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1. INTRODUCTION

In this series of two papers, we prove the p-adic meromorphic continuation of the
pure slope L-functions arising from the slope decomposition of an overconvergent F-
crystal, as conjectured by Dwork [6]. More precisely, we prove a suitable extension
of Dwork’s conjecture in our more general setting of o-modules (see section 2 for
precise definitions of the various notions used in this introduction). Our main result
is the following theorem.

Theorem 1.1. Let X be a smooth affine variety defined over a finite field ¥, of
characteristic p > 0. Let (M, @) be a finite rank overconvergent o-module over
X/F,. Then, for each rational number s, the pure slope s L-function Ls(¢p,T)
attached to ¢ is p-adic meromorphic everywhere.

The proof of this theorem will be completed in two papers. In the present higher
rank paper, we introduce a reduction approach which reduces Theorem 1.1 to the
special case when the slope s (s = 0) part of ¢ has rank one and the base space
X is the simplest affine space A™. This part is essentially algebraic. It depends on
Monsky’s trace formula, Grothendieck’s specialization theorem, the Hodge-Newton
decomposition and Katz’s isogeny theorem. In our next paper [23], we will handle
the rank one case over the affine space A™. The rank one case is very much analytic
in nature and forces us to work in a more difficult infinite rank setting, generalizing
and improving the limiting approach introduced in [19)].

Dwork’s conjecture grew out of his attempt to understand the p-adic analytic
variation of the pure pieces of the zeta function of a variety when the variety moves
through an algebraic family. To give an important geometric example, let us con-
sider the case that f : ¥ — X is a smooth and proper morphism over F; with
a smooth and proper lifting to characteristic zero. Berthelot’s result [I] says that
the relative crystalline cohomology R’ ferys,«Zyp modulo torsion is an overconvergent
F-crystal M; over X. Applying Theorem 1.1, we conclude that the pure L-functions
arising from these geometric overconvergent F-crystals M; are p-adic meromorphic.
In particular, this implies the existence of an exact p-adic formula for geometric
p-adic character sums and a suitable p-adic equi-distribution theorem for the roots
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of zeta functions. For more detailed arithmetic motivations and further open prob-
lems, see the expository papers [20], [21].

An interesting archimedian analogue in the ¢-adic (¢ # p) setting of Dwork’s
conjecture is closely related to Deligne’s conjecture on the purity structure of /-adic
sheaves. Instead of using the slope (or p-adic absolute value) in the p-adic case,
one uses the weight (or complex absolute value) in the ¢-adic case to decompose
the Euler factors fibre by fibre. Given a constructible ¢-adic sheaf £ on X, one
can similarly attach [21] an L-function Ls(&,T) to the pure weight s part of £ for
each real number s. The archimedian version of Dwork’s conjecture in the f¢-adic
setting then says that the pure weight L-function L(E,T) is rational for every
s. In comparison, Deligne’s conjecture says that every constructible /-adic sheaf is
mixed in the sense of [3], i.e., a successive extension of pure sheaves. This conjecture
of Deligne together with Grothendieck’s rationality theorem immediately implies
the above archimedian Dwork conjecture. In the case that the f-adic sheaf & is
geometric, i.e., arising from the ¢-adic higher direct image with compact support,
Deligne’s main theorem [3] says that such a geometric sheaf £ is indeed mixed.
This together with Grothendieck’s rationality theorem shows that the archimedian
Dwork conjecture is indeed true in the geometric case, but still open in general and
depends on Deligne’s conjecture.

We now give a brief description of the content of this paper and the main steps
of our proof. Section 2 sets up the basic definitions of a finite rank o-module
(M, ¢) and its L-function L(¢,T) on a smooth connected affine variety X over
F,, with an emphasis on overconvergent o-modules. Restricting each Euler factor
of the L-function to its slope s part leads to the pure slope L-function Lg(¢,T).
Dwork’s conjecture in our setting then says that the pure slope L-function L4(¢, T')
is meromorphic if the initial o-module (M, ¢) is overconvergent.

Section 3 describes the generalized Monsky trace formula for the L-function of
an overconvergent o-module. This trace formula was proved by Monsky [I3] in
the case that ¢ has rank one. For the sake of completeness, a proof of the trace
formula in the general case is included in the appendix (section 10) of this paper,
based on various results in [I3]. This trace formula expresses the L-function L(¢,T)
as a finite alternating product of the Fredholm determinants of several completely
continuous operators. More precisely, we have

Theorem 1.2. Let ¢ be an overconvergent finite rank o-module over X /F,. Then,
there are n+1 completely continuous operators O;(¢) (0 < i < n) acting on certain
p-adic Banach spaces such that

L(¢,T) = [ ] det(I - TO(¢)) V"""
i=0
By Serre’s p-adic spectral theory [16], the Fredholm determinant of a completely
continuous operator is entire. Thus, from Theorem 1.2, we deduce the following
result.

Theorem 1.3. Let ¢ be a finite rank overconvergent o-module over X/F,. Then,
the L-function L(¢p,T) is meromorphic.

Section 4 introduces the notions of basis filtration and basis polygon attached to
a o-module with respect to a given basis. This makes it possible to define ordinary
o-modules and study the Hodge-Newton decomposition for an ordinary o-module.
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The Hodge-Newton decomposition identifies the pure slope L-function Lg(¢,T) in
the ordinary case with the L-function L(¢s,T') of a new pure slope o-module ¢,
where ¢, is the pure slope s part of ¢. That is,

(1.1) Ls(¢,T) = L(¢s, T).

If the new o-module ¢5 were overconvergent, then we would be done by Theorem
1.3. The difficulty is that the new o-module ¢ is no longer overconvergent.

In section 5, using various tensor and exterior constructions, we introduce a
reduction approach by proving the meromorphic continuation of L(¢s,T) in the
easier case when ¢ is ordinary and the determinant o-module det(¢;) of each pure
piece ¢s of ¢ is overconvergent. This part is quite simple and independent of our
limiting approach. From the formula point of view, our proof amounts to the
following result.

Theorem 1.4. Let ¢ be a finite rank ordinary overconvergent o-module over X/F.
Assume that for each non-trivial slope s, the determinant det(¢s) of the pure slope s
part ¢s of ¢ is overconvergent. Then, for each non-trivial slope s, there is an infinite
sequence ;s (1 < j < 00) of finite rank overconvergent ordinary o-modules over
X/F, such that

(1.2) L(¢s, T H (.5, ' T)*

Although the product in (1.2) is an infinite product, the key point is the existence
of the shifting factor p’ and the overconvergence of 1; ;. The crucial shifting factor
shows that the product in (1.2) is really finite in nature if we restrict our attention
to the zeros and poles in a finite disk. By Theorem 1.3, we deduce from (1.1) and
(1.2) that the pure L-function L4(¢,T) is indeed meromorphic if ¢ satisfies the
conditions of Theorem 1.4.

In section 6, we study the general ordinary case. Twisting by a rank one unit
root o-module from a suitable Hodge-Newton decomposition, we show that the
above reduction approach still works provided one can prove the meromorphic con-
tinuation of L(¢s,T) in the special case that ¢s has rank one. Essentially, what we
prove here is the following generalization of Theorem 1.4.

Theorem 1.5. Let ¢ be a finite rank ordinary overconvergent o-module over X/F.
Then, for each non-trivial slope s, there is an infinite sequence ;s (1 < j < 00)
of finite rank ordinary o-modules over X/F, such that

(1.3) L(¢s, T HL ¥y, q,p]T)
Jj=1

and such that each ;s is of the form

(1.4) %q—‘I’JQ®P]57

where ¥, 5 is overconvergent, p; s is of rank one and is the slope zero part of some
finite rank overconvergent ordinary o-module.

Note that p; s is in general not overconvergent. Thus, we cannot conclude the
meromorphic continuation of L(¢s,T') yet. By Theorem 1.5, we still need to handle
the L-function of the o-module in (1.4) which is not overconvergent. The o-module
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in (1.4) is the tensor product of a harmless overconvergent o-module and a non-
overconvergent but rank one o-module. Thus, we have reduced the ordinary case
of Dwork’s conjecture from higher rank ¢, to the following slightly more general
version of the rank one case, called the key lemma.

Theorem 1.6 (key lemma). Let ¢ be a finite rank overconvergent o-module over
X/Fy. Let p be the slope zero part of some finite rank overconvergent o-module
ordinary at the slope zero side. Assume that p has rank one. Then the L-function
L(¢ @ p*,T) is meromorphic everywhere for every integer k. Furthermore, the
family of L-functions L(¢ ® p*,T) parametrized by integers k in any given residue
class modulo (q — 1) is a strong family in the sense of [23].

In section 9, we further reduce the key lemma from a smooth affine variety X
to the affine n-space A", using some ideas from our limiting approach. The key
lemma for the affine space A™ was proved in [19] for a special type of Frobenius
lifting using the infinite rank version of Dwork’s trace formula. The full key lemma
for the affine n-space A™ will be proved in our next paper [23], using the infinite
rank version of the more difficult Monsky trace formula.

In section 7, we turn to studying the harder non-ordinary case in the context
of Grothendieck’s specialization theorem and Katz’s isogeny theorem [I0]. Making
extensive use of various basic results in [10], we show the above reduction method
can be modifed to treat the non-ordinary case as well, but we will need a similar non-
ordinary key lemma which is a little harder than the ordinary key lemma (Theorem
1.6). We then show that the non-ordinary key lemma can be reduced to the ordinary
key lemma, by establishing a crucial stability theorem of the overconvergence under
certain weak isogeny map. This then finishes the proof of Theorem 1.1.

In section 8, we treat Dwork’s conjecture in full generality by working with his
k-th power pure slope L-function. This generalization is easily done by using the
following decomposition formula (see [19]) expressing the k-th power ¢* (iterate)
in terms of symmetric and exterior power products:

(1.5) L(¢®¢k,T) _ HLW ® Symk7j¢® /\j(b7 T)(,l)j—lj.
Jj>1

In the easier case of Theorem 1.4, equation (1.2) gives an interesting product
formula for the pure slope L-function Ls(¢,T) in terms of L-functions of finite
rank overconvergent o-modules. One could ask if there is a similar infinite product
formula in the general case of Theorem 1.1. By Theorem 1.5, the key is to obtain
such a product formula in the rank one case of the key lemma. The answer is
fortunately positive, but the product formula will have to involve L-functions of
certain infinite rank overconvergent o-modules, called nuclear overconvergent o-
modules. This is done in [23], which is basically our proof of the key lemma. For
the sake of simplicity, in the present paper, we stay in the algebraic finite rank
setting.

Eventually, we hope to extend our main results to the infinite rank setting, i.e.,
when the ambient ¢ is an overconvergent nuclear o-module of infinite rank (see [23]
for the nuclear notion and the infinite rank setup).

Currently, our results in this paper and in [23] show that Theorem 1.1 is already
true for infinite rank nuclear overconvergent ¢ provided that ¢ is ordinary. The
non-ordinary case requires a substantial amount of additional foundational work.
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2. 0-MODULES AND L-FUNCTIONS

In this section, we set up the basic definitions that are needed to define the
L-function and formulate Dwork’s conjecture in a suitable context. Our discussion
will be brief, focusing only on what we need from the L-function point of view.

Let R be a complete discrete valuation ring of characteristic zero whose residue
field R/mR is the finite field F, of ¢ elements, where 7 is a fixed uniformizer of
R. Let n be a fixed positive integer and let N be the set of non-negative integers.
Let R[X1,---, X, be the overconvergent power series ring consisting of all power
series

Z ay X", ay € R,

uEN™

satisfying
ord,a

lim inf T2 >0,

k—oo [ul>k  |u]
where for a lattice point u = (uq,- - ,up) € N™, we define X* = X" --- X% and
|u| = u1+--+uy,. This overconvergent ring is the so-called weak completion of the
polynomial ring R[ X1, -, X,,] which corresponds to the affine n-space A™ over R
or the weak lifting to characteristic zero of the affine n-space A™ over F,. This
ring R[X1,---,X,] is Noetherian, as shown by Fulton [§] (see also [I7] for more

general results in this direction, generalizing Hilbert’s basis theorem).

To treat a more general smooth affine variety (scheme), we let A be a homomor-
phic image of the commutative R-algebra R[X1,---,X,]t. Since R[Xy, -, X,
is Noetherian, there are finitely many elements f1,--- , f,, in R[X1,---, X,]" such
that

A=R[X1, - XV (fr,  fm)-

Assume that A is flat over R. The ring A is also weakly complete. Its reduction
modulo 7 corresponds to an affine variety X defined over F,. Let o (if it exists)
denote a fixed R-algebra endomorphism of A such that the reduction of o modulo
7 is the ¢g-th power Frobenius map. Namely, o is a lifting to A of the ¢g-th power
Frobenius map acting on the coordinate ring of the characteristic p variety X/F,,.
For an element a € A, the image o(a) of a under the c-action will sometimes
be denoted by a?, depending on convenience. If the affine variety X over F, is
smooth, one can always lift the coordinate ring of X to some A (unique up to an
isomorphism) flat over R such that the ¢g-th power Frobenius map of X/F, lifts to
an R-algebra endomorphism o of A. We assume that we are in this situation as in
the theory of Monsky-Washnitzer (see [I5] for an exposition where the original very
smooth condition is improved to the usual smooth condition). Thus, throughout
this paper, we shall assume that A is flat over R, the reduction A/7wA is smooth
over F, and o is a fixed R-algebra endomorphism of A lifting the ¢-th power Frobe-
nius of A/wA. In particular, we always have o(mw) = 7 since o is an R-algebra
endomorphism. Without loss of generality, we shall also assume that the smooth
affine Fg-variety X = Spec(A/mA) is connected and thus A is an integral domain.
The map o : A — o(A) is clearly bijective. The image o(A) is a subring of A.
Viewed as a o(A)-module, the ring A is a locally free module of rank ¢@™(X). Our
main concern is the meromorphic continuation of an L-function which is a local
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property. Thus, shrinking X if necessary, we can assume that A is actually a finite
free o(A)-module of rank gd™(X),

Let Ay be the m-adic completion of A, which is also uniquely defined up to an
isomorphism. We use the notation A instead of A to be compatible with our
notation A. of clog-convergent ring (see [19]). Thus, Ag is NOT the reduction of A
modulo 7 as some authors would normally mean. The R-algebra endomorphism o
on A extends easily and uniquely to its completion Ay by continuity. In this paper,
we shall only consider o-modules of finite rank, although some of our results can
be extended directly to an infinite rank setting.

Definition 2.1. A o-module over Ay (or over X) is a pair (M, ¢), where M is a
free Ag-module of finite rank and ¢ is a o-linear map:

¢: M — M, ¢p(ae) =o(a)p(e), a€ Ag,e € M.

