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FINITE TIME BLOWUP FOR AN AVERAGED

THREE-DIMENSIONAL NAVIER-STOKES EQUATION

TERENCE TAO

1. Introduction

1.1. Statement of main result. The purpose of this paper is to formalize the
“supercriticality” barrier for the (infamous) global regularity problem for the
Navier-Stokes equation, using a blowup solution to a certain averaged version of
the Navier-Stokes equation to demonstrate that any proposed positive solution to
the regularity problem which does not use the finer structure of the nonlinearity
cannot possibly be successful. This barrier also suggests a possible route to pro-
vide a negative answer to this problem; that is to say, it suggests a program for
constructing a blowup solution to the true Navier-Stokes equations.

The barrier is not particularly sensitive to the precise formulation1 of the reg-
ularity problem, but to state the results in the cleanest fashion we will take the
homogeneous global regularity problem in the Euclidean setting in three spatial
dimensions as our formulation.

Conjecture 1.1 (Navier-Stokes global regularity). [13, (A)] Let ν > 0, and let
u0 : R3 → R3 be a divergence-free vector field in the Schwartz class. Then there
exist a smooth vector field u : [0,+∞)× R3 → R3 (the velocity field) and a smooth
function p : R3 → R (the pressure field) obeying the equations

∂tu+ (u · ∇)u = νΔu−∇p,

∇ · u = 0,

u(0, ·) = u0,

(1.1)

as well as the finite energy condition u ∈ L∞
t L2

x([0, T ]× R3) for every 0 < T < ∞.

By applying the rescaling ũ(t, x) := νu(νt, x), p̃(t, x) := νp(νt, νx) we may
normalize ν = 1 (note that there is no smallness requirement on the initial data
u0), and we shall do so henceforth.

To study this conjecture, we perform some standard computations to eliminate
the role of the pressure p and to pass from the category of smooth (classical) solu-
tions to the closely related category of mild solutions in a high regularity class. It
will not matter too much what regularity class we take here, as long as it is subcrit-
ical, but for the sake of concreteness (and to avoid some very minor technicalities)
we will take a quite high regularity space, namely the Sobolev space H10

df (R
3) of
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(distributional) vector fields u : R3 → R3 withH10 regularity (thus the weak deriva-
tives ∇ju are square-integrable for j = 0, . . . , 10) and which are divergence-free in
the distributional sense: ∇ · u = 0. By using the L2 inner product2

〈u, v〉 :=
∫
R3

u · v dx

on vector fields u, v : R3 → R3, the dual H10
df (R

3)∗ may be identified with the

negative-order Sobolev space H−10
df (R3) of divergence-free distributions u : R3 →

R3 of H−10 regularity. We introduce the Euler bilinear operator B : H10
df (R

3) ×
H10

df (R
3) → H10

df (R
3)∗ via duality as

〈B(u, v), w〉 := −1

2

∫
R3

(((u · ∇) v) · w) + (((v · ∇) u) · w) dx

for u, v, w ∈ H10
df (R

3); it is easy to see from Sobolev embedding that this operator
is well defined. More directly, we can write

B(u, v) = −1

2
P [(u · ∇)v + (v · ∇)u] ,

where P is the Leray projection onto divergence-free vector fields, defined on square-
integrable u : R3 → R3 by the formula

Pui := ui −Δ−1∂i∂juj

with the usual summation conventions, where Δ−1∂i∂j is defined as the Fourier

multiplier with symbol
ξiξj
|ξ|2 . Note that B(u, v) takes values in L2(R3) (and not just

in H10
df (R

3)∗) when u, v ∈ H10
df (R

3). We refer to the form (u, v, w) �→ 〈B(u, v), w〉
as the Euler trilinear form. As is well known, we have the important cancellation
law

(1.2) 〈B(u, u), u〉 = 0

for all u ∈ H10
df (R

3), as can be seen by a routine integration by parts exploiting the
divergence-free nature of u, with all manipulations being easily justified due to the
high regularity of u. It will also be convenient to express the Euler trilinear form
in terms of the Fourier transform û(ξ) :=

∫
R3 u(x)e

−2πix·ξ dx as

(1.3) 〈B(u, v), w〉 = −πi

∫
ξ1+ξ2+ξ3=0

Λξ1,ξ2,ξ3(û(ξ1), v̂(ξ2), ŵ(ξ3))

for all u, v, w ∈ H10
df (R

3), where we adopt the shorthand∫
ξ1+ξ2+ξ3=0

F (ξ1, ξ2, ξ3) :=

∫
R3

∫
R3

F (ξ1, ξ2,−ξ1 − ξ2) dξ1dξ2

and Λξ1,ξ2,ξ3 : ξ⊥1 × ξ⊥2 × ξ⊥3 → R is the trilinear form

(1.4) Λξ1,ξ2,ξ3(X1, X2, X3) := (X1 · ξ2)(X2 ·X3) + (X2 · ξ1)(X1 ·X3),

defined for vectors Xi in the orthogonal complement ξ⊥i := {Xi ∈ R3 : Xi · ξi = 0}
of ξi for i = 1, 2, 3; note the divergence-free condition ensures that û(ξ1) ∈ ξ⊥1 for
(almost) all ξ1 ∈ R3, and similarly for v and w. This also provides an alternate
way to establish (1.2).

2We will not use the H10
df inner product in this paper, thus all appearances of the 〈, 〉 notation

should be interpreted in the L2 sense.
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Given a Schwartz divergence-free vector field u0 : R3 → R3 and a time interval
I ⊂ [0,+∞) containing 0, we define a mild H10 solution to the Navier-Stokes
equations (or mild solution for short) with initial data u0 to be a continuous map
u : I → H10

df (R
3) obeying the integral equation

(1.5) u(t) = etΔu0 +

∫ t

0

e(t−t′)ΔB(u(t′), u(t′)) dt′

for all t ∈ I, where etΔ are the usual heat propagators (defined on L2(R3), for
instance); formally, (1.5) implies the projected Navier-Stokes equation

∂tu = Δu+B(u, u),

u(0, ·) = u0,
(1.6)

in a distributional sense at least (actually, at the H10
df level of regularity it is not

difficult to justify (1.6) in the classical sense for mild solutions).
The distinction between smooth finite energy solutions and H10

df mild solutions is
essentially nonexistent (at least3 for Schwartz initial data), and the reader may wish
to conflate the two notions on a first reading. More rigorously, we can reformulate
Conjecture 1.1 as the following logically equivalent conjecture.

Conjecture 1.2 (Navier-Stokes global regularity, again). Let u0 : R3 → R3 be a
divergence-free vector field in the Schwartz class. Then there exists a mild solution
u : [0,+∞) → H10

df (R
3) to the Navier-Stokes equations with initial data u0.

Lemma 1.3. Conjecture 1.1 and Conjecture 1.2 are equivalent.

Proof. We use the results from [41], although this equivalence is essentially classical
and was previously well known to experts.

Let us first show that Conjecture 1.1 implies Conjecture 1.2. Let u0 : R3 → R3

be a Schwartz divergence-free vector field, then by Conjecture 1.1 we may find a
smooth vector field u : [0,+∞) × R3 → R3 and smooth function p : R3 → R

obeying Equations (1.1) and the finite energy condition. By [41, Corollary 11.1],
u is an H1 solution; that is to say u ∈ L∞

t H1
x([0, T ] × R3) for all finite T . By

[41, Corollary 4.3], we then have the integral equation (1.5), and by [41, Theorem
5.4(ii)], u ∈ L∞

t Hk
x ([0, T ] × R3) for every k, which easily implies (from (1.5)) that

u is a continuous map from [0,+∞) to H10
df (R

3). This gives Conjecture 1.2.
Conversely, if Conjecture 1.2 holds, and u0 : R3 → R3 is a Schwartz class solution,

we may find a mild solution u : [0,+∞) → H10
df (R

3) with this initial data. By
[41, Theorem 5.4(ii)], u ∈ L∞

t Hk
x ([0, T ]×R3) for every k. If we define the normalized

pressure

p := −Δ−1∂i∂j(uiuj),

then by [41, Theorem 5.4(iv)], u and p are smooth on [0,+∞) × R3, and for each

j, k ≥ 0, the functions ∂j
t u, ∂

j
t p lie in L∞

t Hk
x ([0, T ] × R3) for all finite T . By

3For data which are only in H10
df , there is a technical distinction between the two solution

concepts, due to a lack of unlimited time regularity at the initial time t = 0 that is ultimately
caused by the non-local effects of the divergence-free condition ∇ · u = 0, requiring one to replace
the notion of a smooth solution with that of an almost smooth solution; see [41] for details.
However, in this paper we will only concern ourselves with Schwartz initial data, so that this issue
does not arise.
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differentiating (1.5), we have

∂tu = Δu+B(u, u)

= Δu− (u · ∇)u−∇p,

and Conjecture 1.1 follows. �

If we take the inner product of (1.6) with u and integrate in time using (1.2),
we arrive at4 the fundamental energy identity

(1.7)
1

2

∫
R3

|u(T, x)|2 dx+

∫ T

0

∫
R3

|∇u(t, x)|2 dxdt =
1

2

∫
R3

|u0(x)|2 dx

for any mild solution to the Navier-Stokes equation.
If one was unaware of the supercritical nature of the Navier-Stokes equation, one

might attempt to obtain a positive solution to Conjecture 1.1 or Conjecture 1.2 by
combining (1.7) (or equivalently, (1.2)) with various harmonic analysis estimates
for the inhomogeneous heat equation

∂tu = Δu+ F,

u(0, ·) = u0

(or, in integral form, u(t) = etΔu0 +
∫ t

0
e(t−t′)ΔF (t′) dt′), together with harmonic

analysis estimates for the Euler bilinear operator B, a simple example of which is
the estimate

(1.8) ‖B(u, v)‖L2(R3) ≤ C
(
‖∇u‖L4(R3)‖v‖L4(R3) + ‖∇v‖L4(R3)‖u‖L4(R3)

)
for some absolute constant C. Such an approach succeeds, for instance, if the
initial data u0 are sufficiently small5 in a suitable critical norm (see [29] for an
essentially optimal result in this direction), or if the dissipative operator −Δ is
replaced by a hyperdissipative operator (−Δ)α for some α ≥ 5/4 (see [25]) or with
very slightly less hyperdissipative operators (see [39]). Unfortunately, standard
scaling heuristics (see, e.g., [40, Section 2.4]) have long indicated to the experts
that the energy estimates (1.7) (or (1.2)), together with the harmonic analysis
estimates available for the heat equation and for the Euler bilinear operator B,
are not sufficient by themselves to affirmatively answer Conjecture 1.1. However,
these scaling heuristics are not formalized as a rigorous barrier to solvability, and
the above mentioned strategy to solve the Navier-Stokes global regularity problem
continues to be attempted on occasion.

The most conclusive way to rule out such a strategy would, of course, be to
demonstrate6 a mild solution to the Navier-Stokes equation that develops a sin-
gularity in finite time, in the sense that the H10

df norm of u(t) goes to infinity as
t approaches a finite time T∗. Needless to say, we are unable to produce such a

4One has to justify the integration by parts of course, but this is routine under the hypothesis
of a mild solution; we omit the (standard) details.

5One can, of course, also consider other perturbative regimes, in which the solution u is ex-
pected to be close to some other special solution than the zero solution. There is a vast literature
in these directions, see, e.g., [9] and the references therein.

6It is a classical fact that mild solutions to a given initial data are unique, see, e.g., [41, Theorem
5.4(iii)].
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solution. However, we will in this paper obtain a finite time blowup (mild) solution
to an averaged equation

∂tu = Δu+ B̃(u, u),

u(0, ·) = u0,
(1.9)

where B̃ : H10
df (R

3)×H10
df (R

3) → H10
df (R

3)∗ will be a (carefully selected) averaged
version of B that has equal or lesser “strength” from a harmonic analysis point
of view (indeed, B̃ obeys slightly more estimates than B does), and which still
obeys the fundamental cancellation property (1.2). Thus, any successful method
to affirmatively answer Conjecture 1.1 (or Conjecture 1.2) either must use a finer
structure of the Navier-Stokes equation beyond the general form (1.6) or else must
rely crucially on some estimate or other property of the Euler bilinear operator B
that is not shared by the averaged operator B̃.

We pause to mention some previous blowup results in this direction. If one drops
the cancellation requirement (1.2), so that one no longer has the energy identity
(1.7), then blowup solutions for various Navier-Stokes type equations have been
constructed in the literature. For instance, in [33] finite time blowup for a “cheap
Navier-Stokes equation” ∂tu = Δu +

√
−Δ(u2) (with u now a scalar field) was

constructed in the one-dimensional setting, with the results extended to higher
dimensions in [17]. As remarked in that latter paper, it is essential to the methods
of proof that no energy identity is available. In a slightly different direction, finite
time blowup was established in [7] for a complexified version of the Navier-Stokes
equations, in which the energy identity was again unavailable (or more precisely,
it is available but non-coercive). These models are not exactly of the type (1.9)
considered in this paper, but are certainly very similar in spirit.

Further models of Navier-Stokes type, which obey an energy identity, were in-
troduced by Plecháč and Šverák [35], [36], by Katz and Pavlović [26], and by Hou
and Lei [21]; of these three, the model in [26] is the most relevant for our work
and will be discussed in detail in Section 1.2 below. These models differ from
each other in several respects, but interestingly, in all three cases there is substan-
tial evidence of blowup in five and higher dimensions, but not in three or four
dimensions; indeed, for all three of the models mentioned above there are global
regularity results in three dimensions, even in the presence of blowup results for the
corresponding inviscid model. Numerical evidence for blowup for the Navier-Stokes
equations is currently rather scant (except in the infinite energy setting, see [20],
[34]); the blowup evidence is much stronger in the case of the Euler equations (see
[23] for a recent result in this direction, and [22] for a survey), but it is as yet
unclear7 whether these blowup results have direct implications for Navier-Stokes
in the three-dimensional setting, due to the relatively significant strength of the
dissipation.

Finally, we mention work [18], [3], [12] establishing finite time blowup for super-
critical fractal Burgers equations; such equations are not exactly of Navier-Stokes
type, being scalar one-dimensional equations rather than incompressible vector-
valued three-dimensional ones, but from a scaling perspective the results are of the
same type, namely a demonstration of blowup whenever the norms controlled by
the conservation and monotonicity laws are all supercritical.

