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FINITE GROUP EXTENSIONS
AND THE ATIYAH CONJECTURE

PETER LINNELL AND THOMAS SCHICK

1. Introduction

In 1976, Atiyah [2] constructed the L2-Betti numbers of a compact Riemannian
manifold. They are defined in terms of the spectrum of the Laplace operator on
the universal covering of M . By Atiyah’s L2-index theorem [2], they can be used
e.g. to compute the Euler characteristic of M .

Dodziuk [10] proved an L2-Hodge de Rham theorem which gives a combinatorial
interpretation of the L2-Betti numbers, now in terms of the spectrum of the com-
binatorial Laplacian. This also generalized the definition of L2-Betti numbers to
arbitrary finite CW-complexes. The combinatorial Laplacian can be considered to
be a matrix over the integral group ring of the fundamental group G of M . These
L2-invariants have been successfully used to give new results in differential geom-
etry, topology, and algebra. For example, one can prove certain cases of the Hopf
conjecture about the sign of the Euler characteristic of negatively curved manifolds
[17], or, in a completely different direction, certain cases of the zero divisor conjec-
ture, which asserts that Q[G] has no non-trivial zero divisors if G is torsion-free,
following from the Atiyah conjecture about L2-Betti numbers. This paper is con-
cerned with this algebraic aspect of the theory of L2-Betti numbers. The methods
employed will also be algebraic.

The Atiyah conjecture is the central theme of this paper. It is a prediction of
the possible values of the L2-Betti numbers mentioned above. We start with an
algebraic formulation of its statement.

1.1. Definition. For a discrete group G, set

lcm(G) := least common multiple of {|F | | F ≤ G and |F | < ∞},
where we adopt the convention that the least common multiple of an unbounded
set is ∞.

If lcm(G) < ∞, the strong Atiyah conjecture over KG says

lcm(G) · dimG(kerA) ∈ Z ∀A ∈ Mn(KG);

in this paper K ⊂ C will always be a subring of the complex numbers which is
closed under complex conjugation. We have used the adjective “strong” so as to
distinguish it from the conjecture that Atiyah made in [2], which in the case K = Q
is equivalent to dimG(kerA) ∈ Q for all A ∈ Mn(QG).
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Here A is considered as a bounded operator A : l2(G)n → l2(G)n (acting by the
convolution product). Let prker A be the projection onto ker A. Then

dimG(kerA) := trG(prker A) :=
n∑

i=1

〈prker A ei, ei〉l2(G)n ,

where ei ∈ l2(G)n is the vector with the identity element of G ⊂ l2(G) at the ith
position and zeros elsewhere.

The ring KG embeds into the group von Neumann algebra NG, and this into
von Neumann’s ring of affiliated operators UG. We denote by DG the division
closure of KG in UG, and we let Σ(G) be the set of all matrices over KG which
become invertible in DG. For more details about all these objects compare e.g. [44]
or [36, Section 8].

1.2. Remark. By [38, Lemma 2.2] the strong Atiyah conjecture as stated in Defini-
tion 1.1 for K = Q is equivalent to the statement that for every finite CW-complex
X with fundamental group G, the L2-Betti numbers fulfill lcm(G)bp

(2)(X) ∈ Z.

1.3. Remark. There were more general versions of the Atiyah conjecture for groups
with lcm(G) = ∞. The geometric version then says that at least all relevant L2-
Betti numbers should be contained in the additive subgroup of Q generated by the
numbers |F |−1, F ≤ G with |F | < ∞.

However, this conjecture is false, as was shown by counterexamples in [16] and
[9].

1.4. Remark. If G is torsion-free, the strong Atiyah conjecture for KG is particularly
interesting: it implies that KG is a domain, i.e. has no non-trivial zero-divisors
[38, Lemma 2.4]. More precisely, the ring DG which contains KG is a skew field
(compare e.g. [47, Lemma 3]).

There are of course also purely algebraic methods available to attack the above-
mentioned zero-divisor problem (and generalizations thereof). We will also give
partial results in such a more general setting. More precisely:

1.5. Definition. Let R be a division ring and G a group. A crossed product R∗G is
an associative ring which has as an underlying set the free R-module

⊕
g∈G R·g with

basis {g | g ∈ G}. The multiplication is determined by set maps φ : G×G → R\{0},
σ : G → Aut(R) satisfying certain conditions, and is given by g1 ·g2 = φ(g1, g2)g1g2,
g · r = (σ(g)r) · g; see [43, p. 2] for further information.

We will be interested in the question of when such crossed products are domains,
and in particular when they admit embeddings into skew fields.

We will throughout the paper only deal with groups G with lcm(G) < ∞. Note
that G is torsion-free if and only if lcm(G) = 1.

The strong Atiyah conjecture is true for elementary amenable groups, and more
generally for free groups and their elementary amenable extensions [35]. Note that
this class of groups is closed under finite extensions.

The strong Atiyah conjecture is also known for QG if G is a residually torsion-free
elementary amenable group (i.e. the case K = Q) [47, Corollary 4]. A generalization
to K = Q, the field of algebraic numbers over Q in C, is given in [11]. This applies
e.g. for pure braid groups and certain positive one-relator groups, but in these cases
with known methods no general statement about finite extensions can be made.
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Observe that the last statement applies in particular to Artin’s pure braid groups
Pn, which are residually torsion-free nilpotent [14, Theorem 2.6]. Our work was
motivated by the question of whether the full braid groups Bn, which are finite
torsion-free extensions of Pn, also satisfy the strong Atiyah conjecture. It was
also motivated by the result of Rolfsen and Zhu [45, Theorem 1] where using the
property that Bn is left orderable [15], they proved that CBn has no non-trivial
zero divisors.

In this paper, we establish this and much more general results.
The basic idea is: it is hard to deal with extensions with finite quotient F , but

easy to handle torsion-free elementary amenable quotients. We recall in Section 2
(see Corollary 2.7 for a more general statement):

1.6. Theorem. Let H be a torsion-free group which fulfills the strong Atiyah con-
jecture over KH. Suppose we have an exact sequence 1 → H → G → A → 1, where
A is torsion-free and elementary amenable. Then the strong Atiyah conjecture for
KG is true.

For a finite extension 1 → H → G → F → 1, our goal therefore is to find a
factorization G

π� A � F , where A is elementary amenable and torsion-free, and
apply Theorem 1.6 to the extension 1 → ker π → G → A → 1.

One can further reduce to the case where F is a finite p-group for a prime number
p. So we have to answer the question: given a torsion-free group H which fulfills
the strong Atiyah conjecture, under which conditions on H does every extension
1 → H → G → F → 1, where F is a finite p-group and G is torsion-free, admit a
factorization G � A � F with A torsion-free and elementary amenable.

We give such a criterion in Section 4. In particular we prove

1.7. Theorem. Assume that H has a finite classifying space and that for each
prime number p, the canonical map

H∗(Ĥp, Z/p) → H∗(H, Z/p)

from the continuous cohomology of the pro-p completion of H to the cohomology of
H is an isomorphism. Suppose infinitely many quotients of the derived series of H
or of the lower central series of H are torsion-free. Then the above factorization
property is fulfilled.

The proof uses the pro-p completions as an intermediate step to show that if no
such torsion-free quotient exists, then the projection G → F induces a split injective
map in cohomology (we might have to replace F with a non-trivial subgroup first).
Using an Atiyah-Hirzebruch spectral sequence argument, we show that the same
is true for stable cohomotopy. But then a fixed-point theorem of Jackowski [25]
implies that the map G → F itself splits, which contradicts the assumption that G
is torsion-free.

All of this can be generalized to extensions G which contain torsion. Then the
requirement is to find a factorization through an elementary amenable group A
which has as little torsion as possible. The theorem extends to this case, and
moreover, the assumption on the torsion-free quotients can be somewhat relaxed.

The cohomological condition is rather strong. However, we show in Section
5 that all conditions are satisfied by Artin’s pure braid group. More generally,
consider the following classes of groups: finitely generated free groups, surface
groups, primitive one-relator groups, knot groups and primitive link groups. Using
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these building blocks, construct H as an iterated semi-direct product, such that the
quotient always acts trivially on the abelianization of the kernel. Then H fulfills
the conditions of Theorem 1.6. By [14] the pure braid groups can be constructed
in this way, and therefore the theorem can be applied to them.

We remark that, in the course of the proof, we construct torsion-free non-trivial
elementary amenable quotients of the torsion-free extensions of our class of groups.
This applies in particular to the full braid groups Bn, thus answering question B6
of http://grouptheory.info/ for all n ≥ 1.

Explicitly (compare Corollary 5.41) we have

1.8. Theorem. Let Bn be the nth classical full Artin braid group. Then the strong
Atiyah conjecture for QBn is true, where Q is the field of algebraic numbers in C.
Moreover, Bn is residually torsion-free nilpotent-by-finite.

The algebraic methods of this paper can also be applied to the Baum-Connes
conjecture, to establish this conjecture in more new cases. This is discussed in [46],
where for example the Baum-Connes conjecture is proved for the full braid groups.

2. Atiyah conjecture and extension

with an elementary amenable quotient

In this section, we recall some general results about the Atiyah conjecture, proved
essentially in [36, 35]. We will frequently make use of results in [36, 35]. There, these
results are stated only for K = C. However, everything generalizes immediately to
the more general rings K we are considering.

2.1. Notation. We let A denote the class of finitely generated abelian-by-finite
groups. If X and Y are classes of groups, then G ∈ LX means that every finitely
generated subgroup of G is contained in an X -group, and G ∈ XY means that G
has a normal X -subgroup H such that G/H is a Y-group.

A group is called elementary amenable, if it belongs to the smallest class of
groups which contains all solvable groups and all finite groups, and which is closed
under extensions and under directed unions.

Also N will denote the positive integers (so 0 is excluded), and N0 := N ∪ {0}.

2.2. Proposition. Assume that G is a discrete group with lcm(G) < ∞ and DG,
the division closure of KG in UG, is Artinian.

Then DG is semi-simple Artinian. Moreover, if L is a positive integer, then

L · dimG(kerA) ∈ Z for each A ∈ Mn(KG)

is equivalent to

L · trG(e) ∈ Z for each projection e ∈ DG.

In particular, G fulfills the strong Atiyah conjecture if and only if for each pro-
jection e ∈ DG we have lcm(G) · trG(e) ∈ Z.

Proof. Semi-simplicity follows from [36, Lemma 9.4].
The remaining statements are also standard. The strong Atiyah conjecture im-

plies the statement about the trace of the projections in DG using Cramer’s rule
[8, Proposition 7.1.3] as in the proof of [35, Lemma 3.7].

The converse follows by noting that the semi-simple Artinian subring DG of
UG is ∗-regular, and hence for A ∈ Mn(KG) ⊂ Mn(DG) we have AMn(DG) =
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eMn(DG) for a unique projection e ∈ Mn(DG). Thus the G-dimension of the range
of A is equal to the G-trace of the projection e, the G-dimension of the kernel of
A is equal to the G-trace of the projection 1 − e, and we can apply [36, Corollary
13.11] to see that L trG(e) ∈ Z. �

2.3. Lemma. Assume that H is a discrete group, DH is Artinian and there is a
positive integer L such that

L · trH(e) ∈ Z if e ∈ DH is a projection.

Suppose H ≤ G and the index [G : H] < ∞. Then DG is semi-simple Artinian and

[G : H] · L · trG(e) ∈ Z if e ∈ DG is a projection.

Proof. This follows immediately from [36, Lemma 9.4], Proposition 2.2 and [47,
Proposition 4]. Alternatively, a direct argument is given in [36, Proof of Lemma
13.12]. �

2.4. Lemma. Assume that H is a group with lcm(H) < ∞. Let G be a finite
extension of H with quotient group G/H and projection π : G → G/H.

If there is L ∈ N such that for the inverse images Hp ≤ G of all Sylow subgroups
of G/H

L · lcm(Hp) · dimHp
(kerA) ∈ Z ∀A ∈ Mn(KHp),

then
L · lcm(G) · dimG(kerA) ∈ Z ∀A ∈ Mn(KG).

In particular, the strong Atiyah conjecture for all the Hp implies the strong Atiyah
conjecture for G.

Proof. Write |G/H| = pn1
1 . . . pnk

k where the pj are different primes. Let Hpj
be the

inverse image under π of a pj-Sylow subgroup of G/H. This implies that pj does
not divide [G : Hpj

] = |G/H| /p
nj

j , i.e. the greatest common divisor of all [G : Hpj
]

is one.
For trivial reasons we have the following divisibility relation:

lcm(Hpj
) | lcm(G) ∀j.

If A ∈ Mn(KG), then, by assumption and by [47, Proposition 4],

L · lcm(Hpj
) · [G : Hpj

] · dimG(ker(A)) ∈ Z,

consequently L · [G : Hpj
] · lcm(G) · dimG(ker(A)) ∈ Z.

Passing to the greatest common divisor we get

L · lcm(G) · dimG(kerA) = g.c.d.{[G : Hpj
]} · L · lcm(G) · dimG(kerA) ∈ Z. �

The following lemma is needed to arrive at the purely algebraic results —beyond
the Atiyah conjecture— we want to obtain. Information on Ore domains can be
found in [36, §4].

2.5. Lemma. Let G be an elementary amenable group, let k be an Ore domain,
and let k ∗ G be a crossed product. If k ∗ F is a domain for all finite subgroups F
of G, then k ∗ G is an Ore domain, consequently it has a right quotient ring which
is a skew field.
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Proof. First suppose G is finitely generated abelian-by-finite. If k is a skew field,
this is the statement of [36, Corollary 4.5]; it also follows from [29, Lemma 4.1].
For an arbitrary Ore domain k, let S = k \ {0}. Then kS−1 is a skew field and
kS−1 ∗H ∼= (k ∗H)S−1 for all subgroups H of G. From the first sentence, kS−1 ∗G
is an Ore domain, and we deduce that k ∗ G is an Ore domain.

The general case is proved by transfinite induction. Let A be the class of all
finitely generated abelian-by-finite groups. Let Y0 denote the class of finite groups,
and define inductively Yα := (LYα−1)A if α is a successor ordinal, and Yα :=⋃

β<α Yβ if α is a limit ordinal (cf. [35, Lemma 4.9]). Then, by the proof of [35,
Lemma 4.9(ii)], the class of elementary amenable groups is

⋃
α≥0 Yα.

Let α be the least ordinal such that G ∈ Yα. Then α cannot be a limit ordinal,
and the result is certainly true if α = 0. Therefore, we may write α = β + 1, and
assume that the result is true for all groups in Yβ . If U ∈ LYβ, then since k ∗ E is
an Ore domain for every finitely generated subgroup E of U , it is clear that k ∗ U
is an Ore domain. Hence, we may assume that the result is true for groups in LYβ .
Now G has a normal subgroup D such that D ∈ LYβ and G/D ∈ A. Furthermore,
if E/D is a finite subgroup of G/D, then E ∈ LYβ by the proof of [35, Lemma
4.9(iv)]. The result follows from the case first dealt with, where we replace G with
G/D and k with k ∗ D. �

2.6. Proposition. Let 1 → H → G → A → 1 be an exact sequence of groups. Fix
K = K̄ ⊂ C and L ∈ N. Suppose A is elementary amenable and DH is Artinian.
For a subgroup E ≤ A, let HE denote the inverse image of E in G.

(i) Assume that we can find L ∈ N such that for all finite subgroups E ≤ A,

L · trHE
(e) ∈ Z for each projection e ∈ DHE .

Then DG is semi-simple Artinian and

L · trG(e) ∈ Z for each projection e ∈ DG.

(ii) With the setup in (i), assume further that the identity map on KH induces
an isomorphism

KHΣ(H) → DH, where Σ(H) is defined in Definition 1.1.

Then the identity map on KG induces an isomorphism KGΣ(G) → DG.
(iii) Let k be a domain and k ∗G be a crossed product. Assume that k ∗H embeds

into a skew field DH and the twisted action of A on k ∗H extends to a twisted
action on DH (in particular, we can form DH ∗ A). Assume that DH ∗ E is
a domain for all finite subgroups E of A. Then k ∗ G can be embedded in a
skew field.

Proof. We shall prove parts (i) and (ii) by the standard transfinite induction argu-
ment as used in Lemma 2.5, and we shall adopt the same notation as defined in the
second paragraph there. The proof of (i) is similar to [47, Proposition 8]. Thus we
have two cases to consider:

(1) A has a normal subgroup B such that A/B ∈ A and the result is known
with B in place of A. Then in (i) we use [36, Lemma 13.10, parts (i)
and (iii)], while in (ii) we use [36, Lemma 13.10(ii)], noting that C can be
replaced by any subfield of C which is closed under complex conjugation.
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(2) A is the directed union of groups Ai, and the result is known with Ai in
place of A for all i. In (i) we apply [36, Lemma 13.5, parts (i) and (ii)],
while in (ii) we apply [36, Lemma 13.5(iii)]. Again we note that C can be
replaced by any subfield of C which is closed under complex conjugation.

For the proof of part (iii) of the proposition, observe that (k ∗H)∗G/H = k ∗G.
By Lemma 2.5 the ring DH ∗A, and hence also (k ∗H) ∗A = k ∗G, embeds into a
skew field. �
2.7. Corollary. Under the assumptions of Proposition 2.6, if L = lcm(G), then the
strong Atiyah conjecture is true for KG.

If, for every finite subgroup E of A, KHE fulfills the strong Atiyah conjecture,
then we may take L = lcm(G). Hence under this condition the strong Atiyah
conjecture for KG holds.

Proof. This follows immediately from Proposition 2.6 and Proposition 2.2. �
2.8. Corollary. If G is elementary amenable and lcm(G) < ∞, then the strong
Atiyah conjecture holds for CG.

Proof. This follows since the strong Atiyah conjecture is true for CG if G is a trivial
group. �

3. More positive results about the Atiyah conjecture

In this section, we recall a few more known results about the Atiyah conjecture,
proved in particular in [47] and [11].

