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MEASURE CONJUGACY INVARIANTS
FOR ACTIONS OF COUNTABLE SOFIC GROUPS

LEWIS BOWEN

1. INTRODUCTION

This paper is motivated by an old and central problem in measurable dynam-
ics: given two dynamical systems, determine whether or not they are measurably
conjugate, i.e., isomorphic. Let us set some notation.

A dynamical system (or system for short) is a triple (G, X, u), where (X, u) is
a probability space and G is a group acting by measure-preserving transformations
on (X, u). We will also call this a dynamical system over G, a G-system or
an action of G. In this paper, G will always be a discrete countable group. Two
systems (G, X, p) and (G,Y,v) are isomorphic (i.e., measurably conjugate) if
and only if there exist conull sets X' C X, Y’ C Y and a bijective measurable
map ¢ : X’ — Y’ such that =1 : Y’ — X' is measurable, ¢.u = v and ¢(gz) =
go(x)Vg € G,z € X'.

A special class of dynamical systems called Bernoulli systems or Bernoulli
shifts has played a significant role in the development of the theory as a whole
because it was the problem of trying to classify them that motivated Kolmogorov
to introduce the mean entropy of a dynamical system over Z [Ko58, [Ko59]. That is,
Kolmogorov defined for every system (Z, X, ) a number h(Z, X, 1) called the mean
entropy of (Z, X, 1) that quantifies, in some sense, how “random” the system is.
His definition was modified by Sinai [Si59]; the latter has become standard.

Bernoulli shifts also play an important role in this paper, so let us define them.
Let (K, k) be a standard Borel probability space. For a discrete countable group
G, let K¢ = ngc K be the set of all functions  : G — K with the product Borel

structure and let K¢ be the product measure on K“. The group G acts on K¢ by
(gz)(f) = 2(g~'f) for x € K€ and g, f € G. This action is measure-preserving.
The system (G, K, k%) is the Bernoulli shift over G with base (K,x). It is
nontrivial if x is not supported on a single point.

Before Kolmogorov’s seminal work [Ko58| [Ko59], it was unknown whether all
nontrivial Bernoulli shifts over Z were measurably conjugate to each other. He
proved that h(Z, K% k%) = H(k) where H(k), the entropy of x, is defined as
follows. If there exists a finite or countably infinite set K’ C K such that x(K') =1,
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then
H(k) ==Y p({k})log (n({k})),
keK'
where we follow the convention 0log(0) = 0. Otherwise, H(k) = 4+o00. Thus two
Bernoulli shifts over Z with different base measure entropies cannot be measurably
conjugate.

The converse was proven by D. Ornstein in the groundbreaking papers [Or70al
Or70b]. That is, he proved that if two Bernoulli shifts (Z, K%, k%), (Z, L%, \?) are
such that H(k) = H(X), then they are isomorphic.

In [Ki75], Kieffer proved a Shannon-McMillan theorem for actions of a countable
amenable group G. In particular, he extended the definition of mean entropy from
Z-systems to G-systems. It is then not difficult to show that Kolmogorov’s theorem
extends to Bernoulli shifts over G.

In the landmark paper [OW87], Ornstein and Weiss extended most of the classi-
cal entropy theory from Z-systems to G-systems, where G is any countable amenable
group. (This paper also contains many results for nondiscrete amenable groups.)
In particular, they proved that if two Bernoulli shifts (G, K¢, k%), (G, L%, \¥) over
a countably infinite amenable group G are such that H(x) = H()), then they are
isomorphic. Thus Bernoulli shifts over G are completely classified by base measure
entropy.

Let us say that a group G is Ornstein if H(x) = H()\) implies (G, K¢, k%)
is isomorphic to (G, L%, \¥), where (K, x) and (L, \) are any two standard Borel
probability spaces. By the above, all countably infinite amenable groups are Orn-
stein. Stepin proved that any countable group that contains an Ornstein subgroup
is itself Ornstein [St75]. This paper is not widely available, but a proof is also sup-
plied in [BoO8b). It is apparently unknown whether or not every countably infinite
group is Ornstein. But an open case is that of Ol’shanskii’s monsters [O191].

At the end of [OWS8T], Ornstein and Weiss presented a curious example suggest-
ing that there might not be a reasonable entropy theory for nonamenable groups.
It pertains to a well-known fundamental property of entropy: it is nonincreasing
under factor maps. To explain, let (G, X, 1) and (G,Y,v) be two systems. A map
¢: X = Yisafactorif g.pu = v and ¢(gx) = go(x) for a.e. x € X and every g € G.
If G is amenable, then the mean entropy of a factor is less than or equal to the mean
entropy of the source. This is essentially due to Sinai [Si59]. So if K,, = {1,...,n}
and £, is the uniform probability measure on K,, then (G, K¢, «§), which has
entropy log(2), cannot factor onto (G, K§, k$), which has entropy log(4).

The argument above fails if G is nonamenable. Indeed, let G = {(a, b) be a rank
2 free group. Identify Ky with the group Z/2Z and K4 with Z/27 x Z/27Z. Then

o(x)(9) == (z(g) + z(ga),x(g) + z(gb)) Vo € K§ g € G,

is a factor map from (G, K§, k) onto (G, K§, k$). This is Ornstein-Weiss’ exam-
ple.

There is an obvious factor map from (G, K{,x§) onto (G, K§, kS) (for any
group G), so the authors speculated that if G = (a,b), then these two Bernoulli
shifts might be measurably conjugate. We now know that this is false. The paper
[Bo08a] introduced an invariant for dynamical systems over a free group that be-
haves similarly to Kolmogorov-Sinai entropy. In particular, it shows that Bernoulli
shifts over a free group are completely classified by base measure entropy.
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The purpose of this paper is to define, for every countable sofic group G, a family
of isomorphism invariants that enables us to completely classify Bernoulli shifts over
a countable sofic Ornstein group. It is expected that, as with Kolmogorov-Sinai
entropy, these invariants will have an impact broader than this initial application
to Bernoulli shifts. So what is a sofic group? Before stating the definition, let us
note a few facts. These groups were defined implicitly by Gromov in [Gr99] and
explicitly by Weiss in [We00]. An almost immediate consequence of the definition
is that all residually amenable groups are sofic. In particular, since linear groups
(i.e., subgroups of GL, (F) where F is a field) are residually finite (by [Ma40]), they
are sofic. It is unknown whether every countable group is sofic, but an unresolved
case is that of the universal Burnside group on a finite set of generators. Pestov
has written a beautiful up-to-date survey [Pe08| on sofic groups and their siblings,
hyperlinear groups.

Definition 1. Let G be a countable group. For m > 1, let Sym(m) denote the
full symmetric group on {1,...,m}. Let ¢ : G — Sym(m) be a map. o is not
assumed to be a homomorphism! For F' C G, let V(F) C {1,...,m} be the set of
all elements v such that for all fi, fo € F,

U(f1)0(f2)v = U(f1f2)U

and o(f1)v # o(fo)v if f1 # fo. o is an (F),¢)-approximation to G if |[V(F)| >
(1 —¢e)m.

Let ¥ = {0152, be a sequence of maps o; : G — Sym(m;). Then ¥ is a sofic
approximation to G if each o; is an (Fj, ¢;)-approximation to G for some (Fj, €;),
where F; C Fiyq foralli, |, F; = G and ¢; — 0 as i — oo. G is sofic if there exists
a sofic approximation to G.

Example 1. If G is residually finite, then there exists a sequence {NNV;} of finite-
index normal subgroups of G with N;;1 < N; for all ¢ and [, N; = {e}. Let
o; : G — Sym(G/N;) be the canonical homomorphism given by the action of G on
G/N;. Then {0;} is a sofic approximation to G.

Example 2. If G is amenable, then there exists an increasing sequence {F;} of
finite subsets of G such that J, F; = G and that for every finite K C G

. |KF;,AF;]
lim ————— =1.

Let 0; : G — Sym(F;) be any map such that if f € F;, g € G and gf € F;, then
0i(g)f = gf. Then {o;} is a sofic approximation to G.

In Section 2l we define the entropy of a system (G, X, pu) with respect to a
sofic approximation Y. It is denoted h(X,G, X, u). The proof that this entropy
is invariant under measure-conjugacy occupies Sections [ - [l In Section B it is
proven that h(X,G, K¢, k%) = H(k) whenever H(x) < oo. This implies the next
result.

Theorem 1.1. Let G be a countable sofic group and let (K1, k1), (K2, k) be stan-
dard Borel probability spaces such that H(k1) + H(k2) < oo. If (G, K& k¥) is
isomorphic to (G, K§,kS), then H(x1) = H(ks).
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In Section [§] it is shown that if G is also Ornstein, then the finiteness condition
in the above theorem can be removed. Thus:

Corollary 1.2. Let G be a countable sofic Ornstein group. Let (K1, k1), (Ka, ko) be
standard Borel probability spaces. Then (G, K, k§) is isomorphic to (G, K§, kS)
if and only if H(k1) = H(k2).

To make a contrast, recall that two systems (G, X, pu), (G,Y,v) are weakly
isomorphic if (G, X, u) is a factor of (G, Y, v) and (G, Y, v) is a factor of (G, X, u).
The next theorem is proven in [Bo08b].

Theorem 1.3. Let G be a countable group that contains a nonabelian free subgroup.
Let (K1, k1), (Ko, k2) be any two nontrivial standard Borel probability spaces. Then
(G, KE k§) is weakly isomorphic to (G, K§, KkS).

The main ingredient in the proof is Ornstein-Weiss’ example. In Section [8 this
is used to prove

Theorem 1.4. Let G be a countable sofic group that contains a nonabelian free
subgroup. Let (K, k) be a standard Borel probability space with H(k) = +o0o. Then
(G, K%, k%) does not have a finite-entropy generating partition.

The conclusion to this theorem is well known to hold if G is amenable. It is
apparently unknown whether this result holds for all countable groups.

Let us consider the special case in which G is a countably infinite linear group.
Then every finitely generated subgroup of G is residually finite by [Ma40]. Hence, G
is sofic. By the celebrated Tits alternative [Ti72], any finitely generated subgroup
of G is either virtually solvable (and hence amenable) or contains a nonabelian free
group. Thus either G contains a nonabelian free subgroup or it is amenable. In
either case, it is Ornstein. Therefore, the following is proven.

Corollary 1.5. Let G be a countably infinite linear group. If (Ki, k1), (K2, ko) are
standard Borel probability spaces, then (G, K&, k§) is isomorphic to (G, K$,kS) if
and only if H(k1) = H(ke2). G is nonamenable if and only if every two nontrivial
Bernoulli shifts over G are weakly isomorphic. If H(k1) = +oo, then there are no
finite-entropy generating partitions for (G, K&, k{).

