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ON THE OPTIMAL LOCAL REGULARITY
FOR THE YANG-MILLS EQUATIONS IN R**+!

SERGIU KLAINERMAN AND DANIEL TATARU

1. INTRODUCTION

The aim of the paper is to develop the main Fourier Analysis techniques which
are needed in the study of optimal well-posedness and global regularity properties of
the Yang-Mills equations in Minkowski space-time R™*1, for the case of the critical
dimension n = 4. We recall, see [K-M3] for example, that the Yang-Mills equations
can be expressed in the form

(1.1) DiyyFap = 0%Fop + [A", Fop] = 0.

Here Fog = 0,Ag — Op Ay + [Aa , Aﬁ] represents the curvature of a connection 1-
form, or gauge field, A = A,dx® with values in the Lie algebra of a classical Lie
group of matrices such as SU(N) or SO(N). The equations (1.1) are invariant, up
to a conjugation, under the gauge transformations

Ay — OA,0O7' - 0,007,

with O elements of the corresponding group. They are obtained by considering the
critical points corresponding to the Lagrangian i<Fa5, FP) with (, ) the positive
definite Killing form of the Lie algebra. The equations have a finite number of
conservation laws, among them the total energy,

ety = ([ 1Bl + o ) '

which plays a leading role in questions of regularity. Here E and H represent the
electric and magnetic! parts of the curvature F.

Observe that the Yang-Mills equations remain invariant under the scale trans-
formations,

% > XY, A—NTA F— \2F

The total energy of the rescaled field is A% of the energy? of the original
field. Thus the total energy £ is invariant under scale transformations in dimension
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1See [K-M3] for precise definitions.

2In other words if A(z®) is a solution of (1.1), so is A(z®) = A~1A(A~1z®) with curvature

F(z®) = Am2F(A~12%). Therefore the total energy £ of A is A"Z" the total energy & of A.
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n = 4, which is called the critical dimension. The dimensions n < 3 are subcritical
while n > 4 are supercritical. For convenience we call s, = 1 + "7_4 = ”T_Q the
critical Sobolev exponent associated to our evolution problem. The reason for this
is the fact that the H"Z" norm of the initial A is invariant under the above scale
transformations. With this notation, s. = 1 in the critical dimension n = 4 and
corresponds, roughly,? to the energy norm &.

Therefore, for n < 3, s, < 1 the equations are subcritical. In this case, by
performing the above scale transformation, any global finite energy initial data set
is equivalent to one with arbitrarily small finite energy. Thus, to prove a general
global regularity result, for arbitrarily large data with finite energy, it suffices to
study the question of local existence and uniqueness of solutions corresponding to
data having small global energy. This was achieved, in the case of dimension n = 3,
in [K-M3]. It is important to remark that in that case one had roughly a room of
order? 1.

In general one cannot expect® any existence and uniqueness result for data A
possessing less differentiability than the critical exponent s = s.. In particular,
in the case of the critical dimension n = 4, one cannot expect any existence and
uniqueness result for data which has less differentiability than provided by the
energy norm. Morever, any local in time well-posedness result for finite energy
data extends automatically, by the same scaling argument, to a global one. The
experience we have so far with critical problems, both in the elliptic and hyperbolic
case, suggests that one can only hope to obtain a well posedness result, based on
estimates, for small energy data. One hopes that once such a result is proved
one would need an additional “nonconcentration” type argument, based on apriori
estimates, to reduce the case of large energy to small energy and thus obtain a
global regularity result.

Here, on the other hand, we concentrate on the question of well-posedness for
H* data® for s > 1, arbitrarily close to the critical exponent.” In this case the
difference between small and large data concerns only the size of the life-span of
the corresponding solutions.® However, to avoid technical difficulties which are
irrelevant at this point, we shall only consider the question of well-posedness for
small H* data, s > s, in dimensions n > 4.

An important idea, introduced in [K-M2] and [K-M3], in dealing with the ques-
tion of global regularity for gauge theories, is to make use of the Coulomb gauge.

3Expressed in terms of A the energy norm & contains not only the first derivatives of A but
also lower order terms.
4In terms of differentiability of the data, roughly speaking, the optimal differentiability expo-

nent for the initial data should be compatible with having the initial connection A € H? (R3) and

1
its curvature H[A] in H~ 2. The problem of optimal well-posedness, near s = 1 remains open.

5In fact any local existence result in a class of data H®, s < s. will automatically be global
in time, in view of the above scale transformations. It is however widely expected that the Yang-
Mills equations in dimensions n higher than 4, and for that matter all supercritical equations, are
not globally regular. Morover one can easily show, by a simple iteration argument, that for data
below the critical exponent, each consecutive iterate will lose derivatives and thus any conceivable
perturbation argument based on linear theory would have to fail.

6Relative to the initial connection A.

"In fact, our results concern H*®-well-posedness in any dimension n > 4 for s > se.

81f a solution with homogeneous H* data of size ¢, s > s¢, exists on a time interval [0, T,
the rescaled solution of size 1 is defined in the time interval Te. This type of argument, typical
to subcritical cases, was used, in the context of the Yang-Mills equations, in [K-M3]. See also
Remark 1.8 below.
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Expressed relative to this gauge the nonlinear quadratic terms, more precisely those
which contain derivatives of the connection A, of the Yang-Mills equations exhibit
the “null structure” which allows one to get the improved bilinear restriction es-
timates such as those first derived in [K-M1] and used in [K-M3]. Since we are
dealing here only with small data, we may as well assume the existence of a global
Coulmb gauge.? Expressed relative to such a gauge the Yang-Mills equations take
the form:

(1.2) A4y

2[0" Ao, Ai] + [Ai, O Ai] + [Ai, [Ao, Ai]],

(13) OA; + 0:0; A0 = —2[Aj,8in] + [Aj,alAJ] + [8,5140,141'] + 2[A0,8tAi]
(1.4) —[Ao, Vido] — [A;, [45, Ai]] + [Ao, [Ao, 4i]],
(1.5) Vid; = 0.

Here Ay is the temporal component, and A; the spatial component of the con-
nection. Ignoring all the nonlinear terms which contain the “elliptic” variable Ay,
which we expect to be much simpler to treat, as well as the terms cubic in A, which
do not contain derivatives'?, and using also the divergence-curl type arguments
discussed in [K-M3], see section 2, as well as [K-M2|, we can rewrite the system
(1.2)-(1.5) in the form of a new system, in which the variables are scalar functions'!

o
(1.6) O¢' = N'(,9).