An overconvergent o-module over A (or over X) is a pair (M, ¢), where M is a free
A-module of finite rank and ¢ is a o-linear map:

¢ M — M, ¢(ae) =o(a)p(e), ac Aeec M.

Thus, a o-module over X/F, is just a finite free Ag-module M endowed with
a Frobenius action extending the action of o from Ag to M. An overconvergent
o-module over X/F is a finite free A-module M endowed with a Frobenius action
extending the action of ¢ from A to M. For example, the pair (Ag, o) is the
identity o-module of rank one. The pair (A, o) is the identity overconvergent o-
module of rank one. After the base extension A — Ag, an overconvergent o-module
is naturally a o-module. We shall often call a o-module (M, ¢) overconvergent if it
can be obtained from an overconvergent o-module by base extension A — Aj.

The o-linear map ¢ in a o-module (M, $) can also be viewed as an Ap-linear
map ¢ : M7 — M of Ap-modules, where M (%) = Ay ®, M is the pull back of M
under o : Ag — Ag. That is, for a € Ag and m € M, we have the relation

o(a) ® m = am.

The map ¢ is called the Frobenius map of the o-module M. We shall often just
write M or ¢ for the pair (M, ¢). A o-module (M, ¢) is called a unit root o-module
if the map ¢ : M) — M is an isomorphism of Ag-modules. A morphism of o-
modules f : (M, F) — (M',F’) is an Ap-linear map such that fF = F'f. The
category of o-modules up to isogeny is obtained from the category of o-modules by
keeping the same objects, but tensoring the Hom groups with the quotient field of
R. An isogeny between o-modules is a morphism of o-modules which becomes an
isomorphism in this new category. All these notions carry over to the subcategory
of overconvergent o-modules with Ag replaced by A.

Note that we do not assume that ¢ is injective. Nor do we assume that Coker(¢)
is killed by a power of 7 as in the theory of F-crystals. Thus, it may happen that
det ¢ is the zero map while ¢ is non-zero. One can define various tensor, symmetric
and exterior operations of o-modules (resp. overconvergent o-modules) in the usual
way. By convention, we define A\’ to be the rank one unit root o-module (Ag, o).
It is the identity element in the tensor category of o-modules. Similarly, if ¢ is
overconvergent, we define A’¢ to be (A,o) which is the identity element in the
tensor category of overconvergent o-modules.

Remark 2.2. In Definition 2.1, one could use the slightly more general notion of
projective Ag-modules (or even just finite Ap-modules) instead of free Ap-modules.
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This generalization is not essential for our L-function purpose because of a standard
reduction procedure. Such a generalization is, however, convenient in studying
certain properties. Thus, we shall allow M to be a projective module or even a
finite Ag-module in some explicitly stated cases. This occurs in section 3 and in
the appendix. In all other sections, our M is simply free. Our main concern in
the present paper is Dwork’s conjecture which is local in nature. Thus, for our
application, no generality at all is lost by restricting to free Ag-modules.

For a given o-module (M, ¢) over X/F, one can attach an L-function to it. For
this purpose, we need to recall the notion of the Teichmiiller lifting of a geometric
point x € X(Fq) defined with respect to o. Let A be the reduction of Ay modulo 7,
which is the coordinate ring of X over F. For a positive integer d, let R4 denote the
unramified extension of R with residue field F . Let € X be a geometric point
of degree d over F,. That is, the point Z is a surjective Fj-algebra homomorphism
in Homp, (A,qu). By a theorem of Monsky-Tate, there is a unique surjective
R-algebra homomorphism = € Hompg (A, Ry) whose reduction mod 7 is Z such that

rool =z,
The element x is called the Teichmiiller lifting of = defined with respect to o. Let
7 be the Frobenius automorphism of R4 which fixes 7 such that the reduction map
7 modulo 7 is the g-th power map of Fja. One checks that both z oo and 7oz are
the Teichmiiller lifting of Z?. It follows that

o0 =TOX.

Thus, the action of ¢ on the Teichmiiller lifting x is compatible with the action
of Frobenius 7 on Ry. To save notation, we shall denote 7 by o as well. Namely,
o acting on Ry is the Frobenius automorphism of Ry which fixes 7 such that the
reduction map o modulo 7 is the ¢g-th power map of Fga.

Via the map « : A — Ry, one obtains the fibre M, at x:

M, =M ®4 Ryq
which is a free module of finite rank over R4. The fibre map (evaluating ¢ at x)
¢x:¢®ARd:Mx—>Mx

is o-linear (not linear in general) over Ry. But its d-th iterate ¢2 is R4-linear. Thus,
the characteristic polynomial det(I — T'¢%) of ¢¢ acting on the free Rg-module M,
is well defined. By working with a basis, one can easily show that this characteristic
polynomial actually has coefficients in R, not just in Ry4. Alternatively, the map ¢¢
can be defined over R. The characteristic polynomial is independent of the choice
of the geometric point Z of the closed point on X/F, containing z. Thus, we can
speak of the characteristic polynomial at a closed point Z on X/F,.

Definition 2.3. The L-function of a o-module (M, ¢) over X/F is defined by the
Euler product

1
(2.1) L. 17)= ]I — €
s/, det(l — pgoe Tdea(s))

R[[T]],

where Z runs over the closed points of X/F, and z is the Teichmiiller lifting of Z
defined with respect to o. For simplicity, we have denoted deg(Z) by deg(z).
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For example, if ¢ is the identity c-module (Ag,o), then L(¢,T) is just the
zeta function of the affine variety X/F, which is a rational function by Dwork’s
rationality theorem. The above definition shows that the L-function L(¢,T) is
always a power series with coefficients in R. Thus, it is trivially analytic in the
open unit disk |T'|, < 1. We shall normalize the p-adic absolute value by requiring
|7|x = 1/p. It is true but non-trivial that the L-function is meromorphic on the
closed unit disk |T'|r < 1. It is shown in [1§] that the L-function L(¢,T') in (2.1) is in
general not a meromorphic function. Thus, to get further meromorphic continuation
of L(¢,T), we must impose additional conditions on (M, ¢). The generalization of
the Monsky trace formula as described in section 3 shows that L(¢,T) is p-adic
meromorphic if ¢ is overconvergent.

We now describe Dwork’s conjecture in the more general setting of o-modules.
Let (M, ¢) be a o-module over X/F,. For a rational number s € Q, we define
the slope s part of the characteristic polynomial of (M, ¢) at = to be the partial
product

dets (g, T) = II (1—aT),

Ordﬂ.deg(x) (a)=s

where a runs over the reciprocal roots of slope s of the characteristic polynomial
det(I — qbieg(m)T) defined with respect to the valuation ord aes(=). For each s € Q,
the polynomial dety(¢,,T) actually has coefficients in R although its roots are in
general in an extension field. In our setting, the factor dets(¢,,T") is non-trivial
only when s is a non-negative rational number and thus dets(¢.,T) = 1 for negative
number s. It is clear that we have the purity or slope decomposition

(2.2) det(I — g0t T) = T deta(¢s, T).
s€Q

For each x, this is a finite product since a polynomial has only finitely many zeros.
The slope s zeta function of (M, ¢) is defined to be the following Euler product:

L= ] .

B dets(¢x; Tdeg(z)) € R[[ﬂ— T]]v

TEX/F,

where Z runs over the closed points of X/F,. Strictly speaking, we need to assume
that 7° € R, but this can always be achieved by going to a totally ramified finite
extension of R if necessary. Clearly, Ly(¢,T) is analytic in |T|, < p°. By (2.2), we
have the decomposition formula for L(¢,T):

(2'3) L((bv T) = H Ls(¢a T)
s€Q

For an arbitrary o-module (M, ¢), one cannot expect that the slope s zeta func-
tion Ls(¢,T) be meromorphic since their product over all s may already fail to be
meromorphic. However, in the geometric situation, the o-module (M, ¢) is overcon-
vergent and thus the total L-function L(¢,T) is known to be meromorphic. This
leads to Dwork’s conjecture.

Conjecture 2.4 (Dwork). Let (M, ¢) be an overconvergent o-module over X/F,.
Then for each rational number s € Q, the slope s zeta function Ls(¢,T) is p-adic
meromorphic.
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In order to prove the conjecture, we have to understand how the slope decom-
position in (2.2) varies as « varies. Namely, we need to understand how the Euler
factor of Ls(¢,T) at x varies as x varies. The first step is to understand how the
decomposition pattern (Newton polygon) in (2.2) varies as x varies. Grothendieck’s
specialization theorem says that the decomposition pattern in (2.2) varies in an al-
gebraic way with z. In particular, this implies that there are only finitely many
possible decomposition patterns for a given (M, ¢) and thus the product in (2.3)
is actually a finite product. For a fixed decomposition pattern and a fixed slope
s, we would like to pull out the slope s part ¢ of ¢ in an algebraic way so that
¢s also forms a o-module over X. This is indeed the case by the Hodge-Newton
decomposition if (M, ¢) is ordinary fibre by fibre, namely, if the Newton polygon
coincides with the Hodge polygon fibre by fibre. In the harder non-ordinary case,
Katz’s isogeny theorem shows that by shrinking X if necessary, we can still pull out
the slope s part ¢s up to isogeny such that ¢ is a o-module over X. This at least
reduces the slope s zeta function Ls(¢p,T) to the L-function L(¢s,T) of the more
natural o-module ¢ where one could hope for some tools such as a trace formula.
If it happens that the o-module ¢, is also overconvergent, then we are done by
Monsky’s trace formula. Since the Hodge-Newton decomposition does not exist
over A (it exists only over the completion Ay of A), these pure slope o-modules
¢s are NOT overconvergent in general. They rarely are in fact. Thus, the existing
overconvergent theory does not suffice and we have to introduce more new ideas.

The aim of the present paper is to introduce a reduction approach to reduce
higher rank ¢, to rank one ¢ so that our previous limiting approach can be applied.
The decomposition formula in (2.3) was the starting point of our limiting approach.
It is also the starting point for the reduction approach. The full generality of our
result says that if ¢ is in the tensor category generated by the ¢s as s and the
overconvergent ¢ vary, then the L-function L(¢, T') is meromorphic.

3. THE MONSKY TRACE FORMULA

As mentioned above, if a o-module ¢ is overconvergent, the Monsky trace formula
can be generalized to prove the meromorphic continuation of the L-function L(¢, T).
This trace formula will be used as a tool in our work. We briefly recall the general
trace formula and the related construction in the form we need. For a proof, see
the appendix in section 10. Throughout this section, we assume that (M, ¢) is
overconvergent. Recall that our ring A is an n-dimensional overconvergent integral
domain. We do not shrink X yet in this section. Thus, we allow projective o-
modules in this section.

First, we restrict to the identity overconvergent o-module with (M, ¢) = (A, o).
For a non-negative integer 7, let QA be the A-module of differential i-forms on A
over R. Since X is smooth and A is flat, 2°A is a finite projective A-module. In
particular, Q™A is projective of rank 1 over A. The Frobenius map o extends to
' A as an injective R-linear endomorphism, denoted by

o QA — QA
Clearly,
o1(b) =0 (mod7), be QA
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Since 0; = Alo1, we deduce
(3.1) oi(b) =0 (mod7?), be QA
There is a trace map
Tr; : QA — 0;(Q°A)

such that for a € A,b € Q*A, we have

Tr;(o(a)b) = o(a)Tr(b).
Furthermore, as endomorphisms on A,
(3.2) o' oTro0; =[A:0(A)] =q",

where A means the reduction modulo 7 of A. Thus, the map o; acting on QA4 has
a one-sided left inverse when tensored with Q. This one-sided inverse is the map
0; defined by

0; =0, oTr;: QA — QA
The map 6; is an example of a Dwork operator, which by definition is ¢~ !-linear
in the following sense:
0;(o(a)m) = ab;(m), ac A,mc QA

Dwork operators are of trace class and play an important role.
For an overconvergent o-module (M, ¢), its underlying dual A-module MV is
defined by

MY = Hompu (M, A).
Define a dual map ¢V : MV — MY by
¢"(f)(m) = f(¢(m)), feM",meM.

The pair (M"Y, ¢") is not a o-module yet, because the arrow direction of the map ¢V
is not the right one. In the case that ¢ is a unit root o-module, the contragradient
(the inverse of ¢V) does give an overconvergent o-module structure on MV. We
shall not need this construction. To describe the trace formula, we need to discuss
a different type of “duality” which turns a o-module to a module with a Dwork
operator.

Let (M, ¢) be an overconvergent o-module. We define a new A-module by

M* = Homa (M, Q" A).
Define a Dwork operator ¢* on M* as follow: If f € M* and m € M, then
¢*(f)(m) = (0, " 0 Trn)(f((m))) = Ou(f(g(m))).

One checks that ¢*(f) is in M*. Furthermore, the map ¢* is o~ !-linear. That is,
for a € A, we have

¢"(o(a)f) = ag™(f).
For each non-negative integer 0 < i < n, let

Q'M =M@, QA
This is again a finite projective A-module. Let

¢ = PR 0y,
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where (Q°A, 0;) is the o-module given by the action of o; on Q'A. Then, the
pair (2°M, ¢;) becomes an overconvergent o-module (the projective version of a
o-module). By (3.1), we obtain the congruence

(3.3) $; =0 (mod *).
Let
M} = Hom4 (M, Q" A).
In a similar way, we define the corresponding Dwork operator ¢; on M; by
; (f)(m) = (o5, 0 Ten)(f(¢3(m))) = On(f(¢s(m))), m € Q'M, f e M.
This is a o0~ !-linear operator. For i = 0, we have
(04, 00) = (A,0), (Mg, 63) = (M*,6").
The congruence in (3.3) shows that for all 4,
(3.4) #F =0 (mod 7).

Let K be the quotient field of R. The finite A ® K-module M, ®r K is an
infinite dimensional vector space over K, which is a direct limit of a sequence of
p-adic Banach spaces with orthonormal bases. Since ¢ is overconvergent, the K-
linear Dwork operator ¢ is a nuclear operator of the p-adic space M ®r K over K.
It follows that the Fredholm determinant det(I —T'¢}|M; ® K) is well defined and
is a p-adic entire function with coefficients in K. The coefficients are actually in
R since the above construction shows that ¢; is integral. The generalized Monsky
trace formula can then be stated as

Theorem 3.1. Let (M, ¢) be an overconvergent o-module over X/F,. Then

(3.5) L(e,T) = [ [ det(r = Tg;,_,|M;;_ @p )V
=0

If M has rank one, Theorem 3.1 is an immediate consequence of Theorem 5.3 in
[13]. The general case is given in the appendix of this paper (see Theorem 10.10).
In particular, we obtain

Corollary 3.2. Let (M, $) be an overconvergent o-module over X/F,. Then the
L-function L(¢,T) is p-adic meromorphic.

