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ON AN n-MANIFOLD IN C"
NEAR AN ELLIPTIC COMPLEX TANGENT

XIAOJUN HUANG

§1. INTRODUCTION

In this paper, we will be concerned with the local biholomorphic properties of
a real m-manifold M in C™. At a generic point, such a manifold basically has
the nature of the standard R™ in C™. Near a complex tangent, however, the
consideration can be much more complicated and the manifold may acquire a non-
trivial local hull of holomorphy and many other biholomorphic invariants. The
study of such a problem was first carried out in a celebrated paper of E. Bishop
[BIS] where, for each sufficiently non-degenerate complex tangent, he attached a
biholomorphic invariant A, called the Bishop invariant. When the complex tangent
is elliptic, i.e., when 0 < A\ < % (for a more precise definition, see §2), he showed
the existence of families of complex analytic disks with boundary on M that shrink
down to the locus of points in M with complex tangents. In particular, using
the well-known continuity principle, one sees that the image M of such families is
contained in the holomorphic hull of the manifold. At the time, he asked whether
M gives precisely the local holomorphic hull of M, as well as certain uniqueness
properties of the attached disks. He also proposed the problem of determining the
fine structure of M near such complex tangents.
__Later, there appeared a sequence of papers concerning the smooth character of
M in case M C C2. Here we would like to mention, in particular, the famous theo-
rem proved by Kenig-Webster in their deep work [KW1] which states that the local
hull of holomorphy M near an elliptic complex tangent is a smooth Levi flat hyper-
surface with M C C? as part of its smooth boundary. In another important paper
of Moser-Webster [MW], a systematic normal form theory was employed for the un-
derstanding of the local biholomorphic invariants of M in case M is real analytic.
When the Bishop invariant A # 0, their method works in any dimension and even
for some hyperbolic complex tangents; but it breaks down for complex tangents
with A = 0. Among other things, they showed that M can be biholomorphically
mapped into the affine space

A={(21,7,2,) €ECx C" 2 x C: Im(z) =0,Im(z,) = 0}

near an elliptic complex tangent with A # 0. Therefore, it follows easily that Misa
real analytic (n + 1)-manifold with real analytic boundary M C C™ for A # 0. For
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the exceptional case A = 0, Moser [MOS] showed that if M is formally equivalent
to Mo = {(z1,22) € C? : 25 = |21]?}, then M is biholomorphically equivalent to
My and thus the holomorphic hull is real analytic up to the complex tangent point.
When M C C2, Krantz and the author [HK] were recently able to prove the real
analyticity of M across the boundary M near any elliptic complex tangent, by
making use of the smoothness result of [KW1].

Efforts in [BG], [KW1], [MW], [MOS] and [HK] provide a fairly good under-
standing of the smooth and analytic structure of M in case M C C2, though it is
still unknown how many biholomorphic invariants an analytic elliptic complex tan-
gent with A = 0 can have (see [MW] and [MOS]). In the case of higher dimensions,
several features make the problem much more difficult. First, the situation that
the complex tangents are no longer isolated complicates the study of the attached
analytic disks. Also, the “expected hull” M has real dimension only n + 1, and
therefore is far from being a hypersurface in C™. This makes it difficult to prove
the uniqueness of the attached analytic disks and to verify that the object obtained
is precisely the holomorphic hull of M. In [KW2], Kenig-Webster showed that near
an elliptic complex tangent p under study, for each ¢, there is a real (n+ 1)-manifold
M, , with a small neighborhood of p in M as part of its C*-smooth boundary, which
is foliated by families of analytic disks shrinking down to the complex tangents. But
it remained open whether all the M, coincide and give the local hull of holomorphy
of M.

In this work, we present a fairly complete description of the local hull of holo-
morphy M for both smooth and real analytic M in C™ for any n > 2. When M
is merely smooth, we will verify that all the Levi-flat submanifolds M, which were
constructed in the deep work of [KW2] are indeed the same near the elliptic com-
plex tangent p under study, and give the local holomorphic hull of M. In fact, we
will construct a suitable Stein neighborhood basis for a certain small neighborhood
of p in My and prove the uniqueness property of the attached disks. This result
can be immediately applied with the work in [KW2] to prove that the local hull M
of M is smooth up to M, as was already known in the C? case ([KW1]). When M
is real analytic, using the above mentioned smooth character of M , we will show
that M is real analytic across M, as was already known in the C? case ([MW],
[MOS] and [HK]) or in the C™ case but with A # 0 ([MW]). Equivalently, we show
that the formal process flattening M is indeed convergent even for the exceptional
case where the Bishop invariant A vanishes at the point under study. Our approach
in this case is motivated by the one that appeared in [HU], [HK] for the study of
two-dimensional real analytic elliptic tangents.

We now proceed to present the main theorems of the paper, in whose statement
we will use some terminology which will be defined in §2. Here we only recall that,
for a subset E C C™, the holomorphic hull of F is defined to be the intersection of
all pseudoconvex domains containing E. Write A for the unit disk in C'. Let ¢ be
a holomorphic mapping from A into C", which is continuous up to A. ¢ is said to
be a (complex) analytic disk attached to E, if $(0A) C E.

Theorem. (A) Let M be a real analytic n-manifold in C™ with an elliptic complex
tangent at a point p. For a sufficiently small € > 0 and near p, the holomorphic
hull of MN{z : |z—p| < €} is then a real analytic (n+ 1)-submanifold with a small
neighborhood of p in M as part of its real analytic boundary. Moreover, M can be
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biholomorphically mapped into the affine space
A={(21,7,2,) €ECx C" 2 x C: Im(z') = 0,Im(z,,) = 0}.

(B) When M is merely smooth, for a sufficient small € > 0, the holomorphic hull
M of M N {z: |z —p| < €} is a C°-smooth Levi-flat (n + 1)-submanifold near p,
which has a small neighborhood of p in M as part of its C°° boundary. Near p, M s
foliated by pairwise disjoint embedded complex analytic disks shrinking down to the
locus of points in M with complex tangents. Moreover, every complex analytic disk
attached to M and close to p has image inside M, and is thus a reparametrization
of a leaf in M.

Remark. We are only concerned with the so-called local hull of holomorphy M of
M near p, which is defined in this paper as the intersection of all pseudoconvex
neighborhoods of M N {z : |z — p| < €} for a sufficiently small e. Notice that we
did not claim in the theorems that the whole M is exactly formed by the disjoint
union of the attached analytic disks. Instead, what we will prove is that a certain
sufficiently small neighborhood of p in M is filled in by the images of the pairwise
disjoint complex analytic disks attached to M. Also, the regularity of the local hull
of holomorphy of M is understood as that in a sufficiently small neighborhood of p
in C".

Results obtained in the present paper, together with the previous work in [HW],
[BG], [KW1], [KW2], [MW], [MOS] and [HK], provide a complete solution to a
question originating in the work of Bishop [BIS].

Since Levi-flat manifolds can be viewed as manifolds with certain mean curvature
0, the existence and regularity problem of the non-trivial holomorphic hull M of
M is also interpreted by some people as the local Plateau problem. Indeed, as is
well known, once one puts M in the right position, this problem can be described
by a certain degenerate second order elliptic equation, called the Levi equation (see
[DG], [BG], [ST], for example). Hence, Theorem (A) and Theorem (B) provide
immediately the existence and the boundary regularity for solutions of the Levi
equation near elliptic complex tangents.

The method used in this work is partially based on the analysis of complex an-
alytic disks attached to M. Indeed, after the work of Bishop [BIS], the method
of complex analytic disks has also been used in working on many other prob-
lems both in complex analysis and geometry. Besides the aforementioned work
in [KW1], [KW2], [MW], [HK], we also wish to mention the interesting work in
[ALX1], [ALX2], [BRT], [BG], [BK], [DS], [ELI], [FO1], [FO2], [GRO], [LE], [TR]
and [TU], to name a few.