7However, in [24], finite time blowup for a three-dimensional “partially viscous” Navier-Stokes
type model, in which some but not all of the fields are subject to a viscosity term, was established.
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We now describe more precisely the type of averaged operator B̃ : H10
df (R

3) ×
H10

df (R
3) → H10

df (R
3)∗ we will consider. We consider three types of symmetries on

H10
df (R

3) that we will average over. First, we have rotation symmetry: if R ∈ SO(3)
is a rotation matrix on R3 and u ∈ H10

df (R
3), then the rotated vector field

RotR(u)(x) := Ru(R−1x)

is also in H10
df (R

3); note that the Fourier transform also rotates by the same law,

̂RotR(u)(ξ) = Rû(R−1ξ).

Clearly, these rotation operators are uniformly bounded on H10
df (R

3), and also on
every Sobolev space W s,p(R3) with s ∈ R and 1 < p < ∞.

Next, define a (complex) Fourier multiplier of order 0 to be an operator m(D)
defined on (the complexification H10

df (R
3)⊗ C of) H10

df (R
3) by the formula

m̂(D)u(ξ) := m(ξ)û(ξ),

where m : R3 → C is a function that is smooth away from the origin, with the
seminorms

(1.10) ‖m‖k := sup
ξ �=0

|ξ|k|∇km(ξ)|

being finite for every natural number k. We say that m(D) is real if the symbol m

obeys the symmetry m(−ξ) = m(ξ) for all ξ ∈ R3\{0}, then m(D) maps H10
df (R

3)
to itself. From the Hörmander-Mikhlin multiplier theorem (see, e.g., [38]), complex
Fourier multipliers of order 0 are also bounded on (the complexifications of) every
Sobolev space W s,p(R3) for all s ∈ R and 1 < p < ∞, with an operator norm that
depends linearly on finitely many of the ‖m‖k. We let M0 denote the space of all
real Fourier multipliers of order 0, so that M0 ⊗ C is the space of complex Fourier
multipliers (note that every complex Fourier multiplier m(D) of order 0 can be
uniquely decomposed as m(D) = m1(D)+ im2(D) with m1(D),m2(D) real Fourier
multipliers of order 0). Fourier multipliers of order 0 do not necessarily commute
with the rotation operators RotR, but the group of rotation operators normalizes
the algebra M0, and hence also the complexification M0 ⊗ C.

Finally, we will average8 over the dilation operators

(1.11) Dilλ(u)(x) := λ3/2u(λx)

for λ > 0. These operators do not quite preserve the H10
df (R

3) norm, but if λ is
restricted to a compact subset of (0,+∞), then these operators (and their inverses)
will be uniformly bounded on H10

df (R
3).

We now define an averaged Euler bilinear operator to be an operator B̃:H10
df (R

3)×
H10

df (R
3) → H10

df (R
3)∗, defined via duality by the formula

(1.12)

〈B̃(u, v), w〉:=E 〈B (m1(D)RotR1
Dilλ1

u,m2(D)RotR2
Dilλ2

v) ,m3(D)RotR3
Dilλ3

w〉
for all u, v, w ∈ H10

df (R
3), where m1(D),m2(D),m3(D) are random real Fourier

multipliers of order 0; R1, R2, R3 are random rotations; and λ1, λ2, λ3 are random
dilations, obeying the moment bounds

E‖m1‖k1
‖m2‖k2

‖m3‖k3
< ∞

8In an earlier version of this manuscript, no averaging over dilations was assumed, but it was
pointed out to us by the referee that the non-degeneracy condition (3.24) failed if one did not
introduce dilation averaging.
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and
C−1 ≤ λ1, λ2, λ3 ≤ C

almost surely for any natural numbers k1, k2, k3 and some finite C. To phrase this
definition without probabilistic notation, we have

〈B̃(u, v), w〉 =

∫
Ω

〈
B
(
m1,ω(D)RotR1,ω

Dilλ1
u,m2,ω(D)RotR2,ω

Dilλ2
v
)
,(1.13)

m3,ω(D)RotR3,ω
Dilλ3

w
〉
dμ(ω)

for some probability space (Ω, μ) and some measurable maps Ri,· : Ω → SO(3),
λi,· : Ω → (0,+∞), and mi,·(D) : Ω → M0, where M0 is given the Borel σ-algebra
coming from the seminorms ‖‖k, and one has∫

Ω

‖m1,ω‖k1
‖m2,ω‖k2

‖m3,ω‖k3
dμ(ω) < ∞

and
C−1 ≤ λ1(ω), λ2(ω), λ3(ω) < C

for all natural numbers k1, k2, k3. One can also express B̃(u, v) without duality by
the formula

B̃(u, v) =

∫
Ω

Dilλ−1
3,ω

RotR−1
3,ω

m3,ω(D)B
(
m1,ω(D)RotR1,ω

Dilλ1,ω
u,

m2,ω(D)RotR2,ω
Dilλ2,ω

v
)
dμ(ω),

where the integral is interpreted in the weak sense (i.e., the Gelfand-Pettis integral).

However, we will not use this formulation of B̃ here.

Remark 1.4. By the rotation symmetry 〈B(RotRu,RotRv),RotRw〉=〈B(u, v), w〉,
we may eliminate one of the three rotation operators RotRi,ω

in (1.13) if desired,
and similarly for the dilation operator. By some Fourier analysis (related to the
fractional Leibniz rule) it should also be possible to eliminate one of the Fourier
multipliers mi,ω(D). However, we will not attempt to do so here.

From duality, the triangle inequality (or more precisely, Minkowski’s inequality
for integrals), and the Hörmander-Mikhlin multiplier theorem, we see that every
estimate on the Euler bilinear operator B in Sobolev spaces W s,p(R3) with 1 < p <

∞ implies a corresponding estimate for averaged Euler bilinear operators B̃ (but
possibly with a larger constant). For instance, from (1.8) we have

(1.14) ‖B̃(u, v)‖L2(R3) ≤ CB̃(‖∇u‖L4(R3)‖v‖L4(R3) + ‖∇v‖L4(R3)‖u‖L4(R3))

for u, v ∈ H10
df (R

3), where the constant CB̃ depends9 only on B̃. A similar argu-
ment shows that the expectation in (1.12) (or the integral in (1.13)) is absolutely
convergent for any u, v, w ∈ H10

df (R
3).

Similar considerations hold for most other basic bilinear estimates10 on B in
popular function spaces such as Hölder spaces, Besov spaces, or Morrey spaces.

9Note that by applying the transformation (u, B̃) → (λu, λ−1B̃) to (1.9), we have the freedom

to multiply B̃ by an arbitrary constant, and so the constants CB̃ appearing in any given estimate

such as (1.14) can be normalized to any absolute constant (e.g., 1) if desired.
10There is a possible exception to this principle if the estimate involves end point spaces such as

L1 and L∞ for which the Hörmander-Mikhlin multiplier theorem is not available, or non-convex
spaces such as L1,∞ for which the triangle inequality is not available. However, as the Leray
projection P is also badly behaved on these spaces, such end point spaces rarely appear in these
sorts of analyses of the Navier-Stokes equation.
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Because of this, the local theory (and related theory, such as the concentration-
compactness theory) for (1.9) is essentially identical to that of (1.6) (up to changes
in the explicit constants), although we will not attempt to formalize this assertion
here. In particular, we may introduce the notion of a mild solution to the averaged
Navier-Stokes equation (1.6) with initial data u0 ∈ H10

df (R
3) on a time interval

I ⊂ [0,+∞) containing 0, defined to be a continuous map u : I → H10
df (R

3) obeying
the integral equation

(1.15) u(t) = etΔu0 +

∫ t

0

e(t−t′)ΔB̃(u(t′), u(t′)) dt′

for all 0 ≤ t ≤ T . It is then a routine matter to extend the H10 local existence and
uniqueness theory (see, e.g., [41, Section 5]) for mild solutions of the Navier-Stokes
equations, to mild solutions of the averaged Navier-Stokes equations, basically be-
cause of the previous observation that all the estimates on B used in that local
theory continue to hold for B̃.

Because we have not imposed any symmetry or anti-symmetry hypotheses on the
averaging measure μ, rotations Rj , and Fourier multipliers mj(D), the analogue

(1.16) 〈B̃(u, u), u〉 = 0

of the cancellation condition (1.2) is not automatically satisfied. If, however, we
have (1.16) for all u ∈ H10

df (R
3), then mild solutions to (1.9) enjoy the same energy

identity (1.7) as mild solutions to the true Navier-Stokes equation.
We are now ready to state the main result of the paper.

Theorem 1.5 (Finite time blowup for an averaged Navier-Stokes equation). There

exists a symmetric averaged Euler bilinear operator B̃ : H10
df (R

3) × H10
df (R

3) →
H10

df (R
3)∗ obeying the cancellation property (1.16) for all u ∈ H10

df (R
3), and a

Schwartz divergence-free vector field u0, such that there is no global-in-time mild
solution u : [0,+∞) → H10

df (R
3) to the averaged Navier-Stokes equation (1.9) with

initial data u0.

In fact, the arguments used to prove the above theorem can be pushed a little
further to construct a smooth mild solution u : [0, T∗) → H10

df (R
3) for some 0 < T∗ <

∞ that blows up (at the spatial origin) as t approaches T∗ (and with subcritical
norms such as ‖u(t)‖H10

df (R
3) diverging to infinity as t → T∗).

Remark 1.6. One can also rewrite the averaged Navier-Stokes equation (1.9) in a
form more closely resembling (1.1), namely,

∂tu+ T (u, u) = Δu−∇p,

∇ · u = 0,

u(0, ·) = u0,

where T is an averaged version of the convection operator (u · ∇)u, defined by
T = 1

2 (T12 + T21) where

Tij(u, u) :=

∫
Ω

RotR−1
3,ω

m3,ω(D)
(
(mi,ω(D)RotRi,ω

u · ∇)mj,ω(D)RotRj,ω
u
)
dμ(ω)

for ij = 12, 21. We can also ensure that the inviscid form of the averaged Navier-
Stokes equation conserves helicity, as well as total momentum, angular momentum,
and vorticity; see Remark 4.3 below.
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Our construction of this averaged bilinear operator B̃ : H10
df (R

3) × H10
df (R

3) →
H10

df (R
3)∗ and blowup solution u will admittedly be rather artificial, as the averaged

operator B̃ will only retain a carefully chosen (and carefully weighted) subset of
the non-linear interactions present in the original operator B, with the weights de-
signed to facilitate a specific blowup mechanism while suppressing other non-linear
interactions that could potentially disrupt this mechanism. There is, however, a
possibility that the proof strategy in Theorem 1.5 could be adapted to the true
Navier-Stokes equations; see Section 1.3 below. Even without this possibility, how-
ever, we view this result as a significant (but not completely impenetrable) barrier
to a certain class of strategies for excluding such blowup based on treating the
bilinear Euler operator B abstractly, as it shows that any strategy that fails to
distinguish between the Euler bilinear operator B and its averaged counterparts
B̃ (assuming that the averages obey the cancellation (1.16)) is doomed to failure.
We emphasize, however, that this barrier does not rule out arguments that cru-
cially exploit specific properties of the Navier-Stokes equation that are not shared
by the averaged versions. For instance, the arguments in [16] (see also the subse-
quent paper [28] for an alternate treatment), which establish global regularity for
Navier-Stokes subject to a hypothesis of bounded critical norm, rely on a unique
continuation property for backwards heat equations which in turn relies on being
able to control the non-linearity pointwise in terms of the solution and its first
derivatives. This is a particular feature of the Navier-Stokes equation (1.1) (in
vorticity formulation) which is difficult to discern from the projected formulation
(1.6), and it does not hold in general in (1.9); in particular, it is not obvious to
the author whether the main results in [16] extend11 to averaged Navier-Stokes
equations. As such, arguments based on such unique continuation properties are
(currently, at least) examples of approaches to the regularity problem that are not
manifestly subject to this barrier (unless progress is made on the program outlined
in Section 1.3 below). Another example of a positive recent result on the Navier-
Stokes problem that uses the finer structure of the non-linearity (and is thus not
obviously subject to this barrier) is the work in [9] constructing large data smooth
solutions to the Navier-Stokes equations in which the initial data vary slowly in
one direction, and which rely on certain delicate algebraic properties of the symbol
of B.

1.2. Overview of proof. The philosophy of proof of Theorem 1.5 is to treat the
dissipative term Δu of (1.9) as a perturbative error (which is possible thanks to
the supercritical nature of the energy, due to the fact that we are in more than two
spatial dimensions), and to construct a stable blowup solution to the “averaged

Euler equation” ∂tu = B̃(u, u) that blows up so rapidly that the effect of adding a
dissipation12 term is negligible. This blowup solution will have a significant portion
of its energy concentrating on smaller and smaller balls around the spatial origin
x = 0; more precisely, there will be an increasing sequence of times tn converging

11This would not be in contradiction to Theorem 1.5, as the blowup solution constructed in
the proof of that theorem is of “Type II” in the sense that critical norms of the solution u(t)
diverge in the limit t → T∗. In contrast, the results in [16] rule out a “Type I” blowup, in which
a certain critical norm stays bounded.

12Indeed, our arguments permit one to add any supercritical hyperdissipation (−Δ)α, α < 5/4,
to Equation (1.9) while still obtaining blowup for certain choices of initial data, although for the
sake of exposition we will only discuss the classical α = 1 case here.
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exponentially fast to a finite limit T∗, such that a large fraction of the energy (at
least (1+ε0)

−εn for some small ε, ε0 > 0) is concentrated in the ball B(0, (1+ε0)
−n)

centered at the origin. We will be able to make the difference tn+1− tn of the order

(1+ ε0)
(− 5

2+O(ε))n for some small ε > 0; this is about as short as one can hope from
scaling heuristics (see, e.g., [39] for a discussion), and indicates a blowup which is
almost as rapid and efficient as possible, given the form of the non-linearity. In
particular, for large n, the time difference tn+1 − tn will be significantly shorter
than the dissipation time (1+ ε0)

−2n at that spatial scale, which helps explain why
the effect of the dissipative term Δu will be negligible.

To construct the stable blowup solution, we were motivated by the work on
regularity and blowup of the system of ordinary differential equations (ODE)

(1.17) ∂tXn = −λ2nαXn + λn−1X2
n−1 − λnXnXn+1

for a system (Xn)n∈Z of scalar unknown functions Xn : [0, T∗) → R, where λ > 1
and α > 0 are parameters. This system was introduced by Katz-Pavlović [26]
(with λ = 2 and α = 2/5) as a dyadic model13 for the Navier-Stokes equations
(1.1), and is related to hierarchical shell models for these equations (see also [11]
for an earlier derivation of these equations from Fourier-analytic considerations).
Roughly speaking, a solution (Xn)n∈Z to this system (with α = 2/5) corresponds
(at a heuristic level) to a solution u to an equation similar to (1.6) or (1.9) with u
of the shape

(1.18) u(t, x) ≈
∑
n

Xn(t)λ
3n/5ψ(λ2n/5x)

for some Schwartz function ψ with Fourier transform vanishing near the origin. We
remark that the analogue of the energy identity (1.7) in this setting is the identity

(1.19)
1

2

∑
n

Xn(T )
2 +

∫ T

0

∑
n

λ2nαXn(t)
2dt =

1

2

∑
n

Xn(0)
2,

valid whenever Xn exhibits sufficient decay as n → ±∞ (we do not formalize this
statement here).