1.1. Conjugation up to automorphisms. There following definition is impor-
tant in the applications that follow.

Definition 2. Two systems (G1, X1, p1) and (Ga, Xs, u2) are conjugate up to
automorphisms if there exists an isomorphism ® : G; — G5 and a measure-
space isomorphism ¢ : X — X/ (where X/ is a conull subset of X;) such that
d(gx) = ®(g)¢(x) for every g € G and z € X].

For example, let (G, X, 1) be a system and let @ : G — G be an automorphism.
Let (X*, u*) be a copy of (X, p). Define an action of G on (X%, u%) by g-x =
a(g)x for g € G,z € X Then (G,X,pu) and (G, X*, u*) are conjugate up to
automorphisms. It is possible that they are not isomorphic as G-systems.
Theorem 1.6. Let G be a countable sofic group and let (K1, k1), (K2, k) be stan-
dard Borel probability spaces such that H(k1) + H(k2) < oco. If (G, K& k¥) is
conjugate up to automorphisms to (G, K§, k), then H(rk1) = H(k2).

Corollary 1.7. Let G be a countable sofic Ornstein group. Let (K1, k1), (Ka, Kk2)

be standard Borel probability spaces. Then (G, K&, k§) is conjugate up to automor-
phisms to (G, K§ kS if and only if H (k1) = H(kz).



MEASURE CONJUGACY INVARIANTS FOR COUNTABLE SOFIC GROUPS 221

This theorem and its corollary follow from Theorem 2] Proposition and
Lemma 23] below.

1.2. Orbit equivalence and von Neumann equivalence. The purpose of this
subsection is to show that if the group G satisfies certain additional hypotheses,
then the results above can be used to classify Bernoulli shifts over G up to orbit
equivalence and even up to von Neumann equivalence. To recall the definitions, for
i =1,2let (G4, X;, ui) be a system.

Definition 3. (G1, X1, p1) and (Ga, Xo, u2) are orbit-equivalent (OE) if there
exist conull sets X C X7, X4 C X2 and a measure-space isomorphism ¢ : X{ — X}
such that for all z € X1, ¢(G12) = G2 ().

Orbit equivalence was introduced implicitly in [Si55] and explicitly in [Dy59],
where it was shown that all free ergodic actions of Z are orbit equivalent. This was
extended to countable amenable groups in [OWS80, [CEFWS8I1|. In the last decade,
a number of striking rigidity results in orbit equivalence theory have been proven.
These imply that under special additional hypotheses, orbit equivalence implies
conjugacy up to automorphisms. For example, S. Popa proved [Po08| Corollary 1.3]
that if G1, G2 are two countably infinite groups, GG; is nonamenable and G X G4 has
no nontrivial finite normal subgroups, then any two Bernoulli shifts over G; x G,
are orbit equivalent if and only if they are conjugate up to automorphisms. Thus
Theorem and Corollary [[7] imply

Corollary 1.8. Let G1,G2 be countably infinite groups and suppose G1 is non-
amenable. Suppose that G := G1 X Go is sofic and has no nontrivial finite normal
subgroups. Let (K1, k1), (K2, k) be standard Borel probability spaces with H (k1) +
H(ky) < oo. If (G,KE k) is orbit-equivalent to (G, KS,kS), then H(ki1) =
H(Hg) .

If G is also Ornstein, then H(k;) is allowed to be infinite and the converse also
holds. That is, (G, K&, k{) is OF to (G, K§,kS) if and only if H (k1) = H(k2).

Y. Kida proved [Ki08 Theorem 1.4] that if G is the mapping class group of a
genus g, n-holed surface S, , for some (g,n) with 3¢ +n —4 > 0 and (g,n) ¢
{(1,2),(2,0)}, then any two Bernoulli shifts over G are orbit equivalent if and only
if they are conjugate up to automorphisms. By [Gr74] (see also [Iv86]), mapping
class groups are residually finite and hence are sofic. It is well known that they
contain infinite cyclic subgroups and hence are Ornstein. So Corollary [L7 implies:

Corollary 1.9. Let G be the mapping class group of a genus g, n-holed sur-
face Sy, for some (g,n) with 3g +n —4 > 0 and (g,n) ¢ {(1,2),(2,0)}. Let
(K1, k1), (Ko, k2) be standard Borel probability spaces. Then (G, K&, k%) is orbit-
equivalent to (G, K, kS if and only if H(k1) = H(k2).

It is worth pointing out that Popa’s and Kida’s results are much more general
than the ones we have used here.

Let us now turn our attention towards von Neumann equivalence. A system
(G, X, ) gives rise in a natural way to a von Neumann algebra L>=(X,u) x G
called the group measure space or crossed product construction of Murray
and von Neumann [MvN36]. If G is infinite and the action is free and ergodic,
then L (X, ) x G is an I1; factor, a highly noncommutative infinite-dimensional
algebra with a positive trace. It is a fundamental problem in the theory of von
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Neumann algebras to classify type I1;-factors up to isomorphism in terms of the
group/action data. This motivates the next definition.

Definition 4. Two systems (G, X1, 1) and (Ge, Xa, u2) are von Neumann
equivalent (vNE) if L>°(Xy, u1) x Gy is isomorphic to L (Xa, u2) X Ga.

It was shown in [Si55] that orbit equivalence implies von Neumann equivalence.
Indeed this insightful discovery motivated the study of orbit equivalence. In [Co76],
A. Connes proved that all I1; factors arising from actions of amenable groups are
isomorphic. By contrast, nonamenable groups were used to produce large families
of nonisomorphic factors in [MvN43|, [Dy63], [Sc63], [Mc69], [CoT5].

In a series of groundbreaking papers [Po06], [Po08], S. Popa established a variety
of vNE rigidity results. These posit that under certain additional hypotheses von
Neumann equivalence implies conjugacy up to automorphisms. The survey [Po07]
covers many of these developments. For example, in [Po06, Corollary 0.2], it is
proven that if G is a countably infinite property (T) group such that every non-
trivial conjugacy class is infinite (this is abbreviated as ICC), then two Bernoulli
shifts over G are von Neumann equivalent if and only if they are conjugate up to
automorphisms. Thus Theorem and Corollary [[L7 imply the following.

Corollary 1.10. Let G be a countably infinite ICC sofic property (T) group. Let
(K1, k1), (Ka,kK2) be standard Borel probability spaces with H (k1) + H(k2) < oo.
If (G, K¢, k¥) is von Neumann equivalent to (G, KS,kS), then H (k1) = H(ks).

If, in addition, G is Ornstein, then H(k1) and H(k2) are allowed to be in-
finite and the converse also holds. That is, L=(K$ k{) x G is isomorphic to
L>®(K$,kS) x G if and only if H(ky) = H (ko).

For example, if G = PSL,(Z) for n > 2, then G is a countably infinite, ICC,
sofic, property (T), Ornstein group. The above result is a special case of a more
general theorem. To state it we will need some definitions that are not widely

known. For fundamental results related to these definitions, the reader is referred
to [Po06].

Definition 5. A group G is w-rigid if it contains an infinite normal subgroup with
the relative property (T) of Kazhdan-Margulis (in other words, (G, H) is a property
(T)-pair; see [Ma82), [dHV89]). For example, all infinite groups with property (T)
are w-rigid.

Definition 6. A subgroup H < G is wg-normal if for every intermediate subgroup
H < H' < G with H' # G, there exists an element g € G such that [gH'g N H'| =
+00. wg-normal stands for “weakly-quasinormal”.

Definition 7. A group G is in the class w7 if it contains a subgroup H such that:
e (G, H) is a property (T) pair,
e H is not virtually abelian and
e H is wg-normal in G.

Corollary 1.11. Let G be an ICC sofic group. Suppose one of the following con-
ditions holds:

(1) G is w-rigid or in the class wTp.
(2) There is a nonamenable subgroup H < G such that C(H), the centralizer
of H, is wg-normal in G and is not virtually abelian.
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™~

et (K1,k1), (Ka, ko) be two standard Borel probability spaces such that H (k1) +
H(kg) < oo. If (G,KE k%) is von Neumann equivalent to (G, K$ kS), then
H(Hl) = H(Hg).

If, in addition, G is Ornstein (for example, if G is linear), then H (k1) and H(k2)
are allowed to be infinite and the converse also holds. That is, L (K&, k) x G is
isomorphic to L™ (K k§) x G if and only if H(k1) = H(k2).

Proof. This follows from Theorem [[L8 Corollary [T [Po06l, Corollary 0.2] (if con-
dition (1) holds), and [Po08, Theorem 1.5] (if condition (2) holds). O

The following generalizes Corollary [L8

Corollary 1.12. Let G be a sofic group satisfying the following: G has no nontrivial
finite normal subgroups, G contains infinite commuting subgroups H, H' with H
nonamenable and H' < G is wg-normal. Let (K1, k1), (K2, k2) be two standard
Borel probability spaces such that H(k1) + H(ke) < co. If (G, K% k§) is orbit-
equivalent to (G, K§ kS, then H(k1) = H(ks).

If G is also Ornstein, then H(k1) and H (k) are allowed to be infinite and the
converse also holds.

Proof. This follows from Theorem [[L6] Corollary [['7land [Po08| Corollary 1.3]. O

2. THE INVARIANTS

In this section, we define the new invariants and state the main theorem. So fix
a countable group G. In this paper, all partitions o = (Aj,...) of a probability
space (X, ) are measurable and at most countable.

If ¥ = {0;} is a sofic approximation of G, (G, X, 1) is a system and « is a finite
partition of X, then the Y-entropy rate of « is, roughly speaking, the exponential
rate of growth of the number of partitions § on {1,...,m;} that approximate a.
So we begin by making precise a notion of approximation for such partitions.

Definition 8. Let (G, X,u) be a system and o = (A, As,...) be an ordered
partition of X. Let o : G — Sym(m) be a map, ¢ be the uniform probability
measure on {1,...,m} and § = (B, Ba,...) be a partition of {1,...,m}.

Let F C G be finite. Given a function ¢ : F = N, let A, = ﬂfeF fAgp) and
B¢ = meF U(f)B¢(f). Define

dr(o,B) = Y |n(As) = C(By)|

$:F—N

The above definitions make sense even if & = (Ay,...,A,) or 8 = (By,...,B,) are
finite; just set A; = Bj =0 for ¢ > w and j > v.

If « = (A4y,...,A,) is finite, then for ¢ > 0, let AP(0,« : F,€) be the set of all
ordered partitions 8 = (By,..., By) of {1,...,m} with the same number of atoms
as « such that dp(«, 8) < e. AP stands for approximating partitions.

