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DIRAC COHOMOLOGY, UNITARY REPRESENTATIONS
AND A PROOF OF A CONJECTURE OF VOGAN

JING-SONG HUANG AND PAVLE PANDZIC

1. INTRODUCTION

The main result in this paper is a proof of Vogan’s conjecture on Dirac cohomol-
ogy. In the fall of 1997, David Vogan gave a series of talks on the Dirac operator and
unitary representations at the MIT Lie groups seminar. In these talks he explained
a conjecture which can be stated as follows. Let G be a connected semisimple
Lie group with finite center. Let K be the maximal compact subgroup of G cor-
responding to the Cartan involution 6. Suppose X is an irreducible unitarizable
(g, K)-module. The Dirac operator D acts on X ® S, where S is a space of spinors
for po. Here go = &y ® po is the Cartan decomposition for the Lie algebra gg of
G. The Vogan conjecture says that if D has a non-zero kernel on X ® S, then
the infinitesimal character of X can be described in terms of the highest weight
of a K-type in Ker D. Here K is a double cover of K corresponding to the group
Spin(po) and hence it acts on X ® S.

In the most general setting the Dirac operator is defined on a spinor bundle
over any smooth manifold with a non-degenerate metric. Its various versions on
homogeneous spaces play an important role in representation theory, geometry and
topology as well as mathematical physics. For instance, it is well known that the
discrete series representations of G can be constructed as kernels of Dirac opera-
tors for the corresponding associated twisted spinor bundles ([AS], [H], [P]). The
properties of the Dirac operators have been extensively studied and their appli-
cations are observed in many branches of mathematics and in theoretical physics.
The literature related to the Dirac operator is immense and it is impossible for
us to list appropriate references to all important contributions. We merely men-
tion two pieces of recent work known to us: one is Bertram Kostant’s work on
cubic Dirac operators on equal rank homogeneous spaces, which has applications
in physics and topological K-theory [K]; the other is David Vogan’s determination
of the smallest non-zero eigenvalue of the Laplacian on a locally symmetric space
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by using Parthasarathy’s Dirac inequality [V4], which is a fundamental problem
in differential geometry and theory of automorphic forms. This far-reaching result
was first obtained by Jian-Shu Li by using the dual pair correspondence [L].

We now describe more precisely the conjecture of Vogan which also allows X to
be non-unitary. In this case, the kernel of D is replaced by the Dirac cohomology,
Ker D/(Im DNKer D); if the Dirac cohomology is non-zero, then the same as before
can be concluded about the infinitesimal character of X. In case X is unitary, D
is self-adjoint and the Dirac cohomology is just Ker D.

Conjecture (Vogan). Let X be an irreducible (g, K)-module, such that the Dirac
cohomology is non-zero. Let v be a K-type contained in the Dirac cohomology,
where K is the two-fold spin cover of K. Then the infinitesimal character of X is
giwen by v+ p.. Here p. is the half sum of the compact positive roots.

For an explanation of how v 4+ p. defines an infinitesimal character, see the
discussion before Theorem 2.3. This conjecture was evidenced by W. Schmid’s
work in [S] in the case when X is the Harish-Chandra module of a discrete series
representation. Before that, it was observed for most discrete series representations
by Hotta and Parthasarathy in [HP].

Vogan also presented a purely algebraic conjecture that implies the one above.
Namely, let U(g) be the universal enveloping algebra of g and C(p) the Clifford
algebra of p. Then one can consider the following version of the Dirac operator:

D=3 %o eU(g)e k)

i=1

here Z,...,7Z, is an orthonormal basis of p with respect to the Killing form.
Furthermore, one can consider a diagonal embedding of ¢ into U(g) ® C(p), given
by the embedding ¢ — g — U(g) and the map ¢ — so(p) — C(p). We denote
the image of this diagonal embedding by €a. The conjecture now says that every
element 2 ® 1 of Z(g) ® 1 C U(g) ® C(p) can be written as

(1.1) ¢(2) + Da+bD

where ((z) is in Z(Ea), and a,b € U(g) @ C(p).

Our contribution is to introduce a differential d on the K-invariants in U(g) ®
C(p) related to D. It turns out that the conjecture follows once we determine the
cohomology of this differential. As a matter of fact, we obtain an even stronger
result than (1.1), i.e., we show that every element 2 ® 1 of Z(g) ® 1 C U(g) ® C(p)
can be written as

(1.2) ¢(z) + Da+aD

where ¢ is a homomorphism from Z(g) to Z(¢a), and a € U(g) @ C(p).

Let us also note that besides implying the first conjecture, this conjecture is an
analogue for Dirac operators of the Casselman-Osborne theorem about the action of
Z(g) on n-cohomology; see [CO] or [V1], Theorem 3.1.5. It is also worth mentioning
that Vogan’s conjecture implies a refinement of the celebrated Parthasarathy’s Dirac
inequality, which is an extremely useful tool for the classification of irreducible
unitary representations of semisimple Lie groups.
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Proposition 1.1 (Parthasarathy’s Dirac Inequality [P], [VZ]). Let X be an irre-
ducible unitary (g, K)-module with infinitesimal character A. Fiz a representation
of K occurring in X, of highest weight u € t*, and a positive root system AT (g)
for t in g. Here t is a Cartan subalgebra of €. Write

pe = p(AT(V), pn = p(AT ().
Fiz an element w € Wi such that w(p — py) is dominant for A*(€). Then
(W = pn) + pe,w(p = pn) + pe) > (A A).
Our main result implies the following theorem.