We will defer for now the technical issue (which we regard as being of secondary
importance) of transferring blowup results from dyadic Navier-Stokes models to av-
eraged Navier-Stokes models, and focus on the question of whether blowup solutions
may be constructed for ODE systems such as (1.17).

Blowup solutions for Equation (1.17) are known to exist for sufficiently small α;
specifically, for α < 1/4 this was (essentially) established in [26], while for α < 1/3
this was established in [10], with global regularity established in the critical and
subcritical regimes α ≥ 1/2. If a blowup solution could be constructed14 with the

13Strictly speaking, the equation studied in [26] is slightly different, in that there is a non-linear
interaction between each wavelet in the model and all of the children of that wavelet, whereas
the model here corresponds to the case where each wavelet interacts with only one of its children
at most. The equation in [26] turns out to be a bit more dispersive than the model (1.17), in
particular enjoys global regularity (by an unpublished argument of Nazarov), and is thus not
directly suitable as a model for proving Theorem 1.5.

14The results in [26], however, can be adapted to establish a version of Theorem 1.5 in six and
higher dimensions, while the results in [10] give a version in five and higher dimensions (and just
barely miss the four-dimensional case); this can be done by adapting the arguments in this paper
(and using the above-cited blowup results as a substitute for the lengthier ODE analysis in this
paper), and we leave the details to the interested reader. Interestingly, the results in [35], [36] on a
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value α = 2/5, then this would be a dyadic analogue of Theorem 1.5. Unfortunately
for our purposes, for the values λ = 21/α, α = 2/5, global regularity was established
in [4] (for non-negative initial data Xn(0)), by carefully identifying a region of
phase space that is invariant under the forward evolution of (1.17), and which in
particular prevents the energy Xn from concentrating too strongly at a single value
of n. However, the argument in [4] is sensitive to the specific numerical value of λ
(and also relies heavily on the assumption of initial non-negativity), and does not
rule out the possibility of blowup at α = 2/5 for some variant of the system (1.17).

From multiplying (1.17) by Xn, we arrive at the energy transfer equations

(1.20) ∂t

(
1

2
X2

n

)
= −λ2nαX2

n + λn−1XnX
2
n−1 − λnXn+1X

2
n

for n ∈ Z, which are a local version of (1.19), and reveal in particular (in the
non-negative case Xn ≥ 0) that there is a flow of energy at rate λnXn+1X

2
n from

the nth mode Xn to the (n + 1)st mode Xn+1. In principle, whenever one is in
the supercritical regime α < 1/2, one should be able to start with a delta function
initial data Xn(0) = 1n=n0

for some sufficiently large n0, and then this transfer
of energy should allow for a “low-to-high frequency cascade” solution in which
the energy moves rapidly from the n0th mode to the (n0 + 1)st mode, with the
cascade fast enough to “outrun” the dissipative effect of the term −λ2nαX2

n in the
energy transfer equation (1.20), which is lower order when α < 1/2. However, as
observed in [4], this cascade scenario does not actually occur as strongly as the above
heuristic reasoning suggests, because the energy in Xn+1 is partially transferred to
Xn+2 before the transfer of energy from Xn to Xn+1 is fully complete, leading
instead to a solution in which the bulk of the energy remains in low values of n and
is eventually dissipated away by the −λ2nαX2

n term before forming a singularity.
Thus we see that there is an interference effect between the energy transfer between
Xn and Xn+1, and the energy transfer between Xn+1 and Xn+2, that disrupts the
naive blowup scenario.

One can fix this problem by suitably modifying the model equation (1.17). One
rather drastic (and not particularly satisfactory) way to do this is to forcibly (i.e.,
exogenously) shut off most of the non-linear interactions, so that only one pair
Xn, Xn+1 of adjacent modes experiences a non-linear (but energy-conserving) in-
teraction at any given time. Specifically, one can consider a truncated–non-linearity
ODE

(1.21) ∂tXn = −λ2nαXn + 1n−1=n(t)λ
n−1X2

n−1 − 1n=n(t)λ
nXnXn+1,

where n : [0, T∗) → Z is a piecewise constant function that one specifies in advance,
and which describes which pair of modes Xn(t), Xn(t)+1 is “allowed” to interact
at a given time t. It is not difficult to construct a blowup solution for this trun-
cated ODE; we do so in Section 5.2. Such a result corresponds to a weak version
of Theorem 1.5 in which the averaged non-linearity B̃ is now allowed to be time
dependent, B̃ = B̃(t), with the dependence of B̃(t) on t being piecewise constant
(and experiencing an unbounded number of discontinuities as t approaches T∗). In

somewhat different Navier-Stokes type model also indicate blowup in five and higher dimensions,
while giving global regularity instead in lower dimensions; similarly for a third Navier-Stokes
model introduced in [21].
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particular, the non-linearity B̃(t) is experiencing an exogenous oscillatory singu-
larity in time as t approaches T∗, making the spatial singularity of the solution u
become significantly less surprising.15

Our strategy, then, is to design a system of ODE similar to (1.17) that can
endogenously simulate the exogenous truncations 1n−1=n(t), 1n=n(t) of (1.21). As
shown in [4], this cannot be done for the scalar equation (1.17), at least when λ
is equal to 2. However, by replacing (1.17) with a vector-valued generalization, in
which one has four scalar functions X1,n(t), X2,n(t), X3,n(t), X4,n(t) associated to
each scale n, rather than a single scalar functionXn(t), it turns out to be possible to
use quadratic interactions of the same strength as the terms λn−1X2

n−1, λ
nXnXn+1

appearing in (1.17) to induce such a simulation, while still respecting the energy
identity. The precise system of ODE used is somewhat complicated (see Section 6),
but it can be described as a sequence of “quadratic circuits” connected in series,
with each circuit built out of a small number of “quadratic logic gates,” each cor-
responding to a certain type of basic quadratic non-linear interaction. Specifically,
we will combine together some “pump” gates that transfer energy from one mode
to another (and which are the only gates present in (1.17)) with “amplifier” gates
(that use one mode to ignite exponential growth in another mode) and “rotor” gates
(that use one mode to rotate the energy between two other modes). By combining
these gates with carefully chosen coupling constants (a sort of “quadratic engineer-
ing” task somewhat analogous to the more linear circuit design tasks in electrical
engineering), we can set up a transfer of energy from scale n to scale n + 1 which
can be made arbitrarily abrupt, in that the duration of the time interval separating
the regime in which most of the energy is at scale n and most of the energy is at
scale n+ 1 can be made as small as desired. Furthermore, this transfer is delayed
somewhat from the time at which the scale n first experiences a large influx of
energy. The combination of the delay in energy transfer and the abruptness of that
transfer means that the process of transferring energy from scale n to scale n+1 is
not itself interrupted (up to negligible errors) by the process of transferring energy
from scale n+1 to n+2, and this permits us (after a lengthy bootstrap argument) to
construct a blowup solution to this equation, which resembles the blowup solution
for the truncated ODE (1.21).

We now briefly discuss how to pass from the dyadic model problem of establishing
blowup for a variant of (1.17) to a problem of the form (1.9), though as noted before
we view the dyadic analysis as containing the core results of the paper, with the
conversion to the non-dyadic setting being primarily for aesthetic reasons (and to
eliminate any lingering suspicion that the blowup here is arising from some purely
dyadic phenomenon that is somehow not replicable in the non-dyadic setup). By
using an ansatz of the form (1.18) and rewriting everything in Fourier space, one
can map the dyadic model problem to a problem similar to (1.9), but with the
Laplacian replaced by a “dyadic Laplacian” (similar to the one appearing in [26],

[14]), and with a bilinear operator B̃ which has a Fourier representation

〈B̃(u, v), w〉 =
∫ ∫ ∫

m̃(ξ1, ξ2, ξ3)(û(ξ1), v̂(ξ2), ŵ(ξ3)) dξ1dξ2dξ3

15It is worth noting, however, that a surprisingly large portion of the local theory for Navier-
Stokes would survive with a time-dependent non-linearity, even if it were discontinuous in time,
so even this weakened version of Theorem 1.5 provides a somewhat nontrivial barrier that can
still exclude certain solution strategies to the Navier-Stokes regularity problem.
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for a certain tensor-valued symbol m̃(ξ1, ξ2, ξ3) that is supported on the region of
frequency space where ξ1, ξ2, ξ3 are comparable in magnitude, and having magni-
tude ∼ |ξ1| in that region (together with the usual estimates on derivatives of the
symbol). Meanwhile, thanks to (1.3), B has a similar representation

〈B(u, v), w〉 =
∫ ∫ ∫

m(ξ1, ξ2, ξ3)(û(ξ1), v̂(ξ2), ŵ(ξ3)) dξ1dξ2dξ3

withm being a singular (tensor-valued) distribution on the hyperplane ξ1+ξ2+ξ3 =
0. After averaging over some rotations, one can16 “smear out” the distribution m to
be absolutely continuous with respect to dξ1dξ2dξ3, and then by suitably modulat-
ing by Fourier multipliers of order 0 (and in particular, differentiation operators of
imaginary order) one can localize the symbol to the region of frequency space where
ξ1, ξ2, ξ3 are comparable in magnitude. By performing some suitable Fourier-type
decompositions of the latter symbol, we are then able to express m̃ as an average
of various transformations of m, giving rise to a description of B̃ as an averaged
Navier-Stokes operator. Ultimately, the problem boils down to the task of estab-
lishing a certain non-degeneracy property of the tensor symbol Λ defined in (1.4),
which one establishes by a short geometric calculation. The averaging over dilations
in Theorem 1.5 is needed in order to ensure this non-degeneracy property, but it is
likely that this averaging can be dropped by a more careful analysis.

This almost finishes the proof of Theorem 1.5, except that the dyadic model
equation involves the dyadic Laplacian instead of the Euclidean Laplacian. How-
ever, it turns out that the analysis of the dyadic system of ODE can be adapted to
the case of non-dyadic dissipation, by using local energy inequalities as a substitute
for the exact ODE that appear in the dyadic model. While this complicates the
analysis slightly, the effect is ultimately negligible due to the perturbative nature
of the dissipation.

1.3. A program for establishing blowup for the true Navier-Stokes
equations? To summarize the strategy of proof of Theorem 1.5, a solution to
a carefully chosen averaged version

∂tu = B̃(u, u)

of the Euler equations is constructed which behaves like a “von Neumann machine”
(that is, a self-replicating machine) in the following sense: at a given time tn, it
evolves as a sort of “quadratic computer,” made out of “quadratic logic gates,”
which is “programmed” so that after a reasonable period of time tn+1 − tn, it
abruptly “replicates” into a rescaled version of itself (being 1 + ε0 times smaller,
and about (1+ε0)

5/2 times faster), while also erasing almost completely the previous
iteration of this machine. This replication process is stable with respect to pertur-
bations, and in particular can survive the presence of a supercritical dissipation if
the initial scale of the machine is sufficiently small.

This suggests an ambitious (but not obviously impossible) program (in both
senses of the word) to achieve the same effect for the true Navier-Stokes equations,
thus obtaining a negative answer to Conjecture 1.1. Define an ideal (incompressible,

16For minor technical and notational reasons, the formal version of this argument performed
in Section 3 does not quite perform these steps in the order indicated here; however, all the
ingredients mentioned here are still used at some point in the rigorous argument.
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inviscid) fluid to be a divergence-free vector field u that evolves according to the
true Euler equations

∂tu = B(u, u).

Somewhat analogously to how a quantum computer can be constructed from the
laws of quantum mechanics (see, e.g., [8]), or a Turing machine can be constructed
from cellular automata such as Conway’s “Game of Life” (see, e.g., [2]), one could
hope to design logic gates entirely out of ideal fluid (perhaps by using suitably
shaped vortex sheets to simulate the various types of physical materials one would
use in a mechanical computer). If these gates were sufficiently “Turing complete,”
and also “noise-tolerant,” one could then hope to combine enough of these gates
together to “program” a von Neumann machine consisting of ideal fluid that, when
it runs, behaves qualitatively like the blowup solution used to establish Theorem 1.5.
Note that such replicators, as well as the related concept of a universal constructor,
have been built within cellular automata such as the Game of Life; see, e.g., [1].

Once enough logic gates of ideal fluid are constructed, it seems that the main dif-
ficulties in executing the above program are of a “software engineering” nature and
would in principle be achievable, even if the details could be extremely complicated
in practice. The main mathematical difficulty in executing this “fluid computing”
program would thus be to arrive at (and rigorously certify) a design for logical gates
of inviscid fluid that has some good noise tolerance properties. In this regard, ideas
from quantum computing (which faces a unitarity constraint somewhat analogous
to the energy conservation constraint for ideal fluids, albeit with the key difference
of having a linear evolution rather than a non-linear one) may prove to be useful.

A significant (but perhaps not insuperable) obstacle to this program is that
in addition to the conservation of energy, the Euler equations obey a number of
additional conservation laws, such as conservation of helicity, with vortex lines also
being transported by the flow; see, e.g., [32]. This places additional limitations on
the type of fluid gates one could hope to construct; however, as these conservation
laws are indefinite in sign, it may still be possible to design computational gates
that respect all of these laws.

It is worth pointing out, however, that even if this program is successful, it
would only demonstrate blowup for a very specific type of initial data (and tiny
perturbations thereof) and is not necessarily in contradiction with the belief that
one has global regularity for most choices of initial data (for some carefully chosen
definition of “most,” e.g., with overwhelming (but not almost sure) probability
with respect to various probability distributions of initial data). However, we do
not have any new ideas to contribute on how to address this latter question, other
than to state the obvious fact that deterministic methods alone are unlikely to be
sufficient to resolve the problem and that stochastic methods (e.g., those based on
invariant measures) are probably needed.

2. Notation

We use X = O(Y ) orX � Y to denote the estimate |X| ≤ CY , for some quantity
C (which we call the implied constant). If we need the implied constant to depend
on a parameter (e.g., k), we will either indicate this convention explicitly in the
text or use subscripts, e.g., X = Ok(Y ) or X �k Y .