Each N is a linear combination, with constant real coefficients, of terms of the
type |D|71Qij (9", ¢7) and Qi;(|Ds|' ¢!, ¢7) where the “null quadratic” forms
Qi are defined by:

(17) Qij (u, ’U) = 81%8]"() — (%-u&v.

In this paper we restrict our attention to the model problem (1.6) in R**1 n > 4,
subject to the initial conditions, at ¢t = 0,

(1.8) $(0) = fo€ H*, ¢:(0) = fr e H™.

Observe that (1.6) has the same scaling properties as the original Yang-Mills equa-
tions. Thus the critical exponent below which we do not expect well-posedness is
5. = 12,

In [IQ(-MS] it was proved that a similar but somewhat simpler system, derivable
from the Maxwell-Klein-Gordon equations, is locally well posed for small H* data,
for any s > 1 in dimension n = 4. More precisely the system considered there had
two species ¢ = (¢!) =1, 1, ¥ = (1)1, v which satisfy systems of equations
of the form

(1.9) Oy = |D.|7'Q(e,9),
(1.10) 06 = Q(Da|™'v,9).
Here Q(¢, ®), Q(¢,1) denote linear combinations of the null forms (1.7).

9This may not exist even if the total energy is small. In [K-M3] this difficulty was circumvented
by using local Coulomb gauges. This difficulty will simply be ignored here, as we concentrate our
attention to the question of estimates and appropriate function spaces.

10And can thus be treated by standard Strichartz type inequalities.

1 Each scalar ¢! corresponds to a linear combination of either components of the matrices A;,
i =1,2,...,n, or singular integral operators of order 0 applied to these components. Thus the
vector ¢ has the same scaling properties as the connection A.
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To deal with nonlinear wave equations with nonlinear terms containing deriva-
tives one has to rely on the “hyperbolic” spaces'? H*?. These spaces were first used
in [K-M1], [K-M2] and [K-M3] in the case of the exponent § = 1. This exponent
is, however, far from optimal; it works well only in cases when one has room of
order precisely % relative to the critical H® differentiability exponent of the data.
To treat the case of exponents s close to critical exponents one needs instead to
take 6 > % as close as possible to 6 = % This procedure works well in the case
of equations of wave maps type (see [K-M4] and [K-S]), but fails for gauge field
equations. It is easy to see that the property of the H*? spaces needed in order
to prove a well-posedness result for the model equation (1.6), for s > 1, is to show
that if ¢ = (¢') has all its components belonging to H*? s > 1,0 > %, then the
nonlinear terms N7(¢,¢) € H>?. In view of the structure of N this is roughly

equivalent to proving the bilinear estimates'?,
(1.11) o) (Hs,g 7 H5+1,%) c HoLh
(112) Q(mt md) © et

with @ the null forms (1.7). The estimates are correct in any dimension n > 3
provided that s > 271, but fail'* for 252 < s < 231 In [K-M6] and [K-MS]
this fundamental difficulty was circumvented by introducing new function spaces
based on a dual, bilinear characterization; see Remark 1.3. Here we shall introduce
instead a different, more direct definition of these spaces. The main new technical
innovation of the paper is the bilinear restriction estimates proved in the Appen-
dix. These estimates generalize some of the bilinear estimates proved in [K-M6] to
the framework of L{LP spaces, with exponents ¢, p consistent with the traditional
Strichartz-Pecher estimates.

Notation. We shall denote the physical variables by z = (z¢,2’), with 2o = t the
standard time, and the corresponding Fourier variables by & = (&p,&’). Sometimes
we write 7 = &y. The space-time Fourier transform is denoted by the standard "
its inverse by ~. We denote by H® = H*(R") the standard Sobolev norms relative
to the space variables z € R"”.

It is convenient to introduce the notation:
u =<0 iff 4] < 9.

We shall say that a functional norm | |p depends only on the size of the Fourier
transform of functions in B if, whenever u € B and |0] < |4, it follows that v € B
and |v|p < |u|B.

We denote by LP(L9) the mixed spaces of functions LY L4 bounded in the norm

1

lulperay = ([ |u(t,-)|}.dt)?. We shall often deal with the the intersection of
normed spaces, in which case we take as norm for the new space the sum of the

two given norms.
Our space-time norms will be defined with the help of the following symbols:

w(§) =wi(§) =1+[5], w-(§) =1+]|%| - £]].
We denote the corresponding operators by W = W, and W_.
128ee the formal definition below.

13Strictly speaking, one should take exponents 6 > %
14The counterexample provided in [K-M6] applies also in this case.
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Using the above notation we define the function spaces where we look for solu-
tions to (1.6), (1.8). It is natural to look for spaces which are adapted to the wave
equation. A good first choice are the spaces H*? with norm

w| oo = |wiw? 4z
+

These norms were used in [K-M4], [K-S] to get optimal'® well-posedness results for
the equations of wave maps type.

It was shown in [K-M6], however, that they fail for Sobolev exponents close
to the critical ones. There, as well as in [K-M8], this difficulty was overcome by
introducing, in addition to the H*? norms, an auxiliary'® one (see Remark 1.3
below). Here we shall introduce instead a different, but closely related, auxiliary
space which we denote by G*?. Roughly speaking we want a space of functions
which, for s = 271, 6 = 0, should correspond to the space L'(L>°). On the other
hand we also want it to depend only on the size of the Fourier transform in the
sense of the definition given above. For technical reasons we also take G to have
slightly different scaling properties than H*?. Keeping these in mind, we define

(1.13) uweG*? iff u=<v for some v € W_(D)_9W+(D)_S+%_25L1(Lw),
with the norm

(1.14) |u

n;l +26fu
L1 (L)

Gro = inf W_ (D)W, (D)~
where § is a fixed, positive, arbitrarily small constant. We then define the space
Fs9 as

(1.15) Fof = g=fnGs?

with norm defined as the sum of the corresponding norms.

Proposition 1.1. The norms | |gs.e, | |gse, | |rse depend only on the size of the

Fourier transform.

The proof follows easily from the definitions.

n—1

Remark 1.2. Observe that if @ > 0 and u € W_(D)~*W,(D)=**t"3
then u € G*% and

1.16 Ul po < W (D)W (D) ™" 20 11 ooy,
(L)

—26Ll(Loo)7

Remark 1.3. One can also work with a different version of the auxiliary spaces G*¢
based on the norm

s—n=-t
MS7(;(u):sup/we_w_|r Z |dl|g - b

where the supremum is taken relative to all ¢,b with |¢|goe < 1, |5|L§,L; <1,

6 > 1/2. This auxiliary space was first introduced in [K-M6]. A related one was
also used in [K-M7].

