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CONTRACTING MODULES AND STANDARD MONOMIAL
THEORY FOR SYMMETRIZABLE KAC-MOODY ALGEBRAS

PETER LITTELMANN

Introduction

Let G be a reductive algebraic group defined over an algebraically closed field
k. We fix a Borel subgroup B, and for a dominant weight λ let Lλ be the as-
sociated line bundle on the generalized flag variety G/B. In a series of articles,
Lakshmibai, Musili and Seshadri initiated a program to construct a basis for the
space H0(G/B,Lλ) with some particularly nice geometric properties. The purpose
of the program is to extend the Hodge-Young standard monomial theory for the
group SL(n) to the case of any semisimple algebraic group and, more generally, to
Kac-Moody algebras. We refer to [3], [7], [10], [14] for a survey of the subject and
applications.

We provide a new approach which completes the program and which avoids the
case by case considerations of the earlier articles. In fact, the method works for
all symmetrizable Kac-Moody algebras. The most important tools we need in our
approach are the combinatorial language of the path model of a representation
[11], [12], and quantum groups at a root of unity. Let Uv(g) be the quantum group
associated to G at an `-th root of unity v. We use the quantum Frobenius map
[15] to “contract” certain Uv(g)-modules so that they become G-modules. The
corresponding map between the dual spaces can be seen as a kind of splitting of
the power map H0(G/B,Lλ) → H0(G/B,L`λ), s 7→ s`.

For simplicity let us assume we are in the simply laced case. Let Vλ be the
Weyl module of G of highest weight λ, and let Mλ be the corresponding Weyl
module of Uv(g). There is a canonical way to attach a tensor product bπ :=
bν1 ⊗ . . .⊗ bν`

of extremal weight vectors bνj ∈ M∗
λ to each L-S path π of shape λ

[11] for an appropriate ` (recall that an L-S path can be characterized by a collection
of extremal weights and rational numbers). To construct a basis of H0(G/B,Lλ) =
V ∗

λ , we use the contraction map to embed Vλ into (Mλ)⊗`. Denote by pπ the image
of bπ in V ∗

λ under the dual map (M∗
λ)⊗` → V ∗

λ .
We show that the vectors pπ, π an L-S path of shape λ, form a basis of V ∗

λ .
Further, the `-th power p`

π ∈ H0(G/B,L`λ) is a product of extremal weight vectors
pν1 · · · pν`

, pνi ∈ H0(G/B,Lλ), plus a linear combination of elements which are
“bigger” in some partial order.

The basis given by the pπ is compatible with the restriction map H0(G/B,Lλ) →
H0(X,Lλ) to a Schubert variety X , and it has the “standard monomial property”.
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I.e., for λ, µ dominant, there exists a simple combinatorial rule to choose out of the
set of all monomials pπpη ∈ H0(G/B,Lλ+µ) of basis elements pπ ∈ H0(G/B,Lλ)
and pη ∈ H0(G/B,Lµ), a subset, the standard monomials, which forms a basis of
H0(G/B,Lλ+µ).

Combining this with the combinatorial results in [11], [12], we get a new and
short proof of the following facts: The restriction map H0(G/B,Lλ) → H0(X,Lλ)
is surjective, the multiplication maps H0(X,Lλ) ⊗ H0(X,Lµ) → H0(X,Lλ+µ)
and SmH0(X,Lλ) → H0(X,Lmλ) are surjective, Hi(X,Lλ) = 0 for i > 0, the
Demazure character formula holds, and Schubert varieties are projectively normal.
Other applications (good filtration, the defining ideal for Schubert varieties, etc.)
will be discussed in a subsequent article.

This construction provides the most direct way so far to attach a basis to a path
model given by L-S paths or standard monomials of L-S paths. It seems natural
to conjecture that it should be possible to generalize the method such that one can
associate in a canonical way a basis to all path models of a representation. The
basis constructed in [9] can be viewed as a very special case of the more general
construction provided in this article. The relation between the path basis and the
canonical basis of Kashiwara [5] and Lusztig [15] or the basis constructed in [8] is
not clear. However, the properties of the path basis suggest that the transformation
matrix should be upper triangular (with respect to the bijection between the crystal
graph and the path graph [4], and the partial order on the paths), with roots of
unity on the diagonal.

In the first two sections we recall some facts about the path model and quantum
groups at a root of unity. In the next three sections we introduce the path vectors
and prove the basis theorem. Standard monomials and some special relations are
discussed in the sixth and seventh section, and the application to the geometry of
Schubert varieties is presented in the last section.

The author wishes to thank C. De Concini, V. Lakshmibai, O. Mathieu, K.
N. Raghavan and A. Ram for helpful and interesting discussions, and the Newton
Institute in Cambridge for its hospitality.

1. Some notation

Let X be the weight lattice of a complex symmetrizable Kac-Moody algebra g.
For a dominant weight λ ∈ X+ denote by Vλ the corresponding irreducible complex
representation. Recall that the character of Vλ can be combinatorially described by
the path model [12]. Denote by Π the set of all piecewise linear paths (modulo re-
parameterization) in XR := X⊗Z R starting in the origin and ending in an integral
weight, and let Π+ be the subset of paths having its image in the dominant Weyl
chamber.

Fix a path π ∈ Π+ ending in λ. The corresponding path model B is the set of
paths obtained from π by applying the root operators fα, eα. In particular, the
character of Vλ is equal to the (formal) sum Char Vλ =

∑
η∈B eη(1).

Let A = (ai,j)1≤i,j≤n be an indecomposable symmetrizable generalized Cartan
matrix and denote by At = (ai,j), ai,j := aj,i, the transposed matrix. Let d =
(d1, . . . , dn), di ∈ N, be minimal such that the matrix (diai,j) is symmetric. We
denote by d the smallest common multiple of the dj , and we set d = (d1, . . . , dn),
where di := d/di. We fix a realization (H, ∆, ∆∨) of A, i.e., H is a complex vector
space, ∆ = {α1, . . . , αn} ⊂ H∗, ∆∨ = {α∨1 , . . . , α∨n} ⊂ H are linearly independent
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vectors such that ai,j = 〈α∨i , αj〉, and dim H−n = n− rkA. Denote by H′ the span
of the α∨i in H. Once a splitting H = H′ ⊕ H′′ is chosen, the symmetric bilinear
form (·, ·), defined by the properties

(α∨i , h) := 〈αi, h〉/di, (h1, h2) := 0 ∀h1, h2 ∈ H′′,

is uniquely determined and non-degenerate. The form allows us to identify H with
its dual H∗. Note that αi = diα

∨
i . Let

X := {λ ∈ H∗ | ∀i : 〈α∨i , λ〉 ∈ Z}
be the weight lattice of g, and denote by Y ⊂ H the co-root lattice generated by
the α∨i . We can view Y as the lattice in H∗ generated by the αi/di.

The di are also minimal with the property that (djai,j) is a symmetric matrix.
The triple (H, Γ, Γ∨) defined by γi := αi/di = α∨i ∈ H∗ and γ∨i := diα

∨
i = αi ∈ H is

a realization of At. Let (·, ·)t be the corresponding unique symmetric bilinear form
on H = H′ ⊕ H′′. Denote by Y t ⊂ H the co-root lattice generated by the γ∨j , and
let Xt be the dual lattice:

Xt = {λ ∈ H∗ | ∀i : 〈γ∨i , λ〉 ∈ Z} = {λ ∈ H∗ | ∀i : di〈α∨i , λ〉 ∈ Z}.
It follows immediately from the definition that dXt ⊂ X ⊂ Xt.

2. Contracting modules

Let Mλ be the Weyl module for the quantum group Uv(gt) at a 2`-th root of
unity. We show that the subspace

⊕
µ∈(`/d)X Mλ(µ) admits in a natural way a

g-action. The calculation resembles that in [15], section 35.3, but since we consider
the Weyl module Mλ and not a simple module, we have to use different arguments
to construct a g-action. We assume throughout the rest of the article that ` is
divisible by 2d.