A few words about the organization: In §2, we first set up some notation and
give some definition. Then we state a dependence result of Riemann mappings with
respect to certain parameters. In §3, we give a proof of Theorem (B), using the
construction result established in [KW2]. In §4, we prove Theorem (A), assuming
Proposition 4.1 concerning the existence of a family of nicely attached disks. In
85, we give the proof of Proposition 4.1 and thus complete the proof of Theorem
(A). We also include two appendices in the paper. The first one is concerned with
the formal flattening of real analytic elliptic points. The second appendix is on the
application of our main theorems to the convergence proof of the formal solutions
of a useful functional equation.
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§2. NOTATIONS, DEFINITIONS AND PRELIMINARIES

In all that follows, we let M C C" be a smooth submanifold of real dimension n
(n > 2). We say that p € M is a totally real point if TS"? M = T, M Ny/=1T,M =
{0}, where we use T, M to denote the real tangent space of M at p. According to the
polynomial approximation theorem of Hormander-Wermer and Nirenberg-Wells, it
is known that the local hull of holomorphy of M near such a point contains no new
point. Also, in the real analytic case, M does not support any other biholomorphic
invariant here. Hence, we assume that p € M is a point with complex tangent
Tl(jl’O)M of complex dimension 1. Then, after a linear change of coordinates, we can
assume that p = 0 and the affine space {(z1, 22, -+ ,2p—1,0) € C"} is the tangent
space of M at 0. Here and in what follows, we use z = (21,2, z,) = x + v/—1y for
the coordinates in C™. (For instance, we write a’ for (z2,--- ,z,—-1).) However, we
will write u for x,. Near 0, M can then be regarded as the graph of the following
functions:

Zn = F(Zl,Z_l, {E/),
Ya = fa('zlaza 1'/) = fa(zlaz_la xl)u

where « has range from 2 to n — 1, and F' and f, start with quadratic terms.
Write the quadratic term of F' involving only z; and z7 as

% — _ .2 = 2
qy(21,71) = azy + bz171 + czf,

where a, b, ¢ are constant. In case g§ # 0, i.e., when the contact order of Tél’O)M
with M is two, after a holomorphic change of coordinates, we can further assume
thata =c=XA>0and b= 1 (when \ = 0o, qp is understood as 27+ 2?). According
to Bishop [BIS] or Moser-Webster [MW], 0 € M is called an elliptic complex tangent
point if A < 1/2. X is a biholomorphic invariant, called the Bishop invariant of M
at the origin.

From now on, we always let 0 € M be an elliptic complex tangent point. Then,
after a holomorphic change of coordinates, we can further assume that the above
fo in the defining equations of M has vanishing order at least three at the origin
([BIS], [MW], etc.). Hence, one can assume in what follows that M is already
defined near 0 by equations of the following form:

91 Zn:F(Zl,Z_l,{EI):qO(Zl,Z_l,CEI)‘i‘F*(Zl,Z_l,I'/),

( ) ya:fa(zlaz_lax/):fa(zlazax/)a

where qo(21,71,2') = 2171 + (A(2')2] + A(2)22) with 0 < [X(2)] < 1/2, A(0) €
[0,1/2), and f,, F* = O(]|z]|?). We point out that A(0) is the Bishop invariant of
M at 0.

Write P for the locus of complex tangent points in M near 0. Then P C M is a
totally real submanifold of real dimension n — 2, which is defined by (2.1) and the
following equation ([KW2]):

a (zn - F(zlaz_la xl)7y0¢ - fa('zlaza x/)uzn - F(Zlaza 1'/))

6(217 Zoy Zn)

=0.

By the implicit function theorem, one sees that P is parametrized by

(22)  P@') = (P@), 20 + V-1fa(P(2), P(z),a"), F(P(z), P(z/),2")).
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Here P(z') is a certain smooth function with P(0) = dP(0) = 0, and P(z’) is real
analytic when M is real analytic. We point out that any point in P is also an
elliptic point of M, once it is sufficiently close to 0.

In case M is real analytic, we notice that P can be extended holomorphically
to an open subset of 0 € C™. Moreover, we notice that the transformation in
Proposition 2.1 of [KW2] can be made biholomorphic near the origin. Hence, in
this case, the arguments in Proposition 2.1 of [KW?2] can also be used to prove the
following (see Appendix I):

Proposition I.A. For each ¢ > 1, there is a biholomorphic change of coordinates
preserving the origin such that in the mew coordinates, M can be defined by an
equation of the form (2.1) but with the following extra properties:

(a) A(z') is real analytic in x' for 2’ = 0;

(b) F* = O(|z1]?); and

(¢) fa = o(lz1|™h), Im(F*) = o(|1|").

We next state a folklore lemma. To this aim, we need to set up some notation,
which will be used throughout the paper. Let My C A be an n-manifold defined by
equations of the form: u = Fy(z1,%1,2") = qo(21,Z1,2") + k(21,Z1,2"), y; = 0 for
j > 2. Here qo = |21]? + 2Re(\(2")2?) with A(2) smooth in 2/, A(0) € [0,1/2) and
the real-valued k(z1,71,2') = O(|z1|?) for |2/|,|21] < 1. (Namely, |k(z1,71,2')] <

C(2")]21]? for some constant C(z’) depending on 2’.) Write I, = (—¢,¢) C R and
I = (0,¢) with 1 > ¢ > 0. Let S! denote the unit circle in C. For each fixed
r € I. and =’ € O, a small neighborhood of 0 in R"~2, we let D, ) denote the
domain

1
Dy vy = {21 € C" : qo(21,71, ") + r—zk(rzl,rz_l, x') <1}

When |2'], |r| are sufficiently small, by the ellipticity of My at 0 (i.e., A(0) € [0,1/2)),
it is easy to see that D, ,) is simply connected. Let o({,2',r) be a conformal
mapping from A to D(, ). Assume in advance that ¢(0,2’,r) = 0 and Ué 0,2',1) >
0 to make our choice of o(&, 2’,r) unique.

We remark that up to reparametrizations, all analytic disks attached to My, near
(0,2’,0), are given by

(ro(&a',r),a',r?)
which fill in the following domain in .4 and shrink down to {0} x O x {0} as r — 0:
(23)  My={(z1,2,u) € A: |z, |l2'| < 1, u> qo(21,%1,2") + k(z1, 71, 2")}.

For convenience of notation, in all that follows, we use R to stand for a large
constant, which might be different in different contexts.

Lemma 2.1. Let My and (&, 2, r) be defined as above and write Fy = qo(z1, 21, ')
+k(z1,71,2") as before. If \(a'), k are real analytic in (z1,2'), then after shrinking
O and e, o(&,2',7) is real analytic over A x O x I.

Proof of Lemma 2.1. The result seems standard in the literature. However, due to
the lack of a cogent reference, we sketch some details for the convenience of the
reader.

Write 7 = (2/,7) and write 0~%(-,7) for the inverse of o(-, 7). We first notice
that o(-,0) is biholomorphic from A to Dy. Hence, by considering o~ (o (¢, 7),0)
instead of o (&, 7), we can assume, without loss of generality, that D, is defined by
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an equation of the form: |£|2—1+p(¢, &, 7) = 0. Here, p is real analytic near S x {0}
and p = O(7). Now, we seek the real-valued function U (&, 7), defined over St x
{r: |I7]| < 1}, such that for £ € S, o(&,7) = EA+U(E, 1) +iHU(-,7))(€)),
where H is the standard Hilbert transform. Then, it can be verified directly that
U(&,7) satisfies an equation of the following form: U = F(r,£,U, HU), where
F = O(||7|| + |U?| + [HU|?) and F(-) is real analytic in its variables. Hence,
applying the analytic version of the implicit function theorem [Dei], say in the real-
valued function space C'/2(S') with the standard Banach norm || - ||;/2, to solve
for U and then returning to o, we can conclude that ¢ = ) 0 (&)7* with o, €

Hol(A) N CV2(R) and ||oall1j2 = supe, ¢,confloa(&)] + Zeltlzzalell} < pglloll,

[€1—€2]1/2
Hence, it is clear that o € C¥(A x O x I,).

Next, fix a point & € S and write go = o(£p,0). We like to show that o is real
analytic over {€ € A: [¢ —&| <€} x {7: ||7|| < €}, after shrinking e. This can be
done by applying the reflection principle as follows:

Write S = {(£,7) € CL x R . ¢ = qo,& € OD,, ||7|| < 1}. Then the
hypothesis indicates that S is a real analytic totally real submanifold of maximal
dimension in C™. Therefore, there is a biholomorphic map (€, z) taking an open
piece of S near (qo,0) into R™ C C™. For (§,7) = (&,0), write S’ = {(§,7) :
¢ e S, 7€ R"! }. Then it can be biholomorphically mapped into R"™ by
d(&,2) = (¢1(£), 2), where ¢; is a conformal map from A to the upper half plane
with ¢1(&o) = 0. _

Define (&, 2) = ¥(3, 0a(§)2%, 2) for £(~ &) € A and ||z|| < 1. Then the
above obtained analytic dependence of o on 7 implies that by making e sufficiently
small,

SeHol({¢: e, [E-&l <1} x{zeC" " [z <e})
NCHE: El<LIE—&l <1t x{zeC" " [z]| <e}).
For (&, 2) ~ 0, we define ¥*(£, 2) by Yo ¢~1(&, 2) for Im(£) > 0 (thus for Im(¢) >

|[Im(z)]]); and by X o ¢=1((£, 2)) for —Im(§) > 0 (thus also for —Im(§) > ||Im(z)]]).
Then, it is easy to see, by the edge of the wedge theorem, that ¥* extends holo-
morphically to a neighborhood of (0,0) € C™. The proof of Lemma 2.1 thus follows
easily, too. O

83. UNIQUENESS OF THE ANALYTIC DISKS ATTACHED TO M—
PROOF OF THEOREM (B)

In this section, we will present a proof of Theorem (B), which will be used in
the proof of Theorem (A). Let M be as given by (2.1). Our starting point is the
following deep result already proved in [KW2]. We mention that when M is real
analytic, this result also follows from our construction in §5 (see Remark 5.3):