The critical H*® scaling exponent for the initial data is s. = "T_Q We shall work
with s > s. + 46, with the § chosen above. Our main result is

15In H* spaces with s arbitrarily close to the corresponding critical exponent.
16See also [K-M7] where the problem of lack of direct estimates in H*¥ spaces was first dealt
with.
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Theorem 1. Suppose that s > s. + 45. Then the semilinear equation (1.8) is
locally well posed for small'” initial data in H® x H5 1,

In other words, given R > 0, sufficiently small, there exists T > 0 such that
for any |(fo, f1)ls < R the equation (1.6) has a unique solution in the space

FSV%([—T, T] x R). In particular, this solution satisfies
|¢(t)|5 + |¢t(t)|5—1 S C(Ra T)a te [_T) T]

To prove the theorem, we would like to rewrite the equation in a form suitable to
a fixed point argument. To do that, denote by ¢ the solution to the homogeneous
wave equation

Ueo = 0,
$o = fo,
Ao = [
Also, define the operator V by V f = ¢ where ¢ is the unique solution to
Oo = f,
¢ =0,
Orpo = 0.

Then our equation can be rewritten as

¢ =¢o+ VN(9).

This, however, is not satisfactory since the right hand side does not have good
global properties. A solution to that is to do a cutoff in time and to work on the
localized equation

¢ = x()(¢o + VN(9)).

Here we choose x(t) to be a smooth compactly supported function in the interval
(—1,1) with xo =1 on [—3, 3].

The following lemma gives some idea about the properties of V. It was proved
in [K-M8], but for the sake of completeness we also sketch the proof here. This

type of lemmas originate in the work of Bourgain [B]; see also [K-P-V].

Lemma 1.4. The operator V' can be decomposed as V = Vi + Vo where Vi and Vo
have the following properties:

3 1
XV HSTWO L S g N s g > 3 0> 3 N arbitrary

(the subscript ¢ here and in the sequel stands for “compactly supported in time”)
and

— 1 A
Vaf| < |£-
w_

W

17The smallness assumption is not really necessary; see Remark 1.8 at the and of this section.
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Proof. Let p be a smooth cutoff function supported in [—2,2] which takes the
value 1 in the interval [—1,1]. We shall use it to truncate V in a part near the
characteristic cone in the phase space and a part away from it. Set

Vi=p(W_)V, Vo= (1-p)(W_)V.
For V5 one gets directly
— 1—p(w_) 1
Vo f| = < .
Wl = | | < ol
Furthermore, an integration with respect to &y yields

[(Va)(O)s + [(Vaf)e(0)[s—1 < el flaee
(this is where the conditions s 4 6 > %, 0> % are used). For Vi observe that

OVif =pw(W-)f € H®

with Cauchy data
(Vif)(0), (Vi f)e(0)) = =((Va)(0), (Vaf)e(0)) € H® x H*™.

Then Vi f is H® locally in time, with Fourier transform supported in a neighborhood
of size 2 of the cone. Hence, after truncation in time we get an H*® function whose
Fourier transform decays rapidly away from the cone; this belongs to H* for all
N.

One can see that of the two components of V only V; needs to be cut off. Hence,
we want to solve the equation

(1.17) ¢ = x(t)(do + ViN(9)) + V2N (9)

in the space F5z. The estimates we need in order to achieve that are the following:

Proposition 1.5. a) The map (fo, f1) — xo(t)do is bounded from H® x H*~! into
F*? for any 0 € R.
b) The map f — xo(t)Vif + Vof is bounded from F*~19=1 into F*9 5460 > %

Proposition 1.6. The map ¢ — N(¢) is bounded from Fs3 jnto Fs~1—2, s >
S0+ 49.

Since we are above the critical exponent, s > so = 22, we can in fact prove the

2
following stronger result:

Proposition 1.7. The map ¢ — N(¢) is bounded from Fs2 into Fs—1—1/2+6/2
s> sg +46.

We therefore infer that the solution ¢ to (1.6) has the enhanced regularity prop-
erty, ¢ € F$3%9 Then, in view of the energy inequality (2.20) below, we infer that
the H® properties of the initial conditions are preserved for all t.

Observe that once we establish the above mapping properties the construction of
our solutions is straightforward. Indeed, if we take ¢g small, then ¢ should be small.
But the nonlinearity is quadratic in ¢; hence, when ¢ is “small”, the nonlinear term
in (1.17) has a small Lipschitz constant. Therefore one can proceed by a standard
fixed point argument. Furthermore, since the function in the fixed point argument
is also Lipschitz in ¢, we also obtain Lipschitz dependence of the solution ¢ in
F*2%5 ag a function of the data (fo, f1) in H® x H*™1,
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Remark 1.8. The distinction between small and large data for local well-posedness
is essential when trying to solve the problem at s = s.. However, for s > s,
the expectation is that there is no difference between small and large data. The
simplest way to see that is by scaling, i.e. by rescaling large data into small data.
Unfortunately we cannot use this principle here because our initial data spaces
are inhomogeneous.'® The other simple way to treat large data is to modify the
truncation argument in Lemma 1.4; indeed, suppose that for small T" we replace
x(t) by x(¢/T) and p(w_) by u(Tw-). Then for the operator x(¢t/T)V1 + Va we get
a norm of T3 from H*~L—3%% into H*%. Hence the fixed point argument can be
carried through for large data by choosing T sufficiently small. One has to remark,
however, that a large data result for the model problem 1.6 is in no way connected
with a large data result for the original Yang-Mills equations. Indeed, in deriving
our simplified model problem we had to assume the existence of a global Coulomb
gauge which requires a smallness condition. In principle this difficulty could be
circumvented by using some local version of the Coulomb gauge, as in [K-M3]; this,
however, would introduce a new layer of technical complications which would only
obscure the main points of this paper.

2. TuE HS? AND THE F*? SpPACES

We now summarize some properties of the spaces we work with. It is convenient
to formulate these properties in terms of continuous embeddings. Keeping track of
all the indices for LP spaces is often tedious; therefore we are going to (nonuniquely)
relabel the LP spaces in R™ with two indices,

Liesl .— 1_s = l
" p m r

In terms of the Sobolev embeddings, this means that
weP C L™,
A simple rule for multiplication is

peslplas o plrsa L1 1
r p 4q
This may seem complicated. The advantage lies in the fact that for p we use only
1, 2 and co and that the notation is independent of the dimension; below we use it
in 1-d (time), n-d (space) and n 4 1-d (space-time).