Let Uq(gt) be the quantum group associated to gt over the field Q(q), with
generators Eγi , Fγi , Kγi and K−1

γi
. We use the usual abbreviations

[n]i :=
qdin − q−din

qdi − q−di
, [n]i! := [1]i · · · [n]i,

[
n

m

]
i

:=
[n]i!

[m]i![n−m]i!
,

where we define the latter to be zero for n < m. We will sometimes just write
Ei, Ki, . . . for Eγi , Kγi, . . . . In addition, we use the following abbreviations:

qi := qdi = q
(γi,γi)

t

2 ,

[
Ki; c

p

]
:=

p∏
s=1

Kiq
di(c−s+1) −K−1

i qdi(−c+s−1)

qdis − q−dis
.

Let Uq,A be the form of Uq defined over the ring of Laurent polynomials A :=
Z[q, q−1]. We denote by R the ring A/I, where I is the ideal generated by the 2`-th
cyclotomic polynomial, and set Uq,R := Uq,A ⊗A R.

Similarly, let U+
q (respectively U−

q ) be the subalgebra generated by the Ei (Fi),
and denote by U+

q,A (respectively U−
q,A) the subalgebra of Uq,A generated by the

divided powers E
(n)
i := En

i

[n]i!
(F (n)

i := F n
i

[n]i!
). Let U+

q,R be the algebra U+
q,A ⊗A R,

and denote by U−
q,R the algebra U−

q,A ⊗A R.
We use a similar notation for the enveloping algebra U(g). To distinguish better

between the elements of U(g) and Uq(gt), we denote the generators of U(g) by
Xα, Hα, Yα or Xi, Hi, Yi. Let U = U(g) be the enveloping algebra of g defined over
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Q, let UZ be the Kostant-Z-form of U , set UR := UZ ⊗Z R, etc. Denote by v the
image of q in R. Set `i := `di

d ; then, by the definition of d, `i is minimal such that

`i
(γi, γi)t

2
= `idi = `i

d

di
∈ `Z.

For a dominant weight λ ∈ Xt let Mλ be the simple Uq(gt)-module of highest weight
λ, and fix an A-lattice Mλ,A := Uq,Amλ in Mλ by choosing a highest weight vector
mλ ∈ Mλ. Set Mλ,R := Mλ,A ⊗A R; then Mλ,R is a Uq,R-module such that its
character is given by the Weyl-Kac character formula. Consider the weight space
decomposition:

Mλ,R =
⊕

µ∈Xt

Mλ,R(µ) and set M
d
`

λ,R :=
⊕

µ∈(`/d)X

Mλ,R(µ).

The subspace M
d
`

λ,R is obviously stable under the subalgebra of Uq,R generated by

the E
(n`i)
i and F

(n`i)
i : If µ ∈ (`/d)X , then so is µ± n`iγi = µ± ndi`

d γi = µ± n`
d αi.

Theorem 1. The map

X
(n)
i 7→ E

(n`i)
i |

M
d
`

λ,R

, Y
(n)
i 7→ F

(n`i)
i |

M
d
`

λ,R

,

(
Hi + m

n

)
7→

[
Ki; m`i

n`i

]
|
M

d
`

λ,R

extends to a representation map UR → EndR M
d
`

λ,R.

Proof. We have to prove that the map is compatible with the Serre relations. For
U+

R and U−
R , this is a direct consequence of the higher order quantum Serre relations

([15], Chapter 7). For a detailed proof see [15], section 35.2.3. Since U+
R and U−

R

have a presentation by the Serre relations, the assumption 35.1.2 (b) in [15] is not
necessary. Remember that ` is divisible by 2d, which implies that 2 divides `i and
hence:

v
(`iγi,`iγi)

t

2 = v`2i
(γi,γi)

t

2 = v`2i di = v2`
`i
2 = 1.

To prove that also the remaining Serre relations hold, we need the following simple
lemma on Gaussian binomial coefficients. I wish to thank Olivier Mathieu who
communicated to me this useful way of computing Gaussian binomial coefficients.
See also Lemma 34.1.2 in Lusztig’s book [15].

Lemma 1. The following relations hold in R:
a)

[
`i

k

]
i
= 0 for 0 < k < `i.

b) Suppose m ≥ k, m = m1`i + t and k = k1`i + r, where 0 ≤ t, r < `i. Then[
m

k

]
i

= vdi`i(k1t−rm1)

(
m1

k1

)[
t

r

]
i

.

Proof of Lemma 1. Consider the quantum torus R[x(1,0), x(0,1)] with multiplication
rule x(a,b)x(c,d) := vdi(ad−bc)x(a+c,b+d). One proves by induction on m:

(x(1,0) + x(0,1))m =
m∑

k=0

[
m

k

]
i

x(k,m−k).

Now a) holds because the nominator of
[
`i

k

]
i
is divisible by the 2`-th cyclotomic poly-

nomial, but the denominator is not. As a consequence we get: (x(1,0) + x(0,1))`i =
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x(`i,0) + x(0,`i). Further, the elements of the form x(a`i,b`i) commute:

x(a`i,b`i)x(c`i,d`i) = vdi`
2
i (ad−bc)x((a+c)`i,(b+d)`i) = x(c`i,d`i)x(a`i,b`i),

because di`
2
i = 2`(`i/2). Part b) of the lemma is now proved by comparing the

coefficients of the expression above with the coefficients of the following expression:

(x(1,0) + x(0,1))m =
(
x(`i,0) + x(0,`i)

)m1
(
x(1,0) + x(0,1)

)t

=
( m1∑

k1=0

(
m1

ki

)
x(ki`i,(m1−ki)`i)

)( t∑
r=0

[
t

r

]
i

x(r,t−r)

)
.

(Proof of Theorem 1, continuation) We get for a weight vector mµ, µ = `
dµ′,

µ′ ∈ X :

[
Ki; k`i

n`i

]
i

mµ =
[〈γ∨i , µ〉+ k`i

n`i

]
i

mµ =
[
`i〈α∨i , µ′〉+ k`i

n`i

]
i

mµ =
(

µ′(Hi) + k

n

)
mµ.

The
(

Hi+k
n

)
act hence with the desired eigenvalues. It remains to prove the Serre

relations involving the Xi and Yi. Let mµ be a weight vector of weight µ = `
dµ′:

X
(n)
i Y

(k)
i mµ = E

(n`i)
i F

(k`i)
i mµ

=
min{n`i,k`i}∑

t=0

[〈γ∨i , µ〉+ (k − n)`i

t

]
i

F
(k`i−t)
i E

(n`i−t)
i mµ

=
min{n`i,k`i}∑

t=0

[
`i〈α∨i , µ′〉+ (k − n)`i

t

]
i

F
(k`i−t)
i E

(n`i−t)
i mµ.

Since
[
`i〈α∨i ,µ′〉+(k−n)`i

t

]
i
= 0 if t is not divisible by `i, this implies:

X
(n)
i Y

(k)
i mµ =

min{n,k}∑
t=0

(
µ′(Hi) + (k − n)

t

)
Y

(k−t)
i X

(n−t)
i mµ,

and hence X
(n)
i Y

(k)
i =

∑min{n,k}
t=0

(
Hi+(k−n)

t

)
Y

(k−t)
i X

(n−t)
i in EndR M

d
`

λ,R.

Let M be a Uq(gt)-module with a weight decomposition M =
⊕

µ∈Xt M(µ). We
assume in the following that dimM(µ) < ∞ for all weights, and the set of weights
with M(µ) 6= 0 is bounded above (i.e., there exists a finite number of weights
λ1, . . . , λr such that dimM(µ) > 0 only if µ < λj for at least one j).

