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STRICHARTZ ESTIMATES
FOR SECOND ORDER HYPERBOLIC OPERATORS
WITH NONSMOOTH COEFFICIENTS III

DANIEL TATARU

1. INTRODUCTION

Denote by z = (xg, 1, ..., Zn) = (20, 2") the coordinates in R x R™. Sometimes
we refer to the first coordinate zy as “time” and to 2’ as “space” coordinates. The
Strichartz estimates for solutions to the homogeneous wave equation in R x R",

Ou=0, u(0)=mwuy, u0)=mus,
have the form
(1.1) DI~ ull ooy < Vol 2 + [lua] 2.

Such an estimate holds for all pairs (p,p,q) satisfying the relations 2 < p < oo,
2 < q<ooand

(1.2) 1_‘_@:@_/)7 2 n—lgn—l
poq 2 P q 2

with the exception of the forbidden endpoint (1,2,00) in dimension n = 3. All
(p,p, q) satisfying these relations are called Strichartz pairs in the sequel. If the
equality holds in the second part of ([.2), then the corresponding pair is called a
sharp Strichartz pair.

A straightforward consequence of ([[.I) is an estimate for solutions to the inho-
mogeneous problem

Ou=f, uw0)=0, wu(0)=0,

namely

(1.3) IDI"ullLocray S N Fllrz2)-
The simplest case of (I.3) is the well-known energy estimate
(1.4) IVullpee(z2y S 1 fllpize).-

However, there is a larger family of estimates for solutions to the inhomogeneous
wave equation where we also vary the norms in the right-hand side,

1—
(1.5) DI ull Lo, miney S NP Fll oy -
This holds for all Strichartz pairs (p, p,q), (p1,p1,q1)-
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Estimates of the above type were first proved in the constant coefficient case in
[3], [16]. Further references can be found in a more recent expository article [5].
The endpoint estimate (p, ¢) = (2, %) was only recently obtained in [9] (n > 4).

In this article we are interested in the variable coefficient case of these estimates,

where we replace O by a second order operator of the form
P(x,D) = 8ig" (x)0;,

which is strongly hyperbolic with respect to time.

If the coefficients g% are smooth, then the estimates hold locally (see [7], [13])
(except for the endpoint). For C? coefficients, in dimension n = 2,3, the esti-
mates are proved in [I4]. On the other hand in [15] they are shown to fail for C*
coefficients, s < 2.

In a previous article [I8] we show that the full estimates hold in all dimensions
for operators with C? coefficients, and we also obtain appropriate weaker estimates
for operators with C* coefficients for 0 < s < 2. The main goal of this article is
to prove that the estimates are still true if the coefficients have two derivatives in
LY(L®°), and then to explore some consequences of this result.

In what follows we assume that the matrices (¢ (z)), (¢ (x))~! are uniformly
bounded and of signature (1,n). Furthermore, we also assume that the surfaces
xo = const are space-like uniformly in z, i.e. that ¢°0 > ¢ > 0.

Before we state our results observe that in the variable coefficient case there are
at least two parameters that we need to take into account, namely the time T for
which the estimates hold and the size of the second derivatives of the coefficients.
To these we add, as in [I8], a third parameter, u, related to the constants in the
estimates. This third parameter plays an essential role in the applications. Our
first result is

1

Theorem 1.1. Assume that Vg € LY(L*>°). Let (p,p,q) be a Strichartz pair.
Then

_ 1 _
(1.6) D' ull o o,rsn0) S 12 [Vl oo (r2y + 7 || P(2, D)ul| 112,
whenever the right-hand side is finite provided that u > 1 and
(L.7) TV2gllr(ree) < p®.

Observe that the relation (I7) is nontrivial in terms of scaling since both sides
are dimensionless. If we assume in addition that u is compactly supported, then
(6) holds for all u > 0 since one can use energy estimates to bound the L>°(L?)
norm of Vu by the L*(L?) norm of P(z, D)u. Then it is more convenient to state
the estimate in the form

1 _ 1
(1.8) I D"V ull oo, r;00) < p# VUl oo 2y + 1 7 ||P(z, D)ul| 11 (12)-

This differs from (ICH) by a microlocal elliptic estimate away from the characteristic
set of P.

The estimates in Theorem [[1] also lead to some weaker Strichartz estimates in
the case when the coeflicients have less regularity. Following the terminology in
[19] define the microlocalizable scale of spaces X* by

||| 2= = Sl)l\p A Saull L1 (ney,
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where
1= Z S
A=27
is a standard Littlewood-Paley decomposition. Then we consider operators with

coeflicients in the A* spaces for 0 < s < 2. To measure the regularity of the
solutions we introduce the homogeneous Besov type spaces BZ9" with norms

el par = > N [Sxull o ray-
A=27

Theorem 1.2. Assume that P is in divergence form and that g € X%, 0 < s < 2.
Let (p,p,q) be a Strichartz pair and

2—s
o= .
245
Then
_p_C 1 _ 1 —c
(1.9) D27 P ul grase S 7 ||Vl poe(z2) + 17 7 || D77 Pl 1(12)

for all uw compactly supported in [0,T] and p, T satisfying
T*|gllzs < p?*e.

Compared to the full estimates, here we lose £ derivatives, but, on the other
hand, we assume less about the right-hand side of the equation. The reason we use
Besov spaces on the left is that in general we do not have square summability of the
dyadic pieces on the right. The argument we use for s = 2 to avoid this problem
can be extended to s > % Another borderline case is when Vg € L%(L>). Here we
do not explore such issues in detail as they are not the main topic of this article.
Our main results are the dyadic estimates.

As in Theorem [Tl if ¢ > 1, then the assumption that u has compact support
is no longer needed and, modulo an elliptic estimate, (L) is equivalent to

- 1 -1 s
(1.10) D777 " Vull oy S w7 VUl Lo 2y + u” 7 [[1D'|77 Pul| 1 r2).

The estimates for solutions to the homogeneous equation follow easily from the
above theorems combined with the energy estimates. Uniform energy estimates for
a time T hold for instance if 1 < s < 2 and

10:g|| L1 (1) < 1.

