may associate a holomorphic n-form 6
with values in (®*E) ® [Dy] and 6/t is a holomorphic n-form on U \ A with values
in ®*E. But the lemma implies that, near points of A\ Bsing, 6/t extends holomor-
phically past A. Thus 6/t extends to a holomorphic n-form on U \ (AN Bging) with
values in ®*F. Since codim Bging > 2, 0/t extends holomorphically to the entire
manifold U. Thus we get a mapping s — 6/t (similarly, this mapping surjects onto
the space of holomorphic n-forms with values in ®*FE whose restriction to U \ A
comes from a section of ®*(E ® Kx)). In particular, the third of the inequalities
in (1) holds.

We define
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Let

/\

W=V\ScVv X>X\R=M

be a commutative diagram as in the proof of Theorem 1.1. We will show that if s €
HY,(M,O((r*E,)® K 5;)) for some v (with respect to metrics lifted from the base),
then (®*s) ® t extends to a unique holomorphic section of (®*(E, ® Kx)) ® [Do]
on V. By Lemma 1.3, the pullback of s as an E,-valued holomorphic n-form
extends to a ®*F,-valued holomorphic n-form on V. In particular, P*s extends
holomorphically as a section of ®*(F, ® Kjs) near each point at which ®, is of
maximal rank (by Lemma 3.2 with [ = 0). Moreover, ®*s extends holomorphically
past analytic sets of codimension at least 2. Therefore, it suffices to show that
(é*s) ® t extends holomorphically near each point £y € Sieg N Breg at which SN B
is of dimension m — 1. An irreducible component of B containing such a point xg
must also be an irreducible component of S = ®~1(R) and must therefore be one
of the irreducible components A; of the support A of Dy. Since the pullback of s
as an F,-valued holomorphic n-form extends to V, Lemma 3.2 and the definition
of Dy and ¢t now imply the claim.

Clearly, if s is a holomorphic section of E, ® Kx on X, then (®*s) ® ¢ is a
holomorphic section whose restriction to V is an extension of (®*7*s) @ t. Thus we
get an injective linear mapping of the subspace

S =HY.(M,0(r*E,) ® Kg;)) + 7 H(X,O(E, ® Kx))

of HO(M,O((r*E,) ® Ky)) into HO(V,0((®*(E, ® Kx)) ® [Dy])). We have,
therefore,

dim S < dim H(V, O(®*(E, ® Kx) ® [Dy]))
< dim H(V,0(®*E,) ® QF).

The second remark following Theorem 2.2 now gives the inequalities (1) for v suffi-
ciently large and for some constant ¢y (both depending only on (L,h) and X). O

Remarks. 1. The proofs of Lemma 1.3 and Theorem 3.3 show that one can form a
divisor D which depends on R, but which satisfies Dr < Dy and gives a sharper
estimate for the index. For example, it suffices to include only those irreducible
components A; which are contained in S = ®~1(R), so one may choose D to have
support contained in S. Moreover, the proof of Lemma 1.3 shows that if ®(A;)
contains a point p € R at which R is a divisor with normal crossings and w is
a defining function for R near p, then one may take the coefficient of A; to be
—1+4orda,(uo®). The proof also shows that, by choosing p so that this coefficient
is minimal, we get D < Dy.

2. Similarly, for U a normal neighborhood of a compact complex space Y and
X a smooth projective variety, one can find a uniform bound on the index in terms
of the dimension of a space of sections of a line bundle pulled back from X as in
Theorem 1.1. More precisely, we have the following;:
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Corollary 3.4. Let ® : U — X be a holomorphic mapping of a connected normal
complex space U into a connected smooth projective variety X of dimension n > 1,
let Y be a connected compact analytic subspace (not necessarily reduced) of U, and
let U be the formal completion of U with respect to Y. Assume that

(i) ®(U) has nonempty interior, and

(i) dim HO(U, O@)) < oo for every holomorphic line bundle L on X .
Then there is a positive constant b depending only on the mapping ® : U — X and
the subspace Y C U such that, if R C X is a nowhere dense analytic subset of X
andV is a connected neighborhood of Y in U, then the image G of 11 (V\® 1(R)) —
m1 (X \ R) is of index at most b in 71 (X \ R).

