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Introduction

In [FM] Fontaine and Mazur made a remarkable conjecture, predicting that
global p-adic Galois representations which are potentially semi-stable at primes di-
viding p and unramified outside finitely many places ought to come from algebraic
geometry. For 2-dimensional representations of Gal(Q̄/Q), the conjecture asserts
that potentially semi-stable representations with odd determinant come from mod-
ular forms. The purpose of this paper is to prove that this is so in many cases.
Our methods reveal an intimate connection between modularity lifting theorems,
the Breuil-Mézard conjecture, and Breuil’s p-adic local Langlands correspondence.

To state our main theorem, let p > 2, S a set of primes containing {p,∞},
GQ,S the Galois group of the maximal extension of Q unramified outside S, and
GQp

⊂ GQ,S a decomposition group at p. We prove the following
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Theorem. Let O be the ring of integers in a finite extension of Qp, having residue
field F, and let

ρ : GQ,S → GL2(O)

be a continuous representation. Suppose that
(1) ρ|GQp

is potentially semi-stable with distinct Hodge-Tate weights.
(2) ρ becomes semi-stable over an abelian extension of Qp.

(3) ρ̄ : GQ,S
ρ→ GL2(O) → GL2(F) is odd, and ρ̄|Q(ζp) is absolutely irreducible.

(4) ρ̄|GQp
�

( ωχ ∗
0 χ

)
for any character χ : GFv

→ F×, where ω denotes the
mod p cyclotomic character

Then (up to a twist) ρ is modular.

The condition (2) in the theorem can be removed, assuming a compatibility be-
tween the p-adic and classical local Langlands correspondences, which describes the
locally algebraic vectors in the p-adic unitary representation of GL2(Qp) attached
to a de Rham representation.1 (The precise statement is given in §1.2). Assuming
(2), this is a result of Colmez and Berger-Breuil [Co 3], [Co 1], [BB 1]. What we
prove here is the theorem assuming (1), (3), (4) and this compatibility.

The restriction that p > 2 is also likely to be unnecessary, at least in many
cases (for example ρ̄|GQp

irreducible) since the p-adic Langlands correspondence is
available in this situation, unlike the usual difficulties encountered in integral p-adic
Hodge theory when p = 2.

In fact we prove the theorem in somewhat greater generality, where Q is replaced
by any totally real field in which p splits completely. Let us also remind the reader
that thanks to the results of Khare-Wintenberger [KW 1], [KW 2] and [Ki 5] on
Serre’s conjecture, the hypothesis that ρ̄ is odd implies that it is modular.

One consequence of the theorem is a conjecture made in [Ki 4, 11.8], which gives
a construction of the eigencurve of Coleman-Mazur in purely Galois theoretic terms.
This was our original motivation for thinking about modularity lifting theorems.
One way to formulate this is the following

Corollary. Let ρ̄ be as in the Theorem, and denote by R(ρ̄) its universal deforma-
tion ring and by Z = (SpecR(ρ̄)[1/p])an the associated analytic space.

Then the ρ̄-part of the eigencurve is the Zariski-analytic closure of the set of
points (x, λ) ∈ Z × Gm such that x corresponds to a representation Vx of GQ,S

which is potentially semi-stable with Hodge-Tate weights 0, k − 1 with k ≥ 2, and
Dcris(Vx)ϕ=λ �= 0.

We now explain how the Breuil-Mézard conjecture and the p-adic local Langlands
correspondence enter the proof of the theorem. The first fundamental breakthrough
in the direction of the Fontaine-Mazur conjecture was made by Wiles and Taylor-
Wiles [Wi], [TW] a little over 10 years ago. They showed how one could deduce
the modularity of certain p-adic Galois representations, assuming the mod p re-
duction was modular. Subsequently a number of authors established modularity
lifting theorems for (2-dimensional) potentially Barsotti-Tate representations and
more generally representations of small Hodge-Tate weights [Di 2], [CDT], [BCDT],

1As this paper went to press, a revised version of [Co 2], which asserts exactly such a com-
patibility, became available. At present the proof relies on forthcoming work of Emerton on the
local-global compatibilty of the p-adic local Landlands correspondence.
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[DFG], [Ta 2]. There was also work of Skinner-Wiles establishing the conjecture
for ordinary representations [SW 1], [SW 2].

One of the themes in these papers is that in order to prove a modularity lifting
theorem, one needs to show a certain local deformation ring is formally smooth
(i.e. a power series ring). In [BCDT] the authors considered potentially Barsotti-
Tate representations, and they made a conjecture predicting when one could expect
this formal smoothness. This conjecture was later generalized by Breuil-Mézard
[BM] who predicted that µGal, the Hilbert-Samuel multiplicity of the mod p re-
duction of the local deformation ring, should be given by a certain invariant µAut

which could be computed representation theoretically.
In [Ki 2] we showed how to modify the Taylor-Wiles argument, so that it applied

when the local deformation was not formally smooth. This was used to establish a
fairly general modularity lifting theorem for potentially Barsotti-Tate Galois repre-
sentations. However, another consequence of this modification was that one could
use a global argument to show that µGal ≥ µAut and that establishing a modularity
lifting theorem was essentially equivalent to proving the reverse equality. This is
explained in §2 of this paper.

The tool which enables us to prove the reverse inequality is the p-adic local
Langlands correspondence, whose study was initiated by Breuil [Br 1], [Br 2] and
developed by Colmez and Breuil-Berger [Co 1], [BB 1], [BB 2]. A key insight,
due to Colmez, is that one can construct instances of this correspondence using
Fontaine’s theory of ϕ, Γ-modules. The papers just cited show how to construct
unitary GL2(Qp)-representations starting with a local Galois representation which
Colmez terms trianguline. For de Rham representations, this means that the rep-
resentation becomes semi-stable over an abelian extension of Qp. In September
2005, at the Montreal conference on p-adic representations, Colmez explained a
quite general construction which associated a local Galois representation to a p-
adic unitary GL2(Qp)-representation satisfying a mild restriction. This association
works integrally, and using it, we show that the local deformation rings we wish to
study act faithfully on certain GL2(Qp)-representations. This leads to the required
inequality.

We first announced these results at the Montreal conference for ρ which become
crystalline over an abelian extension in Qp and for ρ̄ absolutely irreducible at p. The
previous day Colmez had outlined his theory, attaching local Galois representations
to certain GL2(Qp)-representations. The arguments we had in mind at that time for
proving the inequality µGal � µAut immediately suggested that one should formu-
late Colmez’s correspondence on the level of deformation rings for representations
of GQp

and GL2(Qp) :
Θ : RGQp

→ RGL2(Qp).

(These arguments appear in §§1.5, 1.6 where we consider certain deformations of
GL2(Qp)-representations). The advantage of this was that, thanks to the previous
work of Colmez and Berger-Breuil, one knew that the image of Spec Θ contained
all trianguline points. A local analogue of an argument of Gouvêa-Mazur [GM] and
Böckle [Bö], using the results of [Ki 4], then showed that these points were Zariski
dense in SpecRGQp

[1/p]. This showed that Θ was injective, and its surjectivity
was reduced to a calculation involving a map of Ext groups. Colmez has been
able to carry out this calculation [Co 2], and the deformation theoretic argument
is explained in [Ki 6] (under some mild restrictions).
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This allowed the association of a unitary GL2(Qp) representation to each GQp
-

representation; however this was not yet useful since one could not say much about
the locally algebraic vectors in the GL2(Qp) representation attached to a de Rham
representation of GQp

. On the other hand just the existence of Colmez’s functor
made possible the application of our method to cases where ρ̄ was reducible at p
and greatly simplified the arguments.

Finally, let us mention that using Colmez’s correspondence, and especially the
isomorphism Θ, Emerton has found an alternative approach to the Fontaine-Mazur
conjecture (at least in many cases). His method has as a consequence a stronger
version of the conjecture made in [Ki 4, 11.8], which we only dared raise as a
question [Ki 4, 11.7(2)], namely that a 2-dimensional representation of GQ,S which
is trianguline at p arises (up to twist) from an overconvergent modular eigenform.
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1. Breuil-Mézard conjecture and the p-adic local Langlands

(1.0) Notation. Throughout p will denote an odd prime. We denote by Q̄p

an algebraic closure of Qp and we write GQp
= Gal(Q̄p/Qp) and IQp

⊂ GQp
for

the inertia subgroup. We will write χcyc : GQp
→ Z×

p for the cyclotomic charac-
ter. We will use class field theory normalized so that the global class field theory
isomorphism takes uniformizers to geometric Frobenii.

We denote by Z̄p the ring of integers of Q̄p and by F̄p the residue field of Z̄p.
Let Qab

p ⊂ Q̄p denote the maximal abelian extension of Qp. Local class field theory
gives an inclusion Q×

p ⊂ Gal(Qab
p /Qp). This allows us to consider characters of GQp

as characters of Q×
p . With our conventions χcyc|Z×

p
is the identity map.

We will denote by F a finite extension of Fp. We also fix a finite, totally ramified
extension E/W (F)[1/p] with ring of integers O, a uniformizer π ∈ O, and a contin-
uous character ψ : GQp

→ O×. For E′/E a finite extension we will denote by OE′

the ring of integers of E′ and by πE′ a uniformizer of E′.

(1.1) The Breuil-Mézard conjecture. Let V be a finite dimensional E-vector
of dimension d, equipped with a continuous action of GQp

.
Suppose that V is potentially semi-stable in the sense of Fontaine [Fo]. Attached

(covariantly) to V is a d-dimensional Q̄p-representation of the Weil-Deligne group
WDQp

of Qp. Given a representation τ : IQp
→ GLd(Q̄p) with open kernel, we

say that V is of type τ if the restriction to IQp
of the associated Weil-Deligne

group representation is equivalent to τ. This is possible only if τ extends to a
representation of the Weil group of Qp. Such τ are said to be of Galois type. We
will assume in the following that E has been chosen large enough that τ is defined
over E.

Now suppose that d = 2 and that τ is of Galois type, and fix an integer k ≥ 2.
We will say that V is of type (k, τ, ψ) if V is potentially semi-stable of type τ
with Hodge-Tate weights 0, k − 1 and determinant ψχcyc. This is possible only if
ψχ2−k

cyc |IQp
∼ det τ, and we will assume this condition from now on.



THE FONTAINE-MAZUR CONJECTURE FOR GL2 645

Fix a continuous representation

ρ̄ : GQp
→ GL2(F).

When End F[GK ]ρ̄ = F, the representation ρ̄ admits a universal deformation to an O-
algebra R(ρ̄). In [BM] Breuil-Mézard conjectured (for k < p) that the deformations
of ρ̄ to characteristic 0 which are of type (k, τ, ψ) are parameterized by a quotient
Rψ(k, τ, ρ̄) of R(ρ̄). Moreover, they gave a conjectural formula for the Hilbert-
Samuel multiplicity of Rψ(k, τ, ρ̄)/pRψ(k, τ, ρ̄) in terms of certain representation
theoretic data attached to the triple (k, τ, ρ̄).

We will recall this conjecture below. In fact we will define the corresponding
invariant in all cases, not just those when ρ̄ has trivial endomorphisms. Before
giving this definition, we recall a result from [Ki 1], which establishes the existence
and basic properties of the ring Rψ(k, τ, ρ̄).

Let VF denote the underlying F-vector space of ρ̄. Recall that the universal framed
deformation O-algebra R�(ρ̄) of ρ̄ is the O-algebra representing the functor which
to a local Artinian O-algebra A with residue field F attaches the set of isomorphism
classes of a deformation VA of ρ̄ to A, together with a lifting to VA of some fixed
choice of basis for VF.

Proposition (1.1.1). There exists a unique (possibly trivial) quotient R�,ψ(k, τ, ρ̄)
of R�(ρ̄) with the following properties.

(1) R�,ψ(k, τ, ρ̄) is p-torsion free, R�,ψ(k, τ, ρ̄)[1/p] is reduced and all its irre-
ducible components are smooth and 4-dimensional.

(2) If E′/E is a finite extension, then a map x : R�(ρ̄) → E′ factors through
R�,ψ(k, τ, ρ̄) if and only if the corresponding E′-representation Vx is of type
(k, τ, ψ).

If ρ̄ has only scalar endomorphisms, then there exists a quotient Rψ(k, τ, ρ̄) of R(ρ̄)
with analogous properties, except that the dimension in (1) is 1 rather than 4.

(1.1.2) Except for the claim about smoothness of the irreducible components,
this is a consequence of [Ki 1, 3.3.8]. In fact we will not use the smoothness in this
paper; however we give a proof of it in an appendix, which also includes a minor
erratum for [Ki 1].

We continue to assume that τ : IQp
→ GL2(E) is of Galois type, as above. In the

appendix to [BM] Henniart shows that there is a unique finite dimensional, irre-
ducible Q̄p-representation σ(τ ) of GL2(Zp), with open kernel, such that if τ̃ is any
Frobenius semi-simple, continuous representation of WDQp

, and π(τ̃) is the smooth
representation of GL2(Qp) associated to τ̃ by the local Langlands correspondence,
then π(τ̃)|GL2(Zp) contains σ(τ ) if and only if τ̃ |IQp

∼ τ. Here the local Langlands
correspondence is normalized so that π(τ̃) has central character τ̃ |

Q
×
p
, using the

convention of (1.0).
We may assume that σ(τ ) is defined over E (increasing E if necessary). Fol-

lowing [BM], we set σ(k, τ) = σ(τ ) ⊗E Symk−2E2. This is a finite dimensional
representation of the compact group GL2(Zp), and hence it contains a GL2(Zp)-
stable O-lattice Lk,τ .

Now any irreducible, finite dimensional representation of GL2(Zp) on an F-vector
space is isomorphic to σn,m = SymnF ⊗ detm where n ∈ {0, 1, . . . , p − 1} and
m ∈ {0, 1, . . . , p − 2}. (Note that such a representation necessarily factors through
GL2(Fp), since the normal subgroup ker(GL2(Zp) → GL2(Fp)) is a pro-p group and
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hence has a fixed vector.) Then we have

(Lk,τ ⊗O F)ss ∼−→
⊕
n,m

σa(n,m)
n,m

where n and m run over the same ranges explained above.
We set

µAut = µAut(k, τ, ρ̄) =
∑
n,m

a(n, m)µn,m(ρ̄)

where µn,m(ρ̄) is a non-negative integer which will be defined below.
The following conjecture generalizes the Breuil-Mézard conjecture to the case

when ρ̄ has non-trivial endomorphisms. It is the crux of our approach to the
Fontaine-Mazur conjecture, explained in the introduction, and we will prove many
cases of it.

Conjecture (1.1.3). The Hilbert-Samuel multiplicity of R�,ψ(k, τ, ρ̄)/(π) is equal
to µAut.

(1.1.4) We have deliberately stated Conjecture (1.1.3) before specifying the
values µn,m(ρ̄). Note that even without specifying these values the equality asserted
by Conjecture (1.1.3) amounts to an infinite set of equations (corresponding to the
infinitely many possibilities for k and τ ) in the finitely many unknowns µn,m(ρ̄).
That these equations determine the µn,m(ρ̄) becomes transparent, if we allow a
slight variant of the conjecture.

To explain this, we remark that the results of [Ki 1] show that there is a quotient
R�,ψ

cr (k, τ, ρ̄) of R�(ρ̄) which satisfies Proposition (1.1.1)(1) and such that a map
x as in Proposition (1.1.1)(2) factors through R�,ψ

cr (k, τ, ρ̄) if and only if Vx is
potentially crystalline and of type (k, τ, ψ). This ring differs from R�,ψ(k, τ, ψ)
only if τ is scalar.

Correspondingly, we denote by σcr(τ ) the unique smooth, irreducible represen-
tation of GL2(Zp) such that (using the notation of (1.1.2)) for any τ̃ , π(τ̃)|GL2(Zp)

contains σcr(τ ) if and only if τ̃ |IQp
∼ τ and N = 0 on τ̃ . The existence of σcr(τ )

again follows from Henniart’s results. Concretely, σcr(τ ) = σ(τ ) except when τ is
scalar. If τ ∼ χ ⊕ χ for some character χ, then σ(τ ) ⊗ χ−1 ◦ det is the GL2(Zp)-
representation consisting of E-valued functions on P1(Fp) with average value 0,
while σcr(τ ) ∼ χ ◦ det .

We now set σcr(k, τ) = σcr(τ ) ⊗E Symk−2E2. Choosing a GL2(Zp)-stable O-
lattice Lcr

k,τ in σcr(k, τ) and taking the reduction modulo π, we obtain

(Lcr
k,τ ⊗O F)ss ∼−→

⊕
n,m

σ(n, m)acr(n,m)

for some non-negative integers acr(n, m). Set

µcr
Aut = µcr

Aut(k, τ, ρ̄) =
∑
n,m

acr(n, m)µn,m(ρ̄)

where µn,m(ρ̄) are the same integers as before. We then have the following variant
of the Breuil-Mézard conjecture

Conjecture (1.1.5). The Hilbert-Samuel multiplicity of R�,ψ
cr (k, τ, ρ̄)/(π) is equal

to µcr
Aut.
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(1.1.6) The µn,m(ρ̄) are determined by Conjecture (1.1.5), for if we take τ scalar
and k ∈ [2, p + 1], then Lk,τ/πLk,τ is an irreducible representation of GL2(Fp)
and hence isomorphic to one of the σn,m. Moreover each irreducible representa-
tion occurs in this way. Thus computing the µn,m(ρ̄) amounts to computing the
deformation rings corresponding to crystalline representations of small weight.

We now define the µn,m(ρ̄) explicitly (except in one case).
For i a positive integer, we denote by ωi : IQp

→ F̄×
p the fundamental character

of level i, and we write ω = ω1. Recall that if Qpi denotes the unramified extension
of Qp, of degree i, and Zpi denotes the ring of integers of Qpi , then ωi is obtained
by composing the maps

IQp

∼−→ IQpi −→ Z×
pi → F̄×

p

where the second map is given by local class field theory normalized as in (1.0). We
extend the map Z×

pi → F̄×
p to Q×

pi , by sending p to 1, and view ωi as a character of
GQpi via the class field theory isomorphism. In particular ω = ω1 is then the mod
p cyclotomic character.

Suppose first that ρ̄ is absolutely irreducible. For (n, m) ∈ {0, 1, . . . , p − 1} ×
{0, 1, . . . , p − 2} we set µn,m(ρ̄) = 1 if

ρ̄|IQp
∼

(
ωn+1

2 0

0 ω
p(n+1)
2

)
⊗ ωm

and µn,m(ρ̄) = 0 otherwise. Note that, in this case, for a given ρ̄, there are exactly
two pairs (n, m) such that µn,m(ρ̄) �= 0.

Suppose now that ρ̄ is reducible. For λ ∈ F̄×
p , we denote by µλ : GQp

→ F̄×
p

the unramified character sending the geometric Frobenius to λ. We set µn,m(ρ̄) = 0
unless

ρ̄ ∼
(

ωn+1µλ ∗
0 µλ′

)
⊗ ωm

for λ, λ′ ∈ F̄×
p , in which case we set µn,m(ρ̄) = 1 except in the following cases:

(1) If n = p − 1, λ = λ′, and ∗ is peu ramifié (including the case ∗ trivial),
µn,m(ρ̄) = 2.

(2) If n = 0, λ = λ′, and ∗ is très ramifié, µn,m(ρ̄) = 0.
(3) If n = p − 2 and ρ̄ is semi-simple, then µp−2,m(ρ̄) = 2 if λ �= λ′, while

if λ = λ′, then we do not specify µp−2,m(ρ̄) explicitly, but define it to be
the Hilbert-Samuel multiplicity obtained by taking τ trivial and k = p in
Conjecture (1.1.5).

It seems quite possible that one could compute the integer µp−2,m(ρ̄) explicitly
when λ = λ′ in (3). Global considerations suggest that it is equal to 2 in this case
also.

(1.2) Review of Colmez’s functor. We review some results of Colmez which
allow one to attach a Galois representations to certain representations of GL2(Qp).
We begin by recalling the definition of some mod p representations of GL2(Qp)
studied by Barthel-Livne and Breuil.

(1.2.1) Write G = GL2(Qp), K = GL2(Zp) and denote by Z the center of
GL2(Qp). If σ is any representation of KZ on a finite dimensional F-vector space
Vσ, then we denote by I(σ) = IndG

KZσ the compact induction of σ.
Recall [BL, Prop. 5] that I(σ) has a natural action by the algebra of KZ-bi-

invariant functions ϕ : G → End FVσ, that is, the functions ϕ satisfying ϕ(h1gh2) =
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σ(h1)ϕ(g1)σ(h2) for all g ∈ G and h1, h2 ∈ KZ. Explicitly, if f ∈ I(σ), then this
action is given by

ϕ(f)(g) =
∑

KZy∈KZ\G

ϕ(gy−1)f(y) =
∑

yKZ∈G/KZ

ϕ(y)f(y−1g).

Next we regard F2 as a representation of KZ with GL2(Zp) acting in the natu-
ral way via the map GL2(Zp) → GL2(Fp) and the element p ∈ Z acting trivially.
Let r ∈ [0, p − 1] be a non-negative integer, and set σ = SymrF2. Denote by T
the endomorphism of I(σ) corresponding to the KZ-bi-invariant function which is
supported on the double coset KZ

[
1 0
0 p−1

]
KZ and which takes

[
1 0
0 p−1

]
to the en-

domorphism Symr [ 0 0
0 1 ] . According to [BL, Prop. 8], F[T ] is the full endomorphism

algebra of I(σ).
Let χ : Q×

p → F× be a character, and let λ ∈ F. For x ∈ F we denote by
µx : Q×

p → F× the unramified character sending p ∈ Q×
p to x.