Now let us turn our attention to the estimates for the inhomogeneous problem.
Our first result is a generalization of (L.0).

Theorem 1.3. Assume that the coefficients satisfy V?g € L*(L>). Let (p,p,q) be
a Strichartz pair. Then

(L11) 1D ull by S 07 [ Vull e r2y + 177 Ly + D' fall o
for all u satisfying

Pz, D)u= f1+ fa
and p > 1 with

TV2gllr(ree) < p®.
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The proof of this result is similar to the proof of the corresponding result in
[18]. The estimate (ICIIl) can also be rephrased in a manner similar to (CF). The
analogue result in the case when the coefficients are in X*, with 0 < s < 2, is

Theorem 1.4. Assume that P is in divergence form and that g € X%, 0 < s < 2.
Let (p,p, q) be a Strichartz pair. Then
L2 DI Full gy S ¥ Fulowr) + W IIDI 7 All ey
+ D17 foll gproree
for all u compactly supported in [0,T)] satisfying P(x, D)u = f1 + f2 and
T*|gllz- < p**e.
Applied to solutions to the initial value problem
(1.13) P(z,Dyu=f, u(0)=1up, u(0)=1u

this shows that the full Strichartz estimates hold for operators whose coefficients
have two derivatives in L'(L*).

Corollary 1.5. Assume that V2g € L'(0,1; L>=). Let (p,p,q) and (p1,p1,q1) be
Strichartz pairs. Then the solution u to (LI3) satisfies

(1.14) D' 1= ull s 0,100 ) S WD Fll Lo 0,500y + 1ol + a2
The corresponding result for 1 < s < 2 is
Corollary 1.6. Assume that the operator P has X° coejﬁcz'entﬂ with 1 < s < 2.
Let (p,p,q), (p1,01,q1) be Strichartz pairs. Then the solution u to (LI3) satisfies
(1.15)
D' l—pi—37 . < | D'Pte . | |
11D o o,1,83%) S MDVT7 fll v o1, =) + ol + [lua ]l 2.

The weaker form of the special case of this result which we use in the study of
the nonlinear wave equation corresponds to s = 1.

Corollary 1.7. Assume that the coefficients of P satisfy Vg € LY(L>). Let
(p,p,q) be a Strichartz pair. Then the solution u to (TI3)) satisfies

—pi—L
(1.16) D152 ul| oo, 1y S NNl czosy + lluoll e + sl e

2. THE FBI TRANSFORM AND ERROR ESTIMATES

The essential tool in our proof of the Strichartz estimates is the FBI transform.
The technique we use was first developed in [I7]. The idea is quite simple, namely
to obtain estimates for the FBI transform of the solution. This requires conjugating
the operator P with respect to the FBI transform. The first part of [I7] is devoted
to proving L? error estimates for this conjugation. Here we cannot use directly the
error estimates in [I7], but the new estimates we prove are similar in spirit.

The FBI transform of a temperate distribution f is a holomorphic function in
C™ defined as

3n

(2.1) (Taf)(z) = AF2 50— [ e 20" f(y) dy.

1For s = 1 this has to be replaced by Vg € L} (L) so that we still have the energy estimates.
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Set
z=x —1&, @(z):e*)‘g.

Then the operator Ty is an isometry from L?(R™) onto the closed subspace of
holomorphic functions in L2 (C™). One inversion formula is provided by the adjoint
operator:

3n n 3n

)= NF2En / B(2)e 30 (T 1) () dude.

The FBI transform of a function f can also be expressed in terms of the Fourier
transform of f,

5n . _n

(2.2) Thf(z)=A72 b e2d /e*%("*‘fﬁei)‘”f()\n)dn.

For additional information on the FBI transform we refer the reader to Delort [4].
Given a compactly supported symbol a(z,§) we define the rescaled operators

D
A)\_A<l',x>

Then our main result in [I7] deals with the problem of conjugating the operator
Ay with respect to Ty. All we need here is the result for C? symbols. In this case
we set

~ 1 1 1

Since we only consider this operator on holomorphic functions, we can also rewrite
it in a complex fashion as

(2.3) ax=a+ ;(5(1)(8 —iXf), 1<s<2
Define the remainder

Ryq = ThAx — ayTh.
Then the result in [17] is (see Theorem 1 and Remark 1.2 there):
Theorem 2.1. Assume that a € C2(C§°). Then

IRxallzzrz S A7
and

(0 = AR allpazz S A2

The motivation for the second inequality is that it allows us to compute the
regularity of the traces of the remainder on the characteristic cone

K ={(2,8); p(x,§) =0}
by using the trace theorem:
Corollary 2.2. Assume that a € C2(C§°). Then

_3
HR/\,aHLQHpr(K) SATA
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In our case we need a modification of Theorem 2.1}

Theorem 2.3. Assume that the symbol a satisfies d2a € L'(L*)(C§°) and that
its Fourier transform in x is supported in B(0,v/\). Then

(2.4) 193 R ol oo (1) o2 S AT,
1 _3
(2.5) ”(1)2RA,a”L*(L%HLéQLi,{/(K) SATE

One can think of this result in terms of the previous one. More precisely, Theo-
rem 2] implies Theorem [Z:3 when the argument is supported in a time interval of
length A~2. Then the summability with respect to such time intervals comes from
the corresponding summability for the second derivatives of a.

Proof. Without any restriction in generality we can assume that the symbol a has
the form

a(z, &) = b(x)c()
with 92b € L'(L>) and ¢ € C§°. This reduction can be achieved by writing a
Fourier series for a as a function of ¢ with respect to a larger region and then by
truncating the terms in the expansion near the support of a.
First we prove the result for b, then we use Theorem 2] for ¢ to obtain the
desired estimate for b(x)c(§).
The remainder (IJ%RM, is given by

® Ry, = "5 [P0 00 @)y ) b))y
Using the TT™* argument the estimate (Z4) reduces to

* _3
|RY 3 @R bl oo (1) p1(22) S A2

But a simple computation shows that RY ,®Ry is a multiplication operator by
n+1

£ =X F [ A bia) 4 bula)y — )~ bly) P,
Then to conclude we need to show that

_3
Ifllpr ey S A2

This can be easily done using the Taylor series expansion for b together with the

Sobolev type estimate

1020]] 21y S AT(020]| 11 (o),

which is true when the Fourier transform of b is supported in |¢] < AZ.