If M admits a Uq,A(gt)-stable A-lattice MA such that MA =
⊕

µ∈Xt MA(µ)
(where MA(µ) := MA∩M(µ)), then we denote by MR the Uq,R(gt)-module MA⊗AR
for any A-algebra R. We have a corresponding weight space decomposition MR =⊕

µ∈Xt MR(µ), and for m ∈ MA we write m =
∑

ν∈Xt mν with mν ∈ MR(ν).
For such a module let M∗

R be the direct sum
⊕

µ∈Xt HomR(MR(µ), R). Denote
by pµ : MR → MR(µ) the projection

∑
ν∈Xt mν → mµ. We can view M∗

R as
a submodule of the dual space of MR by the definition f(m) := f(pµ(m)) for
f ∈ HomR(MR(µ), R) and m ∈ MR. Further, M∗

R is a Uq,R(gt)-module, the dual
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module: Let S be the antipode; the action of Uq,R(gt) on M∗
R is defined by (m ∈

MR):

(uf)(m) := f(pµ(S(u)(m))) for all u ∈ Uq,R(gt), f ∈ HomR(MR(µ), R).

Proposition 1. The map UZ ⊗Z R → EndR

(
M

d
`

λ,R

)∗ defined by

X
(n)
i f(m) := f(S(E(n`i)

i )m), Y
(n)
i f(m) := f(S(F (n`i)

i )m),

and
(
Hi+k

n

)
f(m) := f(S(

[
Ki;k`i

n`i

]
)m), is the representation map corresponding to the

dual representation of the representation of U(g) on M
d
`

λ,R.

Proof. By Theorem 1 we know that the action of the X
(n)
i , Y

(n)
i and

(
Hi+k

n

)
on(

M
d
`

λ,R

)∗ is well-defined. Since S is an anti-homomorphism, it is easy to check that

the map extends to an algebra homomorphism UZ ⊗Z R → EndR

(
M

d
`

λ,R

)∗.
To see that this is the dual representation of M

d
`

λ,R, it suffices to check the action
of the generators. Note that

S(E(n`i)
i ) = (−1)n`ivdi(n

2`2i−n`i)Kn`i

i E
(n`i)
i = (−1)nKn`i

i E
(n`i)
i .

Since µ(Kn`i

i ) = 1 for µ ∈ (`/d)X , we get X
(n)
i f(m) = f((−1)nX

(n)
i m). Similarly

one sees that Y
(n)
i f(m) = f((−1)nY

(n)
i m). Finally,

S(
[
Ki; k`i

n`i

]
)mµ =

[−〈γ∨i , µ〉+ k`i

n`i

]
i

mµ =
(−µ′(Hi) + k

n

)
mµ

for a weight vector of weight µ = `
dµ′, µ′ ∈ X , which finishes the proof.

3. Path vectors

Let λ ∈ X+ be a dominant weight for g and fix ` ∈ N such that 2d divides `. Let
R̃ be the ring obtained by adjoining all roots of unity to Z. We fix an embedding
R ↪→ R̃.

If k is an algebraically closed field and Chark = 0, then we consider k as an
R-module by the inclusion R ↪→ R̃ ⊂ k. If Char k = p > 0, then we consider k
as an R-module by extending the canonical map Z → k to a map R̃ → k (where
the first map is given by the projection Z → Z/pZ and the inclusion Z/pZ ⊂ k).
Denote by Vλ,R̃ = Vλ,Z ⊗Z R̃ the corresponding Weyl module over the ring R̃.

By section 2 we know that we have the following sequence of inclusions of vector
spaces (the top row is an inclusion of Uq,R̃(gt)-modules, the bottom row is an
inclusion of g-modules):

M `
d λ,R̃ ↪→ Mλ,R̃ ⊗ . . .⊗Mλ,R̃︸ ︷︷ ︸

`/d

↑ ↑
Vλ,R̃ ↪→ (

M `
d λ,R̃

) d
` ↪→ (

Mλ,R̃ ⊗ . . .⊗Mλ,R̃︸ ︷︷ ︸
`/d

) d
`

Here
(
M

) d
` is the direct sum of Uq,R̃(gt)-weight spaces in M of weight µ ∈ (`/d)X .

The same arguments as above prove that this subspace admits a UR̃(g)-module
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structure. The inclusions induce restriction maps for the corresponding dual mod-
ules (the dual V ∗

λ of Vλ is defined in the infinite dimensional case in the same way
as the dual of Mλ):(

Mλ,R̃ ⊗ . . .⊗Mλ,R̃︸ ︷︷ ︸
`/d

)∗ → M ∗̀
d λ,R̃

↓ ↓(
(Mλ,R̃ ⊗ . . .⊗Mλ,R̃︸ ︷︷ ︸

`/d

)
d
`

)∗ → (
(M `

d λ,R̃)
d
`

)∗ → V ∗
λ,R̃

We use these maps to define some special vectors in V ∗
λ,R̃

. Fix a highest weight

vector mλ in Mλ such that Mλ,A := Uq,A(gt)mλ and Mλ,R̃ = Mλ,A ⊗A R̃. We
define for τ ∈ W/Wλ a canonical vector mτ of weight τ(λ) as follows: Fix a reduced
decomposition τ = si1 · · · sir . According to this decomposition let n1, . . . , nr be
defined by

nr := 〈γ∨ir
, λ〉, nr−1 := 〈γ∨ir−1

, sir (λ)〉, . . . , n1 := 〈γ∨i1 , si2 · · · sir (λ)〉.
We set mτ := F

(n1)
i1

. . . F
(nr)
ir

mλ. The fact that mτ is independent of the choice
of the decomposition follows from the quantum Verma identities. Denote by bτ

the corresponding dual vector in M∗
λ,R̃

(τ(λ)). We define in the same way vectors
vτ ∈ Vλ,Z and pτ ∈ V ∗

λ,Z.
Let π = (τ1, . . . , τs; 0, a1, . . . , 1) be an L-S path of shape λ [11]. Suppose ` is

minimal with the property that 2d divides ` and `
dai ∈ Z for all i = 1, . . . , s. Then

we can associate to π the vector

bπ := bτs ⊗ . . .⊗ bτs︸ ︷︷ ︸
`
d (1−as−1)

⊗ . . .⊗ bτ2 ⊗ . . .⊗ bτ2︸ ︷︷ ︸
`
d (a2−a1)

⊗ bτ1 ⊗ . . .⊗ bτ1︸ ︷︷ ︸
`
d a1

∈ (M∗
λ,R̃

)⊗
`
d .

Definition 1. We call the image of bπ in V ∗
λ,R̃

the path vector associated to π, and
we denote it by pπ. By abuse of notation, we denote by pπ as well its image in
V ∗

λ,k = V ∗
λ,R̃

⊗R̃ k for any algebraically closed field k.

4. A basis of Vλ,Z

The vectors pπ defined above have the nice property that they depend only on
the path π (and the choice of mλ ∈ Mλ,A). To prove that they form a basis of
V ∗

λ,k for any algebraically closed field k, we construct now a basis which is, up to
a triangular transformation, a dual basis of the pπ. We suppose that 2d divides `,
and we set ` = `

d . Let π = (τ1, . . . ; 0, a1, . . . , 1), η = (κ1, . . . ; 0, b1, . . . , 1) be two
L-S paths of shape λ.

Definition 2. We say π ≥ η if τ1 > κ1, or τ1 = κ1 and a1 > b1, or τ1 = κ1, a1 = b1

and τ2 > κ2, etc.