Definition 9. A map sequence for G is a sequence ¥ = {0;}2, of maps o; :
G — Sym(m;) such that m; — co as i — oo.
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Definition 10. Let (G, X, i) be a system and ¥ := {0;}$2; be a map sequence for
G. For every finite partition o of X, ¢ > 0 and finite set F' C G, let

1
H(X,a:Fe) = limsup—log|AP(o;,a: F,e€),
i—oo Ty
H(X,a:F) = lmH(E, a: Fe),
e—0
h(X,a) = inf HX,a:F).
FCG

A few words about the above definitions are in order. If €; > €5, then
AP(o,a: Fe1) D AP (0, : Fle3),

so the limit defining H(3, a : F') exists and equals the infimum over all € > 0.
The infimum defining h(X, @) is over all finite sets F' C G. We call h(X, «) the
mean Y-entropy of a. Note that if F} C Fy, then

AP(o,: Fi,e) D AP(0,a : Fa,e).

Hence if {F,} is any sequence of finite subsets of G with F,, C F,4; for all n and
U,, Frn = G, then h(X, o) = limy, oo H(E, a1 F}).

It is possible that AP(o;,« : F,e€) is empty. In this case, we interpret log(0) =
—o00. Thus, it is a priori possible that h(X, o) = —oc.

In order to handle the case when « is an infinite partition, we need to review
some standard definitions.

Definition 11. Let (X, ) be a probability space and let o = (Ay, As,...) be a
measurable partition of X into at most countably many sets (each of which is called
an atom of a). The entropy of « is

H(a) = = p(A)log(n(As)).
=1

Definition 12. If « and g are two partitions of X, then their join, denoted 'V 3,
is defined by aV B ={ANB | A€ a,B € (3}

Definition 13. If «, are partitions of X and for every A € «a there exists a
B € g such that u(A— B) =0 (i.e. A is asubset of B up to a set of measure zero),
then we say that o refines 3. Equivalently, 5 is a coarsening of a. We denote
this by a > 8. A chain of « is a sequence {a,}52; of finite partitions such that
a1 <ay<---<aand ;2 a; =a.

Often, we will abuse notation by writing A C B to mean pu(A — B) = 0.

Definition 14. Let (G, X, i) be a system and ¥ := {0, }{2; be a map sequence for
G. Let o = (Ay, As, . ..) be a partition of X. For every € > 0 and finite set F' C G,
let

HXa:F) = inf{ lim H(X,ap : F) @ {a,}22, is a chain ofa}.

n—oo

We will prove in Section [@ that H(3, « : F) = lim,,—, oo H(X, o, : F) for any chain
{a,} of a. As in the finite case, define h(X, a) = infpcq H(E,a: F).

Remark 1. The above definitions admit two natural generalizations. First, the
limsup in the definition of H(X,« : F,¢) can be replaced with a liminf or an
ultralimit. The latter is very natural from the perspective on sofic groups taken in
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[ES05] and [Pe0§]. Second, each map o; : G — Sym(m;) could be random. In this
case, define

H(X,«: F,e) = limsup 1 logEUAP(Ji,a : F, e)”,
i—oo Ty

where E[-] denotes expected value. This is used in [Bo09] to show that the f-

invariant defined in [Bo08a] is a special case of Y-entropy. All of the results in

this paper remain true if these two generalizations are utilized (with only minor,

obvious changes in the proofs). But for simplicity’s sake, we will not make use of

either generalization.

In order to obtain a measure-conjugacy invariant, we need to focus on a special
class of partitions described next.

Definition 15. Let (G, X, i) be a system and « be a partition of X. Let 3, be the
smallest G-invariant g-algebra containing the atoms of a. Then « is generating if
for any measurable set A C X there exists a set A’ € ¥, such that y(AAA") =0.

The main theorem of this paper is:

Theorem 2.1. Let G be a countable sofic group. Let ¥ = {0;}32, be a sofic
approximation to G. Then if (G,X,pn) is any G-system and «,f are any two
generating partitions of X with H(«) + H(B) < oo, then h(%,a) = h(X%, ).

This motivates the following definition:

Definition 16. Let (G, X, 1), X be as above. If (G, X, u) has a generating partition
a with H(a) < oo, then let h(X,G,X,u) = h(X,«). By the above theorem,
h(%,G, X, 1) depends on the system (G, X, 1) only up to measure conjugacy.

Remark 2. If there does not exist a generating partition a with H(a) < oo, then
h(%,G, X, ) is undefined. This differs from the classical case in which the mean
entropy of a system is defined as the supremum of the mean entropy rate of a over
all finite partitions «. In general, it is possible that the supremum of A(X, o) over all
finite partitions « is infinite even if h(3, G, X, ) is finite. For example, Theorem
implies that this occurs for the Bernoulli shift (G, K¢ k%) if G contains a
nonabelian free group.

Remark 3. Tt can be shown that if G is amenable and if X is any sofic approximation
to G, then h(X,G, X, u) is the classical mean entropy of (G, X, u). Since we will
not use this, we do not prove it.

In Section [§ we show the following.

Proposition 2.2. Let G be a countable sofic group, let 2 be a sofic approximation
to G, and let (K, k) be a probability space with H(k) < co. Then h(%,G, K%, k%) =
H(k).

This proposition and Theorem 2.Ilimply Theorem[LIl Theorem [L.@ follows from
this proposition, Theorem [2.I] and the next lemma.

Lemma 2.3. Let a : G — G be an automorphism of a countable sofic group G.
Let X = {o;} be a sofic approximation and (G, X, pn) be a G-system. Let (X%, u®)
be a copy of (X,pn). Define an action of G on (X, u®) by g-x = a(g)x. Then
hE,G, X, 1) =h(E% G, X% u), where X% is the sequence {o; 0 a}2;.



226 LEWIS BOWEN

Proof. Let € > 0, F' C G be finite and let a be a finite partition of X. For i > 0,
define AP(0;, o0 : F,¢) as in Definition [§

Let a® be the partition of X corresponding to « (i.e., a® is a copy of « in X?).
Let AP® (oi oa,a’ : a’l(F),e) be defined as in Definition [§, but with the sys-
tem (G, X% p%) in place of (G, X, u). An exercise in definition-chasing shows that
AP(oi,a : Fye) = AP*(0; 0 a,a® : a=*(F),€). This implies h(X, o) = h(E%,a%).
Since this is true for every finite partition «, the lemma follows. O

2.1. An outline of the paper. To prove Theorem 2] we first review standard
definitions and results from classical entropy theory. This is Section Bl Then, we
develop a general theory for the space of partitions in Section @l This culminates
in the establishment of simple criteria under which a function f from the space
of partitions to R U {—oc} is guaranteed to be constant on the set of generating
partitions. It is shown in Sections that h(X, ) satisfies these conditions. This
finishes the proof of Theorem 21l In Section 8 we compute the entropy of a
Bernoulli shift over a sofic group with respect to a sofic approximation and use it
to prove Proposition 2.2] Theorem [[Tl Corollary and Theorem [[4]

3. CLASSICAL ENTROPY THEORY IN BRIEF

To prove the above results, we will need some basic facts from classical entropy
theory. An expert could skip this section, referring back to it for notation if neces-
sary. Fix a probability space (X, y).

Definition 17. Let F be a g-algebra contained in the g-algebra of all measurable
subsets of X. Given a partition a of X, define the conditional information
function I(a|F) : X — R by

I(a|F)(x) = —log (u(A:|F) (),

where A, is the atom of « containing x. Here, if A C X is measurable, then
#(A|F) : X — R is the conditional expectation of x 4, the characteristic function of
A, with respect to the o-algebra F. In other words, it is an F-measurable function
such that for all F-measurable functions f: X — R,

/M(Alf)(x)f(x)du(x)=/ xa(@)f(x) du(z).
X X

The conditional entropy of a with respect to F is defined by
H(17) = [ IalF)(a)du(e).
For simplicity, let H(a) = H(a|{X,0}) and I(a) = I(a|{X, 0}).
If B is a partition, then, by abuse of notation, we can identify § with the o-

algebra equal to the set of all unions of partition elements of 5. Through this
identification, I(«|f) and H(«|B) are well defined.

Lemma 3.1. For any two partitions o, 8 and for any two o-algebras Fi, Fo with
F1 C Fo,

H(aVp)=H(a)+ H(Bla),
H(a|F2) < H(a|Fr)
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with equality if and only if p(A|Fe) = p(A|F1) a.e. for every A € a. In particular
H(a|f) < H(a) and equality occurs iff o and [ are independent (i.e., VA €
0, B € B,1u(AN B) = u(A)u(B) ).

Proof. This is well known. For example, see [GI03] Proposition 14.16, page 255]. O

4. THE SPACE OF PARTITIONS

In order to prove Theorem [2.1] it is necessary to develop a general theory of
the space of all partitions of a given probability space (X, u) on which G acts by
measure-preserving transformations. In the case of finite partitions and finitely
generated groups, the required results were proven in [Bo08al]. So fix a countable
group G. Let (G, X, 1) be a G-system.

Definition 18. Two measurable partitions «, 8 of X are equivalent if for every
A € « there exists a B € 8 such that u(AAB) = 0. Let P denote the set of equiva-
lence classes of measurable partitions a of X with H(«) < oo. Generally speaking,
we will abuse notation and consider elements of P as partitions themselves. This
is similar to the common abuse of considering an element f € LP(X,u) to be a
function when it is really an equivalence class of functions.

Definition 19 (Rohlin distance). Define d: P x P — R by
d(ev, ) = H(elB) + H(Bler) = 2H(a V B) — H() — H(P).

By [Pa69, Theorem 5.22, page 62] this defines a distance function.
G acts isometrically on P by ga = (gA1,gAs,...), where ¢ € G and a =
(A1,As,...) €P. Le, if g€ G, o, B € P, then d(ga, gf) = d(a, B).

Definition 20. Let S C G. The left-Cayley graph T" of (G,S) is defined as
follows. The vertex set of I' is G. For every s € S and every g € G there is a
directed edge from g to sg labeled s. There are no other edges. S generates G if
and only if I' is connected.

The induced subgraph of a subset F' C G is the largest subgraph of I' with
vertex set F'. A subset F' C G is S-connected if its induced subgraph in I' is
connected (as an undirected graph).

Definition 21. Let o and 8 be partitions. If, for every atom A € « there exists
an atom B € § such that (A — B) = 0 (i.e., A is contained in B up to a set of
measure zero), then we say « refines §. Equivalently, 5 is a coarsening of a.
This is denoted by 8 < a. We will often abuse notation by writing A C B to mean
w(A—B)=0.

Definition 22. If F C G is finite and « € P, let

af = \/ga.

geF

Partitions «, 5 € P are S-equivalent if there exist finite S-connected sets Fy, Fy C
G such that e € F1 N Fy, a < B and B < of2. If S,«, B are all finite and S
generates GG, then this is equivalent to the definition of combinatorial equivalence
given in [Bo08a].