3.1. Definition. Let D be the smallest non-empty class of groups such that:
(1) If G is torsion-free and A is elementary amenable, and we have a projection

p : G → A such that p−1(E) ∈ D for every finite subgroup E of A, then
G ∈ D.

(2) D is subgroup closed.
(3) Let Gi ∈ D be a directed system of groups with homomorphisms φij : Gi →

Gj or φij : Gj → Gi, respectively, for i < j, and assume that G is its direct
limit or inverse limit, respectively. Then G ∈ D.

3.2. Theorem ([48, Theorem 1], [11, Theorem 1.4]). Assume that Q is the algebraic
closure of Q in C and G ∈ D. Then the strong Atiyah conjecture is true for QG.

3.3. Corollary. The strong Atiyah conjecture is true for QG, if G is residually
torsion-free nilpotent or if G is residually torsion-free solvable.

4. Finite extensions and the Atiyah conjecture

In this section, we give an abstract criterion when the strong Atiyah conjecture
for a torsion-free group G implies the strong Atiyah conjecture for all of its exten-
sions with finite quotient, and more generally for all extensions with elementary
amenable quotient.

The strategy is the following: making use of Lemma 2.4, instead of investigating
all of the finite extensions at once, we study them one prime at a time (concentrating
on those extensions where the quotient is a finite p-group).

The crucial condition is cohomological completeness, defined in Definition 4.3.
This is expressed in terms of pro-p completions and their continuous cohomology,
following the definitions and notation of [50].
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Our condition is used to show that each finite extension G of the given group
H is an extension of a suitable subgroup of H with elementary amenable quotient
A, such that A contains as little torsion as theoretically possible. This allows us to
apply standard results to conclude the Atiyah conjecture for G.

Before we obtain these results, we start with a comparably easy other condition,
which is also of cohomological type.

4.1. Groups with Euler characteristic equal to one.

4.1. Theorem. Assume that H is a group with finite classifying space BH, and
with Euler characteristic

χ(H) = χ(BH) ∈ {1,−1}.
Suppose the strong Atiyah conjecture is true for KH and we have an exact sequence

1 → H → G → Q → 1,

such that Q is elementary amenable and lcm(G) < ∞.
Then the strong Atiyah conjecture is true for KG.

Proof. Since H has a finite classifying space, it is torsion-free. Because of Proposi-
tion 2.6, Corollary 2.7 and Lemma 2.4, it is sufficient to assume that Q is a finite
p-group.

In this situation, we will prove that |Q| divides lcm(G). It then follows from
Lemma 2.3 that KG fulfills the strong Atiyah conjecture.

Since the Euler characteristic is multiplicative [7, Proposition 7.3], χ(G) = ± 1
|Q| .

By [7, Theorem 9.3], lcm(G) · χ(G) ∈ Z, therefore |Q| divides lcm(G). This con-
cludes the proof. �

This result is less interesting than it might seem to be because a non-trivial
finite extension of a group H with χ(H) = ±1 cannot be torsion-free (which is well
known and follows from the argument in the proof of Theorem 4.1).

4.2. Cohomology of groups and their completions.

4.2. Definition. For a discrete group G and a prime number p, let Ĝp denote the
pro-p completion of G. This is the inverse limit of the system of finite p-group
quotients of G. Then Ĝp is a compact totally disconnected group, and we have a
(not necessarily injective) canonical homomorphism G → Ĝp. The cohomology of
a profinite group like Ĝp in this paper will always be its Galois cohomology [50]
(sometimes also called continuous cohomology).

4.3. Definition. A discrete group G is called cohomologically complete if for each
prime number p the homomorphism

(4.4) H∗(Ĝp, Z/p) → H∗(G, Z/p)

is an isomorphism. Here the action on Z/p is assumed to be trivial. Define coho-
mological p-completeness by requiring the same only for p.

4.5. Lemma. Let G be any group. Then in low degrees we get isomorphisms

H0(Ĝp, Z/p)
∼=−→ H0(G, Z/p),

H1(Ĝp, Z/p)
∼=−→ H1(G, Z/p),
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and an injection
H2(Ĝp, Z/p) ↪→ H2(G, Z/p).

Proof. This is well known; for the convenience of the reader we give an argument.
The statement for H0 is obvious from the definition. Next, assume V is a normal
subgroup of G such that G/V is a finite p-group. Then we get the following exact
sequence in low cohomology degrees:

0 → H1(G/V, Z/p) → H1(G, Z/p)

→ H1(V, Z/p)G → H2(G/V, Z/p) → H2(G, Z/p).

Passing to the direct limit, as V varies over all normal subgroups of p-power index,
we obtain the following exact sequence (since taking direct limits is exact):

0 → H1(Ĝp, Z/p) → H1(G, Z/p)

→ lim
V

H1(V, Z/p)G → H2(Ĝp, Z/p) → H2(G, Z/p).

To prove the remaining statements, we only have to prove that the limit in the mid-
dle is zero. Now, given any such V , an element x ∈ H1(V, Z/p) is a homomorphism
x : V → Z/p. By Lemma 4.11, the kernel of x (which has index 1 or p in V ) contains
a subgroup W which is normal in G, and such that V/W is a finite p-group. Then
also G/W is a finite p-group, and by construction of W the image of x (which is
just the restriction of the homomorphism) in H1(W, Z/p), and therefore also in the
limit, is zero. Since V and x were arbitrary, limH1(V, Z/p) = 0, as desired. �

4.6. Example. Let F be an arbitrary free group (not necessarily finitely generated).
Then F is cohomologically complete.

Proof. The case where F is finitely generated is contained in Example 5.29 and
Proposition 5.30. The general case is proved in [30], just observing that F and F̂ p

have cohomological dimension 1 and that (4.4) is always an isomorphism in degrees
0 and 1. �

4.7. Lemma. Assume that G is cohomologically p-complete and A is a finite discrete
p-primary Ĝp-module. Then the homomorphism H∗(Ĝp, A) → H∗(G, A) is an
isomorphism.

Assume that Q is a profinite group such that Hk(Q, Z/p) is finite for every k. If
A is a discrete finite p-primary Q-module, then Hk(Q, A) is finite for every k ∈ N0.

Proof. Because of the corollary to [50, Proposition 20] A has a composition series
whose successive quotients are isomorphic to Z/p. We can now use induction on
the length of this composition series and the five lemma applied to the long exact
cohomology sequences associated to short exact sequences of coefficients (on the
discrete as well as on the pro-p side) to conclude the proof. Existence of these
long exact sequences is proved in [53, Theorem 9.3.3] and [7, Proposition 6.1].
Compatibility of the boundary maps with the comparison maps follows from the
constructions. �

4.8. Definition. A set of subgroups U of a group G is cofinal among a set of
subgroups V of G, if for each V ∈ V there is U ∈ U with U ⊂ V .
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4.9. Definition. The subgroups in the lower central series of a group G are called
γn(G). They are inductively defined by γ1(G) := G and γn+1(G) := [γn(G), G]. For
two subgroups U, V of G, [U, V ] denotes the subgroup generated by commutators
[u, v] := u−1v−1uv with u ∈ U and v ∈ V .

The group G is called nilpotent (of class ≤ n−1), if γn(G) = {1} for some n ∈ N.
We define the derived series G(n) inductively by G(1) := G and G(n+1) :=

[G(n), G(n)]. A group is called solvable (of class ≤ n − 1) if G(n) = {1}.

The following lemma will be used in the construction of cofinal sets of subgroups
at various places.

4.10. Lemma. Let F be a finite group and I any index set. Then the product
G :=

∏
i∈I F is locally finite and in particular, elementary amenable.

Proof. We show that every finitely generated subgroup of G is finite. Let g1, . . . , gn

with gk = (fk
i )i∈I , fk

i ∈ F , be a finite collection of elements of G, and let H be
the subset of G generated by g1, . . . , gn. Define the map µ : I → Fn by µ(i) :=
(f1

i , . . . , fn
i ). The target of µ is a finite set. Therefore, there is a finite subset J ⊂ I

such that for each i ∈ I there is j ∈ J with µ(i) = µ(j).
Let p : G =

∏
i∈I F →

∏
j∈J F =: E be the obvious projection. Observe that E

is finite since J is finite. We prove that the restriction of p to H is injective, which
implies that the finitely generated subgroup H of G is finite.

To do this, let x = gn1
r1

· · · gnN
rN

∈ H be an element of the kernel of p. That means
that (fr1

j )n1 · · · (frN
j )nN = 1 ∈ F for each j ∈ J . But for an arbitrary i ∈ I we find

j ∈ J with frk
i = frk

j for each k = 1, . . . , N by our choice of J . In other words,
1 = gn1

r1
· · · gnN

rN
= x ∈ G, i.e. the kernel of p|H indeed is trivial. �

4.11. Lemma. Let {Ui}i∈I be a set of normal subgroups of a group G. Define
V :=

⋂
i∈I Ui.

(1) If G/Ui is torsion-free, or nilpotent of class ≤ n, or solvable of class ≤ n,
respectively, for every i ∈ I, then G/V has the same property.

(2) If I is finite and G/Ui is finite, or is a finite p-group, or is elementary
amenable, respectively, for every i ∈ I, then G/V has the same property.

Fix a normal subgroup U of G and a subset A of the set of all automorphisms of
G. Set V :=

⋂
α∈A α(U).

(1) If G/U is torsion-free, or nilpotent, or solvable, respectively, then G/V has
the same property.

(2) If A is finite and G/U is finite, or is a finite p-group, or is elementary
amenable, respectively, then G/V has the same property.

(3) Assume that G is finitely generated and G/U is finite or is a finite p-group,
respectively. Then G/V is also finite or a finite p-group, respectively. In
particular, U contains a characteristic subgroup W such that G/W is finite,
or a finite p-group, respectively.

(4) If G is finitely generated and G/U is solvable-by-finite (i.e. has a solvable
subgroup of finite index), then G/V is also solvable-by-finite.

Proof. Observe that V is the kernel of the projection G �
∏

i∈I G/Ui =: P . Con-
sequently, G/V is a subgroup of the infinite product P . Now P is torsion-free, or
nilpotent of class ≤ n, or solvable of class ≤ n, respectively, if and only if the same
is true for every factor G/Ui. If I (and therefore the product) is finite, then we
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also conclude that P is finite, or a finite p-group, or elementary amenable, if every
G/Ui has the same property. Since all these properties are inherited by subgroups,
the first part of the lemma follows.

For the second part set I := A and Uα := α(U) for α ∈ I. The first two
statements now follow from the first part by observing that G/α(U) is isomorphic
to G/U for every α ∈ A. For the third statement observe that, since G is finitely
generated, for each fixed finite group E there are only finitely many different homo-
morphisms from G to E. Consequently, since all the groups G/α(U) are isomorphic
finite groups, there is only a finite number of different subgroups α(U) (being the
kernel of finitely many homomorphisms), and the statement follows from the sec-
ond statement. Putting this together with the first statement yields the fourth
statement. �

4.12. Lemma. Let 1 → H → G
π−→ Q → 1 be an exact sequence of discrete groups

where H = kerπ, and let p be a prime number. Then the following sequence of
pro-p completions is exact:

Ĥp → Ĝp π̂−→ Q̂p → 1.

The kernel of π̂ is exactly the closure of H in Ĝp. If the subgroups U ∩H, where U
runs through all normal subgroups of G with p-power index, are cofinal among all
normal subgroups of H with p-power index, then we get the exact sequence

1 → Ĥp → Ĝp π̂−→ Q̂p → 1.

This is the case in particular if Q is a finite p-group (which implies Q = Q̂p).

Proof. The first statement is a standard fact; compare [53, Exercise 1.6.(10)] and
use the property that the image of Ĥp in Ĝp is closed, because Ĥp is compact and
Ĝp is Hausdorff. The kernel of π̂ is the closure in Ĝp of H, in other words is the
completion of H with respect to the system of normal subgroups H ∩ U , where
U � G and G/U is a finite p-group. For the second statement, we therefore have
to show that this completion coincides with Ĥp. By [53, Exercise 1.6(4)] this is
the case under the assumption that the system H ∩ U is cofinal among all normal
subgroups of H of p-power index.

Assume now that Q is a finite p-group.
It remains to check that whenever V � H such that H/V is a finite p-group, we

can find U � G with G/U another finite p-group and U ∩H ⊂ V . The intersection
W of all (finitely many) conjugates Vi of V in G is contained in V and is normal
in G. Its index in G is a power of p if and only if the same is true for its index in
H (since G/H is a finite p-group). The latter follows from Lemma 4.11. Therefore
W is the normal subgroup we had to find, and the last assertion of the lemma
follows. �

The following results establish cohomological p-completeness.

4.13. Proposition. Assume that H is a discrete group which is cohomologically
p-complete. Let

1 → H → G → Q → 1

be an exact sequence of groups, where Q is a finite p-group. Then G is also coho-
mologically p-complete.
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Proof. The exact sequence 1 → H → G → Q → 1 induces by Lemma 4.12 an exact
sequence

1 → Ĥp → Ĝp → Q → 1.

Now we have two spectral sequences with El,q
2 -terms

H l(Q, Hq(Ĥp, Z/p)) or H l(Q, Hq(H, Z/p))

converging to H l+q(Ĝp, Z/p) or H l+q(G, Z/p), respectively. By assumption on H
the natural map between Galois and ordinary cohomology induces an isomorphism
between the E2-terms, and consequently the isomorphism between H∗(Ĝp, Z/p)
and H∗(G, Z/p) that we had to establish. �

4.14. Definition. Let V be a vector space (over any field), or let V be an abelian
group, and A : V → V an automorphism of V . We say A acts unipotently on V , if
(A − idV )n = 0 for some n ∈ N.

If a group G acts on V via α : G → Aut(V ), we call the action of G unipotent if
there is m ∈ N such that (α(g1)− idV ) · · · (α(gm)− idV ) = 0 for all g1, . . . , gm ∈ G.

4.15. Theorem. Let 1 → H → G → Q → 1 be an exact sequence of groups.
Assume that H is finitely generated, and that H as well as Q are cohomologically
p-complete for some prime number p. Assume that Hi(H; Z/p) is finite for all
i ∈ N (this is true e.g. if H has a finite classifying space), and that each element of
Q acts unipotently on H1(H; Z/p). Then G is cohomologically p-complete.

If, moreover, Hk(Q, Z/p) is finite for each k ∈ N, then Hk(G, Z/p) is finite for
each k ∈ N.

This theorem with proof is modeled after [49, Exercise 1) and 2) on p. 13]. In its
present formulation, it was suggested to us by Guido Mislin. To prove it, we first
need a sequence of auxiliary results.

4.16. Proposition. Assume that G is cohomologically p-complete, and U is a nor-
mal subgroup of G such that G/U is a finite p-group. Then U is cohomologically
p-complete, as well.

Proof. We have the exact sequence 1 → U → G → G/U → 1 and, by Lemma 4.12
an exact sequence 1 → Ûp → Ĝp → G/U → 1. Since U has finite index in G,
coindG

U Z/p is a finite G-module and, therefore, it is the restriction of coindĜp

Ûp Z/p

to G, which is itself a finite discrete Ĝp-module. The discrete Shapiro isomorphism
[7, Proposition 6.2]

φ : Hk(G, coindG
U Z/p) → Hk(U, Z/p)

is given as composition

Hk(G, coindG
U Z/p) i∗−→ Hk(U, resU coindG

U Z/p) → Hk(U, Z/p),

the first map being induced from the inclusion i : U ↪→ G, and the second in-
duced from the coefficient homomorphism. The profinite Shapiro isomorphism [49,
Proposition 10]

φ̂ : Hk(Ĝp, coindĜp

Ûp Z/p) → Hk(Ûp, Z/p)
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is given in exactly the parallel way. Naturality implies that we get a commutative
diagram

Hk(Ĝp, coindĜp

Ûp Z/p)
φ̂−−−−→∼=

Hk(Ûp, Z/p)⏐⏐�αG

⏐⏐�αU

Hk(G, coindG
U Z/p)

φ−−−−→∼=
Hk(U, Z/p).

Because G is cohomologically p-complete and coindĜp

Ûp Z/p is a finite discrete Ĝp-
module, by Lemma 4.7, αG is an isomorphism. It follows that

αU : Hk(Ûp, Z/p) → Hk(U, Z/p)

is an isomorphism, as we had to prove. �

4.17. Lemma. Assume that V is a Z/p-vector space and A : V → V is a unipotent
automorphism of V , i.e. (A − idV )n = 0 for some n ≥ 0. Then, Apk

= idV if
pk ≥ n.

Proof. If pk ≥ n, then

0 = (A − idV )pk

=
pk∑

j=0

(
pk

j

)
(−1)jAj = idV −Apk

,

since
(
pk

j

)
is divisible by p for 0 < j < pk, and V is a Z/p-vector space. �

4.18. Definition. For a discrete group H, we define the p-lower central series
inductively by γp

1 (H) := H, and for k > 1 γp
k(H) := 〈[γp

k−1(H), H], γp
k−1(H)p〉,

the subgroup of H generated by the commutators [γp
k−1(H), H] and all pth powers

of elements in γp
k−1(H). Observe that these are characteristic subgroups. Then

γp
1 (H)/γp

2 (H) = H1(H, Z/p) and, more generally, there is a projection

H1(γk−1(H), Z/p) → γp
k−1(H)/γp

k(H),

in particular, γp
k−1(H)/γp

k(H) is a Z/p-vector space for each k ≥ 2.
If H is a finite group of order pk, then γp

k+1(H) = {1}. The smallest l ∈ N
such that γp

l+1(H) = {1} is called the nilpotent p-length of H. If l is the nilpotent
p-length, then γp

l (H) is a central subgroup of H and each element has order p (or
1).