Theorem 1.2. The equality in Proposition 1.1 holds if and only if some W con-
Jugate of A is equal to w(u — pn) + pe (and therefore vanishes on p').

The paper is organized as follows. In Section 2 we explain in detail the above
mentioned conjectures of Vogan, bearing in mind that the content of [V3] is un-
available to most readers. At the end of this section we include some remarks about
how to check if the Dirac cohomology is non-zero.

In Section 3 we introduce the differential d, formulate the main result (stating
more or less that the cohomology of d is Z(€a)), and show how this implies the
conjecture.

In Section 4 we prove the main result. The idea is standard: we introduce a
filtration and pass to the graded object to calculate the cohomology in the graded
setting first. This is easy, and we can also easily come back to the filtered setting.

Section 5 is devoted to calculating the homomorphism ¢ : Z(g) — Z(£a) explic-
itly. This is done using the fundamental series representations, for which we know
both the infinitesimal characters and the Dirac cohomology.

In Section 6 we give a classification of the unitary representations with non-zero
Dirac cohomology and strongly regular infinitesimal character. This is similar to
the classification of representations with non-zero (g, K )-cohomology given in [VZ].
The proof can be done by the same technique as in [VZ]. We give a much shorter
proof by using Salamanca-Riba’s result [SR]. We also give a criterion for a unitary
Aq(N) to have non-zero Dirac cohomology.

Finally in Section 7 we briefly explain the setting of Kostant’s cubic Dirac op-
erator from [K|, and indicate how our result generalizes to this setting and its
consequent topological significance. It was Kostant who pointed out to us the
possibility of this generalization. Kostant has announced a paper [K2] which will
contain, among other things, these results in more detail.

2. VOGAN’S CONJECTURES ON DIRAC COHOMOLOGY

Let G be a connected real semisimple Lie group with finite center. Let go be
the Lie algebra of G. Let 6 be a Cartan involution of gg, and let go = &y ® po be
the corresponding Cartan decomposition. Then & is the Lie algebra of a maximal
compact subgroup K of G. Denote by g, € and p the complexifications of gg, ¢y and
po; then g = ¢ P p.

One could also work with a reductive Lie group G with a maximal compact
subgroup K, but we prefer the above setting for simplicity.

The Killing form of gy induces a K-invariant inner product on pg; let us fix an
orthonormal basis (Z;;4 = 1,...,n) of pg. In particular, we get a map v : K —
SO(po), whose differential is still denoted by +.
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Consider the algebra U(g)® C(p), where U(g) is the universal enveloping algebra
of g and C(p) is the Clifford algebra of p. The Dirac operator D is an element of
this algebra, defined by

n
D=Y 7 ®Z.
i=1
It is easy to check that if we change the basis Z; by an orthogonal transformation,
the above expression for D will not change. Thus D does not depend on the choice
of the basis Z;, and moreover it is K-invariant, for the diagonal action of K given
by adjoint actions on both factors.

Let X be a (g, K)-module. Let S be a space of spinors for po; it is a complex
simple module for C(pg), and hence also for C(p). In particular, it is a representa-
tion of the spin double cover K of K. Namely, K is constructed from the following
pullback diagram:

K ——— Spin(po)

I |

Since Spin(pg) is constructed as a subgroup of the multiplicative group of invertible
elements in C(po), S is a representation of Spin(pg) and hence also of K. It follows
that X ® S is a K-module, where K acts on both factors; on X through K and on
S as above.

Furthermore, X ® S is a module for the algebra U(g) @ C(p), with U(g) acting
on X and C(p) on S. The differential of the K-action is the action of a copy of £
diagonally embedded into U(g) ® C(p) as follows. Recall that there is a Lie algebra
map from so(pg) into C(po), given by

1

where Ej;; denotes the matrix with all entries equal to 0, except for the ij entry
which is equal to 1. Note that this map is K-equivariant. Composing with our
v : € — so(pp), we get a K-equivariant map

(672 Eo e C(po)
Using this map we embed &, diagonally into U(g) ® C(p), by
a: X —Xe1+1®aX),

for X € ¢. Clearly, & also defines an embedding of ¢ into U(g) ® C(p). We denote
by €A the image of € under the map a.

Note that a(ty) is contained in the Lie algebra of Spin(pg) C C(po). This
immediately implies the following lemma;:

Lemma 2.1. The complezified differential of the K-action on X @ S corresponds
under & to the restriction of the action of U(g) ® C(p) to the Lie subalgebra €a.

Clearly, the action of U(g) ® C(p) on X ® S is K-equivariant. In other words,

X®Sisa (U(g) ® C(p), K)-module.
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The Dirac operator D € U(g) ® C(p) acts on X ® S; since D is K-invariant, the
action of D commutes with the action of K and hence also with the action of €a.
We define the Dirac cohomology of X to be the K-module

Ker D/(Im D NKer D).

Assume now that X is unitarizable, i.e., there is a positive definite hermitian
product { , ) on X, such that every element of g acts as a skew hermitian operator
on X, and every element of K acts as a unitary operator on X. Let <,> be a
hermitian form on S such that every vector in py C C(p) acts on S by a skew
hermitian operator. The existence of such a hermitian form is shown e.g. in [W],
9.2.3. We define a hermitian form on X ® S by

ves,wes)=(vw) <s,s >.

It is now clear that every Z; acts by a skew hermitian operator both on X and on
S, and hence we get

Lemma 2.2. If X is unitarizable, then D is self-adjoint with respect to the her-
mitian form on X ® S defined above.