To check that this defines an equivalence relation, let «, 3,7 € P and let
A,B,C,D C G be finite S-connected sets containing the identity element such
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that o < 4, B < a®, B <~¢ and v < BP. Then
a< BA < (70)A — ,YAC’
where AC = {ac | a € A,c € C}. Similarly, v < aPB. An easy exercise shows that

AC and DB both contain the identity and are S-connected. Thus « is S-equivalent
to . This shows that S-equivalence is an equivalence relation on P.

The main result about S-equivalence is:

Theorem 4.1. Let S C G generate G. If a, 5 € P are generating partitions of
the system (G, X, ), then for every e > 0 there exists o' € P such that o' is S-
equivalent to o and d(o/,8) < e. Le., the S-equivalence class of « is dense in the
space of all generating partitions.

We will first need some lemmas.
Lemma 4.2. If F C G is finite, then the function o — of is continuous on P.

Proof. Let PF' = erFP be the product space. Define ¢ : P — P by ¢(a) =
(fa)fer. Define ¢ : P¥ — P by ¥((af)ser) = Vjerag. Then the function
a + ol is the composition of ¢ and .

For fixed g € G, the map a — ga is continuous on P. So ¢ is continuous (where
PF has the product topology). It is easy to see that 1 is also continuous. For
example, if o, o/, 8,8’ € P, then

dlavp,a'vp) = H(aVvpla'Vve)+H Vv avp)
H(ala'VB)+HBla' VL )+ H(d|aVB)+ H(S |aVB)
H(ald) + H(B|B') + H(c'|a) + H(B'|B)
d(a, o) +d(B, ).
Similarly, if (af) fer, (Bf) fer € PF, then d(\V e p ap, Ve p B) < 3 pep dlay, By).
This proves that o — of is continuous. O

IAIA

Lemma 4.3. Let a € P be a generating partition. Let f € P and ¢ > 0 and let
S C G generate G. Then there exists a finite S-connected set ' C G and a partition
v € P such that v < o and d(B,7) < e.

Proof. This is an easy exercise left to the reader. O

Lemma 4.4. Let o« € P. Then for every € > 0 there exists a 6 > 0 such that if

w={Xr,Xs} is a 2-atom partition of X with n(Xg) <6 and £ is the partition
E={XL}U{XsNA| AE€a},

then H(§) < e.

Proof. Let € > 0 and let 6 > 0 be small enough so that if Y C X is any set with
pw() <éand if w={X —Y,Y}, then

2H(w)+/y[(oz) dp < e,

where I(«) is the information function of a.
Now let w = {X}, Xg} with 6 > u(Xg) and let £ be as above. Consider the
information function I(£). Note that I(£)(z) = I(w)(x) if € X, and I(§)(z) =
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I(aVw)(z) if x € Xg. Tt follows from the definition of the information function
that I(aVw) = I(a) + I(w|a). Hence

HE) = /XLI(“’”“/ I{aVw) du

Xs

H(w) —l—/X I(a) + I(w|e) dp

IN

IN

2H(w)—|—/X I(a) dp < e.

We can now prove Theorem [4.1]

Proof of Theorem 1l Let 1 > € > 0 and let § > 0 be as in the previous lemma.
By choosing § smaller if necessary, we may assume e ® > 1/2 and € > 4.

Because S generates G, the Cayley graph I’ of (G,S) is connected. Since S
is generating, there exists a finite S-connected set F' C G such that e € F and
H(a|BF) < §2/2. Let 63 be a number with 62/2 > §, > 0. By Lemma 3] there
exists a finite S-connected set K C G and a partition v € P such that e € K,
v < of and d(v,8) < d2. By Lemma B2 the function o + ol is continuous.
Hence, by choosing 2 smaller if necessary, we may assume that d(y", B¥") < §2/2.

So,

H(aly") H(a V") = H(Y)

H(aly" v ")+ HY" v ) — H(»")
H(a|B") + H(B"17")

H(a|BF) +d(B",4") < 62

ININ A

Let
Xp={reX | I(aly")(x) < 8}
Let X¢ = X — X. Since

2 > H(al") = / I(aly™)(z) du(x) > p(Xs)5,

w(Xg) <6. Let w={Xp,Xs}, E={Xp}U{XsnNA|Aca}land A=~V E We
will show that A is S-equivalent to « and d(\, 8) < 2e.

Since the information function I(a|y') is constant on each atom of a V v¥
X, is a union of atoms of a V4 < (af)F = of'K where FK is the product
FK = {fk : f € F,k € K}. Note that FK is S-connected and e € FK. So
w={Xr,Xs} < afE. This implies £ < aVw < af'®. Hence A =V ¢ < alf'X,

On the other hand, a < ¥ Vv €. To see this, let A € a. Then

A:(AQXL)U(AﬂXs).

Since AN Xg € &, it suffices to show that A N X is a union of atoms in v Vv &.
By definition, A N X, is the union of A N C over all atoms C' € % such that
w(A|C) > €% > 1/2 where u(A|C) = ”(;28)0). But if u(A|C) > 1/2 and if As € «
also satisfies j1(A3]|C) > e7% > 1/2, then Ay = A. Thus ANC = X, NC. So ANXT,
is the union of X7 NC over all atoms C € v such that u(A|C) > e~%. This proves
that AN X is the union of atoms in v v &. Thus, a < v V¢, as claimed. Since
A =7 V&, this implies a < A, Because A < of'X | o is S-equivalent to .
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It remains to estimate d(\, 5):

(A, B) H(AB) + H(B|N)
H(yV¢|p) + H(Bl)
H(E|B) + d(v,8)

H(E) +0%/2< e+ 6%/2.

VAN VANV

The last inequality comes from the definition of § at the beginning of this proof.
Since 0 < € and € is arbitrary, this proves the theorem with o/ = A. (I

4.1. Splittings. In order to apply Theorem [ we will show that if a, 3 € P are
S-equivalent, then they have a common “S-splitting” as defined next.

Definition 23. Let a € P be a partition. A simple S-splitting of «a is a partition
o of the form ¢ = a V s8, where s € S and  is a coarsening of «.

An S-splitting of « is any partition o that can be obtained from « by a sequence
of simple S-splittings. In other words, there exist partitions «g, aq, ..., a,, such
that oy = @, o, = 0 and «;41 is a simple S-splitting of «; for all 0 < i < m.

Lemma 4.5. If B is an S-splitting of « € P, then « is S-equivalent to (.

Proof. It suffices to consider the special case in which § is a simple S-splitting.
Then o < B < aVta = al®t for some t € S. Since {e,t} is S-connected, this
proves it. O

Lemma 4.6. Let S C G. Ifa, 8 € P, a refines 5 and F' C G is finite, S-connected
and contains the identity element e, then oV BY is an S-splitting of «.

Proof. We prove this by induction on |F|. If |F| = 1, then F = {e} and the
statement is trivial. Let fo € F' — {e} be such that F} = F' — {fo} is S-connected.
To see that such an fj exists, choose a spanning tree for the induced subgraph of
F. Let fy be any leaf of this tree that is not equal to e.

By induction, a7 := a V B is an S-splitting of a. Since F is S-connected,
there exists an element f; € F} and an element s; € S such that s f; = fp. Since
f1 € Fi, flﬁ < aq. Thus

aVvpf =ai Vo =arVsi(fiB)

is an S-splitting of «. O

Proposition 4.7. Let S C G. Let o, B € P be S-equivalent. Let &, 3 be S-splittings
of a, B, respectively. Then there exists a partition v € P that is an S-splitting of @
and an S-splitting of 5.

Proof. By Lemma 5, & and 3 are S-equivalent. So it suffices to prove that there
is a partition v € P that is an S-splitting of o and an S-splitting of 5. Let F, K
be finite S-connected sets containing the identity such that @ < ¥ and g < oX.
Thus o < (BF)K = pEF. Since 3 is a coarsening of o and K F is S-connected
and contains the identity, the previous lemma implies that v = X is a splitting
of o, and therefore is a splitting of a. Of course, X is also a splitting of 3. O

The next theorem explains how we will use this general theory to prove that
h(X, @) does not depend on the choice of generating partition .
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Theorem 4.8. Let G be a countable group and suppose S C G is a generating set
for G. Let (G, X, ) be a G-system. As above, let P be the space of partitions of X
with finite entropy. Let f : P — RU{—00} be an upper semi-continuous function
such that f is invariant under S-splittings (i.e., if « is an S-splitting of 5 € P,
then f(a) = f(B)). Then for all generating partitions o, 8 € P, f(a) = f(5).
Proof. Let a, f € P be any two generating partitions. By Theorem 1], there exists
a sequence {«}} of partitions converging to 5 such that each o/ is S-equivalent to «.
By the previous proposition, o} and a have a common S-splitting. So f(a}) = f(«)
for all 7. Since f is upper semi-continuous,

fo) = lim f(a}) < f(5).
The opposite inequality, f(8) < f(«), is similar. This proves the theorem. O

In the next section, we prove the inequality
H(X,:F)—HB)>H(S,a: F)— H()

when o > B. This will be useful in succeeding proofs. In Section [B] we show
that H(X,« : F) is well defined when « is infinite and that A(X,-) is upper semi-
continuous. In Section [ we show that A(X,-) is invariant under S-splittings.
Theorem [£]] then implies Theorem 211

5. A LOWER BOUND FOR THE ENTROPY OF A COARSENING

The proposition succeeding the two lemmas below will be used frequently in this
paper.
Lemma 5.1. Let (G, X, ) be a system with G a countable group. Let ¥ = {o;} be
a map sequence for G (i.e., a sequence of maps o; : G — Sym(m;) with m; — oo
as i — 00). Let a, B be finite partitions of X and suppose that o refines 3. Then
for all finite FF C G,
H(X,8:F)—H(B) > H(X,«a: F)— H(a).

Proof. Let o = (A1, As,...,Ay) and 8 = (B, Ba,...,B,). Let € > 0 and let o :
G — Sym(m). We will obtain an upper bound on the cardinality of AP(c,« : F,e¢)
in terms of |AP (o, 3 : F,€)]|.

Let b : N — N be the map b(i) = j if A; C B;. Define the coarsening map
® : AP(o,a : Fye) — AP(0,8 : F,e) as follows. If & = (Ay,...,A,), then
let ®(a@) = B = (By,...,B,), where B; = Uib(iy = A;. We need to check that
dr(B,B) < ¢, as claimed.

Let ¢ be the uniform probability measure on {1,...,m}. As in Definition [§
given a function ¢ : F' — N, let By = (;cp [By(y) and By = Nier o(f)Bgy(s)-
Define Ay, Ay similarly.

Note that By = Uw Ay, where the union is over all ¢ : ' — N such that
Ay C By. Similarly, By = Uw Ay. Therefore,

dp(8,8) = > |m(Bs)=C(By)| < D |ulAy) = C(Ay)| = dp(a,a) <.