If ξ is an element of R3, we use |ξ| to denote its Euclidean magnitude. For
ξ0 ∈ R3 and r > 0, we use B(ξ0, r) := {ξ ∈ R3 : |ξ − ξ0| < r} to denote the open
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ball of radius r centered at ξ0. Given a subset B of R3 and a real number λ, we
use λ ·B := {λξ : ξ ∈ B} to denote the dilate of B by λ.

If P is a mathematical statement, we use 1P to denote the quantity 1 when P
is true and 0 when P is false.

Given two real vector spaces V,W , we define the tensor product V ⊗ W to be
the real vector space spanned by formal tensor products v ⊗ w with v ∈ V and
w ∈ W , subject to the requirement that the map (v, w) �→ v ⊗w is bilinear. Thus,
for instance, V ⊗C is the complexification of V , that is to say, the space of formal
linear combinations v1 + iv2 with v1, v2 ∈ V .

3. Averaging the Euler bilinear operator

In this section we show that certain bilinear operators, which are spatially lo-
calized variants of the “cascade operators” introduced in [26], can be viewed as
averaged Euler bilinear operators.

We now formalize the class of local cascade operators we will be working with.
For technical reasons, we will use the integer powers (1 + ε0)

n of 1 + ε0 for some
sufficiently small ε0 > 0 as our dyadic range of scales, rather than the more tradi-
tional powers of two, 2n. Roughly speaking, the reason for this is to ensure that
any triangle of side lengths that are of comparable size, in the sense that they are
between (1 + ε0)

n−O(1) and (1 + ε0)
n+O(1) for some n, are almost equilateral; this

lets us avoid some degeneracies in the tensor symbol implicit in (1.3) that would
otherwise complicate the task of expressing certain bilinear operators as averages of
the Euler bilinear operator B (specifically, the smallness of ε0 is needed to establish
the non-degeneracy condition (3.24) below).

Definition 3.1 (Local cascade operators). Let ε0 > 0. A basic local cascade op-
erator (with dyadic scale parameter ε0 > 0) is a bilinear operator C : H10

df (R
3) ×

H10
df (R

3) → H10
df (R

3)∗ defined via duality by the formula

(3.1) 〈C(u, v), w〉 =
∑
n∈Z

(1 + ε0)
5n/2〈u, ψ1,n〉〈v, ψ2,n〉〈w,ψ3,n〉

for all u, v, w ∈ H10
df (R

3), where for i = 1, 2, 3 and n ∈ Z, ψi,n : R3 → R3 is the
L2-rescaled function

ψi,n(x) := (1 + ε0)
3n/2ψi ((1 + ε0)

nx)

and ψi : R
3 → R3 is a Schwartz function whose Fourier transform is supported on

the annulus {ξ : 1− 2ε0 ≤ |ξ| ≤ 1 + 2ε0}. A local cascade operator is defined to be
a finite linear combination of basic local cascade operators.

Note from the Plancherel theorem that one has∑
n

(1 + (1 + ε0)
2n)10|〈u, ψ1,n〉|2 < ∞

whenever u ∈ H10
df (R

3) and ψ1,n is as in Definition 3.1, and similarly for ψ2,n

and ψ3,n. From this and the Hölder inequality it is an easy matter to ensure
that the sum in (3.1) is absolutely convergent for any u, v, w ∈ H10

df (R
3), so the

definition of a cascade operator is well defined, and that such operators are bounded
from H10

df (R
3)×H10

df (R
3) to H10

df (R
3)∗; indeed, the same argument shows that such

operators map H10
df (R

3) × H10
df (R

3) to L2(R3). (One could, in fact, extend such
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operators to significantly rougher spaces than H10
df (R

3), but we will not need to do
so here.)

We did not impose that the ψi were divergence-free, but one could easily do
so via Leray projections if desired, in which case the operators C(u, v) defined via
duality in (3.1) can be expressed more directly as

C(u, v) =
∑
n∈Z

(1 + ε0)
5n/2〈u, ψ1,n〉〈v, ψ2,n〉ψ3,n.

We remark that the exponent 5/2 appearing in (3.1) ensures that local cascade
operators enjoy a dyadic version of the scale invariance that the Euler bilinear form
enjoys. Indeed, recalling the dilation operators (1.11), one can compute that for
any u, v, w ∈ H10

df (R
3), one has

〈B(Dilλu,Dilλv),Dilλw〉 = λ5/2〈B(u, v), w〉,
and similarly for any local cascade operator C one has

〈C(Dilλu,Dilλv),Dilλw〉 = λ5/2〈C(u, v), w〉,
under the additional restriction that λ is an integer power of 1 + ε0.

Theorem 1.5 is then an immediate consequence of the following two results.

Theorem 3.2 (Local cascade operators are averaged Euler operators). Let ε0 > 0
be a sufficiently small absolute constant. Then every local cascade operator (with
dyadic scale parameter ε0) is an averaged Euler bilinear operator.

Theorem 3.3 (Blowup for a local cascade equation). Let 0 < ε0 < 1. Then there
exists a symmetric local cascade operator C : H10

df (R
3)×H10

df (R
3) → H10

df (R
3)∗ (with

dyadic scale parameter ε0) obeying the cancellation property

(3.2) 〈C(u, u), u〉 = 0

for all u ∈ H10
df (R

3), and Schwartz divergence-free vector field u0, such that there
does not exist any global mild solution u : [0,+∞) → H10

df (R
3) to the initial value

problem

∂tu = Δu+ C(u, u),

u(0, ·) = u0;
(3.3)

that is to say, there does not exist any continuous u : [0,+∞) → H10
df (R

3) with

u(t) = etΔu0 +

∫ t

0

e(t−t′)ΔC (u(t′), u(t′)) dt′

for all t ∈ [0,+∞).

Theorem 3.3 is the main technical result of this paper, and its proof will occupy
the subsequent sections of this paper. In this section we establish Theorem 3.2.
This will be done by a somewhat lengthy series of averaging arguments and Fourier
decompositions, together with some elementary three-dimensional geometry, with
the result ultimately following from a certain non-degeneracy property of the tri-
linear form Λ defined in (1.4); the arguments are unrelated to those in the rest of
the paper, and readers may wish to initially skip this section and move on to the
rest of the argument.

Henceforth ε0 > 0 will be assumed to be sufficiently small (e.g., ε0 = 10−10 will
suffice). In this section, the implied constants in the O( ) notation are not permitted
to depend on ε0.
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3.1. First step: Complexification. It will be convenient to complexify the prob-
lem in order to freely use Fourier-analytic tools at later stages of the argument. To
this end, we introduce the following notation.

Definition 3.4 (Complex averaging). Let C,C ′ : H10
df (R

3)⊗ C×H10
df (R

3)⊗ C →
H10

df (R
3)∗⊗C be bounded (complex-)bilinear operators. We say that C is a complex

average of C ′ if there exists a finite measure space (Ω, μ) and measurable functions
mi,·(D) : Ω → M0 ⊗ C, Ri,· : Ω → SO(3), λi,· : Ω → (0,+∞) for i = 1, 2, 3 such
that

〈C(u, v), w〉 =
∫
Ω

〈
C ′ (m1,ω(D)RotR1,ω

Dilλ1,ω
u,m2,ω(D)RotR2,ω

Dilλ2,ω
v
)
,

m3,ω(D)RotR3,ω
Dilλ3,ω

w
〉
dμ(ω),

(3.4)

and that one has the integrability conditions

(3.5)

∫
Ω

‖m1,ω(D)‖k1
‖m2,ω(D)‖k2

‖m3,ω(D)‖k3
dμ(ω) < ∞

and

C−1
0 ≤ λ1(ω), λ2(ω), λ3(ω) ≤ C0

for any natural numbers k1, k2, k3 (recall that the seminorms ‖‖k on M0 ⊗ C were
defined in (1.10)) and some finite C0. Here, we complexify the inner product 〈, 〉
by defining

〈u, v〉 :=
∫
R3

u(x) · v(x) dx

for complex vector fields u, v ∈ H10
df (R

3)⊗C; note that we do not place a complex
conjugate on the v factor, so the inner product is complex bilinear rather than
sesquilinear.

Suppose we can show that every local cascade operator C is a complex average of
the Euler bilinear operator B in the sense of the above definition. The multipliers
mj,ω(D) for j = 1, 2, 3 appearing in the expansion (3.4) are not required to be real,
but we can decompose them as mj,ω,1(D)+ imj,ω,2(D) where mj,ω,1(D),mj,ω,2(D)
are real (and with the seminorms of mj,ω,1(D),mj,ω,2(D) bounded by a multiple of
the corresponding seminorm of mj,ω(D)). Thus we can decompose the right-hand
side of (3.4) as the sum of 23 = 8 pieces, each of which is of the same form as the
original right-hand side up to a power of i, and with all the mj,ω(D) appearing
in each piece being a real Fourier multiplier. As the left-hand side of (3.4) is
real (as are the inner products on the right-hand side), we may eliminate all the
terms on the right-hand side involving odd powers of i by taking real parts. The
power of i in each of the four remaining terms is now just a sign ±1 and can be
absorbed into the m1,ω(D) factor; by concatenating together four copies of (Ω, μ)
we may now obtain an expansion of the form (3.4) in which all the mj,ω(D) are
real. Finally, by multiplying m1,ω(D) by a normalizing constant we may take (Ω, μ)
to be a probability space rather than a finite measure space. Combining all these
manipulations, we conclude Theorem 3.2. Thus, it will suffice to show that every
local cascade operator is a complex average of the Euler bilinear operator B.
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3.2. Second step: Frequency localization. By again using m1,ω(D) to absorb
scalar factors, we see that if C is a complex average of C ′, then any complex scalar
multiple of C is a complex average of C ′; also, by concatenating finite measure
spaces together we see from Definition 3.4 that if C1, C2 are both complex averages
of C ′, then C1 + C2 is a complex average of C ′. Thus the space of averages of
the Euler bilinear operator is closed under finite linear combinations, and so it will
suffice to show that every basic local cascade operator is a complex average of the
Euler bilinear operator.

By decomposing the ψj , j = 1, 2, 3 in (3.4) into finitely many (complex-valued)
pieces, we may replace the basic local cascade operator with the complexified basic
local cascade operator C defined by

(3.6) 〈C(u, v), w〉 =
∑
n∈Z

(1 + ε0)
5n/2〈u, ψ1,n〉〈v, ψ2,n〉〈w,ψ3,n〉,

where each ψj : R3 → C3 is now a Schwartz complex vector field with Fourier

transform ψ̂j supported on the ball B(ξ0j , ε
3
0) for some non-zero ξ0j ∈ R3 with

magnitude comparable to 1. Henceforth we fix C to be such a complexified basic
local cascade operator. Note that due to the presence of rotations and dilations in
the definition of a complex average, we have the freedom to rotate each and dilate
each of the ξ0j as we please. We shall select the normalization

ξ01 = (0, 1, 0),

ξ02 = (−1,−1, 0),

ξ03 = (1, 0, 0),

(3.7)

so that in particular

(3.8) ξ01 + ξ02 + ξ03 = 0;

see Figure 1. The exact normalization in (3.7) is somewhat arbitrary, but the
vanishing (3.8) is convenient for technical reasons; also, it is necessary to ensure
that ξ01 , ξ

0
2 , ξ

0
3 have distinct magnitudes in order to avoid a certain degeneracy later

in the argument (namely, the failure of (3.24) below).
Once we perform this normalization, we will have no further need of averaging

over dilations and will rely purely on Fourier and rotation averaging to obtain the
required representation of the cascade operator C.

Note that M0 ⊗C is closed under composition, and from (1.10) and the Leibniz
rule we have the inequalities

‖m(D)m′(D)‖k ≤ Ck

k∑
k1=0

k∑
k2=0

‖m(D)‖k1
‖m′(D)‖k2

for all natural numbers k and all m(D),m′(D) ∈ M0 ⊗ C (where Ck depends
only on k). From this, Fubini’s theorem, and Hölder’s inequality, together with
the observation that rotation and dilation operators normalize M0 ⊗ C, we have
the following transitivity property: if C1 is a complex average of C2, and C2 is a
complex average of C3, then C1 is a complex average of C3. Our proof strategy will
exploit this transitivity by passing from the Euler bilinear operator B to the local
cascade operator C in stages, performing a sequence of averaging operations on B
to gradually make it resemble the local cascade operator.
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0

ξ1
0

ξ3
0

ξ2
0

Figure 1. The frequencies ξ01 , ξ
0
2 , ξ

0
3 . The frequency variables ξj

(and later on, the normalized frequencies ξ̃j) will be localized to
within O(ε30) of ξ

0
j ; this localization is represented schematically in

this figure by the circles around the reference frequencies ξ0j .

3.3. Third step: Forcing frequency comparability. We now use some differ-
ential operators of imaginary order to localize the frequencies ξ1, ξ2, ξ3 to be com-
parable to each other in magnitude. Let ϕ : R → R be a smooth function supported
on [−2, 2] that equals one on [−1, 1]. We then define the function η : (0,+∞)3 → R

by

η(N1, N2, N3) :=
3∏

j=2

ϕ

(
1

10ε20

(
Nj

N1
−

|ξ0j |
|ξ01 |

))
;

thus η(|ξ1|, |ξ2|, |ξ3|) is only non-vanishing when ξ1, ξ2, ξ3 have comparable magni-
tudes.

Note that η(N1, N2, N3) = η(1, elog(N2/N1), elog(N3/N1)) and that (x, y) �→
η(1, ex, ey) is a smooth compactly supported function. By Fourier17 inversion, we
thus have a representation of the form

η(N1, N2, N3) = η(1, elog(N2/N1), elog(N3/N1))

=

∫
R

∫
R

eit2 log(N2/N1)eit3 log(N3/N1)φ(t2, t3) dt2dt3

=

∫
R

∫
R

N−it2−it3
1 N it2

2 N it3
3 φ(t2, t3) dt2dt3

17One could also use Mellin inversion here if desired.
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for any N1, N2, N3 > 0, where φ : R2 → C is a rapidly decreasing function, and
thus ∫

R

∫
R

|φ(t2, t3)|(1 + |t2|+ |t3|)k dt2dt3 < ∞

for all k ≥ 0. If we then define the bilinear operator Bη : H10
df (R

3)⊗C×H10
df (R

3)⊗
C → H10

df (R
3)∗ ⊗ C via duality by the formula

〈Bη(u, v), w〉 :=
∫
R

∫
R

〈
B
(
D−it2−it3u,Dit2v

)
, Dit3w

〉
φ(t2, t3) dt2dt3,

where Dit is the Fourier multiplier

D̂itu(ξ) := |ξ|itû(ξ),
then Bη is a complex average of B (note that ‖Dit‖k grows polynomially in t for
each k). From (1.3) and Fubini’s theorem (working first with Schwartz u, v, w to
justify all the exchange of integrals, and then taking limits) we see that18

〈Bη(u, v), w〉 = −πi

∫
ξ1+ξ2+ξ3=0

η(|ξ1|, |ξ2|, |ξ3|)Λξ1,ξ2,ξ3(û(ξ1), v̂(ξ2), ŵ(ξ3)).