For ν ∈ Xt let mν ∈ Mλ,R̃(ν) be a weight vector. Denote by “�” the usual
partial order on the set of weights. We say mν1 ⊗ . . . ⊗mν`

< mλ1 ⊗ . . .⊗mλ`
if

there exists a j such that νi = λi for all i < j and νj � λj . If π is such that `ai ∈ Z
for all i = 1, . . . , s, then we associate to π the vector

mπ := mτ1 ⊗ . . .⊗mτ1︸ ︷︷ ︸
`a1

⊗mτ2 ⊗ . . .⊗mτ2︸ ︷︷ ︸
`(a2−a1)

⊗ . . .⊗mτs ⊗ . . .⊗mτs︸ ︷︷ ︸
`(1−as−1)

∈ (Mλ,R̃)⊗`.
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Note if π > η and `bi ∈ Z for η = (κ1, . . . , κt, 0, b1, . . . , 1), then mπ > mη.
To construct a basis of Vλ,k, we provide first an inductive procedure that asso-

ciates to π a sequence of integers s(π) = (n1, . . . , nr). Fix a reduced decomposition
τ1 = si1 . . . sir ; the sequence s(π) will depend on the chosen reduced decomposition.
The set up for this procedure has been inspired by the article [20] of K. N. Raghavan
and P. Sankaran. Fix j minimal such that si1τj > τj , and set j = r +1 if si1τj ≤ τj

for all j. Consider the path η = (si1τ1, . . . , si1τj−1, τj , . . . , τr; 0, a1, . . . , 1) (it is
understood that we omit aj−1 if si1τj−1 = τj).

Lemma 2. η is an L-S path of shape λ.

Proof. If j = r + 1, then η is equal to en
α(π), n := −〈α∨, π(1)〉 (see [11]), and η

is hence an L-S path. Suppose now j ≤ r. To prove that η is an L-S path, it
suffices to prove that η′ = (si1τ1, . . . , si1τj−1, τj ; 0, a1 . . . , aj−1, 1) is an L-S path
of shape λ. Since π′ = (τ1, . . . , τj−1, τj ; 0, a1 . . . , aj−1, 1) is an L-S path of shape λ
([11], Lemma 3.1), and η′ = en

α(π′), n := −〈α∨, π′(aj−1)〉 (n is an integer by [11],
Lemma 3.5), we conclude that η′, and hence also η, are L-S paths of shape λ.

It follows that η(1)−π(1) is an integral multiple of the simple root αi1 . Let n1 ∈ N
be such that η(1)− π(1) = n1αi1 . Note that si1τ1 = si2 . . . sir is a reduced decom-
position, and si1τ1 < τ1. Suppose we have already defined s(η) = (n2, . . . , nr)
(where s(id; 0, 1) is the empty sequence). We define the sequence for π to be the
one obtained by adding n1 to the sequence for η:

Definition 3. We denote by s(π) the sequence (n1, n2, . . . , nr), and we associate
to π the vector vπ := Y

(n1)
αi1

· · ·Y (nr)
αir

vλ ∈ Vλ,Z.

The vector vπ depends on the choice of the reduced decomposition. By construc-
tion, we know that vπ is a weight vector of weight π(1). For τ ∈ W/Wλ denote by
Vλ,Z(τ) ⊂ Vλ,Z the submodule U+

Z (g)vτ , and by Mλ,A(τ) ⊂ Mλ,A the submodule
U+

q,A(gt)mτ . For π = (τ1, . . . ; . . . , 1) denote by i(π) := τ1 the initial element.

Theorem 2. The set {vπ | π an L-S path of shape λ, τ1 ≤ τ} is a basis of Vλ,Z(τ).

Denote by Λα the Demazure operator on the group ring Z[X ]:

Λα(eµ) :=
eµ+ρ − esα(µ+ρ)

1− e−α
e−ρ.

Together with Theorem 5.1, [11], we get as an immediate consequence:

Corollary 1 (Demazure character formula). Vλ,Z(τ) is a direct summand in Vλ,Z,
and for any reduced decomposition τ = si1 . . . sir , the character CharVλ,Z(τ) is
given by the Demazure character formula CharVλ,Z(τ) = Λi1 . . . Λire

λ.

Example. For U = U(sl3), we can always choose the reduced decomposition of
τ1 such that vπ = Y

(n1)
i Y

(n2)
j Y

(n3)
i vλ, {i, j} = {1, 2}, where n2 ≥ n1 + n3. It

follows that in this case we may assume that the basis of Vλ,Z given by the vπ is
the canonical basis [15].

To prove the theorem, we consider again the inclusion Vλ,R ↪→ M⊗`
λ,R. We write

v• as an abbreviation for “an appropriate power of v”.

Lemma 3. i) If `ai ∈ Z for all i, then in the expression for vπ ∈ M⊗`
λ,R:

vπ = Y (n1)
αi1

· · ·Y (nr)
αir

(m⊗`
λ ) =

∑
v•(F (h1)

i1
. . . F

(hr)
ir

mλ)⊗ . . .⊗ (F (s1)
i1

. . . F
(sr)
ir

mλ)
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there is only one summand which is a non-zero multiple of mπ, and the other
summands either vanish or mπ > (F (h1)

i1
. . . F

(hr)
ir

mλ) ⊗ . . . ⊗ (F (s1)
i1

. . . F
(sr)
ir

mλ).
In particular, one of these summands is a multiple of mη only if η < π.

ii) If `ai ∈ Z for all i = 1, . . . , s, then there exists an h ∈ N such that

vπ = vhmπ +
∑

m⊗`a1
τ1

⊗ . . .⊗m⊗`(ap−ap−1)
τp

⊗m⊗a′
τp+1

⊗mν ⊗ . . .⊗mν′ ,(1)

where, for each summand on the right side of (1), there exists a 0 ≤ p < r such
that a′ < `(ap+1 − ap) and mν is a vector in Mλ,R(τp+1) of weight ν 6= τp+1(λ).

Proof of Theorem 2. We may choose ` such that for all L-S paths of shape λ, ending
in π(1) (there are only a finite number of such paths), the conditions of the lemma
above are satisfied. Since the mπ are linearly independent over R for the various
paths, so are the vπ by Lemma 3 ii). The Weyl character formula for the module
Vλ,R and the corresponding formula for L-S paths (see [12]) implies that the R-
module spanned by the vπ has the same rank as Vλ,R(µ).

The tensor product of the R-lattices Mλ,R is Uq,R(gt)-stable, m⊗`
λ is an element

of this lattice, and the mπ form a subset of a basis of the free R-module M⊗`
λ,R.

Since the mπ are the “leading terms” of the vπ, it follows that the vπ form a basis
of the R-lattice Vλ,R(µ). The vπ are by definition in Vλ,Z(µ), so they form in fact
a basis of the Z-lattice Vλ,Z(µ).

Fix a reduced decomposition τ = si1 . . . sit . It is well-known that Vλ,Z(τ) is
spanned by the vectors of the form Y

(a1)
αi1

· · ·Y (at)
αit

vλ, a1, . . . , at ≥ 0. As a conse-
quence one sees easily that Vλ,Z(κ) ⊂ Vλ,Z(τ) whenever κ < τ in the Bruhat order.
It follows that the vectors vπ with i(π) ≤ τ span a free summand Nτ ⊂ Vλ,Z and
Nτ ⊂ Vλ,Z(τ). Since vτ = v(τ ;0,1) is an element of Nτ , to prove the proposition it
suffices to show that Nτ is U+

Z (g)-stable. Let π be an L-S path of shape λ such that
i(π) ≤ τ . We have to show that if α is simple and X

(n)
α vπ =

∑
aηvη, then aη = 0

if i(η) 6≤ τ .
We consider again an embedding Vλ,R ↪→ M⊗`

λ,R, where we assume that ` is such
that `bj ∈ Z for all η = (κ1, . . . ; 0, b1, . . . ) with aη 6= 0 and all η with i(η) ≤ τ . Fix
an η0 such that aη0 6= 0 and let η0 be a maximal element with this property. If
we express X

(n)
α vπ as a linear combination of tensor products of weight vectors in

M⊗`
λ,R, then the coefficient of mη0 is different from zero:

X(n)
α vπ =

∑
mν1 ⊗ . . .⊗mν`

, mν ∈ Mλ,R(ν).