To prove the second estimate look first at the restriction of the operator @%R)\,b
acting from a fixed time slice into a fixed time slice. This corresponds to the
decomposition

Q%Rx,bu(ﬂﬁo)u{ St /ei’\EO(IofyO)Rxo,you(yo)dyoa

where

3n

R you(a', &) = A+ /e“gl(ml’y/)f%(“w(b(x) +ba () (y — ) — b(y))u(y')dy'.
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We first estimate the operator Ry, 4, in L.

Lemma 2.4. Suppose that 92b € L'(L>°). Then

Yo
(2.6) | Raggol 22 S A~ He Nromw)” / 1(020) ()| L= ds.

Zo

Proof. The operator Ry, R, .y, is a multiplication operator by

) = A¥ / @0 (b(a) + by (2)(y — ) — b(y))?de’.

Since

(0(x) + ba(2)(y — ) — bly)) = /0 t(070) (te + (1 = t)y)(y — 2,y — x)dt,

we obtain
Yo

[b(2) + be(2)(y — ) = bly)| < = = yl2/ 1(920) ()| Lo ds.

Zo

Yo 2
A3 (/ ||(3ﬁb)(8)||L°°d8> JE ™
zo

2 Yo ?
< et ([ @nlias)

Zo

Then

1f ()

AN

This implies the estimate in the lemma. [l

Now we use (2.0) to conclude the proof of Theorem 23] for b. We have

1 3
P2 Rapuklloy 22, ) < /\4/IIRxoyOIILLLzIIU(yo)IIdefﬂodyo

20 er)

A

At [ WRaqunll2-odzodyo,
Then (Z3H) for b follows if we verify that
(2.7) / | Rouollio pdzodyo < cA~ 4.
But by (28) we get
< -1 1 7c)\(x07y0)2 vo 2
[Raoyoll2—r2 S AT [ ———e 1(0;0)(s)|| L= dsdzodyo.
w0 — yol %o

We change the order of integration and use scaling to integrate with respect to
Zo,yo. This yields

J 1ol 5378 [ 1@ s,

which gives (2.7).
Finally, we need to put together the error estimates for b and ¢. We have

Roo = R (3 ) + (0 A 000)(0e = M)
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The bounds for the first right-hand side term follow immediately from the bounds
for Ry . For the second right-hand side term observe that b, 9,0 are bounded and
therefore it suffices to prove the same bounds for the operators

Ry, A0 — AR

In both cases these follow from the L? bounds in Theorem Pl since z, € are in a
compact set. ([l

3. Proor or THEOREM [1.1]

The first part of the proof involves several localization type arguments. First
we reduce the estimate to the case when p = 1 and w is supported in a cube of
size 1. Then we use a Littlewood-Paley decomposition to reduce the problem to
the corresponding dyadic estimates at fixed frequency A. Finally we truncate the
coefficients of P at frequency v/'A.

A second stage of the proof is to obtain good L? estimates for the FBI transform
of u. Conjugating the operator P with respect to the FBI transform T we get two
ode’s in the “FBI” space. One of these ode’s is along the gradient flow of p(z, &)
and provides an elliptic estimate away from the characteristic cone. The other one
is along the Hamilton flow of p and corresponds to propagation of singularities. By
exploiting the L? information coming from the two ode’s we can reduce the dyadic
inequalities to certain oscillatory integral estimates.

The last step is to prove the oscillatory integral estimates, using a complex
interpolation argument. This requires sharp estimates on the regularity of the
Hamilton flow. This argument is almost identical to the one in [I8] and we do not
repeat it here. Instead we just study the regularity of the Hamilton flow and set
up the oscillatory integrals as in [I§].

Reduction to the case ; = 1. Because of the scale invariance we can assume
without any restriction in generality that [|02g[|.1(~) < 1 and that T = p
The interesting case is when p < 1 since all other estimates follow by Sobolev
embeddings.

To achieve the reduction of ([CH) to the case = 1 decompose the interval [0, T
into maximal subintervals

O=to<ti < ---<tp=T

so that

(3.1) 1Pz, D)ullpr(e, t,00502) < 1 1P, D)ull o, riz2)
and

(3.2) (tir1 — t)NO2gN Lacey 00500 < 1

for all j. We claim that the number k of intervals satisfies
u<k<2u.

The bound from below follows directly from (B). For the bound from above
observe that the equality must hold either in (BIl) or in (32). The number ki of
intervals for which the equality holds in (81 is at most g. On an interval in which
equality holds in the ([3.2)), on the other hand, we get

_1 1
"= (tj+1 - tj) + 7> ||8§g||Ll(tj7tj+l§Lx) > 2.
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Summing up over all intervals with this property we get
2T > 2%y,
where ko is the number of such intervals. This gives
ke <T? =p,
therefore
k<ki+ke=2u.
If we apply the estimate (IL6) for 4 = 1 on each such interval we obtain

D'Vl Lot 1y41:00) S IVl Loeo.riL2) + 7 P (2, D)ullL1o,1:22)-
Raise this to the power p and sum up over j to obtain

|||D/|7PVUHIEP(O,T;LQ) < ﬂ”qupoo(o,T;Lz) +p 7P| P(z, D)u”il(o,T;Lzy
This implies (L6) for » in [0, T1.
Reduction to a cube of size 1. If 4 = 1, then by rescaling we can take T' = 1,

lo g||L1 r~) < 1. First we observe that it suffices to prove the estimate with
homogeneous spaces replaced by inhomogeneous spaces,

(3.3) (D) PVullLeo,1;00) S IVl oo (n2y + |lull Loo(r2) + [P (2, D)ul|p1(12),

where (D) = (1 + |D’|?)z. Indeed, in order to obtain (L) from (33) we can use
a Sobolev estimate

D725 VullLewey S 1180 VullLo=(z2)

for low frequencies and @3) for (1 — Sj)u.