4.19. Lemma. Assume that H is a finite p-group of nilpotent p-length k and
α : H → H is an automorphism such that the induced action on H1(H, Z/p) is
trivial. Then αpk−1

= idH .

Proof. This is done by induction on the nilpotent p-length k. If k = 1, then
H ∼= H1(H, Z/p), and the assertion follows by assumption.

If k > 1, consider the group H ′ := H/γp
k(H). This is a finite p-group of nilpo-

tent p-length k − 1. Moreover, the projection H → H ′ induces an isomorphism
H1(H, Z/p) → H1(H ′, Z/p). Let α : H ′ → H ′ be the automorphism induced by α.
By induction, (α)pk−2

= idH′ .
Set β := αpk−2

. We show βp = idH , which immediately implies the result.
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Since β acts trivially on H/γp
k(H), for each x ∈ H we have β(x) = xφ(x) with

φ(x) ∈ γp
k(H). Now

xyφ(xy) = β(xy) = β(x)β(y) = xφ(x)yφ(y) = xyφ(x)φ(y),

using the fact that γp
k(H) is central in H. Therefore φ : H → γn−1(H) is a group

homomorphism. Since γp
k(H) is an abelian Z/p-vector space and lies in the kernel of

the projection H → H1(H, Z/p) (here we use k > 1), the restriction of φ to γp
k(H)

is trivial, and therefore the restriction of β to γp
k(H) is the identity. It follows that

βr(x) = x · (φ(x))r. In particular βp(x) = x, since φ(x) like each element of γp
k(H)

has order p. �

4.20. Lemma. Let H be a central subgroup of the group G such that H is a finite p-
group and G/H is cohomologically p-complete. Then G contains a normal subgroup
N such that G/N is a finite p-group, and H ∩ N = {1}.
Proof. We prove this by induction on the nilpotent p-length k of H. Set Q = G/H
and assume first that k = 1. Then H = H1(H, Z/p) ∼= H1(H, Z/p). By Lemma
4.12, the exact sequence 1 → H → G → Q → 1 maps to the exact sequence of
pro-p-completions 1 → H → Ĝp → Q̂p → 1, where, since H is a finite p-group, H
is a quotient of H. The spectral sequences for the cohomology of such extensions
give rise to exact sequences in low degrees, and because of naturality we get the
following diagram of exact sequences:

H1(Q̂p, Z/p)−−−−−→H1(Ĝp, Z/p)−−−−−→H1(H, Z/p)−−−−−→H2(Q̂p, Z/p)−−−−−→H2(Ĝp, Z/p)⏐⏐�∼=
⏐⏐�∼=

⏐⏐�β

⏐⏐�∼=
⏐⏐�α

H1(Q, Z/p) −−−−−→ H1(G, Z/p)−−−−−→H1(H, Z/p)−−−−−→ H2(Q, Z/p) −−−−−→ H2(G, Z/p).

Note that in general, the middle term is H1(H, Z/p)G, the G-fixed set of H1(H, Z/p)
(and similarly H1(H, Z/p)Ĝp

). In our case, by assumption, the action of G on H is
trivial, and this implies that G acts trivially on H1(H, Z/p) and Ĝp acts trivially
on H1(H, Z/p), so that we get the above diagram exactly.

By Lemma 4.5, the first two homomorphism are isomorphisms, and β is injective.
Q being cohomologically p-complete explains why the fourth homomorphism is an
isomorphism. The 5-lemma now implies that β is an isomorphism.

Since, by assumption, H ∼= H1(H, Z/p) and H is a quotient of H, we also have
H ∼= H1(H, Z/p)

∼=−→
β

H1(H, Z/p) ∼= H. By Lemma 4.12 this means that for each

normal subgroup U of H of p-power index, in particular for {1}, we find a normal
subgroup V of G such that G/V is a finite p-group and such that V ∩H ⊂ U . This
proves the statement in the case k = 1.

If the nilpotent p-length k is bigger than 1, consider

L := γp
2 (H) = ker(H → H1(H, Z/p)).

Since this is a characteristic subgroup of H, we get an exact sequence

1 → H/L → G/L → Q → 1,

with H1(H/L, Z/p) ∼= H/L, and G/L still acting trivially on H1(H/L, Z/p) ∼=
H1(H, Z/p). As we have just proved, we then find a normal subgroup U of G/L
which has finite p-power index in G/L and such that U ∩H/L = {1}. Let π : G →
G/L be the canonical projection, and V := π−1(U) the inverse image of U in G.
Then G/V is a finite p-group, and V ∩H ⊂ L = γp

2 (H). Set Q′ := V H/H. This is



FINITE GROUP EXTENSIONS AND THE ATIYAH CONJECTURE 1017

a normal subgroup of Q, and Q/Q′ is a finite p-group. By Proposition 4.16, Q′ is
cohomologically p-complete. We get an exact sequence

1 → L → V → Q′ → 1.

Of course, V still acts trivially on L. Moreover, the nilpotent p-length of L = γp
2 (H)

is strictly smaller than k, the nilpotent p-length of H. By induction, we therefore
find a normal subgroup W of V such that V/W is a finite p-group and such that
L∩W = {1}. By Lemma 4.11, we can replace W by a smaller normal subgroup W ′

such that V/W ′ is still a finite p-group, such that of course also still L∩W ′ = {1},
and such that W ′ is normal in G. It follows that G/W ′ is a finite p-group. Since
W ′ ≤ V and V ∩ H ≤ L, we finally get from W ′ ∩ L = {1} that W ′ ∩ H = {1}, as
desired. �

4.21. Remark. Though the condition that H is central in G is rather special, Lemma
4.20 is still an important first step in our proof of Theorem 4.15.

4.22. Lemma. Assume that 1 → H → G → Q → 1 is an exact sequence of groups,
H is a finite p-group, each element of G acts nilpotently on H1(H, Z/p), and Q is
cohomologically p-complete. Then G contains a normal subgroup V such that G/V
is a finite p-group, and H ∩ V = {1}.

Proof. The action of G on H is a homomorphism from G to the finite group Aut(H).
Let N be the kernel of this homomorphism. We claim that G/N is a finite p-group.
Since G/N is finite, it suffices to show that the order of each element of G/N is a
power of p. Fix g ∈ G. Lemma 4.17 and Lemma 4.19 together imply that gpk

acts
trivially on H if k is sufficiently big, i.e. gpk ∈ N . Since g was arbitrary, the order
of each element of G/N is a power of p.

Set Q′ := NH/H. This is a normal subgroup of Q, and Q/Q′ is a finite p-
group. By Proposition 4.16, Q′ is cohomologically p-complete. Moreover, in the
exact sequence 1 → H ∩ N → N → Q′ → 1, by construction N acts trivially on
H ∩N . By Lemma 4.20, we can find a normal subgroup U of N such that N/U is
a finite p-group and such that H ∩ U = (H ∩ N) ∩ U = {1}. Moreover by Lemma
4.11, we can replace U by a smaller subgroup V such that V � G and N/V is a
finite p-group. Then G/V is also a finite p-group, which finishes the proof because
obviously H ∩ V = {1}. �

4.23. Proposition. Assume that 1 → H → G → Q → 1 is an exact sequence of
groups, H is finitely generated, each element of G acts unipotently on H1(H, Z/p),
and Q is cohomologically p-complete. Then we get an exact sequence of pro-p com-
pletions

1 → Ĥp → Ĝp → Q̂p → 1.

Proof. By Lemma 4.12, we only have to prove that for each normal subgroup U of H
such that H/U is a finite p-group, we can find a normal subgroup V of G such that
G/V is a finite p-group and such that V ∩H ≤ U . Fix such a U . Since H is finitely
generated, by Lemma 4.11, we can replace U by a smaller characteristic subgroup
V such that V ≤ U and H/V is a finite p-group. We obtain the exact sequence
1 → H/V → G/V → Q → 1. Since H1(H/V, Z/p) is a quotient of H1(H, Z/p), each
element of G/V acts unipotently on H1(H, Z/p) (without loss of generality we can
even assume that V ≤ γp

2 (H), and then H1(H, Z/p) ∼= H1(H/V, Z/p)). Moreover,
H/V is a finite p-group. By Lemma 4.22, we find a normal subgroup W of G/V of
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finite p-power index such that W ∩ H/V = {1}. Let W̃ be the inverse image of W

in G. Then W̃ ∩ H ≤ V ≤ U , and G/W̃ is a finite p-group. �

Proof of Theorem 4.15. Because of Proposition 4.23, the assumptions imply that
we have the exact sequence

1 → Ĥp → Ĝp → Q̂p → 1.

As in the proof of Proposition 4.13, we have two compatible spectral sequences with
El,q

2 -terms
H l(Q̂p, Hq(Ĥp, Z/p)) or H l(Q, Hq(H, Z/p))

converging to H l+q(Ĝp, Z/p) or H l+q(G, Z/p), respectively. The assumption on H
means that the natural map between Galois and ordinary cohomology induces an
isomorphism between the coefficients in the E2-terms, which, again by assumption,
are finite Q̂p-modules. Because of the assumption on H and Lemma 4.7, the nat-
ural map therefore induces an isomorphism on the E2-term, and consequently the
isomorphism between H∗(Ĝp, Z/p) and H∗(G, Z/p) we had to establish.

If H l(Q̂p, Z/p) is finite for each l, the same is true for each H l(Q̂p, A), for an
arbitrary finite discrete Q̂p-module A. This means that every Ek,l

2 is finite. Because
the spectral sequence is a first quadrant spectral sequence, the same is then true
for the groups Hk+l(Q̂p, Z/p) to which the spectral sequence is converging. �

4.24. Lemma. Let P and Q be two finite p-groups. Then the free product P ∗Q is
cohomologically p-complete. In particular,

Hk(P̂ ∗ Q
p
, Z/p) = Hk(P̂ p, Z/p) ⊕ Hk(Q̂p, Z/p) for k ≥ 1.

Proof. By [18, Lemma 5.5] we have an exact sequence

1 → F → P ∗ Q → P × Q → 1

where F is a (finitely generated, since P and Q are finite) free group. Since P ×Q is
a finite p-group and F is cohomologically p-complete by Example 4.6, Proposition
4.13 implies that P ∗ Q is cohomologically p-complete, as well.

Since Hk(P ∗ Q, Z/p) ∼= Hk(P, Z/p) ⊕ Hk(Q, Z/p) for k ≥ 1, the corresponding
statement for the pro-p completions follows from cohomological p-completeness. �

We note the following proposition for later reference in Section 5.

4.25. Proposition. Let G1 and G2 be two discrete groups. Set G := G1 ∗G2. The
inclusions Gk ↪→ G induce an isomorphism

(4.26) Hk(Ĝp, Z/p)
∼=−→ Hk(Ĝp

1, Z/p) ⊕ Hk(Ĝp
2, Z/p) for k ≥ 1.

In particular, G1 and G2 are both cohomologically p-complete if and only if the
same is true for G.

Proof. The completion Ĝp is the inverse limit of the inverse system of all quotients
G/U where U is a normal subgroup of G of finite p-power index. Set U1 := G1 ∩U
and U2 := G2 ∩ U . We get a projection (G1/U1) ∗ (G2/U2) � G/U . On the other
hand, (G1/U1) ∗ (G2/U2) is a quotient of G, so every finite p-group quotient of
(G1/U1) ∗ (G2/U2) is a finite p-group quotient of G. It follows that we can view
the inverse system which defines Ĝp as the inverse system (over U) of the inverse
systems which define the pro-p completion XU of (G1/U1) ∗ (G2/U2). The Galois
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cohomology of Ĝp by definition is the direct limit of the corresponding direct system
of cohomology groups. With our reinterpretation, for k ≥ 1,

Hk(Ĝp, Z/p) = lim
G/U

Hk(XU , Z/p)

= lim
G/U

Hk(G1/U1, Z/p) ⊕ Hk(G2/U2, Z/p).

For the last equality, we use Lemma 4.24.
We take the limit along the system of finite p-group quotients of G. It remains to

check for each pair of normal subgroups U1 ≤ G1 and U2 ≤ G2 of p-power index that
there is a corresponding normal subgroup U of G with G1∩U = U1 and G2∩U = U2.
But for such U1 and U2, the kernel U of the projection G → (G1/U1) × (G2/U2)
fulfills G1∩U = U1 and G2∩U = U2. Therefore the limit along the system of finite
p-group quotients of G is the same as the limit along the system induced from the
finite p-group quotients of G1 and of G2, and consequently for k ≥ 1

Hk(Ĝp, Z/p) = lim
G/U

Hk(G1/U1, Z/p) ⊕ Hk(G2/U2, Z/p)

= Hk(Ĝp
1, Z/p) ⊕ Hk(Ĝp

2, Z/p).

We get a commutative diagram

Hk(Ĝp, Z/p) −−−−→ Hk(Ĝp
1, Z/p) ⊕ Hk(Ĝp

2, Z/p)

αk

⏐⏐� βk

⏐⏐�
Hk(G, Z/p) −−−−→ Hk(G1, Z/p) ⊕ Hk(G2, Z/p)

where the horizontal arrows are induced from the inclusions of the factors G1 and
G2 in G, and, for k ≥ 1, both are isomorphisms (this is a classical fact in the
discrete case, and we just checked it for the pro-p completions). Therefore, αk is
an isomorphism if and only if βk is an isomorphism. Since, by definition, α0 and
β0 always are isomorphisms, G is cohomologically p-complete if and only if G1 and
G2 are both cohomologically p-complete. �

The following theorem is the technical heart of our program to find torsion-free
quotients of our torsion-free finite extension, and for more general finite extensions
to find quotients with as little torsion as possible.

4.27. Theorem. Assume that we have an exact sequence

1 → H → G → Q → 1,

where Q is a finite p-group and H is cohomologically p-complete and has a finite
classifying space BH. Assume that the induced exact sequence

1 → Ĥp → Ĝp → Q → 1

splits. Then the original sequence also splits, in particular we have an embedding
Q ↪→ G.

The idea of the proof is that the splitting of the pro-p completions induces a
splitting of cohomology. But the cohomology for the completions and the original
groups coincide (since we assume that H is cohomologically p-complete), so that the
original map splits after taking cohomology. With a spectral sequence argument,
the same follows on the level of stable cohomotopy, and this induces the splitting
on the group level.
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To make this precise, some preparation is necessary.
The next theorem with proof was communicated to us by Alejandro Adem. We

thank him for his very prompt and kind answer to our questions.

4.28. Theorem (Adem). Let H denote a discrete group of finite cohomological
dimension. Suppose that we are given an extension

1 → H → G
f−→ Q → 1

where Q is a finite p-group. For a space Y , let π̃0
S(Y ) denote its degree zero reduced

stable cohomotopy group.
The extension above splits if and only if the epimorphism f : G → Q induces an

injection f̃∗ : π̃0
S(BQ) → π̃0

S(BG).

Proof. Clearly, if the extension splits, then the map induced on reduced stable
cohomotopy is injective. Now let us assume that this map is injective. Then the
map f∗ induced in unreduced cohomotopy is also injective, since we only add the
summand id: π0

S(pt) → π0
S(pt).

By a construction due to Serre [7, Theorem 3.1 and following exercise] we can
find a finite dimensional CW-complex X with an action of G and such that BG �
X/H ×Q EQ. In particular, we can identify the map f∗ with the map induced in
stable cohomotopy by the fibration X/H ×Q EQ → BQ.

The main result in [25] implies that, if f∗ is injective, then the action of Q on
X/H has a fixed point. In particular, the fibration above has a section and hence
the group extension must split. �

We want to apply this result to the extension given in Theorem 4.27. As an in-
termediate step we use stable cohomotopy of the pro-p completions and localization
of these cohomotopy groups at the prime p.

4.3. Finiteness conditions for classifying spaces. At several points, we will
have to assume finiteness conditions on the classifying spaces. We collect a few
results about this here. Since we are only interested in (co)homology, we can do all
of our constructions up to homotopy.

4.29. Definition. A CW-complex is called finite, if it consists of finitely many cells.
It is called of finite type, if each finite dimensional subcomplex is finite.

4.30. Lemma. If F → E → B is a fibration such that F and B are homotopy
equivalent to CW-complexes of finite type, then the same is true for E.

Let 1 → H → G → P → 1 be an exact sequence of groups, where BH and BP
are CW-complexes of finite type. Then the same is true for BG.

Proof. The first statement follows from [39, 1.3 and 1.8], and also from [37, Chapter
14]. An explicit account can be found in [6, 2.2.1].

Then apply this to the fibration BH → BG → BP . �
4.4. Generalized Galois cohomology of profinite groups.

4.31. Definition. Assume that h∗ is a generalized cohomology theory and Q is a
profinite group. We set

h∗(Q) := dirlim
|Q/N |<∞

h∗(Q/N)

where h∗(Q/N) := h∗(B[Q/N ]) is the cohomology of the classifying space of the
finite quotient Q/N .
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Filtration by skeleta. Let X be a CW-complex and h∗ an arbitrary generalized
cohomology theory. Let X0 ⊂ X1 ⊂ · · · ⊂ X be the filtration of X by its skeleta.
Let F ∗

k (X) for k ∈ N be the kernel of the induced map h∗(X) → h∗(X(k)). Set
F k

0 (X) := hk(X). This way, we get a filtration

h∗(X) = F ∗
0 (X) ⊃ F ∗

1 (X) ⊃ · · · ⊃ {0}.
If X is finite dimensional, then this stabilizes after finitely many steps. More
precisely, F k

dim X(X) = {0}, since Xdim X = X. If X is not finite dimensional the
sequence does not necessarily stabilize. It is not even clear whether

⋂
k∈N

F ∗
k (X) =

{0}. We will later study conditions under which the last assertion is true.
Note, however, that every continuous map (being homotopic to a cellular map)

induces maps which preserve these filtrations. In particular, by passing to direct
limits, we get, for a profinite group Q, a filtration

h∗(Q) = F ∗
0 (Q) ⊃ F ∗

1 (Q) ⊃ · · · .