In particular, for unitarizable X, Im D N Ker D = 0, and hence the Dirac coho-
mology is simply Ker D.

Let T be a maximal torus in K, with Lie algebra tg. Let h be the centralizer
of t in g; it is a O-stable Cartan subalgebra of g containing t. Since h = t @ pt,
we get an embedding of t* into h*. Therefore any element of t* determines a
character of the center Z(g) of U(g). Here we are using the standard identification
Z(g) = S(h)" via the Harish-Chandra homomorphism (W is the Weyl group), by
which the characters of Z(g) correspond to the W-orbits in h*.

We fix a positive root system A1 (£ t) for t in & let p. = p(AT (€ t)) be the
corresponding half sum of the positive roots. For any finite-dimensional irreducible
representation (v, E,) of ¢, we denote its highest weight in t* by 7 again.

D. Vogan conjectured the following:

Theorem 2.3. Let X be an irreducible (g, K)-module, such that the Dirac coho-
mology is non-zero. Let v be a K-type contained in the Dirac cohomology. Then
the infinitesimal character of X is given by v + pe.

In view of the above remarks, in case X is unitarizable, we get the following
consequence, which was also conjectured by Vogan:

Corollary 2.4. ~Let X be an irreducible unitarizable (g, K )-module, such that Ker D
#0. Let v be a K-type contained in Ker D. Then the infinitesimal character of X
s given by vy + pe.

Vogan further reduced the claim of Theorem 2.3 to an entirely algebraic state-
ment in the algebra U(g) ® C(p). Let us first note that the above described map

a:t—ta CU(g)@C(p)
extends to an embedding

a:U(t) — U(g) ® C(p),
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with image equal to U(ka). To see that this is really an embedding, it is enough to
note that if u € U(¥) is a PBW monomial, then &(u) is the sum of ©® 1 and terms
of the form w ® a, with w having smaller degree than wu.

For future use, we note that there is an isomorphism

B:UE)®1—U(tr);

it is the composition of & with the obvious isomorphism U (¢) ® 1 — U(¥).
We can now state Vogan’s algebraic conjecture that implies Theorem 2.3.

Theorem 2.5. Let z € Z(g). Then there is a unique ((z) in the center Z(8a) of
U(tn), and there are K -invariant elements a,b € U(g) ® C(p), such that

z={((z2)+ Da+bD.

To see that Theorem 2.5 implies Theorem 2.3, let & € (X ® S)(7y) be non-zero,
such that DZ = 0 and & ¢ Im D. Note that both z® 1 and ((z) act as scalars on Z.
The first of these scalars is the infinitesimal character A of X applied to z, and the
second is the £-infinitesimal character of 4 applied to ((z), that is, (7 + p¢)(¢(2)).

On the other hand, since (#» ® 1 — ((2))Z = DaZ, and & ¢ Im D, it follows
that (z ® 1 — ((z))Z = 0. Thus the above two scalars are the same, i.e., A(z) =
(v + o) (C(2).

In Section 5 we will show that under identifications Z(g) = S(h)" = P(h*)W
and Z(ka) = Z(8) =2 S(t)"x = P(t*)"* the homomorphism ¢ corresponds to the
restriction of polynomials on h* to t*. Here the already mentioned inclusion of
t* into h* is given by extending functionals from t to b, letting them act by 0 on
a = p*. This finishes the proof.

We finish this section with the following remark, which indicates how to check
if a unitarizable X has non-zero Dirac cohomology.

Proposition 2.6. Let X be an irreducible unitarizable (g, K)-module with infini-
tesimal character A. Assume that X ® S contains a K-type v, i.e., (X ® S)(vy) # 0.
Assume further that ||A]| = ||y + pel|- Then the Dirac cohomology of X, Ker D,
contains (X ® S)(y). In particular, the Dirac cohomology of X is non-zero.

Proof. This follows from a formula for the square of D, which is obtained by a
direct computation. This formula is stated in Lemma 3.1 in the next section. The
formula implies that D? acts on (X ® S)(v) by the scalar

—(IIAIZ = 1ol + (v =+ pel I = [lpel*) + (llpelI* = 1lol*) = 0.

By Lemma 2.2, D is self-adjoint. Therefore we have D =0 on (X ® S)(7). O

Note that Corollary 2.4 implies the converse of Proposition 2.6: if X is irreducible
unitarizable, with Dirac cohomology containing (X ® S)(y), then by Corollary 2.4
the infinitesimal character of X is A =+ + p.. Hence ||A|| = |7 + pel|-

Furthermore, combining Proposition 2.6 with Corollary 2.4, we get the following
corollary:

Corollary 2.7. Let X be an irreducible unitarizable (g, K)-module with infinitesi-
mal character A, such that (X ® S)(y) # 0. Assume that ||A|| = ||y + pel|- Then
some W conjugate of A is equal to v+ pe.
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3. THE MAIN RESULT

Let us first note that the Clifford algebra C(p) has a natural Zs-gradation into
even and odd parts:

C(p) =C°(p) ® C*(p).

This gradation induces a Zs-gradation on U(g) ® C(p) in an obvious way.
We define a map d from U(g) ® C(p) into itself, as d = d° © d*, where

d’: U(g) @ C°(p) — U(g) @ C'(p)

is given by
(3.1a) d°(a) = Da — aD,
and
d': Ulg) @ C(p) — Ulg) @ CO(p)
is given by
(3.1b) d'(a) = Da + aD.

In other words, if €, denotes the sign of a, that is, 1 for even a and —1 for odd a,
then d(a) = Da — e,aD (for homogeneous a, i.e., those a which have sign).