It thus suffices to show that C is a complex average of Bη.
Next, we localize the frequency ξ1 to the correct sequence of balls. Let ρ : R3 → C

be the function

ρ(ξ1) :=
∑
n∈Z

ϕ

(
1

ε20

(
(1 + ε0)

−nξ1 − ξ01
))

with ϕ defined as before; thus ρ is supported on the union of the balls (1 + ε0)
n ·

B(ξ01 , 2ε
2
0) for n ∈ Z. Let ρ(D) be the associated Fourier multiplier; this is easily

checked to be a Fourier multiplier of order 0. By Definition 3.4, the bilinear operator
Bη,ρ defined by

Bη,ρ(u, v) := Bη(ρ(D)u, v)

is clearly a complex average of Bη, and so it suffices to show that C is a complex
average of Bη,ρ.

3.4. Fourth step: Localizing to a single frequency scale. Now we localize to
a single scale. Observe that we can decompose Bη,ρ = −πi

∑
n∈Z

(1+ ε0)
5n/2Bη,ρ,n,

where for each n ∈ Z we may define the operator Bη,ρ,n : H10
df (R

3)⊗C×H10
df (R

3)⊗
C → H10

df (R
3)∗ ⊗ C by the formula

〈Bη,ρ,n(u, v), w〉 = (1 + ε0)
−5n/2

∫
ξ1+ξ2+ξ3=0

ϕ

(
1

ε20

(
(1 + ε0)

−nξ1 − ξ01
))

× η(|ξ1|, |ξ2|, |ξ3|)Λξ1,ξ2,ξ3(û(ξ1), v̂(ξ2), ŵ(ξ3))

for u, v, w ∈ H10
df (R

3). In a similar vein, we may use (3.6) to decompose C =∑
n∈Z

(1 + ε0)
5n/2Cn, where

(3.9) 〈Cn(u, v), w〉 = 〈u, ψ1,n〉〈v, ψ2,n〉〈w,ψ3,n〉.
Observe (by using the change of variables ξ̃ := ξ/(1+ε0)

n) that we have the scaling
laws

〈Bη,ρ,n(u, v), w〉 =
〈
Bη,ρ,0

(
Dil(1+ε0)−nu,Dil(1+ε0)−nv

)
,Dil(1+ε0)−nw

〉
18Note that we do not define η(|ξ1|, |ξ2|, |ξ3|) when one of ξ1, ξ2, ξ3 vanishes, but this only

occurs on a set of measure zero, and so there is no difficulty defining the integral.
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and similarly

〈Cn(u, v), w〉 =
〈
C0

(
Dil(1+ε0)−nu,Dil(1+ε0)−nv

)
,Dil(1+ε0)−nw

〉
for any n ∈ Z and u, v, w ∈ H10

df (R
3)⊗ C.

Suppose for now that we can show that C0 is a complex average of Bη,ρ,0 (without
the use of dilation operators); thus

〈C0(u, v), w〉 =
∫
Ω

〈
Bη,ρ,0

(
m1,ω(D)RotR1,ω

u,m2,ω(D)RotR2,ω
v
)
,(3.10)

m3,ω(D)RotR3
w〉 dμ(ω)

for some mj,ω, Rj (j = 1, 2, 3), and (Ω, μ) as in Definition 3.4. From the definition
of C0 (and the support hypotheses on ψ1, ψ2, ψ3), we see that we may smoothly
localize each mj,ω to the ball B(ξ0j , O(ε30)) without loss of generality (and without
destroying the fact that the mi,ω(D) are Fourier multipliers of order 0 that obey
(3.5)). If we then define

mi,ω,n(ξ) := mi,ω((1 + ε0)
−nξ)

and m̃i,ω :=
∑

n∈Z
mi,ω,n, then the mi,ω(D) are also Fourier multipliers of order 0

obeying (3.5), and the quantity∫
Ω

〈
Bη,ρ

(
m1,ω,n1

(D)RotR1,ω
u,m2,ω,n2

(D)RotR2,ω
v
)
,

m3,ω,n3
(D)RotR3

w〉 dμ(ω)

is equal to −πi〈Cn1
(u, v), w〉 when n1 = n2 = n3, and vanishing otherwise if ε0 is

small enough (thanks to the support properties of mi,ω,n, η and ρ). Summing, we
see that

〈C(u, v), w〉 = 1

−πi

∫
Ω

〈
Bη,ρ

(
m̃1,ω(D)RotR1,ω

u, m̃2,ω(D)RotR2,ω
v
)
,

m̃3,ω(D)RotR3
w〉 dμ(ω)

(as before, one can work first with Schwartz u, v, w, and then take limits), thus
demonstrating that C is a complex average of Bη,ρ as desired (absorbing the 1

−πi

factor into m1,ω). Thus, to finish the proof of Theorem 3.2, it suffices to show that
C0 is a complex average of Bη,ρ,0.

3.5. Fifth step: Extracting the symbol. We have reduced matters to the task
of obtaining a representation (3.10) for 〈C0(u, v), w〉. By (3.9) and Plancherel’s
theorem, we may expand 〈C0(u, v), w〉 as∫

R3

∫
R3

∫
R3

(
u(ξ1) · ψ̂1(ξ1)

)(
v(ξ2) · ψ̂2(ξ2)

)(
w(ξ3) · ψ̂3(ξ3)

)
dξ1dξ2dξ3,

which we rewrite as

(3.11)

∫
R3

∫
R3

∫
R3

(u(ξ1)⊗ v(ξ2)⊗ w(ξ3)) ·
(
ψ̂1(ξ1)⊗ ψ̂2(ξ2)⊗ ψ̂3(ξ3)

)
dξ1dξ2dξ3,

where · here denotes the standard complex-bilinear inner product on the 33 = 27-
dimensional complex vector space C3⊗C3 ⊗C3. Meanwhile, the right-hand side of
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(3.10) can be expanded as∫
Ω

∫
ξ1+ξ2+ξ3=0

m1,ω(ξ1)m2,ω(ξ2)m3,ω(ξ3)ϕ

(
1

ε20

(
ξ1 − ξ01

))
η(|ξ1|, |ξ2|, |ξ3|)×

Λξ1,ξ2,ξ3

(
R1,ωû(R

−1
1,ωξ1), R2,ω v̂(R

−1
2,ωξ2), R3,ωŵ(R

−1
3,ωξ3)

)
dμ(ω).

Rewriting the integral
∫
ξ1+ξ2+ξ3=0

(by a slight abuse19 of notation) as
∫
R3

∫
R3

∫
R3

δ(ξ1 + ξ2 + ξ3) dξ1dξ2dξ3, where δ is the Dirac delta function on R3, and then
applying the change of variables ξj �→ R−1

j,ωξj , we may rewrite the above expression
as∫

R3

∫
R3

∫
R3

∫
Ω

δ(R1,ωξ1 +R2,ωξ2 +R3,ωξ3)m1,ω(R1,ωξ1)m2,ω(R2,ωξ2)m3,ω(R3,ωξ3)

ϕ

(
1

ε20

(
R1,ωξ1 − ξ01

))
η(|ξ1|, |ξ2|, |ξ3|)×

ΛR1,ωξ1,R2,ωξ2,R3,ωξ3(R1,ωû(ξ1), R2,ω v̂(ξ2), R3,ωŵ(ξ3))

dμ(ω)dξ1dξ2dξ3.

Comparing this with the expansion (3.11) of the left-hand side of (3.10), we claim
that our task is now reduced to that of constructing a finite measure space (Ω, μ)
and measurable functions Ri,· : Ω → SO(3), mi,·(D) : Ω → M0 ⊗ C, and F : Ω →
C3 ⊗ C3 ⊗ C3 obeying (3.5) with F bounded, such that we have the identity

X1 ⊗X2 ⊗X3 =

∫
Ω

δ(R1,ωξ1 +R2,ωξ2 +R3,ωξ3)

× F (ω)m1,ω(R1,ωξ1)m2,ω(R2,ωξ2)m3,ω(R3,ωξ3)

× ϕ

(
1

ε20

(
R1,ωξ1 − ξ01

))
η(|ξ1|, |ξ2|, |ξ3|)

× ΛR1,ωξ1,R2,ωξ2,R3,ωξ3(R1,ωX1, R2,ωX2, R3,ωX3) dμ(ω)

(3.12)

for all ξj ∈ B(ξ0j , ε
3
0) and Xj ∈ ξ⊥j , j = 1, 2, 3. Indeed, if one applies (3.12)

with (X1, X2, X3) = (û(ξ1), v̂(ξ2), ŵ(ξ3)), contracts the resulting tensor against

ψ̂1(ξ1) ⊗ ψ̂2(ξ2) ⊗ ψ̂3(ξ3), and then integrates in ξ1, ξ2, ξ3 (absorbing the ψ̂i and
F factors into the mj,ω terms, after first breaking F into 27 components), we
obtain the desired decomposition (3.10) (after replacing Ω with the disjoint union
of 27 copies of Ω to accommodate the contributions from the various components
of F ). As before, one may wish to first work with Schwartz u, v, w to justify the
interchanges of integrals and then take limits at the end of the argument.

3.6. Sixth step: Simplifying the weights. It remains to obtain the decompo-
sition (3.12). We will restrict attention to those rotations Rj,ω which almost fix ξ0j
in the sense that

(3.13) |Rj,ωξ
0
j − ξ0j | < ε20/2

19If one wanted to be more formally rigorous here, one could replace the Dirac delta function

δ(ξ) with an approximation to the identity 1
ε3

φ( ξ
ε
) for some smooth compactly supported function

φ : R3 → R of total mass one and then add a limit symbol limε→0 outside of the integration.
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for j = 1, 2, 3. With this restriction, the weight ϕ( 1
ε20
(R1,ωξ1 − ξ01))η(|ξ1|, |ξ2|, |ξ3|)

is equal to one (for ε0 small enough), and so (3.12) simplifies to

X1 ⊗X2 ⊗X3 =

∫
Ω

δ(R1,ωξ1 +R2,ωξ2 +R3,ωξ3)

× F (ω)m1,ω(R1,ωξ1)m2,ω(R2,ωξ2)m3,ω(R3,ωξ3)

× ΛR1,ωξ1,R2,ωξ2,R3,ωξ3(R1,ωX1, R2,ωX2, R3,ωX3) dμ(ω).

(3.14)

Let

Σ ⊂ SO(3)× SO(3)× SO(3)× R3 × R3 × R3

denote the set of sextuples (R1, R2, R3, ξ1, ξ2, ξ3) where Rj ∈ SO(3) with |Rjξ
0
j −

ξ0j | < ε20/4 for j = 1, 2, 3, and ξi ∈ B(ξ0i , 2ε
3
0) for i = 1, 2, 3 with

R1ξ1 +R2ξ2 +R3ξ3 = 0.

For ε0 small enough, we see from the implicit function theorem that this is a smooth
manifold (of dimension 15), and that for any choice of ξj ∈ B(ξ0j , 2ε

3
0) for j = 1, 2, 3,

the slice

Σξ1,ξ2,ξ3 := {(R1, R2, R3) : (R1, R2, R3, ξ1, ξ2, ξ3) ∈ Σ}
is a smooth manifold (of dimension 6).

Suppose that we can find a smooth function

F ′ : Σ → C3 ⊗ C3 ⊗ C3

such that we have the identity

X1 ⊗X2 ⊗X3 =

∫
Σξ1,ξ2,ξ3

F ′(R1, R2, R3, ξ1, ξ2, ξ3)

× ΛR1ξ1,R2ξ2,R3ξ3(R1X1, R2X2, R3X3) dσ(R1, R2, R3)

(3.15)

whenever ξj ∈ B(ξ0j , ε
3
0) and Xj ∈ ξ⊥j , j = 1, 2, 3, where dσ(R1, R2, R3) is the

surface measure on Σξ1,ξ2,ξ3 . By a change of variables, this can be rewritten as

X1 ⊗X2 ⊗X3 =

∫
U

δ(R1ξ1 +R2ξ2 + R3ξ3)F̃
′(R1, R2, R3, ξ1, ξ2, ξ3)

× ΛR1ξ1,R2ξ2,R3ξ3(R1X1, R2X2, R3X3) dR1dR2dR3,

where F̃ ′ : Σ → C3 ⊗ C3 ⊗ C3 is another smooth function (F ′ multiplied by some
Jacobian factors) and dR1, dR2, dR3 denote the Haar measure on SO(3), with

U := {(R1, R2, R3) ∈ SO(3)3 : |Rjξ
0
j − ξ0j | < ε20/4 for j = 1, 2, 3}.

We may smoothly extend F̃ ′ to become a smooth compactly supported function on
the larger domain

U ×B(ξ01 , 2ε
3
0)×B(ξ02 , 2ε

3
0)×B(ξ03 , 2ε

3
0).

By a Fourier expansion and another smooth truncation, we may thus write

F̃ ′(R1, R2, R3, ξ1, ξ2, ξ3) =

∫
R3×R3×R3

f(R1, R2, R3, x1, x2, x3)

×
3∏

j=1

(e2πixj ·ξjmj(ξj)) dx1dx2dx3
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whenever (R1, R2, R3) ∈ U and ξj ∈ B(ξ0j , ε
3), where mj is a smooth function

supported on B(ξ0j , 3ε
3
0), and f : U × R3 × R3 × R3 → C3 × C3 × C3 is rapidly de-

creasing in x1, x2, x3, uniformly in R1, R2, R3. Inserting this expansion into (3.15),
we obtain the desired expansion (3.14) (taking Ω to be U × R3 × R3 × R3, with μ
being the Haar measure weighted by |f |, choosing the mj,ω to be an appropriately
rotated version of mj , twisted by a plane wave, and with F := f/|f |).