Theorem 3.1 (Kenig-Webster). Let M be a smooth n-manifold as defined in (2.1)
with 0 being an elliptic complex tangent point. For each large integer £, there then
exists an n-manifold Mo, C A = {(z1,2',u)} defined by equations of the form:
u = (¢ + h)(z1,Z1,2"), y; = 0 (j > 2), and there exists a mapping T; from
MEE ={(z1,2",u) € A: |z| <1, u > (¢} + h)(21,Z1,2")} into C™ such that the
following four properties hold (here ¢ = |z1|> + 2Re(\*(2)2%) with |\*| < 1/2 and
\*(a") smooth in ', h(z1,71,2') = h(z1,z1,2") € O(|211?) No(||z||?) is smooth over
{z1 € C': |z1] < 1} x O with O a certain small neighborhood of 0 in R"~2):
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(a) Ty(0,2',0) € P where, as before, P is the locus of the complex tangent points
in M, and T; = id + o(||2]));

(b) Ty(Mo,e) C M and T;(Mye) contains an open subset (0 €) E of P;

(c) Ty is a C*-smooth diffeomorphism from MOV_Z and C°°-smooth over ]\//[Eg \
{0,2,0};

(d) 9., T, = 0.

We fiz a sufficiently large ¢, and let Mo ¢, 1\7[0v, ¢, and Ty be constructed as above.
Write Mg = Tg(Mo)g). Since Ty is holomorphic when restricted to each analytic
disk attached to My, we see that near 0, Mg is also a C%-smooth Levi-flat (n+
1)-manifold foliated by embedded analytic disks shrinking down to the complex
tangents of M. Notice that M, is C*° away from P, by Theorem 3.1 (c).

For 0 < 6, < 0y < 03 < 1, Myn{z: |z|| < &} is clearly contained in the
holomorphic hull of M N{z: |z|| < 82} (by the disk filling property of My and the
continuity principle); and the holomorphic hull of M N{z: |z| < d2} is contained
in the holomorphic hull of My N {z : ||z < d3}. In terms of Theorem 3.1, to
complete the proof of Theorem (B), it therefore suffices for us to prove the following
uniqueness property of the attached disks and to show that My N {z: ||z|| < €} is
holomorphically convex for € < 1.

Indeed, assuming the following Theorem 3.2, we clearly only need to show that
M, is smooth near 0 to complete the proof of Theorem (B). By Theorem 3.1, it
suffices to verify that My is smooth at any point z(~ 0) € P. Since we know that
z is also an elliptic complex tangent of M, for any large integer N, by Theorem
3.1, M bounds a Levi-flat C-smooth (n + 1)-manifold Ex with M near z as part
of its CN-smooth boundary. Also, Ey is foliated by holomorphic disks shrinking
down to P near z. Applying again the following Theorem 3.2, we see that Exn must
coincide with Mg near z. Thus we showed that Mg is of class CV near z for any
N. Thus it is easy to see that M is smooth at 0.

Theorem 3.2. There exists a certain small number ey such that for each bounded
non-constant holomorphic map ¢ from A into C™, if ¢(A) CC {||z]] < €} and
lim, econ @(7) C M for all € € DA, then ¢(A) C M,. Therefore ¢ must be a
reparametrization of a leaf inside My. Moreover, MQ{HZH < €0} is holomorphically
convet.

Notice that Theorem 3.2 also indicates that for any sufficiently small pseudocon-
vex neighborhood 2 of p in C™, M, N is also holomorphically convex.

To prove Theorem 3.2, we would like to find a sequence of piecewise strongly
pseudoconvex neighborhood systems of M, with slow decay on its Levi eigenvalues,
so that its image under the d-flat extension of the CR mapping 7T} is also pseudo-
convex. We mention that in case n = 2, Theorem 3.2 was obtained in [KW1] and
[BG] (see, for example, Proposition 4.3 of [KW1]).

Proof of Theorem 3.2. Returning to the map Ty(z1,2’,u), we can first easily con-
struct its C*-extension T to a neighborhood of My ¢, which is d-flat to the order
of £ — 1 along My :
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Indeed, for each (z1,2’,u)(=0) € MM? we let

18Ty

T,=— ¢
JpTe 0B12,0P22' 0y

(18]l = [|(B1, B2, @) || < £) and

— )P N
IZ;O (Tg) = Z %‘757}(‘20)7 z = (Zl,Z/,Zn), 20 € MO,E-
IBll<e '

Then, by noting T; € Cg(]\]ov,g) and 0., Ty(z1,2',u) = 0, it follows easily that
109Te0 (T0)(21) — TTele)ll = olllzn — 2019 and D78 Toy(To) (1) — O =
o(||z — zo||“"IMI=1) (where ||3*|| = 1), for any 21, 29 € MO% Thus, by a standard
use of the Whitney extension theorem (see [Bog], for example), we can obtain a
C'-extension T¢ of Ty to a neighborhood of My, in C™ with ||D'VYV3€V TsW)| =
0(6g_|7‘_1(W)) where ||5*]] = 1 and we write §o(WW) for the distance from W to
Mo .

From Theorem 3.1 (a), it is clear that dTg lo = id. Hence T} is a C* diffeomor-
phism near the origin. Moreover, ||Dj, BW (To)T(W)|| = 0(55 vl Y(W)), where
8% = 1 and 6.,1(W) denotes the distance from W to M.

For each small ¢, write Tf = (¢1,-++ ,¢,) and (TF)™F = (¢1,-++ ,¥n) = id +
o([W1).

Now, for each small t > 0, let Qf = {z € C" : p;:f =+(y;) + (2] - 1) <
0,j =2 ,n pi, = —ut(g5+h)(z,71,2") +2(y5 + - +up) + (]2l = 1) < 0}
Here, y; =Im(z;) and g5 + h is as in the statement of Theorem 3.1.

Write Q; = T£(Q). Then {Q;}; is a decreasing continuous sequence as t — 0T,
and for a sufficiently small € > 0, ;5,50 Q:N{z: [|z]| <€} = Men{z: ||z|| < €}

Notice that for each t > 0, € is defined by pft(z) = p;dt[ o (T) (z) < 0
(1=2,---,n)and p14(2) = pyfyto(T;)_l(Z) < 0. Also notice that for each W € QF,
do(W) < O(t).

We now let z € Q; with ||z]] < e. It is then clear by our construction, that
541(2) = 8o ((TF)"1(2)) < O(t). On the other hand, it is clear that for j > 2,

~

907, (2) = 00(xIm(y;) + (| $]|* — 1))

_tza¢J Aad’g +Z (|041(2 |e o) dzz/\dzj
Hence, using the fact that 0v; = dz; + >, O(e)dzy, we see that
90p7,(z) = tz dzj Ndz; + Z (tO(€) + (641 (2)|*2))dz; A dz;.

So, each eigenvalue of 85;)?3(2) is of the quantity (1+ O(e))t + o(t) > 1t, once
£ >4, and ¢, t are sufficiently small. Hence, we conclude that pjft(z) are strongly
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plurisubharmonic in Q; N {||z|| < €} . Similarly, a direct computation shows that

90p1 4 Z i A OY; + Z (e +1t) +o(t"2))dz; A dzi

Z zj Ndzj + Z (e +1t) +o(t""2))dz; A dz.
j=1

Therefore, when € and ¢ are sufﬁc1ently small, p;; becomes strongly plurisubhar-
monic over Q; N {||z|| < €}, too. This implies that there are two small (fixed) posi-
tive numbers to and €y such that when 0 < ¢ < tg and 0 < € < g, QN {||z]| < €}
are pseudoconvex defined by functions {p7,,p14,[|z]|> — €2}, which are strongly
plurisubharmonic over Q; N {||z|| < €}.

Thus, we proved that ]\/Zgﬂ{z . ||z]| < €} is holomorphically convex for any € < €.
To see the uniqueness of the attached disks, we let ¢ be a bounded holomorphic map
from A into C™ such that ¢(A) CC QN {z: ||z]| < €0} and lime_pa ¢(§) C M.
Then, if ¢p(A) ¢ Mg, there would be a t* < tg and a certain £ € A such that
#(A) C Q- and ¢(&) € 0Q-. By what we just proved and by applying the
maximum principle to pjiﬂf* (0(£)), p1,t-(#(€)), we see that either pjiﬂf* (¢(£)) =0 for
a certain j or py ¢ (¢(§)) = 0. This is a contradiction; for ¢ is (almost) attached to
M. The proof of Theorem 3.2 is now complete. O

To conclude this section, we remark that when M in Theorem (B) is merely
C* for some £ > 7, then the result of Kenig-Webster [KW2] and Theorem 3.2
shows that the holomorphic hull M of M near p is at least in the smoothness class
C5'. In [HU], it was shown that in case n = 2, M is of C*Z* near the elliptic
complex tangent p (see also Remark 5.3). The following example indicates that the
smoothness of M can be only about half of that of the original manifold M:

Example. Let M = {(z,w) € C?: w = |z|> + |z|2*}. Then M is of class C* near
the elliptic point 0 and the analytic disks ¢(&,7) = (ré, 72 +rT1€4) are attached to
M. The holomorphic hull M of M is the set {(z = z + /=1y, u+iv)} with z = ré,
u =12+ rRe(2%), and v = rIm(z%). (Here ¢ € A and 0 < r < 1.) Now, regard M
as the graph of the function v = v(x,y,u) over W(M) and let £ = 1 mod 4. Here
7 is the projection to (z,u)-space. Then along z = 0, v(0,y,u) = u'/?y* for (y,u)
with u > y2. Hence, we see that for k > 6+le %kz,y,u):(o,y,y?) is unbounded
as y — 0. Therefore, we see that M is at most C*5* near 0.