Next, we give an alternative description of the formula in (3.5) which is perhaps
more familiar. The perfect pairing

QAXQ"A— Q"A: (w1, ws) — wy Awsy
gives a natural identification
Q'A = Homy (Q" A, Q"A) = A% ..

Thus, for the identity o-module (A, o), the (n — i)-th Dwork operator o}_, acting
on A*_, becomes the Dwork operator ; acting on Q¢A:

* — .
op_; =0;.
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In fact, one checks that for w; € QA and wy € Q" A,
of _(w)(we) = o, 0Trp(wi Aoy_i(ws))
= 0, (Tri(wy) A op_i(ws))
= (07" o Tr;)(wi) A ws
= 0;(w1) N ws.
More generally, for an overconvergent o-module (M, ¢), we can write
M} = Homa(M @4 QA Q"A)
= Homa(M, A) ®4 Hom4 (' A, Q" A)
= MV@ 0" A
= Q"'MY.
Under this identiﬁcation, the Dwork operator ¢; acting on M, becomes a Dwork
operator on Q" "MV, denoted by 6,,_;(¢):
On—i(¢) : Q"' MY — Q"' MY,

In these new notations, the trace formula in (3.5) can then be written as

(3.6) L(¢,T) = [ ] det(I — T0:(¢)|% MY @5 K) V",
i=0
If (M, ¢) is the identity overconvergent o-module (A, o), one can refine the chain
level formula in (3.6) to get a cohomological formula. In this case, the o-module
(A, o) is self-dual. Thus, the Dwork operator 6;(c) on Q'AY = Qi A is given by
97,(0') = 91 = O'i_l @) TI‘i.

These operators 6; commute with the exterior differentiation d of the De Rham
complex of A® K:

QARK: 0—A9K S 040K L P2Ag K -4 ...
Namely,
eiOddeHi_l.

The cohomology of the De Rham complex Q' A ® K is the formal cohomology
Hiw (X, K) of Monsky-Washnitzer [I3]. This is now known to be a finite dimen-
sional vector space over K, by the work of Mebkhout [12] and Berthelot [2]. Since
the #; commutes with the exterior differentiation d, the Dwork operator induces
a chain map of the De Rham complex. Serre’s p-adic spectral theory [16] implies
that the chain level formula in (3.6) passes to the cohomology level. It follows that
the zeta function Z(X,T) of X over Fy (the L-function of the identity o-module)
can be computed using the Monsky-Washnitzer cohomology:

Z(X,T) =[] det(I — T0;| Hipy (X, K))"1"".
=0

Since 6; o o; = ¢", the above formula can be rewritten as

n 1
Z(X,T) = [[ det(I = Tq"o; ' [ Hipw (X, K)) D"
=0
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More generally, assume that our given overconvergent o-module (M, @) is en-
dowed with an integrable overconvergent connection V such that (M ® K, ¢, V)
becomes an overconvergent F-isocrystal [I] and ¢ is the Frobenius map o acting on
M. The connection V gives rise to the De Rham complex of M ® K:

OMOK: 0— MoK LS OQMoK Y PMoK ...

The cohomology H'(2' M ® K) of this complex is the rigid cohomology

Hyg(X, M ® K)
of Berthelot [1], which is conjectured to be a finite dimensional vector space over K.
As shown in Etesse-LeStum [7], the L-function L(¢, T') in this case can be similarly
expressed in terms of the rigid cohomology H;, (X, MV) of the dual overconvergent
F-isocrystal MV:

b = [t T 600

r
=0

where ¢"o; ' acts as a nuclear operator on Hfig(X ,MY). If one uses the rigid
cohomology H

with compact support, the cohomological formula becomes

rig,c
2n
L(6,T) = [[ det(l = Toil Hiy (X, M),
i=0
where Hjig,C(X, M) =0 for 0 < i < n since our space X is affine. The L-function

L(¢,T) in such an overconvergent F-isocrystal situation is conjectured to be a
rational function. This follows from the conjectural finite dimensionality of the
rigid cohomology, which in turn follows from the semi-stable reduction conjecture
for overconvergent F-crystals (see A.J. de Jong [4] for more detail).

In this paper, we study the more general category of o-modules with no overcon-
vergent connections and hence no cohomological formulas involved. The L-functions
are not rational and in fact not even meromorphic in such a generality.

To conclude this section, we point out a weak entireness result about the L-
function. This result is not needed for our proof of Dwork’s conjecture. But it is an
interesting consequence of the above description. In fact, the congruence in (3.4)
shows that

det(I — ¢;T) € 1 + ' TR[[x"T]].
Combining this with Theorem 3.1, we obtain

Corollary 3.3. Let (M, ¢) be an overconvergent o-module over X/F,. Then

L, 1)V
det(I — T¢*|M* @r K)

(3.7) € 1+ T R[[xT]).

This result shows that the quotient in (3.7) has no zeros and poles in the disc
ord,(T) > —1 (the disc |T|, < p). Alternatively, the L-function L(¢,T)(~D""" has
no poles in the disc [T, < p.
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Corollary 3.4. Let X be a connected smooth affine variety over F, of dimension
n. Then, the zeta function of X/Fg has the form

P(T)
H;'n=1 (1—qa;T)’

where P(T) is a polynomial with integer coefficients and the o are p-adic integers.

(3.8) 2(X, 7)) =

The proof is similar. It suffices to take (M, ¢) = (A, o) in the above. The reason
that we can use ¢ instead of 7 in (3.8) is that there is a Frobenius lifting ¢ on some
overconvergent ring A lifting X such that

0; =0 (mod ¢*), ¢; =0 (mod ¢'), ¢} =0 (mod ¢*).

A little cohomological argument shows that Corollary 3.4 remains true if X
is more generally a connected n-dimensional set theoretic complete intersection
contained in some connected smooth affine variety over F,. Such a result can also
be proved using ¢-adic cohomology and Deligne’s integrality theorem (see [22] for
some further information on such weak entireness results). In particular, the shifted
reciprocal poles a; in Corollary 3.4 are algebraic integers, not just p-adic integers.

4. HODGE-NEWTON DECOMPOSITION

In this section, we define the basis sequence, basis filtration and basis polygon
of a o-module under a given basis. For our purpose, the basis polygon is simpler to
define and more convenient to use than the Hodge polygon. Our basis polygon is
a lower bound for both the Newton polygon and the Hodge polygon fibre by fibre.
We shall review Grothendieck’s specialization theorem for Newton polygons and
the Hodge-Newton decomposition as proved by Dwork [5], [6] and more generally
by Katz [10]. This allows us to reformulate Dwork’s conjecture in the ordinary case
in terms of L-functions of pure slope o-modules.

Definition 4.1. Let (M, ¢) be a o-module with a given basis € = {e1, ez, - } over
Agp. For each integer i > 1, let d; be the smallest positive integer d such that for all
7 > d, we have

#(e;) =0 (mod 7).
For i > 0, we define
hi = diy1 — d;, do = 0.

The sequence h = h(€) = {ho,h1,---} is called the basis sequence of ¢ defined
with respect to the basis €. If we let M(;) be the finite free Ag-module with the
basis {€d,+1,€d;+2, "}, then we have a decreasing basis filtration of finite free
Ag-submodules:

MZM(O)DM(l)D"'DM(j)D"'DO, ﬂM(j)ZO,
J

where each quotient M;)/M ;1) is also a finite free Ag-module and
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Equivalently, the matrix G of ¢ with respect to € (defined by ¢(€) = €G) is of the
form

G = (Go,nG1, G, -+ ,7'Gy, ),
where each block G; is a matrix over Ay with h; columns.

To describe Dwork’s conjecture in the ordinary case, we need to define the notion
of basis polygon and Newton polygon.

Definition 4.2. Let (M,¢) be a o-module with a basis €. Let h = h(€) =
{ho, h1,- -+, hi} be the basis sequence defined with respect to €. We define the
basis polygon P(€) of (M, ¢) with respect to € to be the convex closure in the
plane of the following lattice points:

(050)7 (h050)7 (hO + hl; hl)) (hO + hl + h2; hl + 2h2); R}
(ho 4 -+ + by, ha + 2ho + - - - + khy).

Namely, the basis polygon is the polygon with a side of slope 7 and horizontal length
h; for every integer 0 < i < k.

It is clear that our definition of the basis polygon P(€) and the basis sequence
h(€) depends on the given basis €. The basis polygon and the basis sequence are
somewhat similar to the Hodge polygon and Hodge numbers. But they are different
in general. The same o-module with different bases will give rise to different basis
polygons and different basis sequences. The abstract Hodge polygon as discussed
in [I0] can only be defined generically or at a point. One can show that the generic
Hodge polygon (or the Hodge polygon at each fibre) lies on or above our basis
polygon. In the ordinary case to be defined below, the basis € will be taken to be
the optimal one and our basis polygon is the same as the Hodge polygon. Since we
are only concerned with the ordinary case in this section, nothing is lost. In the
more general case, we work directly with the Newton polygon. The Hodge polygon
and basis polygon play only an auxiliary role. It is the Newton polygon that is
most important for us.

Definition 4.3. Let (M, ¢) be a o-module over X/F,. For each closed point Z €
X/F,, the Newton polygon of a o-module (M, ¢) at Z is the Newton polygon of the

characteristic polynomial det(I — ¢ieg(z)T) defined with respect to the valuation
Ordﬂ.deg(a‘,) .

The Newton polygon has several other interpretations (see [I0] for more details
and for various notions related to Newton polygons). We note that the notation
Ap in [T0] corresponds to the reduction Ag/mAg in this paper.

The abstract version of Mazur’s theorem [IT] says that the Newton polygon lies
above the Hodge polygon fibre by fibre. Since the basis polygon P(€’) is a lower
bound for the Hodge polygon fibre by fibre, we deduce the following result.

Lemma 4.4. Let (M,¢) be a o-module over X/F, with a basis €. The Newton
polygon of (M, d) at each fibre lies on or above the basis polygon P(€) of (M, ).

This can also be proved directly since our definition of the basis filtration imme-
diately implies that

ord, (AT Thig) > by 4 2hy + -+ ihy.
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As for the Newton polygon, Grothendieck’s specialization theorem holds for o-
modules as well. Instead of reproving this type of results, we shall take the shorter
approach of reducing them to the familiar case of F-crystals as treated in [I0]. One
difference between a o-module and an F-crystal is that the map ¢ of a o-module
may not be injective. This is the only difference if the base space X is a point. For
many purposes, the situation can be reduced to the injective case. The following
lemma holds for both convergent and overconvergent o-modules.

Lemma 4.5. Let (M, ) be a o-module (resp. an overconvergent o-module) over
X. Then, shrinking X if necessary, there is a ¢-stable filtration of free Ag-modules
(resp. free A-modules) with free quotients:

0OCNoCM

such that the restriction of ¢ to No is nilpotent and the quotient (M/No, ¢) is an
injective o-module.

Proof. Let us work with Ag-modules since the proof for A-modules is completely
similar. Let L be the localization of Ay at the prime ideal 7. That is, we invert all
elements in Ay which are not divisible by 7. Let

No = | Ker(¢*|M).
k=1
This is the nilpotent part of M for the ¢-action. It is clear that both Ny and
M/Ny are torsion free. They are both finitely generated since Ay is Noetherian.
The L-module Ny ®4, L is the nilpotent part of M ®4, L for the ¢-action. Since
L is a principal ideal domain, Ng ® 4, L is a free L-submodule of M ® 4, L whose
quotient is torsion free and hence free. Thus, we have a ¢-stable filtration of finite
free L-modules with free quotients

0C No®a, LC M®au, L.
Let {e1, -+ ,€i,€it1,  + ,er} be a basis of the free L-module M ® 4, L such that

{e1,-++,e;} is a basis of the submodule Ny ® 4, L. Shrinking X if necessary, we
see that {e1,--- ,e,} is a basis of the free Ap-module M such that {e1, -+ ,e;} is a
basis of the submodule Ny. The proof is complete. O

The nilpotent part Ny has no contributions at all for the L-function. Thus,
Lemma 4.5 shows that for L-function purposes, we can always restrict our attention
to injective o-modules. Shrinking a little further, we may even assume that ¢ is
injective fibre by fibre. At a point, our notion of an injective o-module coincides
with the notion of an F-crystal. Thus, all pointwise results on F-crystals in [10]
carry over to injective o-modules at a point. These pointwise results are the key
to all the global results in [10]. Repeating the proofs in [10], we conclude that
all global results in [10] carry over to o-modules which are fibre by fibre injective,
except that we may need to shrink X a little further in order to replace a locally
free module (which is the setup of [10]) by a free module (which is our setup).

In particular, we have

Lemma 4.6. Let (M, ¢) be a o-module of rank r, which is fibre by fibre injective.
Let s be a non-negative rational number. Then, all Newton slopes of ¢ at all fibres
are at least s if and only if for every positive integer k, we have the inequality

01"d7rqbk+'”71 > ks.
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This result holds fibre by fibre by the basic slope estimate in [I0] and thus it
holds globally.

Theorem 4.7 (Grothendieck). A o-module (M, ¢) over X/F, has a generic New-
ton polygon. Furthermore, the Newton polygon of (M,®) at each fibre lies on or
above the generic Newton polygon.

Proof. We give an outline of the proof following [I0]. By Lemma 4.5, we may
assume that ¢ is fibre by fibre injective. By the Dieudonne-Manin theorem for an
F-crystal at a point, each Newton slope of ¢ at each fibre is a non-negative rational
number with denominator dividing r!, where r is the rank of ¢. Applying various
exterior power constructions of ¢, it suffices to prove the claim that for each non-
negative rational number s, the set of points in X at which all Newton slopes of ¢
are at least s is Zariski closed. Fix a large positive integer m depending on s such
that
1 m

(41) S — ﬁ < ms <
Lemma 4.6 shows that if ¢ has all Newton slopes at least s, then

(4.2) ord,¢™ 1 > ms.

S.

Conversely, if inequality (4.2) holds, then clearly all Newton slopes of ¢ are at least
sm/(m +r — 1). This together with (4.1) implies that ¢ has all Newton slopes at
least s. Thus, ¢ has all Newton slopes at least s if and only if (4.2) holds. But the
set of points in X for which (4.2) holds is clearly a Zariski closed subset of X. The
proof is complete. O

Definition 4.8. Let € be a basis of a o-module (M, ¢). The basis € is called
ordinary if the basis polygon P(€) of (M, ¢) coincides with the Newton polygon
of each fibre (M, ¢),, where = is the Teichmiiller lifting of the closed point T €
X/F,. The basis filtration attached to €'is called ordinary if the basis € is ordinary.
Similarly, the basis € is called ordinary up to the slope j side (resp. ordinary up to
slope j) if the basis polygon P(€) coincides with the Newton polygon of each fibre
for all sides up to the slope j side including the whole slope j side (resp. all sides
up to slope j including only a non-trivial portion of the slope j side). In particular,
the basis € is said to be ordinary at the slope zero side (resp. at slope zero) if
the Newton polygon at each fibre has a horizontal side of length hg(€) (resp. a
horizontal side of positive length if hy > 0). We say that (M, ¢) is ordinary (resp.
ordinary up to the slope j side, resp. ordinary up to slope j) if it has a basis which
is ordinary (resp. ordinary up to the slope j side, resp. ordinary up to slope j).