We set π(r, λ, χ) = I(σ)/(T − λ)I(σ)⊗ χ ◦ det . The structure of these represen-
tations is given by the following result [BL, Thm. 30, Cor. 36], [Br 1, 1, Thm. 1.1,
1.3], where Sp denotes the space of F-valued, locally constant functions on P1(Qp),
modulo the space of constant functions.

Proposition (1.2.2). (1) π(r, λ, χ) is irreducible unless (r, λ) ∈ {(0,±1), (p −
1,±1)}.

(2) If (r, λ) = (0,±1), then π(r, λ, χ) is a non-trivial extension of χµ±1 ◦ det
by χµ±1 ◦ det⊗Sp .

(3) If (r, λ) = (p − 1,±1), then π(p − 1, λ, χ) is a non-trivial extension of
χµ±1 ◦ det⊗Sp by χµ±1 ◦ det .

(4) If (r, λ, χ) and (r′, λ′, χ′) are two such triples, then there exists an isomor-
phism

π(r, λ, χ) ∼−→ π(r′, λ′, χ′)

exactly in the following cases:

(i) r = r′, and {χ′, λ′} is {χ, λ} or {χµ−1,−λ}.
(ii) λ = 0, r′ = p − 1 − r and χ′ ∈ {χωr, χωrµ−1}.
(iii) {r, r′} = {0, p − 1}, λ �= ±1, and {χ′, λ′} is {χ, λ} or {χµ−1,−λ}.

(1.2.3) Let Π be a representation of GL2(Qp) on a W (F)-module. If Π has finite
length, we say that Π is admissible if each of its Jordan-Hölder factors has a central
character.

If Π has finite length, then it is a Wn(F)-module for some n ≥ 1, and the
admissibility condition implies that there is a finite extension F′/F such that the
Jordan-Hölder factors of Π ⊗Wn(F) Wn(F′) are either 1-dimensional or an infinite
dimensional subquotient of some π(r, λ, χ) [Br 1, 1,1.2].

Suppose that Π is a representation of GL2(Qp) on an O-module. We will say
that Π has a central character if there is a continuous character ψ : Q×

p → O× such
that each a ∈ Q×

p ⊂ GL2(Qp) acts on Π by multiplication by ψ(a).
We have the following result of Colmez [Co 2].2

2All references to [Co 2] in this paper are to the earlier (much shorter) version of [Co 2] available
at http://people.math.jussieu.fr/colmez/publications.html.
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Theorem (1.2.4). There exists an exact covariant functor V from the category of
finite length, admissible GL2(Qp)-representations on an O-module Π, having a cen-
tral character, to the category of finite length representations of O[GQp

]. Moreover,
we have

(1) V(Π) = 0 if Π is 1-dimensional.
(2) V(π(r, λ, χ)) = ωr+1µλχ if λ �= 0.

(3) V(π(r, 0, χ)) = Ind
GQp

GQ
p2

ωr+1
2 ⊗ χ.

(1.2.5) Suppose now that Π is a representation of GL2(Qp) on an O-module,
having an (O×-valued) central character, and set Πn = Π ⊗Z Z/pn. Suppose that
Π is p-adically complete and separated, so that Π = lim←−Πn, and that for each n

Πn is of finite length and admissible. We set V(Π) = lim←−V(Πn). Since admissible
representations have finite length, inverse limits in this category are exact, so one
sees that V(Π)/pV(Π) = V(Π1) and in particular that V(Π) is a finitely generated
O-module, since it is p-adically separated. We call such a representation Π an
admissible O-lattice.

We now make the following assumption on our type (k, τ, ψ).3

Hypothesis (1.2.6). Let E′/E be a finite extension and V a 2-dimensional E′-
vector space equipped with a continuous action of GQp

. Suppose that V is of type
(k, τ, ψ).

Then there exists an admissible OE′ -lattice Π with central character ψ such
that V(Π) ⊗Zp

Qp
∼−→ V. Moreover, there exists a GL2(Zp)-equivariant inclusion

σ(k, τ) ↪→ Π ⊗Zp
Qp.

(1.2.7) The existence of Π satisfying V(Π)⊗Qp
∼−→ V is proved in [Ki 6, Thm.

0.1] for any 2-dimensional representation V, except when p = 3 and the mod p

representation attached to V has the form ( 1 ∗
0 ω ) ⊗ χ or Ind

GQp

G
Q2

p

ω2
2 ⊗ χ.

In this paper it is the final property in Hypothesis (1.2.6) which will play the
most important role. This can be proved when τ has an abelian extension to WQp

.
We will say that τ is of abelian type. Note that this is stronger than asking that τ
have abelian image, a condition which always holds when p > 2.

Theorem (1.2.8). Suppose that τ is of abelian type. Then a representation Π as
in Hypothesis (1.2.6) exists.

Proof. Suppose first that V is irreducible. Then the required representation Π
is constructed in [BB 1, §4] and [Co 1, Thm. 0.4]. That this Π satisfies V(Π) ⊗
Qp

∼−→ V follows by comparing [BB 1, Thm. 5.2.7] and [Co 1, Thm. 0.6] with
[Co 2, Prop. 4.26]. Note that the assignment V → Π in [BB 1] is contravariant so
the formulae of [BB 1, Lem. 5.2.4] differ slightly from those of [Co 2, §4.1].

Suppose now that V is reducible. Although this case is much easier than the
irreducible one, we could not (at the time of writing) find it explicitly in the lit-
erature, so we explain how to deduce it from available results. Let B ⊂ GL2(Qp)
denote the Borel subgroup of upper triangular matrices. For continuous charac-
ters χ1, χ2 : B → O×, we denote by χ2 ⊗ χ1 : B → O× the character which

3As remarked in the introduction, the latest version of [Co 2] asserts that this hypothesis is
always satisfied.
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sends
(

a b
0 d

)
to χ2(a)χ1(d). We denote by P̄ (χ1, χ2) the space of continuous func-

tions f : GL2(Qp) → O such that for all b ∈ B, f(bg) = χ2 ⊗ χ1χ
−1
cyc(b)f(g) ex-

cept when χ1χ
−1
2 = χcyc, in which case P̄ (χ1, χ2) is the quotient of this space

by the 1-dimensional subspace of functions which factor through the determi-
nant. By Lemma (1.2.10) below, any such P̄ (χ1, χ2) is an admissible O-lattice
and V(P̄ (χ1, χ2)) = O(χ1).

Suppose now that V is an extension

0 → O(χ1) → V → O(χ2) → 0.

Since we are assuming that V is potentially semi-stable with Hodge-Tate weights
0, k − 1 and k ≥ 2, we may assume that the Hodge-Tate weights of χ1 and χ2 are
k − 1 and 0, respectively. Applying V to any extension

(1.2.9) 0 → P̄ (χ1, χ2) → Π → P̄ (χ2, χ1) → 0

produces an extension of O(χ2) by O(χ1). Moreover if (1.2.9) is a non-trivial ex-
tension, then so is V(Π) by [Co 2, Thm. 5.1]. Hence it suffices to construct a
non-trivial extension as in (1.2.9) when χ1χ

−1
2 �= χcyc and a 2-dimensional space of

such extensions when χ1χ
−1
2 = χcyc. The former has been done by Breuil-Emerton

[BE, Thm. 2.2.2] and the latter by Breuil [Br 3]. �

Lemma (1.2.10). Let χ1, χ2 : B → O× be continuous characters and P the
space of continuous functions f : GL2(Qp) → O such that for all b ∈ B, f(bg) =
χ2 ⊗ χ1χ

−1
cyc(b)f(g). Then P is an admissible O-lattice and V(P ) ∼ O(χ1).

Proof. It is clear that P is p-adically complete and separated. By [BL, Thm. 30],
P/πP has finite length, so Π is admissible. Moreover this reference together with
Theorem (1.2.4) shows that V(P/πP ) is 1-dimensional over F. Hence V(P ) is an
O-module of rank 1.

For any O-module M we denote by M∨ = Hom(M, E/O) its Pontryagin dual.
Denote by J∨(P ) the invariants of P∨ under the unipotent subgroup of B and by
J̃∨(P ) the largest finite length submodule of P∨ stable by

(
Q×

p 0

0 1

)
. Then J̃∨(P )

is well defined by [Co 2, Prop. 4.34], and there is a canonical isomorphism of
Q×

p -representations J̃∨(P )/J∨(P ) ∼−→ V(P )∨(1). In particular J̃∨(P )/J∨(P ) has
corank 1. Now consider the elements δn ∈ P∨ given by sending f ∈ P to the image
of π−nf ( 0 1

1 0 ) in π−nO/O. Then one checks easily that δn ∈ J̃∨(P ) and the δn

generate a submodule of corank 1 on which ( a 0
0 1 ) ∈ B acts by χ−1

1 χcyc(a). Hence
GQp

acts on V(P ) via χ1, as required. �

(1.2.11) Our arguments can also be made to work assuming only a weaker
version of the final statement of Hypothesis (1.2.6). For example, it would be enough
to assume that the locally algebraic vectors in Π ⊗Zp

Qp contain Symk−2 ⊗ π for
some irreducible, smooth representation π of GL2(Zp) whose conductor is bounded
by that of τ.

(1.3) Hilbert-Samuel multiplicities. Suppose that A is a Noetherian local
ring with maximal ideal m and M a finite A-module. There is a polynomial PA

M (X)
such that PA

M (n) is equal to the length of M/mn+1M for sufficiently large integers
n.

If A has dimension d, then PA
M has degree at most d, and the Hilbert-Samuel

multiplicity e(M, A) of M is defined to be d! times the coefficient of Xd in PA
M .
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Suppose now that G is a group and that M is equipped with an action of G. Let α
be a collection of irreducible representations of G on finite dimensional A/m-vector
spaces. Then instead of considering the length of M/mn+1M , one can consider
the number of Jordan-Hölder factors of M/mn+1M as an A[G]-module, which are
isomorphic to an element of α. We denote this number by χA

M,α(n).

Proposition (1.3.1). There is a polynomial PA
M,α of degree at most d such that

χA
M,α(n) = PA

M,α(n) for sufficiently large positive integers n. Moreover the coeffi-
cient of Xd in PA

M,α has the form eα(M, A)/d! where eα(M, A) is a non-negative
integer.

Proof. The proof is identical to the standard result for G trivial [Ma, §13]. Note
that one only has to show that PA

M,α, as above, of some degree exists, since the
bound on the degree follows from the case when G is trivial. �
Proposition (1.3.2). If

0 → M ′ → M → M ′′ → 0

is an exact sequence of A[G]-modules which are finite over A, then we have

eα(M, A) = eα(M ′, A) + eα(M ′′, A).

Proof. The proof with G trivial goes over unchanged [Ma, Thm. 14.6]. �
(1.3.3) We will sometimes apply Proposition (1.3.2) in the following situation:

Suppose that I ′, I and I ′′ are ideals of A such that the quotients A/I ′, A/I and A/I ′′

have the same dimension and M ′, M and M ′′ in Proposition (1.3.2) are modules
over A/I ′, A/I and A/I ′′, respectively. Then we have

eα(M, A/I) = eα(M ′, A′/I ′) + eα(M ′′, A′′/I ′′).

This follows from Proposition (1.3.2) applied with B = A/(I + I ′ + I ′′) in place of
A, since eα(M, A/I) = eα(M, B), as dimA/I = dim B, and similarly for M ′ and
M ′′.

Proposition (1.3.4). Let f : M → M ′ be a map of A-finite A[G]-modules, and
x ∈ A such that M and M ′ have no x-torsion.

(1) If f is an inclusion, then

eα(M/xM, A/xA) � eα(M ′/xM ′, A/xA).

(2) If f is an isomorphism at all the generic points of SpecA, then

eα(M/xM, A/xA) = eα(M ′/xM ′, A/xA).

Proof. Let P = ker(f). If p ∈ SpecA/x ⊂ SpecA is a minimal prime of A/x, then
Pp = 0. This is clear under the assumptions of (1), since then P = 0. In case (2),
if Pp were non-zero, then p would be an associated prime of P [Ma, Thm. 6.5]
and x ∈ p would be a zero divisor of M. Hence eα(P/xP, A/xA) = 0, and we may
replace M by its image in M ′ in (2).

Next let Q ⊂ M ′/M be the submodule consisting of elements which are killed
by some power of x. Choose i > 0 so that xi kills Q. The sequence

0 → Q[x] → Q
x→ Q → Q/xQ → 0

and Proposition (1.3.2) shows that

eα(Q[x], A/xA) = eα(Q[x], A/xiA) = eα(Q/xQ, A/xiA) = eα(Q/xQ, A/xA).
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Hence, if M ′′ denotes the preimage of Q in M ′, then using Proposition (1.3.2) we
see that eα(M/xM, A/xA) = eα(M ′′/xM ′′, A/xA). Hence we may replace M by
M ′′ and assume that M ′/M is x-torsion free.

Now (1) follows from Proposition (1.3.2), and the same argument as in the first
paragraph shows that under the hypothesis of (2), eα(M ′/(M + xM ′), A/xA) = 0,
so (2) also follows. �

Corollary (1.3.5). Let M, M ′ be A-finite A[G]-modules, and x ∈ A such that
M and M ′ are x-torsion free. Suppose that for every minimal prime p ⊂ A, M ′

p

contains Mp as an Ap[G]-module. Then

eα(M/xM, A/xA) � eα(M ′/xM ′, A/xA).

Proof. Let Q(A) denote the localization of A with respect to the set of elements not
in any minimal prime of A. Our assumptions imply that there exists an inclusion of
Q(A)[G]-modules f : M ⊗A Q(A) ↪→ M ′⊗A Q(A). Multiplying f by an element not
in any minimal prime of A, we may assume that f is induced by a map f : M → M ′.
Let M ′′ = f(M). Then using Proposition (1.3.4), we find

eα(M/xM, A/xA) = eα(M ′′/xM ′′, A/xA) � eα(M ′/xM ′, A/xA).

�

(1.3.6) We now return to the situation without the action of a group. If q ⊂ A
is any m-primary ideal and M is a finite A-module, then there is a polynomial Pq

of degree at most d such that the length of M/qn+1M is given by Pq(n). As above,
we write eq(M, A) for d! times the leading coefficient of Pq. If M = A, we write
simply eq(A) for eq(A, A). If q = m, we sometimes abbreviate eq(A) to e(A).

We will often use the following result which says that eq(M, A) depends only on
the behavior of M at minimal primes of maximal dimension [Ma, 14.7].

Proposition (1.3.7). Let p1, . . . , pm denote the minimal primes p of A such that
dim A/p = dimA and q is an m-primary ideal. Then

eq(M, A) =
m∑

i=1

eq/pi∩q(A/pi)Api
(Mpi

).

Proposition (1.3.8). Let κ be a field and let (A1, m1) and (A2, m2) be Noetherian,
complete local κ-algebras with residue field κ. Let n denote the radical of B =
A1⊗̂κA2. Then

(1.3.9) en(A1⊗̂κA2) = em1(A1)em1(A2).

Proof. Let κ′ denote an algebraic closure of κ. One sees easily that replacing A1

and A2 by the completions of A1 ⊗κ κ′ and A2 ⊗κ κ′ with respect to m1 and m2,
respectively, does not change either side of (1.3.9). Thus, we may assume that κ is
infinite.

By [Ma, Thm. 14.14], since κ is infinite, there is an m1-primary ideal q1 ⊂ A1

such that m
r+1
1 = q1m

r
1 for some r > 0 (an ideal with this property is called

a reduction of m1) and q1 is generated by a system of parameters x1, . . . , xd for
A1. Similarly there exists a reduction q2 ⊂ A2 of m2 generated by a system of
parameters y1, . . . , ye. Then x1, . . . , xd, y1, . . . , ye is a system of parameters for B.
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Moreover k = (x1, . . . , xd, y1, . . . , ye) ⊂ B is a reduction of n, for if m
r+1
1 = q1m

r
1

and m
s+1
2 = q2m

s
2, then

n
r+s+1 = (m1B + m2B)r+s+1

⊂ q1(m1B + m2B)r+s + q2(m1B + m2B)r+s = (q1B + q2B)nr+s.

By [Ma, Thm. 14.13] it suffices to show that

ek(A1⊗̂κA2) = eq1(A1)eq2(A2).

This follows, for example, from Lech’s lemma [Ma, Thm. 14.12] which asserts that

eq1(A1) = lim−→
(A1/(xν1

1 , . . . , xνd

d ))
ν1 . . . , νd

and similarly for eq2(A2) and ek(B). Here the limit is taken over d-tuples of positive
integers (ν1, . . . , νd) such that mind

i=1 νi → ∞. �

Proposition (1.3.10). Let A → B be a local map of local Noetherian rings with
radicals m and n, respectively. Let p ⊂ A be a nilpotent prime ideal, and suppose
that all the minimal primes of B lie over p. Then

en(B) � en/pB(B/pB)(Ap).

Proof. Let (0) =
⋂m

i=1 qi be a minimal primary decomposition of 0 in A, and
suppose that q1 is p-primary. By Proposition (1.3.7), replacing A by A/q1 and B
by B/q1 does not affect either side of the inequality to be proved. Thus we may
assume that A has no embedded primes and injects into Ap.

If p is the zero ideal, there is nothing to prove. Choose an ideal J ⊂ p, such that
Jp is an Ap-module of length 1. In particular we have pJ = 0, since this is true
after localizing at p. Using induction on the length of Ap, we find that

en(B/JB, B) = en/JB(B/JB) � en/pB(B/pB)Ap
((A/J)p).

On the other hand

en(JB, B) � en(J ⊗A/p B/p, B) = en(B/p, B) = en/pB(B/p).

Here the second equality follows from Proposition (1.3.7) as Jp has length 1. Hence
we find

en(B) = en(JB, B) + en(B/JB, B)

� en/pB(B/pB)Ap
((A/J)p + 1) = en/pB(B/pB)Ap

(Ap).

�

(1.4) Representations and pseudo-representations. In this subsection we
compare deformation rings of Galois representations with those of the corresponding
pseudo-representations.

(1.4.1) Let G be a group and R a commutative ring with 1. Recall [Ta 1, §1]
that a pseudo-representation of G over R of dimension d is a function T : G → R
such that T has the following properties of the trace of a representation of G on a
finite free R-module:

(1) T (1) = d.
(2) T (g1g2) = T (g2g1) for g1, g2 ∈ G.
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(3)
∑

σ∈Sd+1
ε(σ)Tσ(g1, . . . , gd+1) = 0 for g1, . . . , gd+1 ∈ G, where Sd+1 is the

symmetric group on d + 1 letters, ε(σ) denotes the sign of σ, and if σ has
the cycle decomposition

(i11, i
2
1, . . . , i

k1
1 )(i12, . . . , i

k2
2 ) . . . (i1mσ

, . . . , i
kmσ
mσ ),

then Tσ : Gd+1 → R is the function

(g1, . . . , gd+1) → T (gi11
, . . . , g

i
k1
1

)T (gi22
, . . . , g

i
k2
2

) . . . T (gi1mσ
, . . . , g

i
kmσ
mσ

).

If A → A′ is a surjection of rings and TA′ : G → A′ is a pseudo-representation,
then by a deformation of TA′ to A we mean a lifting of TA′ to an A-valued pseudo-
representation. If T is a pseudo-representation of G over R, then we may regard T
as a map R[G] → R by linearity.

In the following we shall work with a profinite, finitely topologically generated
group G. Let κ be a topological field in which 2 is invertible. If κ is discrete and
has characteristic p > 0, then we set W equal either to κ or to a characteristic 0,
discrete valuation ring with residue field κ. In all other cases, we set W = κ. (In
this paper we will apply this with κ = F and W = O; however the results below
can be used to study deformations of p-adic Galois representations by taking κ a
finite extension of Qp.)

Suppose that Tκ : G → κ is a continuous pseudo-representation of dimension d.
For a local Artinian W -algebra A with residue field κ, denote by Dps

Tκ
(A) the set of

continuous deformations of Tκ to A.

Lemma (1.4.2). Suppose that d! is invertible in κ. Then Dps
Tκ

is (pro-)represented
by a Noetherian, complete local W -algebra Rps

Tκ
.

Proof. By [Ta 1, Thm. 1] there is a finite subset S ⊂ G such that a continuous
pseudo-representation of G is determined by its values on S. This implies that the
tangent space Dps

Tκ
(κ[ε]) is finite dimensional over κ. The lemma now follows directly

from Grothendieck’s representability criterion [Maz, §18]. �

Lemma (1.4.3). Let ω1, ω2 : G → κ× be distinct characters, and Vκ a non-trivial
extension of ω1 by ω2. Suppose that Ext1κ[G](ω1, ω2) is 1-dimensional over κ, and
let Vκ[ε] be a deformation of Vκ to the dual numbers κ[ε]. If Vκ[ε] induces the trivial
deformation on pseudo-representations, then Vκ[ε] is the trivial deformation.