$:F—N P F—N

This shows that B e AP(o,: F,e), as claimed.
Let 8 = (By,...,B,) € AP(0, : F,e¢). We will bound the cardinality of the
inverse image ®~1(3).
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For a vector ¥ = (vi,va,...,v,) € N¥ let A(B : ) be the set of all & =

(Alj...,Au) € ®'(B) such that |A;| = v; for all 1 < i < u. A partition @ €
A(p : 7) is obtained from § by subdividing each partition element B; into sets of
cardinality v; for b(i) = j. Therefore,

v

Aol < (T180) (1)

If & € A(f : 7), then
1) el ~ AN = Y A9 — v/l < @) < e

So v; &~ u(A;)m. Stirling’s approximation implies that there is a function § : R — R
(depending only on « and ) such that if m is sufficiently large, then

A = 9)] < exp ((H(a) = H(B) +6(e))m)

and lim,_,o d(e) = 0. B
By equation (), the number of vectors ¢ € N* such that A(8 : ¥) is nonempty
is at most (3me)". Thus,

7' (B)] = Y AB:)

{31A(B:5) 20}

(8me)" exp ((H(a) — H(8) + d(e))m).

Since B € AP(0, 3 : F,¢) is arbitrary, this implies that if m is sufficiently large,
AP(o,a: Foo)| < (3me)exp ((H(a) = H(B)+3(e)m)[AP(,5: Fe)

IN

Since o is arbitrary, the definition of H(X, a : F|¢€) yields
H(S,a: Fe) <H(a) — H(B) + 6(€) + H(Z, B : Fle).
Now take the limit as € — 0 to obtain
HX,a:F)<H(a)—H(B)+ H(X,8: F). O

Lemma 5.2. Let « € P. Let {a,} be a chain of a (as in Definition [[3]). Let ¥
be a map sequence of G and let FF C G be a finite set. Then lim,, o H(Z, oy, : F)
exists. Moreover, if {B,} is another chain of o with B, > v, for all n, then

lim H(X, 5, : F) < lim H(Z,ap : F).
n—oo n—oo

Proof. By Lemma B.1] and the previous lemma, for each m > n > 1,
HE am: F)<HX,an : F) 4+ H(am|ag).
Take the limsup as m — oo to obtain
limsup H(X, ap, : F) < H(E, o0, - F) + H(|avp)

m—00
for every n > 1. Take the liminf as n — oo to obtain
limsup H(3, ayy, : F) < liminf H(X, oy, : F).
m—o0 n—0o0
Here we are using H(a)) < oo which implies that H(«a|a;,) tends to zero as n — oo.
Hence the limit, lim,, o H(X, a;, : F), exists.
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If {5,} is another chain of o with 8,, > a, for all n, then

H(X, 8, :F)<H®X, an: F)+ H(Bnlan).
Since H(By|an) < H(a|a,) — 0 as n — oo, this implies that
lim HX, 5, : F) < lim H(Z,ap : F). O
n—o0

n—oo

We can now remove the finiteness hypothesis in Lemma 511

Proposition 5.3. Let G be a countable group, ¥ be a map sequence of G and
(G, X, ) be a G-system. Let o, 8 € P and suppose that o refines 3. Then for all
finite F' C G,

H(X,:F)—H(f) > HX,a: F)— H(a).
Proof. Let {a,}, {8,} be chains of o and 3, respectively. It follows from Lemma
B.1 that
H(Evﬁn : F) _H(ﬁn) 2 H(Eaan \/Bn : F) _H(an\/ﬂn)
for all n. Take the limit as n — oo to obtain
(nlingo H(Z, By - F)) —H(B) > (nlggo H(S, an V B - F)) — H(a)
> H(E,a:F)—H(a).

Since this is true for every chain {3, } of 3, the result follows. O

6. UPPER SEMICONTINUITY

Proposition 6.1. Let (G, X, u) be a system and let ¥ = {0;}2, be a sequence of
maps o; : G — Sym(m;) with m; — 0o as i — co. Then for any finite F C G the
map H(X,-: F) : P — RU{—00} is upper semi-continuous.

Proof. Let o € P and let {37}°; C P be a sequence converging to a. It suffices
to show that limsup, H(X,5° : F) < H(X,« : F). Because H(X,3" : F) does
not depend on the ordering of the atoms of 8%, we may assume, without loss of
generality, that if a = (Ay, Ag,...) and 8¢ = (B%, BS,...), then

lim pu(A;ABY) =0
71— 00
for all j.
Let us now assume that ¢ = (Bi ... B!) and a = (4y,...,A,) are finite

partitions with the same number of atoms. As in Definition Bl given a function
¢ F — N, let Ay =(N;cp fAs(y) and By = \yep fBys)- Define

de(o,B) = 7 ulAs) — u(BY)|.
¢:F—>N

Then dr(a, BY) — 0 as i — oo, since f° — a (see Lemma £2)). An elementary
computation shows that for any map o : G — Sym(m), any € > 0 and any ¢ > 0,

AP(o,a: Fie+dp(a, ') D AP(0, 8" : F,e).
Therefore, if ¢ > 1 is arbitrary,
H(S, a0 Fyedp(a, 8)) > H(S, 81 F),
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Take the limsup as ¢ tends to infinity to obtain
H(S,a: F)>limsup H(Z, 8" : F),
i—00
as claimed. _

Now let 8¢ = (B, Bj,...) and a = (A, Aa,...) be infinite partitions. It is
allowed that some of the atoms of o and/or 3¢ are empty. So this case includes the
finite case. Let {a,}22, be a chain of a. For each n, there exists a finite partition
Tn = {Pins---,Pe, n} of Nsuch that every atom of o, is of the form UjePk LA

for some k. Let 8% be the corresponding coarsening of 3%. That is, let 32 be the
partition whose atoms are all of the form | Bi (for 1 <k <¢y).
Proposition [5.3] implies that

JEPr,n

for all 7,n. The previous case implies

limsup H(X, 8, : F) < H(S, o : F)

for all n. Thus,
limsup H(X, 8" : F) < H(S, o, : F)+limsup H(8(8;,) = H(S, an : F)+H(a|ay).

Since this is true for all n and for every chain {a,} of «, it follows that
limsup H(X, 8" : F) < H(Z,a: F),
i—>00

as claimed. O

Proposition 6.2. Let « € P and {ay,} be a chain of a. Let ¥ be a map sequence
of G and let F C G a finite set. Then

HX,a:F)= lim HZX, «ap : F).
n—oo

Proof. Tt follows from the definition that H(X,« : F) < lim, 0o H(Z, v, = F).
Because «a,, — « as n — 00, the previous proposition implies that H(X,« : F) >
lim, oo H(E, o, : F). O

Corollary 6.3. Let (G, X, 1) be a system and let ¥ be a map sequence of G. Then
the map h(X,-) : P — RU {—o0} is upper semi-continuous.

Proof. By definition h(X,-) = infrp H(X,- : F), where the infimum is over all fi-
nite ' C G. Since an infimum of upper semi-continuous functions is upper semi-
continuous, Proposition implies this corollary. O

7. MONOTONICITY

In this section, we prove that H(X,« : F) is monotone decreasing under S-
splittings. We handle the finite partition case first.

Proposition 7.1. Let F' C G be finite and suppose e € F. If a is an F-splitting of
a finite partition B € P and ¥ = {0;}2, is a sequence of maps o; : G — Sym(m;)
with m; — oo, then H(X,a: F) < H(3,8: F).
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Proof. Intuitively, the proposition is true because any approximation to 8 on {1,.. .,
m} can be split into an approximation of «, and approximately all of the approxi-
mations to « are obtained this way. The proof is a matter of making this intuition
precise.

Let 1/4 > e >0 and 0 : G — Sym(m) . We will obtain an upper bound on the
cardinality of AP(c,a : F€) in terms of |[AP (o, 3 : Fle)|.

It suffices to consider only the special case in which a@ = (A, ..., A,) is a simple
F-splitting of 8 = (Bi,...,By). So there exists f € F and a coarsening £ =
(X1,...,Xw) of B such that a = 5V f¢.

Let b,z : {1,...,u} — N be the maps defined by

Ai = Byiy N f X4

Define the “coarsening” map ® : AP(c,a : F,e) = AP (0, : F,€) as follows.
For a = (Ay,...,A,) € AP(o,a: Fe), let ®(a) = 8 = (Bi,...,B,), where B; =
Ui:b(i):j A;. As in the proof of Lemma 5.1 dr(B,8) < eso € AP(0,3: F,e), as
claimed.

Next, we obtain an upper bound on the cardinality of ®~'(3), where 3 €
AP (U, B F, e) is a fixed partition. This bound will not depend on the choice
of 3, and thus we will be able to use it to bound |AP (o, : F,e€)|. In order to ob-
tain the bound, we will show that every partition in ®~1(3) is “close” to a particular
partition which we construct directly from j.

Let ¢ : {1,...,v} — N be defined by B; C Xy(;). Define £ = (X1,...,X,,) by

x= U B
iit(i)=j

Let & = (Ay,..., A,) be defined by
Ai = Byy No () Xug)-

Let ¢ be the uniform probability measure on {1,...,m}. Everything we need to
know about @ is contained in the claims below.

Claim 1. If § = (Dy,...,D,) € ®~(B), then
i=1

Claim 2. If § is as above and z € D; — A; for some 4, then z € D; N o(f)D; for
some 1 < j <w such that 4;N fA; = 0.

Let us see how Claim 2 implies Claim 1. First note that J;_, D;A4; = J;_, D;—
A;. To see this, let z € U;L=1 D;AA;. Then there is a j such that z € DjAflj. If
z€Dj;— Aj, then z € J;_, D; — A;. Otherwise z € fij —Dj. Since 0 is a partition,
there is a k # j such that z € Dj. But then z € D — Ay, since A; does not
intersect A;. Since z is arbitrary, this shows that |, D;AA; C Uj, D; — A;.
The opposite inclusion is trivial.

Claim 2 implies that

¢( CJ Diak;) =¢( C) Dy A;) < Zu_: (41 745) = C(Dina(1)Dy)]
) : < 21“_(04, 0) <e.
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This proves Claim 1. To prove Claim 2, let z € D; — A; for some 1 < i < u. By
definition, A; = Bb(i) n O'(f)Xx(i). Since ®(0) = 3, 2 € D; C Bb(i), so it must be
that z ¢ o(f)X'x(,»). Let j be such that z € o(f)D; C o(f)Bb(j) C o(f)Xt(b(j)).
Note that ¢(b(j)) # =(4).

By definition,

Ai N fA; C f Xty N FXuo)-

Since t(b(j)) # x(i), X¢w(j)) N Xa() is empty. Therefore, A; N fA; is empty. This
proves Claim 2.