In the sequel we use LP for the LP norm in space-time. We recall that our mixed
norms LP(L?) were defined so that the first component is taken relative to time,
and the second relative to the space variables.

Following are the properties of the H*? spaces which have been proved in [Ta].

Theorem 2. a) Suppose that 6 < 1/2. Then

-1
5,0 — [[2.0-a)](] [2,(s+)] <a< 2
(2.18) H*Y c L (L ), 07a72(n+1)s<9.

18We could have used the homogeneous spaces at the expense of adding yet other cases to our
already long list of dyadic estimates to be proved.
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b) Suppose that @ > 1/2. Then

—1
2.1 s ¢ [[20/2-a)]([2.(s+a)] <a< 270 co1)o
(2.19) C ( ) O_a_Q(n+1)s< /

The corresponding dual embeddings also hold. The two special limiting embed-
dings in the above family are the energy estimates,

(2.20) HY? c L2912, 0 <1/2,
(2.21) H™ c L>(L?), 1/2<6,
and the Strichartz-Pecher estimate
+1 n—1
2.22 H50 ¢ [2(LR2s+3] _nTe T2 ps1/0
(2.22) C L 2h), sm—1) << T3 >1/

Since the F' spaces are smaller than the H spaces, it is important to show that
in effect they are not too small. In what follows we give two properties of this type.
The first one is roughly % derivative off the scale, but it is useful nevertheless, since
it says that the F'*¢ spaces contain (locally) the H*® solutions to the homogeneous
wave equation.

Proposition 2.1. The following embedding holds:
1
q'te s s,0 € R.
(Here and below the subscript ¢ stands for compactly supported in time.)

Proof. Tt suffices to carry out the proof for fixed s, 8. Hence, take s = ”T_l +26 and
6 = 0. In view of Proposition 1.1 it suffices to work with functions with positive
Fourier transform. Then by Remark 1.2 we only need to prove that

H® c LY(L™).
Indeed, the Pecher estimates (2.22) give
HE® © H*F 0440 « [2(1%) ¢ LY(L™).
|
A consequence of the next result is that the following embedding almost holds:
LY(L?) c FO 3.
One can think of this as half of the energy estimate for the wave equation.
Theorem 3. The following embedding holds:
LYL) cGP 2, §>0.
Proof. We need to show that for f € L'(L?) we can find u € L*(L*) such that
w(&) T T2 ()] < ().
Since f € LY(L?), it follows that f € L2 (Lg); therefore, setting g(¢') =
supg, | f(60,€)| € L*(R™),
F(©)] < 9(8).
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Therefore,

1 1 1
On the other hand, < + .
w_(&) T 1+ & — & 1+ [+ [€']|

w(€) ™ T 2w (€) < qi(€) + 4 (€)

where
1

(1+[éo £ [&/lD3+3

Hence, it suffices to prove that the inverse Fourier transforms uy of ¢4 (£)g(¢&’)
are in L*(L>).

A simple computation gives

ug(t,x) = iz(t)vi (t,x)

q:(€) =w(€)™ T 3

where h(t) is the inverse Fourier transform of while vy are solutions

(L+Je)ats
of the standard wave equations with data in H "z ™9, Therefore h € L? and, in
view of the Strichartz-Pecher estimates, us € L?(L>°). The conclusion follows. O

Corollary 2.2. The following embedding holds:
LY(L?) N Lh(L?) c FOs,
Proof. From the dual of the energy estimate (2.20) we get LI</(L?) ¢ HO—zte
H%~%. Thus
L) N LML) c HO 2 nGY 3 = O3,

3. PROOFS OF THE MAIN PROPOSITIONS

Proof of Proposition 1.5. Taking into account the definition of the F'*¢ spaces and
the properties of V1, V5 in Lemma 1.4, the conclusion follows from Theorem 2.1.

Proof of Proposition 1.6. We need to prove that
(3.23) N:F®3 — ps~b=3
where
N(¢) =Q(¢,D;'6) + D;'Q(¢,9)

Remark 3.1. The crucial fact to keep in mind during the calculations below is that
in the end we are interested only in the size of the Fourier transform. Hence, when
writing multiplication in physical space as convolution in Fourier space, without
any restriction in generality we can assume that all the Fourier transforms involved
are nonnegative, and substitute the symbol of the quadratic form @, defined in
(1.7), by its absolute value.

To simplify assume for a moment that D, is replaced by D in the above nonlin-
earity. Then we need to prove the following estimates!:

(3.24) Q(FS’%,FS'H’%) c L%

9The inclusion Q(F,G) C H is equivalent to the estimate |Q(u,v)|g < clu|r|v|g.
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and

(3.25) Q(F®3 F»3) C F*~273,

To continue observe that the symbol ¢(¢,7n) of @ is a linear combination of
@i (§,m) = &ny — &mi

and (see [K-M8]) it can be estimated by

la(&m)| < (llnllE +nDI* (w-(©)% +w-(m)* +w- (€ +m)*).
Hence (3.24), (3.25) would follow from the following estimates:

(3.26) P55 . psmhi o 320
(327) FS_%a% . FS_%,O C };VS—S/Q,_%7
(3.28) Fs=53 . pstii c psm30,

(3.29) Foob3 . psti0 c psieo3
(3.30) Fe0 L perbd o pebed

In addition, to treat the original nonlinearity,

Q(¢,D;'¢) + D;'Q(¢, ¢),

we need to analyze what happens in the region where D! behaves worse than
D~1. In that region the bad news is that we need to use one derivative from Qij
to cancel the D !; the good news is that we are away from the cone. Then for the
first, respectively the second term, it suffices to prove the estimates

(331) FS—l,OFs,% c Fs_l)_%7

(3.32) Fssps—13 « ps—3/2.0

As remarked before, we can assume that all the factors have nonnegative Fourier
transform; therefore the same holds for the products.

To advance further, we reduce our estimates to dyadic pieces. Consider a typical
multiplicative estimate of the form

F*.FP CF7
with «, 8,7 as in (3.26)—(3.32).