One checks that the category of ordinary o-modules over X is closed under direct
sum, tensor product, symmetric power and exterior power. For example, if ¢ is a
o-module with a basis sequence h = (hg, h1, -, h) and ¢ is a o-module with a
basis sequence g = (go, g1, -+ ,g¢), then the tensor product ¢ ® ¢ is a o-module
with a basis sequence

h® g = (hogo, hog1 + h1go, hogz + h1g1 + hago, - -+ , hige)-
If both ¢ and 1 are ordinary, one checks that ¢ ® ¥ is ordinary. Similarly, the
exterior product (A2M, A?¢) is a o-module with a basis sequence
h3 — ho h? — hy
2

h2 — ho
yhohs + hiha, hohy + hihs + 5 g )

A2h = ( ,hohi, hohs +
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If ¢ is ordinary, then A2¢ is ordinary. The following ordinary Hodge-Newton de-
composition is due to Dwork (Lemma 5.1 in [6]; see also Lemma 3.4 in [19] for a
quick proof).

Theorem 4.9. Let (M, @) be a o-module ordinary up to the slope j side, where
0 < j <k is a non-negative integer. Then, there is an increasing ¢-stable filtration
of free Ag-submodules of finite rank,

0OCcMycCcM,C---CM;CM,
which is transversal to the ordinary basis filtration:
M=M;® Mgy, 0<i<j.
Furthermore, for 0 <i < j, the quotient is of the form
(M;/M;_1,9) = (Ui, 7' ¢s),
where (Uy, ¢;) is a unit root o-module of rank h;.

We shall call (U;, ¢;) the unit root o-module coming from the slope i part of
(M, ¢). It is not hard to see that if (M, ¢) is ordinary up to the slope ¢ side, then
we have

(4.3) ord (AT Hhigy — by 4 2Ry + -+ - + ih,.

Note that the Hodge-Newton decomposition is false if we replace Ay by A. Namely,
if we start with an overconvergent and ordinary o-module ¢, the Hodge-Newton
decomposition cannot be obtained over A. It exists only over the completion Ag of
A. The unit root pieces ¢; obtained from the Hodge-Newton decomposition cannot
be defined over A and thus will NOT be overconvergent in general, even if the
original ambient ¢ is overconvergent. Using the notation of (2.3), we have

Li($,T) = L(¢s, 7'T).
Thus, Conjecture 2.4 in the ordinary case is equivalent to the following

Conjecture 4.10 (Dwork). Let (M, ¢) be an overconvergent ordinary o-module
over X/F,. Let (U;, ¢;) be the unit root o-module coming from the slope i part of
(M, ), where 0 < i < k. Then for each 0 < i < k, the unit root zeta function
L(¢;,T) is p-adic meromorphic.

Since the unit root pieces ¢; are no longer overconvergent, Monsky’s trace for-
mula cannot be used. Thus, new ideas are needed to prove Dwork’s conjecture. By
(2.3), the only thing we know is that the following product of these shifted unit
root zeta functions is p-adic meromorphic:

k
(4.4) L(¢,T) = [ [ L(¢i, ='T).
1=0

This implies that the slope zero zeta function L(¢g,T") is meromorphic in the non-
trivial disk |T'|, < p. We want to show that it is meromorphic everywhere. Starting
with (4.4), we introduced in [I9] a limiting approach which can be used to prove
the conjecture in the case U; is of rank one. In the present paper, again starting
with (4.4), we introduce an embedding approach to reduce Dwork’s conjecture from
higher rank case to rank one case.
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The most general Hodge-Newton decomposition is due to Katz [10]. We now
describe it since it will be used in Katz’s isogeny theorem and in our later proof as
well.

Definition 4.11. A o-module (M, ¢) is called ordinary at a break lattice point
(n1,n2) if (n1,n2) is on some basis polygon P(€) of ¢ and if (ny,nz) is fibre by
fibre a break point of the Newton polygon of ¢ at each fibre.

Note that our condition is stronger than assuming that the Newton polygon
goes through the lattice point (n1,n2) of the basis polygon P(€") at each fibre. The
lattice point (n1,n2) has to be a break point for the Newton polygon fibre by fibre.
That is, the Newton polygon has to turn at the lattice point (n1,n2). The basis
€ is then called ordinary at the break point (ni,ns). For instance, it may happen
that the Newton polygon at each fibre only coincides with the basis polygon for
a portion (not the whole side) of the smallest slope side. In our terminology, this
case is called ordinary at the smallest slope, but not ordinary on the whole smallest
slope side. This special case is actually what we will need later on. Theorem 4.9
does not apply to such a “partial” ordinary situation. It is handled by the following
more general result.

Theorem 4.12 (Katz). Let (M, ¢) be an injective o-module of rank r. Assume
that ¢ is ordinary at a break lattice point (ny1,ng). Then shrinking X if necessary,
there is a free ¢-stable Ag-submodule My of rank ny with free quotient M /My such
that the Newton slopes of (Mo, @) are fibre by fibre the n1 smallest Newton slopes

of (M, ).

Proof. Again, we just give an outline of the proof. Shrinking X if necessary, we
may assume that ¢ is fibre by fibre injective.

First, we assume that n; = 1. In this case, the ordinary condition at (1, ns2)
shows that ¢ is divisible by 7n"2. Removing the power 7”2, we may assume that
ng = 0. The desired Ag-submodule My is (by p. 156 of [10]) simply the intersection
of the images of ¢*:

= k
My = () ¢*(@1).
k=1
The map

¢: M — My

is well defined, Ap-linear and invertible. It is shown in [I0] (Theorem 2.4.2) that M,
is locally free of rank 1 such that the quotient M/Mj is also locally free. Shrinking
X if necessary, we conclude that (M, ¢) is a free rank one unit root o-module with
free quotient M/Mj. This proves the theorem for ny = 1.

To handle the general case (ni,ng) with n; > 1, one applies the above special
case to the exterior power A" M. Shrinking X if necessary, this gives a free rank
one Agp-submodule My(ni) of A" M with free quotient, stable under A"™!¢, such
that the Newton slope of (My(n1), A" ¢) is fibre by fibre the smallest Newton slope
of A" M. To conclude the proof, one needs to solve the Pliicker equation

(Mo(n1), A" @) = A" (Mo, p)

for some ¢-stable rank ny free Ag-submodule My of M. As shown on p. 147 in [I0],
the above Pliicker equation can be solved over a suitable extension of Ay and hence
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can be solved over Ay. The slope assertion about M follows from the corresponding
slope assertion about My(n1). The theorem is proved. O

5. AN EASIER CASE

In this section, we give a complete and self-contained proof of Dwork’s conjecture
in an easier case, where “easier” means that (M, ¢) is ordinary and the determinant
o-module of the unit root piece ¢; of (M, @) is overconvergent for all i. We use
a reduction approach which will prove Dwork’s conjecture simultaneously for all
allowable unit root o-modules (see below).

Definition 5.1. Let C'(X) be the category of ordinary overconvergent o-modules
over X. Let Cy(X) be the subcategory consisting of those o-modules (M, ¢) in
C(X) such that each unit root o-module (U;, ¢;) coming from (M, ¢) has the prop-
erty that the determinant o-module

det(¢;) = A" s

is overconvergent (namely, isomorphic to an overconvergent one), where r; denotes
the rank of ¢;.

Note that for ¢ € Cy(X), each ¢; is NOT overconvergent in general. Our condi-
tion for (M, ¢) to be in Cy(X) is that the determinant o-module A™¢; is overcon-
vergent for all . This is much weaker than requiring ¢; itself to be overconvergent
if r; > 1. One checks that both C(X) and Cy(X) are closed under direct sum,
tensor product, symmetric power and exterior power. Thus, both C(X) and Cp(X)
form a tensor category.

Definition 5.2. Let D(X) be the set of unit root o-modules over X which come
from an arbitrary slope part in the Hodge-Newton decomposition of elements in
C(X). Let Do(X) be the set of unit root o-modules over X which come from an
arbitrary slope part in the Hodge-Newton decomposition of elements in Cp(X).

It is clear that we have the inclusions
Co(X) C C(X), Do(X)cC D(X).

We emphasize that the rank one elements in Dy(X) are already overconvergent
by our definition. However, a unit root o-module in Dg(X) with rank greater
than one will NOT be overconvergent in general. We shall see that the set Dy(X)
coincides with the tensor category it generates. But the larger set D(X) does not
seem to coincide with the tensor category it generates. Dwork’s conjecture in the
ordinary case says that if ¢ € D(X) (or more generally in the tensor category which
D(X) generates), then L(¢,T) is p-adic meromorphic. In this section, we prove the
conjecture in the easier case when ¢ is in the smaller tensor category Do(X).

Theorem 5.3. If ¢ € Do(X), then L(¢,T) is p-adic meromorphic.

Proof. Let m be the unique non-negative integer (or oo if it does not exist) such
that the theorem is true in the open disk |T'|, < p™ for all ¢ € Do(X) but not true
in the larger open disk |T|, < p™*! for some ¢ € Dy(X). Clearly, m > 0. We need
to prove that m = cc.

Assume that m < co. There is then an element ¢ € Do(X) such that L(¢,T)
is p-adic meromorphic in the open disk |T'|, < p™ but NOT meromorphic in the
larger open disk |T|, < p™*!. Namely, 1 is one of the “worst” elements in Dg(X).
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Let 9 come from the slope i part of some ¢ € Cy(X) for some i. That is, ¥ = ¢;
for some 0 < i < k, where ¢q, ¢1,- - , ¢r are the unit root o-modules in the Hodge-
Newton decomposition of ¢. Denote the rank of ¢; by r;. We may assume that
r; > 1 as the case r; = 0 has nothing to prove.

Let

P=N"Ppo NP1 @ @ NP1,

where the factor A" ¢; is understood to be the identity overconvergent o-module
(A,o0) if r; = 0, by our conventions. This unit root o-module p is of rank one
and overconvergent since A" ¢; is of rank one and overconvergent for all j by our
definition of ¢ € Cy(X).
Define a new o-module by
0= 7-[-*7’1*"'*(7;*1)7’1'—1*i/\ro+"'+ri—1+1¢.

This o-module is ordinary and overconvergent since ¢ is such a o-module. Fur-
thermore, ¢ € Cy(X) since ¢ € Co(X). Let w0, 1, -+ be the unit root o-modules
coming from the Hodge-Newton decomposition of ¢. One checks that

Co=¢;Qp=1Y R p.

Thus, the slope zero part of ¢ ® p~! is 1. By (4.4), we have the following decom-
position formula:

(5.1) Lp®p ', T) =L, T) [[ Llg; @ p~ ', 7'T).
j=>1

Now, the left side is meromorphic everywhere by Corollary 3.2, because ¢ ® p~!
is overconvergent. On the other hand, for each j > 1, ¢; ® p~tis in Do(X)
as ¢ ® p~' € Cp(X). Tt follows from our definition of m that the L-function
L(pj®p~1,T) is meromorphic in |T'|; < p™ for each j. Thus, the shifted L-function
L(p; ® p~1,mIT) is meromorphic in the larger disk |T'|, < p™*! for each j > 1.
We conclude that the “only remaining” factor L(,T) in (5.1) is also meromorphic
in the larger disk |T|, < p™*!. This contradicts our choice of 1. Thus, we must
have m = oo. The proof is complete. O

Remark 5.4. The above proof shows that each element ) in Dy(X) can be embed-
ded as the slope zero part of some element ¢ @ p~1 in Co(X). This is a key property
in the above reduction approach. If we could show that each element ¢ in D(X)
could be embedded as the slope zero part of some element in C(X), then Dwork’s
conjecture for the more general ordinary case D(X) could be proved in exactly the
same way as above. However, the embedding property does not seem to be true
for D(X). In the next section, we get around the difficulty with the help of our
limiting approach. The embedding property for Do(X) shows that the set Dy(X)
is closed under direct sum, tensor product, symmetric power and exterior power.
Thus, Do(X) coincides with the tensor category it generates. The same statement
does not seem to be true for the larger set D(X).

6. ORDINARY CASE

There are several reasons for the smaller category Dy(X) to be easier. First, it
has the embedding property and thus forms a tensor category itself. Second, the
rank one elements in Dy(X) are already overconvergent and thus well understood
by Corollary 3.2. For the larger set D(X), none of these properties seems to hold.
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We shall create a larger category containing D(X) which will have the embedding
property to some category larger than C'(X) but small enough so that our limiting
approach can handle its rank one elements. Then the same method as in the easier
case goes through with the larger category. This gives us a little more than Dwork
conjectured.

Definition 6.1. Let E(X) be the set of unit root o-modules over X which come
from the slope zero part in the Hodge-Newton decomposition of elements in C(X).
Let I(X) be the set of rank one elements in E(X).

Let ¢ and 1) be two elements of C'(X). Let ¢¢ (resp. 1) be the slope zero part
of ¢ (resp. ). Tt is clear that ¢g @ 1o is the slope zero part of ¢ @ ¢. Similarly,
¢o ® 1o is the slope zero part of p®1). This shows that the set E(X) coincides with
the tensor category it generates. But the set F(X) is smaller than the set D(X)
which is what we want to study. The subset I(X) is closed under tensor product.
If we invert the rank one elements in E(X), then we will get a tensor category
containing D(X). In this way, our original ambient category C(X) will have to be
enlarged as well but the rank one elements of the enlarged ambient category will
be within the range of our limiting approach.

For a rank one element ¢ € I(X), we define the inverse ¢! (or the contragradient
of ¢) to be the rank one o-module with the same underlying module as ¢ but its
Frobenius matrix is the inverse (the reciprocal) of the Frobenius matrix of ¢. It
is clear that ¢ ® ¢! is isomorphic to the identity o-module (Ag, o). Let I(X)~?
be the set consisting of the inverses of elements in I(X). Let E(X) ® I(X)™!
be the set consisting of the elements ¢ ® v, where ¢ € E(X) and ¢ € I(X)™ L
One checks that the set F(X) ® I(X)~! is the same as the tensor category it
generates. Furthermore, the set E(X)® I(X)~! consists exactly of the unit root o-
modules coming from an arbitrary slope part in the Hodge-Newton decomposition
of elements in C(X) ® I(X)™!, by the following lemma.