We will use the following formula for D?, which can be proved by a straightfor-
ward calculation. An analogous formula in a specific representation was first proved
by Parthasarathy in [P], Proposition 3.2. See also [W], 9.3.3.

Lemma 3.1. Let Qg be the Casimir operator for g (given by Qg = > Z2 — > W]-Q,
where W; is an orthonormal basis for € with respect to the inner product —B,

where B is the Killing form). Let Q. be the Casimir operator for €a (given by
Qe = d(—ZWf)) Then D* = —Q4 ® 1 + Qen + C, where C is the constant

lloel1* = lllI*.

Here p. was defined before Theorem 2.3, and to define p, we choose a positive
root system A (g, t) which contains AT (€, t). In other words, the positive roots for
(&, t) are precisely the positive compact roots for (g, t). Finally, the norms on t and
t* are induced by the Killing form of g restricted to t.

Using Lemma 3.1, we prove that our d induces a differential on the K-invariants
in U(g) @ C(p).

Lemma 3.2. Let d be the map defined in (3.1a) and (3.1b). Then
(i) d is K -equivariant, hence induces a map from (U(g) @ C(p))¥ into itself.
(i) d = 0 on (U(g) & C(p))<

Proof. (i) is trivial, since D is K-invariant.
Let a € (U(g) ® C(p))X be even or odd. Then

d*(a) = d(Da — €,aD) = D*a — epgDaD — ¢,(DaD — e¢,paD?) = D*a — aD?,

since obviously €,p = €pq, = —€,. Using Lemma 3.1, we see that a will commute
with D? if and only if it commutes with Qg,. If a is K-invariant, then this clearly
holds, as a then commutes with all of U(ta). O

Thus we see that d is a differential on (U(g) @ C(p))X, of degree 1 with respect
to the above defined Zs-gradation. Note that we do not have a Z-gradation on
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(U(g) ® C(p))X so that d is of degree 1, i.e., this is not a complex in the usual
sense.

We want to calculate the cohomology of d. Before we state the result, let us note
the following:

Proposition 3.3. Z(ta) is in the kernel of d.

Proof. Since D is K-invariant, it commutes with €4, and thus with U(¢a) and in
particular with Z(€a). Since Z(€a) C (U(g) ® C°(p))%, the claim follows. O

We are ready to state the main result:

Theorem 3.4. Let d be the differential on (U(g)®@C(p))¥ constructed above. Then
Kerd = Z(¢a) ® Imd. In particular, the cohomology of d is isomorphic to Z(8a).

The proof uses the standard method of filtering the algebra (the filtration comes
from the usual filtration on U(g)), and then passing to the graded algebra. The
analogue of our theorem in the graded setting is easy; the complex we get is closely
related to the standard Koszul complex associated to the vector space p. One
can now go back to the original setting by an easy induction on the degree of the
filtration.

Before we go into the details of this proof, let us first note a consequence, which
immediately proves Vogan’s conjecture, Theorem 2.5; just put b = a in Theorem
2.5.

Corollary 3.5. Let z € Z(g). Then there is a unique ((z) € Z(€a), and there is
an a € (U(g) ® C*(p))¥, such that

z2®1=C((2) + Da+ aD.

Proof. This follows at once from Theorem 3.4, if we just notice that z® 1 commutes
with D (indeed, it is in the center of U(g) ® C(p)), and being even, it is thus in
Kerd. Hence, it is of the form ((z) + d(a) = {(z) + Da + aD. O

4. THE PROOF OF THE MAIN RESULT
Let A be an algebra over C with a filtration
0=F AC FpAC FAC .-

such that F,AF,A C Fy,;,A. We assume that |J, F,A = A. We set Gr, A =
F,A/F,_1Aforn >0 andlet Gr A =&, Gr, A be the associated graded algebra.
We denote by a — a the projection from F,A to Gr, A. For a € Gr, A and
b € Gr,, A, we have ab = ab € Gr,,,, A.

The standard filtration on U(g) induces a filtration on

A=U(g)©Cp),

by setting F A = F(U(s) ® C(p)) = Fa(U(g))  C(p).
Note that this filtration is K-invariant. It follows that it induces a filtration on
AK by F,(AF) = (F,A)X. Clearly, the Dirac operator D =, Z; ® Z; € F} AX.
The Zs-gradation on the Clifford algebra C(p) induces a Zs-gradation on A. We
set A =U(g) ® C%(p) and A' = U(g) ® C1(p) . Then A = A ® A'. Clearly, this
Zo-gradation is compatible with the above defined filtration.
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If a € F,U(g) ® C°p), then d’a = Da — aD € F,11U(g) @ CX(p). If a €
F,U(g) ® C'(p), then d'a = Da +aD € F,1U(g) ® C°(p). It follows that

d*: F,A° - F, ., AY, d': F,A' — F, 1 A°.
Thus d° and d' induce
d°: Gr, A° — Gr, 1 A', d': Gr, A' — Gr,;1 A
If a € F,A°, then
@(a) = Pa — Da —aD = Da—aD = Da — aD.
a € F,A', then d(a) = d'a = Da+aD = Da+aD = Da + aD. Here

If
D=3%,7Z;®Z; € (Gr AH)F = (S'(g) @ C*(p))*.
Therefore d = d° + d* induces

d=d"+d": GrA— GrA
fa=u®Z, 2y, € Gr(U(g) ® C(p)) = S(g) ® C(p), then
d(a) =Da — (—1)*aD
=Y (20 Z) e Zi, - Ziy) = ()Y (w@ Ziy - 23 (2 © Zi)

=3 Zu® ZiZi, -+ Zi, — (~V)uZ; ® Z;, - 24, Zi)

= Z [Ziu & ZiZil cee Zik — (—1)kuZi & Zi1 cee Zik Zi]
iif Vi

k
+ Z[Ziju & Zij Ziy Ly, — (—1)kuZij ® Ziy - Ziy, Zij]
7j=1

= Z[Ziu (%9 ZiZil cee Zik —Ziu® ZiZil cee Zik]
i

k
+ Z[(_l)j*lziju ® ZIL.1 - ZZ ce sz

=1

—(-D(-DF"uZ, @ Ziy - Z2 - Zy,

5

Zi,.