By Lemma 3 we know that vπ = vhmπ + terms strictly smaller in the partial
order. It is now easy to see that X

(n)
α vπ is a sum of tensor products of weight

vectors which are smaller then mπ in the partial order. In particular, mη0 < mπ

and hence η0 < π, which implies i(η0) ≤ τ . Since η0 was chosen to be maximal in
the partial ordering, this implies aη 6= 0 only if i(η) ≤ τ .

Proof of Lemma 3. The statement i) is an easy consequence of ii), we will give the
proof for ii) only. Let mν1 , . . . , mν`

∈ Mλ,R be weight vectors such that the tensor

product is an element of
(
M⊗`

λ,R

) 1
` . Note that

Y
(k)
j (mν1 ⊗ . . .⊗mν`

) =
∑

h1+...+h`=`jk

v•(F (h1)
j mν1)⊗ . . .⊗ (F (h`)

j mν`
)(2)
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for some appropriate powers v• of v. Suppose now by induction that (1) holds for
the path η = (si1τ1, . . . , si1τj−1, τj , . . . , τr; 0, a1 . . . , 1) (see above). The leading
term (i.e., the maximal summand) is then up to multiplication by a power of v:

(msi1τ1)
⊗`a1 ⊗ . . .⊗ (msi1 τj−1)

⊗`(aj−1−aj−2)

⊗ (mτj )
⊗`(aj−aj−1) ⊗ . . .⊗ (mτr )

⊗`(1−ar−1).

If we apply Y
(n1)
i1

to this term, then we get a sum that runs over all `-tuples:∑
v•(F (h1)

i1
msi1τ1)⊗ . . .⊗ (F (h`)

i1
mτr),

such that `i1n1 = h1 + . . .+h`. If one of the ht is too big, then such a term is zero.
With respect to the chosen ordering, a maximal term in this sum will be one where
h1 = 〈γ∨i1 , si1τ1(λ)〉, i.e., one where the first term is equal to mτ1 . Note that if h1

is smaller, then we get a weight vector in Mλ,R(τ1) which is of weight µ � τ1(λ).
The same arguments apply also to h2, etc., so applying Y

(n1)
i1

to the leading term
gives the desired maximal term plus terms of the form:

m⊗`a1
τ1

⊗ . . .⊗m⊗`(ap−ap−1)
τp

⊗m⊗a′
τp+1

⊗mν ⊗ . . .⊗mν′ ,

where 0 ≤ p < r, a′ < `(ap+1−ap), and mν ∈ Mλ,R(τp+1) is of weight ν � τp+1(λ).
It remains to discuss the terms we get by applying Y

(n1)
i1

to the other summands
in the expression of vη. Let mν1 ⊗ . . .⊗mν`

be such a summand. If ν1 6= si1τ1(λ),
then we know that mν1 is a weight vector in Mλ,R(si1τ1) of weight ν1 � si1τ1(λ).
Note that F

(h1)
i1

mν1 is for any h1 a weight vector of weight ν′ in Mλ,R(τ1), where
ν′ � τ1(λ). If ν1 = si1τ1(λ), then the term is zero for h1 > 〈γ∨j1 , si1τ1(λ)〉. A
maximal term in this sum will be one where h1 = 〈γ∨j1 , si1τ1(λ)〉, i.e., the first term
is equal to mτ1 . If h1 is smaller, then we get a weight vector in Mλ,R(τ1) which is
of weight � τ1(λ). The same arguments apply also to h2, h3, etc. As a consequence
we conclude that applying Y

(n1)
i1

to the other summands gives only terms of the
form

m⊗`a1
si1τ1

⊗ . . .⊗m⊗`(ap−ap−1)
τp

⊗m⊗a′
τp+1

⊗mν ⊗ . . .⊗mν′ ,

where 0 ≤ p < r, a′ < `(ap+1 − ap), and mν ∈ Mλ,R(τp+1) is a weight vector of
weight ν � τp+1(λ). It follows that these summands are strictly smaller than mπ

in the partial order.

Denote by Bλ(τ) the set of L-S paths of shape λ such that i(π) ≤ τ . Let
π1, . . . , πN be a numeration of the paths such that πi > πj implies i > j, and
let Vλ,Z(τ, j) be the Z-submodule spanned by the vπi , 1 ≤ i ≤ j. To prove that
the span of the vπ, π ∈ Bλ(τ), is equal to Vλ,Z(τ), we proved that X

(n)
α vπ can be

expressed as a linear combination of the vη with η ≤ π. Hence we get as a corollary
of the proof of the proposition:

Corollary 2. The complete flag Vλ,Z(τ) is UZ(g)+-stable:

Vλ,Z(τ) : 0 ⊂ Vλ,Z(τ, 1) ⊂ Vλ,Z(τ, 2) ⊂ . . . ⊂ Vλ,Z(τ, N) = Vλ,Z(τ).
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5. A basis of V ∗
λ,k

The basis of Vλ,Z constructed above enables us now to prove that the path vectors
introduced in section 3 form a basis of V ∗

λ,k, k an arbitrary algebraically closed field.

Theorem 3. The set of path vectors pπ, π an L-S path of shape λ, forms a basis
of V ∗

λ,k of H-eigenvectors of weight −π(1). Further, let π1, π2, . . . be a numeration
of the L-S paths such that πi > πj implies i > j, and denote by V ∗

λ,k(j) the subspace
spanned by the pπi , i ≥ j. The flag V∗

λ,k is Uk(g)+-stable:

V∗
λ,k : V ∗

λ,k = V ∗
λ,k(1) ⊃ V ∗

λ,k(2) ⊃ V ∗
λ,k(3) ⊃ . . . .

Proof. Let π = (τ1, . . . , τr; 0, a1, . . . , 1) be an L-S path of shape λ, and fix ` minimal
such that 2d divides ` and `aj ∈ Z for all j. We consider again the embedding
Vλ,R ↪→ M⊗`

λ,R. Let η be an L-S path of shape λ and suppose that pπ(vη) 6= 0. By
Lemma 3, this is only possible if η ≥ π, and pπ(vπ) is a root of unity. Since the vη

form a basis of Vλ,k, it follows that the pπ form a basis of V ∗
λ,k.

By construction, the path vectors pπ are H-eigenvectors of weight −π(1). Fur-
ther, by the choice of the numeration, the subspace V ∗

λ,k(j) is the subspace of V ∗
λ,k

of all vectors vanishing on the subspace of Vλ,k spanned by all vπi with i < j. Since
this is a Uk(g)+-stable subspace (see Corollary 2 of Theorem 2), it follows that
V ∗

λ,k(j) is a Uk(g)+-stable subspace.

For the definition of the path vector pπ we have chosen ` to be minimal such
that 2d divides ` and `aj ∈ Z. Of course, one can define in the same way for any `
(which satisfies these properties) a vector pπ,` ∈ V ∗

λ,R. The arguments above show:

Corollary 1. pπ,` = cπpπ +
∑

η>π cηpη, where cπ is a root of unity.

The property: pπ(vη) 6= 0 only if π ≤ η, implies that pπ vanishes on Vλ,k(τ)
unless i(π) ≤ τ . We get as an immediate consequence (by abuse of notation we
write pπ also for the image of the linear form in V ∗

λ,k(τ)):

Corollary 2. The restrictions {pπ | i(π) ≤ τ} form a basis of V ∗
λ,k(τ), and the set

{pπ | i(π) 6≤ τ} is a basis of the kernel of the restriction map V ∗
λ,k → V ∗

λ,k(τ).