Lemma 6.2. We have the inclusion
E(X)cCD(X)cC E(X) ®I(X)*1.

Proof. The first inclusion is obvious. The second inclusion is already implicit in
the proof of Theorem 5.3. We repeat the argument here. Let ¢ € D(X). We want
to show that ¢ € E(X)® I(X)™ .

Let 1) come from the slope i part of some ¢ € C(X). That is, 1p = ¢; for some
0 < i <k, where ¢g, ¢1, -+ , ¢ are the unit root o-modules in the Hodge-Newton
decomposition of ¢. Denote the rank of ¢; by ;. We may assume that r; > 1 as
the case r; = 0 has nothing to prove.

Let

p=Npo @A 1@ - @A i1,

where the factor A" ¢; is understood to be the identity o-module o if r; = 0, by
our convention. This unit root o-module p is of rank one and it is in I(X) since it
is the slope zero part of the element

71_—7"1—"'—(72—1)7"1‘,—1/\7"0+"'+7"1‘,—1¢

which is in C'(X). Define a new o-module by

0= 7.(.*7’1*"'*(1'*1)7%‘71*i/\T0+"'+Ti71+1¢
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This o-module is in C(X) since ¢ € C(X). Let @o, 91, -+ be the unit root o-
modules coming from the Hodge-Newton decomposition of ¢. One checks that

wo=0¢;Rp=19®p.

This shows that ¥ ® p is in E(X). Since p € I(X), it follows that ¢ € F(X) ®
I(X)~!. The lemma is proved. O

Now, we prove Dwork’s conjecture for ¢ € E(X) ® I(X)~!. Since the new
ambient category is C(X)® I(X)™!, to apply our embedding approach we need to
assume that the p-adic meromorphic continuation holds for C'(X) ® I(X)~!. This
is really a slight generalization of the rank one case of Dwork’s conjecture called
the key lemma below.

Theorem 6.3. If¢ € E(X)® I(X)™!, then L(¢,T) is p-adic meromorphic.

Proof. Let m be the unique non-negative integer (or oo if it does not exist) such
that the theorem is true in the open disk |T'|, < p™ for all ¥ € E(X) ® I(X)~!
but not true in the larger open disk |T'|, < p™*?! for some ¢ € E(X) ® I(X)~!.
Clearly, m > 0. We need to prove that m = co.

Assume that m < co. There is then an element ¢ € E(X) ® I(X)~! such that
L(¢,T) is p-adic meromorphic in the open disk |T'|; < p™ but NOT meromorphic
in the larger open disk |T'|, < p™*!. Namely, ¢ is one of the “worst” elements in
E(X)® I(X)~!. Write

1/) = d)o & pila
where p € I(X) and ¢q is the slope zero part of some element ¢ € C(X). Let
@0, D1, - , ¢ denote all the unit root o-modules in the Hodge-Newton decomposi-

tion of ¢. Then, ¥ = ¢oRp ', ¢1®@p~ L, -, ppr@p~ ! are all the unit root o-modules
in the Hodge-Newton decomposition of ¢ ® p~1. By (4.4), we have the following
decomposition formula:

(6.1) Li¢®p",T) =L, T) [[ L(¢; @ p~ ', 7T).

Jj=1

For each j > 1, ¢; ® p~' is in F(X)® I(X)™! by Lemma 6.2. It follows from our
definition of m that the L-function L(¢; ® p~*,T) is meromorphic in |T|, < p™
for each j. Thus, the shifted L-function L(¢; ® p~1,#/T) is meromorphic in the
larger disk |T|, < p™*! for each j > 1. Although the o-module ¢ ® p~! is not
overconvergent in general, it is the tensor product of the harmless overconvergent ¢
with the non-overconvergent but rank one element p=! in I(X)~!. Our key lemma
below shows that its L-function L(¢® p~!, T is still meromorphic everywhere. We
conclude that the “only remaining” factor L(«,T) in (6.1) is also meromorphic in
the larger disk |T'|, < p™*!. This contradicts our choice of 1. Thus, we must have
m = oo. The proof is complete. [l

Lemma 6.4 (key lemma). Let ¢ be an overconvergent o-module over X. Let p
be the slope zero part of some overconvergent o-module ordinary at the slope zero
side. Assume that p has rank one. Then the L-function L(¢®p*,T) is meromorphic
everywhere for every integer k. Furthermore, the family of L-functions L(¢® p*, T
parametrized by integer k in any given residue class modulo (¢q—1) is a strong family
in the sense of [23].
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This result, actually only its first part, is what we need to prove Theorem 6.3
which includes Dwork’s conjecture for D(X) as a corollary. It shows that Corollary
3.2 is true for a significantly larger category of o-modules. In [1Y], we proved
Lemma 6.4 in the technically simpler setting where Dwork’s trace formula applies.
In Lemma 9.6 of section 9, we shall further reduce the key lemma from X to the
affine n-space A™. But the simpler Dwork trace formula still cannot be used because
the Frobenius lifting o is not necessarily the simplest one X; — X!. One needs to
use a sufficiently explicit form of Monsky’s trace formula. This is completed in [23].

The above proof is actually constructive. We can use it to obtain an explicit
formula for the unit root L-function. For this purpose, we restate a stronger formula
version of Lemma 6.4 as follows.

Lemma 6.5. Let ¢ € C(X) ® I(X)~'. Then L(¢,T) is p-adic meromorphic.
Furthermore, there is an effectively determined finite sequence W,; (0 < i < m(y)))
of nuclear overconvergent o-modules depending on v such that

m(i)
Ly, T) = [ L(¥:, T)%,
=0

where m(y) is a positive integer depending on 1).

This lemma is a consequence of Theorem 7.7 in [23] and (9.8) in section 9 of
this paper. The definition of nuclear overconvergent o-modules is given in [23].
For our purpose here, one only needs to accept the statement that the L-function
of a nuclear overconvergent o-module is automatically p-adic meromorphic, by the
infinite rank version of the Dwork-Monsky trace formula. Lemma 6.5 gives an
explicit formula for the unit root L-function in the rank one case in terms of infinite
rank nuclear overconvergent o-modules. For the higher rank case, we also want to
get a formula for L(¢,T) when ¢ € E(X) ® I(X)~!. First, we need

Lemma 6.6. Let ¢ € E(X)® I(X)™t. There is an effectively determined infinite
sequence of finite rank o-modules:

e C(X)@I(X)™!, 0<i< oo,
depending on ¢ such that

L(¢,T) =[] L(¥:, T)*,  lim ordg (1) = oc.
=0

Proof. This follows from Lemma 6.2 and the proof of Theorem 6.3. In fact, write
d=po®p, pel(X) ' po€ EX).

Let ¢o be the slope zero part of some element ¢ € C'(X). Denote the slope i part
of ¢ by ;. Then, by the definition of L-functions, we have
Le®p,T)

[Lis1 L(pi @ p, mT)

The o-module ¢ ® p in the numerator is an element of the better category C(X) ®
I(X)~? for which Lemma 6.5 applies. Each o-module ¢; ® p in the denominator
is an element of F(X) ® I(X)™!, but we do get a non-trivial twisting factor 7*
(i > 1). We can apply equation (6.2) to each factor in its denominator. Iterating
this procedure, because of the shifting factor 7w, we deduce by induction that the
lemma is true. g

(6.2) L(¢,T) =
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Combining Lemma 6.5 and Lemma 6.6, we obtain an explicit formula in the
higher rank case.

Theorem 6.7. Let ¢ € E(X)®I(X)~t. There is an effectively determined infinite
sequence of nuclear overconvergent o-modules ®; (0 < i < 00) depending on ¢ such
that

L(¢,T) =[] L(®:, T)*, lim ordx(®;) = oo.
=0

Note that each ®; here is in general of infinite rank and the product is in general
an infinite product.

In the more restrictive case of the overconvergent F-crystal setting, each o-
module ®; becomes an overconvergent nuclear F-crystal. The extra integrable con-
nection would allow one to obtain a cohomological formula for each L-function
L(®;,T). Such a cohomological formula explains some cancellation of the zeros
and thus leads to improved information about the distribution of the zeros and
poles of each L(®;,T). A more mysterious question is to try to understand if there
are any non-trivial differential maps among the different nuclear F-crystals ®; for
different 7. Such non-trivial maps, if they exist, would lead to a different kind of
possible cancellation of zeros and poles for the more difficult unit root L-function

L(g,T).

7. NON-ORDINARY CASE

In this section, we treat Dwork’s conjecture in the more general case where
the overconvergent o-module (M, ¢) is not necessarily ordinary. The method is
similar to the previous two sections, except now we need to use Grothendieck’s
specialization theorem, Katz’s isogeny theorem and some additional arguments.
Again, we will need to use the key lemma from section 6.

Let (M, ) be a o-module over X/F,. Grothendieck’s specialization theorem
shows that (M, ¢) has a generic Newton polygon. In particular, there are only a
finite number of possibilities for the Newton slopes of the ¢, for all closed points
z € X/F,. By going to a totally ramified finite extension of R if necessary, we
may also assume that all Newton slopes of all fibres ¢, are non-negative integers.
For an integer 7 > 0, recall that we defined the slope i part of the characteristic
polynomial of (M, ¢) at x to be the product

deti((bxa T) = H (1 - OéT),
Ordﬂ.deg(x) (a)=i
where « runs over the reciprocal roots of slope i of the characteristic polynomial

det(I — d)ieg(x)T) defined with respect to the valuation ord aeg). It satisfies the
product relation

(7.1) det(I — ¢9=)T) = ] deti(¢x, T).
i>0
Define

1 .
Li($,T) = S -
n= 1l G o € AT
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where Z runs over the closed points of X/F,. This is called the slope i zeta function
of (M, ¢) . Tt is trivially analytic in |T|, < p*. By (7.1), we get the decomposition
formula:

L((bv T) = HLz(¢aT)

i>0
Conjecture 2.4 in this case becomes

Conjecture 7.1 (Dwork). Let (M, $) be an overconvergent o-module over X/F,
with integral Newton slopes. Then for each integer i > 0, the slope i zeta function
L;(¢,T) is p-adic meromorphic.

To adapt our proof in the ordinary case to the more general non-ordinary case, we
need to use Katz’s isogeny theorem [I0] for an injective o-module and to understand
the stability of the overconvergence under certain weak Newton-Hodge isogenies.
Recall that ¢ is injective if and only if the determinant det ¢ is non-zero.

Theorem 7.2 (Katz). Let (M, ) be an injective o-module over X of rank r with
integral Newton slopes. Then, shrinking X if necessary, the o-module (M, ) is
isogenous to an ordinary o-module (M',¢’). That is, the o-module (M', ¢') admits
a ¢’ -stable filtration of free Ag-modules with free quotients:

0C M,c M;CMycC---

such that the quotient (M]/M/_,,¢') is a c-module of the form (U;, w'¢.), where ¢,
is a unit Toot o-module for each i > 0.

Proof. This theorem follows from the remark on page 154 of [L0]. We give a sketch of
the proof as we will need another result derived from the proof. By Grothendieck’s
specialization theorem, we can shrink X if necessary and assume that the generic
Newton polygon of (M, ¢) coincides with the Newton polygon of each fibre ¢,.
Namely, the Newton polygon of ¢, is a constant Newton polygon as Z moves on
the variety X/F,. In particular, ¢ is injective fibre by fibre. Let s be the smallest
non-trivial Newton slope of ¢, which is a non-negative integer by our assumption.
Lemma 4.6 implies that for all integers k& > 0, we have

A1 =0 (mod 7*%).

Let v = (r — 1)ord,det ¢, which is a finite integer since ¢ is injective. Now, the
inverse of the matrix for ¢"~! has entries in 7% Ag. It follows from the above
congruence that for all integers & > 0, we have

#* =0 (mod 7**7).
Define an Ag-module M’ with
McM cr M
by
’ ¢k ()
M=) (M),
k>0

Note that the summand for £ = 0 gives M. It is clear that ¢ maps M’ into itself
and is o-linear. Furthermore, (M’, ¢) is divisible by 7®. That is, ¢/7* also maps
M’ into itself. Denote the pair (M’, ¢) by (M’, ¢').
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We now prove that M’ is a free Ag-module at the expense of further shrinking
X. Let L be the localization of Ay at the prime ideal wAy. Namely, we invert
all elements in Ay which are not divisible by 7. One checks that L is a discrete
valuation ring with all ideals being of the form (7%). Since L is a principal ideal
domain, the inclusion

M@LcM@LCcr "(M®L)

shows that M’ ® L is a free L-module of rank r. Furthermore, (M ® L, @) is
“isogenous” to (M’ ® L,¢’) which is a o-module over L divisible by 7°. That
is, ¢’ also maps M’ ® L into itself and is o-linear. Let € be a fixed basis of the
free Ag-module M. By scalar extension, € is a basis of the free L-module M ® L.
Similarly, 7~ €'is a basis of the free Ag-module 7% M (and also the free L-module
7™M ® L). Let f be a fixed basis of the free L-module M’ ® L. Let E be the

transition matrix from € to f That is,

f=eE,

where the matrix E has entries in L with non-zero determinant. We deduce that
there is an element g € Ay not divisible by 7 such that both ¢gF and gE~! have
entries in Ag ® K, where K is the quotient field of the constant ring R. This means
that if we remove the hypersurface section ¢ = 0 from X if necessary, then on
the smaller smooth affine variety X — {g = 0}, the o-module (M, ¢) is isogenous
to a o-module (M’, ') which is divisible by 7°. The argument so far works for
overconvergent o-modules as well. That is, if (M, ¢) is overconvergent, then we can
take (M’,¢") to be overconvergent. One simply replaces Ag in the above proof by
A.

We now finish the proof by induction on the number of distinct Newton slopes,
following p. 157 in [I0]. This part needs the Hodge-Newton decomposition. The
inclusion of (M, ¢) into (M’,¢’) is an isogeny such that (M’,¢') is divisible by 7*.
Since (M, ¢) and (M’, ¢") have the same Newton polygon, it follows that (M’ ¢’)
is ordinary at the smallest slope s. If (M, ¢) has only one Newton slope, then
(M’,¢') is ordinary everywhere and we are already done. In general, (M’ ¢') will
be ordinary at some lattice break point on the smallest slope s side. We can apply
Katz’s Hodge-Newton decomposition (Theorem 4.12) to this break lattice point.
This produces a short exact sequence

0— (M, ¢)) — (M',¢') — (M'/M_,¢') — 0,
where M denotes the pure slope s part of M’ and the Newton slopes of the quo-

tient M'/M. are strictly larger than s. By the induction hypothesis applied to
(M'/M!,¢"), we get an isogeny

((M'/M)", ") — (M /M, ¢')
whose source satisfies all the conclusions of the theorem. Taking the pull back by
this map of the above extension of (M'/M],¢') by (M., ¢'), we get an extension
0— (M, ¢') —7 — (M'/M)",¢") — 0.
This exact sequence and the inductively given filtration on ((M'/M.)"”,¢") provide
the desired filtration of the theorem. The proof is complete. O

The above formulation of Katz’s isogeny theorem is best possible. However, in
the case of curves and the locally free version, Katz [10] showed that no shrinking is
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necessary if in addition ¢ has a constant Newton polygon fibre by fibre. Katz asked
if the isogeny theorem for the locally free version is still true without shrinking X
for higher dimensional X assuming that ¢ has a constant Newton polygon fibre by
fibre. This question seems still open.