J

k
= —22(—1)j’1u2ij ® Ziy -+ Ty -
7j=1

The last equality follows from ZEJ =—1.
It follows from g = € ® p that

S5(g) = S(8) @ S(p).
Then we have
S(g) @ Clp) = S(E) @ S(p) @ Clp).
Hence, we have the following vector space isomorphism:
S(g) @ Cp) =5 @ S(p) @ A(p).

It follows that d = (=2)id ® dy, where dy, is the Koszul differential for the vector
space p. In particular, d is a differential on S(g) ® C(p), i.e., (d)? = 0. Note that
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dy is exact except at degree 0 and the zeroth cohomology is C, embedded as the
constants. It follows that the differential d is exact except at degree 0 and the
zeroth cohomology is isomorphic to S(¢) ® 1 embedded in the obvious way. In other
words, we see that

Kerd = S(¢) ® 1 © Imd.

Since d is K-equivariant, the kernel of d on the K-invariants is the same as

(Kerd)™ which is by the above formula equal to the direct sum of S(£)* ® 1 with
the image of d on the K-invariants. In other words, we get the following lemma.

Lemma 4.1. The differential d on (S(g) ® C(p))X is exact except at degree 0
and the zeroth cohomology is isomorphic to S(®)X @ 1. More precisely, Kerd =
SEK ®1eImd.

Now we can prove the main result, Theorem 3.4, i.e.,
Kerd = Z(ta) ® Imd.

We only need to show that a € Kerd implies that a € Z(€a) + Imd; the other
inclusion follows from Lemma 3.2 and Proposition 3.3, and the fact that the sum
is direct is obvious since the sum is direct in Lemma 4.1.

This statement can be proved by induction on the degree of the filtration. Since
F_1(U(g) ® C(p))X = 0, the statement is true for a € F_; A¥. Assume that the
statement is true for all a € F,_1 AX. If a € F, AX and da = 0, then d(a) = d(a) =
0. It follows from Lemma 4.1 that

a=z®1+db
for some z € S(¢)X and b € Gr,,_; AX.
We denote by Z = o(2) the symmetrization of z in U(¢)X = Z(¢). The isomor-
phism
B:U® @1 —Uta)
introduced before Theorem 2.5 obviously maps Z(t) ® 1 isomorphically onto Z(ta).

Let z = B(2® 1) and b = o(b) be the symmetrization of b in F,_; AX. Then
a—z—dbisin F,_1A¥, since
a—z—db=a—-:2®1—-db=a—2®1-db=0.
We also have
dla—z—db) =da—dz—d*b=0—-0—-0=0;

namely, da = 0 by hypothesis, dz = 0 by Proposition 3.3, and d?b = 0 by Lemma
3.2. By the induction hypothesis, a — z — db = z1 + dc for some z; € Z(ta) and
c € F,,_1 AX. Tt follows that a = z + 21 + d(b+c¢) is in Z(Ea) + Imd. Therefore the
statement holds for all a € F,, AX. This finishes the proof of Theorem 3.4.

5. THE FUNDAMENTAL SERIES AND THE HOMOMORPHISM C

In order to make the action of z € Z(g) in Section 2 entirely explicit, we compute
the map ¢ : Z(g) — Z(¢a) explicitly in this section. An outline of this section was
suggested to us by Vogan. We first prove that ¢ is a homomorphism of algebras.

Lemma 5.1. The map ¢ : Z(g) — Z(¢a) defined in Section 2 is a homomorphism
of algebras.
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Proof. Let 21,22 € Z(g). By Corollary 3.5, there are aj,az € (U(g) ® Cl(p))~,
such that for i = 1,2, z; ® 1 = ((z;) 4+ d(a;). Multiplying these two equations, we
get

2129 @ 1= ((21)¢(22) + d(a1)((22) + ((21)d(a2) + d(a1)d(az).

By Lemma 5.2 below and Proposition 3.3, this is further equal to ((z1){(z2) +
d(a1¢(2z2)+((z1)az+aid(az)), and hence the lemma follows from Corollary 3.5. O

Lemma 5.2. Let d be the differential on (U(g) ® C(p))X introduced in Section 3.
Then for any homogeneous elements x and y we have

d(zy) = d(x)y + €z xd(y).
Proof. This follows from a straightforward calculation. O

To compute ¢ explicitly, we need to find a collection of “test” representations
X with known infinitesimal characters, and Dirac cohomology containing K-types
~ that range over an algebraically dense set of t*. The natural candidates are the
fundamental series representations with trivial A-parameter.

Let H = T' A be a fundamental Cartan subgroup in G. Let hy = tg + ag be the
corresponding #-stable Cartan subalgebra. Then tg = hoNEy is a Cartan subalgebra
of £y. Asusual we drop the subscript 0 for the complexified Lie algebras. Let X € ity
be such that ad(X) is semisimple with real eigenvalues. Following [VZ], we define

(i) I to be the zero eigenspace of ad(X),

(ii) u to be the sum of positive eigenspaces of ad(X),

(iii) g to be the sum of non-negative eigenspaces of ad(X).