4.32. Lemma. Definition 4.31 defines a functor from the category of profinite
groups to filtered graded abelian groups. In particular, a split projection G → Q

induces a split injection h∗(Q) → h∗(G). It also induces split injections of the filtra-
tion spaces F ∗

k (Q) → F ∗
k (G) and of the quotients F ∗

l (Q)/F ∗
k (Q) → F ∗

l (G)/F ∗
k (G)

if l ≤ k.
If for a prime number p the group Q is the pro-p completion of a discrete group

G, then the inclusion induces a map h∗(Q) → h∗(G).

Proof. A map between profinite groups is the same as a map between the inverse
system of finite quotients, giving maps between the direct systems of cohomology
groups. This is functorial. Because of the splitting, we can also pass to the quotients
Fl/Fk.

The last statement, about the pro-p completion, follows because we get a consis-
tent system of maps to all the finite quotients of Q, which induce a corresponding
map from the direct system of cohomology groups to h∗(G). �
4.5. Localization. We collect a few well known results about localization in the
following proposition (compare e.g. [12, Chapter 15.4] and [5, p. 67 in II.2.4]), which
we are going to use later.

4.33. Proposition. Let p be a prime number and Z(p) := {a/b ∈ Q | p � b} the
localization of Z at p. For an arbitrary abelian group M , M(p) := M ⊗Z Z(p) is the
localization of M at p. Then

• Localization at p is an exact functor.
• The kernel of the map M → M(p) : m �→ m ⊗ 1 consists of those elements

in M which are of finite order not divisible by p. In particular, if M is a
torsion module, this map is the projection onto the p-primary component
of M .

• Localization commutes with tensor products.
• Localization commutes with direct limits.

4.6. Spectral sequences. A (cohomological) spectral sequence (E∗,∗
∗ ) consists of

abelian groups
Es,t

r for r ≥ 2, s, t ∈ Z

with homomorphisms, the so called differentials,

ds,t
r : Es,t

r → Es+r,t−r+1
r , which satisfy ds,t

r ◦ ds−r,t+r−1
r = 0,
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and with isomorphisms

Φs,t
r : ker(ds,t

r )/ im(ds−r,t+r−1
r )

∼=−→ Es,t
r+1 for r ≥ 2, s, t ∈ Z.

In other words, each page E∗,∗
r (r ≥ 2) consists of chain complexes, and E∗,∗

r+1 is
obtained as the cohomology of (E∗,∗

r , d∗,∗
r ).

A map of spectral sequences f∗,∗
∗ : E∗,∗

∗ → F ∗,∗
∗ consists of homomorphisms

fs,t
r : Es,t

r → F s,t
r which are compatible with the differentials d∗,∗

∗ and the iso-
morphisms Φ∗,∗

∗ .
If Es,t

2 = 0 whenever s < 0, then for all r ≥ 2 we have Es,t
r = 0 if s < 0.

Consequently, for r > s the domain of ds−r,t+r−1
r is zero and hence im(ds−r,t+r−1

r ) =
0 and therefore

Es,t
r+1 = ker(ds,t

r ) ⊂ Es,t
r for r > s.

In this case, we define Es,t
∞ :=

⋂
r>s Es,t

r .
We denote a spectral sequence (E∗,∗

∗ ) as a fourth quadrant spectral sequence if
Es,t

2 = 0 for s < 0 or t > 0. Note that for a fourth quadrant spectral sequence, Es,t
∞

is defined for all s, t ∈ Z.
Let hp = F p

0 ⊃ F p
1 ⊃ F p

2 ⊃ · · · be a collection of graded groups, p ∈ Z. We say
a spectral sequence (E∗,∗

∗ ) for which Es,t
∞ is defined (e.g. a fourth quadrant spectral

sequence) converges to h∗, if

Es,t
∞

∼= F s+t
s /F s+t

s+1 for all s, t ∈ Z.

If F p
k = 0 for k sufficiently large, this determines (up to extension problems) hp.

This is not necessarily the case if only
⋂

k∈N
F p

k = 0.

4.34. Lemma. Assume that Es,t
r is a fourth quadrant spectral sequence converging

to the graded groups hs+t = Hs+t
0 ⊃ Hs+t

1 ⊃ · · · . Let P be a property of abelian
groups which is preserved under passage to subgroups, quotient groups, and under
extensions (i.e. if in an exact sequence 1 → U → G → Q → 1 the groups U and
Q have property P, then G also has property P). Examples of such properties are
the property of being a finite group and the property of being a p-group (p a prime
number):

(1) If, for some s, t ∈ Z, Es,t
2 has property P, then Es,t

∞ also has property P.
(2) If s, t ∈ Z with s + t = n implies that Es,t

2 has property P, then hn/Hn
k has

property P for every k ∈ N.
(3) If, in addition, for the given n ∈ Z there is some k ∈ N such that Hn

k = 0,
then hn has property P.

(4) Assume that F s,t
r is another fourth quadrant spectral sequence converging

to the graded group gs+t = Gs+t
0 ⊃ Gs+t

1 ⊃ · · · . Assume that we have a
map of spectral sequences fs,t

r : Es,t
r → F s,t

r such that fs,t
∞ : Es,t

∞ → F s,t
∞ is

injective for every s, t ∈ Z. Suppose, moreover, that this map is compatible
with a corresponding map of graded groups h∗ → g∗. Then this induces
injective maps

hn/Hn
k ↪→ gn/Gn

k for all k ∈ N, n ∈ Z.

Proof. First observe that by induction on r every Es,t
r —as a sub-quotient of Es,t

r−1—
has property P, and the same is then also true for Es,t

∞ ⊂ Es,t
s . Using the extensions

(4.35) 1 → Hs+t
s /Hs+t

s+1 → hs+t/Hs+t
s+1 → hs+t/Hs+t

s → 1,
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and the isomorphism Hs+t
s /Hs+t

s+1
∼= Es,t

∞ , it follows by induction that hs+t/Hs+t
k

has property P for every k ∈ N. If Hs+t
k = 0, then hs+t = hs+t/Hs+t

k , so that
under this assumption hs+t also has property P.

Given a map between short exact sequences of abelian groups
0 −−−−→ A1 −−−−→ A2 −−−−→ A3 −−−−→ 0⏐⏐�f1

⏐⏐�f2

⏐⏐�f3

0 −−−−→ B1 −−−−→ B2 −−−−→ B3 −−−−→ 0,

an easy diagram chase shows that f2 is injective if both f1 and f3 are injective.
The injectivity in (4) of hn/Hn

k ↪→ gn/Gn
k follows inductively from this principle

applied to the exact sequences (4.35) and their counterparts for g∗. �

4.36. Lemma. Let Es,t
r be a cohomological spectral sequence.

(1) Given r, s, t, there is a finite set V (r, s, t) ⊂ Z × Z such that Es,t
r is deter-

mined by Ex,y
2 for (x, y) ∈ V (r, s, t). More precisely, if fs,t

r : Es,t
r → F s,t

r is
a map of spectral sequences such that fx,y

2 : Ex,y
2 → F x,y

2 is an isomorphism
for all (x, y) ∈ V (s, t, r), then fs,t

r : Es,t
r → F s,t

r is also an isomorphism.
(2) If we restrict ourselves to the category of fourth quadrant spectral sequences

and if s + t ≤ 0, then we can choose V (r, s, t) as in (1) such that (x, 0) /∈
V (r, s, t) if x ≥ 1.

Proof. We prove (1) by induction. The statement is trivial for r = 2. Given r > 2,
Es,t

r depends only on the three groups Es−r+1,t+r−2
r−1 , Es,t

r−1 and Es+r−1,t+r−2
r−1 . By

induction, each of these depends only on finite set V1, V2, V3 ⊂ Z2, and we can
choose V to be the union of these.

To prove (2), assume from now on that all spectral sequences are fourth quadrant
spectral sequences. Define Z2 := {(x, 0) | x ≥ 1} ⊂ Z × Z and inductively

Zr+1 :=
(
Zr ∪ dr(Zr) ∪ d−1

r (Zr)
)
∩

(
Z≥0 × Z≤0

)
for r ≥ 2,

with dr(x, y) := (x+r, y−r+1). This is the “zone of influence” of Z2: if (s, t) /∈ Zr,
then Es,t

r does not change if only Ex,y
2 with (x, y) ∈ Z2 is changed.

To prove (2), it suffices to show that (s, t) /∈ Zr if s + t ≤ 0. Assume that this
last assertion is wrong and let r be minimal such that there is (s, t) ∈ Zr with
s + t ≤ 0. It follows from the definition of Zr that there are sequences

2 ≤ r1 < r2 < · · · < rn and ε1, . . . , εn ∈ {1,−1},
and x ≥ 1 such that for every k = 1, . . . , n

(x + ε1r1 + · · · + εkrk, (1 − r1)ε1 + (1 − r2)ε2 + · · · + (1 − rk)εk) ∈ Zrk+1,

and

(s, t) = (x + ε1r1 + · · · + εnrn, (1 − r1)ε1 + (1 − r2)ε2 + · · · + (1 − rn)εn).

Let i1 < i2 < · · · be the ordered sequence of indices with εik
= 1, j1 < j2 < · · ·

similarly with εjk
= −1. The inequality s + t ≤ 0 translates to

(4.37) ε1 + · · · + εn ≤ −x < 0.

On the other hand, since we consider spectral sequences which are zero in the upper
half-plane and define Zr accordingly,

(4.38) (1 − r1)ε1 + · · · + (1 − rk)εk ≤ 0 for every k = 1, . . . , n.
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This implies that ε1 = 1, i.e. i1 = 1, and, using monotonicity of the ri, that ε2 = 1,
i.e. i2 = 1, and, inductively, that ik+1 < jk for k = 1, 2, . . . . Consequently, less
than half of the ε1, ε2, . . . , εn are negative. But then (4.37) is violated. This gives
the desired contradiction and proves (2). �
Proof of Theorem 4.27. From now on, we study the generalized homology theory
“(reduced) stable cohomotopy” π∗

S. Consequently, if X is a CW-complex or a
discrete group or a profinite group, Fn

r (X) will always denote the corresponding
filtration group Fn

r (X) ⊂ π̃n
S(X).

In the situation of Theorem 4.27, we will consider the following commutative
diagram:

(4.39)

π̃0
S(Q) −−−−→ π̃0

S(Q)/F 0
k (Q) A−−−−→∼=

(
π̃0

S(Q)/F 0
k (Q)

)
(p)⏐⏐�id A′

⏐⏐�∼=

π̃0
S(Q) −−−−→ π̃0

S(Q)(p) −−−−→ π̃0
S(Q)(p)/F 0

k (Q)(p)⏐⏐�i

⏐⏐�i

⏐⏐�i

π̃0
S(Ĝp) −−−−→ π̃0

S(Ĝp)(p) −−−−→ π̃0
S(Ĝp)(p)/F 0

k (Ĝp)(p)⏐⏐� ⏐⏐� B

⏐⏐�
π̃0

S(G) −−−−→ π̃0
S(G)(p) −−−−→ π̃0

S(G)(p)/F 0
k (G)(p).

Because of Lemma 4.32 (which immediately generalized to the pro-p comple-
tions) all the maps denoted with i are split injective. A′ is an isomorphism since
localization is an exact functor.

The map A is an isomorphism because of the first part of the following proposi-
tion:

4.40. Proposition. Suppose Q is a finite p-group. Then the quotients

π̃n
S(Q)/Fn

k (Q)

are finite p-groups for each n, k ∈ Z. Moreover,

π̃n
S(Q) = invlim

k→∞
π̃n

S(Q)/Fn
k (Q),

in particular the intersection of all the Fn
k (Q) is zero for each n ∈ Z.

Next, we claim that the map B is injective. This follows from the following The-
orem 4.41 because of Proposition 4.13. Theorem 4.41 applies since by assumption
BH is of finite type, so that the same is true for BG, using Lemma 4.30 (together
with [1, Example 3.4] for the finite quotient Q).

4.41. Theorem. Suppose G is cohomologically p-complete and has a classifying
space of finite type. If n ≤ 0, then the induced map

Bn : π̃n
S(Ĝp)(p)/Fn

k (Ĝp)(p) → π̃n
S(G)(p)/Fn

k (G)(p)

is injective for each k ≥ 0.

Given these properties of the diagram (4.39), it is easy to conclude that the
induced map π̃0

S(Q) ↪→ π̃0
S(G) is injective:

If x ∈ π̃0
S(Q) is mapped to zero in π̃0

S(G), it is also mapped to zero in each of the
quotients π̃0

S(G)(p)/F 0
k (G)(p), therefore (using injectivity of the rightmost column
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of the diagram) in each of the quotients π̃0
S(Q)/F 0

k (Q). Hence, x is contained in⋂
k F 0

k (Q) = {0} (where we use the second part of Proposition 4.40), i.e. x = 0, as
we had to prove. Theorem 4.27 now follows by applying Theorem 4.28.

It remains to prove Proposition 4.40 and Theorem 4.41.
First remember: if X is a finite dimensional CW-complex, we have the Atiyah-

Hirzebruch spectral sequence [28, Theorem 4.2.7] converging to π̃s+t
S (X), with E2-

term Es,t
2 (X) = H̃s(X, πS

−t), where πS
∗ := πS

∗ (pt) denotes the coefficients of stable
homotopy.

Recall the following [28, Proposition 5.1.1]:

4.42. Theorem. The coefficients of stable homotopy satisfy: πS
t is finite for t > 0,

πS
0
∼= Z, and πS

t = 0 for t < 0.

This implies in particular that the Atiyah-Hirzebruch spectral sequence for stable
cohomotopy is a fourth quadrant spectral sequence.

We are going to apply this to the skeleta of our (infinite dimensional) classifying
spaces BG and BQ. First we study arbitrary finite or profinite groups.

4.43. Proposition. Let Q be a finite group. Then we have a fourth quadrant
Atiyah-Hirzebruch spectral sequence Es,t

r (Q), converging to π̃s+t
S (Q), with E2-term

Es,t
2 (Q) = H̃s(Q, πS

−t).

Moreover, for fixed s, t ∈ Z and then k sufficiently large, Es,t
k does not depend on

k (this defines Es,t
∞ ):

Es,t
∞ = F s+t

s (Q)/F s+t
s+1(Q) and also π̃n

S(Q) = invlim
k→∞

π̃n
S(Q)/Fn

k (Q).

If Q is a profinite group, then we have a fourth quadrant Atiyah-Hirzebruch
spectral sequence Es,t

r (Q) with E2-term

Es,t
2 (Q) = H̃s(Q, πS

−t).

If, in addition, Hk(Q, Z/n) is finite for every k ∈ N0, n ∈ N (with trivial action of
Q on Z/n), then for each fixed s, t ∈ Z with t �= 0 and for k sufficiently large, Es,t

k

does not depend on k, and we have injections of finite abelian groups

F s+t
s (Q)/F s+t

s+1(Q) ↪→ Es,t
∞ (Q) for s + t ≤ 0.

Proof. If Q is finite, then the existence of the spectral sequence with the given
E2-term is standard (compare the remark before [28, Theorem 4.2.7]). The issue is
convergence.

Since Q is finite, H̃s(Q, πS
−t) is a torsion group [7, Corollary 10.2]. Since πS

t

is finitely generated (Theorem 4.42) and BQ is of finite type [1, Example 3.4],
H̃s(Q, πS

−t) is a finitely generated torsion group and therefore finite for every s, t ∈
Z. Since Es,t

k (Q) is a sub-quotient of Es,t
k−1(Q), for each s, t ∈ Z these groups

eventually become constant.
We also have the corresponding Atiyah-Hirzebruch spectral sequences for the

finite skeleta BQ(n), and these converge in the usual sense [28, Theorem 4.2.7]. Now
H̃s(BQ(n), πS

−t) = 0 for s > n because BQ(n) is n-dimensional, and H̃s(Q, πS
−t) =

H̃s(BQ(n), πS
−t) for s < n. Since BQ(n) is a finite CW-complex, Theorem 4.42

immediately implies that H̃s(BQ(n), πS
−t) is finite whenever t �= 0. Consequently,

Es,t
2 (BQ(n)), and by Lemma 4.34 Es,t

∞ (BQ(n)) are finite except possibly for (s, t) =
(n, 0), and are zero for s > n.
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By Lemma 4.34 π̃s+t
S (BQ(n)) is finite for s + t �= n, and is zero for s + t > n.

Observe that BQ = dirlimn→∞ BQ(n). However, cohomotopy, as a cohomology
theory, is in general not compatible with such limits. By [52, Proposition 7.66
and Remark 1 on p. 132] our finiteness results imply that here the Mittag-Leffler
condition is fulfilled and therefore

π̃∗
S(Q) = invlim

n→∞
π̃∗

S(BQ(n)).

Observe that we can replace π̃∗
S(BQ(n)) by the image of π̃∗

S(Q) in π̃∗
S(BQ(n)) with-

out changing the inverse limit (an obvious general fact about inverse limits), and
this image of course is isomorphic to π̃∗

S(Q)/F ∗
n(Q) (since F ∗

n(Q) is the kernel of
the corresponding projection map). Therefore

π̃∗
S(Q) = invlim

n→∞
π̃∗

S(Q)/F ∗
n(Q).

Next observe that by definition we have (for n < N) the exact sequences

0 −−−−→ F ∗
n(Q) −−−−→ π̃∗

S(Q) −−−−→ π̃∗
S(BQ(n))⏐⏐� ⏐⏐� ⏐⏐�=

0 −−−−→ F ∗
n(BQ(N)) −−−−→ π̃∗

S(BQ(N)) −−−−→ π̃∗
S(BQ(n)).

By commutativity, the images of π̃∗
S(Q) and of π̃∗

S(BQ(N)) in π̃∗
S(BQ(n)) coincide.