Proof. We shall adapt an argument of Carayol which applies when Vκ is absolutely
irreducible [Ca, Thm. 1]. Fix a basis of Vκ such that the resulting representation
ρ̄ : κ[G] → M2(κ) is upper triangular. Let A = κ[ε]/ε2 denote the dual numbers
over κ, and suppose that ρ : A[G] → M2(A) is a deformation of ρ̄, which satisfies
trρ(σ) = trρ̄(σ) for σ ∈ A[G]. Write ρ(σ) = ρ̄(σ) + ∆(σ), where ∆(σ) ∈ M2(εκ),
and we again denote by ρ̄ : A[G] → M2(A) the A-linear extension of ρ̄. Since ρ is a
ring map, one sees that

tr(ρ̄(σ1)∆(σ2) + ∆(σ1)ρ̄(σ2)) = tr(∆(σ1σ2)) = 0

for σ1, σ2 ∈ A[G]. Taking σ1 ∈ ker ρ̄, we see that tr(∆(σ1)ρ̄(σ2)) = 0 for all σ2 ∈
κ[G]. Our hypotheses imply that ρ̄(κ[G]) consists of all upper triangular matrices
in M2(κ), so ∆(σ1) has the form ( 0 ∗

0 0 ) .

Now for σ ∈ A[G] write ∆(σ) =
(

α(σ) β(σ)
γ(σ) −α(σ)

)
· ε and ρ̄(σ) =

(
a(σ) b(σ)

0 d(σ)

)
. The

above calculation shows that α(σ) = 0 for σ ∈ ker ρ̄. If τ1, τ2, τ4 ∈ κ[G] have
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image under ρ̄ equal to ( 1 0
0 0 ) , ( 0 1

0 0 ) and ( 0 0
0 1 ), respectively, then computing the

traces of ∆(τ2
1 ) and ∆(τ2

4 ) shows that α(τ1) = α(τ4) = 0. Let σ ∈ A[G] and set
σ′ = a(σ)τ1 + b(σ)τ2 + d(σ)τ4. Then σ − σ′ ∈ ker(ρ̄), so that α(σ − σ′) = 0, and

α(σ) = α(σ′) = α(τ1)a(σ) + α(τ2)b(σ) + α(τ4)d(σ) = α(τ2)b(σ).

Hence after replacing ρ by UρU−1, where U =
(

1 0
α(τ2)·ε 1

)
, we may assume that

α(σ) = 0 for all σ ∈ A[G].
But now σ → b(σ) + β(σ) gives a F[ε]-valued cocycle corresponding to an ex-

tension of ω1 by ω2. Since Ext1F[G](ω1, ω2) is 1-dimensional, this cocycle vanishes
on ker ρ̄, and so ∆ vanishes on the kernel of ρ̄. In particular we can view ∆ as a
derivation on ρ̄(κ[G]).

The restriction of ∆ to the separable subalgebra κ2 ⊂ ρ̄(κ[G]) consisting of
elements of the form ( a 0

0 d ) is necessarily an inner derivation, so after conjugating ρ
by an element of 1 + M2(εκ), we may assume that ∆ vanishes on this subalgebra.
If τ2 is as above, then

0 = ∆(τ2
2 ) = ρ̄(τ2)∆(τ2) + ∆(τ2)ρ̄(τ2) =

(
γ(τ2) 0

0 γ(τ2)

)
implies that γ(τ2) = 0. Similarly,

0 = ∆(τ2τ1) =
(

α(τ2) 0
γ(τ2) 0

)
so α(τ2) = 0. Hence ∆ is the inner derivation corresponding to

(
β(τ2) 0

0 0

)
∈ ρ̄(κ[G]),

so conjugating ρ by 1 +
(

β(τ2)·ε 0
0 0

)
shows that ρ ∼ ρ̄. �

Corollary (1.4.4). Let Vκ be a finite dimensional κ-vector space equipped with a
continuous action of G such that End κ[G]Vκ = κ. Let RVκ

denote the universal
deformation W -algebra of Vκ and Tκ the pseudo-representation corresponding to
Vκ. Let

θ : Rps
Tκ

→ RVκ

denote the map induced by sending a G-representation to its trace.
(1) If Vκ is absolutely irreducible, then θ is an isomorphism.
(2) If Vκ is a non-trivial extension of ω1 by ω2 for two distinct characters

ω1 and ω2 of G and Ext1κ[G](ω1, ω2) is 1-dimensional over κ, then θ is a
surjection.

Proof. (1) follows from a result of Nyssen [Ny]. To prove (2), it suffices to show that
θ induces a surjection on tangent spaces, and this follows from Lemma (1.4.3). �
Corollary (1.4.5). Suppose that G = GQp

and κ ⊂ F̄p and that Vκ is as in
Corollary (1.4.4) and satisfies one of the conditions (1) or (2). Then the map

(1.4.6) (Rps
Tκ

[1/p])red → (RVκ
[1/p])red

induced by θ is an isomorphism.

Proof. When Vκ satisfies Corollary (1.4.4)(1), there is nothing to show. Suppose
that it satisfies Corollary (1.4.4)(2). Note that (1.4.6) is a surjection between re-
duced Jacobson rings [GD, IV, 10.5.7], and so it suffices to check that it induces a
surjection on closed points. If E/W [1/p] is a finite extension and x is an E-valued
point of (Rps

Tκ
[1/p])red, then after replacing E by a finite extension, we may as-

sume that x corresponds to a semi-simple G-representation on a finite dimensional
E-representation Vx.
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Let OE denote the ring of integers of E and let πE denote a uniformizer. If
Vx is absolutely irreducible, then it contains a lattice whose reduction mod πE is
a non-trivial extension of ω1 by ω2, and so x corresponds to a point of RVκ

. If
Vx is reducible, then it is a sum of two characters ω̃1 and ω̃2 lifting ω1 and ω2,
respectively. Now any extension of ω̃1 by ω̃2 gives rise to the pseudo-representation
corresponding to x. Thinking of ω̃1 and ω̃2 as O×

E -valued characters, consider the
map

Ext1OE [GQp ](ω̃1, ω̃2) → Ext1κ[GQp ](ω1, ω2).

Since the left hand side is a finitely generated OE-module, the image of this map
is non-zero, and hence it is surjective. It follows that there is an extension of ω̃1 by
ω̃2 which gives rise to Vκ, so x is again induced by a point of RVκ

. �

Corollary (1.4.7). Let TF be a 2-dimensional pseudo-representation of GQp
over F

and assume that TF is either irreducible or a sum of two distinct pseudo-representa-
tions of dimension 1, given by F×-valued characters ω1 and ω2 of GQp

. If p = 3,
assume also that ω1ω

−1
2 �= ω.

Denote by Rps,◦
TF

the image of Rps
TF

in (Rps
TF

[1/p])red. Then there is a finite free
Rps,◦

TF
-module M of rank 2, equipped with a continuous action of GQp

, such that for
σ ∈ GQp

the trace of σ on M is given by T (σ) ∈ Rps,◦
TF

.

Proof. This follows from Corollary (1.4.5) once we remark that, if ω1 and ω2 are
distinct, then Ext1GQp

(ω1, ω2) is 1-dimensional, provided that ω2ω
−1
1 is not the mod

p cyclotomic character. Since we can exchange the roles of ω1 and ω2, the only case
in which Corollary (1.4.5) does not apply is when ω2ω

−1
1 = ω = ω−1, which can

happen only if p = 3. �

(1.4.8) We return for a moment to the situation of an arbitrary topological κ
and Vκ a finite dimensional κ-representation of G. We denote by R�

Vκ
the universal

framed deformation ring of Vκ (cf. (1.1)) and by RVκ
its universal deformation ring

when Vκ has trivial endomorphisms.
We will need an extension of the universal mapping property for R�

Vκ
and RVκ

. To
state it, let R be one of these rings, and write VR for the universal G-representation
over R. Let κ′ be a field, η : R → κ′ a map of rings, and set Vκ′ = VR⊗Rκ′. Suppose
that A is a local Artin ring with residue field κ′. Let A+ denote the preimage of
η(R) in A. Then A+ is a union of subrings Aλ which surject onto η(R), with finitely
generated kernel. Each of these Aλ is a complete local ring with residue field κ. If
VA is a deformation of Vκ′ to A, we say that VA is continuous if it is induced by a
deformation of VR ⊗R η(R) to some Aλ.

Lemma (1.4.9). Suppose R = R�
Vκ

. Given κ′ and A as above, there is a bijection
between maps R�

Vκ
→ A lifting η and the set of isomorphism classes of continuous

deformations of Vκ′ to VA together with a lifting of the chosen basis on Vκ′ .
An analogous statement holds for R = RVκ

and unframed deformations.

Proof. Since G is topologically finitely generated, R is a Noetherian ring. Hence
η has finitely generated kernel and any map R → A lifting factors through one of
the Aλ. The lemma is now a simple consequence of the definition of a continuous
deformation and the universal property of R�

Vκ
and RVκ

. �
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(1.5) GL2(Qp)-representations mod p. In this subsection we study certain
(pro-)finite length, admissible GL2(Qp)-representations built out of irreducible mod
p GL2(Zp)-representations and the Galois representations obtained from them by
applying the functor V introduced in (1.2).

(1.5.1) As in (1.2), we fix an integer r ∈ [0, p − 1], and we consider the repre-
sentations σ = SymrF2 of KZ obtained by letting p ∈ K act trivially. We also fix
a character χ : Q×

p → F× and an element λ ∈ F.

The operator T introduced in (1.2.1) acts on I(σ) = IndG
KZSymrF2 and hence

on Iχ(σ) = I(σ) ⊗ χ ◦ det . We set

Π(r, λ, χ) = lim←−Iχ(σ)/(T − λ)nIχ(σ).

The GL2(Qp)-representation Π(r, λ, χ) is naturally a module over F[[S]], where
S acts on Iχ(σ)/(T − λ)nIχ(σ) by T − λ. We will sometimes write T − λ for S. As
mentioned in (1.2.5), inverse limits on the category of admissible representations
are exact. In particular, one sees that Π(r, λ, χ)/(T −λ)n ∼−→ Iχ(σ)/(T −λ)n. The
list of possibilities for π(r, λ χ) = Π(r, λ, χ)/(T − λ) is given in Proposition (1.2.2).

We assume that the central character of Iχ(σ) (and hence also of Π(r, λ, χ)) is
equal to the reduction of ψ modulo π.

Lemma (1.5.2). Let

V(Π(r, λ, χ)) = lim←−V(Iχ(σ)/(T − λ)nIχ(σ)).

Then V(Π(r, λ, χ)) is a finite free F[[S]]-module which has rank 1 if λ �= 0 and has
rank 2 if λ = 0.

Proof. Let i = 1 if λ �= 0 and 2 if λ = 0. The exactness of V and Theorem (1.2.4)
imply that

V(Π(r, λ, χ))/SV(Π(r, λ, χ)) ∼−→ V(π(r, λ, χ))
has F-dimension i, and hence one sees that there is a surjection

F[[S]]i/Sn → V(Π(r, λ, χ)/(π − λ)nΠ(r, λ, χ)).

Since Iχ(σ) has no T −λ torsion (this is easily seen using the fact that the functions
in Iχ(σ) are compactly supported), Π(r, λ, χ)/(T − λ)nΠ(r, λ, χ) has a filtration of
length n where the associated graded pieces are isomorphic to π(r, λ, χ). Hence
V(Π(r, λ, χ)/(T −λ)nΠ(r, λ, χ)) has length ni by Theorem (1.2.4), and this surjec-
tion is an isomorphism. The lemma follows by passing to the limit over n. �
Lemma (1.5.3). V(Π(r, 0, χ)) is a deformation to F[[T ]] of the absolutely irre-
ducible 2-dimensional F-representation V(π(r, 0, χ)) of GQp

. If R denotes the uni-
versal deformation ring of this representation, then the map R → F[[T ]] is surjective.

Proof. It suffices to consider the case when χ is trivial. The first claim follows
from Lemma (1.5.2). To prove the second, we first consider the case when r ∈
[0, p − 2]. Let E/W (F)[1/p] be a finite totally ramified extension, as in (1.0), and
write E(T ) ∈ W (F)[T ] for the Eisenstein polynomial of π and e = [E : W (F)[1/p]].

Consider SymrW (F)2 viewed as a KZ-module, by letting p ∈ KZ act trivially.
The compact induction IndG

KZSymrW (F)2 is a W (F)[T ]-module, where T acts via
the KZ-bivariant function on SymrW (F)2 which is supported on KZ and takes[

1 0
0 p−1

]
to Symr

[
p 0
0 1

]
(cf. (1.2.1)). Then [Br 2, Prop. 3.3.3] asserts that

(1.5.4) (IndG
KZSymrW (F)2)/(E(T )) ∼−→ (IndG

KZSymrO2)/(T − π)
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is p-torsion free with central character χr
cyc and that its reduction modulo π is

isomorphic to π(r, 0, 1). By [BB 1, Thm. 4.3.1]4 and the discussion in Theorem
(1.2.8), applying V to the p-adic completion of IndG

KZSymrW (F)2/(E(T )) yields a
lattice in a 2-dimensional, crystalline E-representation Vπ of GQp

, having Hodge-
Tate weights 0, r + 1. Moreover, if D∗

cris(Vπ) denotes the weakly admissible module
contravariantly associated to Vπ, then the trace of the Frobenius ϕ on D∗

cris(Vπ) is
equal to π.

Let R0,r+1 denote the quotient of R corresponding to crystalline deformations
having Hodge-Tate weights 0, r+1. Suppose that A is any finite local W (F)-algebra,
and consider a map of W (F)-algebras θ : R0,r+1 → A. Denote by VA the correspond-
ing A-representation of GQp

. The theory of Fontaine-Laffaille [FL] implies that there
is an element ap ∈ R0,r+1 such that for any A and θ as above, the trace of ϕ on
Dcris(V ∗

A) is equal to θ(ap). Here V ∗
A denotes the A-dual of VA.

Now the reduction of (1.5.4) modulo p is

IndG
KZSymrF2/T e ∼−→ Π(r, 0, 1)/T eΠ(r, 0, 1).

It follows that R → F[[T ]]/T e factors through the quotient R0,r+1 and sends ap to
T. Since we can make this argument for any totally ramified extension E of W (F),
this holds for any e, and the lemma follows when r ∈ [0, p− 2]. When r = p− 1, it
follows from the case r = 0 and Lemma (1.5.5) below. �

Lemma (1.5.5). There is a morphism of F[T ][GL2(Qp)]-modules

IndG
KZSymp−1F2 → IndG

KZ1

which induces a continuous isomorphism of F[[T ]][GL2(Qp)]-modules

Π(0, λ, χ) ∼−→ Π(p − 1, λ, χ)

for λ ∈ F\{±1}.

Proof. It suffices to consider the case χ = 1.
We recall the notation of [Br 1, 2.3]. Suppose that σ, Vσ and I(σ) are as in (1.2).

If g ∈ G and v ∈ Vσ, we denote by [g, v] ∈ I(σ) the function which is supported on
KZg−1 and given by [g, v](g′) = σ(g′g)v for g′ ∈ KZg−1. If ϕ : G → End FVσ is
a KZ-bivariant function, then the corresponding operator Tϕ on I(σ) is given by
[Br 1, 2.4]

(1.5.6) Tϕ([g, v]) =
∑

g′KZ∈G/KZ

[gg′, ϕ(g′−1)(v)].

We identify Symp−1F2 with the space of polynomials in F[x, y] which are homo-
geneous of degree p − 1, with

(
a b
c d

)
acting by(

a b
c d

)
xp−1−jyj = (ax + cy)p−1−j(bx + dy)j .

Let I ⊂ GL2(Zp) denote the Iwahori subgroup consisting of matrices whose re-
duction modulo p is upper triangular. Then we identify I\K with P1(Fp) via(

a b
c d

)
→ (c, d), and we may think of x, y as projective co-ordinates on P1(Fp),

so that Symp−1F2 becomes a subspace of IndK
I 1, consisting of the functions with

average value 0.

4Note also the alternate description of (IndG
KZSymrO2)/(T − π) given by [Br 2, 3.2.1(i)].
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Set α =
(

1 0
0 p

)
, and denote by T the operator introduced in (1.2), which corre-

sponds to the KZ-bi-invariant function ϕα supported on KZα−1KZ and sending
α−1 to Symr ( 0 0

0 1 ) . A simple calculation (cf. [Br 1, Prop. 4.1.2]) shows that the ele-
ments [α, 1] and [1, 1] of IndG

KZ1 are I-invariant, and hence so is b = [α, 1]−T [1, 1].
By Frobenius reciprocity we obtain a map

(1.5.7) IndK
I 1 → IndG

KZ1

which sends the characteristic function of the coset I to −b.
We claim that this map annihilates the space of constant functions. To see this,

it suffices to show that
∑

k∈K/I k · b = 0. Now∑
k∈K/I

k · T [1, 1] = T (
∑

k∈K/I

[k, 1]) = (p + 1)T [1, 1] = T [1, 1],

while ∑
k∈K/I

k · [α, 1] =
∑

k∈K/I

[kα, 1] = T [1, 1],

where the final equality follows from (1.5.6) and the fact that the map K/I
k �→k·α→

KZαKZ/KZ is an isomorphism. Hence (1.5.7) kills the constant functions as
claimed and induces a map

Symp−1F2 → IndG
KZ1

taking xp−1 to b. We denote by

hb : IndG
KZSymp−1F2 → IndG

KZ1 = I(1)

the map obtained by Frobenius reciprocity. hb is characterized by the property that
hb([1, xp−1]) = b.

We now check that hb is compatible with the action of T. Let C ⊂ K denote the
set of matrices of the form ( 1 0

i 1 ) with i = 0, 1, . . . , p − 1 together with the matrix
w = ( 0 1

1 0 ) . Then Cα consists of a set of representatives for KZαKZ/KZ, and we
compute

T ([1, xp−1]) =
∑

gKZ∈G/KZ

[g, ϕα(g−1)(xp−1)]

=
∑
k∈C

(kα) · [1, ϕα(α−1k−1)(xp−1)] =
∑
k∈C

(kα) · [1, (
(

0 0
0 1

)
k−1)(xp−1)]

=
∑

k∈C\{1}
(kα) · [1, yp−1] =

∑
k∈C\{1}

(kαw) · [1, xp−1].

Hence we have

hb(T [1, xp−1]) =
∑

k∈C\{1}
(kαw) · b.

Note that

kαw[α, 1] = [kαwα, 1] = [kpw, 1] = [1, 1],
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so

hb(T [1, xp−1]) =
∑

k∈C\{1}
([1, 1] − T [kαw, 1])

=
∑

k∈C\{1}
−T [kα, 1] = T ([α, 1] − T [1, 1]) = Thb([1, xp−1]).

Since any map of GL2(Qp) modules with source IndG
KZSymp−1F2 is characterized

by its value on [1, xp−1], this shows that hb is a map of F[T ][GL2(Qp)]-modules.
Now let λ ∈ F. Then hb is non-zero modulo T − λ, for if (T − λ)c = b for some

c ∈ IndG
KZ1, then by comparing supports one finds that c must be in F · [1, 1] (see

[BL, Lem. 20]). But then [α, 1] would be in the span of [1, 1] and T [1, 1], which is
not the case.

Suppose that λ �= ±1. Taking the reduction of hb modulo (T − λ)n gives a map
of F[T ][GL2(Qp)]-modules

(1.5.8) I(Symp−1F2)/(T − λ)n → I(1)/(T − λ)n.

Since I(1)/(T − λ) is irreducible and (1.5.8) is non-zero modulo T − λ, it is sur-
jective by Nakayama’s lemma. Since both sides have the same length, (1.5.8) is an
isomorphism. Passing to the limit over n yields the isomorphism of the lemma. �

Lemma (1.5.9). If λ ∈ F×, then the action of GQp
on V(Π(r, λ, χ)) is given by

the F[[S]]×-valued character χ−1ψχcycµT , where µT is the unramified character of
GQp

sending the geometric Frobenius corresponding to p, Frob−1
p , to T = S + λ.

Proof. We use the notation of the proof of Lemma (1.5.3). Again it suffices to
consider the case when χ is trivial. Let [λ] ∈ W (F) be the Teichmüller representative
of λ and consider the quotient

(1.5.10) (IndG
KZSymrW (F)2)/(E(T − [λ])) ∼−→ (IndG

KZSymrO2)/(T − ([λ] + π)).

By [BB 2, Thm. 7.2.2] and Lemma (1.2.10), p-adically completing (1.5.10) and ap-
plying V produces the character µλ1χ

r+1
cyc , where µλ1 : GQp

→ O× is the unramified
character sending Frob−1

p to the unit root of the quadratic equation X2 − ([λ] +
π)X +pr+1. Hence applying V to (IndG

KZSymrF2)/(T −λ)e produces the character

µT χr+1
cyc : GQp

→ (O/πe)× ∼−→ (F[[S]]/Se)×.

Since we are assuming that χ is trivial, ψ = χr
cyc, and the lemma follows as in the

proof of Lemma (1.5.3). �

Lemma (1.5.11). Let VF be a continuous representation of GQp
on a 2-dimensional

F-vector space, with determinant ψχcyc. Denote by r̄ the associated pseudo-represen-
tation and by Rps(r̄) the universal deformation O-algebra of r̄. Suppose that
V(π(r, λ, χ)) is a Jordan-Hölder factor of VF.

Then there is a map θ : Rps(r̄) → F[[S]] such that for σ ∈ GQp
, the element

θ(T (σ)) ∈ F[[S]] acts on V(Π(r, λ, χ)) by σ + ψχcyc(σ)σ−1.
Moreover, the map θ is surjective unless VF has scalar semi-simplification (so

r = p − 2 and λ = ±1), in which case the image of θ has the form F[[S′]], where
S′ ∈ F[[S]] is an element of S-adic valuation 2.