A second observation is that, due to the variation of parameters formula, it
suffices to prove the estimate for H' solutions to the homogeneous equation. These
we can extend, still in H', to a larger time interval. Then truncating in time we
reduce the problem to the case when u is supported in a fixed time interval, say of
length 2, and P(z, D)u € L%

Since the H' norm of u can be obtained from the energy estimate

[VullLeo(0,2:02) S [|1P (@, D)ul| 2,
B3)) reduces to
(3.4) D"~V ull oo, 2509y S 1P (2, D)ull L2

Now we decompose P(x, D)u in components supported in cubes of size 1. Due to

the the finite speed of propagation this yields a decomposition of  in components

supported in cubes of fixed size R > 1. If the estimate holds in each such cube,
then we can sum up and obtain the global estimate since p,q > 2.

An elliptic estimate. We still need to prove (B.4)) for u supported in a cube of
size 1. We claim that it suffices to prove the weaker estimate

(3.5) DI~ ul| o (rey S 1P(2, D)ul| 2

Clearly ([33) implies (3-4) microlocally away from a conic neighborhood of & = 0.

But near £ = 0 the operator P is elliptic. Therefore, from the elliptic theoryﬁ we
obtain that u is H? near ¢ = 0. This is more than sufficient for our estimatesf

2Note that P has C! coefficients.
3H% would suffice.
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Reduction to dyadic estimates. Let s(§) be a smooth symbol supported in

% < |€] <2 so that
D s =1
J

es(3)

be the standard multiplier which truncates at frequency A, and let

So = Z s(277¢)

j<0

Given A =27 > 1 let

be the multiplier which cuts off the frequencies less than 1.
We replace ([3.5) with the stronger estimate

(3.6) DI~ ullLe(zay < lull g + 1 P(@, D)2

for some 1 < r < 2. The motivation for this choice of r is that for r = 1 it is
more difficult to use the Littlewood-Paley theory while for » = 2 the commutator
estimates become harder due to the low regularity of the coefficients.

We claim that ([B6) reduces to the corresponding dyadic estimates,

(37) AipHSA'U/HLp(Lq) ,S ||S)\’LL||L2 + Ail ||P(J?7 D)S)\UHLT(LQ).

To obtain (B.6)) we square (3.7) and use the Littlewood-Paley theory to sum up the
dyadic pieces. Then (B.4) follows provided that we can handle the commutators
and show that

> P SalullZe ey S lull

A=20

or equivalently

(3-8) > g, SAVollE () S lloll
A=2J

for v compactly supported. If Sy is another multiplier whose support is slightly
larger, then we can rewrite the operator on the left as

9,53V = 5x(Vg) +[g, VSi]
= S\(Vg) + [g, VS)]Sx — VSyrg(1 — Sy).
The estimate for the first term Sx(Vyg) is trivial. For the second term we get the
orthogonality from S so it suffices to know the commutator estimate
[9,VSy]: L? — L2

This holds since g is Lipschitz (see Taylor [19]). Finally, for the third term it suffices
to show that

~ r—2
IVSAg(1 = Sy )lleo—rrzey SA 2.

Since the supports of the symbols Sy and (1 — Sy) are O()\) away, it follows that
only the frequencies of size A and higher in g are relevant. In other words, if Uy is
a multiplier selecting the frequencies of size A and higher, then

VS)\g(l — S)\) = VS,\(UI_AOQ)(l — S,\)7
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therefore

IVSxg(1 = S\)ll2—rrre) S ||UAV9HL22TTT(L&)

2-r
|U)\Vg||L2f'(Loo)

1—2=r
[UAV ]| o *"
AT
At the last step we have used the fact that Vu € L> and V2u € L'(L*).

This concludes the reduction to the dyadic estimates. As the reader may have
noticed, up to this point we have had a large leeway as far as the function spaces
are concerned. Naively, the reason for this is that in the FBI calculus we need two
derivatives on the coefficients for each derivative in the error estimates, while in
the usual commutator estimates one derivative on the coefficients suffices. Now we
return to the original set-up and strengthen (B8] to

(3.9) /\_pHS,\U,HLp(Lq) ,S HS/\'U'HLx(L2) + /\_1HPS>\UHL1(L2)-

S
S

Truncating the coefficients at frequency vA. We claim that it suffices to prove
the dyadic estimate ([B3) when the coefficients have Fourier transform supported

in [¢] < V.
Given A > 0 define the multiplier

Ux=_ Sax,
Jj=0
which selects the frequencies A and higher. Then we replace g by (1 — U, ﬁ)gij

where € is a small parameter. Thus we modify the factor ||PSyul|z1(z2) in (B3) at
most by

1(Uey/z9)0i03 Sxull pa(r2y S MD?gll £ (oo llull oo (22).-

But this is controlled by the first right-hand side term. Hence it suffices to prove
the estimates with g*/ replaced by (1 — U, )g", which have Fourier transform

supported in |£] < Az, In particular, since the coefficients of p are Lipschitz, it
follows that

1 1
(3.10) |Ap(z,§)] < A2, 1S €] < 4.

Once we have truncated the coefficients we can use again the L? well-posedness
of the hyperbolic problem to reduce the estimate to

(3.11) )\_pHS)\uHLp(Lq) f, ||S)\u||Loo(L2) + )\_1||PS)\UHL2.
This is a minor reduction which simplifies a bit the analysis of the function g below.
Using the FBI transform. Set

w = BIT)Syu.

Then we try to get good L? estimates for w. The function Syu can then be recovered
from

Syu=T; D7 w.