Combining Theorem 7.2 and Lemma 4.5, we deduce

Corollary 7.3. Let (M,$) be a o-module over X with integral Newton slopes.
Then, shrinking X if necessary, the o-module (M, §) is isogenous to a o-module
(M',¢"), where (M',¢') admits a ¢'-stable filtration of free Ag-modules with free
quotients:

0CNoCM,CM;CMsc---

such that the restriction of ¢’ to Ny is nilpotent and the quotient (M]/M]_,,¢') is
a o-module of the form (U;, 7'¢l), where ¢! is a unit root o-module for each i > 0.

Note that Theorem 7.2 and Corollary 7.3 are false over the smaller overconvergent
ring A because the Hodge-Newton decomposition will destroy the overconvergent
property. However, we do have the following weaker result about stability of over-
convergent o-modules under an isogeny map. This result is crucial for the harder
non-ordinary version of the key lemma. It holds only for the smallest slope part
because we cannot apply the Hodge-Newton decomposition in order to keep the
overconvergence property.

Lemma 7.4. Let (M, ¢) be an injective overconvergent o-module over X/F, with
integral Newton slopes. Then, shrinking X if necessary, the o-module (M, ) is
isogenous to an overconvergent o-module (M', ¢') which is ordinary for the whole
side of the smallest (non-trivial) Newton slope.

Proof. As observed in the proof of Theorem 7.2, if we do not use the Hodge-Newton
decomposition, we deduce the weaker result that, shrinking X if necessary, the
overconvergent ¢ is isogenous to an overconvergent ¢’ which is ordinary at the
smallest slope, although not necessarily ordinary on the whole side of the smallest
slope. Removing a power of 7, we can assume that ¢ is overconvergent and ordinary
at slope zero. Furthermore, ¢ has a constant Newton polygon. We want to show
that shrinking X if necessary, ¢ is isogenous to an overconvergent o-module which
is ordinary for the whole horizontal side. Let hg > 1 be the length of the slope zero
side of the Newton polygon of ¢. Let B be the matrix of ¢ with respect to some
basis. It has entries in A. By Theorem 7.2, shrinking X if necessary, there is an
invertible matrix F with entries in A9 ® Q such that E~!BE? has the form

Boo  Bo
0 7TBll ’

where By is an invertible hg x ho matrix with entries in Ay and all B;; have entries
in Ag. Note that the matrix in (7.2) is not overconvergent. We now deform it to

make it overconvergent.
Choose a sufficiently large integer k such that

7"E =0 (mod 7), 7°E~!'=0 (mod 7).

(7.2) E~'BE° = (

That is, the denominators of E and E~! are at most 7*~!. Choose an overconver-
gent invertible matrix E; with entries in A ® Q such that

Ey = E (mod 7¥), E;'=E"' (mod 7%),
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where the congruence is taken in Ap. Then, the new matrix C = E; 1BEf is
overconvergent and it has the block form

“1ppo Coo Co
(7.3) C =E{ " BE] = (Wcm 7r011> ,
where Cy is an invertible hg x ho matrix with entries in A and all C;; have entries
in A. The overconvergent o-module C defined by the matrix C in (7.3) is isogenous
to the overconvergent o-module ¢.

The o-module C in (7.3) is not yet ordinary on the whole horizontal side. To
finish the proof, it suffices to prove the claim that (shrinking X if necessary) there
is a basis € of the o-module C over A x Q such that the new matrix D of C under
€ is of the form

_ ( Doo 7D
(7.4) D<7TD10 an>’

where Dqg is an invertible hg x ho matrix over A and all D;; have entries in A. To
prove the claim, we use induction. We may assume that the rank r of M is greater
than hg (otherwise, there is nothing to prove). Write the matrix C' in column form

C = (Cla"' 707")-

Since det Cyy is invertible in A, the block form in (7.3) shows that, shrinking X if
necessary, we can write the last column C,. of C as an A-linear combination of the
first ho columns modulo w. That is, there are elements a; € A (1 < i < hg) such
that

(7.5) Cr= a1C1 + - + apyCp, (mod 7).
Since
c°=cCctcce,

we deduce that the o-module C' is isogenous to the o-module C? which is still
overconvergent and of the block form (7.3). Thus, we may replace C' by C? in our
proof. Let Fy be the overconvergent elementary matrix

(In, Es
by = ( 0 Irho) )
where Ej5 is the hg X (r — hg) matrix all of whose columns are zero except for
the last column which is the transpose of the row vector (—ai, —as, -+, —an,)-
The product matrix C'Es is then the matrix obtained from C by performing the
following elementary column operations: multiplying the i-th column (1 <i < hy)
of C by —a; and adding it to the last column of C. Equation (7.5) shows that the
last column of C'Es is divisible by w. Thus, the last column of the new matrix

E;'C°ES = E; Y (CEy)°

is also divisible by 7. Furthermore, the block form of Fy shows that E;'C?Eg
has the same block form as (7.3). It is still overconvergent and its last column
is now divisible by 7. Applying the above procedure to the columns indexed by
{ho +1,---,r — 1}, we conclude that the claim is true. The lemma is proved. O
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With these preparations, we can now return to the proof of Dwork’s conjecture
in the non-ordinary case. We say that a o-module (M, ¢) is isogenous to an over-
convergent o-module (M’, ¢') if (M, ¢) is isogenous to the o-module obtained from
the overconvergent o-module (M’, ¢’) by base extension A — Aj.

Definition 7.5. Let C1(X) be the category of ordinary (not necessarily over-
convergent) o-modules over X/F, which are isogenous (without shrinking X) to
overconvergent (not necessarily ordinary) o-modules over X/F,. Let D;(X) be
the set of unit root o-modules over X coming from an arbitrary slope part in
the Hodge-Newton decomposition of elements in C1(X). Let E1(X) be the set of
unit root o-modules over X coming from the smallest non-trivial slope part in the
Hodge-Newton decomposition of elements in C4(X). Let I;(X) be the set of rank
one elements in E7(X).

It is clear that both E;(X) and I;(X) are closed under tensor product. One
checks that the set E;(X)®I1(X)™! is the same as the tensor category it generates.
By our definition, we have the inclusion relations:

C(X)cCcCi(X), D(X)C Di(X), E(X)C F1(X), I(X) C [L(X).
The following result can be proved in the same way as was Lemma 6.2.

Lemma 7.6. We have the inclusion
Ei(X)CDi(X)C EBi(X)®L(X)™ "

The next result is an extension of our key lemma (Lemma 6.4) from the ordinary
case to the non-ordinary case. It follows directly from Lemma 6.4, Lemma 4.5 and
Lemma 7.4.

Lemma 7.7 (non-ordinary key lemma). If n is an overconvergent o-module over
X and if p € I,(X), then the L-function L(n®p*, T) is meromorphic everywhere for
every integer k. Furthermore, the family of L-functions L(n ® p*,T) parametrized
by integer k in any given residue class modulo (q—1) is a strong family in the sense

of [23].

Note that Lemma 7.7 is also true if we replace n by an element in C4(X). This
is because p is of rank one and an isogeny map does not change the L-function.
Using this fact and Lemma 7.7, we deduce, as in Theorem 6.3, the following result.

Theorem 7.8. If v € E1(X)® I(X)™}, then L(+,T) is p-adic meromorphic.
This result easily implies Dwork’s conjecture in the non-ordinary case.

Theorem 7.9. Let (M,®) be an overconvergent o-module over X with integral
Newton slopes. Then for each integer i > 0, the slope i zeta function L;(¢,T) is
p-adic meromorphic.

Proof. We use induction on the dimension of X. The theorem is trivially true if
dim(X) = 0. Assume that dim(X) > 0. Assume that the theorem is true for
all overconvergent o-modules (M, ¢) over all smooth affine varieties of dimension
smaller than dim(X). By Katz’s isogeny theorem and Lemma 4.5, we may assume
that there is a smooth affine Zariski dense subset Y of X such that ¢ restricted
to Y is isogenous to an element in C1(Y). Let Li(¢,T) (resp. LY(¢,T)) be the
slope i zeta function of ¢ restricted to Y (resp. restricted to X —Y"). By induction,
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one easily shows that L (¢, T) is meromorphic. By Lemma 7.6 and Theorem 7.8,
Li(¢,T) is meromorphic. It follows that the total slope i zeta function

Li(¢a T) = L;(d), T)L;/(qﬁ’ T)

is meromorphic. The proof is complete. O

Similar to Theorem 6.7, we can derive an explicit formula for the pure slope
L-function L;(¢,T') in terms of nuclear overconvergent o-modules. We have

Theorem 7.10. Let (M, @) be an overconvergent o-module over X with integral
Newton slopes. For each integer i > 0, there is an effectively determined infinite
sequence of “constructible” nuclear overconvergent o-modules ®; ; (0 < j < 00)
depending on ¢ such that

o0
Li(¢,T) = [[ L(®:;,T)*,  lim ord,(®; ;) = oc.
. j—o0
7=0
In this theorem, “constructible” means that the o-module ®; ; is a direct sum

of finitely many nuclear overconvergent o-modules over various subvarieties of X.
This direct sum is caused by the combinatorial fact that we have to shrink the
variety X at various points in the proof.

8. THE GENERAL CASE

In this section, we treat Dwork’s conjecture in full generality by working with the
pure slope zeta function attached to a higher power (iterate) of an overconvergent
o-module over X/F,.

Let k be a positive integer and let (M, ¢) be a o-module. The k-th iterate
(M, ¢") is a o*-module over X/F ,« but not a o-module over X/F,. Nevertheless,
we can still define its L-function over X/F, called the k-th power L-function of ¢,
to be the Euler product

LT = ]I

zeX/F,

1
det(I — phdes(®) pdeg(x))’

where Z runs over the closed points of X/F, and z is the Teichmiiller lifting of
T defined with respect to 0. Namely, we are raising each characteristic root of
the Euler factors of L(¢,T) to its k-th power. We emphasize that L(¢*,T) is
different from the L-function of ¢¥ viewed as a o*-module over X/F since the
degree of a point is different when viewed over F, and over its k-th extension
F,:. More generally, if we are given two o-modules ¢; and ¢; over X/F, and two
non-negative integers k1 and ko, then we can define the L-function of the “tensor
product” ¢ @ ¢h? of their iterates as follows:

Ll @5, T) = ]

TEX/F,

1
det(I — ¢r35) g shadesl) Taca(o))”

where ¢; , denotes the fibre of ¢; at x and ¢, denotes the fibre of ¢, at z.
Again, by Grothendieck’s specialization theorem, we can shrink X and go to a
totally ramified finite extension of R, if necessary. In this way, we may assume
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that the Newton slopes of ¢ are fibre by fibre non-negative integers. For an integer
i > 0, we define

deti(QﬁZa T) = H (1 - akT)a

ord, (a)=ideg(x)

where « runs over the reciprocal roots of slope i of the characteristic polynomial
det(I — d)ieg(x)T) defined with respect to the valuation ord aeg). Define

1 .
k _ I I ik
Lz((b aT) - det(cﬁk Tdeg(x)) € R[[TF T]]a
zeX/F, T

where Z runs over the closed points of X/F,. This is called the “slope i and k-th
power” zeta function of (M, ¢) over X/F,. It is trivially analytic in |T|, < p**. We
have the decomposition formula:

L(¢*,T) = [[ Li(¢", T).

i>0

This is a finite product by Grothendieck’s specialization theorem. Although the
k-th iterate ¢* does not have a o-module structure over X/F,, it can be viewed
as a virtual o-module over X/F, in the sense that it can be written as an inte-
gral combination of o-modules over X/F, with positive and negative coefficients.
Namely, we have the following decomposition formula [I9]:

(8.1) L(¢*,T) = H L(Sym" ¢ @ N g, T)(*l)"‘lj.
j=1

More generally, by [19], we have

L(of* © 65, T)

.2 4 . - . 71 jo — . .
82) _ [1;, jos1 L(Sym® 71y @ AT 6y @ Sym2 92y @ A2 oy, T) (-1 72 sz,

These decomposition formulas actually hold fibre by fibre for each Euler factor.
Taking the slope 4 (or ik) part at each Euler factor, we deduce from (8.1) that

(8.3) Li(¢".T) = [] Li(Sym* T p @ Ag, T)"D"4.

j=1

Applying Theorem 7.9 to the right side of (8.3), we deduce the following theorem
which is the full generality as conjectured by Dwork.

Theorem 8.1. Let (M, $) be an overconvergent o-module over X/F, with integral
Newton slopes. Then for each integer i > 0 and each integer k > 1, the slope i and
k-th power L-function L;(¢*,T) is p-adic meromorphic.

Note that the k-th power zeta functions L(¢* T) and L;(¢*,T) can also be
defined for negative integer k£ with a straightforward modification of our definition.
One only needs to remove those zero characteristic roots a in the Euler product
definition since o* is undefined when o = 0 and k is negative. With this generalized
definition of L(¢*, T) and L;(¢*, T'), Theorem 8.1 holds for negative integers as well
and hence holds for all integers k.
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Similarly, Theorem 7.10 carries over to the k-th power situation. We have

Theorem 8.2. Let (M, ) be an overconvergent o-module over X with integral
Newton slopes. Then, there is an effectively determined infinite sequence of “con-
structible” nuclear overconvergent o-modules ®; ;1 (0 < 14,j,k < 00) depending on
¢ such that for all non-negative integers i and k, we have

Li(gﬁk,T) = H L(q)i,j,k; T)i, hm Ol"dﬂ(q)id"k) = OQ.
j=0

J—00

To conclude this section, we raise a question on the possible uniform variation
of unit root L-functions. Suppose that ¢ is an overconvergent o-module which is
ordinary at slope zero. Let ¢y be the slope zero part of ¢. Denote the rank of
¢o by 19. We now know that for each positive integer k, the unit root L-function
L(¢%,T) is p-adic meromorphic. In the case that the rank ry is one, a stronger
result is known. In fact, the key lemma shows that if ro = 1, then L(¢§,T) forms
a strong family when k varies in a fixed residue class modulo (¢ — 1). That is, the
family is the quotient of two uniformly continuous and uniformly entire functions
for k in each residue class modulo (¢ — 1). We want to know if the same statement
is true in the higher rank case ro > 1.