If VF is reducible, then θ depends only on V ss
F and not on (r, λ, χ).
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Proof. If VF is irreducible, this follows from Lemma (1.5.3), since V(Π(r, λ, χ)) is
a deformation of VF to F[[S]].

If VF is reducible, then V(Π(r, λ, χ)) is a direct summand of the deformation
χµT−1 ⊕ χ−1ψχcycµT of V ss

F by Lemma (1.5.9), and this gives a map θ : Rps(r̄) →
F[[S]], with T (σ) acting as claimed. Since this deformation depends only on V ss

F , so
does θ.

Now if σ ∈ GQp
acts via the geometric Frobenius on the residue field of Q̄p, then

(1.5.12) θ(T (σ)) = χ(σ)(S + λ)−1 + χ−1ψχcyc(σ)(S + λ).

The coefficient of S in the above expression is −χ(σ)λ−2 + χ−1ψχcyc(σ), which
is 0 for all such σ if and only if (χµλ−1)2 = ψχcyc. Since ψχcyc = ωr+1χ2, this
condition is equivalent to asking that µ2

λ−1 = ωr+1, which holds exactly if r = p−2
and λ = ±1. This is equivalent to asking that VF have scalar semi-simplification.

For i ≥ 2, the coefficient of Si in (1.5.12) is (−1)iχ(σ)λ−i−1 �= 0, so if the
coefficient of S in (1.5.12) is 0, then we may take S′ =

∑∞
i=2(−1)iSiλ−i−1. �

(1.6) Local patching and multiplicities. In this subsection we give a con-
struction of certain finite modules over deformation rings for 2-dimensional pseudo-
representations of GQp

. We assume from now on that the triple (k, τ, ψ) satisfies
the Hypothesis (1.2.6).

(1.6.1) We now return to the notation of (1.1). In particular k ≥ 2 and
ψ : GQp

→ O× are as in Proposition (1.1.1), τ : IQp
→ GL2(E) is of Galois

type, and

Lk,τ ⊂ σ(k, τ) = σ(τ ) ⊗E Symk−2E2

is a GL2(Zp)-stable O-lattice. We will regard ψ as a character of Q×
p , as before,

and we remind the reader that we have

ψ|
Z
×
p

= χk−2
cyc det τ |

Z
×
p

= σ(k, τ)|
Z
×
p

where the final term means the central character of σ(k, τ).
We again denote by VF the underlying F-vector space of ρ̄, and we denote by

r̄ : GQp
→ F the pseudo-representation given by the trace of ρ̄, and by Rps(r̄) the

universal deformation O-algebra of r̄.
Suppose that E′ is a finite extension of E and that r is a deformation of r̄ to OE′ .

Enlarging E′, if necessary, and regarding r as an E′-valued pseudo-representation,
there is a representation Vr of GQp

on a 2-dimensional E′-vector space, so that
r is given by the trace of Vr. Moreover the semi-simplification of Vr is uniquely
determined.

Suppose that Vr is of type (k, τ, ψ). By Hypothesis (1.2.6) there is an admissible
OE′ -lattice Πr such that Vr

∼−→ V(Πr)⊗Zp
Qp, Πr has central character ψ and there

is a K = GL2(Zp)-equivariant embedding σ(k, τ) ↪→ Πr ⊗Zp
Qp. If Vr is absolutely

irreducible, then we may and do assume that Πr ⊗Zp
Qp has no non-zero, proper,

closed, GL2(Qp)-invariant subspaces, while if Vr is reducible, we take Πr to be one
of the representations constructed in the proof of Theorem (1.2.8).

Since Πr has central character ψ, the embedding σ(k, τ) ↪→ Πr ⊗Zp
Qp becomes

KZ-equivariant if we let Z act on σ(k, τ) via ψ, and hence we obtain a map from
the compact induction

IndG
KZσ(k, τ) → Πr ⊗Zp

Qp.
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Multiplying this map by a power of p, if necessary, we may assume that it induces
a map

(1.6.2) IndG
KZLk,τ → Πr.

Denote by Π(r) the closure of the image of (1.6.2). It is an admissible O-lattice,
whose E′-span is Πr ⊗Zp

Qp if Vr is absolutely irreducible and is a proper closed
submodule otherwise [BE, 2.2.1] or [Co 1, Thm. 0.4]. More precisely, in the latter
case Π(r)⊗Zp

Qp and (Πr/Π(r))⊗Zp
Qp are infinite dimensional, admissible GL2(Qp)-

representations which depend only on the semi-simplification of Vr. In particular
applying V to any admissible O-lattice in either of these representations gives a
non-zero representation of GQp

on a finite free O-module of rank 1. Moreover, since
V(Π(r)) depends only on the semi-simplification of Vr, the action of GQp

on V(Π(r))
is via χk−1

cyc times a finitely ramified character.
Let V (r) = V(Π(r)). The remarks of the previous paragraph show that the

E′-span of the image of the composite

V (r) → V(Πr) → Vr

is Vr if Vr is absolutely irreducible and is a 1-dimensional E′-subspace of Vr other-
wise.

Next suppose that we are given a finite collection of distinct deformations U =
{r1, . . . , rn} of r̄ (possibly defined over different fields E′) and for each ri a po-
tentially semi-stable representation Vri

of type (k, τ, ψ) giving rise to ri. Then we
obtain a map as in (1.6.2) for each ri, and we denote by Π(U) the closure of the
image of

IndG
KZLk,τ →

n⊕
i=1

Πri
.

This is again an admissible O-lattice.
Finally if we are given a countable collection U = {ri}i≥1 of deformations and a

potentially semi-stable representation Vri
of type (k, τ, ψ) giving rise to ri, then we

set
Π(U) = lim←−Π(U ′)

where U ′ runs over finite subsets of U. We set V (U) = lim←−V(Π(U ′)).

Lemma (1.6.3). Suppose U = {ri}i≥1 is as above. Then
(1) V (U) is naturally an Rps(r̄)-module.
(2) If U ′ ⊂ U is any subset, then the natural map V (U) → V (U ′) is a map of

Rps(r̄)-modules.
(3) If r ∈ U, then Rps(r̄) acts on V (r) via the image of the corresponding map

xr : Rps(r̄) → OE′ . In particular V (r) is an xr(Rps(r̄))-module.

Proof. It suffices to prove the lemma when U = {r1, . . . , rn} is finite, where the ri

are distinct pseudo-representations.
Note that we have an inclusion V (U) ↪→

⊕n
i=1 Vri

, and Rps(r̄) acts on each Vri

via the corresponding character xri
: Rps → OE′ . We saw in (1.4) that Rps is

topologically generated by the elements T (σ) with σ ∈ GQp
. Hence it suffices to

check that the map T (σ) : V (U) →
⊕n

r=1 Vri
induced by T (σ) has image in V (U).

The operator σ2 − T (σ)σ + ψ(σ)χcyc(σ) acts on each Vri
by 0, so that T (σ) on⊕n

i=1 Vri
is given by σ+ψχcyc(σ)σ−1, which preserves V (U) since V (U) ⊂

⊕n
i=1 Vri

is a GQp
-stable subspace.
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This shows (1). Since the map in (2) respects GQp
actions, (2) also follows, and

(3) is clear. �

(1.6.4) Suppose that Q is a representation of GL2(Qp) on an F-vector space
and that we are given a finite collection P of representations of the form π(r, λ, χ),
all with some fixed central character ψ. We set QP̂ = lim←−Q′ where Q′ runs over
finite length quotients of Q all of whose Jordan-Hölder factors are isomorphic to a
subquotient of a representation π(r, λ, χ) ∈ P.

It is clear that the functor Q → QP̂ is right exact. We write V(QP̂ ) = lim←−V(Q′).

Lemma (1.6.5). Let Q = IndG
KZL where L = SymrF2 ⊗ χ ◦ det is an irreducible

representation of KZ on a finite dimensional F-vector space (so r ∈ [0, p−1]). Sup-
pose that P is a finite collection of GL2(Qp)-representations of the form π(r′, λ′, χ′)
with central character ψ = ωrχ2, and let Λ be the set of λ ∈ F such that π(r, λ, χ)
has the same semi-simplification as an element of P.

Then QP̂ is a successive extension of the |Λ| representations Π(r, λ, χ), λ ∈ Λ,
introduced in (1.5).

Proof. Write P (T ) =
∏

λ∈Λ(T −λ), and let Q′ be any finite length quotient of Q all
of whose Jordan-Hölder factors are isomorphic to a subquotient of a representation
π(r′, λ′, χ′) ∈ P. For any polynomial R(T ) ∈ F[T ] we will write R(T )Q′ for the
image of R(T )Q in Q′.

For m ≥ 0, the submodules P (T )mQ′ ⊂ Q′ form a descending sequences of
subrepresentations of Q′, and since Q′ has finite length, they stabilize for m ≥ m0

for some integer m0. By [BL, Prop. 32] any irreducible quotient of IndG
KZL is a

quotient of IndG
KZL/(T − λ)IndG

KZL for some λ. Since P (T )m0Q′ is a quotient of
Q via the composite

Q
P (T )m0

→ P (T )m0Q → P (T )m0Q′,

if this module is non-zero, it admits a non-zero quotient which is also a quotient of
π(r, λ, χ) = Q/(T − λ)Q for some λ ∈ F. But then π(r, λ, χ) has a Jordan-Hölder
factor in common with an element of P, and Proposition (1.2.2) shows that this
implies that the factors of π(r, λ, χ) are the same as the Jordan-Hölder factors of a
single element of P. That is, λ ∈ Λ, so

P (T )m0+1Q′ ⊂ (T − λ)P (T )m0Q′ � P (T )m0Q′,

contradicting our assumption on m0.
Hence P (T )m0Q′ = 0, and Q′ is a quotient Q/P (T )m0Q. Conversely, for any

m ≥ 0 each Jordan-Hölder factor of Q/P (T )mQ is a subquotient of an element of
P. It follows that QP̂ = lim←−mQ/P (T )mQ.

Now order Λ = {λ1, . . . , λ|Λ|}, and set Pi(T ) =
∏

j�i(T − λj) for i = 0, . . . , |Λ|.
Define a decreasing filtration (Q/P (T )mQ)i = Pi(T )mQ/P (T )mQ on Q/P (T )mQ.
For 0 � i � |Λ| − 1, the ith graded piece of this filtration is isomorphic to
Q/(T − λi+1)mQ. Moreover the natural projection Q/P (T )m+1Q → Q/P (T )mQ
maps (Q/P (T )m+1Q)i onto (Q/P (T )mQ)i since multiplication by Pi(T ) induces
an automorphism of Pi(T )mQ/P (T )mQ as λi �= λj for j > i. It follows that the
filtration on Q/P (T )mQ for m ≥ 1 induces a filtration on QP̂ , and the ith graded
piece of the latter filtration is isomorphic to Π(r, λi+1, χ). �
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Lemma (1.6.6). V (U) is a finite Rps(r̄)-module of dimension � 2. In particular,
if Rps

U (r̄) denotes the image of Rps(r̄) in EndV (U), then Rps
U (r̄) is a flat O-algebra

of relative dimension at most 1.
If dimRps

U (r̄) has relative dimension 1 over O and VF is reducible, then the re-
duced ring (Rps

U (r̄)/π)red may be identified with the image of the map θ in Lemma
(1.5.11). In particular it is 1-dimensional and formally smooth.

Proof. From the construction, one sees that V (U) is p-adically separated (and even
mRps(r̄)-adically separated, where mRps(r̄) is the maximal ideal of Rps). Hence to
prove the first claim in the lemma, it suffices to show that V (U)/πV (U) is a finitely
generated Rps(r̄)-module of dimension at most 1. The claim regarding the dimension
of Rps

U (r̄) follows from this.
Let P be the set of π(r, λ, χ) with central character ψ, such that V(π(r, λ, χ)) is

a Jordan-Hölder factor in VF. Then P is a finite set, and V (U)/πV (U) is a quotient
of V((IndG

KZL̄k,τ )P̂ ) where L̄k,τ = Lk,τ/πLk,τ .

Let {0} = L0 ⊂ L1 ⊂ L2 ⊂ · · · ⊂ Lu = L̄k,τ be a filtration by KZ-stable
subspaces, such that Li+1/Li is an irreducible KZ-module for i = 0, . . . , u− 1. For
i = 1, . . . , u, let V (U)i denote the image of the composite

V((IndG
KZLi)P̂ ) → V((IndG

KZL̄k,τ )P̂ ) → V (U)/πV (U).

Then V (U)i is a GQp
-stable subspace of V (U) and hence is Rps(r̄)-stable, since the

elements T (σ) of Rps(r̄) act on V (U)/πV (U) via σ + ψχcycσ
−1. Hence it suffices

to show that V (U)i+1/V (U)i is a finitely generated Rps(r̄)-module of dimension at
most 1.

Now for i = 0, . . . , u−1, (IndG
KZ(Li+1/Li))P̂ is isomorphic to a successive exten-

sion of representations of the form Π(r, λ, χ) by Lemma (1.6.5). Hence V (U)i+1/
V (U)i has a GQp

-stable filtration whose associated graded pieces are quotients of
the GQp

-modules V(Π(r, λ, χ)). As above, since the filtration is GQp
-stable, it is a

filtration by Rps(r̄)-submodules, and the Rps(r̄)-module structure on V(Π(r, λ, χ))
given by Lemma (1.5.11) is compatible with that on the graded pieces. Finally the
first claim in the lemma follows because V(Π(r, λ, χ)) is a 1-dimensional Rps(r̄)-
module by Lemma (1.5.11).

To prove the final claim, suppose that VF is reducible, so that θ depends only
on V ss

F . Then it suffices to show that every point of SpecRps(r̄) in the support of
V (U)/πV (U) contains the kernel of θ. However, we have just seen that V (U)/πV (U)
has a finite filtration by Rps

U (r̄)-submodules which are θ(Rps(r̄))-modules. �

(1.6.7) Let Ir be the kernel of the map xr of Lemma (1.6.3)(3), corresponding to
a deformation r of r̄ which arises from a representation of type (k, τ, ψ). Let I be the
intersection of all the ideals Ir with r of this kind. The set of such r has a countable
subset U0 such that I =

⋂
r∈U0

Ir.5 In particular, any Rps
U (r̄) is a quotient of Rps

U0
(r̄).

Note that Rps
U0

(r̄) is flat of relative dimension 1 over O. Indeed, by Lemma (1.6.6)
the only other possibility is that Rps

U0
(r̄) is a finite O-algebra, and this is not the

case, for example by Proposition (1.1.1).

5This holds for any collection of ideals of a complete local ring: For n ≥ 1 let Ir,n = Ir+mn
Rps(r̄).

By the Artin-Rees lemma Ir =
⋂

n Ir,n, so I =
⋂

r,n Ir,n. However the collection {Ir,n}r,n contains

only countably many distinct ideals.
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Suppose now that ρ̄ : GQp
→ GL2(F) is indecomposable with trace given by r̄.

Set
µ′

Aut = µ′
Aut(k, τ, ρ̄) =

∑
n,m

a(n, m)µ′
n,m(ρ̄)

where a(n, m) is as in (1.1.2), µ′
n,m(ρ̄) = 0 if µn,m(ρ̄) = 0 and µ′

n,m(ρ̄) = 1 other-
wise.

We will use the notion of Proposition (1.3.2)

Lemma (1.6.8). Let α = {ρ̄} if ρ̄ is absolutely irreducible and α = {ωn+1+mµλλ′}
if ρ̄ ∼

(
ωn+1µλ ∗

0 µλ−1

)
⊗ωmµλ′ with n, m ∈ [0, p−2] and λ, λ′ ∈ F×. If ρ̄ is reducible,

n = 0, and λ = ±1, then we assume that ρ̄ is a peu ramifié extension. Then

eα(V (U0)/πV (U0), R
ps
U0

(r̄)/πRps
U0

(r̄)) � µ′
Aut

unless ρ̄ has scalar semi-simplification, in which case

eα(V (U0)/πV (U0), R
ps
U0

(r̄)/πRps
U0

(r̄)) � 2µ′
Aut.

Proof. We use the notation of the proof of Lemma (1.6.6). Let i ∈ [0, u − 1] and
suppose that Li+1/Li = SymrF2 ⊗ χ ◦ det for some χ : Q×

p → F× with χ|
Z
×
p

= ωs.

Denote by Ri the image of Rps(r̄) in the endomorphisms of V((IndG
KZ(Li+1/Li))P̂ ).

We claim that

(1.6.9) eα = eα(V((IndG
KZ(Li+1/Li))P̂ ), Ri) = µ′

r,s(ρ̄)

unless ρ̄ has scalar semi-simplification, in which case it is equal to 2µ′
r,s(ρ̄).

Since det ρ̄ = ψχcyc and Li+1/Li has central character ψ, comparing the defi-
nition of µ′

r,s(ρ̄) with the formulas of Theorem (1.2.4), one sees that µ′
r,s(ρ̄) �= 0

if and only if there exists a λ ∈ F such that V(π(r, λ, χ)) is the unique element of
α. (This is where we use the hypothesis that if n = 0 and λ = ±1, then ρ̄ is peu
ramifié, since in general whether µ′

0,s(ρ̄) �= 0 also depends on the extension class ∗.)
Thus if µ′

r,s(ρ̄) = 0, then V((IndG
KZ(Li+1/Li))P̂ ) has no subquotients isomorphic

to α by Lemma (1.6.5), and eα = 0.
If µ′

r,s �= 0, then there is a unique λ ∈ F such that V(π(r, λ, χ)) is the unique
element of α. By Lemma (1.6.5), we have

eα(V((IndG
KZ(Li+1/Li))P̂ ), Ri) = eα(V(Π(r, λ, χ)), Ri),

the Rps(r̄)-module structure on V(Π(r, λ, χ)) being given by Lemmas (1.5.3) and
(1.5.11). These lemmas also show that dim Ri = 1 and that eα = 1 unless ρ̄ has
scalar semi-simplification, in which case eα = 2.

This proves the claim, and the lemma now follows by applying Proposition (1.3.2)
and the remark (1.3.3), keeping in mind that we have already seen that if the two
sides of (1.6.9) are non-zero, then

dimRi = 1 = dim Rps
U0

(r̄)/πRps
U0

(r̄).

�

Proposition (1.6.10). Suppose that ρ̄ is absolutely irreducible. Then

e(Rps
U0

(r̄)/πRps
U0

(r̄)) � µAut(k, τ, ρ̄).
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Proof. By (1.4.6), Rps
U0

(r̄) is a quotient of the universal deformation O-algebra of VF

and hence carries a finite free Rps
U0

(r̄)-module of rank 2 equipped with a continuous
action of GQp

. Denote this module by M(U0).
Let σ ∈ Rps

U0
(r̄)[GQp

]. By definition

Pσ(X) = X2 − T (σ)X +
1
2
(T (σ)2 − T (σ2))

is the characteristic polynomial of σ acting on M(U0), and by construction Pσ(σ)
annihilates V (U0). Hence, by Lemma (1.6.11) below (and because Rps

U0
(r̄) is reduced

by construction) M(U0) is isomorphic to an Rps
U0

(r̄)[GQp
]-submodule of V (U0) at

each generic point of SpecRps
U0

(r̄).
Set α = {VF}. Since M(U0) is a finite free Rps

U0
(r̄)-module of rank 2 and VF is abso-

lutely irreducible, we see that the Hilbert-Samuel multiplicity of Rps
U0

(r̄)/πRps
U0

(r̄) is
equal to eα(M(U0)/πM(U0), R

ps
U0

(r̄)/πRps
U0

(r̄)). Using Lemma (1.6.8) and Corollary
(1.3.5), we find that

eα(M(U0)/πM(U0), R
ps
U0

(r̄)/πRps
U0

(r̄))

� eα(V (U0)/πV (U0), R
ps
U0

(r̄)/πRps
U0

(r̄)) � µ′
Aut = µAut.

�

Lemma (1.6.11). Let κ be a field and V and W representations of a group G on
finite dimensional κ-vector spaces. Suppose that V is absolutely irreducible, and for
σ ∈ κ[G] let Pσ(X) = det(X − σ|V ). If Pσ(σ)|W = 0 for all σ ∈ κ[G], then W is
V -isotypic.

Proof. It suffices to consider the case when W is absolutely irreducible and non-
zero. Let I ⊂ κ[G] be the two-sided ideal generated by the elements Pσ(σ) for
σ ∈ κ[G], and let J (resp. J ′) be the kernel of κ[G] acting on V (resp. W ). By
Burnside’s theorem κ[G] surjects onto End κW and End κV, so in particular κ[G]/J
and κ[G]/J ′ are simple κ-algebras and (J + J ′)/J ′ is either 0 or κ[G]/J ′. If σ ∈ J,
then Pσ(X) = Xd where d = dimV, and so σd ∈ J ′. Hence J is contained in the
radical of J ′. It follows that (J + J ′)/J ′ �= κ[G] and J = J ′.

It follows that V and W both have dimension d and that if we consider κ[G] as
a κ[G] module via multiplication on the left, then we find that

V d ∼ κ[G]/J = κ[G]/J ′ ∼ W d;

hence V ∼ W as required. �

(1.6.12) Suppose that Z ⊂ Spec Rps
U0

(r̄)[1/p] is an irreducible component. We
say that Z is of irreducible type if the pseudo-representation of GQp

at the generic
point of Z corresponds to an absolutely irreducible representation. Otherwise we
say that Z is of reducible type. Note that although the representation at the generic
point of Z is a priori defined over some finite extension of the residue field at that
point, Corollary (1.4.7) guarantees that it is actually defined over the residue field
itself in almost all cases. Of course all components are of irreducible type if VF

is irreducible. In fact one can show that a component of irreducible type cannot
meet a component of reducible type, but we shall not need this here. The following
lemma gives an explicit description of the components of reducible type.
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Lemma (1.6.13). The set of components of reducible type is empty unless τ ex-
tends to an abelian representation of GQp

and (after possibly increasing O) there
exist finite order characters ε1, ε2 : IQp

→ O× such that
(1) τ ∼ ε1 ⊕ ε2.
(2) ε1ε2 = χ2−k

cyc ψ|IQp
.