Observe first that w is concentrated in the region

1
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Outside this region we have
lwllz2 ey < e™M|Saull 2,

which is a straightforward consequence of the representation formula for the FBI
transform in terms of the Fourier transform of the argument.
Hence it suffices to get good estimates for w in the region U. Set

(3.12) (Ap + 2(0p) (8 — iXE))P Tw =D 3g
where
g =®2 (AR pSau+ ATy P(x, D)S\u).

We can use the error estimates to get good bounds for g in terms of the right-hand
side of (BI1).

Lemma 3.1. The following estimates hold:

(3.13) lgllzz < AT Sxull poe(r2) + A7 P(x, D)Saul 1z,

1) lgrlley, 12,y S At ISxullze ez + AP, D)Sxullz.

In (BI4) the Lg, norm of g|x is taken with respect to the surface measure on K.
The information about g in this lemma is all we need in the sequel.

The first order equation (FIZ). Since &~ 3w is holomorphic as a function of
z = x — i€, we have
(0 — XD 2w =B 2 (D, — iAW = i(De — AP w = id 2 Pew.

(Recall that ® = e=*¢”.) Then from (B12) we obtain in effect two pieces of infor-
mation, namely

(3.15) (P20 — pez) — iA(p — pe - §)| w = —ig,
respectively
(3.16) [(p20z + peOe) + A(p — ips - §)]w = g.

The first equation is an ode along the Hamilton flow of p, while the second
equation is an ode along the gradient curves of p. Our strategy is now to use (B.15)
to obtain good estimates for w on the characteristic cone K, and then to use (B.16)
to obtain good decay rates away from the cone. For all the analysis away from the
cone we only use the fact that the coefficients are Lipschitz. The L!'(L>°) bound
on the second derivatives of g is only needed for the analysis of the Hamilton flow
on the cone.

If we take the inner product of (BI6) with pw and integrate by parts, then we
obtain

1
Mlpwlliz = S{(IVpI + pAp)w, w) + Ripw, g).
Then by (BI0) we get
(3.17) A% |lpwl| e < Jlwll gz + A7 % gl .

Away from the characteristic cone this estimate improves the L? bound on w by
a A\~2 factor. In the physical space this corresponds to a gain of 1/2 derivative,
which suffices for the Strichartz estimates simply by the Sobolev embeddings. Then
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we can cut away this region and assume without any restriction of generality that
w, g are supported in a neighborhood of the cone.
We use ([BI6) to decompose w into two parts,

w = w1 + wa,

where w; solves the inhomogeneous equation

(3.18) [(p20x + pe0e) + Ap — ips - §)| w1 = —ig,  wijx =0,
and ws solves the homogeneous equation
(3.19) [(P20z + pede) + A(p — ipe - §) w2 =0, wox = w.

Similarly we split the corresponding part of Syu into uj + us with
U; = T;(I)%a(x7£)wiv
where a is a smooth cutoff selecting a small neighborhood of K N U.

The estimate for w;. If we multiply (3I8) by “1 and integrate by parts in a
neighborhood K, = {|p| < ¢} of K we obtain
ey~ (o)
—{ —wi,w
L2(K.) p K.

w \Y%
2% <—1,g> = 2>‘||w1||2L2(K6) + Hmwl
p K ) p

€

2

\Y
+H| plw1
p

L2({Ipl=¢})
By (BI0) this implies
(3.20) Mwil 2k S 9720

On the other hand, if we multiply (3:I8)) by pw; and integrate by parts we obtain
the analogue of (B:I7) in K.. Summing this with (:I10) we obtain

(3.21) NpwillFzck.) + MwillZe ey S Ngll7ec. -

Then, if we use the bound [BI3)) for g, the bound for u; corresponding to (BH)
follows from

1 1 1
IT5®@= a(z, wn |l Lo(zay < X752 [[pwr | + [[wn]]?),

which is equivalent to

1
’T*@§A4a(x17£) S)\PJr%'
L+ 22l o o
By the “T'T*” argument this reduces to
12
*q) >‘2a (x,f) T S )\2p+1.

A

3pl)2
(14 Az|p]) Lv' (L )—Lp(L9)

The weight inside is integrable across the level sets of p, therefore we can foliate
with respect to the level sets of p and reduce this to

||T;q)a2(xv E)(sPZOT)\”LP’(Lq’)_>Lp(Lq) é )\2p+1’

which was proved in [I7].
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The gradient flow. The next step in our analysis is to estimate wq using (F19).
To achieve this we need to compute the regularity of the gradient flow. Suppose
we start with initial data (x,&) on the cone K = {p = 0}. Denote by ¢ the natural
parameter along the flow, chosen so that ¢ = 0 on K. Set (z4,{,) to be the image
of (z,§) along the flow. Then (z4,&,) solve the equations

{ 0qTq :px(xqafq)a z(0) =z,

94€q = pe(2,&q),  £(0) =¢.

Theorem 3.2. Assume that P has C' coefficients with Fourier transform sup-
ported in B(0,vVX). Then

A

L B o + 18] > 0.
o la|-1
020F (6~ €)] < caph T econY N, o] + 18] > 0.

A

Thus the gradient flow blows up exponentially on the A% scale. This is, however,
compensated by the fact that the fundamental solution to (8:19]) exhibits Gaussian
decay on precisely the same scale.

Proof. The linearization of the gradient flow is given by the system

(3.22) { 04y = Paay + Pagll,
0gN = Pexy + Peen)-

This implies the inequalities

{ 10qy| < c(v/Aly| + [n]),
|0gn < c(lyl + |n)-

If we take (y,n) = (Opq, &), then the Cauchy data in (3:22) is (I,0). Thus we
obtain the bounds

|0pq] < VM 10,8, < A2V

If we take (y,n) = (Ogxq, Oe&q), then the Cauchy data in (3:22) is (0,I). Then we
get the bounds

gl < A2V j9g(g — )] < Az,
The rest follows by induction. O

The oscillatory integral for us. Clearly us can be expressed in terms of the
trace of w on the cone. This computation is carried out in the following theorem:

Theorem 3.3. Assume that P has C' coefficients frequency localized in €] < V/\.
Then we have

1
Ug = A 2V)\w|K,

where Vy is an integral operator,
Vaw = A2 / eNEVG(z, y, & wdrdE
K

with a kernel G satisfying
(3.23) 020 G,4, )| < caph T e N,
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Proof. We have
3(n+1) . _ A (a2
way) = A" 1 / eNW=2) =3 @Y ) (2, &) dd.