Sketch of the proof. First suppose U is smooth and let Dy = 3" I; A; be the associ-
ated divisor in U as in the proof of Theorem 3.3. By construction, each of the sets
®(A;) is contained in some nowhere dense analytic subset of X. By replacing U by
a relatively compact neighborhood of Y, we may assume that there is a nowhere
dense analytic subset C in X which contains all of these sets and that the collection
of coefficients {l;} is bounded. Hence we may choose a positive holomorphic line
bundle L on X and a holomorphic section t of L such that the divisor D; of the
section ®*t satisfies D1 > Dy.
Now let R, V', and G be as in the statement of the corollary and let

/M\

W=V\ScV XDOX\R=M

be a commutative diagram as in the proof of Theorem 1.1. By the proof of Theo-
rem 3.3 and the above remarks, if s € ng(]T/f, O(r*L ® Ky;)), then (B*s) @ (D*t)
extends to a holomorphic section of ®*(L? ® Kx) on V.

If U is connected and normal (but not necessarily smooth), then we may form a
desingularization « : U’ — U of U and a commutative diagram:

U/
(D/

U X

)

We may associate to & : U’ — X (after shrinking U) a line bundle L and a section ¢
as above, and we get the extension property for pullbacks of L? sections as described.
On the other hand, U is normal, so a,O((®')*(L? @ Kx)) = O(®*(L? ® Kx)).
Therefore the extension property also holds in U, and the usual argument now
applies. O

We close this section by observing that Theorem 3.1 has immediate consequences
for pseudoconcave spaces. An open subset €2 of a complex space X is said to have
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pseudoconcave boundary in the sense of Andreotti [A] if each point zy € 09 admits
a fundamental system of neighborhoods W in X such that xg is an interior point
of

(WNQ)y={zeX||f(x)<sup|f| VfeOX)}
WnQ

For example, by Proposition 10 of [A], if each irreducible component of X has
dimension at least k£ > 1 and, for each point zg € 99, there is a C*° (k — 1)-convex
function ¢ on a neighborhood W of zy in X such that

QNW ={xze W |px) >0},

then Q has pseudoconcave boundary in the sense of Andreotti. A connected com-
plex space X is said to be pseudoconcave in the sense of Andreotti [A] if there exists
a nonempty relatively compact open subset {2 which has pseudoconcave boundary
in the sense of Andreotti and which meets each irreducible component of X. By
a finiteness theorem of Andreotti [A, Theorem 1], if F is a torsion-free coherent
analytic sheaf on a locally irreducible connected complex space X and X is pseu-
doconcave in the sense of Andreotti, then dim H°(X,F) < oo (the case in which
X admits a C* (k — 1)-convex exhaustion function, where the dimension of X is
at least k& > 1 at each point, is due to Andreotti and Grauert [AG]). Theorem 3.1
and Andreotti’s finiteness theorem together give the following:

Corollary 3.5. Let U be an irreducible reduced complex space, let X be a connected
normal projective variety of dimensionn > 1, and let & : U — X be a holomorphic
mapping. Assume that ®(U) has nonempty interior and that U is pseudoconcave
in the sense of Andreotti. Then there is a positive constant b depending only on the
mapping ® : U — X such that, if Z is a nonempty Zariski open subset of X, then
the image of m (®71(2)) — m1(Z) is of index at most b in 71(Z).

Remarks. 1. Clearly, Theorem 3.1 also gives a version of the above theorem in
which X is not necessarily projective.

2. There are many results concerning when a compact analytic subset Y of an
m-dimensional complex space U admits a strongly (m — 1)-concave neighborhood,
and hence when one may apply Andreotti’s [A] (or Andreotti and Grauert’s [AG])
finiteness theorem as above. For example, Okonek [O] proved that YV admits a
fundamental system of such neighborhoods if Ny, is Finsler-g-positive, where
qg=dimY.

4. BURNS’ THEOREM
The goal of this section is the following theorem:

Theorem 4.1. Let (X, g) be a connected complete Hermitian manifold and let M C
X be a domain with nonempty smooth compact boundary OM in X. Assume that
(i) M is strongly pseudoconvez at each point of OM ;
(ii) there exists a Hermitian metric a in Ky and a constant ¢ > 0 such that
C(K,a) > cg on M; and
(iil) X has dimension n > 3.
Then volg(M) < oco.

Remarks. 1. Since M admits a complete Kéhler metric, M is necessarily con-
nected (see, for example, Proposition 4.4 below).
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2. If, for example, the Ricci curvature of g is bounded above by —c on M, then
the associated metric @ = g* in K satisfies the condition (ii) since

C(Kum,g") = —Ric(g) = cg.