(3) r̄|IQp
= ε̄1 + ε̄2χ

k−1
cyc , where ε̄1, ε̄2 : IQp

→ F× denote the reductions of ε1

and ε2 mod π.

If these conditions hold, then r̄ = ω1 + ω2 is a sum of two characters, and the
reducible components are parameterized by distinct pairs of characters of the form
{ωi, εj} with i, j = 1, 2 such that ωi|IQp

= ε̄j . If we set i′ = 3−i and j′ = 3−j, then
the Z̄p-points of such a component correspond to liftings r of r̄ such that r = ω̃i + ω̃i′

with ω̃i and ω̃i′ lifting ωi and ωi′ , respectively, having restriction to inertia equal to
εj and εj′χk−1

cyc , respectively, and with ω̃iω̃i′ = χcycψ.

Proof. It is clear that V ss
F has reducible liftings of type (k, τ, ψ) if and only if the

conditions (1)–(3) are satisfied. Since ε1 and ε2 extend to characters of GQp
, (3)

implies that r̄ is not irreducible.
Suppose that (1)–(3) are satisfied and let {ωi, εj} be a pair as in the lemma.

We first show that SpecRps
U0

(r̄) has a component whose Z̄p-points correspond to
lifts r as in the lemma. Without loss of generality we may assume that i = j = 1.
Fix liftings ω̃1, ω̃2 : GQp

→ O× of ω1 and ω2, respectively, such that ω̃1|IQp
= ε1,

ω̃2|IQp
= ε2χ

k−1
cyc and ω̃1ω̃2 = ψχcyc. If {ω̃′

1, ω̃
′
2} is another such pair of liftings, then

ω̃′
1 = ω̃1µ and ω̃′

2 = ω̃µ−1 for some unramified character µ having trivial reduction.
Now consider the deformation of the pseudo-representation r̄ to O[[S]] given by

σ → ω̃1µT + ω̃2µ
−1
T

where T = 1 + S and, as in Lemma (1.5.9), µT denotes the unramified character of
GQp

sending the geometric Frobenius to T. This gives a map Rps
U0

(r̄) → O[[S]]. The
composite

Rps
U0

(r̄) → O[[S]] → F[[S]]
is surjective if ω1 �= ω2 and contains an element of S-adic valuation 2 otherwise
(cf. the proof of Lemma (1.5.11)). Hence Rps

U0
(r̄) → O[[S]] is a finite map and induces

a surjection of SpecO[[S]] onto a component of Spec Rps
U0

(r̄), since Rps
U0

(r̄) is pure of
dimension 2. The Z̄p-points of this component are of the required kind.

It remains to show that every reducible component of Rps
U0

(r̄) is one of those
just described. By definition, any component Z of SpecRps

U0
(r̄)[1/p] has a Zariski

dense set of closed points such that the corresponding pseudo-representation r is
the trace of a representation of type (k, τ, ψ). If Z is of reducible type, then r must
be reducible and of the form ω̃1 + ω̃2, with ω̃i a character lifting ωi for i = 1, 2.
Since r is the trace of a representation of type (k, τ, ψ), one of ω̃1, ω̃2 — say ω̃1 —
is finitely ramified, with restriction to inertia equal to one of ε1 or ε2 — say ε1.
This shows that r lies on the component corresponding to {ω1, ε1}. It follows that
Z has a Zariski dense set of points in common with one of the components already
constructed, and hence it must be equal to one of these. �

(1.6.14) Suppose that V ss
F ∼ ω1 ⊕ ω2 is reducible. Let Z be a component of

reducible type, and let x ∈ Z be a closed point, which corresponds to an absolutely
reducible representation of GQp

, Vx. Since Vx has distinct Hodge-Tate weights, Vx
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is in fact reducible, and its semi-simplification V ss
x is uniquely determined by x.

Suppose V ss
x ∼ ω̃1 ⊕ ω̃2 with ω̃i reducing to ωi, for i = 1, 2. If we insist that Vx be

potentially semi-stable and indecomposable, then this determines which of ω̃1 and
ω̃2 appears as a subspace of Vx. We say that the point x is of type ωi if ω̃i appears
as a subspace. Explicitly this means that the image of inertia in ω̃i(1− k) is finite.
By Lemma (1.6.13), either all points on Z are of type ω1 or all are of type ω2, and
we say that Z is of type ω1 or ω2, respectively.

Proposition (1.6.15). Suppose that ρ̄ is a non-trivial extension of ω2 by ω1, with
ω1 �= ω2, ωω2. Choose U = Uω1 so that Spec Rps

U (r̄) ⊂ SpecRps
U0

(r̄) is the closure of
the union of the components of irreducible type and of type ω1. Then

e(Rps
U (r̄)/πRps

U (r̄)) � µAut(k, τ, ρ̄).

Proof. Let I irr ⊂ Rps
U (r̄) be the ideal corresponding to the components of irreducible

type, and let Iω1 ⊂ Rps
U (r̄) be the ideal corresponding to components of type ω1.

Write V (U)irr and V (U)ω1 for V (U)/I irr and V (U)/Iω1 , respectively. We denote
by U red

ω1
⊂ Uω1 the points which lie on a component of type ω1.

Let M be a finite Rps
U (r̄)/πRps

U (r̄)-module. In order to lighten notation, we will
write e(M) for e(M, Rps

U (r̄)/πRps
U (r̄)). Similarly, if M carries an action of GQp

, we
will write e{ω1}(M) for e{ω1}(M, Rps

U (r̄)/πRps
U (r̄)).

Since Ext1F[GQp ](ω2, ω1) is 1-dimensional, Rps
U (r̄) carries a finite free module of

rank 2, M(U) equipped with a continuous action of GQp
, by Corollary (1.4.7), and

M(U)/Iω1M(U) has a finite free rank Rps
Ured

ω1
(r̄)-submodule Lω1 , of rank 1, on which

GQp
acts via a character ω̃1 : GQp

→ (Rps
U (r̄)/Iω1)× = Rps

Ured
ω1

(r̄)× which lifts ω1.

The same argument as in Proposition (1.6.10), using Lemma (1.6.11), shows that

(1.6.16) e{ω1}(R
ps
U (r̄)/(I irr, π)) � e{ω1}(V (U)irr/πV (U)irr).

Similarly, if we extend ω̃1 to a linear map Rps
U (r̄)[GQp

] → Rps
Ured

ω1
(r̄), then, as

remarked in (1.6.1), for σ ∈ Rps
U (r̄)[GQp

], σ − ω̃1(σ) annihilates V (U red
ω1

). Hence we
have

(1.6.17) e(Rps
U (r̄)/(Iω1 , π)) = e{ω1}(L

ω1/πLω1)

� e{ω1}(V (U red
ω1

)/πV (U red
ω1

)) � e{ω1}(V (U)ω1/πV (U)ω1),

where the first inequality follows from Corollary (1.3.5) and Lemma (1.6.11).
Now the map

V (U) → V (U)irr ⊕ V (U)ω1

is an isomorphism at all the generic points of Rps
U (r̄). Hence combining (1.6.16) and

(1.6.17) and using Proposition (1.3.4) and Lemma (1.6.8), one finds that

e(Rps
U (r̄)/πRps

U (r̄)) = e(Rps
U (r̄)/(I irr, π)) + e(Rps

U (r̄)/(Iω1 , π))

� e{ω1}(V (U)irr/πV (U)irr) + e{ω1}(V (U)ω1/πV (U)ω1)

= e{ω1}(V (U)/πV (U)) � µ′
Aut = µAut.

�

Proposition (1.6.18). Suppose that ρ̄ has scalar semi-simplification. Let Uirr ⊂
U0 be a dense set of points on the components of irreducible type in SpecRps

U0
(r̄)[1/p],
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and denote by Cred the set of components of reducible type. Then

e(Rps
Uirr

(r̄)/πRps
Uirr

(r̄)) + |Cred| � µ′
Aut(k, τ, ρ̄).

Proof. Using the notation of Lemma (1.6.8), we see that for every point of U0 the
corresponding representation V (r) has the property that all the Jordan-Hölder fac-
tors of V (r)/πV (r) are equal and 1-dimensional, isomorphic to the unique element
of α. Hence

(1.6.19) e(V (U0)/πV (U0), R
ps
U0

(r̄)/πRps
U0

(r̄))

= eα(V (U0)/πV (U0), R
ps
U0

(r̄)/πRps
U0

(r̄)) � 2µ′
Aut(k, τ, ρ̄).

Since V (U0) has a quotient of rank 2 at a dense set of points on any component
of irreducible type, it has rank ≥ 2 on any such component, and

(1.6.20) e(Rps
Uirr

(r̄)/πRps
Uirr

(r̄)) � e(V (Uirr)/πV (Uirr), R
ps
Uirr

(r̄)/πRps
Uirr

(r̄))/2

= e(V (Uirr)/πV (Uirr), R
ps
U0

(r̄)/πRps
U0

(r̄))/2.

Let Z be a component of reducible type, and denote by UZ ⊂ U0 a Zariski
dense set of points of Z. Consider the map Rps

U0
(r̄) → O[[S]] introduced in the

proof of Lemma (1.6.13), corresponding to a reducible component Z, and denote
by ω̃1, ω̃2 the characters introduced in that lemma. We claim that the Rps

U0
(r̄)-

module structure on V (UZ) extends to a structure of O[[S]]-module. To see this,
consider a pseudo-representation r corresponding to a point of UZ . We remarked
in (1.6.1) that the action of GQp

on V (r) is via the character ω̃2µ
−1
T . In particular,

V (r) has a natural action of S = T − 1, which is compatible with the action of
Rps

U0
(r̄). If r1, . . . , rn ∈ UZ , then we see as in the proof of Lemma (1.6.3) that the

image of V (UZ) →
⊕n

i=1 Vri
is GQp

-stable and hence stable by the action of S. This
proves our claim.

Now we saw in the proof of Lemma (1.5.11) that RZ = Im(Rps
U0

→ F[[S]]) is a
discrete valuation ring and that F[[S]] is free of rank 2 over RZ . Since V (UZ)/πV (UZ)
is a finite F[[S]]-module of dimension 1, it is a faithful F[[S]]-module, and we have

(1.6.21) 1 � e(V (UZ)/πV (UZ), F[[S]]) = e(V (UZ)/πV (UZ), Rps
U0

(r̄)/πRps
U0

(r̄))/2.

Summing (1.6.20) and (1.6.21) for all reducible components Z and using (1.6.19)
and Proposition (1.3.4) gives

e(Rps
Uirr

(r̄)/πRps
Uirr

(r̄)) + |Cred|
� e(V (U0)/πV (U0), R

ps
U0

(r̄)/πRps
U0

(r̄))/2 � µ′
Aut(k, τ, ρ̄).

�

(1.7) From pseudo-representations to representations. In this subsection
we deduce bounds on the Hilbert-Samuel multiplicities of deformation rings for
Galois representations from the corresponding bounds on the deformation rings for
pseudo-representations.

Lemma (1.7.1). The natural map Rps(r̄) → Rψ,�(k, τ, ρ̄) factors through Rps
U0

(r̄).
Similarly, if ρ̄ has only scalar endomorphisms, then Rps(r̄) → Rψ(k, τ, ρ̄) factors
through Rps

U0
(r̄).

If ρ̄ is a non-trivial extension of ω2 by ω1 for some characters ω1, ω2 : GQp
→ F×,

then these maps factors through Rps
Uω1

(r̄), where Uω1 is as in Proposition (1.6.15).
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Proof. The claim regarding the map Rps(r̄) → Rψ(k, τ, ρ̄) when ρ̄ has scalar en-
domorphisms follows from that for Rps(r̄) → Rψ,�(k, τ, ρ̄) since Rψ,�(k, τ, ρ̄) is
formally smooth over Rψ(k, τ, ρ̄).

Let U = Uω1 if ρ̄ is a non-trivial extension of ω2 by ω1 and U = U0 otherwise.
Since Rψ,�(k, τ, ρ̄) is p-torsion free and reduced by Proposition (1.1.1), it suffices
to check that for any finite extension E′/E, an E′-valued point x of Rψ,�(k, τ, ρ̄)
gives rise to an E′-valued point of Rps

U (r̄). Now x corresponds to a 2-dimensional
E′-representation Vx which is of type (k, τ, ψ) and admits an OE′ -lattice which is
a deformation of ρ̄ to OE′ . Hence the trace of Vx is a deformation r of r̄.

Let Ir be is as in (1.6.7). Since
⋂

r∈U0
Ir =

⋂
r
Ir, where in the second intersection

r runs over all deformations of r̄ arising from a deformation of VF of type (k, τ, ψ), x
induces an E′-valued point of Rps

U0
(r̄), which completes the proof if ρ̄ is semi-simple.

If ρ̄ is a non-trivial extension of ω2 by ω1, then x lies either on a component of
irreducible type or of type ω1 and hence factors through Rps

Uω1
(r̄). �

Corollary (1.7.2). Suppose that ρ̄ is either absolutely irreducible or a non-trivial
extension of ω2 by ω1, where ω1, ω2 : GQp

→ F× are distinct characters satisfying
ω1 �= ωω2. Then

e(Rψ(k, τ, ρ̄)/πRψ(k, τ, ρ̄)) � µAut(k, τ, ρ̄).

Proof. Let U = U0 if ρ̄ is irreducible and U = Uω1 if not. By Corollary (1.4.7) there
is a surjection Rps(r̄) → Rψ(k, τ, ρ̄), which factors through Rps

U (r̄) by Lemma (1.7.1).
The required inequality now follows from Propositions (1.6.10) and (1.6.15). �

(1.7.3) We now consider the cases where ρ̄ is a direct sum of two distinct char-
acters or has scalar semi-simplification. In each case we need to study the difference
between the rings Rps

U0
(r̄) and R�,ψ

VF
(k, τ, ρ̄).

Let J denote the kernel of the map θ of Lemma (1.5.11) and set

Rord = R�,ψ
VF

/JR�,ψ
VF

.

We remind the reader that (Rps
U0

(r̄)/πRps
U0

(r̄))red = Rps
U0

(r̄)/J is a 1-dimensional
power series ring over F by Lemma (1.6.6).

Lemma (1.7.4). Suppose that ρ̄ ∼ ω1 ⊕ ω2 where ω1, ω2 → F× and ω1ω
−1
2 /∈

{1, ω, ω−1}. Then Spec Rord has two irreducible components, each of which is for-
mally smooth over F and dominates SpecRps(r̄)/J.

Proof. Consider the functor which assigns to a local Artinian F-algebra A with
residue field F the set of framed deformations VA of VF such that VA has a GQp

-
stable A-line LA ⊂ VA (that is, a finite projective A-submodule of rank 1 with
projective cokernel) on which IQp

acts via ω1|IQp
. Since ω1 �= ω2, one sees easily

that if LA exists, it is unique and that this functor is representable by a quotient
Rω1 of R�,ψ

VF
.

From the definitions one sees that Rω1 is actually a quotient of Rord. Using the
fact that H2(GQp

, ω1ω
−1
2 ) = 0, one checks easily that Spec Rω1 is formally smooth

over F and that it dominates SpecRps(r̄)/J. Replacing ω1 by ω2, we obtain another
quotient Rω2 with analogous properties.

Now any prime p of Spec Rord gives rise to a representation whose associated
pseudo-representation is a sum of two distinct characters which are equal to ω1 and
ω2 on inertia. Hence using Lemma (1.4.9), one sees that p lies on (at least) one of
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Spec Rω1 and SpecRω2 . Moreover if this representation is a non-trivial extension,
then p lies on exactly one of these and the map

Spec Rω1

∐
SpecRω2 → Spec Rord

is an isomorphism at p. This last claim can again be seen using Lemma (1.4.9).
In particular, we see that Spec Rord has exactly two minimal primes and that the
corresponding irreducible components are formally smooth over F. �

Lemma (1.7.5). Suppose that ρ̄ ∼ ( 1 ∗
0 1 ) ⊗ χ for some character χ : GQp

→ F×,

which satisfies χ2 = ψχcyc.
Then SpecRord is irreducible, generically reduced, and dominates Rps(r̄)/J. If

the cocycle ∗ is non-zero, then the reduced ring of Rord is formally smooth over F.

Proof. It suffices to consider the case where χ is the trivial character. If A is an
R�,ψ

VF
-algebra, denote by VA the induced A-representation of GQp

, and let LVF
(A)

denote the set of A-lines LA ⊂ VA such that LA is stable by GQp
and the iner-

tia subgroup IQp
acts on LA by ψχcyc. It is clear that LVF

is representable by a
projective R�,ψ

VF
-scheme, LVF

.
Moreover, LVF

is formally smooth over O. The argument for this is essentially
given in [KW 2, 3.2.5]: If A is a local O-algebra, I ⊂ A a nilpotent ideal, and
VA/I a framed deformation of VF to A/I equipped with a line LA/I on which IQp

acts by ψχcyc, lift the character giving the action of GQp
on VA/I/LA/I to an

unramified A×-valued character χA. Then ψχcycχ
−1
A lifts the action of GQp

on LA.

Consider the class in Ext1A/I[GQp ](LA/I , VA/I/LA/I) corresponding to VA/I . Since VF

has trivial semi-simplification, χA and ψχcycχ
−1
A become trivial after

⊗
A F. Since

H2(GQp
, F) = 0, the above extension lifts to a class in Ext1A[GQp ](ψχcycχ

−1
A , χA),

which (after lifting the chosen basis of VA/I) determines an A-valued point of LVF
.

From the definition of LVF
we see that the map LVF

→ Spec R�,ψ
VF

induces a map

(1.7.6) LVF
⊗O O/πO → Spec Rord.

The map (1.7.6) is an isomorphism over the generic point of Spec Rps(r̄)/J. This is
easily seen using the fact that the pseudo-representation over this point is a direct
sum of two distinct characters, as well as Lemma (1.4.9). Moreover, again using
Lemma (1.4.9), one sees that (1.7.6) is surjective. In particular any minimal prime
p of Rord lies over the generic point of SpecRps(r̄)/J, and (1.7.6) is an isomorphism
at p.

This shows that SpecRord is generically reduced, dominates Spec Rps(r̄)/J, and
is irreducible provided LVF

is connected. To check this, it suffices to show that the
fiber of LVF

⊗O F over the closed point of Rord is connected. But this fiber is easily
seen to be isomorphic to P1 if ∗ is trivial and to be a single point otherwise.

It remains to prove the final two claims in the case where ∗ is non-zero. In this
case we have just seen that (1.7.6) is a closed immersion which is an isomorphism
at any minimal prime of Rord. Hence the kernel of the associated map of rings is
contained in the nilradical of Rord. �

Lemma (1.7.7). Let U ⊂ U0 be a set of closed points on SpecRps
U0

(r̄) whose closure
is a non-empty collection of irreducible components. Set

RU = Im(R�,ψ(k, τ, ρ̄) → R�,ψ(k, τ, ρ̄) ⊗Rps
U0

(r̄) Rps
U (r̄)[1/p]).
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If VF is either a sum of two distinct characters ω1, ω2 with ω1ω
−1
2 �= ω±1 or has

scalar semi-simplification, then

e(RU/πRU ) � e(Rps
U (r̄)/πRps

U (r̄))e(Rord).

If VF ∼ ω1 ⊕ ω2 and U consists of points of type ω1, then

e(RU/πRU ) � e(Rps
U (r̄)/πRps

U (r̄)).

Proof. By Lemma (1.6.6), Rps(r̄)/J
∼−→ (Rps

U (r̄)/πRps
U (r̄))red is a 1-dimensional

power series ring over F. In particular, p = JRps
U (r̄)/πRps

U (r̄) is a nilpotent prime
ideal. Hence we have

e(Rps
U (r̄)/πRps

U (r̄)) = ((Rps
U (r̄)/π)p)e(Rps(r̄)/JRps(r̄)) = ((Rps

U (r̄)/π)p)

by Proposition (1.3.7). By Lemmas (1.7.4) and (1.7.5) the components of SpecRU/
πRU dominate the unique component of SpecRps

U (r̄)/π. Applying Proposition
(1.3.10) and keeping in mind that RU/JRU is a quotient of Rord, we find that

e(RU/πRU ) � e(Rord)((Rps
U (r̄)/π)p) = e(Rord)e(Rps

U (r̄)/πRps
U (r̄)).

Finally suppose that VF ∼ ω1 ⊕ ω2 and U consists of points of type ω1. Then
RU/JRU is a quotient of the ring Rω1 introduced in the proof of Lemma (1.7.4),
so we have

e(RU/πRU ) � e(Rω1)((R
ps
U (r̄)/π)p) = e(Rps

U (r̄)/πRps
U (r̄)).

�

Proposition (1.7.8). Suppose that VF ∼ ω1⊕ω2 is a sum of two distinct characters
with ω1ω

−1
2 �= ω±1. Then

e(R�,ψ(k, τ, ρ̄)/πR�,ψ(k, τ, ρ̄)) � µAut(k, τ, ρ̄).