3.7. Seventh step: Restricting to rotations around fixed axes. It remains
to find a smooth function F ′ for which one has the required representation (3.15).
Observe from (3.8) and the implicit function theorem (for ε0 small enough) that if
ξj ∈ B(ξ0j , ε

3
0) for j = 1, 2, 3, one can find rotations Rj,ξ1,ξ2,ξ3 ∈ SO(3) for j = 1, 2, 3

with

Rj,ξ1,ξ2,ξ3 = I +O(ε30)

(where I is the identity matrix) and the tuple (ξ̃1, ξ̃2, ξ̃3) defined by

(3.16) ξ̃j := Rj,ξ1,ξ2,ξ3ξj

lives in the space

(3.17) Γ := {(η1, η2, η3) ∈ B(ξ01 , Cε30)×B(ξ02 , Cε30)×B(ξ03 , Cε30) : η1+η2+η3 = 0}

for some absolute constant C independent of ε0. Furthermore, from the implicit
function theorem we may make Rj,ξ1,ξ2,ξ3 and hence ξ̃1, ξ̃2, ξ̃3 depend smoothly on
ξ1, ξ2, ξ3 in the indicated domain if ε0 is small enough. If we let Rθ

ξ ∈ SO(3) denote

the rotation by θ around the axis ξ using the right-hand rule20 for any ξ ∈ R3\{0}
and θ ∈ R/2πZ, we then see that the six-dimensional manifold

{(SRθ1
ξ̃1
R1,ξ1,ξ2,ξ3 , SR

θ2
ξ̃2
R2,ξ1,ξ2,ξ3 , SR

θ3
ξ̃3
R3,ξ1,ξ2,ξ3) :(3.18)

S ∈ SO(3); θ1, θ2, θ3 ∈ R/2πZ; ‖S − I‖ ≤ ε2/8}

(where ‖‖ denotes the operator norm) is an open submanifold of Σξ1,ξ2,ξ3 . Also, if
we use the ansatz

(R1, R2, R3) = (SRθ1
ξ̃1
R1,ξ1,ξ2,ξ3 , SR

θ2
ξ̃2
R2,ξ1,ξ2,ξ3 , SR

θ3
ξ̃3
R3,ξ1,ξ2,ξ3),

then from (1.4) we see that

ΛR1ξ1,R2ξ2,R3ξ3(R1X1, R2X2, R3X3)

= Λξ̃1,ξ̃2,ξ̃3

(
Rθ1

ξ̃1
R1,ξ1,ξ2,ξ3X1, R

θ2
ξ̃2
R2,ξ1,ξ2,ξ3X2, R

θ2
ξ̃3
R2,ξ1,ξ2,ξ3X3

)
for Xj ∈ ξ⊥j , j = 1, 2, 3. Thus, if we can find a smooth function

F ′′ : R/2πZ× R/2πZ× R/2πZ× Γ → C3 ⊗ C3 ⊗ C3

with the property that

Y1 ⊗ Y2 ⊗ Y3 =

∫
R/2πZ×R/2πZ×R/2πZ

F ′′(θ1, θ2, θ3, η1, η2, η3)

× Λη1,η2,η3
(Rθ1

η1
Y1, R

θ2
η2
Y2, R

θ3
η3
Y3) dθ1dθ2dθ3

(3.19)

20More precisely, if u is the unit vector u = ξ/|ξ|, we define Rθ
ξX := (X ·u)u+cos(θ)(X− (X ·

u)u) + sin(θ)u×X.
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for all (η1, η2, η3) ∈ Γ and Yj ∈ η⊥j for j = 1, 2, 3, then by substituting Yj =

Rj,ξ1,ξ2,ξ3Xj and ηj = ξ̃j , we have

R1,ξ1,ξ2,ξ3X1 ⊗R2,ξ1,ξ2,ξ3X2 ⊗R3,ξ1,ξ2,ξ3X3

=

∫
R/2πZ×R/2πZ×R/2πZ

F ′′(θ1, θ2, θ3, ξ̃1, ξ̃2, ξ̃3)

× ΛR1ξ1,R2ξ2,R3ξ3(R1X1, R2X2, R3X3) dθ1dθ2dθ3

for any ξj ∈ B(ξ0j , ε
3) and Xj ∈ ξ⊥j . Averaging this over all S ∈ SO(3) with

‖S−I‖ ≤ ε2/8, and inverting the tensored rotation operator R1,ξ1,ξ2,ξ3⊗R2,ξ1,ξ2,ξ3⊗
R3,ξ1,ξ2,ξ3 , we obtain a representation of the desired form (3.15). Thus it suffices
to find a smooth function F ′′ with the representation (3.19).

3.8. Eighth step: Parameterizing in terms of rotation angles. Note that if
(η1, η2, η3) ∈ Γ, then the vectors η1, η2, η3 are coplanar, and so we may find a unit
vector n = n(η1, η2, η3) orthogonal to all of the ηi; by the implicit function theorem
we may ensure that n depends smoothly on η1, η2, η3. From (3.7) we may normalize
n to be close to (0, 0, 1) (as opposed to close to (0, 0,−1)). To prove (3.19), it suffices
by homogeneity to consider the case when Y1, Y2, Y3 are unit vectors; as Yj ∈ η⊥j ,

this means that we may write Yj = R
αj
ηj n for some αj ∈ R/2πZ for all j = 1, 2, 3.

We may thus rewrite (3.19) as the claim that

Rα1
η1
n⊗Rα2

η2
n⊗Rα3

η3
n =

∫
R/2πZ×R/2πZ×R/2πZ

F ′′(θ1, θ2, θ3, η1, η2, η3)

×Θη1,η2,η3
(θ1 + α1, θ2 + α2, θ3 + α3) dθ1dθ2dθ3

(3.20)

for all (η1, η2, η3) ∈ Γ and α1, α2, α3 ∈ R/2πZ, where Θη1,η2,η3
: (R/2πZ)3 → R is

the function

(3.21) Θη1,η2,η3
(γ1, γ2, γ3) := Λη1,η2,η3

(Rγ1
η1
n,Rγ2

η2
n,Rγ3

η3
n).

Note that for fixed η1, η2, η3 and each j = 1, 2, 3, each of the three coefficients of
R

αj
ηj n ∈ R3 is a complex linear combination of e−iαj and eiαj , with coefficients

depending smoothly on η1, η2, η3. Thus to show (3.20), it suffices to obtain a
representation

ei(σ1α1+σ2α2+σ3α3) =

∫
R/2πZ×R/2πZ×R/2πZ

Fσ1,σ2,σ3
(θ1, θ2, θ3, η1, η2, η3)

×Θη1,η2,η3
(θ1 + α1, θ2 + α2, θ3 + α3) dθ1dθ2dθ3

(3.22)

for all eight choices of sign patterns (σ1, σ2, σ3) ∈ {−1,+1}3, and some smooth
functions

Fσ1,σ2,σ3
: R/2πZ× R/2πZ× R/2πZ× Γ → C.

3.9. Ninth step: Fourier inversion and checking a non-degeneracy condi-
tion. By (3.21), (1.4) and decomposing R

γj
ηjn into a complex linear combination of

e−iγj and eiγj , we see that for fixed η1, η2, η3, we may expand
(3.23)

Θη1,η2,η3
(γ1, γ2, γ3) =

∑
(σ1,σ2,σ3)∈{−1,+1}3

cσ1,σ2,σ3
(η1, η2, η3)e

i(σ1γ1+σ2γ2+σ3γ3)
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for some smooth coefficients cσ1,σ2,σ3
: Γ → C. From the Fourier inversion formula

on (R/2πZ)3, we thus obtain (3.22) as long as we have the non-degeneracy condition

(3.24) cσ1,σ2,σ3
(η1, η2, η3) �= 0

for all (η1, η2, η3) ∈ Γ and all choices of signs (σ1, σ2, σ3) ∈ {−1,+1}3.
For this, we finally need to use the precise form of Λ. From (3.21), (1.4) we can

write Θη1,η2,η3
(γ1, γ2, γ3) as

(Rγ1
η1
n · η2)(Rγ2

η2
n ·Rγ3

η3
n) + (Rγ2

η2
n · η1)(Rγ1

η1
n ·Rγ3

η3
n),

which we expand further as

sin(γ1) ((u1 × n) · η2) (cos(γ2) cos(γ3) + (u2 · u3) sin(γ2) sin(γ3))

+ sin(γ2) ((u2 × n) · η1) (cos(γ1) cos(γ3) + (u1 · u3) sin(γ1) sin(γ3)) ,

where ui := ηi/|ηi|. Expanding

(3.25) sin(γ) =
1

2i
(eiγ − e−iγ) =

1

2i

∑
σ=±1

σeiσγ

and

cos(γ) =
1

2
(eiγ + e−iγ) =

1

2

∑
σ=±1

eiσγ ,

we have

cos(γ2) cos(γ3) =
1

4

∑
σ2,σ3=±1

ei(σ2γ2+σ3γ3)

and

sin(γ2) sin(γ3) = −1

4

∑
σ2,σ3=±1

σ2σ3e
i(σ2γ2+σ3γ3)

(the minus sign arising here from the i in the denominator in (3.25)). Similarly
σ2, γ2 are replaced by σ1, γ1, respectively. Inserting these expansions and comparing
with (3.23), we conclude that

cσ1,σ2,σ3
(η1, η2, η3) =

1

8i
(((u1 × n) · η2) σ1 (1− (u2 · u3)σ2σ3)

+ ((u2 × n) · η1) σ2 (1− (u1 · u3)σ1σ3)) .

But by (3.17), ηj = ξ0j +O(ε30), which from (3.7) implies that

(u1 · n) · η2 = −1 +O(ε0),

(u2 · n) · η1 =
1√
2
+O(ε0),

u2 · u3 = − 1√
2
+O(ε0),

u1 · u3 = O(ε0),

and thus

cσ1,σ2,σ3
(η1, η2, η3) = − 1

8i
(−σ1 +

1√
2
σ2 +

1√
2
σ1σ2σ3) +O(ε0).

As −σ1 +
1√
2
σ2 +

1√
2
σ1σ2σ3 is bounded away from zero for σ1, σ2, σ3 ∈ {−1,+1},

the non-degeneracy claim (3.24) follows for ε0 small enough. This concludes the
proof of Theorem 3.2.
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Remark 3.5. The averaging over dilation operators was only needed to place the
base frequencies ξ01 , ξ

0
2 , ξ

0
3 in a location where the non-degeneracy condition (3.24)

held. This condition in fact holds for generic ξ01 , ξ
0
2 , ξ

0
3 , and so even without the use

of averaging over dilations it should be the case that most local cascade operators
are expressible as averaged Euler operators. As there is some freedom to select the
local cascade operators in Theorem 3.3, this should still be enough to establish a
slightly stronger version of Theorem 1.5 in which one does not use any averaging
over dilations. We will not, however, pursue this matter here.

4. Reduction to an infinite-dimensional ODE

We now begin the proof of Theorem 3.3. We fix 0 < ε0 < 1; henceforth we
allow all implied constants in the O( ) notation to depend on ε0. We suppose that
Theorem 3.3 failed, so that one can always construct21 global mild solutions to any
initial value problem of the form (3.3) with C a local cascade operator and u0 a
Schwartz divergence-free vector field.

To apply this hypothesis, we need to construct a local cascade operator C and an
initial velocity field u0. We need a dimension parameter m, which will be a positive
integer (eventually we will set m = 4). Let B1, . . . , Bm be balls in the annulus {ξ ∈
R3 : 1 < |ξ| ≤ 1 + ε0/2}, chosen so that the 2m balls B1, . . . , Bm,−B1, . . . ,−Bm

are all disjoint. For each i = 1, . . . ,m, let ψi ∈ H10
df (R

3) be Schwartz with
Fourier transform real-valued and supported22 on Bi ∪ −Bi, normalized so that
‖ψi‖L2(R3) = 1.

As in Definition 3.1, we define the rescaled functions

ψi,n(x) := (1 + ε0)
3n/2ψi ((1 + ε0)

nx)

for i = 1, . . . ,m and n ∈ Z, and then define the local cascade operator C by the
formula

C(u, v) :=
∑
n∈Z

∑
(i1,i2,i3,μ1,μ2,μ3)∈{1,...,m}3×S

× αi1,i2,i3,μ1,μ2,μ3
(1 + ε0)

5n/2〈u, ψi1,n+μ1
〉〈v, ψi2,n+μ2

〉ψi3,n+μ3

(4.1)

for u, v ∈ H10
df (R

3), where S ⊂ Z3 is the four-element set

S := {(0, 0, 0), (1, 0, 0), (0, 1, 0), (0, 0, 1)},

and the αi1,i2,i3,μ1,μ2,μ3
∈ R are structure constants to be chosen later, which obey

the symmetry condition

(4.2) αi1,i2,i3,μ1,μ2,μ3
= αi2,i1,i3,μ2,μ1,μ3

for (i1, i2, i3, μ1, μ2, μ3) ∈ S. From Definition 3.1 we see that C is indeed a local
cascade operator (it is a sum of |S| = 7m3 basic local cascade operators), and (4.2)

21This hypothesis of global existence is technically convenient so that we may assume some
a priori regularity on our solution, namely H10. Alternatively, one could develop an H10 local
well-posedness theory for (3.3), and unconditionally construct a mild H10 solution that blows up
in a finite time by a minor modification of the arguments in this paper; we leave the details of
this variant of the argument to the interested reader.

22We need to have ψ̂i supported on Bi ∪ −Bi rather than just Bi; otherwise, we could not
require ψi to be real.
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ensures that C is symmetric. Clearly

〈C(u, u), u〉 =
∑
n∈Z

∑
(i1,i2,i3,μ1,μ2,μ3)∈{1,...,m}3×S

× αi1,i2,i3,μ1,μ2,μ3
(1 + ε0)

5n/2〈u, ψi1,n+μ1
〉〈u, ψi2,n+μ2

〉〈u, ψi3,n+μ3
〉

for u ∈ H10
df (R

3). From this, we see that the cancellation condition (3.2) will follow
from the cancellation conditions

(4.3)
∑

{a,b,c}={1,2,3}
αia,ib,ic,μa,μb,μc

= 0

for all i1, i2, i3 ∈ {1, . . . ,m} and (μ1, μ2, μ3) ∈ S.
We will select initial data u0 of the form23

(4.4) u0 := ψ1,n0

for some sufficiently large24 integer n0 to be chosen later. This is clearly a Schwarz
divergence-free vector field. By hypothesis, we thus have a global mild solution
u : [0,+∞) → H10

df (R
3) to the system (3.3). We record some basic properties of

this solution here.