§4. PROOF OF THEOREM (A)— ASSUMING PROPOSITION 4.1

In this and the next sections, we further let M be real analytic near 0. As pointed
out in §2 (Proposition I.A), we can assume that M is defined by (2.1) with f, =
o(|z1|™), F* = O(|z1]), Im(F*) = o(|21]™) and A(2’) being real analytic. Here
m > 10 is a certain fixed large integer. We will give a detailed proof that the local
hull of holomorphy of M is real analytic near 0 and M can be biholomorphically
transformed into A. We will employ ideas from [HK] or [HU].

Still let m be the natural projection from C™ into A, which sends each point
(21,2',2n) to (21,2, u). Write My = w(M), whose defining function clearly has
the properties described in §2. Let My be as defined in (2.3). As in §2, we write
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all the analytic disks attached to My as (ro(&,2',7),2",r%) (up to reparametriza-
tions), where by Lemma 2.1, o(§,2',r) depends real analytically on (¢,2’,r) and
holomorphically on {. We recall that o(0,2",7) = 0 and 0;(0,2',r) > 0.

Our starting point is the following result, whose proof is the content of §5:

Proposition 4.1. There exists a family of analytic disks
¢(€7 xl? /r) = (r0(£7 x/7 T)(l + wr (67 xl? T))? xa —"_ ’t/]:; (67 xl? T)? TQ —"_ w:,(é-u x/ﬂ r)) )

which are attached to M (i.e., p(OA,z',r) C M) such that the following hold:

(I) After shrinking O and €, ¢(&,2',7) € C™(A x O x I.). (Here and in the
following, the fized integer m (> 10) is as mentioned above.)

(IT) For each j and for (z',7) = (0,0), £ € A, ¥%(§,2',7) depends real analytically
on (& a',7), holomorphically on &. Moreover ¢ = o(|r[™~?).

Next, write M, = Uo<r<t.oreco #(A, 2", 7). Define ® : My — M,, by ®(0,2’,0)
= (0,2/,0) and by

(4.1) D (21,2, u) :¢(§(z1,x',u),x’,u%)

for v > 0, where £ is uniquely determined by the equations: z3 = ro(&,2',7); 7

us.
Lemma 4.2. ® € C2(My) N C¥ (Mo \ My). Also ® = id + o(||z])).

Proof of Lemma 4.2. First, from the definition, ® is obviously continuous over J\%.
Let (z1,2',u) € MO\MO. Then u > 0. Moreover, ®(z1,2',u) = ¢(&(z1, 2", u), 2", u),
where £ = 0_1(%1, 2',r) and r = \/u. (Here, as before, we write o= (-, 2/, ) for the
inverse of o(-,z',7).) Using Proposition 4.1, one sees that ®(z1,z',u) = (21,2, u) +

Toler(¢ ( 2L ' , /), 2, \/u), where ®* is a certain function holomorphic in £ and
C™ in (&, ,7") € A x O x I.. Since m > 10, it is easy to see that D*®(zy, z’,u) is
uniformly bounded for [|a| < 3 and for (z1,',u) € Mo\ My near 0. Hence, ® is

twice differentiable near 0. Clearly, @ is real analytic away from points in My by
Proposition 4.1 (II). |

Since Mm is the image of ]\% under the twice differentiable diffeomorphism @, it
is also a twice differentiable (n + 1)-manifold with a small open piece of 0 in M as
part of its boundary. Also we mention that Lemma 4.2 indicates that Mm\M is real
analytic. Notice that Mm is foliated by a continuous family of the analytic disks
shrinking down to the complex tangents, and notice that ]/\/[\,/n occupies an open
piece of M containing 0. By Theorem 3.2, we easily see that M,, coincides with
the local hull of holomorphy of M near 0. Thus it is smooth near 0, by Theorem
(B). In the following, we write M for M,, to simplify the notation.

Notice that M is _tangent to Mg at 0 by Lemma 4.2. From the sunple fact that
7(M) = My and w(M) N M \ My # 0, it follows easily that (M M) = My and thus
|37 is a diffeomorphism from M to Mg Therefore, M can thus be written as the
graph of certain functions {v,,v} over Mo. Namely,

M= {(21, 20 +iva (21,2, u), u +iv(z1, 2, u)) : (21,2",u) € Mo}.

Using the smooth character of M, it is clear that va(zl,x u), v(z1,2',u) €
COO(MO) Also, by Lemma 4.2 they are analytic over Mo \ M. We will show in the
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following that v, (21,2’ u) and v(z1, 2’, u) have convergent Taylor series expansions
near the origin. Namely, v, (21,2, u) and v(z1, 2, u) are real analytic near 0. This
will complete the proof of Theorem (A).

Proof of Theorem (A). We let
2= (21,20, 2n) = (21, Ta + Ve (21, 2", u),u + iv(21, 2", u)) € M\M

We first note, by Lemma 4.2 and the definition of ®, that there is a unique (£, 2',7) €
A x O x I such that

1 = d)l(gvx/vr)v Za = ¢a(§,il?/,7"), U+ = d)n({,di/,’l")-

Hence,

(4.2) z1=ro(& 2, r)(1+v5);

(4.3) Za = To +YL(E 2 7);

(4.4) u = Red, = r? + Rey; (&, 2',r) =r*(1 + o(r));
(4.5) v =Img, = Imy;(€,2',7), va = Imyl (&, 2/, 7).

Here we mention again, by Proposition 4.1, that ¢} (&,2',r) are holomorphic in
¢ € A and real analytic in (§,2',7). From (4.4), it is clear that u > 0. Our next
goal is to solve v, and v as functions of (21,2, u) from the above equations:
Lemma 4.3. There exist certain functions h;j(ni,n2,2") (j =2,---,n), which are

real analytic in (n1,n2,2") near the origin, such that when w(z) (€ M, \ My) stays
in the region

{(z1,2,u) € A: Vu, ||2']], |21/Vu| are sufficiently small},
then v(z1,2",u) = hn(Vu, 21/, 3") and va(z1, 2", u) = ha(Vu, 21/v/u,2') (a <

Proof of Lemma 4.3. From (4.4), Proposition 4.1 (II) and noting u > 0, we obtain
(4.5) u?
where h(€,2,r) is a certain function jointly real analytic in (£, 2',r) for (§,2/,r)
near the origin. When |r| < 1 and ||2’|| < 1, applying the implicit function theorem

to (4.5), we see that there exists a certain function g(n, &, z’) which is real analytic
near the origin and g = o(|n;|) such that

r=m-1+g(m, &) =g(m,& 2",
where 7, is identified with u'/2. Thus by (4.2), we see that
z1=m(1+g(m, & a))o(€ 2, glm, & o)1+ (&2, g(m, & 27))),
with m1 = Ju. Write g = 21/m = zl/u%. We then have

(46) N2 = (1 + 9(7717 ga 13’))0’({, $l7fgv(7717 ga :El))(l + 1/)*1(55 :Elv 5(771’ 57 x/)))

Regard the right hand side of the above as a function n2(n1,&,2') in (n1,&,2').
Then, we notice that when n,&, 2’ &= 0, we have (a) na(n1,&, ') is real analytic
in § 2’ and m; (b) 772(03070) =0 (C) g(nlvax/)kb ¢T(§a$/a§(n17§a$/))|0 =0
df(l + g(nlvga:E/))|Oad§¢*l(§7x/7§(7]1’€7$l>)|0 = 0; and (d) U(fvxlvg(nlvax/)) =
c€ + o(|€]) + O(J2'| + |n1|) with ¢ a certain positive constant (as (£,11,2") — 0).