Then ¢ is a parabolic subalgebra of g and ¢ = [ 4+ u is a Levi decomposition.
Furthermore, [ is the complexification of [p = q N gg. We write L for the connected
subgroup of G with Lie algebra [p. Since (X) = X, [, u and q are all invariant
under 6, so

g=qNt+qgnNp.
In particular, g N ¢ is a parabolic subalgebra of ¢ with Levi decomposition
gne=INeE+unt.

We call such a q a #-stable parabolic subalgebra.
Let f C q be any subspace stable under ad(t). Then there is a subset {ay, ..., a,}
of t* and subspaces f,, of f such that if y € t and v € f,,, then

ad(y)v = ai(y)v.
We write
A(fﬂ t) = A(f) = {041, SERE) ar}a
the weights or roots of t in f. Here A(f) is a set with multiplicities, with a; having
multiplicity dim f,,. Then if
1 *
PN =pAM)=5 Y et
aiEA(fui)

we have

p()(w) = 5 rlad@)l) (€ .



196 JING-SONG HUANG AND PAVLE PANDZIC

Fix a system AT (IN€) of positive roots in the root system A([N ¢, t). (Note that
we extend the meaning of root system to include the zero weights.) Then

AT(E) = AT(INE)UAuNE)

is a positive root system for t in ¢.

A one-dimensional representation \: [ — C is called admissible if it satisfies the
following conditions:

(i) A is the differential of a unitary character of L.

(i) If & € A(u), then (o, A|¢) > 0.

Given ¢ and an admissible A, define

(5.1) 1(q, A) = representation of K of highest weight A|¢ + 2p(uNp).
The following theorem is due to Vogan and Zuckerman.

Theorem 5.3 ([VZ], [V2]). Suppose q is a 0-stable parabolic subalgebra of g and
A: L — C is admissible as defined above. Then there is a unique unitary (g, K)-
module Aq(A) with the following properties:

(i) The restriction of Aq(\) to € contains p(q, A) as defined in (5.1).

(i) Aq(A) has infinitesimal character X + p.

(ili) If the representation of € of the highest weight 6 occurs in Aq(X), then

§= ,LL(C],)\)+ Z nﬁﬁ

BEA(uNp)
with ng non-negative integers. In particular, pu(q, \) s the lowest K -type of Aq(N).

We note that the unitarity of A4(\) in the above theorem was proved in [V2]. In
the context of the definition of #-stable parabolic subalgebras, if we take X to be a
regular element, then we obtain a minimal -stable subalgebra b = h + n. We call
such a subalgebra b a f-stable Borel subalgebra. We write ®* for the corresponding
system of positive roots. Even though it is not needed in this paper, we note that
the corresponding representation Ag(\) in Theorem 5.3 is the (g, K)-module of a
tempered representation of G. If G has a compact Cartan subgroup, then Ag(\)
is the (g, K)-module of a discrete series representation of G. Moreover, all (g, K)-
modules of discrete series representations of G are of this form. What we need in
this paper is that Ap(A) have infinitesimal character A 4+ p and the lowest K-type
u(b,A) = XA+ 2py, where p, = p(nNp). These facts are contained in Theorem 5.3.

Proposition 5.4. Let X = Agy(X) as in Theorem 5.3 with b a §-stable Borel sub-
algebra. Assume that N|q = 0. Then the Dirac cohomology of X contains a K -type
E., of highest weight v = A + p,.

Proof. The lowest K-type p(b, A) has highest weight A+2p,,. Since —p,, is a weight
of S, E, occurs in pu(b,\) ® S, hence in X ® S. Since the infinitesimal character of
X is A+ p = v+ pe, it follows from Proposition 2.6 that E, is in the kernel of the
Dirac operator D, i.e., in the Dirac cohomology of X. [l

Now we can describe the homomorphism ¢ explicitly.
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Theorem 5.5. The homomorphism ( satisfies the following commutative diagram.:

Z2(g) —— Z(¥)

(5.2) l l

S(h)" = S(HWe
Here the vertical arrows are the Harish-Chandra homomorphisms, and the map Res
corresponds to the restriction of polynomials on h* to t* under the identifications
SHW = P(6*)V and S()"Wx = P(t*)Vr . As before, we can view t* as a subspace
of b* by extending functionals from t to b, letting them act by 0 on a.

Proof. Let ¢ : P(h*)W — P(t*)W& be the homomorphism induced by ¢ under the
identifications via Harish-Chandra homomorphisms. Furthermore, let é St/ Wi —
h*/W be the morphism of algebraic varieties inducing the homomorphism (. We
have to show that ¢ is the restriction map, or alternatively that ( is given by the
inclusion map.

We know from Theorem 5.3 that the fundamental series representation Ap(\)
has the lowest K-type

(b, A) = A+ 2pp,
and infinitesimal character
A=X+p.

On the other hand, it follows from Proposition 5.4 that if A|q = 0, then the Dirac
cohomology of Ay ()\) contains the K-type of highest weight v = X + p,,.

When proving that Theorem 2.5 implies Theorem 2.3, we saw that Theorem 2.5
implies A(z) = (7 + pc)(¢(2)), for all z € Z(g). In our present situation we however
have

A=A+p=A+pn)+pe=7+pe;

so it follows that A(((z)) = A(z) for all z € Z(g). This means that ((A) = A, for
all infinitesimal characters A of the above fundamental series representations.