Take a € F* and b € F? and suppose we want to prove that ab € F7. Decompose
a and b into dyadic pieces,

j20 j=0
a= E ay, b= E by,
A=27 A=27

with ay, By supported in the region 2 < |€] < 2X. Then their product can be

2
decomposed into

Zm\b,\ + Z aub)\ + Z G,)\bu
A

P A

(3.33) = Z Su(axby) + Z auby + Z axb,

H<A P P

ab

where S, is the multiplier supported in the annulus % < €] < 2p.
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Our strategy to prove estimates for ab is to prove first their dyadic counterparts,
i.e. the estimates for each term in (3.33); then, to put all these estimates together.
If we denote by &, respectively 7, the Fourier variable corresponding to each of the
two factors, then we have three cases:

() [€] ~ | = A, €+l ~ o < A

(b) [El = [€+nl = A, [n] = p < X

() [§+nl~=nl = A, |n|~p <A
Taking all 21 possible combinations, the dyadic counterparts of (3.26)—(3.32) are:

(i) For (3.26)(a), (3.28)(a) and (3.32)(a):

0,%

AFE L RDE 0o,
(ii) For (3.27)(a), (3.20)(a), (3.30)(a), (3.31)(a):

ATEDE DO AT
(iif) For (3.26)(b),(c), (3.28)(b),(c) and (3.32)(b),(c):

LRIy
(iv) For (3.27)(c), (3.29)(c), (3.30)(b) and (3.31)(b):

—s—1.0,% 0,0 0,—1
o 2FV? o F)T = B

(v) For (3.27)(c), (3.29)(c), (3.30)(b) and (3.31)(c):

(M

1 —
u B L B L E,
This is the appropriate place to justify our choice of spaces:

Remark 3.2. It is natural to try first to prove these estimates in the simpler H*?
spaces. Looking at the proofs below, one can see that this works in all cases except
for (iv); in this case, the estimate in the H*? spaces actually fails. This has to
do with the interaction of high and low frequencies, since if p is about the same
size as A, then the estimate is true. To fix it observe that we have no A’s to spare.
From the energy estimate we roughly have the embedding H%z c L*(L?) and
the dual L'(L?) ¢ H%~ . Hence, with s = 252, to prove (iv) it suffices to have

L*>(L?) - F:Tl’o C LY(L?). Tt thus appears natural to add to H"= © an L'(L>)
structure by setting F*z 0 = H"2" N L'(L>). With some obvious modifications,
this is essentially the reason for our choice of spaces. Of course, we have to pay a
price for that, because now we need to get more information about the products.
This is particularly difficult in (i) where we need to use the new, sharper bilinear
Strichartz estimate, presented in the Appendix.

Now we prove the estimates (i)—(v) above. The guiding lines are as follows:

a) For the F*2 spaces we fully rely on the embedding F*2 c HOz.

b) For the F~2 spaces we use only Theorem 3(b).

c) For the F%:0 spaces we try to get away with the embedding F*° C L? whenever
possible.

Recall also that s > ”7_2 + 40. In fact, it suffices to assume that equality holds.
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Proof of (i). Use the energy estimate (2.20) for the first factor combined with the
Pecher type embedding (2.22) for the second factor to get

/\_SH;)’% : Hg’% C ATWHSY2. grFtesl/2 (distribute derivatives)
C AT2Leo(L2). L2(L2E) (energy + Pecher)
- ,\—251;2([,[17"7’1])
= A2r2(p-3) (relabel)
C A D3L? (Sobolev embedding)

which takes care of the L? component of F%°. For the L'(L*>) part of F*? we
need to use the sharp bilinear estimates of the next section (see the Corollary of
Theorem 4) which give

n—2

—s770,% 0,3 _
ATH)? - H)? cA¥HE

+5,1/2 H"T*2+5,1/2 - A—QJDTL/QLl(LOO).
Hence, we have proved the estimate?®

(3.34) ,ul/2/\_s|Sﬂ(’UJ)\UA)|F0,0 < )\_26|UA|H0,% |’U)\|H0 1

Proof of (ii). The Pecher type embedding (2.22) gives

/\_SH;)’% L2 C ATPHUFA201/2. 2 (distribute derivatives)
c oA (L[“] (L1255) (L2 (L1225 )) L2 (Pecher)
= A (Ll(L[l»"T’l}) N L[lyél)(L[L"T’l}))
= A7 (L EBo ) L) (relabel)
C ATPDY2(LY(L?) n LIA(L?)) (Sobolev embedding)

therefore (ii) follows from the Corollary to Theorem 3 and the dual of the energy
estimate (2.20). Hence, we have proved the estimate

(3.35) /Ll/2/\ |S (U,)\’UA)| Ja <A™ 25|u,\| 5O 1|'U>\|L2
Proof of (iii). To estimate the L? norm of the product use the energy estimate

(2.20) for the first factor combined with the Pecher type embedding (2.22) for the
second factor,

_S"H i HS’Z C u_Q‘sH H:%Jr%’% (distribute derivatives)
C p2plee=ol( L2y . LA (o) = ;=20 12 (energy + Pecher).
Hence,
(3.36) p 2 funvul oo < 02 fual oy [Vul o e,

We still need to obtain the L'(L*°) estimate. In view of Remark 1.2 it suffices
to prove that

pTREYE YR C DL (L),

20Recall the positivity of the Fourier transforms as well as Remark 1.2.



106 SERGIU KLAINERMAN AND DANIEL TATARU

To prove this we use the Pecher type embedding (2.22) for both factors:

_n=l_95 _g 1,03 0,3 5 - 2464 2rl425,1
A 26us 2H>\2'HM2 C )\6,u 26H)\2 Z'Hﬂz 2

C ATOu2L2(L>) - L3(L>) (energy + Pecher)
— )\_6‘[L_26L1(LOO).
Hence, we have proved the estimate
sl N
(3.37) 1572 fupv|goo <A 0u 25|u>\|H01% [V go.1/2.
Proof of (iv). As we said before, it suffices to assume that both factors have positive

Fourier transform, and we only care about the size of the Fourier transform of the
product. Distributing derivatives, it suffices to prove the estimate

/L_25|UAU#|FQ*1/2 < |ux|goasz |’U#|G"T*1+2a,o'
251426,0

According to the definition of the G spaces, given v, € G;
v, € L'(L>),, such that

there exists

|UAM| < U:u |U:L|L1(L°°) < 2|UM|G%+25,0'

Then
1B uavplpo—1z < T2 |un), | g1/ (Proposition 1.1)
< 72 uav) | raynr e () (Theorem 3)
e T e A AT LD AT
< /,L_5|u)\|L[ao,—6/2](L2)|’U:L|L1(Loo) (Sobolev embedding)
< alurlonsalval ot sane (energy).