First, we do have a similar uniform continuity result. Let N(g,79) be the order
of the finite group GL,,(F,). That is,

N(Qa TO) = (qro — 1)(qr0 — q) e (qTO _ qTO*l).
For any element A € GL,,(R), it is easy to see that
(84) AN(q’TO) = Iro (mOd ’/T)v

where I, denotes the rg x rg identity matrix. The congruence in (8.4) implies that
whenever k1 and ko are two integers satisfying

(8.5) k1 = ko (mod N(q,r0)p™),
we have
(8.6) AR = APz (mod 7™ tL).

This congruence can be improved somewhat if we take into consideration the ram-
ification degree of R. We shall however not do so for simplicity. From the Euler
product definition of the L-function, we deduce from (8.6) that if k; and ko are two
positive integers satisfying (8.5), then

(8.7) L(%, T) = L(¢f?,T) (mod 7™F1).

Thus, we do have the uniform continuity result for the family of unit root L-
functions L(¢f,T) parametrized by positive integer k if we restrict k to vary in
a fixed residue class modulo N(q,ro).

For each non-negative rational number s, let D4(¢o, k) denote the total degree of
the slope s part of the meromorphic function L(¢5, T), where the total (sum) degree
means the sum of the degree of the numerator and the degree of the denominator.

Question 8.3. For each fixed slope s > 0, can the total degree Dy (¢o, k) be uni-
formly bounded for all integers k7
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The key lemma shows that the answer is positive if the rank rg = 1. A positive
answer for 7o > 1 would imply that a weak version of the Gouvéa-Mazur type
conjecture extends to L(¢f, T') for higher rank ¢o. Instead of using the total degree,
one could use the usual (difference) degree of a rational function. For each non-
negative rational number s, let dy(¢o, k) denote the (difference) degree of the slope
s part of the meromorphic function L(¢k,T). This can be a negative integer.
Similarly, we can ask

Question 8.4. For each fixed slope s > 0, can the (difference) degree ds(¢o, k) be
uniformly bounded for all integers k7

Since

|d3(¢0a k)' < DS(¢0a k)?

a positive answer to Question 8.3 implies a positive answer to Question 8.4. Thus,
Question 8.4 is weaker. Again the answer to Question 8.4 is positive for g = 1
by the key lemma. We know a tiny bit more in the case of Question 8.4. For
s = 0, it is easy to see that the (difference) degree function do(¢o, k) is always
bounded. In fact, do(¢o, k) is just the (difference) degree of the rational function
L(¢%,T) modulo m. A uniform bound for do(¢o, k) then follows from the continuity
congruence in (8.7). However, the author does not know if the total degree function
Do(¢o, k) (for slope s = 0) is bounded if ro > 1, even if ¢ itself is overconvergent.

If one replaces the k-th iterate ¢ by the k-th tensor power d)%z’k or by the k-th
symmetric power Sym” ¢, then the corresponding uniform bound questions have
a negative answer if rg > 1. The simplest counter-example is to take ¢y to be the
direct sum of ¢ copies of the identity overconvergent o-module (A, o). For the k-th
iterate ¢F, although the author does not have a counter-example at this point, he
is inclined to believe that Question 8.3 would in general have a negative answer for
ro > 1. Of course, he would be surprised but very pleased if the answer turned
out to be positive. For Question 8.4, there is a slightly larger chance for a positive
answer, but it is still doubtful at least for rq > 2.

9. REDUCTION TO THE BASE SCHEME A"

In this section, we further reduce the key lemma from a smooth affine base scheme
X/F, to the simplest base scheme A™/F,. There are several ways to achieve this
reduction. Here we use Dwork’s fundamental F-crystal together with some of the
ideas from our previous limiting approach.

First, we lift the given overconvergent o-module (M, ¢) over X/F, to an overcon-
vergent o-module over A™/F,. For this purpose, we need to lift o and A. Namely,
we first lift the identity overconvergent o-module (4, o) from X/F, to A" /F,. Let
R[X]" be the overconvergent power series ring R[X1, -, X,]T. The context should
distinguish the two uses of the same letter X, one for the variety X and the other
for the variable X = (Xy,---,X,,). Recall from the construction in section 2 that
we have an exact sequence of R-algebras:

0— I — RX]T 2 4 —0,

where y is the reduction map of R[X]" modulo the ideal I of R[X]'. One can lift
(non-uniquely) o from A to R[X]. To do so, it suffices to choose elements o (X;)
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of R[X]" satisfying the following two conditions:
o(X;) = X! (mod ), o(X;)€p tooou(Xy).
Such a choice of elements is clearly possible since
oou(X;)= X! (mod (m,1I)).

These elements o(X;) extend to an R-algebra endomorphism (still denoted by o)
of R[X]" such that the diagram

RX]T X 4 —o0

lo lo

RX]F X 4 —o0

commutes. That is, we have
cou=poo.

Iterating this equation, we deduce that for each positive integer d,

clop=poct.

In particular, we have
o(l)CI.
The pair (R[X]T, o) is our overconvergent lifting of (A4,0) from X/F, to A"/F,,.

Lemma 9.1. The Teichmiller points of A defined with respect to o are exactly
those Teichmiiller points of R[X|" defined with respect to o which reduce modulo ©
to the points of X.

Proof. Let © be a geometric point of the variety X of degree d over F,. Let
Ry denote the unramified extension of R with residue field F 4. Recall that the
Teichmiiller lifting = of Z is the unique surjective R-algebra homomorphism x €
Hompg(A, Rq) whose reduction mod 7 is # such that z 0 0? = 2. Composing x with
the reduction map p (not the modulo 7 reduction), we deduce that the composite
map o 41 is a surjective R-algebra homomorphism in Hompg(R[X]", Ry4) such that

(wou)oo? = zo(noo?)
— zo(o"op)
— (@oo")ou
= zoy,
where the first two o act on R[X]! and the last two o act on A. By the uniqueness
of the Teichmiiller lifting, we deduce that z oy is the Teichmiiller lifting of the point
on R[X]" which reduces modulo 7 to the point Z o ji of A"/F,. The last point is
just the point Z of X/F,. By a cardinality counting of degree d points, we deduce

that the above procedure gives rise to all Teichmiiller points of R[X|T defined with
respect to o which reduce modulo 7 to the points of X. The lemma is proved. [

Next, we lift (M, ¢) from X/F, to A" /F,. Choose a row basis €= {e, - ,er}
of M over A and write

M=EPAe;, ¢&)=eC,
i=1
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where C' is an r X r matrix with entries in A. Choose an r X r matrix Cy with
entries in R[X|' such that (Cy) = C. Then the relations

M() = @R[X]]Lei, ¢0(5) = éC’o
i=1

define an overconvergent o-module (My, ¢g) over A™/F,. The pair (Mo, ¢o) is our
overconvergent lifting of (M, ¢) from X/F, to A™/F,. It is clear that the diagram

My, & M —o0
(N 1o
My, & M —o0

commutes with exact rows, where p acts coefficient-wise on My and p(e;) = e;. By
Lemma 9.1, we deduce the formula

(9-1) L(¢/X,T) = L(¢o/ X, T),

where the right side L(¢o/X,T) is the L-function of the o-module ¢y on A™ but
the Euler product is now restricted to those Teichmiiller points of A™ lying over
points of X.

To reduce to the affine space case, we need to digress a little about Dwork’s
F-crystal (see [14] and [I] for further information). By going to a totally ramified
finite extension of R if necessary, we may assume that R contains a primitive p-th
root of unity. Let 7* be an element in R satisfying

)y = .
Let
E(t) = exp(n™*(t — t)).

By Dwork p-adic analytic construction of the additive character of F,, one knows
that F(t) is an overconvergent power series and E(1) is a primitive p-th root of
unity (see [14]). Let x be the fixed non-trivial additive character of F, such that
x(1) = E(1). For each positive integer k, let

Xk = x o Trr , /7,

This is a non-trivial additive character of the extension field Fgx. The order p
character x defines a rank one overconvergent unit root F-crystal E(t) over the
affine ¢-line in Berthelot’s sense, called Dwork’s F-crystal.

Let fi(X),---, fs(X) be a set of generators for the ideal I. Its reduction modulo
7 is then a system of defining equations for the variety X. Let

Gog(X,Y) Z Vifi(X) + -+ Yo fo(X) (mod 7)
be the reduction modulo 7, which is a polynomial over F, in n 4 s variables. Let
R[X,Y]T =R[X1,  , Xp, Y7, ,YS]T.
Extend o from R[X] to R[X,Y], for instance, by taking
Ye = o(¥i) = Y.

(3
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Let @, ¢(X,Y) be the 1 x 1 Frobenius matrix with respect to o of the pull-back of
the overconvergent F-crystal E(t) from the affine t-line Al/F, to the affine space
A"™*s /F, under the map

t— G&f(X, Y).

This gives a rank one unit root overconvergent F-crystal over A"+*/F . Explicitly,
we have

s p(X,Y) = exp(n” Y Yifi(X) = 7" Y Y7 fi(X7).
i=1 i=1
In particular, the power series ®, ¢(X,Y’) defines a rank one overconvergent unit
root o-module over the affine space A""5/F,. At a Teichmiiller point (z,y) of
A"Ts/F, of degree k, the o-module ®, ¢(X,Y’) has the property that
kE—1 kE—1
(I)S,f(xvy)"'q)s,f(xa ,yo' ) :Xk(G&f(i.ag))a

where Z and § denote the reduction of x and y modulo 7.

Via the inclusion R[X]T C R[X,Y]', the o-module ¢y extends to a o-module
over A"t /F,, still denoted by ¢o. The standard property of Dwork’s function
E(t) implies the following result.

Lemma 9.2. We have the relation

92) L(60/X.T) = Lo ® Bup/A™, 1T,

Proof. The proof is the same as the standard method of expressing the zeta function
of an affine variety in terms of the L-function of the exponential sum of a single
polynomial. For the reader’s convenience, we include a proof here. Write

S

E
L(go ® @5 s /A5 T) = eXp(; ?Tk)-

Taking the logarithm on both sides and using the Euler product definition of L-
function for the left side, one sees that S is the p-adic character sum

k—1

Sk=" Y o(x)do(a” NPupl,y) s Ly ),

n+s
(z,y) ETk

where T,?JFS denotes the finite set of the Teichmiiller liftings defined with respect
to o of the rational points of A"** over the k-th extension field F . Similarly, let
Ty (resp. T}) denote the finite set of the Teichmiiller liftings of rational points of
T € A" (resp. y € A®) over the k-th extension field F x. We can rewrite Sy, as

(9.3) Sk=Y ¢o(x) - do(a® )Wa(a),
zET]
where
Wi(2) = Y @ p(a,y) - ®up(@” Ly ).
yeTy

At a Teichmiiller point (z,y) of A"**/F, of degree k, the o-module @, ; has the
property that

k—1 k—1

(I)Saf(xvy)"'(b&f(xg 7yg ) :Xk(ylfl(x)+"'+ysfs(x) mod 7T).
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Thus,
Wi@) = 3 @i hi@ + -+ fu(@).

Yj EFqk

A standard argument shows that

sk if ze X,
Wi(x) = {q

0, otherwise.

Substituting this formula into (9.3), we deduce that

Se=a" Y o(@) oz ),

zeX(F i)

where = denotes the Teichmiiller lifting of the point £ € X defined with respect to
0. Comparing this with the Euler product definition of L(¢g,T’), we conclude that
(9.2) holds. The lemma is proved. O

Putting together equations (9.1)-(9.2), we conclude that the L-function of a o-
module over X/F, can be expressed in terms of the L-function of a o-module over
the affine (n + s)-space A""%/F,. Namely,

1
—T).

S

(9-4) L(¢/X,T) = L(do ® ®sp /A",

We will need a slightly more general construction involving tensor products and
k-th powers. Let (N,v) be another overconvergent o-module over X/F,. In a
similar way, we can lift (IV, ¢) to an overconvergent o-module (No, t)g) over A" /F,
and hence over A"*5/F,. The tensor product (My ® Ny, ¢o ® 1) is a lifting of
(M®N, ¢p®1)) to an overconvergent o-module over A™/F, and hence over A"** /F,,.
Applying (9.4) to 1y ® ¢k, we obtain

Lemma 9.3. For each positive integer k, we have the formula
1
(9.5) L ® 6", T) = L(tho © ¢ @ s,/ A™"?, ET)'

Proof. Using the decomposition formula in (8.2) with k1 = 1 and ky = k, the
formula in (9.4) and then the decomposition formula in (8.2) again, we deduce that

L®¢*,T) = J[L@eSym*peAlp,T) D"
i>1
) ) 1 i1
= HL(%@Sym’f%o®N¢o®q>s,f/A"+iq—sT)<*” '
i>1

1
= L(il)o ®¢7§ ®q)s,f/An+Sa ET)
The proof is complete. O

All the constructions and formulas of this section work perfectly well if we replace
Aby Ag and replace R[X] by the m-adic completion of R[X]!. The formula in (9.5)
does not yet reduce our key lemma, from X to A"**. The problem is that our lifted
¢o over A™ (and hence over A""¥) may not be ordinary at the slope zero side even
if the initial ¢ over X is ordinary at the slope zero side. To get around the difficulty,
we shall apply the “pulling out” trick already used in our limiting approach.
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Lemma 9.4. Let g be an invertible element of A. Then, there is a 1-unit g1 in A
such that

o

- 9 g1
gq 1:?9(1] 5 91:1+7T927

where go € A.

Proof. This is a version of Fermat’s little theorem for the ring A. By our definition
of the Frobenius map o, we can write

9% = g% +mh,

for some h € A. Since g is invertible in A, the element g is invertible in A as well.
Dividing the above equation by g, we obtain
1 9° h
g ==1+7r—).
g 9°

By the binomial theorem, one checks that
h
g1=(1+ 7T_U)l/(q—l)
g
is still a 1-unit in A. The proof is complete. O

Now let (M, ¢) be an overconvergent o-module over X/F, ordinary at the slope
zero side. Assume that the slope zero part ¢(u) of ¢ has rank one. Let € be a row
basis of M over A which is ordinary at the slope zero side. The matrix of ¢ under
€ has the form

Coo 7Co1
9.6 C =
(9:6) (Cm 7TC11) ’

where Cyg is an invertible element of A, and the other Cj; are matrices over A.

Definition 9.5. We shall say that C' is in normalized form if Cyg is a 1-unit in
A and C1q is divisible by 7.

It is easy to see that if C' is in normalized form, then we can lift the overconvergent
¢ from X/F, to an overconvergent ¢g over A™/F, so that ¢ is still in normalized
form and thus ordinary over A"™/F, fibre by fibre at the slope zero side. But it is
not always possible to change a basis so that the matrix of ¢ is in normalized form.
We shall proceed in two steps to reduce to a normalized situation.