Now we choose ¢ = 0 on the cone and (z,£) € K. Then (q,z,£) can be interpreted
as a new set of coordinates by

(qa x,f) - (xqvgq)'

In these new coordinates we write
3(n+1) -
wa(y) = A~ 1 1 /e”\gq(y_%)e_%(xq_y)zwg(xq,fq)dqufq.

Since wq solves the ode (BIY) we can represent it as

’lUQ(SCq,fq) = F(xvg’Q)w(xvf)a

where F' is the solution to the homogeneous equation

[0g + A(p(4, &) — ipe(2q,§q) - Eg)IF =0, F(x,£,0) = 1.

After the change of variable, ws has the form

— 3(n+1) iAq(y—zq) _E(xq y) ( q7§Q)
0 / / ¢ Fl@,8,0) 5 e w(a ) dadsdg

or, further recombining the exponents,
wa(y) = A / / EINE(=2) M€= (=20) =3 (20 —0)? (NEG—20) (¢ )

% (xq,&q)

At q) w(zx, &)dxdedq.

Then
G(fc,f,y):ﬁ/ e(z,€,y,q)dg,
R
where

. , o
6(.2?7 §7 Y, q) = ezk(fq _5)(y_xQ)e_%(xq_y)zez)\g(x_xq)F(x7 fa q) 8((z‘:1é7€qqg .

Hence in order to obtain ([B:23)) it suffices to show that
la|
|8§‘8§e(m,€,y,q)| < caﬂ/\Te_C)‘(”_y)Qe_C)‘qQ.

This, in turn, would follow from

(3.24) |a§‘a?e“\(§q*f)(y*$q)67%(zqu)Q| < ca,gA%e*CWrW@cﬁq’
(3.25) aaagiagqéfqg < o NS eV
(3.26) 1020, =m0 P (x,€,q)] < CaphF e

The bounds (3:24) and [B.:28) follow easily from Theorem [3.2 For ([B:26) observe
that

F(‘r7 §7 C]) = 6)\ fl)q 1o (@5,€5)Es —p(@s,€s)ds
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therefore

eikg(x_xq)F(x,f’ q) — eA fél ipm(xs155)(55_E)_p(x.wg.g)ds.

Since p = cq we obtain the desired Gaussian decay, therefore it remains to show
that

. ol 41
MO g (ipo (4, €) (€ — €) = Plag §))| < caph T e,
This again follows from Theorem [3221 (|

Taking into account the bound (BI4l), we need to prove the estimate
(3.27) Vaw|| Lo (ray < >‘p+z||pr”L;O(Li,§,)(K)

for all w supported in K NU.
Given a pair (z,£) we denote by (z, &) its image along the Hamilton flow. This
map is homogeneous of order 1 with respect to £. Then, ([B:27) is equivalent to

Theorem 3.4. Let a(x,£) be a smooth compactly supported function, which is 0
near £ =0 and 1 in 1/4 < |£| < 4. Then

1
(3.28) [Vaa(z, &)L L2 (kA {wo=0})—Lr(a) < AT,
where L is the transport operator along the Hamilton flow given by

[0 if  x9 <0,
(LW)(xvf) - { UJ(l‘ugt) Zf xfo =0, xz¢=>0.

This is further equivalent to the corresponding bound for the operator

(329) Z = (V)\GL)(V)\GL)* = VAaLL*ép(x,5)=0aV; y
namely

1
(3.30) 121l Lo ()= oy < APTE.

The operator LL* is an integral operator along bicharacteristics, with kernel
I(t,s) = Li>o, s>0}-
This embeds into the analytic family
Lo = (6 —1)(t —s)?7t(t, s).

From this point forward, the proof of ([830) is identical to the proof in [I8] provided
that we obtain the same regularity results for the Hamilton flow. This is done in
the next section.

The regularity of the Hamilton flow. Here we obtain precise bounds on the
derivatives of the flow map H; with respect to £&. Observe first that if the coefficients
g% have Fourier transform supported in |£]| < VA, then the following relations hold:

(3.31) 1099] L1 (1) < CaX T, ] > 2,

(3.32) 102Gl < X, > 1.
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Then

Lemma 3.5. Assume that the coefficients of P satisfy Vg € L*(L>), with Fourier
transform supported in B(0,v/X). Then the following bounds hold:

|Og | < t(L+tVN)17 al > 1,

(3:33) 026 < (1L+ VX)L, o] > 1.

Proof. We use induction with respect to a. For a = 1 the functions (O¢x:, deét)
solve the linearized system

sy g (Y)=an (1) an=( Feles) reles) )

(o) =(n)

Since A(t) is integrable, it follows that the solutions remain bounded. Furthermore,
the Cauchy data of the first component is 0, therefore the first component can be
bounded by ct.

For the induction step, compute

with initial data

d d
08w = 0g = O pe(wi, &)
and
d d
58?& = 8?@&5 = —0gpa (e, &t)-

Then the functions (8?:@, 8?&) solve a system of the form

£(2)-0(3)-(3)

with zero initial data, where the inhomogeneous term (g(t),7(t)) can be expressed
in terms of the lower order derivatives as a sum of products of the form

[a] |z [a] |z

(021022 pe) (e, &) [ 02 o) [ (052 0), (920082 (s &) [ (08 ) [] (922 60),

where

1< ||+ ao| < laf, 1< o] [as] <la| =1, > |af[+ ) lab] = |al.
k k
Then, given the induction hypothesis and the bounds ([B.32)), (B.31) we can bound
y(t) and 7(t) by

y(t) < ca(l+ t\/X)la‘_la HﬁHLl(O,t) <ca(l+ t\/x)la‘_l-

If we just use the boundedness of the linearized flow this gives a (1 + ty/X)lel=1
bound for both y and 7. The additional ¢ factor for y is obtained if we use this
bound in the equation for y, which has bounded coefficients. O
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We can use the above lemma to produce an expansion of x¢, & in terms of powers
of t:

Lemma 3.6. Assume that the coefficients of P satisfy V2g € L*(L*°) with Fourier
transform supported in B(0, \/X) Then the following estimates hold:

(3.35) Ty =3+ tpe + t2g(t, 3, €),

(336) ft :£+th(tax7£)v

where g, h satisfy the following bounds:

(3.37) |08 h(t, 2, )], 108 g(t, 2, ) < (14 1V,

Proof. We have

t d2
T = T+tpe+ / (t—s)55wsds
0 ds

t
— artpet [ (-9 ()i
0
where f can be computed from the flow equation,
f(x,€) = Pexpe — Peepa-
It suffices to estimate the derivatives of the integrand in L,
108 f (e, &)l L1 (0,0) < cat(l + t/a)lel=1,
By (332)), (331) we have
1020 (@, )11 (1) < Cars(VA)I!

so this can be easily done using the previous lemma. The estimate for & is similar.
O

Another straightforward consequence of Lemma is the following bound for
the exponents in the kernel G.

Lemma 3.7. Let G be as in (B23). Then
102G (2, €, )| < cae™ &0 (14 tV/N)loL,

In a similar manner we obtain the related result for the exponent in the oscillatory
term in our kernelﬁ

Lemma 3.8. For & in a compact set and away from 0 we have
(3.38) [0 (AMwi — §)&) — (M — §) + 122g(t,2,€)) | < (1+ Ay — §)(1 + /)
and

(3.39) 02N ((0 — DE| < call + A — DA+ VD, Ja] > 2.

4See [I7] for an explicit computation.
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4. PROOF OF THEOREM

By rescaling the problem reduces to the case when T'= 1 and
(4.1) gl < w?*.

Now we follow the proof of Theorem [T.1] and successively simplify the problem by
(i) reduction to a dyadic estimate,

(ii) truncating the coefficients at frequency u%)\ﬁ.
However, when we reach this point we can directly use Theorem [[Tl to prove the
result.

The Littlewood-Paley decomposition. The analysis below is related to the
paradifferential calculus. Given a frequency A define the operator Py as

Py = 9,97 9;,
where gij are the coefficients of P truncated at frequency %,
gy =1 -Ux)g”.
Our first step is to reduce the problem to the dyadic estimates
_p—o 1 N PP p—h

(4.2) Ao ISa0llLoay S e 1Savl Lo rzy + AT [ PASK | L)
This implies (I.9) provided we show that

[[DI77(SxP — PxSx)ullZs(z2) S #l Vullg 2y,
i.e.

IIDI'=7(Sxg = gxSn)VulZa(pay S pll Vel Zoo g2)-

Since the range of Sy g — g\ Sy consists of functions frequency localized at frequency
A this is equivalent to

(4.3) [(Sxg — grSx)vllprrzy S pA7 ol Lo (22),

where v = Vu. Because v is compactly supported, without any restriction in
generality we can assume that g is compactly supported. Then we know that

2+4s
g2y <1, lgllxs S p=
This implies the bound
l9ll s S 15
where 1 — o = 22st.
Hence (4.3)) would follow from

(4.4) 1(Sxg = gaSx )l iz < X779l grocr [[0]| oo 22y

It suffices to prove this for a single dyadic piece of g at frequency v, which satisfies
1S9l ey S v gl 1
Ifv> 1—’\0, then we need to show that
1x(Svg)vll 2y S X770 7 |Sugllpr poey ol oo 2y,

which is straightforward.

Ifv< %, on the other hand, then we need to show that

[1Sx, (Sug)]vllLirzy S AT 7 Sugll o) llvll Lo r2)-
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But this is a scale invariant estimate. Without any restriction in generality we can
take v = 1 and show that

IS, (S19)]wllLacrzy S X7 IS1gllpapooy [oll Lo (22)-
We replace this by the stronger estimate
I1Sx: gloll iz S A HIVall o) 0]l Lo (22,
which we rescale to the case A = 1:
151, glvllr 2y S IVallLrwe)llvllpes(r2).-
The last bound follows since the kernel K (y,g) of [S1, 9],
K(y,9) =8y — 9)(9(y) — 9(7)),

satisfies

Yo
K@) S W+l = 7)W= 50D ™ [ 19905) s
Yo
Truncating the coefficients. Now we show that it suffices to prove the dyadic

estimate under the additional assumption that the coefficients of Py have Fourier
2
transform supported in B(0, u%)\m). To achieve this we need to prove that if

and

Yo
(1+ |yo — 370|)_N/ Vg(s)ls dS] dyodgo S IVllLi(zee)-
Yi

0

we truncate the coefficients at frequency u%)\ﬁ, then the change in the second
right-hand side term in (£2) is controlled by the first right-hand side term, i.e. that

||8(UM%)\2$_S g)\)&s,\uHLl(LQ) < /L)\lJrUHS,\U,HLx(Ig).
Indeed,
10U 3, 7259098 ullLr ey < )‘QHUH%/\ziSgHLl(LO")HS)\u”LOO(Lz)
< N (2N gl | Saull e 22)
< /,[/)\1+U||S)\u||Loo(L2).

At the last step we have used the bound for g.

Conclusion. Observe that if the coefficients of P have Fourier transform supported
2
in the region {|¢| < pz A7}, then

||8§9||L1(Loo) < u% /\2(22—;)

|g||;(s,
which gives
10291l L1 (zoey < (A7)
Then (42) is a special case of (). O
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5. QUASILINEAR HYPERBOLIC EQUATIONS

Consider a quasilinear second order hyperbolic equation in R™ x R,

(5.1) 99" (w)9ju = N (u, Vu),
with Cauchy data
(5.2) u(0) = up, u(0) = uy.