Now take the inverse limit of the second line for N → ∞. The right-most term is
constant and the middle term converges to the middle term in the first line. Since
inverse limit is left exact [52, Proposition 7.63],

F ∗
n(Q) = invlim

N→∞
F ∗

n(BQ(N)).

We now want to establish that for k < l

(4.44) F ∗
k (Q)/F ∗

l (Q) = invlim
n→∞

(
F ∗

k (BQ(n))/F ∗
l (BQ(n))

)
.

By the limit result we just obtained and by [52, Proposition 7.63], we have the
exact sequence

0 → F ∗
k (Q) → F ∗

l (Q) → invlim
n→∞

F ∗
k (BQ(n))/F ∗

l (BQ(n)) → lim
n→∞

1(F ∗
k (BQ(n))).

For s < n, F s
k (BQ(n)) is a sub-quotient of the cohomotopy group πs

S(BQ(n)). We
proved above that the latter one is finite. Therefore F s

k (BQ(n)) is finite for n > s.
Now [52, Remark 1 on p. 132] implies that the lim1-term is zero, hence (4.44)
follows.

Last observe that for n > s

(4.45) Es,t
2 (Q) = H̃s(Q, πS

−t) = H̃s(BQ(n), πS
−t) = Es,t

2 (BQ(n)),

since the inclusion BQ(n) → BQ is an n-connected map.
Now fix s, t ∈ Z. Since Es,t

2 (Q) is finite, there is r0 > s (depending on s, t) such
that Es,t

r (Q) = Es,t
∞ (Q) for every r ≥ r0. By Lemma 4.36 and Equation (4.45)

there exists n0 ≥ 0 such that

Es,t
r0

(Q) = Es,t
r0

(BQ(n)) for all n ≥ n0.
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Note that n0 depends on r0, s, t, and a priori, n0 might become bigger if we choose
a larger r0. But, since r0 > s, we have for each n ≥ n0 a commutative diagram

Es,t
∞ (Q) Es,t

r0
(Q)⏐⏐�α

⏐⏐�=

Es,t
∞ (BQ(n))

β−−−−→
⊂

Es,t
r0

(BQ(n)).

Note that β is injective since r0 > s. Since β ◦ α is an isomorphism, β is an
isomorphism, and the same is then true for α, i.e. all groups Es,t

∞ (Q), Es,t
r (Q),

Es,t
r0

(Q), Es,t
r (BQ(n)), Es,t

∞ (BQ(n)) are identified, as long as r ≥ r0 and n ≥ n0.
In particular, we can write

(4.46) Es,t
r (Q) = invlim

n→∞
Es,t

r (BQ(n)), 2 ≤ r ≤ ∞; s, t ∈ Z,

since for fixed s, t, r (including r = ∞) the sequence of groups on the right stabilizes.
Since BQ(n) is a finite CW-complex, F s+t

s (BQ(n))/F s+t
s+1(BQ(n)) ∼= Es,t

∞ (BQ(n)).
By (4.44) and (4.46), both Es,t

∞ (Q) and F s+t
s (Q)/F s+t

s+1(Q) coincide with the same
group invlimn→∞ Es,t

∞ (BQ(n)), proving that they are equal as asserted.
If Q is profinite, we define the Er-term of the Atiyah-Hirzebruch spectral se-

quence for 2 ≤ r < ∞ to be the direct limit of the spectral sequences for its finite
quotients {Qi}. This makes sense since the direct limit functor is exact, and because
of the naturality of the Atiyah-Hirzebruch spectral sequence. Since this spectral
sequence is concentrated in the fourth quadrant, by Lemma 4.36 Es,t

r (Q) ⊂ Es,t
s (Q)

for r > s. In particular, Es,t
∞ (Q) = limr→∞ Es,t

r (Q) makes sense, and, moreover,
Es,t

∞ (Q) =
⋂

r>s Es,t
r (Q).

Let Qi be the system of finite quotients of Q. Note that inverse limits and
direct limits do not necessarily commute. This means here that the direct limit
of Es,t

∞ (Qi) =
⋂

r>s Es,t
r (Qi) is not necessarily Es,t

∞ (Q). Exactness of direct limits
implies however, using the results about finite groups proved above, that

dirlim
i

Es,t
∞ (Qi) =

(
dirlim

i
F s+t

s (Qi)
)

/
(
dirlim

i
F s+t

s+1(Qi)
)

= F s+t
s (Q)/F s+t

s+1(Q).

Assume now that Hk(Q, Z/n) is a finite group for each k ∈ N0, n ∈ N. Since these
finite groups are the direct limits of the cohomology groups of the Qi, this implies
that, for fixed n, Hk(Qi, Z/n) → Hk(Q, Z/n) is an isomorphism for all sufficiently
large i.

Now fix s, t ∈ Z with t �= 0. Observe that Es,t
r (Q) is a sub-quotient of Hs(Q, πS

−t)
and therefore, since t �= 0, is finite by Theorem 4.42 and our finiteness assumption.
Consequently, there is some R = R(s, t) > s such that Es,t

r (Q) = Es,t
R (Q) for

r ≥ R. We now require additionally that s + t ≤ 0. Following Lemma 4.36, choose
a finite set V ⊂ Z2 such that {Ex,y

2 (Q) | (x, y) ∈ V } determines Es,t
R (Q). Since

s + t ≤ 0 and all our spectral sequences are concentrated in the fourth quadrant,
we can assume that (x, 0) /∈ V if x > 0. By the above remark, if i is sufficiently
large (depending on s, t, R)

Ex,y
2 (Qi) = H̃x(Qi, π

S
−y) → H̃x(Q, πS

−y) = Ex,y
2 (Q)

is an isomorphism for all (x, y) ∈ V . Since πS
0

∼= Z and we did only make an
assumption about cohomology with finite coefficients, we carefully have to avoid
y = 0, except that H̃0 = 0, so x = 0 = y is permitted. The choice of V implies



1028 PETER LINNELL AND THOMAS SCHICK

that for these sufficiently large i, Es,t
R (Qi) → Es,t

R (Q) is also an isomorphism. We
picked R > s, hence Es,t

∞ (Qi) ⊂ Es,t
R (Qi) = Es,t

∞ (Q). Passage to the limit gives

dirlim
i

Es,t
∞ (Qi) = F s+t

s (Q)/F s+t
s+1(Q) ⊂ Es,t

∞ (Q). �

Observe that we have now essentially proved Proposition 4.40. It only remains
to remark that if Q is a finite p-group, then H̃∗(Q, A) is a finite (abelian) p-group
for arbitrary finitely generated coefficients (compare [1, Corollary 5.4]). By Lemma
4.34, π̃s

S(Q)/F s
k (Q) is a finite (abelian) p-group for each k ∈ N0 and s ∈ Z.

We now study an infinite group G.

4.47. Proposition. Assume that G is a discrete group with classifying space BG
of finite type. Then we have a fourth quadrant Atiyah-Hirzebruch spectral sequence
Es,t

r (G) for stable cohomotopy with Es,t
2 (G) = H̃s(G, πS

−t).
The following partial convergence results are true: for each fixed s, t ∈ Z with

t �= 0 or for s = 0 = t, Es,t
k eventually becomes constant (this defines Es,t

∞ ); and if
s + t ≤ 0, then

Es,t
∞ (G) = F s+t

s (G)/F s+t
s+1(G) and π̃s+t

S (G) = invlim
k→∞

π̃s+t
S (G)/F s+t

k (G).

Proof. We can apply all arguments of the proof of Proposition 4.43. When using
finiteness conditions of cohomology, we have to be careful to avoid (for s > 0)
H̃s(G, πS

0 ) = H̃s(G, Z), and H̃s(G(n), πS
0 ) = H̃s(G(n), Z) which were finite (if s <

n) with G replaced by the finite group Q, but are not necessarily finite here. But
one checks immediately that the arguments go through for the range of s and t
stated in the proposition. �

4.48. Corollary. Fix a prime number p. Assume that G is a discrete group with
classifying space BG of finite type. Then we have a fourth quadrant localized Atiyah-
Hirzebruch spectral sequence Es,t

r (G)p with Es,t
2 (G)p = H̃s(G, πS

−t)(p). For t �= 0
this computes as

(4.49) Es,t
2 (G)p = H̃s(G, (πS

−t)(p)).

The following partial convergence results are true: for each fixed s, t ∈ Z with
t �= 0 or for s = 0 = t, if k is sufficiently large, then Es,t

k (G)p becomes independent
of k (this defines Es,t

∞ (G)p). If s + t ≤ 0, then

Es,t
∞ (G)p = F s+t

s (G)(p)/F s+t
s+1(G)(p).

If G is finite, the last two statements are true for arbitrary s, t ∈ Z.
If Q is a profinite group, then we have a fourth quadrant localized Atiyah-

Hirzebruch spectral sequence Es,t
r (Q)p with Es,t

2 (Q)p = H̃s(Q, πS
−t)(p).

Assume in addition that Hk(Q, Z/p) is finite for every p and k. For t �= 0, we
then have

(4.50) Es,t
2 (Q)p = H̃s(Q, (πS

−t)(p)),

and the following convergence results are true: for each fixed s, t ∈ Z with t �= 0 or
for s = 0 = t and for k sufficiently large, Es,t

k (Q)p becomes independent of k (this
defines Es,t

∞ (Q)p); and if s + t ≤ 0, then we get an injection

F s+t
s (Q)(p)/F s+t

s+1(Q)(p) ↪→ Es,t
∞ (Q)p.
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Proof. All the localized spectral sequences are constructed by localizing the spectral
sequences obtained in Proposition 4.47 or Proposition 4.43 at p. Observe that this
construction produces spectral sequences since localization is an exact functor.

For the computation of E2-terms (4.49) and (4.50), note that πS
−t is the (finite)

direct sum of the q-primary components for all primes q, if t < 0. Accordingly,
H̃s(G, πS

−t) splits as a direct sum, and the q-primary part of πS
−t gives rise to the q-

primary part of the cohomology group. Since for abelian torsion groups localization
at p is just projection to the p-primary part, H̃s(G, πS

−t)(p) = H̃s(G, (πS
−t)(p)). The

same argument applies in the profinite case.
If Q is a profinite group with Hk(Q, Z/p) finite for every k ∈ N0, then because of

Lemma 4.7 and the statement we have just proved, H̃s(Q, πS
−t)(p) = H̃s(Q, (πS

−t)(p))
is finite for t �= 0.

The remaining assertions now follow easily from Proposition 4.47 or Proposition
4.43, again using the fact that localization is an exact functor.

A priori, one has to be careful with any statement about the E∞-terms, be-
cause Es,t

∞ (G) is defined as the inverse limit of the Es,t
r (G), and localization does

not in general commute with inverse limits. However, here every sequence defining
the inverse limits stabilizes (before localization), i.e. Es,t

∞ (G) = Es,t
r (G) for r suf-

ficiently large. The same is then true after localization. This implies Es,t
∞ (G)p =

(Es,t
∞ (G))(p), and, consequently, the statements for (E∞)p also follow from Propo-

sitions 4.47 and 4.43 and exactness of the localization functor.
The arguments given so far apply identically to a profinite group Q. �

4.51. Remark. Note that localization does not in general commute with inverse
limits. Hence we can’t conclude that πs

S(G)(p) = invlimk→∞ πs
S(G)(p)/F s

k (G)(p) for
any s ∈ Z. However, we will see that the spectral sequence determines enough of
the groups πs

S(G)(p)/F s
k (G)(p).

Observe that all the spectral sequences we have constructed are natural with
respect to group homomorphisms. In particular, the map to the pro-p completion
c : G → Ĝp induces a map of localized spectral sequences

Es,t
r (c) : Es,t

r (Ĝp)p → Es,t
r (G)p.

If BG is of finite type and G is cohomologically p-complete, Corollary 4.48 implies
that the induced map on the E2-pages is for t < 0

H̃s(Ĝp, (πS
−t)(p)) → H̃s(G, (πS

−t)(p)).

Because of cohomological p-completeness and Lemma 4.7 this map is an isomor-
phism for t < 0 or (trivially) for s = 0 = t. If t = 0 the coefficients are not finite so
that this cannot be extended to other values of s and t. Using Lemma 4.36, c there-
fore induces isomorphisms on Es,t

r in particular for s + t ≤ 0. By the convergence
result of Corollary 4.48, the map hence induces injections

F s
k−1(Ĝ

p)(p)/F s
k (Ĝp)(p) ↪→ Ek−1,s−k+1

∞ (Ĝp)p

∼= Ek−1,s−k+1
∞ (G)p = F s

k−1(G)(p)/F s
k (G)(p).

As in the proof of Lemma 4.34, we get injections

πs
S(c)k : πs

S(Ĝp)(p)/F s
k (Ĝp)(p) ↪→ πs

S(G)(p)/F s
k (G)(p) for all k ≥ 0.

This proves Theorem 4.41 and hence concludes the proof of Theorem 4.27. �
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4.7. Splitting of short exact sequences. We now give a condition on an exten-
sion 1 → H → G → Q → 1 as in Theorem 4.27 which implies the splitting of the
induced projection Ĝp → Q.

4.52. Lemma. Let Q be a finite p-group in the exact sequence

1 → H → G
π−→ Q → 1.

Assume that, among all normal subgroups of G of p-power index, there is a cofinal
system Ui � G with Ui ⊂ H, such that for each i the homomorphism πi in

G
pi−→ G/Ui

πi� Q

has a split si : Q ↪→ G/Ui. Then the pro-p completion π̂p : Ĝp � Q has a split
s : Q ↪→ Ĝp, too.

Proof. For each of the finitely many q ∈ Q choose x(q, i) ∈ G with

pi(x(q, i)) = si(q) ∈ G/Ui.

Choose a cofinal subsequence such that for every q ∈ Q the images of x(q, i) in the
compact group Ĝp converge to an element x(q) ∈ Ĝp (limit over i). We claim that
the map

s : Q → Ĝp : q �→ x(q)
is a split of π̂p. Since πi ◦ pi(x(q, i)) = q ∈ Q, by continuity also π̂p(x(q)) = q. It
remains to check that s is a group homomorphism. Observe that for q1, q2 ∈ Q

s(q1q
−1
2 )s(q2)s(q1)−1 = lim

i
x(q1q

−1
2 , i)x(q2, i)x(q1, i)−1.

The topology of Ĝp and the fact that

pi(x(q1q
−1
2 , i)x(q2, i)x(q1, i)−1) = si(q1q

−1
2 )si(q2)si(q1)−1 = 1 ∈ G/Ui

implies that this limit is 1, i.e. s indeed is a homomorphism. �

4.8. Enough torsion-free quotients. In this subsection we establish conditions
which guarantee that we can factorize a projection onto a finite p-group through
a torsion-free elementary amenable quotient. This is another key ingredient in our
strategy to prove the Atiyah conjecture for extensions.

4.53. Definition. Let G be a discrete group. We define AG to be the set of all
normal subgroups U ≤ G such that G/U is torsion-free and elementary amenable.
G is said to have enough torsion-free quotients if each normal subgroup W �G, with
G/W a finite p-group for some prime number p, contains a subgroup UW ∈ AG,
i.e. we have a factorization

G � G/UW � G/W

with G/UW torsion-free elementary amenable.
A subset A′

G of AG is called exhaustive, if U, V ∈ A′
G implies U ∩V ∈ A′

G, if for
every n ∈ N there is Un ∈ A′

G such that Un ≤ γn(G), and if, in addition, each W
as above contains all but finitely many of the U ∈ A′

G. In particular, all the UW

can be chosen to belong to A′
G.

We say that G has enough nilpotent torsion-free quotients if we can choose an
exhaustive set A′

G such that, if U ∈ A′
G, then U is a characteristic subgroup of G

and G/U is nilpotent. Analogously, we define enough solvable torsion-free quotients
and enough solvable-by-finite torsion-free quotients. The corresponding A′

G then
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is called nilpotent exhaustive, solvable exhaustive, or solvable-by-finite exhaustive,
respectively.

4.54. Lemma. Suppose G is a finitely generated group. Let X be a set of nor-
mal subgroups of G with torsion-free elementary amenable quotients, and such that
whenever N � G and G/N is a finite p-group we can find U ∈ X with U ≤ N .
Assume that U, V ∈ X implies U ∩ V ∈ X .

Then there is a nested sequence U1 ≥ U2 ≥ U3 ≥ · · · with Uk ≤ γk(G) for
every k ∈ N and such that for every finite p-group quotient G/N there is kN with
UkN

≤ N . Every Uk is an intersection Uk = Vk ∩ Nk with Vk ∈ X and G/Nk is
torsion-free nilpotent.

In particular, if G has enough torsion-free quotients, an exhaustive subset as in
Definition 4.53 exists.

Proof. Define for a prime number p the subgroup Gp,n to be the intersection of
the kernels of all projections to p-groups which have order dividing pn. Since G is
finitely generated, there are only finitely many of these. By Lemma 4.11, G/Gp,n

is a finite p-group.
By assumption, for each Gp,n we find Up,n ∈ X which is contained in Gp,n. For

n ∈ N define V ′
n to be the intersection of all Up,k with p ≤ n and k ≤ n.

For n ∈ N we now want to replace the subgroup V ′
n we just constructed by Un

such that Un ≤ γn(G). Since G/γn(G) is nilpotent, the set Kn of elements of finite
order in G/γn(G) is a characteristic subgroup and the quotient (G/γn(G))/Kn

is torsion-free [21, Theorem 2.22]. Let Hn be the kernel of the projection G →
(G/γn(G))/Kn. By [18, Theorem 2.1] for each element 1 �= g ∈ Kn we find a finite
p-group Qg (p depending on g) and a projection G/γn(G) � Qg such that g is
not mapped to 1. For each such g choose ng ∈ N such that we get a factorization
G � V ′

ng
� Qg. Set

Vn := V ′
n ∩

⎛
⎝ ⋂

k≤n

⋂
g∈Kk

V ′
ng

⎞
⎠ and Un := Vn ∩ Hn.