Hence, we have proved the estimate
1 _
(3.38) 1= vl o e < po0ual oy [oulgoo.

Furthermore, due to the A=% gain in Theorem 3, the G part of this estimate is even
better,

(3.39) B H vl < XS el o 3 [oulges.
Proof of (v). From the Pecher type embedding (2.22),
n—1
psTEL2 Hﬁ’% C u2L3 - H“TJF%’% (distribute derivatives)
p=20 L% - [L2(L>®) N LA (L) (Pecher)
B[R N L(L2))

N

Hence, by Theorem 3 we get

_g—1 _ —
(3.40) PR fusvu] ooy S AT ual 20l oy

G»~2
and from the dual of the energy estimate (2.20) we get

_g—1 _
(3.41) P E v oy < il unl 2 fvul o g
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We now claim that the estimates (3.26)—(3.32) follow from their dyadic counter-
parts. What we need to worry about is the the summation; just from the dyadic
estimates we get a logarithmic divergence. The key to the summation is that our
estimates are off-scale, i.e. that s is larger than the critical exponent sy = "7_2

To explain what happens return to (3.33). Observe that if a belongs to one of the
H spaces, then |a|3; = 3", |ax|%. On the other hand, if b belongs to a G space, we
can only infer that b, € G and, for all y1, |by|e < |b|g. This is indeed an immediate
consequence of the fact that |b,| < |b| and Proposition 1.1.

We have to estimate the G and the H” norms of the product. The first sum in
(3.33) is easiest to handle, since we have the dyadic estimates:

1S (axbx)|pv < Xlax|e|bal s < Xlalpe bl ps.

Hence, we get
S
A

The second and third parts of (3.33) are symmetric. It thus suffices to treat the
second. For the G norms this is again straightforward, since

<lalmelblrs 330 A7 < Jalsalbls.

F A=2k =21 <\

laxbular < )\_5|a>\|Ha|b#|Fﬁ < /\_6|a|ch|b|Fﬁ

and summing up the pieces yields the same result as above.
Finally, for the H” norm we need to take advantage of orthogonality property
of the dyadic decomposition, since in this case we only have the weaker estimate

laxbu| iy < p0a] e by ps-
Since the product axb, has Fourier transform in the region of frequency A, we have

Z Z axb, CZ\: Z axb,

A p<A HA

IN

2
H~

H~

IN

e x| 2 Ibulron
A

)
< S farlhe bl
A
= clafja bl

Proof of Proposition 1.7. A gain in the global estimates would follow from the cor-
responding gain in the dyadic estimates. This is straightforward in the cases above
where we already have a gain of of A=%; half of that yields a 6/2 derivatives gain in
the result.

Hence, it remains to consider only the dyadic estimates where we gain only a
power of p, namely (3.36), (3.38) and (3.41). Take for instance (3.36); all other
cases can be worked out in a similar manner. For Proposition 1.7 we need the
following enhanced version of (3.36):

el _
(3.42) LT 2 fupvy|gos < p 6|u,\|HOY%|vu|Ho,1/2.

Again think of this as a convolution estimate in the Fourier space, in which both
factors are nonnegative. Recall that p < A. Since both A norms are L2, we can
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take advantage of orthogonality and reduce the problem to the case when the first
factor has its Fourier transform supported in a u cube K. Then we have two cases:
a) If w_(&) < cpin K, then w_ (¢ +n) < cpu. Hence a gain of p~° from (3.36)
can be converted into a gain of w°.
b) Otherwise, suppose that w_(§) = O(d) >> p in K. Then w_(§ +n) = O(d),
and (3.42) can be rewritten as

_1 g1 _
(3.43) @ uyvlie < a2 s oy ol

But from (a) we know that this holds when d = p; therefore it also holds for d > p.

APPENDIX A. SHARP BILINEAR STRICHARTZ-PECHER ESTIMATES

Our main new result here is the following extension of the Strichartz-Pecher
estimates.

Theorem 4. Let r,q > 1, r < oo, and define a(r) = 1— 1, y(r) = 25 a(r),

s=gao(r) — ﬁ. We assume the following:

IN

1 . 1
(A.44) 0 p < min(y(r),1) and (5,7(7‘)> #(1,1),

(A.45) 0 < o<op=na(r)— z
q

If ¢ is a solution of O¢ = 0 subject to the initial conditions ¢(0,2) = f(x),
D16(0,) = g, then

(A.46) D177 (6*)ary < cUlfll go-g + gl go-g-1)*.
Moreover the conditions (A.44), (A.45) are optimal.

Corollary A.1. The result of the theorem remains true if we replace the solutions
¢ of the homogeneous wave equation, with H® data, by the space H>? with 6 > %
In that case the estimate (A.46) becomes

(A.47) DI~ (")l Lgry < cd?

Hsf%,e'

Remark A.2. The case o = 0 is precisely the classical Strichartz-Pecher inequality.
The case ¢ =7 =2, n > 3 was proved in [K-M4].

Proof. We shall only prove the result in the most interesting case % = v(r). Most of
the other cases can be easily derived from it with the help of the Sobolev inequalities.
This is, in particular, the case of the inequalty needed in the proof of our main result.

In the case % = 7(r) we have s = 2Ha(r) and 0g = a(r). If ¢ = 1 observe that
7 = 7(r) corresponding to r = . = =3 is forbidden.*!
~ The general solution of U¢ = 0, ?(0,2) = f(z), Or¢(0,2) = g with f € H®, g €
H*~! can be written in the form ¢ = ¢, + ¢_, where

(A.48) o1(t,z) = expi(x-f:l:t|f|)fi(§),

with fi € H*. Without loss of generality we shall estimate ¢+ - ¢_; the other
cases are simpler. To avoid confusion we denote ¢ by ¢ , f1 by f, ¢_ by ¥ and

21Gince this paper was written the result has become available for ¢ = 1, 7 = r, = Z:é and
n > 3 with the work of Keel and Tao [K-T].
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f— by g. In this section we denote the space-time Fourier variables by 7,¢& with

£= (&, &)
We introduce the Littlewood-Paley decomposition of ¢ = 7\ o ¢,

(A.49) or(t,2) = [ expite € + e\ (€
and similarly for . The dyadic operators S are defined by

50 =5 (3) F©

where § = [((s) is a nonnegative smooth function of one variable with compact
support in 3 < s < 2 such that

+oo
Zﬁ@‘js) =1 for all s> 0.