3. Clearly, it is not necessary to assume that M is a domain in some larger
manifold X. The conclusion also holds if M = X and M admits a C'°° function
which, along some end, is strictly plurisubharmonic and exhaustive; since one can
then replace M by a suitable sublevel set of the function. It will, however, be more
convenient to have Theorem 4.1 stated for a domain as above.

4. As in the proofs of the weak Lefschetz theorems, the idea is to apply finite
dimensionality of a space of holomorphic sections of a line bundle to obtain a result
about the manifold.

Theorem 4.1 and an analysis of the thick-thin decomposition as in [BGS] together
give as a conclusion the following theorem:

Theorem 4.2 (Burns [B]). LetT be a torsion-free discrete group of automorphisms
of the unit ball B in C™ with n > 3 and let M = T'\ B. Assume that the limit
set A is a proper subset of OB and that the quotient T'\ ((0B) \ A) has a com-
pact component A. Then M has only finitely many ends; all of which, except for
the (unique) end corresponding to A, are cusps. In fact, M is diffeomorphic to a
compact manifold with boundary.

Remark. By applying a theorem of Lempert [L] as in the proof of Theorem 4.1
below and the argument given by Siu and Yau [SY], one can close up the cusps
projectively. In other words, M = Q\ D, where ) is a strongly pseudoconvex
domain in a smooth projective variety and D is a (compact) divisor contained in (2.
The boundary component A corresponds to 0f2.

The main tool in the proof of Theorem 4.1 is Nadel and Tsuji’s [NT] L? version
of Demailly’s [D2] asymptotic Riemann-Roch inequality.

Theorem 4.3 (Nadel-Tsuji [NT]). Suppose (X, g) is a connected complete Kdhler
manifold of dimension n and (L,h) is a Hermitian holomorphic line bundle on X
such that
C(L,h) = cyg
for some constant ¢ > 0. Then
1 n
liminf =" dim HY, (X, O(Kx ® L")) > E/ (cr(L,h))".
v—00 “Ux
Remarks. 1. The Chern form ¢;(L, h) is the real form of type (1,1) (associated to
the Hermitian tensor C(L, h)) given by
/—1 _
ci(L,h) = —~—0ddlog|s|?
2m
for any local nonvanishing holomorphic section s of L.

2. As Nadel and Tsuji observed (see [NT, Lemma 2.5]), if, in particular, X is
pseudoconcave in the sense of Andreotti [A] (see Sect. 3), then it follows that X
has finite volume.

3. The theorem is only stated in [NT] for L the canonical bundle, but the proof
of the general case is the same. The first point is that, for a smooth relatively
compact domain  in X and for A > 0, one has Demailly’s [D2] generalization of
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Weyl’s asymptotic formula for the number of eigenvalues Nq()) less than or equal
to v for the Dirichlet problem for the Laplacian in Kx ® L":
1 n
liminf v ™" No(A) = — / (cr(L,h))".
n.Jjo

V—00

The second point is that for a C*° compactly supported form « of type (n,1) with
values in LY, the Bochner-Kodaira formula implies that

19alZ: + 0% allz: = cvllal?..
With these slight changes in mind, the proof given in [NT] goes through.
We will also apply the following Hartogs type extension property:

Proposition 4.4. Let (X,g) be a connected complete Hermitian manifold of di-
mensionn > 1 and let M C X be a domain with nonempty smooth compact strongly
pseudoconvex boundary. Assume that the restriction gy of g to M is Kdhler. Sup-
pose f is a holomorphic function on UNM for some neighborhood U of OM in X.
Then there ezists a holomorphic function h on M such that h = f near OM. In
particular, OM is connected.

Proof. We may assume that M = {z € X | ¢(z) < 0} for some C'* function ¢
on X which is strictly plurisubharmonic on a neighborhood of X \ M in X. Since
g|ar is Kéhler and g is complete on X, a theorem of Nakano [N] and of Demailly [D1]
implies that M admits a complete Kahler metric g’. Moreover, the existence of ¢
implies that (M, ¢') admits a positive Green’s function G which vanishes along M.
We normalize G so that, for each point zo € M,

Adistr.G('a 170) = —(27’L - 2)0'277,—16107

where n = dim X, 09,1 = vol($?"7!), and &, is the Dirac function at z.