Proof. Choose U irr so that SpecRps
U irr(r̄) ⊂ Spec Rps

U0
(r̄) is the union of the com-

ponents of irreducible type. For i = 1, 2 choose U red
ωi

so that SpecRps
Ured

ωi

(r̄) ⊂
Spec Rps

U0
(r̄) is the union of components of type ωi.

Using Lemmas (1.7.4) and (1.7.7) (and the notation introduced there), we find
that

(1.7.9) e(RU irr/πRU irr) � e(Rord)e(Rps
U irr(r̄)/πRps

U irr(r̄)) = 2e(Rps
U irr(r̄)/πRps

U irr(r̄)).

Now let ρ̄ω1 be a non-trivial extension of ω2 by ω1 and let ρ̄ω2 be a non-trivial
extension of ω1 by ω2.

Using (1.7.9) and the second part of Lemma (1.7.7), together with Proposition
(1.6.15), we compute

e(R�,ψ(k, τ, ρ̄)/π) = e(RUirr/π) + e(RUred
ω1

/π) + e(RUred
ω2

/π)

� 2e(Rps
U irr(r̄)/π) + e(Rps

Ured
ω1

(r̄)/π) + e(Rps
Ured

ω2
(r̄)/π)

= e(Rps
Uω1

(r̄)/π) + e(Rps
Uω2

(r̄)/π) � µAut(k, τ, ρ̄ω1) + µAut(k, τ, ρ̄ω2)

= µAut(k, τ, ρ̄)

where the first two equalities follow from Proposition (1.3.4)(2) and the final equal-
ity follows from the definition of µAut. �
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Proposition (1.7.10). Suppose that VF has scalar semi-simplification, so that ρ̄ ∼
( 1 ∗

0 1 ) ⊗ χ. Then we have

e(R�,ψ(k, τ, ρ̄)/πR�,ψ(k, τ, ρ̄)) � e(Rord)µ′
Aut(k, τ, ρ̄) = µAut(k, τ, ρ̄).

Proof. We first remark that µAut(k, τ, ρ̄) = µp−2,s(ρ̄)µ′
Aut(k, τ, ρ̄) where χ|IQp

= ωs.

On the other hand µp−2,s(ρ̄) is equal to e(R/πR), where SpecR is the scheme
theoretic image of the map LVF

→ SpecR�,ψ
VF

introduced in Lemma (1.7.5) (cf.
[KW 2, Lem. 3.5]). The remarks following (1.7.6) show that Rord differs from R/πR
by an ideal supported outside its unique minimal prime, so that µp−2,s(ρ̄) = e(Rord).
This shows the second equality.

For the rest of the proof we may assume that χ is trivial.
Let Z be a component of Spec Rps

U0
(r̄)[1/p] of reducible type, and UZ ⊂ U0 a

Zariski dense set of points on Z. We claim that e(RUZ
/πRUZ

) = e(Rord).
To see this, we may assume without loss of generality that Z corresponds to the

pair {ε1, ω1} (of course ω1 = ω2 here). Consider the functor Lε1,ε2
VF

which to an
R�,ψ

VF
-algebra A assigns the set of lines LA ⊂ VA (VA as in Lemma (1.7.5)) such

that IQp
acts on LA via ε2χ

k−1
cyc . Exactly as in the proof of Lemma (1.7.5), one sees

that Lε1,ε2
VF

is representable by a projective R�,ψ
VF

-scheme L ε1,ε2
VF

, which is formally
smooth over O. In particular, L ε1,ε2

VF
is reduced, and its scheme theoretic image

in SpecR�,ψ
VF

is O-flat. On the other hand, any closed point of Spec R�,ψ
VF

[1/p] in
the scheme theoretic image of L ε1,ε2

VF
lies in SpecRUZ

[1/p]. Hence L ε1,ε2
VF

is an
RUZ

-scheme, and the same argument as in Lemma (1.7.5) shows that the induced
map

L ε1,ε2
VF

⊗O O/πO → SpecRUZ
/πRUZ

is an isomorphism at any generic point of SpecRUZ
/πRUZ

. (In fact there is a
unique such point.) Now ε2χ

k−1
cyc has trivial reduction modulo π; hence there is an

isomorphism of R�,ψ
VF

-schemes

(1.7.11) L ε1,ε2
VF

⊗O O/πO ∼−→ LVF
⊗O O/πO.

Thus e(RUZ
/πRUZ

) = e(R/πR) = e(Rord).
Finally using Lemma (1.7.7) and Proposition (1.6.18), we find

e(R�,ψ(k, τ, ρ̄)/πR�,ψ(k, τ, ρ̄)) = e(RU irr/πRU irr) +
∑

Z∈Cred

e(RUZ
/πRUZ

)

� [e(Rps
U irr(r̄)/πRps

U irr(r̄)) + |Cred|]e(Rord) � e(Rord)µ′
Aut(k, τ, ρ̄).

�

(1.7.12) We also have an analogue of Corollary (1.7.2), Proposition (1.7.8) and
Proposition (1.7.10) for the rings R�,ψ

cr (k, τ, ρ̄), which give one inequality in Con-
jecture (1.1.5).

Proposition (1.7.13). Suppose that ρ̄ �
( ωχ ∗

0 χ

)
. Then

e(R�,ψ
cr (k, τ, ρ̄)/πR�,ψ

cr (k, τ, ρ̄)) � µcr
Aut(k, τ, ρ̄).

Proof. If τ is not scalar, then the rings R�,ψ
cr (k, τ, ρ̄) and R�,ψ(k, τ, ρ̄) are equal, as

are the integers µcr
Aut(k, τ, ρ̄) and µAut(k, τ, ρ̄), so in this case the result is already

contained in Corollary (1.7.2), Proposition (1.7.8), and Proposition (1.7.10).
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Suppose τ is scalar and that V and Π are as in Hypothesis (1.2.6), with V
potentially crystalline. Then the results of [BB 1] imply that there is an injection
σcr(k, τ) ↪→ Π⊗Zp

Qp. The arguments of the last two sections with σ(k, τ) replaced
by σcr(k, τ) now go over verbatim to prove the proposition. �

Corollary (1.7.14). Let k ∈ {2, . . . , p + 1}, m ∈ {0, . . . , p − 2} and suppose τ is
scalar. If ρ̄ �

( ωχ ∗
0 χ

)
, then R�,ψ

cr (k, τ, ρ̄) is non-trivial if and only if µcr
Aut(k, τ, ρ̄) �=

0, in which case

(1.7.15) e(R�,ψ
cr (k, τ, ρ̄)/πR�,ψ

cr (k, τ, ρ̄)) = µcr
Aut(k, τ, ρ̄).

In particular, R�,ψ
cr (k, τ, ρ̄) is formally smooth over O except if k = p and ρ̄ ∼(

µλ 0
0 µλ′

)
⊗ ωm for some m, when

(1) If λ �= λ′, then the spectrum of R�,ψ
cr (k, τ, ρ̄) has two irreducible compo-

nents corresponding to liftings of ρ̄ which have a 1-dimensional quotient
on which the action of GQp

is finitely ramified and lifts µλωm and µλ′ωm,
respectively. These two components are formally smooth and specialize to
distinct components of R�,ψ

cr (k, τ, ρ)/π.
(2) If λ = λ′, then R�,ψ

cr (k, τ, ρ̄) is a domain and R�,ψ
cr (k, τ, ρ)/π is geometri-

cally irreducible and generically reduced.

Proof. It suffices to consider the case when τ is trivial. That R�,ψ
cr (k, τ, ρ̄) is non-

trivial only if µcr
Aut(k, τ, ρ̄) �= 0 follows from Proposition (1.7.13). Suppose that

µcr
Aut(k, τ, ρ̄) > 0.
If ρ̄ is absolutely irreducible, then µcr

Aut(k, τ, ρ̄) = 1, and we have to show that
R�,ψ

cr (k, τ, ρ̄) is non-trivial. This is a consequence of Fontaine-Laffaille theory when
k � p and follows from the main result of [BLZ] when k = p + 1. (Of course when
it applies, Fontaine-Laffaille theory actually gives the equality (1.7.15).)

If ρ̄ is reducible, then it is easy to see that µcr
Aut(k, τ, ρ̄) �= 0 implies that

R�,ψ
cr (k, τ, ρ̄) is non-trivial. When µcr

Aut(k, τ, ρ̄) = 1, this implies the other state-
ments in the proposition, so it remains to consider the case when k = p and ρ̄ is
semi-simple and unramified (as we are assuming τ trivial).

If ρ̄ ∼
(

µλ 0
0 µλ′

)
with λ �= λ′, then one sees that R�,ψ

cr (k, τ, ρ̄) has at least

two components, coming from the two components of Rps
U0

(r̄) described by Lemma
(1.6.13) in this case. Since R�,ψ

cr (k, τ, ρ̄) is pure of relative dimension 4 over O,
we have e(R�,ψ

cr (k, τ, ρ̄)/π) ≥ 2. As Proposition (1.7.13) gives the opposite inequal-
ity, this proves (1.7.15) and shows that R�,ψ

cr (k, τ, ρ̄) has exactly two components
each of which is formally smooth over O. To see that these components special-
ize to distinct components of R�,ψ

cr (k, τ, ρ̄)/π, note that, as in Lemma (1.7.4), if
p ⊂ R�,ψ

cr (k, τ, ρ̄)/π is a prime such that the corresponding GQp
-representation

is a non-split extension, then p lies on exactly one of the two components of
Spec R�,ψ

cr (k, τ, ρ̄).
If ρ̄ is scalar, then (1.7.15) follows from the definition of µp−2,0(ρ̄), while the

fact that R�,ψ
cr (k, τ, ρ̄) is a domain follows from [KW 2, 3.2.5], the main point being

that the scheme LVF
introduced in Lemma (1.7.5) is smooth over O, with connected

special fiber, and dominates R�,ψ
cr (k, τ, ρ̄). Finally, note that there is a surjection

Rord → R�,ψ
cr (k, τ, ρ̄)/π, which has nilpotent kernel since (1.7.6) is an isomorphism

over generic points of Spec Rord. Hence the claims regarding R�,ψ
cr (k, τ, ρ̄)/π follow

from the corresponding results for Rord in Lemma (1.7.5). �
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(1.7.16) Of course Corollary (1.7.14) holds even when ρ̄ ∼
( ωχ ∗

0 χ

)
. The most

difficult case is when k = p + 1 and τ is trivial. In this case one can deduce
the analogue of Proposition (1.7.13) starting with Lemma (1.6.8) and using the
techniques of §§1.6, 1.7. This turns out to be simpler than the case of ρ̄ ∼

( ωχ ∗
0 χ

)
and arbitrary τ, because Lk,τ/πLk,τ contains no trivial Jordan-Hölder factors.

When ∗ �= 0, one can also use the techniques of [GS, §2] to compute the deforma-
tion ring explicitly. When ∗ is peu ramifié and k = p + 1, one finds that its generic
fiber is an annulus which accounts for the fact that µcr

Aut(k, τ, ρ̄) = 2 in this case.

2. Modularity via the Breuil-Mézard conjecture

(2.1) Quaternionic forms. We recall some standard facts and notation from
the theory of quaternionic forms. Further details may be found in [Ta 2, §1] or
[Ki 2, §3].

(2.1.1) Let F be a totally real field and D a quaternion algebra with center F
which is ramified at all the infinite places of F and at a set of finite places Σ, which
does not contain any primes dividing p. We fix a maximal order OD of D, and for
each finite place v /∈ Σ an isomorphism (OD)v

∼−→ M2(OFv
). For each finite place

v of F we will denote by N(v) the order of the residue field at v and by πv ∈ Fv a
uniformizer. We will write Σp = Σ ∪ {v|p}.

Denote by Af
F ⊂ AF the finite adeles, and let U =

∏
v Uv ⊂ (D ⊗F Af

F )× be
a compact open subgroup contained in

∏
v(OD)×v . We assume that if v ∈ Σ, then

Uv = (OD)×v and that Uv = GL2(OFv
) for v|p.

Let A be a topological Zp-algebra. For each v|p, we fix a continuous representa-
tion σv : Uv → Aut(Wσv

) on a finite free A-module. Write Wσ =
⊗

v|p,A Wσv
and

denote by σ :
∏

v|p Uv → Aut(Wσ) the corresponding representation. We regard σ

as being a representation of U by letting Uv act trivially if v � p.

Finally, assume there exists a continuous character ψ : (Af
F )×/F× → A× such

that for any place v of F, σ on Uv ∩ O×
Fv

is given by multiplication by ψ. Fix such
a ψ, and extend the action of U on Wσ to U(Af

F )×, by letting (Af
F )× act via ψ.6

Let Sσ,ψ(U, A) denote the set of continuous functions

f : D×\(D ⊗F Af
F )× → Wσ

such that for g ∈ (D⊗F Af
F )× we have f(gu) = σ(u)−1f(g) for u ∈ U and f(gz) =

ψ−1(z)f(g) for z ∈ (Af
F )×. If we write (D ⊗F Af

F )× =
∐

i∈I D×tiU(Af
F )× for some

ti ∈ (D ⊗F Af
F )× and some finite index set I, then we have

Sσ,ψ(U, A) ∼−→
f �→{f(ti)}

⊕
i∈I

W
(U(Af

F )×∩t−1
i D×ti)/F×

σ .

We will assume the following condition:

(2.1.2) For all t ∈ (D ⊗F Af
F )×, (U(Af

F )× ∩ t−1D×t)/F× = 1.

This holds if U is sufficiently small. For example, if  is a finite prime of F with
 /∈ Σp, such that for any non-trivial root of unity ζ in a quadratic extension of

6What is denoted here by ψ was denoted by ψ−1 in [Ki 2]. This corresponds to the fact that
our present normalization for the Artin reciprocity map is the inverse of that in [Ki 2]. In both
cases, elements of Sσ,ψ(U,O) give rise to Galois representations with non-negative Hodge-Tate

weights and determinant ψχcyc.
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F, ζ + ζ−1 �= 2 (), then (2.1.2) holds provided U� is contained in the subgroup of
element in GL2(OF�

) which are upper triangular, unipotent modulo π�.
Under the condition (2.1.2), Sσ,ψ(U, A) is a finite projective A-module, and the

functor Wσ → Sσ,ψ(U, A) is exact in Wσ.
(2.1.3) Let Q be a finite set of finite primes of F, such that for v ∈ Q, D is

unramified at v and v � p. Suppose that for each v ∈ Q,

Uv = {g ∈ GL2(OFv
) : g = ( ∗ ∗

0 ∗ ) (πv)}.
For v ∈ Q fix a quotient ∆v of (OFv

/πvOFv
)× of p-power order, and write ∆ =∏

v∈Q ∆v. Define a compact open subgroup U∆ =
∏

v(U∆)v ⊂ U by setting (U∆)v =
Uv if v /∈ Q, and (U∆)v the set of g =

(
a b
c d

)
∈ Uv such that ad−1 maps to

1 in ∆v if v ∈ Q. Then ∆ ∼−→ U/U∆ acts naturally on Sσ,ψ(U∆, A) via the
right multiplication of U on D×\(D ⊗F Af

F )×. For h ∈ ∆ we denote by 〈h〉 the
corresponding operator on Sσ,ψ(U∆, A).

Lemma (2.1.4). We have
(1) The operator

∑
h∈∆〈h〉 on Sσ,ψ(U∆, A) induces an isomorphism∑

h∈∆

〈h〉 : Sσ,ψ(U∆, A)∆
∼−→ Sσ,ψ(U, A).

(2) Sσ,ψ(U∆, A) is a finite projective A[∆]-module.

Proof. The argument in [Ta 2, 2.3] uses duality on the space Sσ,ψ(U∆, A), which is
not available in our level of generality. However we have the following more direct
argument: For t ∈ (D ⊗F Af

F )×, we have

(U(Af
F )× ∩ t−1D×t)/F× = (U∆(Af

F )× ∩ t−1D×t)/F×.

Hence it suffices to show that ∆ acts freely on D×\(D⊗F Af
F )×/U∆(Af

F )×. Suppose
u ∈ U fixes one of these double cosets. Then there exists t ∈ (D ⊗F Af

F )× and
v ∈ U∆(Af

F )× such that

uv−1 ∈ U(Af
F )× ∩ t−1D×t = F×.

Hence u ∈ U ∩ U∆(Af
F )× = U∆. �

(2.1.5) We now suppose that O and F are as in Proposition (1.1.1) and that
A = O. Let S be the union of the primes in Σp and the primes v of F such
that Uv ⊂ D×

v is not maximal compact. We will assume that for v ∈ S\Σp,
Uv ⊂ GL2(OFv

) is contained in the matrices whose reduction modulo πv is upper
triangular and contains those whose reduction is upper triangular and unipotent.

Let Tuniv
S,O = O[Tv, Sv, Uπw

]v/∈S,w∈S\Σp
be a commutative polynomial ring in the

indicated formal variables. We consider the left action of (D⊗F Af
F )× on Wσ-valued

functions on (D ⊗F Af
F )× given by the formula (gf)(z) = f(zg). Then Sσ,ψ(U,O)

becomes a Tuniv
S,O -module with Sv acting via the double coset Uv

(
πv 0
0 πv

)
Uv, Tv via

Uv

(
πv 0
0 1

)
Uv and Uπw

via Uw

(
πw 0
0 1

)
Uw. The operators Tv and Sv do not depend

on the choice of πv. We write Tσ,ψ(U,O) or simply Tσ,ψ(U) for the image of Tuniv
S,O

in the endomorphisms of Sσ,ψ(U,O).
Let m be a maximal ideal of Tuniv

S,O . We say that m is in the support of (σ, ψ)
if Sσ,ψ(U,O)m is non-zero. We say that m is Eisenstein if Tv − 2 ∈ m for all but
finitely many primes v /∈ S which split in some fixed abelian extension of F.
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(2.1.6) Let Q be a finite set of primes of F which is disjoint from S, and for
each v ∈ Q fix a quotient ∆v of (OFv

/πv)× of p-power order. Define compact open
subgroups UQ and U−

Q of
∏

v(OD)×v by setting (UQ)v = (U−
Q )v = Uv if v /∈ Q and

defining
(U−

Q )v = {g ∈ GL2(OFv
) : g = ( ∗ ∗

0 ∗ ) (πv)}
and

(UQ)v = {g =
(

a b
c d

)
∈ (U−

Q )v : ad−1 → 1 ∈ ∆v}.
Fix a maximal ideal m ⊂ Tuniv

S,O such that m is induced by a maximal ideal of
Tσ,ψ(U), and for v ∈ Q the Hecke polynomial X2 − TvX + N(v)Sv has distinct
roots in Tuniv

S,O /m. After increasing F, we may assume that m has residue field F and
that each of these polynomials has two distinct roots αv, βv ∈ F.

Write SQ = S ∪ Q. Let mQ denote the ideal of Tuniv
SQ,O generated by m ∩ Tuniv

SQ,O
and the elements Uπv

− α̃v for v ∈ Q, where α̃v ∈ O is any lifting of αv.
As in (2.1.5), we denote by Tσ,ψ(UQ) (resp. Tσ,ψ(U−

Q )) the rings of endomor-
phisms of Sσ,ψ(UQ,O) (resp. Sσ,ψ(U−

Q ,O)) generated by the elements of T univ
SQ,O.

Lemma (2.1.7). The ideal mQ induces proper, maximal ideals in Tσ,ψ(UQ) and
Tσ,ψ(U−

Q ). If αvβ−1
v �= N(v)±1 for all v ∈ Q, then the natural map

(2.1.8) Sσ,ψ(U,O)m → Sσ,ψ(U−
Q ,O)mQ

is an isomorphism of Tuniv
SQ,O-modules.

Proof. It suffices to consider the case when Q consists of a single element. Since
αvβ−1

v �= N(v)±1, the map

Sσ,ψ(U,O)⊕2
m → Sσ,ψ(U−

Q ,O)m; (f1, f2) → f1 +
(

1 0
0 πv

)
f2

is an isomorphism after inverting p, and a calculation using the fact that αv �= βv

shows that it is an isomorphism (see for example [Ki 3, 7.5]). Here the subscript m

on the right hand side means localization with respect to the ideal m ∩ Tuniv
SQ,O.

Since X2 − TvX + N(v)Sv has distinct roots in F, by Hensel’s lemma it has two
distinct roots Av, Bv ∈ Tσ,ψ(U)m, lifting αv and βv, respectively. Then

(Uπv
− Bv)(f1 +

(
1 0
0 πv

)
f2) = (Uπv

− Bv)(f1 + Bvf2),

and since αv �= βv, Uπv
− Bv induces an automorphism of Sσ,ψ(U−

Q ,O)mQ
. This

shows that (2.1.8) is a surjection between finite free O-modules of the same rank
and hence is an isomorphism. �

(2.2) Global patching and multiplicities. We now carry out the Taylor-
Wiles style patching argument (as modified in [Di] and [Ki 2]), which allows us to
relate the local deformation rings studied in §1, with patched Hecke algebras.

Keeping the notation above, we denote by GF,S the Galois group of the maximal
extension of F, which is unramified outside S. For each finite prime v we denote by
GFv

the absolute Galois group of Fv, and we fix a map GFv
→ GF,S induced by

the inclusion of an algebraic closure of F into an algebraic closure of Fv. We also
fix a continuous absolutely irreducible representation

ρ̄ : GF,S → GL2(F)
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such that det ρ̄ is equal to the reduction of ψχcyc modulo π. Write VF for the
underlying F-vector space of ρ̄ and fix a basis for VF.