We can decompose the product of ¢ - ),

(A.50) $b=> x-tu=Pi+Pr+P
A,pe2N
where
Pl = Z (bkdjp‘v
p<EA
Po= ) ot
n>8A
P = E: ¢A¢w
Ia<u<sa

We first estimate P;; P» is the same by symmetry. Clearly,
DI Pill ez, < Y DI (éx - ¢u)ll oz -
P<EA

Now observe that the space-time Fourier transform of ¢y - 1, is supported in the
region % < €] < 4, % < |7| < 4. Therefore,

D177 (@x - bulllgry < A7 (oa - bp)llrsry-

We shall now apply the standard Strichartz-Pecher inequality corresponding to the
case 0 = 0,

23 213
< gy )Py,
< el fiallgellgull g
<

AT uE | fall o g lgull -5 -

1(@x - ¥p)llLyy

Therefore,

D177 (b - p)llLary <A™ EuE | fall gomg 9ull o g
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and consequently, since for ¢ > 0 we have ZM<1A(§)% < 00,
8

A

N o\
DI Pillpar: < e <X> 1A o5 gl o5
I

< W5 llall g

A

as desired.

It remains to estimate Ps;. In fact it suffices to estimate the diagonal sum
Y xeat @x - ¥a; the remaining part of P can clearly be dealt with in the same
way. The space-time Fourier transform of ¢x¥, may be supported in the full re-
gion |7] < 2), |€] < 2). For this reason we decompose??

Ox-Un =Y Sulér-in).

p<22
Now,
(A.51) IIDI77 (éx - ¥)llarr < D i~ 1Su(én - ¥a)ll sz -
m
We shall prove the following estimate:
p\"
(A52) 1,00 0 lzaz < (5 ) Il ol

Assume for a moment that (A.52) holds true. Then together with (A.51), and using
the fact that 0 < o < oy,

—o—+og
iy p B
o on oz < <X (5) AUl danl
"
m —o—+og
= Cz(x) [F2Y Py 1Y [
"
<

cllAxN g gl -5 -

Therefore, summing over A,

DI Psllpary < cllfll o5 9l o3
as desired.

It therefore remains to prove (A.51). Observe that by rescaling it suffices to prove
it for A = 1. In other words we have to prove that if ¢(t, ) = expi(z - € + t|€]) f(€),
U(t, @) = expi(x - &+ t|€]))§(€) with f,§ supported in the region 1 < ¢l < 2k,
then, for every p € 2N, u < 2,

(A.53) 15u(¢ - D)llpgry < cu(fllL2llgl L2

We shall prove instead the weaker estimate with og replaced by a(r) = 1 — %
The two exponents do in fact coincide for ¢ = 5(r) < 1. If ¢ = 1 and r = 21£<

n—3 7

n—3_ Thus, since og — o > 0, we can choose €

we recall that g — (1 — 1) = e 253
sufficiently small such that ¢ < 1—1 and check that the argument following (A.52)

holds true when the exponent oy in (A.52) is replaced by 1 — %

22Tn the following expression Sy, is meant to be the dyadic projection in R™*1, i.e. supported
in the annulus & < |7| 4 [¢] < 2p.
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To prove (A.53) we first cover the region 1 < [¢| < 2 with cubes Q“ of size p
centered at w. By choosing the set M, of centers w to be evenly distributed we
make sure that each @ intersects only ~ ¢2™ cubes, with ¢ independent of u. In
fact, for fixed w € M), there are only finitely many points w’ € M, independent of
w for which |w—w'| < Cu. Let h* be a smooth partition of unity in a neighborhood
of 2 < |¢| < 2 such that each h* is supported in Q“ and

(A.54) |08 h(€)] < en™ .

We decompose f = ZMM 1Y g = ZMM g¥ with (f*)" = h“f, (¢*)" = h*§. We
also set

6°(t,2) / expi(e - € + HE)R () f(€)de,

vi(t) = [expite- €+ e O
Therefore, we write
(A.55) Sule-v) = Z Spu(¢” 'd’w,)-
w,w'eM,,

Observe that for a given p, all terms corresponding to |w + w’| > cp in the sum
above are zero. Without loss of generality we will restrict ourselves to the diagonal

sum EweM“ S, (¢ -¥~¥). Thus,
(A.56) 150 (@ D) luges < e S0 NEP e, 1675,
weEM,,

We are now in a position to apply the Strichartz-Pecher inequality to the two terms
on the right hand side of (A.56). However, the standard version does not work; we
need instead a finer version which takes into account the smallness of the supports
of f*, g%

(A.57) @) Npory < en'™ D IF N

lw—w’|<cp

The inequality (A.53), with o replaced by 1 — 1, is an easy consequence of this.
Indeed, assume (A.57) is true; then from (A.56),

1Su(@ - Ollogr; < e D Il llF T ee

lwtw’|<cp

_1
e =l z2llgllze.

To prove (A.57) we proceed as in the proof of the Strichartz-Pecher inequality.
Without loss of generality we may assume that h = h* is supported in a square of
size p centered at the point wy = (1,0,...,0). Let T be the operator

(A.58) Tf(t.2) = [ expi(o- €+ DA f(E)de.
We shall show that T is a bounded operator from L?(R") to L¢Lb(R"+1),
(A.59) IT fll gy < e~ H]|f] e

foralla,bwithl1>2=n-1)(3-Horl=2<(n-1)%-1).

IN
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Thus, since hf = Z\w’—wo\écu hh“’/f and ¢“° = Tf = Z|w'—w0|§cquWI’ we
infer that

w 1_1 W’
(A.60) ¢ Nrery =T fllpery < cp2™® Z £ L2+

o' —wol <cu

which, for 2¢ = a, 2r = b, implies (A.57).

To prove that 7' is a bounded operator from L2(R") to L¢LE(R"*1) it suffices
to show that T7* is bounded from L% LY (R™*1) to L&L (R™*1), where o/ and b’
are the exponents dual to a,b. Now,

(A61) TTFlt,a) = [expile €+ (¢t~ DR F (5. dsde,
which we rewrite in the form

(A.62) TT*F(t,z) = / Ut — )F(s,-)ds,

where U is the operator defined on functions f in R™ by

(A.63) UOf(e) = [ expie € +HEDI ) Fle)ds.