=r 4730 2, r),
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Hence, the implicit function theorem can be easily applied again to (4.6) to
conclude that for |m |, [, [|2']], [72] < 1,

(4.7) €= flm,m.2)
where f is a certain real analytic function defined near 0 with f lo =0, and 7, and
72 are identified with \/u and z1/y/u, respectively. Hence, we have that
(4.8) r =g, f(m,ma,2'),2") = (n,ma, 2,
where § is also real analytic in (71,72, 2’) near 0, 71 = \/u and 1y = 21/\/u.
Letting
T (1,12, @) = Tmgb (f (1, m2, &), ', § (1, 2, 7)),
we then see from (4.5), (4.7) and (4.8) that when /u, ||2/|], |21/vu] < 1,
v(z1, 2’ u) = hn(Vu, 21 /vVu, 2),

where h,, is clearly real analytic in (91, n2,2") for (91,72, 2’) close to the origin.
Similarly, for each o € [2,n — 1], we can find a certain real analytic function
ha(n1,m2,2") in (71,12, ') defined near the origin such that v, = ha (4, 21//u, T').
|

Now, for 7; real, expand
ho (1,12, 2') = T (f (1, m2, @), 2, G012, 7)) = s ani mmsa’™
04,50,
with |aijs,al < Rititstlal,
Notice that when 0 < u <i, |2'|| < € and |21|/u? < e with 0 < € < 1, it can be

easily seen that (z1,2’,u) € My \ My. Therefore, in terms of Lemma 4.3, we have
that

o
’U(Zl,ilfl,’u,) = hn(\/av Zl/\/ﬂ, :Z:I) = Z a”ijs,auz(l J S)Z{lezla
4,5,8,0
However since v(z1,2’,u) is C° near the origin, we see, in particular, that
itstllely (2, 2 u) |
¥ ’
aZ{aEsax/a (0,2",u)
is C* in (2/,u), as long as 0 < u < 1 and 2’ = 0.
Meanwhile, for 0 < u < 1, one clearly has
j+s+lall / 0
0 oz, 27, u) :Zj!s!a!a-- yhi—i=s)
82 dzr° O’ b
19<1 (0,0,u) i=0

This implies that a;;s,« = 0 when (1/2)(i — j — s) is not a non-negative integer; for
the left hand side of the above is smooth when 0 < u < 1. Thus

E (i—j—s) ,J E T J=—5 ./«
v Zl,ZIJ u Aijs, au i= )2’12’1 ZZ? A274j4s,5,5,a 2121 T

1,7,8,0 7.5,8,|leel| 20

when 0 < u < €2, ||/|| < e, and |2] < eu?.
On the other hand,

(@245t ,00] < REHIT RISl < (Rt tlal,
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Thus we conclude that

(21, z,u) = Z A2r4jts,js,aU 2921
T,7,8,&x

is a real analytic function in (21, u, ') near the origin. Also ¥(z1,2’,u) = v(z1,2’,u)
when 0 < u < €2, ||2/|| < ¢ and |z1| < eul/?. Notice that v(z1,2’,u) is real
analytic on MO \ My and is C*° on MO. By the unique continuation property of real
analytic functions, it follows that ¥(z1,2’,u) = v(z1,2',u) for all 2,2/, u = 0 with
(z1,2',u) € Mg. Similarly, we can prove that v, are real analytic near 0, too.

At last, we see that M is a real analytic submanifold across part of its real
analytic boundary M near 0.

Moreover, using the graph of the real analytic extension of the map

(21,2 + V—=1va,u + vV—1v(z1,2',u)) near 0,

we obtain a real analytic (n + 1)-submanifold E containing M. One can see easily
that F is a generic submanifold with real analytic CR-subbundle T E of real
dimension two. Now, after choosing suitable analytic coordinates, we can define the
Levi-form £ of E near 0 which is also real analytic (see [Bog] for related concepts).
Noting that M is foliated by analytic disks, we see that £ vanishes identically on
M and thus £ vanishes identically on a neighborhood of 0. That is, F is a Levi-flat
generic submanifold of real codimension n — 1. Applying the Frobinus theorem, we
see that M near 0 can be holomorphically transformed into the affine space A. The
proof of Theorem (A) is complete, assuming Proposition 4.1. O

85. SINGULAR BISHOP EQUATIONS— PROOF OF PROPOSITION 4.1

In this section, we still assume that M is real analytic. We will present a proof
of Proposition 4.1. This leads us to the study of the singular Bishop equation near
0. We would like to mention that by using the Hilbert transform along a variable
curve and by using a much refined Picard iteration technique appearing in [KW1],
[KW2], one can prove the existence of the family of analytic disks attached to M.
Then, by applying the implicit function theorem around each fixed disk as was done
in [KW1], [KWZ2], one can see the nice dependence on the real parameter (z’, ) for
0 < r < 1. (See, for example, [KW1, Propositions 3.3, 3.4].) However, Proposition
4.1 requires the analytic dependence of the disks with respect to (2/,r) for r in a
neighborhood of 7 = 0. Our idea to do this is to use a perturbation method. (See
[HU] or [HK] for certain related arguments in the case of complex dimension two.)
As mentioned in §4, for the fixed integer m > 10, we can assume that M is defined
by (2.1) but with the following extra properties:

(a) F* = k(z1,z1,2') + V=1h(z1,71,2") = O(|21]?), A(2'), and f, are real
analytic functions;

(b) h =Im(F* (21,71, 2")) = o(|z1|™), and fa(21,Z1,2") = o(]z1|™). Here, |21] <
land 2’ € O.

As in §2, we write

MO = {(zlvxlvu) cA:u= qO(zlaz_la (E/) + k(zl,z_l, {E/)}

and

My = {(z1,2",u) € A:u> qo(z1,71,2") + k(21,21,2') }.



682 XIAOJUN HUANG

Also, we know that (ra(&,a’,r),2’,7?) forms a family of analytic disks attached to
M.

Proof of Proposition 4.1. We will seek a suitable family of functions
{f1(§3 :Z:/a T)a e af’n«(§3 :Z:/a T)}

from A x O x I, to C", which are holomorphic in £ € A for each fixed 7 and 2/, so
that

(&, 2, r) = (ro(& 2, r) (1 + Fi(§, 2, 7)), Fal&s 2’ ), Fulé, 2 1)
provides the desired family of analytic disks attached to M, as in Proposition 4.1.
Therefore, we need to solve the following system of equations:
(5.1)
Fulé,,r) = qo(Fi (&2, 7), Fi (€, ,r), Re(F (&, 2, 7)) + k(F{, F, Re(F))
+ V=1h(F}, Ff,Re(F)),

(5.2) Im(Fo) = fo(F7, 7§, Re(F)).

Here Ff = ro(&,2/,r)(1 + F1(&,2', 7)) and F = (Fa, -+ ,Fn—1). In what follows,
we write X = Re(F) and Y = Im(F). We also notice that (5.2) is a normal Bishop
equation, while (5.1) becomes degenerate when r — 0. Let N be a certain fixed large
integer. Write (En g, |||/ v,1/2) for the real-valued function space CV:1/2(S1) x -+ x
CN:1/2(S1) equipped with the standard Banach norm | - || 1 /2, where the product
takes k times. For simplicity, we write || - || for || - || 5,1/2, in what follows. And for

a complex-valued function g, ||g||n := /|| Regl|% + [|Img||%-

We impose a normalization condition on F such that the harmonic extension
(in &-variable) of X to A takes the value 2’ at the origin. Then (5.2) reduces to
the equation: X = —H(Y) + 2/, and thus X = —H(f(F;, Ff, X)) + 2’. Notice
that 7y = ro(&,2',7)(1 + F1) and f(z1,Zz1,2') = 0o(]21]™). We see that there
is a real-valued vector function G = (Ga,---,Gp—1), which is real analytic in
(A1, B;¢,2',r) € U* x U x S x O x I, such that equation (5.2) can be further
reduced to the following form:

(53) X - xl = TmH(G(fla X;é-?xla ’f’))

Here U* is a certain small open subset in C! containing 0 and U is a certain small
open neighborhood of 0 in R"~2. Here and in what follows, for a function g over
St with parameter (z/,7), H(g(&,r,2")) := (H(g(-,r,2")))(£).