First, we can change the basis so that Cjg is divisible by . For this purpose,
we consider the new basis

Ioo 0 o
(1,2, ser) <C’1QC&)1 I11> =k

of M over A, where Iy is the rank 1 identity matrix and Iy is the (r — 1) x
(r — 1) identity matrix. The transition matrix E is overconvergent since C1oCp,"
is overconvergent. One calculates that the matrix of ¢ under the new basis €F is
given by
Coo + mCo1(C10Cyat)° wCo1
ET'CE" =
m(Cn — 0100&1001)(0100&)1)0 m(Cn — 0100(1)1001)
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This matrix is still overconvergent since both E and E¢ are overconvergent. An
important point is that the top left entry of this matrix is still a unit in A and all
other entries are now divisible by 7.

Next, we show how to change the top left entry of the above matrix to be a
1-unit. Pulling out the invertible rank one factor Cyy from the matrix E~'CE?,
we see that ¢ can be written in the form

p=E@m,

where 7 is overconvergent in normalized form and & is an overconvergent rank one
unit root o-module over X with matrix Cpg.

Let ¢(u) be the slope zero part of ¢ and let n(u) be the slope zero part of n. It
is clear that we have the relation

d(u) =& @n(u).

Thus, for each positive integer k, we get

o(u)* = &F @n(w)",

where the k-th power is the same as the k-th tensor power since the rank is one.
We shall need to consider the family ¢(u)* of rank one unit root o-modules over X

parametrized by positive integer k. Let m be the smallest non-negative residue of
k modulo (¢ — 1). That is,

E=m+ (¢ — 1)k,

for some integer k1. We shall fix m (there are only ¢ of them) and let k; vary. Since
Coo is invertible in A, Lemma 9.4 shows that there is a 1-unit g; in A such that

_ Coo) 1
ot = ZC00) -1,
00 Coo 91

Thus,

m 1)k
C(]fo = Cooc(()g h

k
_ CmU(COS) (g—1)k1
- M0 oR
00
E
%U(Coé) k
= 007 gk
g Cch
Under a new basis, the matrix of £€¥ becomes
g@ﬁ
g1"

Thus, we can write
¢ =&(m) @&,

where &1 (m) is an overconvergent rank one unit root o-module over X with matrix
CEt /97 which depends only on m and not on k;, and & is a rank one overconvergent
o-module over X whose matrix ¢g; is a 1-unit in A. Thus,

$(u)’ = &1(m) © (&2 @ n(w))* = &1(m) © p*,
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where p is the slope zero part of & ® 1. Note that £ ® n is overconvergent in
normalized form and ordinary at the slope zero side over X. Thus, we have shown
that for all K = m (mod (¢ — 1))

(9.7) L ® ¢(w)",T) = Ly ® &1(m) ® p*, T),

where p is the slope zero part of the overconvergent o-module £ ® i over X/F in
normalized form and ordinary at the slope zero side. The key lemma is to prove
the meromorphic continuation of the left side of (9.7). Replacing ¢ by ¥ ® & (m)
and ¢(u) by p, we deduce from (9.7) that our key lemma is reduced to the case
that ¢ itself is already in normalized form. With this normalized assumption on
¢, we can now lift (M, ¢) from X to an overconvergent (Mo, ¢o) over A" /F, (and
hence over A"*#/F,) ordinary at the slope zero side and still in normalized form.
The slope zero part ¢o(u) of ¢o is then a lifting of ¢(u) to A™/F, (and hence to
A"*$/F,), not necessarily overconvergent.

Let g be any overconvergent lifting of the overconvergent o-module v from A
to R[X]', hence to R[X,Y]". Applying Lemma 9.3 to the o-module 1y ® ¢o(u)"
over A""¢/F,, we obtain

(9.8) L(Y © ¢p(u)*, T) = L(®s § @ tho @ ¢o(u)* /A", q—lsT)-

The o-module @, ; ® 1y is clearly overconvergent over A"*¢/F,. The rank one
unit root o-module ¢g(u) is the slope zero part of the overconvergent o-module ¢
over A""5/F, ordinary at the slope zero side and in normalized form. It follows
that our key lemma has been reduced from X to the affine space case A"*5. More
precisely, replacing n + s by n in the right side of (9.8), we have reduced our key
lemma to the following result.

Lemma 9.6. Let ¢ be an overconvergent o-module over A™/F,. Let p be a rank
one unit root o-module which is the slope zero part of some overconvergent o-module
(M, ¢) over A™/F, ordinary fibre by fibre at the slope zero side and in normalized
form. Then the L-function L()@p*,T) is meromorphic everywhere for every integer
k. Furthermore, the family of L-functions L(y @ p*,T) parametrized by integer k
is a strong family in the sense of [23].

This lemma has already been proved in [T9] in the case when the Frobenius lifting
o is the simplest one o(X;) = X, where Dwork’s trace formula can be applied. In
particular, the more restrictive F-crystal version of Lemma 9.6 was already proved
since the overconvergence condition is independent of the choice of 0. But for a
general o-module and a more general o, we will need to use a sufficiently explicit
form of Monsky’s trace formula. The full Lemma 9.6, which is a special case of
Theorem 7.7 in [23], is proved in [23].

10. APPENDIX: PROOF OF MONSKY’S TRACE FORMULA

In this appendix, we give a proof of the extended Monsky trace formula for the
finite rank case, based on various results in [I3]. For this purpose, we need to define
certain Grothendieck modules.

Recall that A is our n-dimensional overconvergent integral domain and o is
a fixed Frobenius endomorphism of A. Let C(A, o) be the category of finite A-
modules (M, ¢) with a o-linear endomorphism ¢. Let m(A, o) be the free abelian
group generated by the isomorphism classes of objects of C(A, ). Let n(A, o) be
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the subgroup of m(A, o) generated by the following two types of elements. The
first type is of the form

(M, ¢) — (M, ¢1) — (M2, ¢2),
where
0— (M, ¢1) — (M, ) — (M2, ¢2) — 0
is an exact sequence of objects in C(A, o). The second type is of the form

(M, ¢1 + ¢2) — (M, p1) — (M, ¢2),

where each of the three terms has the same underlying module M and ¢ + ¢2
simply denotes the sum of maps.

Definition 10.1. The Grothendieck group K(A,o) associated to the category
C(A, o) is the quotient abelian group m(A4,o)/n(A, o).

If we started with the subcategory of finite projective A-modules (or even finite
free A-modules) with a o-linear map, its associated Grothendieck group is the same,
by the existence of a finite projective resolution of a finite A-module. Thus, we can
work with projective o-modules if we wish. For (M,¢) € C(A,0), the class of
(M, ¢) in K(A, o) will be denoted by [M,¢]. The abelian group K(A,0) has a
natural A-module structure given by

alM,¢] = [M,Lao¢], acA,

where L, denotes the A-linear multiplication map by a. An object (M, ¢) in C(A, o)
is called trivial if ¢ is the zero map. It is clear that a trivial object (M, ¢) in C'(A, o)
represents the zero element in K (A4, o).

If (M, ¢) is an object of C'(A, o), the following diagram commutes:

¢oL,
—

M M
| La L La
Mo g

That is, the multiplication map L, induces a morphism
(M7¢O La) I (MvLa o ¢)

The kernel and cokernel of this morphism are trivial objects in C(A, ). Thus, they
represent the zero element in K (A, o). This shows that

G[M,(j)] = [MvLa O¢] = [M7¢0La] = [MaLa(a) O¢] = U(G)[M,¢]
In particular,

(@ —o(a))[M,¢] =0
for every a € A. Let J be the ideal of A generated by all the elements of the
form a — o(a) with a € A. Then, the quotient A/J is isomorphic as an R-algebra

as a direct sum of N(A) copies of R, where N(A) denotes the number of F -
rational points on the affine Fy-variety defined by A. The above argument shows
that the ideal J annihilates K (A, o). Thus, the A-module K (A, o) has a natural
A/J-module structure.

Similarly, let C*(A, o) be the category of finite A-modules (M, ©) with a Dwork

operator O:
O(o(a)m) =aO®(m), a€ A me M.
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The Grothendieck group K*(A, o) associated to the category C*(A, o) is defined
in a similar way as K(A,o). The class of a Dwork operator (M,0) in K*(A,0)
will be denoted by [M,©]. The abelian group K*(4, o) has a natural A-module
structure given by
a[M,0] =[M,00Ly], acA.

Note that the definition of A-action on K*(A4, o) is different from that of A-action
on K(A,o). An object (M,0) in C*(A,o) is called trivial if © is the zero map.
It is clear that a trivial object (M, ©) in C*(A, o) represents the zero element in
K*(A, o).

By a similar argument, one shows that the ideal J annihilates K*(A, o). Hence,
the A-module K*(A, o) has a natural A/J-module structure. Note that our nota-
tions are somewhat different from those in [13]. In particular, our K*(A, o) (resp.
K(A,0)) is the K(A, F) (resp. K*(A, F)) in [13].

A basic result of Monsky (Theorem 3.5 and p. 331 in [13]) is
Lemma 10.2. The two modules K(A, o) and K*(A, o) are both isomorphic to A/ J
as A/J-modules.

One can define several functorial maps from K (A, o) to K*(A,0). Let 0 <i <n
be an integer. Let (M, ¢) be an object of C(A, o). Recall from section 3 that

M; = Homy (M, Q"A) = Q"M
where
MY =Homu (M, A), QMY =M"o,4Q0A.
A Dwork operator ¢} on M} is given by
¢; (F)(m) = 0u(f(¢i(m))), meQM, fe M,

where

i =@ 0 QM — QM.
The corresponding Dwork operator on Q" *M" is denoted by 6,,_;(¢). That is,

(M7, ¢7) = ("7 MY, 0,).

For each integer 0 < i < n, we define a map \; from the set C(A,0) to K*(A,0)
by

Ni(M, ¢) = [M], ¢7] = [Q" ' MY, 0,_i(¢)].
The image \;(M, ¢) depends only on the isomorphism class of the object (M, ¢) in
C(A, o). Thus, the map A; extends to a homomorphism of abelian groups:
Ai: m(A,o) — K(A,0).
It is easy to check that A; annihilates the subgroup n(A4, o) of m(A4, o). It follows

that \; induces a well-defined map from K (A4, ) to K*(A, F'), denoted by the same
notation A;. This map respects the A-module (resp. A/J-module) structure:

Ai(a[M, ¢]) = aXi([M, ¢]), a € A,
by our definition of the A-module structure of K (A4, o) and K*(A, o). We deduce

Lemma 10.3. For each integer 0 < i < n, the map \; : K(A,0) — K*(A,0) is a
homomorphism of cyclic A/J-modules.
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The identity element [A, o] is a generator of the cyclic A/J-module K(A,0o),
denoted by x(A). It image under A is

Ao(x(4)) = Ao([A, o]) = [Ap, op] = [ A, 0,.].

This is the identity element of the cyclic A/J-module K*(A, o), denoted by x*(A).
Thus, Lemma 10.3 can be strengthened as follows (see p.331 in [I3]).

Lemma 10.4. The map Ay : K(A,0) — K*(A4,0) is an isomorphism of cyclic
A/ J-modules.

For ¢ > 0, the map \; will not be an isomorphism but it can be shown to be
topologically nilpotent. Define a new map A from K (A4, 0) to K*(A, F) by

A= znj(_mn_i.
=0

That is,
MIM.¢)) = Y (=)' A-i([M, ¢))
=0
= > (=DM )
=0
= Y ()RMY,0,(9)).
=0

The map A is a homomorphism of cyclic A/J-modules. We have the following
stronger lemma;:

Lemma 10.5. The map A : K(A,0) — K*(A,0) is an isomorphism of cyclic
A/J-modules.

This result is a consequence of the next lemma which shows that A, like \g, also
takes the generator x(A) of K (A, o) to the generator x*(A4) of K*(A,0).

Lemma 10.6. As elements of K*(A, o),
AX(4)) = x"(A).

Proof. In our notations, Theorem 5.1 in [13] says that

X*(A) = (1) A,6;].
i=0
Since the dual o-module of the identity element (A, o) is itself,

Ax(4)) = A(4,9])

n

The lemma is true. (|
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Lemma 10.6 is essentially the rank one case of Monsky’s trace formula. To extend
it to the higher rank case, we need to introduce a trace map on the Grothendieck
module K(A4,0). If (M, ¢) is an object of C(A, o), then the quotient M/JM is a
finite A/J-module. The induced action of ¢ on M/JM is A/J-linear. The trace
of the A/J-linear map acting on M/JM is called the A/J-trace of ¢, denoted by
Trs, (M, ¢) or in short by Tr,;(¢). It depends only on the isomorphism class of
(M, ¢) in C(A, o) and hence extends to an A-linear map on m(A,0). It is easy to
see that the A/J-trace map annihilates the subgroup n(A4, o) and thus induces a
well-defined A/J-linear map on the Grothendieck module K (A4, 0):

Trasy: K(AJ)— A/J,
denoted by the same notation. Since the A/J-trace of the identity object (4,0) is

1, which is a generator of A/J, we obtain

Lemma 10.7. The A/J-trace map Try,; : K(A,J) — A/J is an isomorphism of
cyclic A/ J-modules.

Since K(A,0) is a free A/J-module of rank 1 with generator x(A), for a given
object (M, ¢) € C(A, o), there is a unique element a(¢) € A/J such that
[M, ¢] = a(¢)x(A).
Taking the A/J-trace on both sides, we obtain the relation

Trays(¢) = a(¢).

In other words, we have
Lemma 10.8. As elements of K(A, o), we have
(M, ¢] = Tray;(d)x(A).

Applying the A map to both sides of the above equation and using Lemma 10.6,
we obtain the main result of this section:

Theorem 10.9. Let (M, ¢) € C(A,0). As elements of K*(A, o), we have

n
Tras(9)x"(A) = Z(_l)i[Mrtfia(ﬁ:zfi]
i=0
= D (=DM, 6:(9)].
i=0
This is the abstract form of the general trace formula. To obtain the concrete
trace formula, we let Tr denote the R-trace map from K*(A, o) to R. Taking the
R-trace in the equation of Theorem 10.9, we obtain

Theorem 10.10. Let (M, ¢) € C(A, o). Then,
D a(Traps(9) = D (=1)'Tr(d)_;|M;_;)
x =0

— S () T(O(9) M),
i=0
where x runs over the set of Teichmiiller points of degree 1, that is, the set of
surjective R-algebra homomorphisms x : A — R such that x oo = x.
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This theorem is the additive form of Theorem 3.1 in section 3. It is true for free
M by our discussion above. The general case follows by taking a free resolution of

(M, 9).
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