It is clear that when A ranges over all admissible weights in h* such that A|q = 0,
then A = X\ + p forms an algebraically dense subset of t*. To see this, it is enough
to note that such A span a lattice in t*. Hence 5 is indeed the inclusion map. [

Remark 5.6. Both Vogan and Kostant pointed out to us that Theorem 5.5 can also
be proved by considering finite-dimensional representations with non-zero Dirac
cohomology. Kostant showed us a short proof which we sketch here.

Recall that tis a Cartan subalgebra of &, h = t@®a is a Cartan subalgebra of g and
a and t are orthogonal. Let V) be an irreducible finite-dimensional representation
of g with highest weight A € h*. Then if £ € t* is a highest weight for ¢, the Dirac
operator squared reduces to the scalar

(5:3) A+ plI? = 11€ + pcl®

on the primary component (V) ®.5)(£). Then for the choice of positive roots arising
from a g-regular hyperbolic element of t, one has that p, p. and p,, all lie in t*. Now
there are an infinite number of choices of A such that A € t* (we can simply replace
any A by A + 0()\), where 6 is the Cartan involution). Choose £ = A + p,,. Clearly
(Va ® S)(§) is non-zero. By Proposition 2.6 we see that the vanishing of (5.3)
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gives rise to Dirac cohomology. It follows that ¢ is induced by the Harish-Chandra
homomorphism as in (5.2), by the same argument as in the last paragraph of the
proof of Theorem 5.5.

6. UNITARY REPRESENTATIONS WITH NON-ZERO DIRAC COHOMOLOGY

As an application of our main result, in this section we classify irreducible
unitary (g, K)-modules X with non-zero Dirac cohomology, provided that X has
strongly regular infinitesimal character. These are Aq4(\)-modules, as was proved by
S. Salamanca-Riba [SR]. Our classification is analogous to Vogan-Zuckerman’s clas-
sification of irreducible unitary representations with non-zero (g, K)-cohomology.
We note that a unitary representation with non-zero (g, K)-cohomology has non-
zero Dirac cohomology, but not vice versa. In other words, the Dirac cohomology
detects a larger class of irreducible unitary representations. We explain the relations
between (g, K)-cohomology and Dirac cohomology at the end of this section. To
classify the irreducible unitary representations which have Dirac cohomology but
do not have strongly regular infinitesimal characters is a much more complicated
and difficult task, which we hope to achieve later.

Theorem 6.1. Suppose that ' € t* is dominant with respect to a positive Toot
system AT (8, t) C At (g,t). Let v = N + p,. Assume that the representation E, of
K with the highest weight ~y is contained in the Dirac cohomology of the irreducible

unitary (g, K)-module X. Then there exist a 0-stable parabolic subalgebra q = [+ u
and an admissible character A of L such that Ay = X and X =2 A5()).

This theorem can be proved by the same approach as Vogan-Zuckerman’s gener-
alization [VZ] of Kumaresan’s result [Ku]. It would take about two to three pages.
Here we give a much shorter proof which uses the main result of [SRJ.

Let h be a Cartan subalgebra of g. Given any weight A € b*, fix a choice of
positive roots AT (A, h) for A so that

AT (A,h) C {a € Ag,h) | Re(A,a) > 0}.
Set
=5 ¥ o«
a€AT(A,D)
Definition 6.2. A weight A € h* is said to be real if
A € ) +iag,
and to be strongly regular if
(A —p(A),a) >0, Yae AT(A,D).

Salamanca-Riba [SR] proved that if an irreducible unitary (g, K )-module X has
strongly regular infinitesimal character, then X 22 A, () for some #-stable parabolic
subalgebra q and admissible character A\ of L. Moreover, she proved the following
stronger theorem which was conjectured by Vogan.

Theorem 6.3 (Salamanca-Riba). Suppose that X is an irreducible unitary (g, K)-
module with infinitesimal character A € §* satisfying

Re(A — p(A),a) >0, Va e AT(A,D).

Then there exist a 0-stable parabolic subalgebra q = [+u and an admissible character
A of L such that X is isomorphic to Aq(X).
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Proof of Theorem 6.1. Our main result implies that X has infinitesimal character
A=vy+pc=XN+pp+p.=XN+p.

Thus A is strongly regular, and therefore, by Theorem 6.3, there exist a -stable
parabolic subalgebra q = [ 4+ u and an admissible character A of L such that X is
isomorphic to Aq(A). The infinitesimal character of Aq(\) is Al¢+ p. It follows that
Ale=N. O

The following theorem gives a criterion for A4(\) to have non-zero Dirac co-
homology. Combined with Theorem 6.1, this criterion classifies irreducible uni-
tary (g, K)-modules with strongly regular infinitesimal character and with non-zero
Dirac cohomology.

Theorem 6.4. Let X = Ay(A\) as in Theorem 5.3. Then the following two condi-
tions are equivalent:

(i) X has non-zero Dirac cohomology.

(i) Ay + pn is the highest weight of a K -module.

In particular, X having non-zero Dirac cohomology implies Ay vanishes on the
orthogonal complement of t in b.

Proof. Our main result implies that if X has non-zero Dirac cohomology, then X has
infinitesimal character A = v+ p., where ~ is the highest weight of a representation
of K. Therefore, (i) implies (ii). To show that (ii) implies (i) we note that the
lowest K-type p of X can be expressed as

1= A+ 2p(p Nu) = A+ p(AT (p)) + p(AT (p)),

for some positive root systems A*(g) and A*(g)’ for tin g. This is possible because
for At(p) = AT(INp)UAT(unp) we can set

AT(p) = (=AT(INp)) UAT (unp).