We next simplify equation (5.1). Dividing it by r%, we get

Tiz}—"(gvx/vr) = qO(U(l +f1)75(1 +f1)7 X)

1 — V=1 —
+T_Qk(ffﬂff7x)+r—2h(ffﬂff7X)'

(5.3)
Linearizing the right hand side of (5.3)" at the point (Fi,X,r) = (o,2/,r), one
obtains

1

’I”_2}—n = Qo + Q1 + Qs
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Here Qq, ©; are given by

1
QO = qo(O’,E, 1'/) + —Qk(ra, T'E,xl) = 1,
r

Qy = 2Re <(Ug—z(l)(cr, T, 7') + %g—i(ra, re, a:’))]-"l) ;
and s is the right hand side of (5.3)’ with g and ; being taken away. By Lemma
2.1, there clearly exists a C“-function Ag in (&,2',7; A1, B') € S x O x I x U* x
U such that Do (F1, X2, 1) (&) = Ao(&, 2, r; Fi, X), where Ag(E,2/,r; A1, B') =
Yoo @a(&,@,7)(Ba = o) + A& 2, v A1, BY) with Aj = o(| B' = 2/) + o[ Ar]) +
o(|r|™=2) and a, (&, 2, ) certain real analytic functions in (¢, 2/, 7). Here, U* is a
certain small neighborhood of 0 in C* and U is a small neighborhood of 0 in R"~2.
Since (5.3)’ is coupled with (5.3), making use of (5.3), we get

n—1
Z aa(g,x’,r)(é’(a - ZEQ) = Tm Z aa(f,ZIJ/,T)H(Ga(]'-l, nga :Z:Ia T))
a a=2

Hence, we can reformulate (without changing the solutions to the system (5.3),
(5.3)") g, the non-linear operator with variables in (Fy, X; 2/, r) and with value in
the complex-valued CN:1/2(S1)-space, by

n—1
(5 3)/* QQ(fla X? ZZ?/, T)(g) = Tm Z a’a(é.v :Z:/a T)H(Ga(fla Xa €7 xlv T))
’ a=2

+ AG(F1, X5 €2 ).
Apparently, for each fixed 2’ = 0, as ||F1|n, |7, [|¥ — 2’|y — 0, making use of
the boundedness of the Hilbert transform acting on the Banach space CN>1/2 with

the standard norm, the right hand side of (5.3)"* gives the following asymptotic
property of Qs:

(5.3)" Qo = o(||X — 2'||v) + o(| Fullw) + o|r[™2).
Write
8(]0 1 3I€ _
! _ ! 1Y - !
c& ' r)=20(& 2, 7) <le + oo (ro,70,x )) )

Hence, to solve the system (5.1), (5.2), it suffices to solve (5.3) coupled with the
following:

Re ((6,2',r) 1) + Qa(Fi, 52/, 7)(6) + 1 = 5 FalE, ', 7).

Here and in what follows, Q is given by (5.3)"*. Notice that %, is only required
to be holomorphic in . The solutions of (5.3) and the following equation (5.4)
easily yield solutions for the system (5.1), (5.2):

(5.4)  Re(c(§, 2, 7)F1) + Re(Qa(F1, X327, 7)(€)) = —H(ImQs (F1, X5 2", 7))(E).
Remark that the high order vanishing property of h implies that [[Im(22)||n <

r™=2_ after the existence and dependence property of the solution (Fj, X) is estab-

lished.
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Lemma 5.1. With the above notation, one has ¢(&,z',r) # 0 and Indgic(§, 2, 1) =
0 for |r] < 1, € € S! and 2/ € O. Hence, there exists a positive function
d(&, 2',r) € C¥(S8Y x O x L) such that d*(&,2",r) = d(&, 2", r)e(€,2',r) has a holo-
morphic extension to A for each fixzed r and &' € O. Moreover, d*(&,x',r) is real
analytic in (&, ', r).

Proof of Lemma 5.1. We first see that

0q0, _ o Ok(ro,ro,x’)
’ _ 1o\ Y40 ’ g 10,
Rec(&,2',r) = 2Re <U(§, x',r) 92, (0,7,2") + PR S

= 2Re (Jo|*> +2X(z")o” + O(|r|[|o|?)) > 0,

when 7 is sufficiently small.

Now we can simply let d(&,2',r) = ﬁeﬁ(ilogﬁ(g’z/’r)) and d*(&,2',r) = d - c.
Then d and d* possess the properties as imposed in the lemma. O

Returning to equation (5.4), we have

Re (d*(&,2/,r)F1) = —d(&, 2", r)ReQa(Fy, X 2!, r)
—d(&, 2, rYHIm(Qa(Fy, X2, r))).
Let Fy = d*(r,)F, = U(&, 2, r) + V=TH(U(&,2',7)). Then we obtain
U+V-1H(U)

U, 2',r)=—d(& 2, r)Re <QQ <W,X;x’,r>>

—d(e, 2 )M <Im (QQ (% Xia, r))) .

We will now solve U(z/,r) = (U(a',7), X(2',r) — #') from equation (5.3) and
equation (5.4)". To this aim, we let

M (T3 r) = (=d(&, 2, r)ReQa(Fr, X3/, 7), 0)5
Mo (U5 7) = —d(&, @', r) (H (ImQ(F, X', 7)), 0) ;
As(Usa,r) = =™ (0, H(G(Fy, X3 & ', 7))).
Here, as defined before, F; = (U ++/—1H(U))/d*. Then we obtain
(5.5) U=A(U;2",r)+ M (Us 2, r) + As(U; 2/, 7).

We are going to apply the implicit function theorem to (5.5) to obtain a solution
U that is C* in the variable («’, 7). To this end, we write N for the same index as

before.
Write

(5.4)"

N,1/2
B /2= {p € Eny : ||Plln < €}
Consider the operator

A BN71/2 x O x Ie - EN7n—17

e,n—1

A(U';x’,r) = Al([j';x’,r) + Ag((j;x’,r) + Ag(ﬁ;w’,r).

By the boundedness of the Hilbert transform acting on the Banach space Ey 1,
we easily see that A is a well-defined smooth operator when € < 1. In fact, we have
(see [Dei] for the definition of the related concept):
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Lemma 5.2. For sufficiently small e, O andr, A is an analytic map from Bg,’ll_/lz X

O x Ie mnto EN)n_l(Sl).

Proof of Lemma 5.2. First notice that the Hilbert transform is bounded, linear
and hence analytic. It is self-evident that A must be real analytic, because it is
formed from the compositions and other basic operations of real analytic func-
tions and mappings between Banach spaces [Dei]. Indeed, A(U;a’,7) is clearly
a finite sum of non-linear operators of the following forms: Fy (&, 2/, r; U',H([j)),
c1(&, 2, rYH(F3(&, 2, U, H(D))), and  eoH(csH(Fu(€, 2’7 U, H(T)))), where F;
and c; are real-valued real analytic vector or scale functions in their arguments. [

We notice that A(0) = 0. Meanwhile, since ||F1||ny = ||U||n, from (5.3), (5.3)",
as well as the definition of A, it follows quite clearly that A'ﬁ|0 = 0. Thus, from the
real analytic version of the implicit function theorem in Banach spaces (see [Dei]),
(5.5) can be uniquely solved. Moreover, the solution U(z',7) depends C* on the
parameter (z/,7) =~ 0; i.e., U(2/,r) = P Uy ja'rd with U, ; € CN1/2(S1) and
U jllv < RI®I+3. Hence, U(€, 2/, 7) = U(2',7)(€) belongs to CN1/2(S1 x O x I.).
Also, by (5.3)", (5.4)', (5.3) (which now indicates that |X — ||y < r™) and the

previously mentioned fact |[Im(Q)||x < ™72, it holds that

(U, 2", 7)||v < e|U|lx + O™ ?), and hence |U(&, 2", r)||n < C - . ! erm_z.

Having obtained (U, X), we can then get F; and F by holomorphically extending
to A in &-variable the functions (U + /=1TH(U))/d*(&,2',r) and X + v/—1TH(X)
(by the Cauchy integral), respectively. From the ways equations (5.4)" and (5.3)
were derived, it is self-evident that the (Fi, F) constructed in such a manner yields
a solution to the system (5.1), (5.2). Namely, after substituting the just obtained
(F1,F) into (5.1) and (5.2), (5.2) becomes the identity and the right hand side of
(5.1), apriori defined for ¢ € S!, extends to the holomorphic function F,, over A in
13

Next, by the maximum principle, we easily see that |F;| < r™~2 and |F —2'| <

7™ hold over A uniformly for (2, r) sufficiently close to (o,0).
Lastly, for £ € A, let

(D1, Pa, dn) (&) = (ro(&,a',r)(1+ Fi(&, 2!, 1)), Fal& 2’ r), Falé, 2’ 1))
Then, one has:

D1(&a',1) = ro(€ 7,1+ (€', 1)), Gal6a,r) = + ()
with ¢} (&, 2,7) = O(™™?) and ¢%(€,2',r) = O(r™). Also write ¢, = 7° +
V5 (&, ', 7). Notice that go + k| — 2 and

(ro,7o,z’)

F (ro(¢,a',r)(1 + F1), 7o (€ &/, 1) (1 + F1), Re(F))

= F(ro(&a',r),ro(6 2’ ,r),a") + O(jr* o F1]) + O(|| X — ')

=1+ h(ro(&,a',r),ro(€,a’,r),a) + O(|r[™) = r* + O(r™),
where F = qo + k + +/—1h. We also see that % (£, 2", 7) = O(r™).
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Moreover, from the analytic dependence of U (’,r) on (a',7), some standard
properties of the Hilbert transform, and the Cauchy estimates for holomorphic func-
tions, it is quite easy to conclude that 7’s depend real analytically on (§,2',7) €
A x O xI. and CN1/2 over A x O x I. when O and e are sufficiently small. There-
fore, the family ¢ just obtained satisfies the property as in Proposition 4.1, if we
take N > m. The proof of Proposition 4.1 is finally complete. O

Remark 5.3. Let ¢ be obtained as above, and let ® be defined as in (4.1). It can be
further shown that ® € ™2 (Mg) N C¥ (Mg \ {(0,27,0)}). Also ® = (id + o(|z]))
is holomorphic in z;.