It follows from Claim 1 that any partition in ®~*(/3) can be obtained from & by
“relabeling” a subset of {1,...,m} of cardinality at most em. That is, if § € ®~1(5),
then there exists a set of cardinality n = [em] in {1,...,m} such that ¢ can be
obtained from & by redefining @ on this set. Since € < 1/4, this implies

- m
o)< (7)o
If m is sufficiently large, then Stirling’s approximation implies
1@~ 1(B)| < exp (H(2¢,1 — 2¢)m + 2em log(u)),
where H(z,y) = —xlog(x) — ylog(y). Since 3 € AP(c,p : F,¢) is arbitrary, this
implies that if m is sufficiently large,
|AP (0, a: F,e)| < exp (H(2¢,1— 2e)m + 2emlog(u))|AP (0, 8 : F,€)|.
Thus,
H(Z,a : F,e) < H(2¢,1 — 2¢) + 2¢elog(u) + H(Z,ﬁ : F,e).
Now take the limit as € — 0 to obtain H(X,a: F) < H(X, 8 : F), as claimed. O

Next, we remove the finiteness assumption in the above proposition.

Proposition 7.2. Let F' C G be finite and suppose e € F. If « is an F-splitting
of a partition B € P and ¥ = {0;}2, is a map sequence, then
H(X,a:F)<H(X,B:F).
Proof. It suffices to assume « is a simple F-splitting of 5. So there is an f € F
and a coarsening & of 3 such that a = gV f¢&.
Let {B.}, {€x} be chains for 5 and &, respectively, such that &, coarsens 3, for
all n. Then {5, V f&,} is a chain for «. The previous proposition implies

for all n. Proposition now implies that H(X, 8V f§ : F) < H(X,6 : F), as
claimed. (]

Proposition 7.3. Let S C G and let ¥ be a sofic approximation to G. If a is an
S-splitting of B € P, then h(X,a) = h(X%, B).

Proof. We may assume that « is a simple S-splitting of 5. So there exists a t € S
and a coarsening £ of 8 such that o = gV t€. Note that §V t5 is an S-splitting of
«a by Lemma So the previous proposition implies

h(E,BVtB) < h(Z,a) < h(E,B).
Therefore, it suffices to show that h(X, 5V t5) > (X, B).

Let us assume for now that § = (Bj,...,B,) is finite. Let a := SV {5 =
(A1, As,...,Ay). Let z,y : {1,...,u} — N be maps determined by A; = B,;) N
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tBy(;). We assume that the map i — (2(i), y(7)) surjects onto {1,...,v}x{1,...,v}.
Thus some of the A;’s may be empty.

Let F' C G be a finite set with e,t € F and let ¢,0 > 0. Let 0 : G — Sym(m) be
an (F,d)-approximation to G. Let V/(F) C {1,...,m} be the set of all elements v
such that, for all fi, fo € F,

o(fr)o(fa)v = 0a(fife)v
and o(f1)v # o(fo)v if fi # fo. Since o is an (F,§)-approximation, |V (F)| >
(1 —-9)m.
Define
U :AP(o,8: FUFte) — AP(0,BV 1B : F,e+ 5|F|0)

by ¥(B) = a = (Ay,...,A,) whereif 3 = (By,...,B,), then A; = Bx(i) ﬂa(t)By(i).
Note that W is injective.

It is implicitly claimed above that dg(a, ¥(B)) = dr(a,a) < e+ 5|F|. Let us
check this. As usual, for ¢ : F' — Nset Ay = ﬂfeF fAg(p)- Similar formulas apply

to Ay and to By, By, for ¢ : FU Ft — N.
Let G be the set of all functions ¢ : F — N such that for every f € F with
fte F, x(6(ft)) = y(é(f)). Observe that if ¢ ¢ G and f € F is such that ft € F

but z(é(ft)) # y(o(f)), then
Ay C ftAsre) NV fAg(r) C [tBuo(sey) N ftBys(s) = 0.

Similarly,
Ay C o(ft)By(oirey No(f)o(t)By(s) C olf)ot)V(F)S,

where V(F)¢ denotes the complement of V(F). Since ((V(F)¢) < § and {A,} is
pairwise disjoint,

di(on@) = Y [u(4g) = C(Ag)| < P18+ |u(Ag) - ¢(Ay)].

¢:F—N (1S4

On the other hand, if ¢ € G, then define ¢: FUFt — N as follows. For f € F,
let ¢(f) = x(o(f)) and ¢(ft) = y(¢(f)). This is well defined by the definition of
G. Observe that

As = () FAsr) = () FBetoirn N FtBywisy = () IBaiy = B
fEF feF fEFUFt

It is almost true that 121(;5 = Bq;. If o is not a homomorphism, then this equality
can fail. To be precise, observe that

Ao =) o(NAsr) = () o) Batsiry N o (o) Byiais,
feF feF

while
By = [ o(£)Bate(r) N o(ft) By

Hence
AyABs C | o(f)V(F) Ua(f)ot)V(F)°,
fer
where V(F)¢ denotes the complement of V (F).
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Each of the collections {Ag — Bs}geg and {Bj — Ag}geg is pairwise disjoint.
Thus,

3 }A(,)ABJ,} < 2} U o(FOV(F)° Ua(f)o(t)V(F)°| < 4|F|om.
PEG fer

This implies 3, g I¢(Ag) — ¢(Bj)| < 4|F|6. Therefore,

dr(e,a) = Y |u(4s) = ¢(4)|

¢:F—N

< IFI6+ Y |u(4s) = C(Ay)
(1S9

< IFI0+ Y |u(Bg) — C(By)| + |¢(Ay) — ¢(B5)
»eg

< druri(8,B) + 5|FI6 < e+ 5|F|s.

This proves the claim.
Since ¥ is injective,

’AP(U,ﬂ : FU Ft,e)

< ‘AP(J,B Vitp: F,e+5|F|)) ’

Since ¥ = {o0;} is a sofic approximation, each o; is an (F,J;)-approximation to G
for some d; > 0 with §; — 0 as ¢ — oo. Thus if ¢ > 1 is arbitrary, then

H(S,8: FUFte) <H(S,BVtB: F,ce).
Let € — 0 to obtain
(2) H(Z,8: FUFt) <H(Z,BVtB:F).
Finally, take the infimum over all finite sets F' C GG with e,t € F' to obtain
h(S, B) < h(, BV 16).

This finishes the proof in the case that 3 is finite.
Now suppose that § = (By,...) € P is a possibly infinite partition. Let {/3,} be
a chain of 8. For every finite F' C G with e,t € F, equation (2) implies that

H(X,B8,: FUFt) < H(X, 8, Vitp,: F).
Since {f, V t8,} is a chain for SV t8, Proposition implies that
HEE,p: FUFt)<H(X,BViIE:F).
Now take the infimum over finite sets F' C G with e,t € F' to obtain
h(X,8) < h(XE, BV t5).
This finishes the proof. O

We can now prove Theorem 211

Proof of Theorem 2l By Corollary 63 h(X,:) : P — R U {—oo} is upper semi-
continuous. By the previous proposition, h(X,-) is invariant under splittings. The
theorem now follows from Theorem [4.8 O
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8. BERNOULLI SHIFTS OVER A SOFIC GROUP

In this section, we calculate the entropy of a product system in which one of the
factors is Bernoulli. To be precise we need the following.

Definition 24. Let (G, X, ) and (G,Y,v) be two systems. Then the product
system (G, X x Y, u x v) is defined by g(z,y) = (g9z, gy). If o is a partition of X
and §3 is a partition of Y, then a x 3 :={A x B | A € a, B € 3} is a partition of
X xY.

Theorem 8.1. Let G be a group with sofic approzimation ¥. Let K be a finite or
countably infinite set and let k be a probability measure on K such that H(k) < oo.
Let 3 be the canonical partition of KY; i.e., 3 ={By | k € K}, where By, = {z €
K€ | z(e) = k}.

If (G, X, ) is any G-system and « is a partition of X with H(a) < oo, then for
every finite F C G,

H(E,axﬁ:F) =H((X,«a: F)+ H(k).
This implies that
h(Z,G, X x K% pux k%) = h(2,G, X, p) + H(k)

if (G, X, ) has a finite-entropy generating partition. In particular, h(X, G, K, k%)
= H(k).

Proof. We will first obtain the upper bound. Let 7 = { K“} be the trivial partition
of K&. Proposition [5.3] implies that

HXYaxt:F)—H(ax7)>HX,axpf:F)—H(axp).

It is a standard exercise to prove that H(«a x 8) = H(«a) + H(B) = H(a) + H(k).
Since H(a x 7) = H(a),

HX,axpB:F)<HX a: F)+ H(k).

This proves the upper bound.

Observe that, by taking coarsenings of o and /3, Proposition implies that we
may assume, without loss of generality, that o and § are finite. Of course, this
means that K is finite. So let p be the number of atoms of « and let ¢ = |K| be
the number of atoms of 3.

To begin, let €,6 > 0 be such that 26 < (pq)~'Fle. Let o : G — Sym(m) be an
(F, §)-approximation to G. Let V(F) C {1,...,m} be the set of all elements v such
that for all f1, fo € F,

o(fi)o(f2)v=o(fif2)v
and o(f1)v # o(f2)v if fi # f2. By definition, |V(F)| > (1 — d)m.

Let K = {1,...,q}, B; = {z € K¢ | 2(e) = i}, and 8 = (Bu,..., B,). Identify
K™ with the set of all ordered partitions 3 = (By,...,B,) of {1,...,m} via the
map (z1,...,%m) € K™+ (Bi,...,B,), where

B ={je{l,...,m} | z; =i}.

Let ™ be the product measure on K™, B = (By,...,B,) be arandom element
of K™ with law ™ and & = (Ay,...,4,) € AP(0,a : F,¢). We will estimate the
probability that dp(a x 8,aV ) < 2e. Of course, dp(a x 8,a V ) depends on a
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choice of ordering of the two partitions. But we claim that the partitions &V 3 and
a X 3 can be ordered canonically so that

(3) dF(OéXﬁ,@\/B)Z Z ‘NXHG(A¢XB¢)—<(A¢OB¢) .
é,: F—N

A word about the notation used above is in order. As in Definition[§ if ¢ : ' — N,
then Ay = (Nyep fAs(r), As = Npero(f)Ag(s) and similar formulas hold for
By, B,/,. Note that

() f(Ascr) X Bu(py) = Ap X By,
fEF

() F(As(r) N By(p)) = Ap N By.
fEF

This justifies equation (3).

In order to estimate the probability that dr(a V 3,a x 3) < 2e, fix functions
¢,% : F — N. For each v € {1,...,m}, let Z, equal 1 if v € V(F)N Ay N By, and
0 otherwise. Let Z =Y | Z, = |V(F) N Ay N By.