Lemma 4.1 (Equations of motion). Let C be a cascade operator of the form
(4.1), with coefficients αi1,i2,i3,μ1,μ2,μ3

obeying the symmetry (4.2) and cancella-
tion property (4.3). Let u : [0,+∞) → H10

df (R
3) be a global mild solution to

Equation (3.3) with initial data given by (4.4) for some n0. For each n ∈ Z,
t ≥ 0, and i = 1, . . . ,m, let ui,n(t) be the Fourier projection of u(t) to the region
(1 + ε0)

n · (Bi ∪ −Bi), thus

ûi,n(t)(ξ) = û(t)(ξ)1ξ∈(1+ε0)n·(Bi∪−Bi),

and then define the coefficients

Xi,n(t) := 〈u(t), ψi,n〉 = 〈ui,n(t), ψi,n〉
and the local energies

(4.5) Ei,n(t) :=
1

2
‖ui,n(t)‖2L2(R3).

(i) (A priori regularity) We have

(4.6) sup
0≤t≤T

sup
n∈Z

sup
i=1,...,m

(1 + (1 + ε0)
10n)|Xi,n(t)| < ∞

and

(4.7) sup
0≤t≤T

sup
n∈Z

sup
i=1,...,m

(1 + (1 + ε0)
10n)Ei,n(t)

1/2 < ∞

for all 0 < T < ∞.

23Our analysis is, in fact, somewhat stable and will also apply if u0 is a sufficiently small
perturbation of ψ1,n0 in the H10

df norm, thus creating blowup for a non-empty open set of initial
data in smooth topologies, although this open set is rather small and is also quite far from the
origin (due to the large nature of n0). We leave the details of this modification to the interested
reader.

24Alternatively (and equivalently), one could hold n0 fixed (e.g., n0 = 0), one could rescale
the viscosity ν to be small, and thus one is now studying the equation ∂tu = νΔu+C(u, u) with
some small ν > 0. One can then repeat all the arguments below, basically with ν playing the role
of the quantity (1 + ε0)−n0/2 that will make a prominent appearance in later sections. We leave
the details of this variant of the argument to the interested reader.
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(ii) (Initial conditions) For any n ∈ Z and i = 1, . . . ,m, we have

(4.8) Ei,n(0) =
1

2
Xi,n(0)

2

and

(4.9) Xi,n(0) = 1(i,n)=(1,n0).

(iii) (Equations of motion) For any n ∈ Z and i = 1, . . . ,m, we have the equa-
tion of motion

(4.10)

∂tXi,n =
∑

i1,i2∈{1,...,m}

×
∑

(μ1,μ2,μ3)∈S

αi1,i2,i,μ1,μ2,μ3
(1 + ε0)

5(n−μ3)/2Xi1,n−μ3+μ1
Xi2,n−μ3+μ2

+ O
(
(1 + ε0)

2nE
1/2
i,n

)
and the energy inequality

(4.11)

∂tEi,n ≤
∑

i1,i2∈{1,...,m}

×
∑

(μ1,μ2,μ3)∈S

αi1,i2,i,μ1,μ2,μ3
(1 + ε0)

5(n−μ3)/2Xi1,n−μ3+μ1
Xi2,n−μ3+μ2

Xi,n

for all t ≥ 0.
(iv) (Energy defect) For any n ∈ Z and i = 1, . . . ,m, we have

(4.12)
1

2
X2

i,n(t) ≤ Ei,n(t) ≤
1

2
X2

i,n(t) +O

(
(1 + ε0)

2n

∫ t

0

Ei,n(t
′) dt′

)
for all t ≥ 0.

(v) (No very low frequencies) One has

(4.13) Xi,n(t) = Ei,n(t) = 0

for all n < n0, i = 1, . . . ,m, and t ≥ 0.

Proof. As u is a mild solution to (3.3), we have

(4.14) u(t) = etΔu0 +

∫ t

0

e(t−t′)ΔC(u(t′), u(t′)) dt′

for all t ≥ 0. Taking Fourier transforms, we see in particular that û(t) is supported
on the union

⋃
n∈Z

⋃m
i=1

⋃
μ=±1 μ(1+ε0)

n·Bi of dilations of the balls ±B1, . . . ,±Bm.
As these dilated balls are disjoint, we thus have a decomposition

u(t) =
∑
n∈Z

m∑
i=1

ui,n(t)

(which is unconditionally convergent in H10). If we define the scalar functions
Xi,n : [0,+∞) → C by the formula

Xi,n(t) := 〈u(t), ψi,n〉 = 〈ui,n(t), ψi,n〉,
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then from the a priori regularity u ∈ C0
t H

10
x we obtain (4.6) from the Plancherel

identity. Taking inner products of (4.14) with ψi,n, we have

ui,n(t) = etΔXi,n(0)ψi,n +
∑

i1,i2∈{1,...,m}

∑
(μ1,μ2,μ3)∈S

× αi1,i2,i,μ1,μ2,μ3
(1 + ε0)

5(n−μ3)/2

×
∫ t

0

Xi1,n−μ3+μ1
(t′)Xi2,n−μ3+μ2

(t′)e(t−t′)Δψi,n dt′

or in differentiated form (using (4.6) to justify the calculations)

∂tui,n = Δui,n +
∑

i1,i2∈{1,...,m}
(4.15)

×
∑

(μ1,μ2,μ3)∈S

αi1,i2,i,μ1,μ2,μ3
(1 + ε0)

5(n−μ3)/2Xi1,n−μ3+μ1
Xi2,n−μ3+μ2

ψi,n.

In particular, this shows that ui,n is continuously differentiable in time (in the L2
x

topology, say), which implies that the Xi,n are continuously differentiable.
It is unfortunate that the ψi,n are not eigenfunctions of the Laplacian Δ; other-

wise, ui,n would always be a scalar multiple of ψi,n (that is, ui,n = Xi,nψi,n), and
Equation (3.3) would collapse to a system of ODE in the Xi,n variables. However,
it is still possible to get good control on the dynamics even without the eigen-
function property. To do this, we use the local energies Ei,n from (4.5). From
Cauchy-Schwarz we have

(4.16)
1

2
Xi,n(t)

2 ≤ Ei,n(t),

and from Plancherel and the C0
t H

10
x bound on u we have (4.7) for all 0 < T < ∞.

By taking inner products of (4.15) with ui,n, and noting that

〈Δui,n, ui,n〉 ≤ 0,

we obtain the local energy inequality (4.11). Indeed, one could use Fourier analysis
to place an additional dissipation term of 8π2(1 + ε0)

2nEi,n on the right-hand side
of (4.11), but we will not need to use this term here (it is too small to be of much
use, since we are in the regime where dissipation can be treated as a negligible
perturbation).

Instead, if we take inner products of (4.15) with ψi,n, and note that

〈Δui,n, ψi,n〉 = 〈ui,n,Δψi,n〉

= O
(
E

1/2
i,n ‖Δψi,n‖2L2(R3)

)
= O

(
(1 + ε0)

2nE
1/2
i,n

)
,

we conclude (4.10).
From (4.10), (4.11) we see that

∂t

(
Ei,n − 1

2
X2

i,n

)
≤ O

(
(1 + ε0)

2nEi,n

)
,

while from (4.8) we see that Ei,n − 1
2X

2
i,n vanishes at time zero. The claim (4.12)

then follows from (4.16) and the fundamental theorem of calculus.
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Finally, we prove (4.13). For i3 = 1, . . . ,m and n < n0, we see from (4.11), (4.8),
(4.9), and the fundamental theorem of calculus that

Ei3,n(t) ≤
∑

i1,i2∈{1,...,m}

∑
(μ1,μ2,μ3)∈S

αi1,i2,i3,μ1,μ2,μ3
(1 + ε0)

5(n−μ3)/2

×
∫ t

0

Xi1,n−μ3+μ1
Xi2,n−μ3+μ2

Xi3,n(t
′) dt′

for any t ≥ 0. Summing this for i = 1, . . . ,m and n < n0, and using (4.6), (4.7) to
ensure all summations and integrals are absolutely convergent, we conclude that∑

n<n0

m∑
i=1

Ei,n(t) ≤
∑

i1,i2,i3∈{1,...,m}

∑
(μ1,μ2,μ3)∈S

∑
n<n0

× αi1,i2,i3,μ1,μ2,μ3
(1 + ε0)

5(n−μ3)/2

×
∫ t

0

Xi1,n−μ3+μ1
Xi2,n−μ3+μ2

Xi3,n(t
′) dt′.

By (4.3), all the terms here can be grouped into terms that sum to zero, except for
those terms with n = n0 − 1, (μ1, μ2, μ3) ∈ {(1, 0, 0), (0, 1, 0)}; thus∑

n<n0

m∑
i=1

Ei,n(t) ≤
∑

i1,i2,i3∈{1,...,m}

∑
(μ1,μ2,μ3)∈{(1,0,0),(0,1,0)}

× αi1,i2,i3,μ1,μ2,μ3
(1 + ε0)

5(n0−1−μ3)/2

×
∫ t

0

Xi1,n0−1−μ3+μ1
Xi2,n0−1−μ3+μ2

Xi3,n0−1(t
′) dt′.

By the constraint on (μ1, μ2, μ3), two of the terms Xi1,n0−1−μ3+μ1
, Xi2,n0−1−μ3+μ2

,
Xi3,n0−1 may be bounded by

∑
n<n0

∑m
i=1 Ei,n, and the remaining term may be

controlled by (4.6), leading to the bound∑
n<n0

m∑
i=1

Ei,n(t) ≤ CT,n0

∫ t′

0

∑
n<n0

m∑
i=1

Ei,n(t
′) dt′

for all 0 ≤ t ≤ T and some finite quantity CT,n0
depending on T, n0 (and on the

quantity in (4.6)). By Gronwall’s inequality, we conclude that
∑

n<n0

∑m
i=1 Ei,n(t)

= 0 for all t ≥ 0, giving (4.13). �

The above lemma shows that (3.3) almost collapses into an ODE system for
the Xi,n. As a first approximation, the reader may wish to ignore the role of the
energies Ei,n (or identify them with 1

2X
2
i,n) and pretend that (4.10) is replaced by

either the inviscid equation

∂tXi,n =
∑

i1,i2∈{1,...,m}

∑
(μ1,μ2,μ3)∈S

αi1,i2,i,μ1,μ2,μ3
(1 + ε0)

5(n−μ3)/2(4.17)

×Xi1,n−μ3+μ1
Xi2,n−μ3+μ2

or the viscous equation

∂tXi,n = −(1 + ε0)
2nXi,n +

∑
i1,i2∈{1,...,m}

∑
(μ1,μ2,μ3)∈S

(4.18)

×αi1,i2,i,μ1,μ2,μ3
(1 + ε0)

5(n−μ3)/2Xi1,n−μ3+μ1
Xi2,n−μ3+μ2
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in the analysis that follows. Note that the viscous equation generalizes the dyadic
Katz-Pavlović equation (1.17) (with λ = (1 + ε0)

5/2 and α = 2/5), which corre-
sponds to a simple case in which m = 1.

Theorem 3.3 now follows from the following ODE result.

Theorem 4.2 (ODE blowup). Let 0 < ε0 < 1. Then there exist a natural num-
ber m ≥ 0, structure constants αi1,i2,i3,μ1,μ2,μ3

∈ R for i1, i2, i3 ∈ {1, . . . ,m} and
(μ1, μ2, μ3) ∈ S obeying the symmetry condition (4.2), and the cancellation con-
dition (4.3), with the property that for sufficiently large n0 (sufficiently large de-
pending on implied constants in (4.11), (4.10)), there does not exist continuously
differentiable functions Xi,n : [0,+∞) → R and Ei,n : [0,+∞) → [0,+∞) obeying
the conclusions (4.6)–(4.13) of Lemma 4.1.

We will prove Theorem 4.2 in Section 6, but we first warm up with some finite
dimensional ODE toy problems in the next section.

Remark 4.3 (Helicity conservation). As is well known (see, e.g., [32]), the inviscid
Euler equations ∂tu = B(u, u) conserve helicity

∫
R3 u · (curlu). This is equivalent

to the additional cancellation law

(4.19) 〈B(u, u), curlu〉 = 0

for all u ∈ H10
df (R

3). One can ask whether we can similarly enforce the cancellation
law

(4.20) 〈B̃(u, u), curlu〉 = 0

for the averaged operators B̃. In general, the operator C defined in (4.1) will
not obey (4.20). However, we may still ensure (4.20) (while preserving the other

desired properties of B̃) as follows. First, observe that we may choose the functions
ψ1, ψ2, ψ3 in the construction of C to be odd; thus ψi(−x) = −ψi(x) for all i = 1, 2, 3
and x ∈ R3. Next, from (4.1), (4.3), and (4.2), we see that the operator C(u, v) in
(4.1) is a finite linear combination of operators of the form

1

2

∑
n∈Z

(1 + ε0)
5n/2(An(u, v) +An(v, u)),

where
An(u, v) := 〈u, ψ′

n〉〈v, ψ′′
n〉ψ′′′

n − 〈u, ψ′
n〉〈v, ψ′′′

n 〉ψ′′
n

and ψ′, ψ′′, ψ′′′ ∈ H10
df (R

3) are odd functions with the Fourier transform supported
on an annulus. These operators obey the energy cancellation law 〈An(u, u), u〉 = 0,
but do not necessarily obey the helicity cancellation law 〈An(u, u), curlu〉 = 0.
However, if we introduce the modified operator

Ãn(u, v) := 〈u, ψ′
n〉〈v, ψ′′

n〉ψ′′′
n − 〈u, ψ′

n〉〈v, ψ′′′
n 〉ψ′′

n

− 〈u, ψ′
n〉〈v, curlψ′′′

n 〉 curl−1 ψ′′
n + 〈u, curl−1 ψ′′

n〉〈v, curlψ′′′
n 〉ψ′

n

− 〈u, curl−1 ψ′′
n〉〈v, curlψ′

n〉ψ′′′
n + 〈u, ψ′′′

n 〉〈v, curlψ′
n〉 curl−1 ψ′′

n,

where curl−1 := Δ−1 curl inverts the curl operator on divergence-free functions
with Fourier support on an annulus, one can check that Ãn obeys both the energy
cancellation 〈Ãn(u, u), u〉 and the helicity cancellation 〈Ãn(u, u), curlu〉 = 0. Thus

if we define C̃ by replacing all occurrences of An with their counterparts Ãn, then C̃
also obeys energy and helicity cancellation. Furthermore, observe that Ãn(u, u) =
An(u, u) is an odd function whenever u is an odd function (basically because the
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curl or inverse curl of an odd function is even, and thus orthogonal to all odd
functions), and so C̃(u, u) = C(u, u) when u is an odd function. It is then easy to

see that any mild solution to ∂tu = C̃(u, u) with odd initial data is then odd for all
time, and thus also solves ∂tu = C(u, u). From this, we see that Theorem 3.3 for C

implies Theorem 3.3 for C̃. As a consequence, we can enforce helicity conservation
in Theorem 1.5 if desired. Of course, it was unlikely in any event that global helicity
conservation would have been useful for the global regularity problem, given that
the helicity of an odd vector field is automatically zero, and that odd vector fields
are preserved by the Euler and Navier-Stokes flows, and are not expected to be any
more difficult25 to handle than general vector fields.