This defines a new nested sequence of subgroups. We have seen that G/Hn is
torsion-free elementary amenable. By Lemma 4.11, the same is true for G/Un. Fix
u ∈ Un. Since Un ⊂ Hn, the image of u in G/γn(G) is contained in Kn. For
1 �= g ∈ Kn, Un is mapped to 1 in each of the quotients Qg. But g is not mapped
to 1, hence u ∈ γn(G), i.e. Un ⊂ γn(G).

It is now clear that A′
G := {Un | n ∈ N} is an exhaustive set. �

4.55. Lemma. Assume that G is a finitely generated group.
If every projection G � Q onto a finite p-group Q factors through a torsion-free

nilpotent quotient G � U � Q, then G has enough nilpotent torsion-free quotients.
In particular, this depends only on the (directed) system of nilpotent quotients of
G, ordered by inclusion of the kernels.

The corresponding statement holds with “nilpotent” replaced by “solvable” or
“solvable-by-finite”.

Proof. Remember first that every finite p-group is nilpotent. This means that the
first condition in fact only depends on the system of nilpotent quotients.

Let Xtf be the system of normal subgroups of G with nilpotent torsion-free
quotients. We can apply Lemma 4.54 to obtain a nested sequence U1 ≥ U2 ≥ · · ·
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with Uk ≤ γk(G) for every k ∈ N, and such that every projection to a finite p-group
factors through G/Uk for suitable k ∈ N. By Lemma 4.11, Uk ∈ Xtf for every
k ∈ N.

Now replace Uk by Vk :=
⋂

α∈Aut(G) α(Uk). Because of Lemma 4.11, Vk ∈ Xtf

for every k ∈ N, and these subgroups are characteristic.
The proof for enough solvable or solvable-by-finite torsion-free quotients is ex-

actly the same, replacing “nilpotent” everywhere with “solvable” or “solvable-by-
finite”, respectively. �

4.56. Example. If G is a discrete group such that there are infinitely many lower
central series quotients G/γn(G) which are torsion-free, or infinitely many derived
series quotients G/G(n) which are torsion-free, then we can choose the exhaustive
subset A′

G to consist of the corresponding γn(G) or G(n), respectively. In particu-
lar, G has enough nilpotent torsion-free quotients, or enough torsion-free solvable
quotients, respectively.

4.57. Lemma. Assume that G is countable, has enough solvable torsion-free quo-
tients and is residually torsion-free solvable. Then there is a nested sequence G ≥
U1 ≥ U2 ≥ · · · of normal subgroups of G such that

(1)
⋂∞

n=1 Un = {1},
(2) Un ≤ γn(G) for every n ∈ N,
(3) G/Un is torsion-free solvable for every n ∈ N.

Proof. Since G is countable and residually torsion-free solvable, there is a nested
sequence G ⊃ H1 ⊃ H2 ⊃ · · · of normal subgroups such that G/Hn is torsion-free
solvable for every n ∈ N and such that

⋂
n∈Z

Hn = {1}.
On the other hand, since G has enough solvable torsion-free quotients, by defi-

nition we find Vn ⊂ γn(G) such that G/Vn is torsion-free solvable for each n ∈ N.
Then Un := Hn ∩ Vn will satisfy the assertions. �

4.58. Definition. Let G be a group and let U be a subgroup of G. Then we set
UG :=

⋂
g∈G Ug, the largest normal subgroup of G which is contained in U . Note

that UG ∩ V G = (U ∩ V )G for two subgroups U, V of G.
Let H be a subgroup of G containing U as a normal subgroup. By Lemma 4.11

if H is normal in G and H/U is torsion-free, then so is H/UG. On the other hand,
if H has finite index in G, then not more than [G : H] of the Ug are different.
Consequently, if H/U is elementary amenable, then so is G/UG.

4.9. The main result. Now essentially everything is in place to prove the main
(technical) theorem of this paper. We need one more lemma:

4.59. Lemma. Let Q be a finite p-group and let 1 → H → G → Q → 1 be an exact
sequence of groups. Assume that H is finitely generated and has enough torsion-free
quotients. Specify an exhaustive family A′

H of subgroups as in Definition 4.53. Fix
n ∈ N and for every U ∈ A′

H assume that G/UG contains a finite subgroup EU/UG

of order n.
Then there is a subgroup Q0 ≤ Q of order n splitting back to Ĝp

0 ≤ Ĝp, where
G0 is defined by the exact sequence 1 → H → G0 → Q0 → 1.

Proof. Since H/UG is torsion-free, the image of EU/UG in Q has order n, too. In
particular, it follows that n necessarily is a power of the prime number p. Let aU
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be the (finite) collection of subgroups of Q of order n which are images of finite
subgroups of G/UG, U ∈ A′

H .
If U, V ∈ A′

H , then each finite subgroup of G/(UG ∩ V G) maps isomorphically
to a finite subgroup of G/UG, since the kernel UG/(UG ∩ V G) of the projection
G/(UG ∩ V G) � G/UG is contained in the torsion-free group H/(U ∩ V )G, and
similarly for G/V G. In particular, aU ∩ aV contains aU∩V and therefore is non-
empty. Since the set of all subgroups of Q is finite, there exists Q0 ∈

⋂
U∈A′

H
aU .

In other words, Q0 splits back to every G/UG for U ∈ A′
H , and hence also to

every quotient of G/UG which projects onto G/H. Among these quotients of G/UG

(U ∈ A′
H) we can find a cofinal set of finite p-group quotients of G0. This follows as

in the proof of Lemma 4.12, since H has enough torsion-free quotients. By Lemma
4.52, Q0 splits back to Ĝp

0. Last observe that, by Lemma 4.12,

1 → Ĥp → Ĝp
0 → Q0 → 1 and 1 → Ĥp → Ĝp → Q → 1

are exact, whence Ĝp
0 is a subgroup of Ĝp. �

4.60. Theorem. Let H be a discrete group with finite classifying space which has
enough torsion-free quotients and which is cohomologically complete. Assume that
KH fulfills the strong Atiyah conjecture (for some subfield K = K of C).

(1) Let
1 → H → G → Q → 1

be an exact sequence of groups, where Q is a finite group. Then KG fulfills
the strong Atiyah conjecture.

(2) Moreover, if G is torsion-free and A′
H is an exhaustive family of subgroups

of H as in Definition 4.53, then we can find U ∈ A′
H such that G/UG is

torsion-free and elementary amenable.

4.61. Definition. Let H be a group, K a skew field and DH a division ring which
contains KH. We call DH Hughes free if for every subgroup U of H and set of
representatives X ⊂ H of H/U the set X (considered a subset of DH) is linearly
independent over the division closure DU of KU in DH.

4.62. Corollary. Assume that H fulfills the assumptions of Theorem 4.60 and

1 → H → G → A → 1

is an extension with A elementary amenable. If lcm(G) < ∞, then KG fulfills the
strong Atiyah conjecture.

Assume that k is a domain and k ∗H embeds into a skew field DH such that the
twisted action of A on k ∗H extends to DH . If G is torsion-free and H has enough
solvable-by-finite torsion-free quotients, then k ∗ G embeds into a skew field.

If we only require H to have enough torsion-free quotients (not necessarily solva-
ble-by-finite), but assume that DH is Hughes free, then k ∗ G also embeds into a
skew field.

Proof of Corollary 4.62. It is a direct consequence of Proposition 2.6 and Theorem
4.60 that KG fulfills the strong Atiyah conjecture.

For the statement about k ∗G, given a finite subgroup E/H of G/H we attempt
to construct a suitable skew field extension DE of DH such that DH ∗[E/H] embeds
into DE . The result then follows from Lemma 2.5.
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Observe that H is finitely generated (since it has finite classifying space) and
hence by Lemma 4.55 an exhaustive family A′

H exists. Using Theorem 4.60 with
E instead of G, choose U ∈ A′

H such that E/UE is torsion-free. In view of Lemma
4.11, E/U is elementary amenable.

Let DU be the division closure of k ∗ UE in DH . This is a skew field. The
action of E by conjugation on DH ∗ [E/H] maps k ∗ UE to itself and therefore
maps the division closure DU to itself. Consequently, we can form DU ∗ [E/U ]
and DU ∗ [H/U ]. Since H/U and E/U are both torsion-free elementary amenable
groups, and DU is a skew field, by Lemma 2.5 DU ∗ [E/U ] is an Ore domain with an
Ore localization (of course a skew field) which we denote DU,E . It has a sub-skew
field DU,H which is the division closure of DU ∗ [H/U ], and of course at the same
time is the Ore localization of this ring.

If DH is Hughes free, then any set of representatives for H/U in DH is by
definition linearly independent over DU . This implies that DU,H is equal to DH ,
therefore DH ∗ [E/H] is a domain, since DU,H ∗ [E/H] embeds into DE .

However, we don’t see a reason why DU should be equal to DU,H in general.
Assume now that H has enough solvable-by-finite torsion-free quotients and choose
A′

H to be solvable-by-finite exhaustive. In view of Lemma 4.11, and by replacing
U ∈ A′

H by UG we may assume that each U ∈ A′
H is normal in G. Then we replace

DH by a skew field built out of the (possibly many different) DU,H .
Using a non-trivial ultra-filter F for the set A′

H (i.e. an ultrafilter which contains
all subsets with finite complement), we form a new skew field D′′

H . Following [27,
§2.6] it consists of classes of all sequences (dU )U∈A′

H
with dU ∈ DU,H (constructed

as above), and

(dU )U∈A′
H

= (d′U )U∈A′
H

if and only if there is some F ∈ F such that dU = d′U for all U ∈ F . We embed k∗H
in D′′

H via the map x �→ (x, x, . . . ) and let D′
H be the division closure of k ∗ H in

D′′
H . In a similar manner we construct D′

E using DU,E instead of DU,H . This skew
field contains D′

H . We should remark that a finite number of the DU,E not being a
division ring (or not even being defined) does not affect D′

E being a division ring;
in fact any finite number of the DU,E does not affect the isomorphism class of D′

E .
Our assumptions on A′

H assure that E/U is torsion-free for all but finitely many
of the U ∈ A′

H .
Since U is normal in G, the twisted action of G/H on k ∗ H induces a twisted

action on each DU,H , hence on D′′
H and consequently on D′

H . It follows that we
may form the crossed product D′

H ∗ [G/H].
Next we show that for each finite subgroup E/H of G/H, the identity map on

k ∗ E extends to a monomorphism from D′
H ∗ [E/H] to D′

E . We can describe
k ∗ E as the free k-module with basis {ē | e ∈ E} and multiplication satisfying
e1e2 = λ(e1, e2)e1e2 for some map λ : E × E → k \ 0. Let {x1, . . . , xn} ⊂ E be
a set of coset representatives for H and write xixj = hijxl(i,j) where hij ∈ H
and l(i, j) ∈ {1, . . . , n}. Then D′

H ∗ [E/H] is the ring which is a free D′
H -module

with basis {x̂1, . . . x̂n}, and multiplication satisfying x̂ix̂j = λ(xi, xj)hijx̂l(i,j). Now
define θ : D′

H ∗ [E/H] → D′
E by

θ
( n∑

i=1

dix̂i

)
=

n∑
i=1

dixi.
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A routine check shows that θ is a ring homomorphism. Also it is easy to see that
{x1, . . . , xn} is linearly independent over D′

H and it follows that θ is a monomor-
phism.

We deduce from the previous paragraph that D′
H ∗ [E/H] is a domain for all

finite subgroups E/H of G/H. The result now follows by Lemma 2.5. �

4.63. Remark. Natural constructions of a skew field extension DH usually are
Hughes free.

All examples of groups with finite classifying space known to us with enough
torsion-free quotients actually have enough solvable-by-finite torsion-free quotients.

Consequently, the corresponding assumptions in Corollary 4.62 are not serious
restrictions of generality.

Proof of Theorem 4.60. (1) For a prime number p and a p-Sylow subgroup S of Q,
let GS ≤ G be its inverse image in G. By Lemma 2.4 it suffices to establish the
statement for every KGS. To do this, we produce a subgroup U of H, normal in
GS , such that GS/U is elementary amenable, H/U is torsion-free and we have the
divisibility relation lcm(GS/U) | lcm(GS).

Since H has a finite classifying space, it is torsion-free. Hence by [47, Proposition
4 and Lemma 3] it and its subgroup U fulfill the strong Atiyah conjecture if and
only if DH and DU are skew fields. In particular, we know that DU is Artinian.
We want to apply Proposition 2.6 to the extension

1 → U → GS → GS/U → 1.

By Lemma 2.3, if GE/U ≤ GS/U is finite, then GE ≤ GS fulfills the assumptions
of Proposition 2.6 with L = |GE/U |, and therefore also with L = lcm(GS/U). Since
lcm(GS/U) divides lcm(GS), by Corollary 2.7 the strong Atiyah conjecture holds
for KGS .

It remains to find the subgroup U with the required properties. Since H is
torsion-free and GS/H is a finite p-group, lcm(GS) = pn for some n ≥ 0. Assume
that every GS/UGS (defined in Definition 4.58) for U ∈ AH contains a subgroup
of order pk. Note that each finite subgroup of each GS/UGS is a finite p-group,
since GS/UGS contains the torsion-free subgroup H/UGS with index a power of p.
Therefore, it is sufficient to show that in this case GS itself contains a subgroup of
order pk. By Lemma 4.59 we can pass to subgroups G0 of GS and Q0 of GS/H
such that |Q0| = pk and the projection π in

1 → Ĥp → Ĝp
0

π−→ Q0 → 1

splits. Now our important technical Theorem 4.27 applies and yields that Q0 also
splits back to G0, hence gives a subgroup of order pk in GS.

(2) Assume now that G is torsion-free. The above argument implies that there
is US such that GS/UGS

S does not contain any non-trivial finite subgroup (the
trivial group is now the biggest finite subgroup of GS ≤ G), i.e. GS/UGS

S is torsion-
free. We can choose US ∈ A′

H (since we can restrict ourselves to the use of A′
H

throughout).
Let U be the intersection of all US for all Sylow subgroups S of Q. Since GS/UG

fits into the exact sequence

1 → UG
S /UG → GS/UG → GS/UG

S → 1
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with both GS/UG
S and UG

S /UG ≤ H/UG torsion-free (by Lemma 4.11), GS/UG is
torsion-free.

If G/UG would contain a non-trivial torsion element, then by raising to an
appropriate power we would have a p-torsion element 1 �= x ∈ G/UG for some
prime number p. Since H/UG is torsion-free, x would map to a p-torsion element
in G/H, hence to a p-Sylow subgroup S of G/H. Therefore, we could assume that x
is contained in GS/UG, which is torsion-free. This is a contradiction, hence G/UG

itself is torsion-free. Since H/U is elementary amenable, by Lemma 4.11 the same
is true for H/UG and therefore also for its finite extensions G/UG. �

5. Extensions of pure braid groups, one-relator groups

and link groups

The next task is to find examples to which Theorem 4.60 applies. In particular,
we want to show that this is the case for the pure braid groups and generalizations
thereof.

To do this, we will prove that certain types of extensions preserve the condi-
tions of Theorem 4.60, and that we can obtain e.g. the braid groups using these
constructions.

5.1. Extensions. We have introduced a number of properties of groups, in partic-
ular, to have enough torsion-free quotients, to be residually torsion-free nilpotent,
and to be cohomologically complete. We now study when these properties are pre-
served by extensions of groups. This will be our main tool to produce interesting
examples which have these properties.

5.1. Lemma. Let 1 → H → G
p−→ Q → 1 be an exact sequence of groups. Assume

that for each m ∈ N there is n ∈ N such that γn(G) ∩ H ⊂ γm(H).
(1) Assume that H has enough torsion-free nilpotent quotients. If Q has enough

torsion-free nilpotent quotients, or enough torsion-free solvable quotients, or
enough torsion-free solvable-by-finite quotients, respectively, then the same
is true for G.

(2) Assume that H is residually torsion-free nilpotent. If Q is residually torsion-
free nilpotent, and for each n ∈ N there is a factorization Q � Q/V �
Q/γn(Q) with Q/V torsion-free nilpotent, then G is residually torsion-
free nilpotent. If, in addition, for each n ∈ N there is a factorization
H � H/W � H/γn(H) with H/W torsion-free nilpotent, then the corre-
sponding statement is true for G.

Corresponding results hold if in the assumptions on Q “nilpotent” is
replaced by “solvable”, or “solvable-by-finite”, respectively, and the lower
central series by the derived series or the appropriate series for solvable-by-
finite quotients. Beware that, in the assumptions on H, we have to require
nilpotent throughout.

Proof. We first prove (1). Therefore let K ≤ G be a normal subgroup with G/K a
finite p-group for some prime number p. Then we get an exact sequence

1 → H/(H ∩ K) → G/K → Q/p(K) → 1

of finite p-groups. Let V ≤ H ∩ K ≤ H be a characteristic subgroup of H such
that H/V is torsion-free nilpotent. Such a V exists since H has enough torsion-free
nilpotent quotients. Since H/V is nilpotent, there is an m ∈ N with γm(H) ≤ V .
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Now choose n ∈ N with γn(G) ∩ H ≤ γm(H) ≤ V , which exists by assumption.
Choose n in such a way that γn(G) ≤ K (this is possible since G/K is nilpotent).
Observe that p(γn(G)) = γn(Q).

Since Q has enough torsion-free nilpotent quotients, we find a characteristic
subgroup W of Q such that W ≤ γn(Q), and Q/W is torsion-free nilpotent. Assume
that γn′(Q) ≤ W .

Now define the subgroup U of G as V · (γn(G) ∩ p−1(W )). Since V ≤ K and
γn(G) ≤ K, we get U ≤ K.

Since V is a characteristic subgroup of H, it is normal in G. Since p is surjective,
p−1(W ) and γn(G)∩p−1(W ) are also normal in G, which implies that U is a normal
subgroup of G.