Example. For g = V = sl3, the basis given by the path vectors is, up to sign, the
dual basis of the Chevalley basis of g.

6. Standard monomials

Let λ1, . . . , λr be some dominant weights, set λ =
∑

λi, and fix τ ∈ W/Wλ. For
each i let τi be the image of τ in W/Wλi . A module Vλ (without specifying the
underlying ring) is always meant to be the Weyl module of highest weight λ over
an algebraically closed field. The inclusion Vλ ↪→ Vλ1 ⊗ . . . ⊗ Vλr induces a map
Vλ(τ) ↪→ Vλ1 (τ1)⊗ . . .⊗Vλr (τr), and hence in turn a map V ∗

λ1
(τ1)⊗ . . .⊗V ∗

λr
(τr) →

V ∗
λ (τ).
We write πi and πλ for the paths t 7→ tλi and t 7→ tλ, respectively. Denote by

Bi the set of L-S paths of shape λi, and by Bλ the set of paths of shape λ. Recall
that the associated graph G(πλ) has as vertices the set Bλ, and we put an arrow
η

α−→η′ with colour a simple root α if fα(η) = η′.
Denote by B1 ∗ . . . ∗ Br the set of concatenations of all paths in B1, . . . , Br.

Remember [12] that the set of paths is stable under the root operators, and the
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associated graph decomposes into the disjoint union of irreducible components.
Denote by G(π1 ∗ . . . ∗ πr) the irreducible component containing π1 ∗ . . . ∗ πr.
Recall that the map π1 ∗ . . . ∗ πr 7→ πλ extends to an isomorphism of graphs
φ : G(π1 ∗ . . . ∗ πr) → G(πλ) [12]. A monomial η1 ∗ . . . ∗ ηr ∈ B1 ∗ . . . ∗ Br is called
standard if it is in the irreducible component G(π1 ∗ . . . ∗ πr), and in this case we
define: i(η1 ∗ . . . ∗ ηr) := i(φ(η1 ∗ . . . ∗ ηr)) [13].

Definition 4. Let η1, . . . , ηr be L-S paths of shape λ1, . . . , λr. A monomial of path
vectors pη1 · · · pηr is called standard if the concatenation η1 ∗ . . . ∗ ηr is standard.
The standard monomial is called standard with respect to τ if i(η1 ∗ . . . ∗ ηr) ≤ τ .

Theorem 4. The set of standard monomials forms a basis of V ∗
λ , and the set of

monomials standard with respect to τ forms a basis of V ∗
λ (τ).

Proof. To simplify the notation, we give a proof only for the case r = 2, the proof
for r > 2 is similar. Suppose η1, η2 are such that η1 ∗ η2 is standard:

η1 = (κ1, . . . , κs; 0, a1, . . . , 1) ∈ B1, η2 = (κs+1, . . . , κt; 0, as+1, . . . , 1) ∈ B2.

Fix ` such that 2d divides ` and `aj ∈ Z for all j. We consider the embedding

Vλ,R ↪→ Vλ1,R ⊗ Vλ2,R ↪→ M⊗`
λ1,R ⊗M⊗`

λ2,R.

We associate to η1 ∗ η2 a sequence of integers using a procedure similar to the one
in section 4 (Lemma 2, Definition 3): Let (w1, . . . , ws; ws+1, . . . , wt), wi ∈ W/Wλ,
be the minimal defining chain [13], so w1 = κ1 mod Wλ1 .

Note that i(η1 ∗ η2) = w1 [13]. Fix a reduced decomposition w1 = si1 · · · sik
such

that κ1 = si1 · · · siq for some q ≤ k. Fix j minimal such that si1κj > κj .
Let η′1 be obtained from η1 as in section 4 (by replacing the κi by si1κi for i < j),

and, if j > s + 1, then let η′2 be obtained from η2 as in section 4. If j ≤ s + 1, then
we set η′2 := η2. The concatenation η′1 ∗η′2 is again standard, and i(η′1 ∗η′2) = si1w1.
We fix n1 to be such that η′1 ∗ η′2(1) − η1 ∗ η2(1) = n1αi1 . As in Definition 3, let
s(η1 ∗ η2) = (n1, . . . , nk) be the sequence obtained from s(η′1 ∗ η′2) by adding n1,
and denote by vη1∗η2 the vector:

vη1∗η2 = Y (n1)
αi1

. . . Y (nk)
αik

(vλ1 ⊗ vλ2) ∈ Vλ,Z ⊂ Vλ1,Z ⊗ Vλ2,Z ⊂ M⊗`
λ1,R ⊗M⊗`

λ2,R.

Let “<” be the induced lexicographic partial order on tensor products of weight
vectors. The same arguments as in the proof of Lemma 3 show that if we express
vη1∗η2 as a linear combination of tensor products of weight vectors in M⊗`

λ1,R⊗M⊗`
λ2,R,

then we get:

vη1∗η2 = vhmη1 ⊗mη2 + terms strictly smaller in the partial order.(3)

The same arguments as in the proof of Theorem 2 show: The vη1∗η2 , η1∗η2 standard,
form a basis for Vλ,Z. And the same arguments as in the proof of Theorem 3 and
Corollary 1 show that the standard monomials pη1pη2 form a basis of V ∗

λ,k.
The vectors of the form vη1∗η2 , η1 ∗ η2 standard with respect to τ , are elements

of Vλ,Z(τ) (by construction). The graph isomorphism φ : G(π1 ∗ . . . ∗ πr) → G(πλ)
and Corollary 2 of Theorem 3 imply that they span a free Z-submodule of Vλ,Z(τ)
which is of the same rank as Vλ,Z(τ). But since they form a subset of a basis of Vλ,Z,
this implies that these vectors form a Z-basis of Vλ,Z(τ). Now (3) implies that the
restrictions of the pη1pη2 , standard with respect to τ , form a basis of V ∗

λ,k(τ).



STANDARD MONOMIAL THEORY 563

Remark 1. The monomials {pη1 · · · pηr | η1 ∗ . . . ∗ ηr not standard w.r.t. τ}, do not
form in general a basis of the kernel of the restriction map V ∗

λ,k → V ∗
λ,k(τ) for

r ≥ 2. The reason for this is that the partial order on the tensor products of weight
vectors is no longer related to i(η1 ∗ . . . ∗ η2). For example, set g = sl4, let H be
the Cartan subalgebra of diagonal matrices of trace zero, let εi be the character
that projects a diagonal matrix onto its i-th entry, and let ωi = ε1 + . . . + εi be the
i-th fundamental weight. Set λ1 := ω1, η1 := (s2s1; 0, 1), π1 := (s1; 0, 1), and set
λ2 := ω3, η2 := (s3; 0, 1), π2 := (s2s3; 0, 1). The concatenations η1 ∗ η2 and π1 ∗ π2

are standard, η1 ∗ η2 > π1 ∗ π2, but i(η1 ∗ η2) = s2s1s3, whereas i(π1 ∗ π2) = s1s2s3.
These two are not compatible. It is easy to check that pπ1pπ2(vη1∗η2) 6= 0, so the
restriction of pπ1pπ2 to Vω1+ω3,k(s1s2s3) does not vanish though i(π1∗π2) 6≤ s1s2s3.

7. Some special relations

Let λ be a dominant weight, and let η1 and η2 be L-S paths of type pλ and
qλ, respectively, for some p, q ∈ N: π = (κ1, . . . , κs; 0, a1, . . . , 1), π′ = (τ1, . . . , τt;
0, b1, . . . , 1). We say that the paths π, π′ have the same support if there exists a
chain of linearly ordered elements wj ∈ W/Wλ: C = {w1 > w2 > . . . > wl} such
that C = {κ1, . . . , κs, τ1, . . . τt}. We associate to (π, π′) a new L-S path of shape
(p + q)λ

η := (w1, w2, . . . , wl; 0, c1, c2, . . . , 1),

where the cj are defined inductively as follows (set c0, a0, b0 := 0): If wi = κj and
is not equal to one of the τm, then ci := ci−1 + p(aj − aj−1)/(p + q); if wi = τj ,
and is not equal to one of the κm, then ci := ci−1 + q(bj − bj−1)/(p + q); and if
wi = κj = τm, then ci := ci−1 + (p(aj − aj−1) + q(bm − bm−1))/(p + q). Note that
η is an L-S path; this follows easily from [1], Theorem 2.3.