Write p,, for p(A*(p)) and p), for p(A*(p)’). Let E, be the irreducible representa-
tion of K with highest weight v = Al¢ 4 pn. Then B, C p® E,, C X ® S and E,
is contained in the Dirac cohomology. O

Finally, let us describe the relation between the Dirac cohomology and the (g, K)-
cohomology. We first summarize some of the results in Propositions 5.4, 5.7 & 5.16
and Theorems 5.5 & 5.6 of [VZ] about (g, K)-cohomology.

Proposition 6.5 ([VZ]). Suppose that X is an irreducible unitary (g, K)-module
and F is a finite-dimensional representation of G. Then H*(g, K; X ® F) = 0
unless X and F have the same infinitesimal character. If H* (g, K; X ® F) # 0,
then there exist a 6-stable parabolic subalgebra q = |+ u of g, and positive root
systems A1 (g) and At (g)" such that

(i) F/uF is a one-dimensional character of L; write —X\: [l — C for its differen-
tial;

(i) X = Aq(\) with lowest K-type p = A¢ + 2p(unp);
(ili) M|y 4s zero on the orthogonal complement of t in b;
(vi) Ay is a highest weight of F* with respect to both At (g) and A™(g)’;
(v) the lowest K-type u of X can be written as u = ¢+ p(A1(p)) + p(A*(p)).
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Proposition 6.6. If X is a unitary (g, K)-module with non-zero (g, K)-cohomology,
i.e.,

H' (g, K; X ®F)#0

for some finite-dimensional representation F of G, then X has non-zero Dirac
cohomology.

Proof. Tt follows from Proposition 6.5 that X = Aq(\) with lowest K-type p =
A+ p(AT(g)) + p(AT(g)’). It also follows from Proposition 6.5 that A|¢ is the
differential of a character of T.. Hence, v = \|¢ + p(A™(p)) is the highest weight of
an irreducible representation of K. Therefore, E, is in the Dirac cohomology of X
(this follows as in the proof of Theorem 6.4). O

Note that the converse of Proposition 6.6 is not true. An irreducible unitary
representation X of G with non-zero Dirac cohomology may have infinitesimal
character different from all finite-dimensional representations of GG. Therefore X
may have zero (g, K)-cohomology.

7. A FINAL REMARK: KOSTANT’S CUBIC DIRAC OPERATOR

In this section we show that our proof of Theorem 3.4 can be extended to the
more general setting of Kostant’s cubic Dirac operator. Our proof of the theorem
works perfectly for this setting. This was first pointed out to us by Kostant.

Let G be a compact semisimple Lie group, and let R be a closed subgroup. Let g
and t be the complexifications of the corresponding Lie algebras. Let g = t@®p be the
orthogonal decomposition with respect to the Killing form. Choose an orthonormal
basis Z1, ..., Z, of p with respect to the Killing form ( , ). Kostant [K] defines his
cubic Dirac operator to be the element

D:ZZi®Zi+1®veU(g)®C(p),

i=1
where v € C(p) is the image of the fundamental 3-form w € A3(p*),
(XY, 2) =~ (X [V, 2))

under the Chevalley identification A*(p*) — C(p). Kostant’s cubic Dirac operator
reduces to the ordinary Dirac operator when (g, t) is a symmetric pair, since w = 0
for the symmetric pair. Kostant ([K|, Theorem 2.16) shows that

(7.1) D?*=Q,®1—Q, +C,

where C' is the constant ||p||? — ||pc||?. We note that the quadratic form on p used
by Kostant for his cubic Dirac operator is positive definite, while the form we used
to define the ordinary Dirac operator for the symmetric pair is negative definite.
This makes a sign change in (7.1) comparing with Lemma 3.1.

Now we can define the cohomology of the complex (U(g)®C(p))*? using Kostant’s
cubic Dirac operator exactly as in Section 3. Let a € U(g) ® C(p). We define
d(a) = Da—e€,aD in the same way as in (3.1); as before, d> = 0 on (U(g) @ C(p))~.
The cubic term involves only C(p) and not U(g), so it follows that the cohomology
is Z(ra). Namely, by passing to the symbol the cubic term disappears, and the
proof in Section 4 works without change in the present case. We summarize this
generalization of Theorem 3.4 as the following theorem.
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Theorem 7.1. Let d be the differential on (U(g) ® C(p))® defined by Kostant’s
cubic Dirac operator as above. Then Kerd = Imd ® Z(xa). In particular, the
cohomology of d is isomorphic to Z(ta).

As a consequence we get an analogous homomorphism ¢ : Z(g) — Z(v) for a
reductive subalgebra t in a semisimple Lie algebra g and a more general version of
Vogan’s conjecture. If we fix a Cartan subalgebra t of v and extend t to a Cartan
subalgebra h of g, then ( is induced by the Harish-Chandra homomorphism exactly
as in (5.2) of Theorem 5.5. Moreover, this homomorphism ¢ induces the structure
of a Z(g)-module on Z(t), which has topological significance. Namely, Kostant has
shown that from a well-known theorem of H. Cartan [C], which is by far the most
comprehensive result on the real (or complex) cohomology of a homogeneous space,
one has

Theorem 7.2. There exists an isomorphism
H*(G/R,C) = Tor? @9 (C, Z(v)).

These results will appear with all the details in a forthcoming paper by Kostant
[K2].
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