APPENDIX I: FORMAL FLATTENING OF M

In this appendix, we will show that a real analytic non-degenerate elliptic point
can be flattened to any order, which was used in the proof of Theorem (A). This
result follows implicitly from the work of Kenig-Webster [KW2]. However, due to
its importance to this paper and for convenience of the reader, we include a detailed
proof.

Proposition I.A. Let M C C” be a real analytic n-submanifold and let p € M be
a non-degenerate elliptic point. Then, for any positive integer £, there is a biholo-
morphic change of coordinates sending p to 0 such that, in the new coordinates, M
can be defined by an equation of the form as in (2.1) but with the following extra
properties:

(a) A(z") is real analytic in x';

(b) F* = O(|z1]); and

(¢) fa=O(lz1|""), Im(F*) = o(|z1[*).

Proof of Proposition I.A. As mentioned in §2, after a holomorphic change of coor-
dinates, we can assume that p = 0 and, near 0, M is given by an equation of the
following form:

zn = F = qo(21,71,2") + F* (21,71,2'),

(I].) — / v [— /
Ya = fa(zlazlax ) = fot(zlazhx )7
where qo = 2171 + M2')27 + Ma)22, |A(2')| < 1/2, 0 < A0) < 1/2, F* =
k(z1,7z1,2') + V—1h(21,Z1,7’), and fo(z1,%1,2') have vanishing order at least 3
at 0.

Let P be the locus of complex tangents of M near 0, as introduced in (2.2).
Then P is real analytic in 2’ ~ 0. In particular, we see that P can be extended
holomorphically to an open subset of 0 € C™. We now let:

n=u"+PE"), ="+ V-1f(P("),PEF),Z7),
2 = 25 4+ F(P(2™), P(2'%), 2™).

Applying the inverse of the above transform to M, then in the new coordinates, P is
given by the 2’"-(affine) space; and M is given by an equation of the form: 2} = F
and y = fo with F = by(2/")27 +O(]2}|?) and f, = O(|27]). In what follows, when
there is no risk of causing confusion, we still write z for z*. Write F' = by (2')2z1 +
bo1 (') 23 4+ b1a(2) 212 4+ b1 (2") 2121 + O(|21)?) and f = Im(co(2')21) + o(|21]), where
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bij(2') are real analytic in 2’. We now make another change of variables:

/

2i =21, 2" =2 —c1(2)21, and 2} =z, — b1(2)z1.

Then in the new coordinates, we see that M is now given by an equation of the
form: Zn = F and Yo = fa with /' = b21(£13/)212 + b12(213/)2’12 + b11($/)212_1+ O(|21|3>
and f = O(|z1]?). By the ellipticity, we have b11(0) # 0. Applying the transforma-

tion (2], 2", 27) = (21,7, 5587 — gfigz,ng + (b12(2")/b11(Z'))2}), we can see that

in the new coordinates, z, = F = qo + k + ih = |21|> + (AN(2")2? + A(2/)2?) +
O(]213) with go = [21]2 + (M(2')2? + M(2/)22), and yo = fo = O(|21]?), where
A(z") = bia(2")/b11(2’) is real analytic near 0. Moreover, by applying the transform
(21,2, 2n) — (c21,7',|c|?2,) with a suitable non-zero constant ¢, we can further as-
sume, without loss of generality, that A(0) > 0. (By the ellipticity, A(0) < 1/2.)
This completes the proofs of (a) and (b) in Proposition I.A.

Next, we will show that for any given ¢ > 3, we can further find a biholomorphic
mapping defined near the origin, which will send M to a submanifold defined by
an equation of the form z, = F = qo + k +ih = 2121 + 2Re(\(2")2?) + F*, Yo = fa
with the following properties described as in Proposition L.A: f, = O(|z1]"!) and
h =Im(F*) = o(|z1|*). Here A(z') is as obtained above and F'* = O(|z|?).

To this aim, we will seek the required transformation given in the following way:

-1 4
(12) zf =z, 2" =24 CY(21,2,:2)), and 2, = 2z, + > BY (21,252,
j=2 j=3

where CU) and B are weighted homogeneous polynomials in z; and z, of de-

gree j with coefficients in the germs of holomorphic functions defined near a small

neighborhood O of 0 € R"~2. Here, we assign the weights 1 and 2 to z; and z,,

respectively. Namely, a polynomial of the form 2%zJ has weighted degree i + 2j.
Also, we impose the following normalization condition:

(L.2)y ReC'Y) (0, u;2") = ReBW (0, u; 2') = 0.

We of course expect that after the above change of variables, M is mapped to a
submanifold given as follows:
z5 = qo(z}, 25, ™) + k¥ (25, 25, ™) + V—=1h* (2}, 27, 2™,
vh = [ 7)) = T (21,2,
where k* = O(|2{[°), h* (21, 2, 2™) = o(|2{ ) and f*(21, 2{,2™) = o(|2{[|""").
Substituting (I.2) into (I.3) and collecting terms of weighted degree k, we see
that we only need to solve the following functional equations for k < ¢:

ImB(k)(tho(Zl,E, o), 2') = —h(k)(2172_12 ') + ng)(zp?l;x’)a
ImC(k_l) (zla QO(ZlaE7 x/)a il'/) = _f(k_l)(zlazﬂ xl) + Gék_l) (Zl,Z_]_; xl)’

where h = 3, o3 R (21,21, 27), f =3 150 FF (21,77, 2') with h®) and f*) being
weighted homogeneous polynomials in z; and z7 of degree k, whose coefficients
are real analytic in 2’ € O. ng) and ng_l) are finitely contributed by B(?) and
C=1) for ¢ < k — 1. Notice that when k = 3, we have the initial condition
that ng) = Gék_l) = 0. Indeed, by the following Lemma I.B, we can inductively
and uniquely solve (I.4) with the normalization condition (I.2)’. This obviously
completes the proof the proposition. O

(L3)

(L4)
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Lemma I.B. For any homogeneous polynomial G(*) (21,%1,2') of degree s > 1 in
(21,Z1) with coefficients real analytic in ' € O, a small open neighborhood of 0
in R"™2, there exists a unique weighted homogeneous polynomial X (*) (z1,u, ') in
(21, u) with coefficients real analytic in &' € O such that

(1.5) ImX®) (21,q0(21,71,2'),2") = G® (21,71,7"), ReX(S)(O, u,z') = 0.

Proof of Lemma I.B. The proof of this lemma is similar to that in [KW2, Proposi-
tion 1.1].
Write R(O) for the ring of real analytic functions in 2’ € O. Let

DY = {G(z1,71,2) : Glan, 7z a) = Y ayi(a)zie]),
1+j=s

where a;;(2") = @j;(2’) € R(O) are real analytic functions in 2’ € O; and let

Dés) ={F(z1,u,2"): F(z1,u,2') = Z aij(x')ziu’},
i+2j=s

where the function /—1lags/2(z") € R(O) takes the real value when s is even.

Then, denote the subsets of DES) and Dés), whose coefficients a;; (z’) are constant,
by Dgs) (0) and Dés) (0), respectively. Then, they can be viewed as R-vector spaces.
Moreover, dimRDgs) (0) = dimRDés) (0) = s+ 1. Meanwhile, by using the maximum
principle and noting that the level set of qq(21,%1,2’) = 72 for each fixed 2’ € O is
the boundary of an analytic disk, one sees that g(z1,2,) =0 if

Img(21,qo(21,71,2")) = 0.

Here g € Dés) (0) and Reg(0,u) = 0. In fact, if the last condition holds, then for each
7, one sees that Img(rog (€, 2',7),72) = 0 for every £ € OA. Here we use oy to denote
the conformal mapping from A to the domain Dy = {¢£ € C' :  ¢o(&,€,2) < 1}.
Thus, it follows that g(z1,72) = 0 for (21,2’,r2) € My. Hence one obtains g = 0.

Therefore, for each fixed ' ~ 0, we can conclude that the R-linear operator
I(x'): Dés) 0) — D:(LS)(O), which sends each g € Dés)(O) to Im(g(z1,q90(#1,71,2))),
is one-to-one. Since the two vector spaces over R involved here have the same finite
dimension, it therefore follows that Z(z’) is an R-linear isomorphism.

Now, we can use this fact to show that the map 7 : D§S> — DES) , which sends
each g € ’Dés) to Z(g) = Im(g(z1,q0(#1,%1,2"),2")), is onto. Notice that Z is linear
over the ring of real-valued real analytic functions in z’.

Indeed, we can explain it as follows: Write z; = z1 + \/—_lyl. Then DP is
actually the collection of functions of the form: h =37, , . ai; (')t yd with a;;(2)
real-valued and real analytic in 2’ € O. Set ¢; = x{_lyf_j“ forj=1,---,s+1.