Theorem 5. a) If π, π′ have the same support, then there exists a root of unity aη

such that in V ∗
(p+q)λ,k we have:

pπpπ′ = aηpη +
∑
η′>η

aη′pη′ .

b) Let t be such that 2d|t and taj ∈ Z for all j = 1, . . . , s. For κ ∈ W/Wλ denote
by pκ the extremal weight vector pκ ∈ V ∗

λ,k of weight −κ(λ). There exists a root of
unity aπ such that for π = (κ1, . . . , κs; 0, a1, a2 . . . , as−1, 1) we have in V ∗

tλ,k:

pt
π = aπpta1

κ1
pt(a2−a1)

κ2
· · · pt(1−as−1)

κs
+

∑
η>tπ

aηpη.

Proof. Fix `1, `2 minimal such that 2d|`1, `2 and `1aj, `2bi ∈ Z for all i, j, and let
` be the smallest common multiple of `1, `2. Denote by R the corresponding ring.
Consider the embeddings of UR(g)-modules:

V(p+q)λ,R ↪→ Vpλ,R ⊗ Vqλ,R ↪→ (M⊗`1
pλ,R)1/`1 ⊗ (M⊗`2

qλ,R)1/`2 .

Let σ = (ξ1, . . . ; 0, d1, . . . ) be an L-S path of shape (p + q)λ. Express the cor-
responding vector vσ ∈ V(p+q)λ,Z, vσ = Y

(n1)
αi1

· · ·Y (nr)
αir

(v⊗`1
pλ ⊗ v⊗`2

qλ ) as a linear

combination of tensor products of weight vectors in (M⊗`1
pλ,R)1/`1 ⊗ (M⊗`2

qλ,R)1/`2 :

vσ =
∑

v•(F (h1)
i1

. . . F
(hr)
ir

vpλ)⊗ . . .⊗ (F (s1)
i1

. . . F
(sr)
ir

vqλ).(4)
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(Note that we have here two different quantum groups involved, one at the 2`1-th
root of unity, the other at the 2`2-th root of unity. To make the notation not too
unreadable, we used the same letter F for the generators of the two algebras.)

We have pπpπ′(vσ) 6= 0 obviously only if one of the summands above is a non-
zero multiple of mπ ⊗ mπ′ , where mπ ∈ M⊗`1

pλ,R and mπ′ ∈ M⊗`2
qλ,R are the vectors

defined in section 4. Now it is easy to see that if we find such a summand, then,
after replacing `1 and `2 by a common multiple, we still find a summand which is
a multiple of mπ ⊗mπ′ ∈ M⊗`

pλ,R ⊗ M⊗`
qλ,R. So from now on we may assume that

`1 = `2 = `. But this implies that we find in the expression of vσ ∈ M
⊗(p`+q`)
λ,R ,

vσ =
∑

v•(F (h1)
i1

. . . F
(hr)
ir

v⊗p
λ )⊗ . . .⊗ (F (s1)

i1
. . . F

(sr)
ir

v⊗q
λ ),

a summand which is a non-zero multiple of mπ,p ⊗mπ′,q, where

mπ,p := vκ1 ⊗ . . .⊗ vκ1︸ ︷︷ ︸
p`a1

⊗ vκ2 ⊗ . . .⊗ vκ2︸ ︷︷ ︸
p`(a2−a1)

⊗ . . .⊗ vκs ⊗ . . .⊗ vκs︸ ︷︷ ︸
p`(1−as−1)

∈ (Mλ,R)⊗p`,

and mπ′,q is defined accordingly. Since

mη,(p+q) := vw1 ⊗ . . .⊗ vw1︸ ︷︷ ︸
(p+q)`c1

⊗ . . .⊗ vwl
⊗ . . .⊗ vwl︸ ︷︷ ︸

(p+q)`(1−cl−1)

∈ (Mλ,R)⊗(p+q)`

is obtained from mπ,p⊗mπ′,q just by permuting the vectors, we find also a non-zero
multiple of mη,(p+q) as a summand in the expression of vσ ∈ M

⊗(p`+q`)
λ,R .

But now the same arguments as in the proof of Lemma 3 show that this is only
possible if σ ≥ η, which proves that pπpπ′(vσ) 6= 0 only if σ ≥ η. It remains to
prove that pπpπ′(vη) is a root of unity. The coefficient of mη,(p+q) as a summand

in the expression of vη ∈ M
⊗(p`+q`)
λ,R is a root of unity (it is the leading term), and

since mπ,p ⊗mπ′,q is obtained from the latter by a permutation, the coefficient of
the corresponding summand is also a root of unity. During the step of going from
M⊗`

pλ,R ⊗M⊗`
qλ,R to M

⊗`(p+q)
λ,R , the coefficient of the summand in the expression for

vη corresponding to mπ,p ⊗mπ′,q (respectively mπ ⊗mπ′) changes only by a root
of unity. And, finally, during the step of going from M⊗`1

pλ,R to M⊗`
pλ,R (respectively

M⊗`2
qλ,R to M⊗`

qλ,R), the coefficients of mπ and mπ′ change only by a root of unity.
The statement b) of the theorem is a consequence of a). We apply a) successively

to p2
κ1

, p3
κ1

, . . . , pta1
κ1

pκ2 , . . . to see that

pta1
κ1

pt(a2−a1)
κ2

· · · pt(1−as−1)
κs

= atπptπ +
∑
η>tπ

aηpη,

where aπ is a root of unity and tπ = (κ1, . . . , κs; 0, a1, . . . , 1) (same as π, but
considered as an L-S path of shape tλ). It remains to compare ptπ and pt

π.
Let ` be minimal such that 2d|` and `ai ∈ Z for all i. Consider the embeddings:

M⊗`
tλ,R ↪→ M t`

λ,R

↑ ↑
Vtλ,R ↪→ V ⊗t`

λ,R

We know that ptπ(vσ) 6= 0 for an L-S path σ of shape tλ only if σ ≥ tπ, and ptπ(vtπ)
is a root of unity. Now pt

π(vσ) 6= 0 only if in the expression of vσ in M⊗t`
λ there
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is a summand which is a multiple of (mπ)⊗t. Now (mπ)⊗t and mtπ ∈ M⊗t`
λ are

obtained from each other by a permutation, which implies that vσ has a summand
which is a multiple of mtπ . But this is only possible if σ ≥ tπ. It is again easily
seen that pt

π(vtπ) is a root of unity, so pt
π = btπptπ +

∑
σ>tπ bσpσ for some root of

unity btπ. After replacing ptπ above by b−1
tπ pt

π −
∑

σ>tπ b−1
tπ bσpσ, we get the desired

relation between pt
π and the product of extremal weight vectors.

8. Schubert varieties and standard monomial theory

Let k be an algebraically closed field; we will omit the subscript k whenever
there is no confusion possible. Let G be the Kac-Moody group corresponding to
g, and, according to the choice of the triangular decomposition of g, let B ⊂ G
be a Borel subgroup. Fix a dominant weight λ and let P ⊃ B be the parabolic
subgroup of G associated to λ. We identify the dual space V ∗

λ with the space of
global sections Γ(G/P,Lλ) of the line bundle Lλ := G×P kλ. Let φ : G/P ↪→ P(Vλ)
be the corresponding embedding.