The estimate (A.59) is equivalent to

(A.64) ITT*Fllpgry < et~ P|[F |l o -
The proof of (A.64) reduces to the following estimates for U*:
(A.65) IU*@&) fllz < cllfllze,
(A.66) 0O le= < en(L+07"T ]
Indeed, interpolating between (A.65) and (A.66) we derive
(A.67) [ llee < e =F (1407 R £l

Therefore, applying (A.67) to (A.60), we infer that

n—1

TPty < nt™F [ (Ut = o)™ F 0D, )y ds

In the case 1 > 2 = (n — 1)(3 — 1) we apply the Hardy-Littlewood-Sobolev
inequalities relative to the ¢ variable and derive (A.64). On the other hand, if
1=2 < (n—1)(5— %), the convolution kernel (1 + t])~"= (=% is integrable, and

therefore,

_2
ITT*Fllpzry < cp' =8| Fllpapy

as desired.

It only remains to prove (A.66).

We write
(A.68) UM () f = K+ f
where

(A.69) Ko(z) = /expi(x-§+t|§|)h2(§)d§.
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Thus (A.66) is an immediate consequence of the following estimate:

A.70 Ki(x)| <e H
(A.70) | K ()] RIS

n—1 "
2

This is immediate in the region |z| < i[¢| by a simple integration by parts argu-
ment.?3 In fact, we derive in that region

(AT1) K (2)] < (ufw)

On the other hand, in the region |z| > 1[t,

Ki(z) = /1 :ﬂ et < / s e Ep? (§)da(§)> d.

To estimate this we claim that the following stationary phase result holds:

Lemma A.3. The following estimate holds for arbitrary functions h in the Sobolev
space Wn=hi(gn=1y;

<e— il
~cC p— Wn—1,1(gn—1).
(1+ |a) == e

/ e Eh(E)do ()
[€]=1

Using this standard stationary phase result, (A.54) and the size of the support
of h, for 2 <A< 2and |z] > L[t| we get
p p

T =S¢ i

A+lz)= — A+l + )=
which combined with (A.71) proves (A.70) as claimed.

|Ki(z)] < ¢

Proof of Lemma A.3. After a smooth change of coordinates the estimate reduces
to the canonical form

2 1
/ h(y)ev‘y dy‘ <c
Rnfl

E|h|wn71,l(Rn71)
2

A

or, by a rescaling argument,

/ h(y)eiy2 dy' < | D" h|pagn-1y.
Rn—1

This follows from its one-dimensional counterpart, n — 1 = 1. To prove it, write
h(z) = [ W (y)sgn(z — y)dy. It thus suffices to show that

sup ‘/sgn(:z: - y)e”2d:z: <C.
y

This is obvious in the interval z € [—1,1]; away from it the result follows by
integration by parts.

It only remains to prove the optimality of the conditions of Theorem 4. When
the space-time Fourier transform of ¢ is concentrated on the upper cone 7 = ||,
the inequality (A.46) is essentially equivalent to the standard Strichartz-Pecher
inequality, in which case (A.44) is known to be necessary. In what follows we

23Recall also (A.54).
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assume (A.44) and show that the inequality (A.46) is false for o > op = na(r) — %.

Let ¢, v be defined as before,

R D d
o = [ e /(€

= [ eiween_ L g
v = [e RI=RIGL

where f, g are L? functions. Then,
(A.72)

D= (¢ - ia-€ git(j&—n|—|nl) ___1 FE—mg(m) ;e
|D|77 (¢ - ¥)(t, x) //e € (r +1€D° [€E—nl~ %P3 ndg§

Let

(A.73) FL:{neR"/ ||Z—|—e|§O(L_1) , L* < |n| §2L2}

where e = (1,0,...,0). Also, let

(A74) 4y = {5 R/ 2 <l < L},

and choose g to be the characteristic function of I'z,, and f the characteristic func-
tion of the set Ay — I'r.
Observe that for |£| < L, n € T, and L large

&n (|€|2> £-n
—pl=n = S 1yo(E) =T 0on

= & . i—e =<1 .
= {-e+d <|77| >+O(1) &L +001)

Therefore for = (z1, ),

(A.75) t(1€ —nl =) +2- &=t +z1)& + 2" & +tO(1).
Consider the region Ry, in the ¢,z variables defined by
(A.76) t+x| <O, || <OEL™), [t <O1),

such that, for some large positive C,
Tl <t(le—nl =) +z-¢<C

for all (t,z) € Ry, £ € A, n € I'y, and large L.
Let I(t,z) be the integral on the right hand side of (A.68). For (¢t,z) € Ry, and
f, g defined as above there exists a sufficiently small § > 0 such that

\I(t,x)| > 6L~ L~ 2@s=o) npn+t
and, as a consequence,
(A.77) || pag, > L™*Fot2net =5,
On the other hand, the L? norms of f, g are of the size

n+1

(A.78) 11119l < OL=7).
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n

Thus, for the inequality || I]| g, < ¢l f|/[|g]| to hold true we need §L~4sFo+2n+1 =%
< cL™*! which, for large L, requires

1 1 2
cr§4:s—n<1——>:n<1__>__:007
T r q

Theorem 5. Let ¢ and ¢ satisfy o = Ty = 0 subject to the initial conditions
#(0,2) = f1(x), 0:¢(0,z) = g1 and ¥(0,2) = fa(x), O(0,x) = go. Then, with
the same notation and conditions as in Theorem 4, if s > o and 0 = 01 + 03,
0 < 01,09, we have

(A.79)
D177 (¢ D)llparr < clllfill gre—or + 91l raor )1 f2ll re—oe + 921l fro-oz—1)-

Proof. This asymmetric version of Theorem 4 can be proved in the same way. In
fact, in the decomposition (A.50) we need only to take care of Py, Py. Indeed the P;
term can be symmetrized and thus reduced to the same situation as in Theorem 4.
Consider P, = ZM<§>\ @2¥u. Now, proceeding as before,

D177 (- hyp)llngrs < eATOAT L7 (L fxl oo 9ull gro—on

o2
1
< o §) Mlarrs ol

as desired.

and therefore,
D177 Pullzery < cllfllgo—or lgll gro—on-

Theorem 6. Let ¢1,¢p2 € Hy s for some d > % Then, with the same notation and
conditions as in Theorem /, we have

(A.80) D[~ (ID[=** g1 - D= 72¢2) | g < clld1llosll2llo,s-
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