For v ∈ Σp, we denote by R�
v the universal framed deformation O-algebra of

ρ̄|GFv
(considered with the chosen basis for VF) and by R�,ψ

v the quotient of R�
v

corresponding to deformations with determinant ψχcyc. We set R�,ψ
Σp

=
⊗̂

OR�,ψ
v ,

where in the tensor product v runs over the elements of Σp.

When ρ̄ is absolutely irreducible, we denote by Rψ
F,S the quotient of the universal

deformation O-algebra of ρ̄, corresponding to deformations with determinant ψχcyc.

We denote by R�,ψ
F,S the complete local O-algebra representing the functor which

assigns to a local Artinian O-algebra A the set of isomorphism classes of tuples
{VA, βv}v∈Σp

, where VA is a deformation of VF to A having determinant ψχcyc and
βv is a lifting of the chosen basis of VF to an A-basis of VA. For v ∈ Σp, the functor
{VA, βw}w∈Σp

→ {VA, βv} induces the structure of an R�,ψ
v -algebra on R�,ψ

F,S .
We now assume the following conditions hold.
(1) ρ̄ is unramified outside Σp and has odd determinant.
(2) The restriction of ρ̄ to GF (ζp) is absolutely irreducible.
(3) If p = 5 and ρ̄ has projective image isomorphic to PGL2(F5), then the

kernel of proj ρ̄ does not fix F (ζ5). This condition holds if [F (ζ5) : F ] = 4.
(4) If v ∈ S \ Σp, then (1 − N(v)) ∈ F×, and the ratio of the eigenvalues of

ρ̄(Frobv) is not in {1,N(v),N(v)−1}. Here, Frobv denotes an arithmetic
Frobenius at v.

In applications to modularity the following lemma will allow us to reduce to
situations where condition (4) holds.

Lemma (2.2.1). Suppose ρ̄|GF (ζp) is absolutely irreducible. Then there exists a
prime v where ρ̄ is unramified and such that (1 − N(v)) ∈ F× and the ratio of the
eigenvalues of ρ̄(Frobv) is not in {1,N(v),N(v)−1}.

Proof. Denote by ω the mod p cyclotomic character of GF,S . Let G denote the
image of GF,S under ρ̄ ⊕ ω. By [DDT, Lem. 4.11] there exists g ∈ G such that
ω(g) �= 1 and the ratio of the eigenvalues of ρ̄(g) is not ω(g)±1. That is

(2.2.2) (trρ̄(g))2/ det(ρ̄(g)) �= (1 + ω(g))2/ω(g).

If ρ̄(g) is not of the form zu with z ∈ GL2(F) central and u unipotent, then we are
done. Suppose that ρ̄(g) = zu. After replacing g by g|F|, we may assume that ρ̄(g)
is central.

If g′ ∈ G is any element satisfying (2.2.2), such that ρ̄(g′) has distinct eigenvalues,
then gg′ has the same property and ω is non-trivial on one of g′ and gg′. Hence
we may assume that if ρ̄(g′) has distinct eigenvalues, then their ratio is ω(g′)±1. In
particular, if g′ ∈ kerω, then the eigenvalues of ρ̄(g′) are equal. Hence the image of
ker ω under the projectivization of ρ̄ is a p-group, so ρ̄(kerω) is contained in F× · U
for some unipotent subgroup U of GL2(F).

If ρ̄(kerω) contains non-trivial unipotent elements, then its normalizer is con-
tained in a Borel subgroup and so is ρ̄(G). Otherwise ρ̄(ker ω) is central and ρ̄(G)
is abelian. In either case ρ̄ cannot be absolutely irreducible, contradicting our
assumptions. �

(2.2.3) Suppose now that m ⊂ Tuniv
S,O is as in (2.1.5) and that m is non-Eisenstein,

with associated representation ρ̄. That is, if v /∈ S and Frobv ∈ GF,S is an arithmetic
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Frobenius, then ρ̄(Frobv) has trace equal to the image of Tv in F. We will also assume
that m is chosen so that if v ∈ S\Σp, then Uπv

modulo m is equal to one of the
eigenvalues of ρ̄(Frobv).

Finally, we assume that Tσ,ψ(U)m �= 0. That is, there is an eigenform f ∈
Sσ,ψ(U,O) whose associated GF,S-representation reduces to ρ̄ and such that for
v ∈ S\Σp, the eigenvalue of Uπv

on f reduces to the chosen eigenvalue of ρ̄(Frobv).
Note that (2.2)(4) implies that if an f satisfying the first condition exists, then
the associated automorphic representation of D× is spherical at v ∈ S\Σp and
Tσ,ψ(U)m �= 0. Note also that for such an m, Sσ,ψ(U,O)m is a (not necessarily free)
Tσ,ψ(U)m-module of rank 1.

There is a map Rψ
F,S → Tσ,ψ(U)m such that for v /∈ S the trace of Frobv on the

tautological Rψ
F,S-representation of GF,S maps to Tv. This map is surjective, for

example by Hensel’s lemma, as in the proof of Lemma (2.1.7).
As in [Ki 2, 2.3.5], we have

Proposition (2.2.4). Set g = dimF H1(GF,S, ad0ρ̄(1)) − [F : Q] + |Σp| − 1. For
each positive integer n, there exists a finite set of primes Qn of F, which is disjoint
from S and such that

(1) If v ∈ Qn, then N(v) = 1(pn) and ρ̄(Frobv) has distinct eigenvalues.
(2) |Qn| = dimF H1(GF,S, ad0ρ̄(1)). If SQn

= S ∪Qn, then as an R�,ψ
Σp

-algebra

R�,ψ
F,SQn

is topologically generated by g elements. In particular g ≥ 0.

(2.2.5) For n ≥ 1 fix a set Qn as in Proposition (2.2.4). Let ∆v be the maximal
p-quotient of (OFv

/πv)×, and let ∆Qn
=

∏
v∈Qn

∆v. For each v ∈ Qn we fix a choice
of zero of the polynomial X2 − TvX + N(v)Sv in F (increasing F if necessary), and
we denote by mQn

∈ Tuniv
SQn ,O the corresponding maximal ideal. We apply the

discussion of (2.1.5) and (2.1.6) to each of these Qn.

There is a surjective map of O-algebras Rψ
F,SQn

→ Tσ,ψ(UQn
)mQn

such that for

v /∈ SQn
, the trace of Frobv on the tautological Rψ

F,SQn
-representation of GF,SQn

maps to Tv. We regard Sσ,ψ(UQn
,O)mQn

as an Rψ
F,SQn

-module via this map. More-

over Rψ
F,SQn

has a natural structure of O[∆Qn
]-algebra so that the induced O[∆Qn

]-
structure on Sσ,ψ(UQn

,O)mQn
is the one given by Lemma (2.1.4), [Ta 2, 1.3, 2.1].

By Lemma (2.1.4), Sσ,ψ(UQn
,O)mQn

is a finite free O[∆Qn
]-module, whose rank

does not depend on n. Denote this rank by r. Following [Ki 2], set j = 4|Σp| − 1,
h = |Qn|, and d = [F : Q] + 3|Σp|. Then g = h + j − d. We fix surjections

(2.2.6) O[[y1, . . . , yh]] → O[∆Qn
].

The map Rψ
F,SQn

→ R�,ψ
F,SQn

is formally smooth of relative dimension j. We
extend the maps (2.2.6) to maps

(2.2.7) O[[y1, . . . , yh+j ]] → R�,ψ
F,SQn

in such a way that R�,ψ
F,SQn

is identified with Rψ
F,SQn

[[yh+1, . . . , yh+j ]]. We also fix

surjections of R�,ψ
Σp

-algebras

(2.2.8) R�,ψ
Σp

[[x1, . . . , xg]] → R�,ψ
F,SQn
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and a lifting of the maps in (2.2.7) to maps

O[[y1. . . . , yh+j ]] → R�,ψ
Σp

[[x1, . . . , xg]].

(2.2.9) For n ≥ 0, set

Mn = R�,ψ
F,SQn

⊗Rψ
F,SQn

Sσ,ψ(UQn
,O)mQn

,

where SQ0 = S. Then M0
∼−→ Mn/(y1, . . . , yh) by Lemmas (2.1.4) and (2.1.7). We

regard Mn as an R�,ψ
Σp

[[x1, . . . , xg]]-module via the map Rψ
F,SQn

→ Tσ,ψ(UQn
)mQn

introduced above and (2.2.8).
Fix a filtration by F-subspaces

0 = L0 ⊂ L1 ⊂ · · · ⊂ Ls = Wσ ⊗O F = Wσ̄

on Wσ̄ such that Li is GL2(Zp)-stable, and for i = 0, 1, . . . , s − 1, σi = Li+1/Li is
absolutely irreducible. This induces a filtration on Sσ,ψ(UQn

,O)mQn
⊗O F whose

associated graded pieces are the finite free F[∆Qn
]-modules Sσi,ψ(UQn

, F)mQn
. We

denote by
0 = M0

n ⊂ M1
n ⊂ . . .Ms

n = Mn ⊗O F

the induced filtration in Mn ⊗O F, obtained by extension of scalars.
For n ≥ 1 let

cn = (πn, (y1 + 1)pn

− 1, . . . , (yh + 1)pn

− 1, ypn

h+1, . . . , y
pn

h+j) ⊂ O[[y1, . . . , yh+j ]].

The proof of [Ki 2, 3.3.1] (which is of course based on the argument of Taylor-Wiles)
shows that, after replacing the sequence {Qn}n≥1 by a subsequence, we may assume
that there exist maps of R�,ψ

Σp
[[x1, . . . , xg]]-modules

fn : Mn+1/cn+1Mn+1 → Mn/cnMn

which reduce modulo (y1, . . . , yh) + cn to the identity on M0/cnM0. Moreover, the
same finiteness argument as in loc. cit implies that, if we give Mn/(cn, π)Mn the
filtration induced by that on Mn ⊗O F, then we may assume that fn modulo π is
compatible with filtrations.

Passing to the limit over n, we obtain a map of R�,ψ
Σp

[[x1, . . . , xg]]-modules

lim←−nMn/cnMn =: M∞ → M∞/(y1, . . . , yh)M∞
∼−→ M0.

Since Mn is a finite free O[∆Qn
][[yh+1, . . . , yh+j ]]-module, Mn/cnMn is a finite free

O[[y1, . . . , yh+j ]]/cn-module, and M∞ is a finite free O[[y1, . . . , yh+j ]]-module. More-
over, M∞ ⊗O F has a filtration

0 = M0
∞ ⊂ M1

∞ ⊂ . . . Ms
∞ = M∞ ⊗O F

and since M i
n/M i−1

n is a finite free F[∆Qn
][[yh+1, . . . , yh+j ]]-module, M i

∞/M i−1
∞ is a

finite free F[[y1, . . . , yh+j ]]-module for i = 1, . . . , s.
(2.2.10) We now assume that p splits in F, so that Fv = Qp for v|p.7 We also

assume that Wσv
has the form

σ(kv, τv) ⊗ det wv = Symkv−2O2
Fv

⊗ σ(τv) ⊗ det wv

where kv ≥ 2, wv is an integer and τv : Iv → GL2(E) is a representation with open
kernel, of Galois type. Here Iv ⊂ GFv

denotes the inertia subgroup, and σ(τv) is
associated to τv by the local Langlands correspondence in the sense explained in

7Note that this implies that the condition (2.2)(3) is automatic.
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(1.1.2). The existence of the character ψ such that σv|O×
Fv

= ψ|O×
Fv

for v|p implies
that kv + 2wv is independent of v.

For each v ∈ Σp we now define a quotient R̄�,ψ
v of R�,ψ

v such that the action
of R�,ψ

v on each Mn factors through R̄�,ψ
v . If v|p, let R�

v (ρ̄ ⊗ ω−wv ) denote the
universal framed deformation O-algebra of ρ̄|GFv

⊗ ω−wv , and let ψv = ψ · χ−2wv
cyc .

Then R�
v (ρ̄⊗ω−wv ) has a quotient denoted R�,ψv (kv, τv, ρ̄⊗ω−wv) in Proposition

(1.1.1), and R̄�,ψ
v is the quotient of R�

v corresponding to R�,ψv (kv, τv, ρ̄ ⊗ ω−wv)
via the isomorphism R�

v
∼−→ R�

v (ρ̄ ⊗ ω−wv ), induced by twisting by χ−wv
cyc .

That the action of R�,ψ
v on Mn factors through R̄�,ψ

v follows from the fact
that the p-adic Galois representations attached to Hilbert modular eigenforms are
compatible with the local Langlands correspondence at p [Ki 1],8 as well as the
compatibility of the local and global Jacquet-Langlands correspondences.

For v ∈ Σ let γv : GFv
→ O× be the unramified character such that γ2

v = ψ|GFv

and ρ̄|GFv
is an extension of γv by γv(1). By [Ki 2, 2.6.7] there is a quotient R̄�,ψ

v

of R�,ψ
v which is a domain of dimension 4, with R̄�,ψ

v [1/p] formally smooth over
E and such that for any finite extension E′/E a map x : R�,ψ

v → E′ factors
through R̄�,ψ

v if and only if the corresponding representation Vx is an extension of
γv by γv(1). Again, the fact that the action of R�,ψ

v on Mn factors through R̄�,ψ
v

is a consequence of the compatibility between the local and global Langlands and
Jacquet-Langlands correspondences.

We set R̄�,ψ
Σp

=
⊗̂

OR̄�,ψ
v where v runs over Σp. The relative dimension over O

of R̄�,ψ
v is 3+ [Fv : Qp] = 4 if v|p, and it is 3 if v � p. In particular R̄�,ψ

Σp
has relative

dimension [F : Qp] + 3|Σp| over O.
The following lemma shows that to prove a modularity lifting theorem, we are

reduced to showing that M∞ is a faithful R̄∞ = R̄�,ψ
Σp

[[x1, . . . , xg]]-module, or to a
question on Hilbert-Samuel multiplicities.

Lemma (2.2.11). The following conditions are equivalent.

(1) M∞ is a faithful R̄∞-module.
(2) M∞ is a faithful R̄∞-module which has rank 1 at all generic points of R∞.
(3) e(R̄∞/πR̄∞) = e(M∞/πM∞, R̄∞/πR̄∞).
(4) e(R̄∞/πR̄∞) � e(M∞/πM∞, R̄∞/πR̄∞).

Moreover, if these conditions hold and ρ : GF,S → GL2(O) is a deformation of
ρ̄ such that for v ∈ Σp, ρ|Iv

is an extension of γv by γv(1) if v � p and ρ|GFv
is

potentially semi-stable of type (k, τv, ψ) if v|p, then ρ is modular and arises from
an eigenform in Sσ,ψ(U,O) ⊗O E.

Proof. Write O[[∆∞]] = O[[y1, . . . , yh+j ]], and denote by T∞ the image of R̄∞ in
EndO[[∆∞]](M∞). Then T∞ is a finite, torsion free O[[∆∞]]-module, and hence all
its components have relative dimension h + j over SpecO. Hence, if Z is such a
component, then Z surjects onto SpecO[[∆∞]]. This implies that the rank of M∞|Z
is at most one, since otherwise M0 = M∞⊗O[[∆∞]]O would have a fiber of dimension
> 1 over some point of SpecRψ

F,S [1/p], and Sσ,ψ(U,O)m would have rank > 1 over
some generic point of Tσ,ψ(U)m, which is impossible as remarked in (2.2.3). Thus, if

8More precisely, this is proved in [Ki 1] for eigenforms such that the associated mod p Galois
representation is absolutely irreducible.
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M∞ is a faithful T∞-module, its rank is exactly one on each irreducible component
of Spec T∞.

This shows the equivalence of (1) and (2). Moreover, since dim R̄∞ = dim T∞,
we have

e(M∞/πM∞, R̄∞/πR̄∞) = e(M∞/πM∞, T∞/πT∞) = e(T∞/πT∞),

where the second equality follows from Corollary (1.3.5).
Since R̄∞ is reduced and pure of relative dimension d + g = h + j over O,

the inclusion Spec T∞ ↪→ Spec R̄∞ identifies Spec T∞ with a union of irreducible
components of Spec R̄∞, and we have e(T∞/πT∞) � e(R̄∞/πR̄∞) with equality if
and only if the above inclusion is an isomorphism. This shows that (1), (3) and (4)
are equivalent.

Suppose that the conditions (1)–(4) hold. Then ρ induces a map T∞ = R̄∞ → O,
which kills the ideal (y1, . . . , yh+j), and hence a map ξ : T∞/(y1, . . . , yh+j)[1/p] →
E. Since M∞ has positive rank on all components of T∞, the fiber of M0 over
the closed point of T∞/(y1, . . . , yh+j)[1/p] corresponding to ξ is non-empty, and
ξ induces a map Tσ,ψ(U)m → E, which corresponds to the required eigenform in
Sσ,ψ(U,O) ⊗O E. �

(2.2.12) Our next task is to compute e(M∞/πM∞, R̄∞/πR̄∞). For i = 1, . . . , s,
write σi for the representation Li/Li−1. Thus σi has the form σi =

⊗
v|p σni,v ,mi,v

where (ni,v, mi,v) ∈ {0, 1, . . . , p−1}×{0, 1, . . . , p−2} and σni,v,mi,v
is an irreducible

constituent of Wσv
/πWσv

.

Lemma (2.2.13). For i = 1, . . . , s and each v|p, the action of R�
v on M i

n/M i−1
n

factors through R
�,ψi,v
cr (ni,v + 2, (ω̃mi,v )⊕2, ρ̄), where ω̃ denotes the Teichmüller lift

of ω and ψi,v : GFv
→ O× is any character which is given by χ

ni,v
cyc ω̃2mi,v on inertia

and has reduction equal to ψ|GFv
.

Proof. Fix i and a prime v0|p. Let

σ̃i,v0 = Symni,v0O2 ⊗ ω̃mi,v0 ◦ det .

For v �= v0 let σ̃i,v be a representation of GL2(OFv
) of the form Symni,v0O2 ⊗ σ̃sm

i,v

where σ̃sm
i,v is a smooth representation of GL2(OFv

) on a finite free O-module, such
that σ̃sm

i,v has an O×-valued central character, and σ̃i,v ⊗O F admits σni,v,mi,v
as a

Jordan-Hölder factor. A representation σ̃sm
i,v satisfying these conditions exists, since

HomF(Symni,v F2 ⊗ detmi,v , Symni,v0 F2) is a smooth GL2(OFv
)-representation and

can therefore be embedded into a sum of a finite number of copies of the space of
smooth F-valued functions on GL2(OFv

). Alternatively, one can exhibit such a σ̃sm
i,v

explicitly [CDT, Lem. 3.1.1]. Let σ̃i =
⊗

v|p σ̃i,v.

Next we choose a continuous character ψ̃ : (Af
F )×/F× → O×, such that ψ̃ = ψ

modulo π, and a compact open subgroup Ũ =
∏

v Ũv ⊂ UQn
such that Ũv is

maximal compact for v ∈ Σp and for all v the restriction σ̃i,v|Ũv∩O×
Fv

is given by

multiplication by ψ̃.
Let S̃ be the union of the primes in SQn

and the primes where Ũv is not maximal.
Denote by m̃ the maximal ideal in Tuniv

S̃,O corresponding to ρ̄. Then

M i
n/M i−1

n = R�,ψ
F,SQn

⊗Rψ
F,SQn

Sσi,ψ(UQn
, F)mQn
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is a subquotient of R�,ψ̃

F,S̃
⊗

Rψ̃

F,S̃

Sσ̃i,ψ̃
(Ũ ,O)m̃ ⊗O F. As remarked in (2.2.10), on the

latter module the action of R�
v0

factors through R�,ψ̃
cr (ni,v0 , (ω̃

mi,v0 )⊕2, ρ̄).
This proves the lemma with ψi,v0 = ψ̃|GFv

. However the reduction modulo π of

R
�,ψi,v0
cr (ni,v0 +2, (ω̃mi,v0 )⊕2, ρ̄) is independent of the character ψi,v0 , satisfying the

conditions of the lemma. �

Lemma (2.2.14). Let v|p and fix γ ∈ GFv
mapping to Frob−1

p and such that

ω(γ) = 1. Suppose that ρ̄|GFv
∼

(
µλ 0
0 µλ′

)
⊗ ωmv so that if Sσi,ψ(UQn

, F)mQn
�= 0,

then σi,v = σp−2,mv
. Then there exists an endomorphism Tv of Sσi,ψ(UQn

, F)mQn

which commutes with the action of Rψ
F,SQn

and such that T 2
v −tr(γ)Tv +det(γ) = 0,

where tr(γ), det(γ) ∈ Rψ
F,SQn

denote the trace and determinant of γ on the universal

GF,S-representation over Rψ
F,SQn

.

Proof. This is a consequence of the calculations of [Ge, §4.4]; however we sketch
the construction.

For any v|p there is a natural extension of the action of GL2(OFv
) on σi,v to

an action of the semi-group GL2(Fv) ∩ M2(OFv
). Namely this semi-group acts

naturally on F2 and its symmetric powers, while the character det can be extended
to GL2(Fv) ∩ M2(OFv

) by sending an element of determinant p to 1. Then the
double coset Uv

(
p 0
0 1

)
Uv defines an operator Tv on Sσi,ψ(UQn

, F)mQn
.