For τ ∈ W/Wλ denote by X(τ) ⊂ G/P the Schubert variety. By abuse of
notation, we denote by Lλ and pπ also the restrictions Lλ|X(τ) and pπ|X(τ). Recall
that the linear span of the affine cone over X(τ) in Vλ is the submodule Vλ(τ). The
restriction map Γ(G/P,Lλ) → Γ(X(τ),Lλ) hence induces an injection V ∗

λ (τ) ↪→
Γ(X(τ),Lλ).

The following results are well-known, mostly proved using the machinery of
Frobenius splitting (Andersen, Kumar, Mathieu, Mehta, Ramanan, Ramanathan),
in some special cases proofs had been given before using standard monomial theory
(Lakshmibai, Musili, Rajeswari, Seshadri), see for example [6], [16], [17], [18], [19]
and [10] for a description of the development.

We provide in the following a sketch of an alternative proof using the path
vectors. The proof is in the spirit of standard monomial theory. But since the
construction of the basis is no longer part of the inductive machinery, the arguments,
used for example in [2] or in [8] for the classical groups, can now be applied in a
straightforward way to the general case.

Theorem 6. Let π be an L-S path of shape λ. The restriction of the section pπ to
X(τ) vanishes if and only if i(π) 6≤ τ . Further, the set of path vectors {pη | i(η) ≤ τ}
of shape λ forms a basis of Γ(X(τ),Lλ).

The proof will be by induction on the length l(τ) of the element. The main point
is to show that the injective map V ∗

λ (τ) ↪→ Γ(X(τ),Lλ) is in fact an isomorphism.
The induction procedure also yields the following results:

Theorem 7. i) X(τ) is a normal variety.
ii) The restriction map V ∗

λ = Γ(G/B,Lλ) → Γ(X(τ),Lλ) is surjective and in-
duces an isomorphism V ∗

λ (τ) → Γ(X(τ),Lλ). Further, H i(X(τ),Lλ) = 0 for i ≥ 1.
iii) For any reduced decomposition τ =si1 . . . sir , the character CharΓ(X(τ),Lλ)∗

is given by the Demazure character formula CharΓ(X(τ),Lλ)∗ = Λi1 . . . Λire
λ.

As an immediate consequence we get by Theorem 4:

Corollary 1. Let λ, ν be dominant weights which are characters of P .
i) The multiplication map Γ(X(τ),Lλ) ⊗ Γ(X(τ),Lν) → Γ(X(τ),Lλ+ν) is sur-

jective.
ii) The multiplication map SnΓ(X(τ),Lλ) → Γ(X(τ),Lnλ) is surjective.
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iii) The linear system on X(τ) given by an ample line bundle on G/P embeds
X(τ) as a projectively normal variety.

Proofs of the theorems. The theorems hold obviously if X(τ) is a point, i.e., l(τ) =
0. Assume now l(τ) ≥ 1, and let α be a simple root such that τ > κ := sατ . Denote
by Sl2(α) the corresponding subgroup of G with Borel subgroup Bα = B ∩ Sl2(α).
The canonical map Ψ : Zα := Sl2(α) ×Bα X(κ) → X(τ) is birational and has
connected fibres. The map induces an injection Γ(X(τ),Lλ) ↪→ Γ(Zα, Ψ∗Lλ).

By the induction hypothesis, we know that Hi(X(κ),Lλ) = 0 for i ≥ 1. Since the
restriction of Ψ∗Lλ to X(κ) is again Lλ, the bundle map Zα → P1 = Sl2(α)/Bα

induces isomorphisms Hi(Zα, Ψ∗Lλ) → Hi(P1, Γ̃(X(κ),Lλ)). (Here Γ̃(X(κ),Lλ)
denotes the vector bundle associated to the Bα-module Γ(X(κ),Lλ).)

The short exact sequence 0 → K → V ∗
λ (τ) → V ∗

λ (κ) = Γ(X(κ),Lλ) → 0 of
Bα-modules induces a long exact sequence in cohomology:

. . . → Hi(P1, K̃) → Hi(P1, Ṽ ∗
λ (τ)) → Hi(P1, Γ̃(X(κ),Lλ)) → . . . .

Since V ∗
λ (τ) is an Sl2(α)-module, the higher cohomology groups vanish for Ṽ ∗

λ (τ)
and hence also for Γ̃(X(κ),Lλ). It follows that Hi(Zα, Ψ∗Lλ) = 0 for i > 0. Recall
that if M is a Bα-module and M̃ the associated vector bundle on P1, then

Λα CharM = CharΓ(P1, M̃)− CharH1(P1, M̃).

Since H1(P1, Γ̃(X(κ),Lλ)) = 0, it follows that

CharΓ(Zα, Ψ∗Lλ) = Λα CharΓ(X(κ),Lλ).

By induction, the character of Γ(Zα, Ψ∗,Lλ) is hence given by the Demazure char-
acter formula. Since the same is true for V ∗

λ (τ) by Corollary 1 of Theorem 2, the
inclusions V ∗

λ (τ) ↪→ Γ(X(τ),Lλ) ↪→ Γ(Zα, Ψ∗Lλ) have to be isomorphisms.
Let X̃ be the normalization of X(τ). Since Zα is normal, the map Ψ factors

into Ψ̃ : Zα → X̃ and f : X̃ → X(τ). Since Γ(X(τ),Lλ) → Γ(Zα, Ψ∗Lλ) is an
isomorphism, we know that Γ(X(τ),Lλ) ' Γ(X̃, f∗Lλ) (for arbitrary ample Lλ on
G/P ), which implies that X(τ) is normal.

The normality of X(τ) has as consequence that Ψ∗(OZα) = OX(τ). Further, if
L is an ample line bundle, then the Leray spectral sequence

Hp(X(τ), RqΨ∗(OZα)⊗ Ln) = Hp(X(τ), RqΨ∗(Ψ∗Ln)) ⇒ Hp+q(Zα, Ψ∗Ln)

degenerates for n � 0, so RqΨ∗(OZα) = 0 for q > 0. It follows that we get
isomorphisms in cohomology:

Hi(X(τ),Lλ) ' Hi(Zα, Ψ∗Lλ),

which finishes the proof because: H i(Zα, Ψ∗Lλ) = 0 for all i > 0.

We reformulate Theorem 5 ii): For π = (κ1, . . . , κs; 0, a1, a2, . . . , as−1, 1), an
L-S path of shape λ, let ` be such that 2d|` and `aj ∈ Z for all j = 1, . . . , s. For
κ ∈ W/Wλ denote by pκ the extremal weight vector pκ ∈ Γ(G/B,Lλ) of weight
−κ(λ), and denote by δX(κ) the union of all Schubert varieties X(κ′) ⊂ X(κ),
κ′ 6= κ. Theorem 5 i)+ii) implies that the restriction of p`

π to X(κ1) is divisible by
p`a1

κ1
and can be written as p`a1

κ1
q1. Further, there exists a root of unity aπ such that

q1 = aπp
`(a2−a1)
κ2 · · · p`(1−as−1)

κs plus terms which are higher in the partial ordering.
In particular, the restriction of q1 to δX(τ1) does not identically vanish. The same
arguments prove inductively:
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Corollary 2. There exists a root of unity aπ such that in Γ(X(κ1),L`λ) we have
p`

π = p`a1
κ1

q1, where q1 ∈ Γ(X(κ1),L(1−a1)`λ) is such that q1|δX(κ1) 6≡ 0, and q1 =
p

`(a2−a1)
κ2 q2 in Γ(X(κ2),L(1−a1)`λ), where q2 ∈ Γ(X(κ2),L(1−a2)`λ) is such that

q2|δX(κ2) 6≡ 0, . . . , and qr−1 = aπp
`(1−ar−1)
κr in Γ(X(κr),L(1−ar−1)`λ).
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