Then the classical theory (see [6], and also [I9] and references therein) says that
this problem is locally well-posed in H® x H*~! for s > 5 + 1. This condition
insures that the coefficients of the principal part are C! and that Vu is bounded.

The Strichartz estimates in [I7] allowed us to obtain the same result for a lower
s provided that the nonlinearity is at most quadratic in Vu,

(5.3) N(u,Vu) = G(u)Q(Vu, Vu).

The stronger estimates in this paper enable us to push this result even further.
Results in the same direction were independently proved by H. Bahouri and J-Y.
Chemin [2], [I] using a different method.

In what follows we assume that the functions G, g% are smooth, bounded and
have bounded derivatives up to a sufficiently high order. Also we assume that the
coefficients g™ are uniformly hyperbolic in time. Then our main result is

Theorem 5.1. The quasilinear problem (BI)-(E2) is locally well-posed in H® x
H51 for

One should note, though, that at this point the counterexamples for the quasi-
linear equation are no better than those for the semilinear equation; see [11], [12].
The same method can be used for second order hyperbolic equations of the form

(5.4) 9" (u, Vu)0;0;u = N (u, Vu).

Differentiating once we obtain equations which are essentially of the form (5.1)),
therefore

Theorem 5.2. The quasilinear problem (Bd)-E2) is locally well-posed in H?® x
H*=1 for

n+2 5
b -9
STy T e
n+2 2
— > 3.
s> — +37 n >

Proof of Theorem [2Jl The proof of this result is similar to the corresponding proof
in [I7], therefore here we only sketch the main arguments.

The energy estimates. A first step in the proof is to obtain good bounds for the
H?® norm of the solutions in terms of the initial data. The main estimate states
that

(5.5) IVa@®)es < el Va(0)]|zorec o 174 s,
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This holds for any s and implies that the solutions do not blow up in any H® norm
for as long as

/ V()] ol
0

remains finite, i.e. for as long as Vu € L'(L*°). The proof of this result is also
of interest to us. For s = 1 it suffices to multiply the equation by wu;, integrate by
parts and use Gronwall’s lemma. For other values of s we introduce the auxiliary
function

v=|D*tu
and compute
P(z,u,D)v = [P(x,u, D)|D'|* u+ |D|* T (u)(Vu)?.
A careful estimate of the right-hand side at fixed time yieldsﬁ
(5.6) [P, u, DD~ u+ DI (u)(Vu)|| g2 < || Vull oo [Vl e

Then (535) follows from the H' energy estimates for v combined with Gronwall’s
lemma.

This argument goes back to work of Klainerman [I0] for integer s; for noninteger
s the proof of the estimate (B.6]) requires better commutator estimates as proved
later in [g].

Thus, in order to obtain a local well-posedness result one has to determine for
what s is it possible to close the argument and recover locally in time the L!(L>)
regularity for Vu. This we do using the Strichartz estimates. In effect what we
can get from the Strichartz estimates is L*(L*°) for n = 2, L**¢(L*>°) for n = 3
respectively L?(L>°) for n > 4.

The Strichartz estimates. We apply the Strichartz estimates in Corollary [
to the auxiliary function v defined above. To fix the indices suppose for instance
that n > 4. If we apriori assume that the coefficients satisfy

IVgllziz=y <1,

then we obtain locally

n+1

— _1
D772 78V 2oy < IVO(0)][22 + [P (2, u, D)ol Lr(22)-

Combine this with the bound (5.6) for P(z,u, D)v to get

n+1

_ _1
1D/ 5 =490 ooy < L+ 1Vl 1 (2o IVl o ),

which for u gives
2

n
VullL2pey < e(1+ [Vullprpo)) VUl oo (-1, s>5+3

5Here we assume an apriori bound on the L norm of u.
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Closing the loop. Since

IValliomrn=) < | Vullpio,r;0)

all we need to do is to estimate Vu in terms of itself and show that for a small time
it has to stay in L!'(L>°). We have

IVullLiorpe)y < \/T||VUHL2(O7T;LOO)
< ﬁ(l + HVUHLI(QT;L”))HVUHLOO(O,T;HS—l)
< VT + |Vl oz | Vu(0) | gromre o 174010 rzo0)dt,

Here we have used the Strichartz estimates on the second line, and the energy
estimates on the third line.
Hence in order to recover our assumption that

IVgllLro,r;pe) < 1
it suffices to choose T so that
VT||[Vu(0)|| g=—1 < e < 1.

Thus for such a time T we obtain uniform H?® bounds on the solution if the initial
data is in a bounded set in H® for s > § + %

Stability estimates. To complete the proof of the well-posedness result we now
show that the solutions depend continuously (even Lipschitz) on the initial data.
Such a dependence cannot hold, though, in the H* norm. Here we contend ourselves
with the energy norm.

Lemma 5.3. Assume that n > 3. Let u,v be smooth solutions to (1) in [0,T].
Then
[V (u— U)||L°°(O,T;L2)

(5.7) < c(llull-.

[vl[a=, VUl L2 (o), [Vl L2 o)) [V (u = v)(0)]| L2
The proof is identical to the one in [17]. The difference
w=u—uv
solves the linear equation
(5.8) P(z,u, D)w = AyVw + Agw,
where A; is linear in Vu, Vv,

Al = Gl(ua v)V(u, U)v

while Ay contains a term which is linear in the second order derivative of v and a
quadratic term in Vu, Vv,

Ag = Ga(u,v)0' Vv + Ga(u,v)(V(u,v))>.

Using the Strichartz estimates for u, v one can estimate the coefficients Ag, A;
in mixed LP spaces. Then, due to the Strichartz estimates for w, it is easy to
establish the H' well-posedness for (5:8) and further, to show that the right-hand
side remains in L? locally.
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This argument is tight in dimension n = 3. For n > 4 one has more freedom
and the stability estimates are also valid in smaller Sobolev spaces. By contrast,
for n = 2 the above argument has to be modified since then D,Vv can only be
estimated in negative Sobolev spaces. Thus, the best result one can obtain in a
similar manner is a stability estimate in H & x H™s. (|
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