Moreover,

γn′(G) ⊂ γn(G) ∩ p−1(W ) ⊂ V · (γn(G) ∩ p−1(W )) = U,

i.e. G/U is nilpotent.
The map G → Q/W is surjective and has kernel p−1(W ), which contains U . On

the other hand, since W ≤ γn(Q),

p−1(W ) ≤ p−1(γn(Q)) = H · γn(G),

i.e. p−1(W ) = H ·(γn(G)∩p−1(W )). It follows that the induced map G/U → Q/W
is defined and has kernel

H · (γn(G)∩ p−1(W ))/(V · (γn(G)∩ p−1(W ))) ∼= H/(H ∩ (V · (γn(G)∩ p−1(W )))).

Now V ≤ H ≤ p−1(W ); therefore

V ≤ H ∩ (V · (γn(G) ∩ p−1(W ))) = V · (γn(G) ∩ H) ≤ V · γm(H) ≤ V.

This means that we get the exact sequence

(5.2) 1 → H/V → G/U → Q/W → 1.

Since H/V and Q/W are both torsion-free the same is true for G/U . If Q/W is
only solvable, or solvable-by-finite, respectively, instead of nilpotent, (5.2) shows
that the same is true for G/U .

Now we prove (2). For each 1 �= g ∈ G, we have to produce a projection
pg : G → Rg with Rg torsion-free nilpotent and such that pg(g) �= 1. If g is mapped
to a non-trivial element of Q, this can be done because of the assumption that Q
is residually torsion-free nilpotent.

Assume therefore that g ∈ H = ker(p). Since H is residually torsion-free nilpo-
tent, there is a (without loss of generality characteristic) subgroup V ≤ H with
γm(H) ≤ V and such that H/V is torsion-free (and of course nilpotent), and such
that p(g) �= 1 for the projection p : H → H/V . Now choose n ∈ N such that
γn(G) ∩ H ≤ γm(H) ≤ V , and a normal subgroup W ≤ Q with W ≤ γn(Q) and
such that Q/W is torsion-free and elementary amenable (such a W exists by as-
sumption). As in the proof of (1), define the subgroup U := V · (γn(G)∩ p−1(W )).
We get the exact sequence (5.2)

1 → H/V → G/U → Q/W → 1

and as before we conclude that G/U is torsion-free nilpotent. If Q/W is only
solvable or solvable-by-finite, at least these properties are inherited by G/U .

Since g maps to a non-trivial element in H/V , and the map H/V → G/U induced
by the inclusion is injective, g maps to a non-trivial element in G/U , as required.
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For the last remaining statement, fix k ∈ N. We assume now that we find W as
above such that in addition W ≤ γk(H). We construct U as before. (Observe that
k ≤ m ≤ n), and it only remains to show that U ≤ γk(G).

But U ≤ V γn(G) ≤ γk(H)γk(G) = γk(G). �

We need two different types of assumptions in Lemma 5.1: assumptions on the
building blocks (which we obviously have to make to get corresponding results for
the big group G) and assumptions on the extension itself. We now address the
question of when the latter ones are satisfied.

5.3. Lemma. Let 1 → H → G → Q → 1 be an exact sequence of groups such that
G acts unipotently on H1(H; Z) as defined in Definition 4.14. Assume that at least
one of the following conditions is satisfied:

(1) Q is nilpotent.
(2) The extension 1 → H → G → Q → 1 is split, i.e. G is a semi-direct product

G = H � Q.
Then for each m ∈ N there is n ∈ N with γn(G) ∩ H ⊂ γm(H).

Proof. In the course of the proof we will have to use subgroups of iterated com-
mutators. This can conveniently be dealt with using the bracketless notation as
in [19]. Given two subgroups H and K of a group G we set γHK := [H, K]. We
abbreviate γ(γHK)L =: γ2HKL. With this notation, γn(G) = γn−1Gn.

First observe that by definition G acts unipotently on H1(H; Z) = H/γH2 if
and only if there is m ∈ Z with

(5.4) γmHGm ⊂ γH2 = γ2(H).

This follows since the action on H/γH2 is induced by conjugation. Since γmHGm ⊂
γm+1(G)∩H, it is therefore necessary that G acts unipotently on H1(H; Z) for the
conclusion of the lemma. [19, Lemma 7] says that Equation (5.4) implies that

(5.5) γrmHrGrm−r+1 ⊂ γrHr+1 = γr+1(H).

Using this inductively, we also see that Equation (5.4) implies that for suitable
f(n) ∈ N

(5.6) γf(n)HGf(n) ⊂ γnHn+1.

Assume first that Q is nilpotent. This means that there is n ∈ N with γn(G) ⊂ H
(since it is mapped to γn(Q) = {1}). Combined with (5.6) this implies γn+f(m)(G)
⊂ γm+1(H), which is what we had to prove.

Assume now that the sequence 1 → H → G → Q → 1 splits. With this
assumption, we generalize a result of Falk and Randell [13, p. 85] who proved that
γn(G) ∩ H = γn(H) for a semidirect product G = H � Q if Q acts trivially on
H1(H; Z).

Following Falk and Randell, let p : G → Q be the projection, and j : Q → G a
split of p (i.e. p ◦ j = idQ). Using j, we consider Q as a subgroup of G. Define

τ : G → H : g �→ j(p(g−1))g = p(g−1)g.

Clearly p(τ (g)) = 1 for each g ∈ G, i.e. τ indeed maps G to H. For each g ∈ G,
g = hq with h ∈ H and q ∈ Q if and only if h = τ (g) and q = p(g). In particular,
if g ∈ H, then g = τ (g).
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The map τ is not a homomorphism, but satisfies

(5.7) τ (g1g2) = p(g2)−1τ (g1)p(g2) · τ (g2)

(for all these statements, compare [13, p. 83]).
We now claim that for each m ∈ N there is n ∈ N with

(5.8) τ (γn(G)) ⊂ γm(H).

This implies the assertion, because x ∈ γn(G) ∩ H implies x = τ (x) ∈ γm(H).
We are not proving (5.8) directly, but rather prove by induction that for each

m ∈ N

(5.9) τ (γ2m(G)) ⊂ γmHGm.

In view of the assumption that γmHGm ⊂ γH2 and by (5.6) this implies (5.8).
We need the following lemma.

5.10. Lemma. If H is a normal subgroup of G, then for each m ∈ N

γm(m−1)/2+1Gm(m−1)/2+1H ⊂ γmHGm.

Proof. This is the statement of [19, Theorem 2] applied to H/(γmHGm) and
G/(γmHGm) inside G/(γmHGm). �

The case m = 0 of (5.9) is trivial.
For the induction step, assume m ≥ 1 and choose g1 ∈ γ2m−1(G) ⊂ γ2m−1(G)

and g2 ∈ G, i.e. [g1, g2] = g−1
1 g−1

2 g1g2 is a typical element of γ2m(G). Write
h1 = τ (g1), by induction h1 ∈ γm−1HGm−1. Set h2 = τ (g2). Similarly, set
q1 := p(g1) ∈ γ2m−1(Q) ⊂ γ2m−1(G), q2 := p(g2). We write xy = y−1xy. Then,
following the calculation of [13, p. 85]

τ ([g1, g2]) = [q1, q2]−1[q1, h2]h1 [q1, q2]h2h1 [h1, h2][h1, q2]h2 .

Using Lemma 5.10, [q1, h2] ∈ γ2m

G2m

H ⊂ γmHGm, since m(m − 1)/2 + 1 ≤ 2m

for each m ∈ N, m ≥ 1. By induction, [h1, h2], [h1, q2] ∈ γmHGm−1G = γmHGm.
Last, observe that [[q1, q2], h2h1] ∈ γ2m

G2m

H ⊂ γmHGm, so [q1, q2] commutes with
h2h1 modulo γmHGm. Consequently,

τ ([g1, g2]) ≡ [q1, q2]−1[q1, q2] = 1 mod γmHGm

and so τ (γ2m(G)) ⊂ γmHGm.
This finishes the proof of Lemma 5.3. �

5.11. Remark. Given an extension 1 → H → G → Q → 1, one can ask whether the
condition that G acts unipotently on H1(H; Z) is sufficient to imply that for each
fixed m, if n is sufficiently large, then γn(G)∩H ⊂ γm(H). This is not the case in
general. There are even counterexamples where H is a central subgroup of G.

5.12. Lemma. Assume that 1 = G0 ≤ G1 ≤ · · · ≤ Gn = G is a nested sequence of
groups such that each Gi is normal in G. Suppose that G/Gi acts unipotently on
H1(Gi+1/Gi; Z) for each i = 0, . . . , n − 1. Then G acts unipotently on H1(Gi; Z)
for all i.

Proof. Induction reduces to the situation 1 = G0 ≤ G1 ≤ G2 ≤ G3 = G, G acts
unipotently on H1(G1; Z) and G/G1 acts unipotently on H1(G2/G1; Z), and we
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have to show that G acts unipotently on H1(G2; Z). The exact sequence 1 →
G1 → G2 → G2/G1 → 1 yields an exact sequence

(5.13) H1(G1; Z) → H1(G2; Z) → H1(G2/G1; Z) → 0

(observe that the first map is not injective in general). Since the group homo-
morphisms G1 → G2 → G2/G1 are compatible with the conjugation action by
G, the same is true for the induced action in homology. Set U := H1(G1; Z),
V := H1(G2; Z) and W := H1(G2/G1; Z). We write [U, G] ≤ U for the subgroup
of U generated by the elements gu − u for g ∈ G, u ∈ U (using the G-action on
U induced by conjugation). As in the proof of Lemma 5.3, we use the notation
γnUGn = [γn−1UGn−1, G], with γUG = [U, G].

Since G acts unipotently on W , γn2WGn2 = 0 for some n2 ∈ N. That means
that γn2V Gn2 is mapped to zero in the exact sequence (5.13), i.e. lies in the image
of U . Now γn1UGn1 = 0 since G acts unipotently on U for suitable n1 ∈ N. It
follows that γn1(γn2V Gn2)Gn1 = γn1+n2V Gn1+n2 = 0. In other words, G acts
unipotently on H1(G2; Z). �

5.14. Remark. Observe that, in the above lemma, even if G/Gi acts trivially on
H1(Gi+1/Gi; Z) for each i, we cannot conclude that Gi acts trivially on H1(Gi−1; Z),
but only that it acts unipotently.

5.15. Lemma. Assume that N ≤ G is a normal subgroup. Suppose G acts unipo-
tently on H1(N ; Z). Then G acts unipotently on H1(N ; Z/p) for each prime number
p.

Proof. Since H0(N ; Z) = Z, by the universal coefficient theorem we have an iso-
morphism

H1(N ; Z/p) ∼= H1(N ; Z) ⊗Z Z/p.

This isomorphism is natural and therefore in particular compatible with the G-
action. That G acts unipotently on H1(N ; Z) means that there is an n ∈ N such
that for n arbitrary elements g1, . . . , gn ∈ G the operator (g1 − 1) · · · (gn − 1) = 0
acting on H1(N ; Z). The universal coefficient theorem shows that the same is true
for the action on H1(N ; Z/p), i.e. the action of G on H1(N ; Z/p) is nilpotent, as
well. �

5.2. The main class of groups.

5.16. Definition. Let F be the class of groups which fulfill the following list of
properties:

(1) G has a finite classifying space BG.
(2) G is cohomologically complete as defined in Definition 4.3.
(3) G has enough nilpotent torsion-free quotients as in Definition 4.53 (for

example, all the quotients in the lower central series G/γn(G) are torsion-
free).

Let F∞ be the subclass of groups G ∈ F which are, in addition, residually nilpotent.

Observe that the definition of “enough nilpotent torsion-free quotients” imme-
diately implies the following.

5.17. Remark. If G ∈ F∞, then G is residually torsion-free nilpotent.
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5.18. Lemma. If H ∈ F , then H is finitely generated, of finite cohomological
dimension, torsion-free, and if B is an H-module with finitely many elements, then
Hn(H, B) is finite for each n. Moreover, for each k ∈ N there is a normal subgroup
Uk of H such that H/Uk is torsion-free nilpotent and Uk ≤ γk(H).

Proof. Finiteness of BH immediately implies that H is torsion-free and the finite-
ness assertions. The existence of Uk with the required properties is proved in
Lemma 4.54. �

5.19. Example. Every finitely generated free group Fn belongs to F∞.

Proof. Clearly Fn has a finite classifying space. It is a classical result that Fn is
residually torsion-free nilpotent and that even Fn/γk(Fn) is torsion-free for each k
(compare [41]). By Example 4.6, free groups are cohomologically complete. The
assertion follows. �

5.20. Proposition. Let 1 → H → G → Q → 1 be a split exact sequence of groups
(i.e. G = H � Q) and assume that Q acts unipotently on H1(H; Z).

If H and Q both belong to F , then also G ∈ F . If even H, Q ∈ F∞, then
G ∈ F∞.

Proof. Since H and Q have finite classifying spaces, the same is true for G by
Lemma 4.30.

By Lemma 5.15, Q acts unipotently on H1(H; Z/p) for each prime number p.
Theorem 4.15 therefore implies that G is cohomologically complete, the same being
true for H and Q by assumption.

We assume that the sequence 1 → H → G → Q → 1 is split exact. By Lemma
5.3 we can apply Lemma 5.1 (1) to conclude that G has enough torsion-free nilpotent
quotients if H and Q both have the same property. In particular, if H and Q belong
to F , the same is true for G.

Because of Lemma 5.18, if H and Q belong to F∞, i.e. are residually torsion-free
nilpotent, we can apply Lemma 5.1 (2) to conclude that G is residually torsion-free
nilpotent, as well, i.e. belongs also to F∞. �

5.21. Remark. Using Lemma 5.1 and Lemma 5.3, other variants of the statements
of Proposition 5.20 can be proved. We leave this to the interested reader.

The next theorem shows why the classes F and F∞ are important to us: if a
group belongs to them, then the Atiyah conjecture is inherited by extensions with
elementary amenable quotient.

5.22. Theorem. Assume that H ∈ F and H fulfills the strong Atiyah conjecture
over KH, where K = K is a subfield of C. For example, assume that H ∈ F∞ and
K = Q, where Q is the algebraic closure of Q in C. Let G be an extension of H
with lcm(G) < ∞ and such that G/H is elementary amenable. Then G fulfills the
strong Atiyah conjecture over KG.

If the identity map of KH extends to an isomorphism KHΣ(H) → DH, then the
identity map of KG extends to an isomorphism KGΣ(G) → DG.

Let A′
H be a nilpotent exhaustive set of subgroups of H. If, in addition, G is

torsion-free and G/H is finite, then for n ∈ N sufficiently large we find Un ∈ A′
H

with Un ≤ γn(H) such that G/Un is torsion-free (and of course virtually nilpotent).
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If, again with G torsion-free, we have a domain k and a crossed product k ∗ G
such that the subring k ∗ H embeds into a skew field DH and the twisted action of
Q on k ∗ H extends to DH , then k ∗ G embeds into a skew field.

Proof. If G ∈ F∞, then QG satisfies the strong Atiyah conjecture by Corollary 3.3.
The other statements are immediate consequences of Lemma 5.18, Theorem 4.60
and Corollary 4.62. Here we use the fact that all groups in A′

H are characteristic.
In the first instance, Theorem 4.60 produces only one U ∈ A′

H with G/U torsion-
free. Obviously U =: Un0 ≤ γn0(H) for some n0 ∈ N. For n > n0, choose
Vn ∈ A′

H with Vn ≤ γn(H). Set Un := U ∩ Vn ∈ A′
H . The exact sequence

1 → U/Un → G/Un → G/U → 1 shows that G/Un is torsion-free since G/U and
U/Un ≤ H/Un are torsion-free. By Lemma 4.11, G/Un is virtually nilpotent. �

The following example shows that the additional assumptions in Theorem 5.22
are often satisfied.

5.23. Example. Suppose H is poly-orderable, i.e. admits a finite normal series
with orderable factors. Assume that G is a torsion-free extension of H and G/H
is elementary amenable. If k ∗ G is a crossed product with a skew field k, then
the crossed product k ∗ H embeds into a canonically defined skew field DG, which
comes with a (unique) twisted action of G/H extending the twisted action on k∗H.
Furthermore, if H is poly-free, the identity map of KH extends to an isomorphism
KHΣ(H) → DH.

Remember that orderable means two-sided orderable, and that every residually
torsion-free nilpotent group, in particular every finitely generated free group, is
orderable [4, Theorems 2.1.1 and 3.1.5]. We want to remark that all the groups in
F∞ are residually torsion-free nilpotent and therefore poly-orderable. Many, like
the pure braid groups, are also poly-free.

Proof. The second statement follows by applying [36, Lemma 12.5] to each of the
finitely many free extensions in the construction of H as a poly-free group, using
the fact that poly-free groups fulfill the strong Atiyah conjecture (we note that [36,
Lemma 12.5] remains true when C is replaced by an arbitrary subfield K of C which
is closed under complex conjugation).

For the first statement, we know from [23, §1] that k ∗ H has a free division
ring of fractions in the sense of Hughes [22, §2]. This means in particular that
any automorphism of k ∗ H which preserves the monomials of k ∗ H (i.e. sends an
element of the form ah with a ∈ k and h ∈ H to another such element) extends
uniquely to an automorphism of DH . Thus we get the required (unique) twisted
action of G/H on DH extending the action on k ∗ H. �

We continue with some abstract results which show how the methods we have
developed so far give information for certain groups beyond the class F .

5.24. Lemma. Let G1, . . . , GN be torsion-free solvable groups and

G := G1 ∗ · · · ∗ GN

their free product. Every projection G � Q with Q solvable has a factorization
G � Q1 � Q where Q1 is torsion-free solvable.