If v ¢ V(F)N Ay, then the expected value of Z,, denoted E[Z,], equals 0.
Otherwise, since o(f1)v # o(f2)v for v € V(F) if fi # fo € F, it follows that
E[Z,] = k%(By). Thus

E[|[V(F)nAynByl] =Y E[Z,] = x9(By)|V(F) N 4y|.

To estimate the variance of Z, denoted Var(Z), we will first bound E[Z, Z,,] for
1 < wv,w < m. If either v or w is not in V(F) N Ay, then E[Z,Z,] = Z,Z, = 0.
If o(f1)v # o(fo)w for any f1, fo € F, then Z, and Z,, are independent, in which
case E[Z,Z,) = E[Z,]E[Z,]. So the number of nonindependent pairs (Z,, Z,,) with
both v,w € V(F) N A, is at most |V (F) N Ay||F|*>. Therefore,

Var(Z) = -E[Z)?>+E[Z?]
m
= -E[Z°+ > E[Z,Z.)
v,w=1
< —E[ZP+|V(F)NA4||F|> +E[Z]* < m|F|.
Chebyshev’s inequality applied to Z/m implies that for any ¢ > 0,
Var(Z) _ |F|?
—  m2t2 = mt2”
Here Pr[-] denotes “the probability that”. Observe that
Z/m = |V (F) QA¢ ﬁBme = C(V(F) ﬁﬁqg QB¢),
E[Z]/m = k% (By)|V(F) N Ay|/m = ((V(F) N Ag)kC (By).

Since |V(F)| > (1 — &)m, it follows that

(4) Pr[yZ/m —E[Z]/m]| > t}

‘C(V(F) ﬂA(z,ﬂBd,) —C(A(z,ﬂBw)} <4,

[C(V(P) N Ag)KE(By) = C(Ag)C (By)| <.
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Therefore, equation (] implies that

P?‘UC(%QBM—C(%)KG(BM>t] < ﬁ

for any ¢t > 26. Set t = (pg)~1Fle (p is the number of atoms of a and ¢ = | K| is the
number of atoms of 3). By choice of §, t > 2§. Then if m is sufficiently large,

P’“[|C(A¢ N By) — ((Ag)r% (By)| > (pq)*'F‘e} < (pg)¥le.

Therefore, the probability that |¢(Ay N By) — ((Ay)k%(By)| > (pg)~'Fle for some
¢ and v is at most €. If this event does not occur, then

dp(axBavp) = Y |uxkC(Asx By) —((AgN By)|
b, F—N
<Y (AR (By) — C(Ag)RC (By)| + (pg) ™" e
b, F—N
< et D |u(Ag) — C(Ay)]
6 F—N

= e+dr(a,a) < 2e
So if m is sufficiently large, then
Pr[dF(d\/B,a x B) < 26:| >1—e

It follows from the Shannon-McMillan theorem (or, more simply, from the law
of large numbers) that for all € > 0 there exists an M > 0 such that if m > M,
then there is a set @ C K™ such that

o« Q) > 1,
e forall g € Q, exp (— H(rk)m —em) < k™ ({q}) < exp ( — H(k)m + em).

Let Qo be the set of all 3 € Q such that dr(aV 3, a x 3) < 2e. Then K™ (Qq) >
1 —2¢ and

|Qo| > K™ (Qo) exp(H (k)m — em) > (1 — 2¢) exp(H (k)m — em)

for all sufficiently large m. Since this is true for every @ € AP(o,« : F¢€), it follows
that

|AP(o,00 x B : F,2¢)| > (1 — 2¢) exp(H (k)m — em)|AP(0,a : F,e)|
for all sufficiently large m. Thus,
H(X,ax f:F,2)>H(k)—e+ H(X,a: Fe).

Let € = 0 to obtain H(X,ax 8 : F) > H(k)+ H(X,a : F). This provides the lower
bound and completes the proof. O

Theorem [Tl follows immediately from the above theorem, since it implies Propo-
sition 22 where h(%, G, K¢, k%) = H(r) whenever H (k) < co. Of course, this uses
Theorem 2T where h(X,+) is a measure-conjugacy invariant. To prove Corollary
[[2 we will need the following.
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Proposition 8.2. Let G be a countable sofic Ornstein group. Let (K, k) be a
standard Borel probability space with H(k) = +00. Suppose there exists a generating
partition o for K€ such that H(a) < co. Let ¥ be a sofic approzimation to G. Then
h(%,G, K% k%) = —o0.

Proof. Let (L, \) be a probability space with 0 < H(A) < oco. By the previous
proposition,

h(S,G, K% x L k% x \9) = h(S,G, K9 k%) + H(N).

There is a canonical measure-conjugacy between (G, K% x LY k% x \%) and
(G, (K x L)%, (rk x A)¥). Because G is Ornstein and H(x X A) = +00, this system
is measurably conjugate to (G, K¢, x%). Thus

h(S,G, K% x LE k% x \Y) = (2, G, K, k).

From Proposition 53] it follows that h(3,G, K¢ k%) < H(a) < +oco. To see
this, let 8 be the trivial partition 8 = {X,0}. Since H(A\) > 0, this implies
H(%,G,K% k%) = —oc0, as claimed. O

Corollary [L2 now follows from Theorem [[.T]and the proposition above. To prove

Theorem [[.4] we will need:

Corollary 8.3. Let (G, X, ), (G,Y,v) be G-systems with finite-entropy generating
partitions «, B, respectively. If (G,X,u) factors onto (G,Y,v) and ¥ is a sofic
approzimation to G, then

hXE,G,Y,v) > h(E,G, X, n) — H(a).

Proof. Without loss of generality, we can assume that X = Y and v equals p,
restricted to the o-algebra generated by 8 and the action of G. By Proposition [£.3]
for every finite F' C G,

H(Z,8:F)-H(f) > HE,aV: F) - HaVp).
Since H(a V B) < H(e) + H(B), this implies
H(S,8:F)>H(S,aVB: F)— H(a).
Take the infimum over all F C G to obtain h(X, 8) > h(ij 8) — H(a). By

,a 'V
Theorem 21 h(%,8) = h(%,G,Y,v) and h(XZ,a V 3) (3,G, X, ). So this
proves the corollary. O

We can now prove Theorem [[L4]

Proof of Theorem [L4l Let G be a countable sofic group that contains a nonabelian
free group. Let (K, k) be a standard Borel probability space with H(k) = +o00 and
let (L, \) be a probability space with 0 < H()\) < co. By Theorem [[3} (G, L%, \¥)
factors onto (G, K, k&). If the latter has a finite-entropy generating partition, the
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previous corollary implies that for any sofic approximation Y to G,
h(%, G, K% k%) > h(Z,G, LY \) — H(\) = 0.

This contradicts the previous proposition. So (G, K¢, k%) does not admit a finite-
entropy generating partition. (I

ACKNOWLEDGMENTS

The author would like to thank Russ Lyons for suggesting the isomorphism
problem for Bernoulli shifts over a nonabelian free group and for many useful con-
versations along the way. The author would also like to thank Benjy Weiss for
asking whether the infinite entropy Bernoulli shift over a nonabelian free group
could be finitely generated and for help with the history of entropy theory. The
author would also like to thank Charles Radin for asking whether every ensemble
of circle packings of the hyperbolic plane can be approximated by finite packings.
The answer lead to [Bo03], which eventually lead to the current work. The author
is very grateful to Michael Hochman for an insightful conversation.

REFERENCES

[Bo03] L. Bowen. Periodicity and circle packings of the hyperbolic plane. Geom. Dedicata 102
(2003), 213-236. MR2026846| (2005a:52014)

[Bo08a] L. Bowen. A measure-conjugacy invariant for free group actions. To appear in the
Annals of Mathematics.

[Bo08b] L. Bowen. Weak isomorphisms between Bernoulli shifts. preprint. arXiv:0812.2718

[Bo09] L. Bowen. The ergodic theory of free group actions: entropy and the f-invariant.
preprint. arXiv:0902.0174

[CFW81] A. Connes, J. Feldman and B. Weiss. An amenable equivalence relation is generated by
a single transformation. Ergodic Theory Dynamical Systems 1 (1981), no. 4, 431-450.
MR662736|(84h:46090)

[Co75]  A. Connes. Sur la classification des facteurs de type II. (French) C. R. Acad. Sci. Paris
Sr. A-B 281 (1975), no. 1, Aii, A13-A15. MR0377534(51:13706)

[CoT6] A. Connes. Classification of injective factors. Cases I11, Iloo, I1Ix, A # 1. Ann. of
Math. (2) 104 (1976), no. 1, 73-115. MR0454659 (56:12908)

[dHV89] P. de la Harpe, A. Valette. La propriété (T') de Kazhdan pour les groupes localement
compacts (avec un appendice de Marc Burger). (French) [Kazhdan’s property (T") for
locally compact groups (with an appendix by Marc Burger)]. With an appendix by M.
Burger. Astérisque No. 175 (1989), 158 pp. MR1023471 (90m:22001)

[Dy59] H. A. Dye. On groups of measure preserving transformation. I. Amer. J. Math. 81
(1959), 119-159. MR0131516, (24:A1366)

[Dy63] H. A. Dye. On groups of measure preserving transformations. II. Amer. J. Math. 85
(1963), 551-576. MR0158048|(28:1275)

[ES05] G. Elek and E. Szabé. Hyperlinearity, essentially free actions and L?-invariants. The
sofic property. Math. Ann. 332 (2005), no. 2, 421-441. MR2178069 (2007i:43002)

[ES06] G. Elek and E. Szabdé. On sofic groups. J. Group Theory 9 (2006), no. 2, 161-171.
MR2220572//(2007a:20037)

[Gl03] E. Glasner. Ergodic theory via joinings. Mathematical Surveys and Monographs, 101.
American Mathematical Society, Providence, RI, 2003. xii+384 pp. MR1958753
(2004¢:37011)

[Gr74] E. K. Grossman. On the residual finiteness of certain mapping class groups. J. London
Math. Soc. (2) 9 (1974/75), 160-164. MR0405423 (53:9216)

[Gr99] M. Gromov. Endomorphisms of symbolic algebraic varieties. J. Eur. Math. Soc. 1 (1999),
no. 2, 109-197. MR1694588|/(2000£:14003)