)

Then {e;} gives a basis for DES . We can also choose a basis {€1,---,€s11} of

Dés), which has constant coefficients. Say, when s is even, we let €] = v/—1u®/2,
€y = zfusm_l, e3 = \/—_12%115/2_1, -+ esy1 = V/—12;{. Notice that these basis
are also the vector space basis of R-vector spaces Dgs) (0) and Dés) (0), respectively.
Clearly, for each element g in DP, there is a unique decomposition g = " g;(2')e;
with g;(z") real-valued. Also, for an element ¢ € Dés), we have ¢ = > ¢;(2')€;
with ¢;(z') real-valued. Write Z(e;) = 3 ; bij(z')e;, where b;j(2") are real-valued
real analytic functions in z’. Then, since for each fized x’, Z(z') (defined as above)
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is an R-linear isomorphism from the R-vector space Dés) (0) to the R-vector space
DP (0), its matrix with respect to the above mentioned basis, which is obviously
given by (b;;(«")), must be invertible. Now, for any g = > gje; € D:(LS), let ¢ =
(g1, gs+1)(bij(@")) "1 (€1, -+ ,€551)°". Since gj, b;; are real-valued, one verifies
easily that ¢ € Dé” and Z(¢) = g. The proof of Lemma I.B is now complete. O

APPENDIX II. A FUNCTIONAL EQUATION ALONG M

In this appendix, we present an application of Theorem (A) to the convergence
proof of a formal power series coming from a certain functional equation, which
may be useful in certain other studies (see, for example, Corollary I1.B).

Theorem II.A. Let M be a real analytic n-manifold in C™. Let p € M be an
elliptic complex tangent point. For any given real-valued real analytic function
G(z,Z) near p, there is a holomorphic function X (z) near p such that

(I1.1) Im(X(2)) = G(#,%2), forze M.

Proof of Theorem II.A. By Theorem (A), we can clearly assume that M is already
flattened. Namely, we can assume that p = 0 and M is defined by an equation of
the form

U = L]Q(Zl,Z_l, :13/) + k(zlvz_lv :E/)v Yi = 0,7=>2,
where k = o(||z1]|?). Also, we impose the normalization condition
(TL.1) Re(X(0,u,2)) =0

so that (I1.1) will be uniquely solved. We may assume that G(0) = 0.

Assign the weights 1 and 2 to z; and wu, respectively, and write G(z1,%1,2') =
G((z1, 2, qo+k), (21,2, qo + k)). Write X®) (21, u, ') (respectively, G*®) (2,71, 2'))
for the weighted homogeneous polynomial in (z1,u) (respectively, in (z1,%7)) of
degree s in the expansion of X (21, u, ') (respectively, G(z1, 21, 2’)) near the origin.
Then collecting terms in (I1.1) of weighted degree s, we obtain

(I1.2) Im(X(S)(zl, q(z1,71,2'),2')) = G (21,71,7") + G*(S)(zl,z_l, 7,

where G*(®) is contributed by X and G with 7 < s —1. When s = 0, we see
that X(® =4G(0,0,2’), and when s = 1, we have the initial condition G*(*) = 0.

Now, applying Lemma I.B to (I1.2) with the normalization (II.1)’, one sees that
X ) can be inductively and uniquely solved, and completely determined by X (7)
and GU*Y for 7 < 5. However, this dependence is very complicated and does not
seem to be directly usable to get the Cauchy estimates for {X(®)}. Our method to
prove the convergence is to get the Cauchy estimates by showing the sequence of
the finite expansions of X oscillates to a well-defined function. See also [MW] and
[MOS] for some other methods to handle the convergence when A # 0.

To this aim, we write Xj(z1,u;2’) = Z];:OX(S) (z1,u,2’). Then for z € M,

(I1.3) ImXy, (21, u;2") = G(21, 77, 2') + O(|21|*1).
Let o(&,2',7) be as before. Consider the following equation:
(I1.4) ImX (z1,u;2") = G(z1,71,2), (21,2, u) € M,

with the normalization condition ReX (0,u;2") = 0. Here, X is only required to
be defined over My and holomorphic along each analytic disk ¢ = (¢1,- -+, dpn) =
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(ro,a’,r?) attached to M, i.e., Xo @&, 2',r) is holomorphic in & for each given
(2’,7). Then

ImX (6(&,2',1)) = G (&, a,7), 616, 27, 7), 2')
for g € 0A. ThuSa )N((d)(g,z/,r)) = S(G(¢1('7T7 x/)v(bl('az/ar)vx/))({) for 5 € A.
Here S = /—1(id + v/—1H) is the Schwartz transform. Let
X*(&na) = S (Gor (1), 61 (a1, ) (€):

Then X*(&,r,2') is holomorphic in € on A. Also, by Lemma 2.1 and some basic
properties of the Hilbert transform, it follows easily that X*(¢,r,2) is jointly real
analytic in (&, r, 2’). Hence
X* = Z aijailflafirj
i,5,llal[ >0

for |r[, €], [|#']| < 1.
Now, for r = u'/? and ¢ = 67! (2,/v/u, 2',\/u), we obtain the following expan-
sion:

X (21, u;2) = X* <o_1(%,x/, Va), Va, x)

= > dgala/Va) Ve
.0, [leel| 20
with [@;a| < RNl where |21 /v/ul, |Val, 2] < €0 < 1.
On the o?her hand, by (II.3), we notice that on M,
ImXy, (21, u;2") = G(z1, 77, 2') + O(|21|*1).
Hence, for (z1,z,u) € M, Im (Xk(zl,u;x’) — )Z'(zl,u;x')) = O(|z1 [F1).

Thus, by the same argument as above, involving the use of the Schwartz trans-
formation formula, we see that for (§,r,2’) € A x I, x O,

Xi(0(&, ') = X(9(&, 4", 1)) = v Vg (€, 2/, 7) + Ci(a 7).
where ¢g* is real analytic, holomorphic in & for || < 1, and Re(¢*(0,2’,7)) = 0.
Here, Cr(a',7) = Re (X4(6(0,7,") = X(6(0,2/,1))) = Re(X4(0,732)) = 0,
by the previously mentioned normalization condition. Notice that (£, a',r)
(0= 21 /Vu, o', Ju), 2 Ju) == (21 /v/u, 2, v/u). Therefore, when
la1/Val, [Val, |2/ < 1,

we obtain
/ ~ [ I, I L /
Xi(z1,u;2") = Z Aijo (21 /VU)'Vu 2’ +u 2 gt (Y21 /Vu, 2’ u))
ig, | ]| 20
= Y Gger’du’T +u' gt (Va2 ),
jillel|20

for some holomorphic function g;* depending on k.
Now, we have for each ky < k that

9™ X, ~ Ne (i—ko)/2 (k—ko)/2
9k |z1=0 = Zkolakoja(x) e R (e B
1 ja
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Also notice that X}, is a polynomial in (21, u) with coefficients analytic in z’. Thus,
the following can be easily verified:

(i) when j < ko, Gryjo = 0; and

(ii) for k > j > ko, if j — ko is not even, then ay,jo = 0.

Since k can be made arbitrarily large, we conclude that at least formally, we
have

X = Z "a'l-_’j(zﬂ_,_i)_’ax'aziue.
ij(=20+i),0
Notice that |@; j(—or+i),a| < RIFHFHIN < (R2)7H45. We see that the above is

actually a convergent power series in (z1,2’, u). Hence, (II.1) with the normalization
condition in (II.1)" has a unique convergent solution. The proof of Theorem II.A is
complete. O

To conclude, we give the following, which also follows from the Moser-Webster
[MW] normal form in case A # 0:

Corollary I1.B. Let M be a real analytic n-manifold in C™. Let p be an elliptic
complex tangent. Then M mnear p can be biholomorphically mapped into the semi-
Heisenberg submanifold Hy = {(z1," - ,zn) € C" : Re(z,) = |21]%,Im(2;) =0, j =
2.+ ,n—1}.
Proof of Corollary II.B. By Theorem (A), we can assume that p = 0 and M near
0 is defined by

(IL.5) u= 2121 + ReFy(z1,2") + F(21,71,2"), Yo =0, y, =0.
Here Fy(z1,2")=0(||21|?) and F(z1, 77, )= i1 o300 i40 aij(z')ziz1? with a;;(x’)
= aji(x’).

We will seek a real analytic function f(z1,u,«’) which is holomorphic in z; with

Fe1 ) = S50 fie1, 2yt = of|2]P) such that
(11.6) u — ReFy(z1,2') + Ref (21, u,2') = | 21|

Therefore, if we set 2z} = 21, 2% = z, and 2} = 2z, — Fy(21,2') + f(21, 2n, 2’), then
the holomorphic transformation z — z* maps M into Hy. Substituting (II.5) into
(I1.6), we see that to obtain f, it suffices to solve the functional equation:

Im(if(zlauvx/)) = _F(Zlvz_lv ZE/),

where w is given in (I1.5). Applying Theorem II.A, we see the proof of the Corollary.
|
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