Proof. By [18, Lemma 5.5] we have an exact sequence

1 → F → G1 ∗ · · · ∗ GN → G1 × · · · × GN → 1,
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where F is a free group. Let U be the kernel of the projection G � Q. Since
Q is solvable F/(F ∩ U) also is solvable. Therefore, F ∩ U contains the derived
series subgroup F (k) for a suitable k ∈ N. Since every subgroup of a free group is
free, the abelianization F (k)/F (k−1) of every derived series subgroup of F is free
abelian and in particular torsion free. By induction, using the exact sequence 1 →
F (k−1)/F (k) → F/F (k) → F/F (k−1) → 1, F/F (k) is also torsion-free. Moreover,
since F (k) is a characteristic subgroup of F , it is normal in G. Since G1, . . . , GN

are solvable, for sufficiently large k we get an extension

1 → F/F (k) → G/F (k) → G1 × · · · × GN → 1

of G/F (k) by torsion-free solvable groups, therefore G/F (k) itself is torsion-free
solvable, and by the choice of F (k) it maps onto G/U = Q. �
5.25. Proposition. Assume that N ∈ N and that G1, G2, . . . , GN ∈ F .

(1) Then the free product G := G1∗G2∗· · ·∗GN has enough solvable torsion-free
quotients.

(2) If, more restrictively, G has enough nilpotent torsion-free quotients, then G
belongs to F .

(3) If Gi is residually torsion-free solvable for each i (e.g. if Gi ∈ F∞), then
the same is true for G.

Proof. For (2), observe that the classifying space of G is the one-point union of the
classifying spaces of Gj for j = 1, . . . , N , and therefore is compact. By Proposi-
tion 4.25, G is cohomologically complete. If G has enough nilpotent torsion-free
quotients, then it follows that G belongs to F .

To prove (3), remember that the property of being torsion-free solvable is a root
property in the sense of [18], and free groups are residually torsion-free solvable,
even residually torsion-free nilpotent (compare [41]). Therefore, by [18, Theorem
4.1], G is residually torsion-free solvable if the same is true for all the Gi.

To establish (1), given a normal subgroup U of G, if we set Uj := Gj ∩ U , then
G/U is a quotient of (G1/U1) ∗ · · · ∗ (GN/UN ). If the index of U in G is a power of
p, the same is true for the index of Uj in Gj for j = 1, . . . , N . Be definition of the
class F , we find that Vj ≤ Uj normal in Gj such that Gj/Vj is torsion-free nilpotent
and hence torsion-free solvable. By Lemma 5.24 applied to the solvable (since it is
a finite p-group) quotient G/U of (G1/V1) ∗ · · · ∗ (GN/VN ) we find a factorization
(G1/V1) ∗ · · · ∗ (GN/VN ) → Q1 → G/U where Q1 is torsion-free solvable. It follows
from Lemma 4.55 that G has enough solvable-by-finite torsion-free quotients. �
5.26. Proposition. Let G1, . . . , GN be groups which belong to F∞. Assume that Q
has a finite classifying space, is cohomologically complete, is residually torsion-free
solvable-by-finite and has enough solvable-by-finite torsion-free quotients. Define

G := G1 �
(
G2 � (· · · (GN � Q))

)
,

and assume that in each semidirect product the quotient acts unipotently on the
first homology of the kernel. Then G has a finite classifying space, is residually
torsion-free solvable-by-finite, has enough torsion-free solvable-by-finite quotients,
and is cohomologically complete. If there is an exact sequence

1 → G → H → A → 1

with A elementary amenable and lcm(H) < ∞, then QH fulfills the strong Atiyah
conjecture.
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Proof. By an iterative application of Lemma 4.30, G has a finite classifying space,
and by Lemma 5.3 and Lemma 5.1, G has enough solvable-by-finite torsion-free quo-
tients and is residually torsion-free solvable-by-finite (observe that having enough
torsion-free solvable-by-finite quotients implies the factorization property for the
lower central series quotients as required in Lemma 5.1 (2) because of Lemma 4.54).
Theorem 4.15 implies that G is cohomologically complete. The last assertion follows
from Corollary 4.62 and Corollary 3.3. �
5.27. Example. In Proposition 5.26, Q = Q1 ∗ · · · ∗ Qm can be a free product of
finitely many groups Qi ∈ F∞. By Proposition 5.25, Q has enough solvable torsion-
free quotients and is residually torsion-free solvable, and by Proposition 4.25 Q is
cohomologically complete. Its classifying space is the one-point union of the BQi,
i = 1, . . . , m, and therefore is finite.

In the next subsections we describe certain interesting classes of groups which
belong to F or even to F∞.

5.3. One-relator groups.

5.28. Definition. A one-relator group G is called primitive if it is finitely generated
and if it has a presentation G = 〈x1, . . . , xd | r〉 such that the element r in the free
group F generated by x1, . . . , xd is contained in γn(F ) but not in γn+1(F ) and the
image of r in γn(F )/γn+1(F ) is not a proper power.

We adopt the convention that finitely generated free groups are primitive one-
relator groups.

5.29. Example. The following finitely generated one-relator groups are primitive:
• one-relator groups where the least common multiple of the exponent-sums

for the different generators in the relator is one,
• fundamental groups of compact orientable two-dimensional surfaces (with

or without boundary).

5.30. Proposition. Let G be a primitive one-relator group. Then G belongs to F .

Proof. By [31, Exemple (2), p. 144] such a group is cohomologically complete. The
main theorem of [32] says in particular that G/γn(G) is torsion-free for each n ∈ N.
The fact that G is primitive implies that the relator r is not a proper power. By
[40] G has cohomological dimension 2, more precisely, the presentation complex of
〈x1, . . . , xd | r〉 with d 1-cells and one 2-cell is a model for BG, i.e. BG is finite. �
5.31. Remark. In light of Theorem 5.22 and Proposition 5.30 it is of course impor-
tant to know which one-relator groups satisfy the Atiyah conjecture. Examples for
this are residually torsion-free solvable one-relator groups. Unfortunately, we don’t
know whether all one-relator groups, or at least all torsion-free one-relator groups,
satisfy the Atiyah conjecture.

5.4. Link groups.

5.32. Definition. We denote the fundamental group G of the complement M of
a tubular neighborhood ν(L) of a tame link L with d components in S3 as a link
group with d components. We define the linking diagram to be the edge-labeled
graph whose vertices are the components of the link, and such that any pair of
vertices is joined by exactly one edge. Each edge is labeled with the linking number
of the two link components involved.
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We say the link group G is primitive if for each prime number p there is a
spanning subtree of the linking diagram such that none of the labels of the edges
of this subtree is congruent to 0 modulo p.

Observe that in particular every knot group (i.e. a link group with only one
component) is primitive.

5.33. Definition. A compact orientable 3-manifold (possibly with boundary) is
called irreducible if every embedded two-sphere bounds an embedded three-disc. It
is called Haken if it is irreducible and if there is a properly embedded two-sided
surface different from a two-sphere such that the induced map of fundamental
groups is injective.

5.34. Proposition. Assume that G is a primitive link group with d components.
Then G has a finite classifying space and G/γn(G) is torsion-free for each n ∈ N.
Moreover, G ∈ F .

Proof. Let M ⊂ S3 be the link-complement such that G = π1(M). Then M is
an orientable manifold with non-empty boundary, and each boundary component
is a torus. Moreover, primitivity in particular implies that the link is non-split,
i.e. if we have a two-sphere embedded into the complement of the link in S3, then
by Alexander’s theorem the link will intersect only one of the two discs into which
this two-sphere splits S3 (otherwise the linking graph would contain two non-empty
parts, connected only by edges labeled with zero). This also shows that each two-
sphere embedded into the complement of the link bounds a three-disc embedded
into the complement (the one of the above three-discs which does not intersect the
link). By definition, this means that M is irreducible.

Since the boundary of M contains a surface which is not a two-disc, M is a
Haken manifold by [20, Lemmas 6.6 and 6.7]. By [26, Remark III.19] the finite
CW-complex M is the classifying space of G (this is also directly a consequence of
[42, Theorem 27.1]). By [33, Theorems 2 and 1] G/γn(G) is torsion-free for each
n ∈ N.

In [30] we show that G is cohomologically p-complete for every prime number p.
This finishes the proof. �

The following proposition is a special case of Proposition 5.34. We single it out
here because we can give an independent and more elementary proof of the key
property, namely cohomological completeness.

5.35. Proposition. Let G be a knot group, i.e. the fundamental group of the comple-
ment of a tame knot in S3, or let G be a primitive link group with two components.
Then G ∈ F .

Proof. Above, we have given a proof of the fact that G has a finite classifying space,
namely the knot or link complement S3 − ν(L). Let d ∈ {1, 2} be the number of
components of L.

Let h : G → Gab = H1(G, Z) be the projection of G onto its abelianization.
We claim that Gab is isomorphic to Zd and that h induces an isomorphism in

homology and cohomology (with integral coefficients). The assertion then follows
from Proposition 5.37 and Example 5.39.

It remains to prove the claim.
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A classical computation in knot theory, using Alexander duality, shows that
Hn(G, Z) and Hn(G, Z) are free abelian for each n, and

rank Hn(G, Z) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

1, if n = 0,

d, if n = 1,

d − 1, if n = 2,

0, if n > 2.

Hence for trivial reasons (since Gab is free abelian) Hn(h) is an isomorphism
except possibly for n = 2 and d = 2. In this case Gab = Z2 and the generator of
H2(Z2, Z) is the cup product of the two generators of H1(Z2, Z). Alexander duality
and the definition of the linking number implies that the cup product of the two
generators of H1(G, Z) is the linking number times the generator of H2(G, Z). By
assumption, this linking number is ±1, so that G → Gab also induces an isomor-
phism on H2. Using the universal coefficient theorem to see that Hn(h) is also an
isomorphism for all n, this concludes the proof. �

5.36. Corollary. Let H be either a primitive one-relator group (compare Remark
5.31) or a primitive link group, and assume that H is residually torsion-free solvable.

If there is an exact sequence 1 → H → G → A → 1 with A elementary amenable
and lcm(G) < ∞, then the strong Atiyah conjecture is true for QG.

Proof. By Proposition 5.30 or by Proposition 5.34, H ∈ F . It therefore follows in
both cases by Corollary 3.3 that QH satisfies the strong Atiyah conjecture. �

5.5. Homology-invariance.

5.37. Proposition. Assume that G ∈ F , and that H1, H2 are groups with finite
classifying spaces and f1 : H1 → G, f2 : G → H2 are group homomorphisms which
induce isomorphisms on homology with integral coefficients. Then H1 and H2 both
belong to F , and f1 as well as f2 induce an isomorphism between the pro-p com-
pletions (for every prime number p).

Proof. By [51, Theorem 3.4], f1 or f2 induce isomorphisms between the lower cen-
tral series quotients G/γn(G) and H1/γn(H1) or H2/γn(H2), respectively, for every
n ∈ N. This implies that the maps induce isomorphisms between the inverse sys-
tems of nilpotent quotients of G, H1 and H2. Hence, by Lemma 4.55, since G has
enough torsion-free nilpotent quotients, the same is true for H1 and for H2.

Moreover, in particular the finite p-group quotients of G, H1 and H2 coincide
(since they are nilpotent). This means we get the following commuting diagram:

H1
f1−−−−→ G

f2−−−−→ H2⏐⏐� ⏐⏐� ⏐⏐�
Ĥp

1

f̂p
1−−−−→ Ĝp f̂p

2−−−−→ Ĥp
2
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and f̂p
1 as well as f̂p

2 are isomorphisms. Taking cohomology with Z/p-coefficients,
we obtain

Hk(H1, Z/p)
Hk(f1)←−−−−− Hk(G, Z/p)

Hk(f2)←−−−−− Hk(H2, Z/p)

α1

�⏐⏐ β

�⏐⏐ α2

�⏐⏐
Hk(Ĥp

1 , Z/p)
Hk(f̂p

1 )←−−−−− Hk(Ĝp, Z/p)
Hk(f̂p

2 )←−−−−− Hk(Ĥp
2 , Z/p)

where now not only Hk(f̂p
1 ) and Hk(f̂p

2 ), but by assumption, using the universal
coefficient theorem for cohomology, also β, Hk(f1) and Hk(f2) are isomorphisms.
It follows that α1 and α2 are isomorphisms, too. This implies that H1 and H2 are
cohomologically complete and concludes the proof. �

5.38. Definition. A discrete group G is called acyclic if Hk(G, Z) = 0 for k > 0.

5.39. Example. It is well known that finitely generated free abelian groups belong
to F . Cohomological completeness, which is the only non-obvious point, follows
from Proposition 5.20.

Let G be a group with finite classifying space and such that H1(G, Z) is free
abelian. Assume that the projection G → G/[G, G] = H1(G, Z) is a homology
isomorphism, i.e. Hk(G, Z) → Hk(G/[G, G], Z) is an isomorphism for every k ∈ N0.
It follows from Proposition 5.37 that G ∈ F . Observe that this follows in particular
if G is acyclic or if H∗(G, Z) ∼= H∗(Z, Z) (as abstract abelian groups).

We will see in Proposition 5.35 that knot groups and certain link groups provide
examples where the projection to the abelianization is a homology isomorphism.

Acyclic groups with finite classifying space are not hard to come by. They play
an important role in asphericalization processes: given any finite simplicial complex
X, we can use any acyclic group with finite classifying space as a building block
to construct a new finite simplicial complex BLX which has the same cohomology
as X and is aspherical (i.e. which is the classifying space of its fundamental group
LX : = π1(BLX)). For all this, compare [3].

Fix an acyclic group which has a finite classifying space. Following [3, Section 9],
this gives rise to an asphericalization procedure, a functor BL from finite simplicial
complexes to aspherical finite simplicial complexes (more precisely, to X we assign
a map BLX → X which induces a surjection on π1 and an isomorphism in integral
homology).

If we take any acyclic finite simplicial complex X and apply the asphericalization
construction, then we obtain a new acyclic group LX = π1(BLX).

As a preparation to get non-acyclic examples, let X and Y be two spaces whose
integral cohomology ring in both cases is isomorphic to the cohomology ring of
Zn, i.e. is a symmetric algebra over Z on n generators which belong to H1. Let
f : Y → X be a map which induces an isomorphism H1(f) : H1(X, Z) → H1(Y, Z).
Then f is a homology isomorphism, because an algebra map like H∗(f) which is a
bijection between the generators of two symmetric algebras is an isomorphism, and
then we can apply the universal coefficient theorem.

Assume next that we apply the asphericalization procedure described above to
a finite simplicial complex X whose integral cohomology ring is isomorphic to the
cohomology ring of the free abelian group Zn. We get a homology isomorphism
BLX → X, in particular H1(BLX, Z) = Zn and H∗(BLX, Z) is the cohomology
ring of Zn. The projection π : LX → H1(LX, Z) = LX/[LX, LX] = Zn induces by
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duality an isomorphism on the first cohomology with integral coefficients. There-
fore, it is a homology isomorphism. By Proposition 5.37, LX belongs to F .

Note that the conditions on the cohomology ring structure are trivially fulfilled
if H∗(X, Z) ∼= H∗(Z, Z) (as abelian groups).

5.6. Braid groups.

5.40. Theorem. Assume that H is the fundamental group of a (complement of a)
fiber-type arrangement. Then, H belongs to F∞. In particular, this is the case
for Artin’s classical pure braid groups and, more generally, for the generalized pure
braid groups associated to the Coxeter groups Al, Cl, G2 and I2(p) [14, Theorem
3.1].

Proof. Falk and Randell construct [13, Proposition 2.5] G as an iterated semidirect
product with trivial action on H1 of the kernel, starting with a finitely generated
free group. By Example 5.19 and Proposition 5.20, G ∈ F∞ (it is already proved
in [14, Theorem 2.6] that G is residually torsion-free nilpotent). �

5.41. Corollary. Assume that H is one of the groups of Theorem 5.40 e.g. a classi-
cal Artin pure braid group Pn. Then every finite extension G of H fulfills the strong
Atiyah conjecture over Q. Moreover, if such an extension is torsion-free, then it is
residually (torsion-free virtually nilpotent), i.e. it has plenty of non-trivial torsion-
free quotients.

This applies in particular to Artin’s classical full braid groups Bn (as well as the
full braid groups associated to Cn, G2 and I2(p)).

Specifically, for each classical braid group Bn (n ∈ N arbitrary) the quotients
Bn/γN (Pn) are torsion-free for all N ≥ N(n) sufficiently large, and the intersection
of the γN (Pn) is trivial. This also implies that the commutator subgroup B′

n has
non-trivial torsion-free quotients.

In view of Example 5.23, the additional statements about localization and crossed
products in Theorem 5.22 apply. In particular, if we have an exact sequence 1 →
H → G → A → 1 where A is elementary amenable, and lcm(G) < ∞, then the
strong Atiyah conjecture is true for QG. If G is torsion-free and k ∗G is a crossed
product with a skew field k, then k ∗ G embeds into a skew field.

Proof. By Theorem 5.40, this follows from Theorem 5.22. �

5.42. Remark. It was a question of Lin [34, 0.9 e,f, Remark 7.3] whether the braid
groups Bn have non-trivial non-abelian torsion-free quotients (actually, he conjec-
tures this not to be the case for n > 4). This question is also popularized as question
B6 on the group theory server http://www.grouptheory.info. The question is an-
swered with yes for n ≤ 6 in [24] with an explicit torsion-free quotient. Humphries’
computations are rather involved. In the course of them he makes use of computer
algebra programs. He has explicit candidates for torsion-free quotients of Bn for
all n. Humphries proves that the kernel Kn of his projection contains γn(Pn) and,
for n ≤ 6, is contained in Pn. Explicit calculations of the ranks of the nilpotent
abelian quotients of Pn/Kn show that in general Kn �= γk(Pn) for any k ∈ N.

As a by-product of our approach, we get a torsion-free quotient as asked for
by Lin for each Bn (the only drawback is that we only give an existence proof,
but without further work we can’t specify the integers N for which Gn/γN (Pn) is
torsion-free).
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