[Iv86] N. V. Ivanov. Algebraic properties of mapping class groups of surfaces. Geometric and
algebraic topology, 15-35, Banach Center Publ., 18, PWN, Warsaw, 1986. MR925854
(89a:57009)


http://www.ams.org/mathscinet-getitem?mr=2026846
http://www.ams.org/mathscinet-getitem?mr=2026846
http://www.ams.org/mathscinet-getitem?mr=662736
http://www.ams.org/mathscinet-getitem?mr=662736
http://www.ams.org/mathscinet-getitem?mr=0377534
http://www.ams.org/mathscinet-getitem?mr=0377534
http://www.ams.org/mathscinet-getitem?mr=0454659
http://www.ams.org/mathscinet-getitem?mr=0454659
http://www.ams.org/mathscinet-getitem?mr=1023471
http://www.ams.org/mathscinet-getitem?mr=1023471
http://www.ams.org/mathscinet-getitem?mr=0131516
http://www.ams.org/mathscinet-getitem?mr=0131516
http://www.ams.org/mathscinet-getitem?mr=0158048
http://www.ams.org/mathscinet-getitem?mr=0158048
http://www.ams.org/mathscinet-getitem?mr=2178069
http://www.ams.org/mathscinet-getitem?mr=2178069
http://www.ams.org/mathscinet-getitem?mr=2220572
http://www.ams.org/mathscinet-getitem?mr=2220572
http://www.ams.org/mathscinet-getitem?mr=1958753
http://www.ams.org/mathscinet-getitem?mr=1958753
http://www.ams.org/mathscinet-getitem?mr=0405423
http://www.ams.org/mathscinet-getitem?mr=0405423
http://www.ams.org/mathscinet-getitem?mr=1694588
http://www.ams.org/mathscinet-getitem?mr=1694588
http://www.ams.org/mathscinet-getitem?mr=925854
http://www.ams.org/mathscinet-getitem?mr=925854

[Jo91]

[Ki08)

[Ki75]

[Ko58]

[Ko59]

[Ma40]

[Mag2]
[Mc69]
[MvN36]
[MvN43]

[0191]

[Or70a]
[Or70b)]
[OW80]
[OW87]
[Pa69)
[Pe08]
[Po06]

[Po07]

[Po08]
[Sc63]
[Si55]
[Si59]

[St75]

LEWIS BOWEN

V. F. R. Jones. von Neumann algebras in mathematics and physics. Proceedings of the
International Congress of Mathematicians, Vol. I, IT (Kyoto, 1990), 121-138, Math. Soc.
Japan, Tokyo, 1991. MR1159209 (94c:46109a)

Y. Kida. Orbit equivalence rigidity for ergodic actions of the mapping class group.
Geom. Dedicata 131 (2008), 99-109. MR2369194/ (2008k:37011)

J. C. Kieffer. A generalized Shannon-McMillan theorem for the action of an amenable
group on a probability space. Ann. Probability 3 (1975), no. 6, 1031-1037. MR0393422
(52:14232)

A. N. Kolmogorov. A new metric invariant of transient dynamical systems and auto-
morphisms in Lebesgue spaces. (Russian) Dokl. Akad. Nauk SSSR (N.S.) 119 (1958),
861-864. MR0103254!(21:2035a)

A. N. Kolmogorov. Entropy per unit time as a metric invariant of automorphisms.
(Russian) Dokl. Akad. Nauk SSSR 124 (1959), 754-755. MR0103255//(21:2035b)

A. I. Mal’cev. On isomorphic matriz representations of infinite groups of matrices.
Mat. Sb. 8, 405-422 (1940). Amer. Math. Soc. Transl. (2) 45, 1-18 (1965). MR0003420
(2:216d)

G. A. Margulis. Finitely-additive invariant measures on FEuclidean spaces. Ergodic The-
ory Dynam. Systems 2 (1982), no. 3-4, 383-396 (1983). MR721730 /(85g:28004)

D. McDuff. A countable infinity of II1 factors. Ann. of Math. (2) 90 (1969), 361-371.
MR0256183/[(41:840)

F. J. Murray and J. von Neumann. On rings of operators. Ann. of Math. (2) 37 (1936),
no. 1, 116-229. MR1503275

F. J. Murray and J. von Neumann. On rings of operators. IV. Ann. of Math. (2) 44,
(1943). 716-808. MR0009096/ (5:101a)

A. Yu. Ol'shanskii. Geometry of defining relations in groups. Translated from the 1989
Russian original by Yu. A. Bakhturin. Mathematics and its Applications (Soviet Series),
70. Kluwer Academic Publishers Group, Dordrecht, 1991. xxvi+505 pp. MR1191619
(93g:20071)

D. Ornstein. Bernoulli shifts with the same entropy are isomorphic. Advances in Math.
4 (1970), 337-352. MR0257322 (41:1973)

D. Ornstein. Two Bernoulli shifts with infinite entropy are isomorphic. Advances in
Math. 5 (1970), 339-348. MR0274716 (43:478a)

D. Ornstein and B. Weiss. Ergodic theory of amenable group actions. I. The Rohlin
lemma. Bull. Amer. Math. Soc. (N.S.) 2 (1980), no. 1, 161-164. MR551753(80j:28031)
D. Ornstein and B. Weiss. Entropy and isomorphism theorems for actions of amenable
groups. J. Analyse Math. 48 (1987), 1-141. MR910005 |(88j:28014)

W. Parry. Entropy and generators in ergodic theory. W. A. Benjamin, Inc., New York-
Amsterdam 1969 xii+124 pp. MR0262464 (41:7071)

V. Pestov. Hyperlinear and sofic groups: a brief guide. Bull. Symbolic Logic 14 (2008),
no. 4, 449-480. MR 2460675

S. Popa. Strong rigidity of 111 factors arising from malleable actions of w-rigid groups.
II. Invent. Math. 165 (2006), no. 2, 409-451. MR2231962(2007h:46084)

S. Popa. Deformation and rigidity for group actions and von Neumann algebras. Inter-
national Congress of Mathematicians. Vol. I, 445-477, Eur. Math. Soc., Ziirich, 2007.
MR2334200)/(2008k:46186)

S. Popa. On the superrigidity of malleable actions with spectral gap. J. Amer. Math.
Soc. 21 (2008), no. 4, 981-1000. MR2425177

J. Schwartz. Two finite, non-hyperfinite, non-isomorphic factors. Comm. Pure Appl.
Math. 16 (1963), 19-26. MR0149322/(26:6812)

I. M. Singer. Automorphisms of finite factors. Amer. J. Math. 77 (1955), 117-133.
MRO0066567/(16:597f)

Ya. G. Sinal. On the concept of entropy for a dynamic system. (Russian) Dokl. Akad.
Nauk SSSR 124 (1959), 768-771. MR0103256 (21:2036a)

A. M. Stepin. Bernoulli shifts on groups. (Russian) Dokl. Akad. Nauk SSSR 223 (1975),
no. 2, 300-302. MR0409769 (53:13521)


http://www.ams.org/mathscinet-getitem?mr=1159209
http://www.ams.org/mathscinet-getitem?mr=1159209
http://www.ams.org/mathscinet-getitem?mr=2369194
http://www.ams.org/mathscinet-getitem?mr=2369194
http://www.ams.org/mathscinet-getitem?mr=0393422
http://www.ams.org/mathscinet-getitem?mr=0393422
http://www.ams.org/mathscinet-getitem?mr=0103254
http://www.ams.org/mathscinet-getitem?mr=0103254
http://www.ams.org/mathscinet-getitem?mr=0103255
http://www.ams.org/mathscinet-getitem?mr=0103255
http://www.ams.org/mathscinet-getitem?mr=0003420
http://www.ams.org/mathscinet-getitem?mr=0003420
http://www.ams.org/mathscinet-getitem?mr=721730
http://www.ams.org/mathscinet-getitem?mr=721730
http://www.ams.org/mathscinet-getitem?mr=0256183
http://www.ams.org/mathscinet-getitem?mr=0256183
http://www.ams.org/mathscinet-getitem?mr=1503275
http://www.ams.org/mathscinet-getitem?mr=0009096
http://www.ams.org/mathscinet-getitem?mr=0009096
http://www.ams.org/mathscinet-getitem?mr=1191619
http://www.ams.org/mathscinet-getitem?mr=1191619
http://www.ams.org/mathscinet-getitem?mr=0257322
http://www.ams.org/mathscinet-getitem?mr=0257322
http://www.ams.org/mathscinet-getitem?mr=0274716
http://www.ams.org/mathscinet-getitem?mr=0274716
http://www.ams.org/mathscinet-getitem?mr=551753
http://www.ams.org/mathscinet-getitem?mr=551753
http://www.ams.org/mathscinet-getitem?mr=910005
http://www.ams.org/mathscinet-getitem?mr=910005
http://www.ams.org/mathscinet-getitem?mr=0262464
http://www.ams.org/mathscinet-getitem?mr=0262464
http://www.ams.org/mathscinet-getitem?mr=2460675
http://www.ams.org/mathscinet-getitem?mr=2231962
http://www.ams.org/mathscinet-getitem?mr=2231962
http://www.ams.org/mathscinet-getitem?mr=2334200
http://www.ams.org/mathscinet-getitem?mr=2334200
http://www.ams.org/mathscinet-getitem?mr=2425177
http://www.ams.org/mathscinet-getitem?mr=0149322
http://www.ams.org/mathscinet-getitem?mr=0149322
http://www.ams.org/mathscinet-getitem?mr=0066567
http://www.ams.org/mathscinet-getitem?mr=0066567
http://www.ams.org/mathscinet-getitem?mr=0103256
http://www.ams.org/mathscinet-getitem?mr=0103256
http://www.ams.org/mathscinet-getitem?mr=0409769
http://www.ams.org/mathscinet-getitem?mr=0409769

MEASURE CONJUGACY INVARIANTS FOR COUNTABLE SOFIC GROUPS 245

[Ti72]  J. Tits.

Free subgroups in linear groups. J. Algebra 20 (1972), 250-270. MR0286898
(44:4105)

[We00]  B. Weiss. Sofic groups and dynamical systems. Ergodic theory and Harmonic Analysis,

Mumbai, 1999. Sankhya Ser. A 62, (2000) no. 3, 350-359. MR1803462//(2001j:37022)

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF HAWAII, 2565 MCCARTHY MALL, KELLER 409,
Honoruru, HI 96822

E-mail address: 1pbowen@math.hawaii.edu


http://www.ams.org/mathscinet-getitem?mr=0286898
http://www.ams.org/mathscinet-getitem?mr=0286898
http://www.ams.org/mathscinet-getitem?mr=1803462
http://www.ams.org/mathscinet-getitem?mr=1803462

	1. Introduction
	1.1. Conjugation up to automorphisms
	1.2. Orbit equivalence and von Neumann equivalence

	2. The invariants
	2.1. An outline of the paper

	3. Classical entropy theory in brief
	4. The space of partitions
	4.1. Splittings

	5. A lower bound for the entropy of a coarsening
	6. Upper semicontinuity
	7. Monotonicity
	8. Bernoulli shifts over a sofic group
	Acknowledgments
	References