Now fix v = v0 satisfying the conditions of the lemma. To see that Tv satisfies
T 2

v − tr(γ)Tv + det(γ) = 0, we give another description of this operator.
Let τi,v0 = ω̃mv0 ⊕ ω̃mv0−1 and σ̃i,v0 = σ(τi,v0), so

(σ̃i,v0 ⊗O F)ss ∼ σ1,mv0−1 ⊕ σp−2,mv0

and σ̃i,v0 ⊗O F has σi,v0 as a Jordan-Hölder factor [CDT, Lem. 3.1.1]. For v �= v0

let σ̃i,v be a smooth representation such that σ̃i,v ⊗O F has σi,v as a Jordan-Hölder
factor. Set σ̃i =

⊗
v|p σ̃i,v, and choose ψ̃, Ũ ⊂ UQn

, and S̃ compatible with σ̃i as
in Lemma (2.2.13).

Then Sσi,ψ(UQn
, F)mQn

is a subquotient of Sσ̃i,ψ̃
(Ũ ,O)m̃ ⊗O F. On the other

hand, there is an operator Uv on Sσ̃i,ψ̃
(Ũ ,O)m̃ corresponding to I1

(
p 0
0 1

)
I1, where

I1 ⊂ GL2(OFv
) denotes the subgroup of elements whose reduction has the form

( ∗ ∗
0 1 ) .
Now any lifting of ρ̄|GFv0

of type (2, τi,v0 , ψ) is reducible. One way to see this
is to note that (σ̃i,v0 ⊗O F)ss ∼ σ1,mv0−1 ⊕ σp−2,mv0

so that µAut(2, τ̃i,v0 , ρ̄) = 2.
The bound on the Hilbert-Samuel multiplicity of the corresponding deformation
ring (1.7.13) now implies that the only liftings are the ones described in Lemma
(1.6.13). (This is completely analogous to the argument in Corollary (1.7.14).)

It follows that any eigenform in Sσ̃i,ψ̃
(Ũ ,O)m̃ is nearly ordinary at v0. Hence

U2
v0
− tr(γ)Uv0 +det(γ) = 0 modulo π, where we now consider tr(γ), det(γ) ∈ Rψ̃

F,S̃
.

The calculations of [Ge, §4.4] show that the induced action of Uv0 on Sσ̃i,ψ̃
(Ũ , F)m̃

leaves Sσi,ψ(UQn
, F)mQn

stable and induces Tv0 on the latter space. �

Proposition (2.2.15). The R̄∞-module M i
∞/M i−1

∞ is non-zero if and only if for
each v|p we have µni,v ,mi,v

(ρ̄|GFv
) �= 0. If this condition holds for all v|p and if for
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each v|p we have ρ̄|GFv
�

( ωχ ∗
0 χ

)
for any character χ : GFv

→ F×, then

(2.2.16) e(M i
∞/M i−1

∞ , R̄∞/πR̄∞) ≥ eΣ

∏
v|p

µni,v,mi,v
(ρ̄|GFv

) := eΣp

where

eΣ :=
∏
v∈Σ

e(R̄�,ψ
v /πR̄�,ψ

v ).

Proof. The first statement follows from results of Gee [Ge, §4.4], and we may assume
that both sides of (2.2.16) are non-zero.

For i = 1, . . . , s and each v|p choose a character ψi,v as in Lemma (2.2.13) and
let R̄�,ψ

v,i = R
�,ψi,v
cr (ni,v + 2, (ω̃mi,v)⊕2, ρ̄)/π. The notation is justified since R̄�,ψ

v,i

depends only on ψ and not on ψi,v. Let C denote the set of primes v|p such that

ρ̄|GFv
∼

(
µλ 0
0 µλ′

)
⊗ ωmv , with λ �= λ′. For v ∈ C we set

R̃�,ψ
v,i = R̄�,ψ

v,i [X]/(X2 − tr(γ)X + det(γ))

where γ is an element as in Lemma (2.2.14). By Lemmas (2.2.14) and (2.2.13),
M i

n/M i
n−1 has a natural structure of an R̃�,ψ

v,i -module, with X acting via the oper-
ator Tv. Note that by Hensel’s lemma R̃�,ψ

v,i is a semi-local ring with two maximal
ideals generated by the radical of R̄�,ψ

v,i and one of (X−λ), (X−λ′). In fact Corollary
(1.7.14) shows that R̃�,ψ

v,i is the normalization of R̄�,ψ
v,i .

For v ∈ Σ write R̄�,ψ
v,i = R̄�,ψ

v /π. Set R̄�,ψ
Σp,i =

⊗̂
v∈Σp

R̄�,ψ
v,i and

R̃�,ψ
Σp,i =

⊗̂
v∈Σp,v /∈C

R̄�,ψ
v,i

⊗̂
v∈C

R̃�,ψ
v,i .

Write R̄i
∞ = R̄�,ψ

Σp,i[[x1, . . . , xg]] and R̃i
∞ = R̃�,ψ

Σp,i[[x1, . . . , xg]]. Replacing the Mn by
a subsequence, we may assume that for v ∈ C, the maps M i

n/cn → M i
n−1/cn−1

induced by fn mod π are compatible with the action of Tv on M i
n/M i−1

n and
M i

n−1/M
i−1
n−1. Then M i

∞/M i−1
∞ is naturally an R̃i

∞-module.
By Corollary (1.7.14), for v|p, v /∈ C, the spectrum of R̄�,ψ

v,i is geometrically
irreducible and generically reduced. In particular, R̃i

∞ is generically reduced and
has 2|C| connected components, indexed by the choice of a component of R̃�,ψ

v,i for
each v ∈ C. By [Ge, Thm. 4.4.12], the support of M i

0/M
i−1
0 meets each of these

connected components. On the other hand, since M i
∞/M i−1

∞ is flat over F[[∆∞]],
the image of R̃i

∞ in End F[[∆∞]]M
i
∞/M i−1

∞ has dimension h + j. It follows that the
support of M i

∞/M i−1
∞ consists of all the components of R̃i

∞. In particular, the
support of M i

∞/M i−1
∞ as an R̄i

∞-module is all of Spec R̄i
∞. As R̄i

∞ is generically
reduced, using Propositions (1.3.7) and (1.3.8), we find

e(M i
∞/M i−1

∞ , R̄∞/πR̄∞) = e(M i
∞/M i−1

∞ , R̄i
∞)

≥ e(R̄i
∞) = e(R̄�,ψ

Σp,i) =
∏

v∈Σp

e(R̄�,ψ
v,i ) = eΣp

,

where the final equality follows from Corollary (1.7.14). �
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Corollary (2.2.17). Suppose that for each v|p, σ(kv, τv) satisfies Hypothesis (1.2.6)
and ρ̄|GFv

�
( ωχ ∗

0 χ

)
for any character χ : GFv

→ F×. Then M∞ is a faithful R̄∞-
module, and any ρ : GF,S → GL2(O) as in Lemma (2.2.11) is modular.

Proof. Using (1.3.9) together with Corollary (1.7.2), Proposition (1.7.8) and Propo-
sition (1.7.10), we have

e(R̄∞/πR̄∞) = eΣ

∏
v|p

e(R̄�,ψ
v /πR̄�,ψ

v ) � eΣ

∏
v|p

µAut(kv, τv, ρ̄|GFv
⊗ ω−wv).

On the other hand, Proposition (2.2.15) yields

e(M∞/πM∞, R̄∞/πR̄∞) =
s∑

i=1

e(M i
∞/M i−1

∞ , R̄∞/πR̄∞)

≥
s∑

i=1

eΣ

∏
v|p

µni,v ,mi,v
(ρ̄|GFv

) =
s∑

i=1

eΣ

∏
v|p

µni,v ,mi,v−wv
(ρ̄|GFv

⊗ ω−wv )

= eΣ

∏
v|p

µAut(kv, τv, ρ̄|GFv
⊗ ω−wv ).

Hence
e(R̄∞/πR̄∞) � e(M∞/πM∞, R̄∞/πR̄∞),

and the corollary follows from Lemma (2.2.11). �
Theorem (2.2.18). Let F be a totally real field where p is totally split, and let

ρ : GF,S → GL2(O)

be a continuous representation. Suppose that
(1) For v|p, ρ|GFv

becomes semi-stable over an abelian extension of Fv and has
distinct Hodge-Tate weights.

(2) ρ̄ : GF,S
ρ→ GL2(O) → GL2(F) is modular and ρ̄|F (ζp) is absolutely irre-

ducible.
(3) For v|p, ρ̄|GFv

�
( ωχ ∗

0 χ

)
for any character χ : GFv

→ F×.

Then ρ is modular.

Proof. After making a quadratic base change, we may assume that [F : Q] is even.
Let D be the totally definite quaternion algebra over F which is split at all the
finite places of F.

For v|p suppose that ρ|GFv
has Hodge-Tate weights kv − 1+wv, wv with kv ≥ 2,

and type τv. Let σv = σ(kv, τv) ⊗ detwv , and set σ =
⊗

v|p Lv, where Lv ⊂ σv is a
GL2(OFv

)-stable lattice. By Corollary (1.7.2), Proposition (1.7.8) and (1.7.9), the
existence of ρ implies that for all v|p, µAut(kv, τv, ρ̄⊗ω−wv ) �= 0. It follows from the
result of Gee [Ge, Thm. 4.4.12] already used above that ρ̄ arises from an eigenform
in Sσ,ψ(U,O), where ψ = (det ρ)χ−1

cyc, and U ⊂ (D ⊗ Af
F )× is an appropriately

chosen compact open subgroup.
The theorem now follows from Corollary (2.2.17) using the same base change

arguments as in [Ki 2, 3.5]. Note that the relevant results on raising and lowering
the level at v � p can be deduced from the case where all the Wσv

are of the form
Symkv−2 ⊗ detmv where 2 � kv � p + 1, and in this case one has the relevant
version of Ihara’s lemma (see [Ki 2, 3.1.8, 3.1.10]). That the open subgroup U can
be chosen so that S satisfies (2.2)(4) follows from Lemma (2.2.1). �
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(2.3) The Breuil-Mézard conjecture. To end the paper, we explain how to
deduce the Breuil-Mézard conjecture from the results of the previous section.

Lemma (2.3.1). In the situation of Corollary (2.2.17), for each v|p we have

e(R̄�,ψ
v /πR̄�,ψ

v ) = µAut(kv, τv, ρ̄|GFv
⊗ ω−wv ).

Proof. As remarked in the proof of Corollary (2.2.17), we have

e(R̄�,ψ
v /πR̄�,ψ

v ) � µAut(kv, τv, ρ̄|GFv
⊗ ω−wv ).

If this inequality were strict, then the argument of Corollary (2.2.17) would yield

e(R̄∞/πR̄∞) < e(M∞/πM∞, R̄∞/πR̄∞),

which contradicts Lemma (2.2.11). �

Corollary (2.3.2). Let ρ̄ : GQp
→ GL2(F) be a continuous representation, k ≥ 2

an integer and τ : IQp
→ GL2(E) of Galois type. Suppose that ρ̄ �

( ωχ ∗
0 χ

)
for any

character χ and that if ρ̄ has scalar semi-simplification, then it is scalar.
If the pair (k, τ) satisfies the condition of Hypothesis (1.2.6) (for example τ is

abelian), then

e(R�,ψ(k, τ, ρ̄)/πR�,ψ(k, τ, ρ̄)) = µAut(k, τ, ρ̄).

Proof. By Lemma (2.3.1) it suffices to show that there exist a totally real field
F, in which p splits, a finite set of primes S of F, and a modular representation
ρ̄F : GF,S → GL2(F) satisfying the conditions (1)–(4) of (2.2), such that ρ̄F |GFv

�( ωχ ∗
0 χ

)
for all primes v|p of F and ρ̄F |GFw

∼ ρ̄ for some w|p. When ρ̄ is semi-simple,
such a ρ̄F can easily be constructed using CM forms, and this proves the result for
semi-simple ρ̄.

It remains to consider the case where ρ̄ is a non-trivial extension of ω2 by ω1

for distinct characters ω1, ω2 : GQp
→ F× satisfying ω1ω

−1
2 �= ω. Let r̄ denote the

pseudo-representation associated to ρ̄. By Lemma (1.7.1) there is a map Rps
Uω1

(r̄) →
R�,ψ(k, τ, ρ̄) which is a surjection by Corollary (1.4.4) and which is injective by
Corollary (1.4.5) and the definition of Uω1 . Hence we have

e(R�,ψ(k, τ, ρ̄)/πR�,ψ(k, τ, ρ̄)) = e(Rps
Uω1

(r̄)/πRps
Uω1

(r̄)) � µAut(k, τ, ρ̄)

by Proposition (1.6.15). If this inequality were strict, then the argument of Propo-
sition (1.7.8) would show that

e(R�,ψ(k, τ, ρ̄ss)/πR�,ψ(k, τ, ρ̄ss)) < µAut(k, τ, ρ̄ss),

contradicting what we have already proved for semi-simple ρ̄. �

(2.3.3) We also have the following variant which establishes cases of Conjecture
(1.1.5).

Corollary (2.3.4). With the notation and assumptions of Corollary (2.3.2), we
have

e(R�,ψ
cr (k, τ, ρ̄)/πR�,ψ

cr (k, τ, ρ̄)) = µcr
Aut(k, τ, ρ̄).

Proof. To prove this, we modify the constructions of (2.2) for v|p, by taking Wσv

to be Symkv−2O2 ⊗ σcr(τv) ⊗ detwv and taking R̄�,ψ
v to be the quotient of R�,ψ

v

corresponding to the quotient R�,ψv
cr (kv, τv, ρ̄ ⊗ ω−wv ) of R�

v (ρ̄ ⊗ ω−wv). The ar-
guments of (2.2) go over verbatim to establish an analogue of Corollary (2.2.17)
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in this context. The only difference is that in the proof of Corollary (2.2.17) one
invokes Proposition (1.7.13) instead of Corollary (1.7.2), Proposition (1.7.8) and
Proposition (1.7.10). The arguments of Lemma (2.3.1) and Corollary (2.3.2) now
go over verbatim to prove the corollary. �

Addendum to [Ki 1]

(A.1) Let K/Qp be a finite extension, K̄ an algebraic closure of K, and GK =
Gal(K̄/K). We denote by IK ⊂ GK the inertia subgroup.

Let F/Fp be a finite extension and VF a finite dimensional F-vector space of
dimension d. Let E/Qp be a finite extension and τ : IK → GLd(E) a 2-dimensional
representation with open kernel which extends to a representation of the Weil group
WK . We also fix a p-adic Hodge type v. The notion of a p-adic Hodge type is defined
in [Ki 2, §2.6]. In particular v specifies a collection of Hodge-Tate weights but, in
fact, it gives slightly more information.

Fix a basis of VF and let R�
VF

denote the universal framed deformation ring. In
[Ki 2] we showed that there was a quotient (R�

VF
[1/p])τ,v of R�

VF
⊗W (F) OE which

parameterized potentially semi-stable liftings of VF of type τ and p-adic Hodge type
v. The main point of this addendum is to give a more precise description of the
local structure of (R�

VF
[1/p])τ,v when d = 2, which we assume from now on. More

precisely we show

Theorem (A.2). The ring (R�
VF

[1/p])τ,v is reduced with formally smooth irre-
ducible components.

Proof. If every lifting of VF of type τ and p-adic Hodge type v is potentially crys-
talline, then this follows from [Ki 2, Thm. 3.3.8], which in fact shows that these
rings are formally smooth. Thus we may assume that VF has a potentially semi-
stable lifting of type (τ,v) which is not potentially crystalline. This is only possible
if τ ∼ η⊕2|IK

where η is a continuous character of WK . We may assume that η
extends to a character of GK . Twisting by η−1, we may assume that τ is trivial.

We now define two groupoids on the category of E-algebras, as in [Ki 1, 3.1.1,
3.1.4]. Let K0 ⊂ K denote the maximal absolutely unramified subfield. We denote
by Modϕ,N the groupoid whose value on an E-algebra A is the category of finite
projective K0 ⊗Qp

A-module DA of rank 2, equipped with an isomorphism 1 ⊗
ϕ : ϕ∗(DA) ∼−→ DA and a nilpotent endomorphism N : DA → DA such that
pϕN = Nϕ. Here we extend ϕ to K0 ⊗Qp

A, by A-linearity.
To define the second groupoid, fix a finite free K0 ⊗Qp

E-module DE of rank 2,
and for A an E-algebra write DA = DE⊗EA. We denote by Xϕ,N the groupoid such
that the objects of Xϕ,N (A) consist of a ϕ-semi-linear isomorphism DA

∼−→ DA

and a nilpotent endomorphism N : DA → DA such that pϕN = Nϕ.
We then have morphisms of groupoids on E-algebras

(R�
VF

[1/p])τ,v → Modϕ,N ← Xϕ,N

where both maps are formally smooth by [Ki 1, 3.1.5, 3.2.1, 3.3.1]. The groupoid
Xϕ,N is representable by an E-scheme of finite type, and the theorem follows from
the following �

Lemma (A.3). Xϕ,N is reduced with smooth irreducible components.
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Proof. Let DA be in Modϕ,N (A) and denote by C•(A) the complex

DA
(N,1−ϕ)−→ DA ⊕ DA

(pϕ−1,N)−→ DA,

concentrated in degrees 0, 1, 2. Suppose that A is a local E-algebra with maximal
ideal mA, and let I ⊂ A be an ideal with ImA = 0. Let DA/I be in Modϕ,N (A/I),
and choose a ϕ-semi-linear lift ϕ̃ : DA

∼−→ DA of ϕ|DA/I
and a linear lift Ñ :

DA → DA of N |DA/I
. Then h = Ñ − pϕ̃Ñ ϕ̃−1 ∈ DA gives rise to a class [h] ∈

H2(C•(DA/I)) which does not depend on the choice of Ñ and ϕ̃. The computations
of [Ki 1, 3.1.2] show that [h] is the obstruction to lifting DA/I to an object of
Modϕ,N (A).

In our present situation, when d = 2, the E-dimension of H2(C•(DA/I)) is at
most 1. A standard argument now shows that the complete local ring Ôx at a
closed point x ∈ Xϕ,N is a quotient of a power series ring over κ(x) by at most one
relation. In particular, since Xϕ,N is generically reduced by [Ki 1, 3.1.5, 3.1.6], it
is reduced.

We now define two smooth closed subspaces of Xϕ,N . The first, denoted (Xϕ,N )cr,
corresponds to those objects DA such that N = 0. This is obviously smooth of
dimension 4[K0 : Qp]. To define the second subspace, let Tϕ denote the Qp-torus

Tϕ = coker(ResK0/Qp
Gm

1−ϕ−→ ResK0/Qp
Gm).

For any Qp-algebra A, by a K0 ⊗Qp
A-line, we mean a free K0 ⊗Qp

A-module which
is everywhere of rank 1. Given such a module L, a ϕ-semi-linear isomorphism ϕL :
L

∼−→ L gives rise to an element of [ϕL] ∈ Tϕ(A). Denote by (Xϕ,N )st the groupoid
which assigns to an E-algebra A the following data: A pair of K0 ⊗Qp

A-lines
L1, L2 ⊂ DA such that DA = L1 ⊕L2, ϕ-semi-linear isomorphisms ϕLi

: Li
∼−→ Li,

for i = 1, 2, such that [ϕL1 ][ϕ
−1
L2

] = p ∈ Tϕ(A), and a map N : L1 → L2 such that
pϕL2N = NϕL1 . Note that given ϕL1 , ϕL2 with the above property, the space of
possible maps N is locally free of rank 1 over A.

One sees easily that (Xϕ,N )st is represented by a formally smooth E-scheme
of dimension 4[K0 : Qp]. Define a morphism (Xϕ,N )st → Xϕ,N , by setting ϕ =
ϕL1 ⊕ ϕL2 and extending N to DA by setting N |L2 = 0. We claim that this is a
closed embedding. To see this, it suffices to check that the morphism induces an
injection on points in finite local E-algebras. This follows from the fact that one
can recover L1, L2 from ϕ on DA, using the slope decomposition.

It is easy to check that any closed point of Xϕ,N lies on (Xϕ,N )cr or (Xϕ,N )st.
Hence Xϕ,N is the union of these two formally smooth, closed subspaces. �

(A.4) Erratum to [Ki 1, 2.6.1]. We end this appendix with a correction to
[Ki 1, §2.6]. We are grateful to G. Pappas for pointing out this inaccuracy. We
freely use the notion of [Ki 1] in this paragraph, and all references are to that paper.

The KA-modules in (3) and (4) of Lemma 2.6.1 in [Ki 1] need not be projective
as claimed. The mistake is that the final map in the displayed equation at the
end of the proof of that lemma is not well defined in general. The lemma is used
only in the proof of Corollary 2.6.2. The statements of the lemma are correct in
the situation of the corollary, and in fact its proof may be rearranged to derive
these statements without using them as an input: The final two paragraphs of the
proof show that Filiϕ∗(MA)/(E(u)ϕ∗(MA) ∩ Filiϕ∗(MA))⊗A B is projective over
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K ⊗Qp
B for any A-algebra B which is finite and local over E. This implies that

Filiϕ∗(MA)/(E(u)ϕ∗(MA) ∩ Filiϕ∗(MA)) is projective over KA, as required, and
Ast,v can now be defined as in the first paragraph of the proof.
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Norm. Sup. 15 (1983), 547-683. MR707328 (85c:14028)

[FM] J.M. Fontaine, B. Mazur, Geometric Galois Representations, Elliptic curves, modular
forms, and Fermat’s last theorem (Hong Kong, 1993), Internat. Press, Cambridge, MA,
pp. 41-78, 1995. MR1363495 (96h:11049)

[Fo] J.M. Fontaine, Représentations p-adiques semi-stables, Périodes p-adiques, Astérisque
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