Fix a C* function A with compact support in U such that A = 1 on a neigh-
borhood of M and let a be the d-closed compactly supported form of type (0,1)
on M given by a = d(\f) (extended by 0 to M). Then the function 3 defined by

1 AL
B(x) = = Dot /M G(z,y)0"aly) dVy (y)

is a C' bounded function with finite energy (i.e., [, |VB|2dV, < o), AB = 0*a,
and (3 vanishes on M. Hence v = a — 9 is an L? harmonic form of type (0, 1)
and the Gaffney theorem [G] implies that v is closed (and coclosed). In particular,
7 is a holomorphic 1-form on M and ( is pluriharmonic on W N M for some
neighborhood W of X \ M in X.

We will show that 3 vanishes near M. Fix a < 0 so close to 0 that ¢ is strictly
plurisubharmonic on V= {z € M | p(z) > a} and V CcC W. If p is the real
part or the imaginary part of § and p does not vanish identically near OM, then
we may choose a nonzero regular value b of p contained in p(V'). Since b # 0 and
p vanishes on M, p~1(b) avoids OM. Thus the restriction of ¢ to p~1(b) assumes
its maximum at some point z9 € V. C W N M (with ¢(x¢) > a). But the leaf L
through z( of the foliation determined by the holomorphic 1-form dp on VN M is
contained in p~1(b), so p|r also assumes its maximum at zo. Since ¢ is strictly
plurisubharmonic on V', we have arrived at a contradiction. Therefore 3 vanishes
near OM. Hence v = o — O vanishes near M and, therefore, on all of M, since 7
is a holomorphic 1-form. Thus the function h = A\f — (3 is holomorphic on M (since
Oh = v = 0) and equal to f near M. In particular, since one can take f to
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be a locally constant function which separates distinct components of OM, OM is
connected. O

Proof of Theorem 4.1. Since n > 3, one can apply a theorem of Rossi [R] to “fill
in the holes” and obtain a connected Stein space Y with isolated singularities, a
relatively compact pseudoconvex domain IV in Y containing Ysine, and a biholomor-
phic mapping ® : U — V of a neighborhood U of M in X onto a neighborhood V'
of ON in Y such that ®(U N M) = V N N. Since N may be embedded into a
Euclidean space, Proposition 4.4 implies that ® extends to a holomorphic mapping
M UU — Y, which we also denote by ®, and ®(M) C N. Next, by a theorem of
Lempert [L], one can form a “cap” on N. That is, we may assume that Y is an
affine algebraic variety. By forming the closure Y of Y in a projective space and
desingularizing Y at infinity, we get a projective variety Z with isolated singularities
such that Zsn,, C N UV C Z. Finally, by replacing X by

(MUU)U(VU(Z\N))/xEUw@(x)EV

and by replacing the metric g by any extension of g|p; to the new manifold, we may
assume that we have a holomorphic mapping ® : X — Z such that ®(M) C N
and ® maps (X \ M) UU biholomorphically onto (Z\ N)U V. In particular, since
X\ M ccC X, it follows that X is pseudoconcave in the sense of Andreotti.

Now let H be a positive Hermitian holomorphic line bundle on Z. Then ®*H is
semipositive on X and positive on (X \ M)UU. On the other hand, by shrinking M
slightly and extending the Hermitian metric a, we may assume that Kx admits a
Hermitian metric whose curvature is greater than or equal to cg at each point of M.
It follows that if m is a sufficiently large positive integer and L = Kx ® ®*H™,
then L admits a Hermitian metric h such that C(L,h) > c¢g on X. In particular,
g’ = C(L,h) is a complete Kihler metric on X. Therefore, by the L? Riemann-Roch
inequality of Nadel and Tsuji (Theorem 4.3), we have, for every sufficiently large
positive integer v,

1 n
1+ v "dim HY: (X, 0(Kx ® L") > —'/ (cr(L,h)" > c"w_”/ avy
n. X X
(where the Hermitian metric in Kx ® L” is (¢')* ® h”). Since, by Andreotti’s
finiteness theorem [A] (or by [AG]), the left-hand side is finite, we get
volg(M) < volg(X) < oo.
O

Remark. By a version of the L? Riemann-Roch inequality due to Takayama [T},
it is only necessary to assume in the hypothesis (ii) that C(Kas,a) > cg outside a
relatively compact neighborhood of OM in X.
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