Finally, we remark that the Euler equations ∂tu = B(u, u) formally conserve
total momentum

∫
R3 u dx, total angular momentum

∫
R3 x×u dx, and total vorticity∫

R3 ∇× u dx. These quantities are also formally conserved by the equation ∂tu =
C(u, u) for any local cascade operator C, basically because the wavelets ψ1, ψ2, ψ3

used in building these cascade operators have the Fourier transform vanishing near
the origin; we omit the details.

5. Quadratic circuits

Our objective is to solve an infinite-dimensional system of ODE, roughly of the
form (4.17). In order to build up some intuition for doing so, we will first study a
finite-dimensional “toy” model, namely ODEs of the form

(5.1) ∂tX = G(X,X),

where X : [t1, t2] → Rm is a vector-valued trajectory for some finite m, and G :
Rm × Rm → Rm is a bilinear operator obeying the cancellation condition

(5.2) G(X,X) ·X = 0

for all X ∈ Rm (in particular, the flow (5.1) preserves the norm of X, and so the
ODE is globally well-posed). It will be important for us that there is no size restric-
tion on the coefficients on the bilinear operator G, although the coefficients must,
of course, be real. The terminology “circuit” is meant to invoke an analogy with
electrical engineering (and also with computational complexity theory). Clearly,
(5.1) is a toy model for the system (4.17), and it can also be viewed as a toy model
for the Euler equations ∂tu = B(u, u). We will build a quadratic circuit to accom-
plish a specific task (namely, to abruptly transfer energy from one mode to another,
after a delay) out of “quadratic logic gates,” by which we mean quadratic circuits
(5.1) of a very small size (with m = 2 or m = 3) and a simple structure to G, which
each accomplish a single simple task of transforming a certain type of input into a
certain type of output.

We first discuss in turn the three quadratic logic gates we will be using, which
we call the “pump,” the “amplifier,” and the “rotor,” and then show how these
gates can be combined to build a circuit with the desired properties. It looks likely
that the set of quadratic gates is sufficiently “Turing complete” in that they can

25Indeed, any non-odd initial data for such flows may be made odd by first translating by a
large displacement and then anti-symmetrizing, which will asymptotically have no impact on the
dynamics after renormalizing.
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Figure 2. The pump gate from the x mode to the y mode with
coupling constant α.

perform extremely general computational tasks,26 but we will not pursue27 this
matter further here.

Strictly speaking, the discussion here is not actually needed for the proof of our
main results, but we believe that the model problems studied here will assist the
reader in understanding what may otherwise be a highly unmotivated construction
and set of arguments in the next section.

5.1. The pump gate. We first describe the pump gate. This is a binary gate (so
m = 2), with unknown X(t) = (x(t), y(t)) ∈ R2 obeying the quadratic ODE

∂tx = −αxy,

∂ty = αx2,
(5.3)

where α > 0 is a fixed coupling constant (representing the strength of the pump).
We will be applying this pump in the regime where x is initially positive and
y ≥ 0; by Gronwall’s inequality (or by integrating factors), we see that x remains
positive for all subsequent time, while y is increasing. As the total energy x2 + y2

is conserved, we thus see that energy is being pumped from x to y. For instance,
we have the explicit solution

(5.4) x(t) = A sech(αAt); y(t) = A tanh(αAt)

for any amplitude A > 0, which at time t = 0 is at the initial state (x(0), y(0)) =
(A, 0). For times 0 ≤ t ≤ 1

αA , the y component increases more or less linearly

at a rate comparable to αA2, with a corresponding drain of energy from x; after
this time, x decays exponentially fast (at rate αA), with the energy in x being
transferred more or less completely to y after time t ≥ C

αA for a large constant C.
Thus, the pump can be used to execute a delayed, but gradual, transition of energy
from one mode (the x mode) to another (the y mode). We will schematically depict
the pump by a thick arrow: see Figure 2.

If one ignores the dissipation term, the dyadic model equation (1.17) can be
viewed as a sequence of pumps chained together, with the coupling constant λn of
the pump from one mode Xn to the next Xn+1 increasing exponentially with n.

One useful feature of the pump which we will exploit is that it can “integrate”
an alternating input x into a monotone output y, somewhat analogously to how a
rectifier in electrical engineering converts AC current to DC current. Indeed, if one

26Of course, this is bearing in mind that, being globally well-posed ODE, circuits of the form
(5.1) are necessarily limited to perform continuous (i.e., analog) operations rather than perfectly
digital operations. Also, as Equation (5.1) is time reversible, only reversible computing tasks may
be performed by quadratic circuits, at least in the absence of dissipation.

27See [37] for a treatment of continuous computation in partial differential equations (PDE)
and [19] for continuous computation in ODE.
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couples the x input of the pump to an external forcing term, thus

∂tx = −αxy + F,

∂ty = αx2,

with F highly oscillatory, then x may oscillate in sign also (if the F term dominates
the energy drain term −αxy), but the y output continues to increase at a more or
less steady rate. If, for instance, F (t) = Aω cos(ωt) with some quantities A,ω
which are large compared to the coupling constant α, and we set initial conditions
x(0) = y(0) = 0 for simplicity, then we expect x to behave like A sin(ωt), and y to
increase at a rate about 1

2αA
2 on average.

If instead we couple the pump to an oscillatory forcing term on the output, thus

∂tx = −αxy,

∂ty = αx2 +G,

then it is possible that y can turn negative, which causes the pump to reverse in
energy flow to become an amplifier (see below). This behavior will be undesirable
for us, so we will take some care to design our circuit so that the output of a pump
does not experience significant negative forcing at key epochs in the dynamics,
unless this forcing is counterbalanced by an almost equivalent amount of positive
forcing.

5.2. Application: Finite time blowup for an exogenously truncated dyadic
model. As a quick application of the pump gate, we establish blowup for the trun-
cated version (1.21) of the dyadic model system (1.17), whenever one has super-
critical dissipation.

Proposition 5.1 (Blowup for a truncated dyadic model). Let λ > 1 and 0 < α <
1/2, and let 0 < δ < 1− 2α. Then there exists a natural number n0, a sequence of
times

0 = tn0
< tn0+1 < tn0+2 < · · ·

increasing to a finite limit T∗, and continuous, piecewise smooth functions Xn :
[0, T∗) → R for n ≥ n0 such that Xn0+k(t) = 0 whenever k ≥ 1 and 0 ≤ t ≤
tn0+k−1, and such that

(5.5) ∂tXn = −λ2nαXn + 1(tn−1,tn)(t)λ
n−1X2

n−1 − 1(tn,tn+1)(t)λ
nXnXn+1

for all t ∈ [0, T∗) other than the times tn0
, tn1

, . . ., and all n ≥ n0, with the conven-
tion that tn0−1 = 0 and Xn0−1 = 0. Furthermore, we have

Xn0+k(tn0+k) = λ−δk

for every k ≥ 0. In particular, for any δ′ > δ, we have the blowup

lim sup
t→T∗

sup
n

λδ′n|Xn(t)| = +∞.

This proposition is not needed for the blowup results in the rest of the paper,
but it is easier to prove than those results and already illustrates the basic features
of the blowup solutions being constructed. Note that the blowup here is available
for all values of the dissipation parameter up to the critical value of 1/2, in contrast
to the results in [26] and [10] for the untruncated equation (1.17) which cover the
ranges α < 1/4 and α < 1/3, respectively, as well as the results in [4] establishing
global solutions when λ = 2 and 2/5 ≤ α ≤ 1/2.
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Proof. We let n0 be a sufficiently large natural number (depending on λ, α, δ) to
be chosen later. We then construct tn0

, tn0+1, . . . and Xn(t) iteratively as follows:

Step 1. Initialize k = 0 and tn0
= 0. We also initialize

Xn0
(0) = 1; Xn0+k(0) = 0 for all k ≥ 1.

Step 2. Now suppose that tn0+k has been constructed, and the solution Xn(t) con-
structed for all times 0 ≤ t ≤ tn0+k and n ≥ n0. We then solve the pump
system with dissipation

∂tXn0+k = −λ2(n0+k)αXn0+k − λn0+kXn0+kXn0+k+1,(5.6)

∂tXn0+k+1 = −λ2(n0+k+1)αXn0+k+1 + λn0+kX2
n0+k,(5.7)

within the time interval t ∈ [tn0+k, tn0+k+1], where tn0+k+1 is the first time
for which Xn0+k+1(tn0+k+1) = λ−δ(k+1); we justify the existence of such a
time below.

Step 3. For each n �= n0 + k, n0 + k + 1, we evolve Xn on [tn0+k, tn0+k+1] by the
linear ODE

∂tXn = −λ2nαXn.

Step 4. Increment k to k + 1 and return to Step 2.

Let us now establish that the time tn0+k+1 introduced in Step 2 is well defined
for any given k ≥ 0. If we make the change of variables

x(t) := λδkXn0+k(tn0+k + λ−n0−k+δkt),

y(t) := λδkXn0+k+1(tn0+k + λ−n0−k+δkt),

then we see from construction that we have the initial conditions

x(0) = 1, y(0) = 0

and the evolution equations

∂tx = −εx− xy,(5.8)

∂ty = −λ−2αεy + x2,(5.9)

where

ε := λ−(1−2α)n0−(1−2α−δ)k,

and our task is to show that y(t) = λ−δ for some finite t > 0. However, from the
explicit solution (5.4) to the pump gate (5.3), we see that in the case ε = 0, this
occurs at time t = tanh−1(λ−δ); standard perturbation arguments then show that
if n0 is sufficiently large (which forces ε to be sufficiently small), the claim occurs
at some time t ≤ 2 tanh−1(λ−δ) (say). Undoing the scaling, we see that

tn0+k+1 − tn0+k ≤ 2 tanh−1(λ−δ)λ−n0−k+δk

so tn converges to a finite limit T∗ as n → ∞, and the claim follows. �

As mentioned in the Introduction, one can use (a slight modification of) this
proposition to obtain a weaker “exogenous” version of Theorem 1.5 in which the
averaged operator B̃ = B̃(t) is now allowed to depend on the time coordinate t
(in a piecewise constant fashion, with an unbounded number of discontinuities as
t approaches the blowup time). We leave the details (which are an adaptation of
those in Section 3) to the interested reader.
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Remark 5.2. One cannot take δ = 0 in the above argument, because the pump
gate never quite transfers all of its energy from the x mode to the y mode. If,
however, we worked with the modified equation

∂tXn = − λn

g(λn)2
Xn + 1(tn−1,tn)(t)λ

n−1(X2
n−1 +Xn−1Xn)

−1(tn,tn+1)(t)λ
n(XnXn+1 +X2

n+1)

for some function g : [0,+∞) → [0,+∞) increasing to infinity and defined tn0+k+1

to be the first time for which Xn0+k(tn0+k+1) = 0 (so that Xn0+k+1 is the only
non-zero mode at this time), then a modification of the above argument establishes
finite time blowup whenever n0 is sufficiently large and∫ ∞

1

ds

sg(s)2
< ∞,

basically because one can show inductively that Xn0+k(tn0+k) is comparable to 1,
tn0+k+1 − tn0+k is comparable to λ−n, and the energy dissipation on each time
interval [tn0+k, tn0+k+1] is comparable to 1

g(λn0+k)2
; we omit the details. This is

compatible with the heuristic calculation in [39, Remark 1.2]. In the converse
direction, the arguments in [27] or [43] should ensure global regularity for the
above equation (or for the analogous hyperdissipative version of (1.17)) under the
condition ∫ ∞

1

ds

sg(s)4
= +∞.

This leaves an intermediate regime (e.g., g(s) = log(1 + s)β for 1/4 < β ≤ 1/2)
in which it is unclear whether one can force blowup28 with any of these ODE
models. The analysis in [27] or [43] suggests that this may be possible, but one
would have to work with models in which many different modes are activated at
once (in contrast to the situation in Proposition 5.1, in which only two modes have
interesting dynamics at any given time).

5.3. The amplifier gate. The amplifier gate is a reversed version of the pump
gate,

∂tx = −αy2,

∂ty = αxy.
(5.10)

Here again α > 0 is a coupling constant, indicating the strength of the amplifier.
We will use this gate in the regime in which x is positive and large, and y is positive
but small. In this case, we can explicitly solve the second equation to obtain

(5.11) y(t) = exp

(
α

∫ t

t0

x(t′) dt′
)
y(t0)

for any t ≥ t0, which suggests that y grows exponentially at a rate comparable to
αx(0), until such a time that the y mode begins to drain a significant fraction of
energy from the x mode. Thus, the x mode can be viewed as causing exponential
amplification in the y mode. Of course, in the presence of forcing terms, we no

28Since the initial release of this manuscript, it has been shown in [6] (see also [5]) that blowup,
in fact, does not occur in this intermediate regime. Roughly speaking, the basic point is that as
the energy moves from low frequency modes to high frequency modes, it must transition through
all intermediate frequency scales, and the cumulative energy dissipation from such transitions is
enough to prevent the solution from escaping to frequency infinity in this intermediate regime.
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Figure 3. The amplifier gate from the x mode to the y mode with
coupling constant α.

longer have the exact formula (5.11), but we may take advantage of Gronwall’s
inequality to obtain analogous control on y.

As with the pump gate, the amplifier gate preserves the total energy x2 + y2.
An explicit solution to (5.10) is given by

x(t) = A tanh(αA(T − t)); y(t) = A sech(αA(T − t))

for any A > 0 and T > 0. For 0 < t < T , the quantity y increases exponentially at
a rate about αA, while x stays roughly steady at A.

By using the amplifier with a large coupling constant α, x large and positive,
and y small and positive, we can cause y to grow at a rapid exponential rate, and
in particular to transition abruptly from being small (e.g., y ≤ ε for some threshold
ε) to being large (e.g., y > 2ε), if the threshold ε is set low enough that y does not
yet begin to drain significant amounts of energy from x. This ability to generate
abrupt transitions is, of course, needed in our quest to engineer an abrupt delayed
transition of energy from one mode to another. This behavior can be disrupted if
x becomes negative at some point, but we will avoid this in practice by making
x the output of a pump (which, as discussed previously, can serve to “rectify” an
alternating input into a steadily increasing output). We will represent the amplifier
schematically by a triangle-headed arrow (Figure 3).

5.4. The rotor gate. The rotor gate is a ternary gate

∂tx = −αyz,

∂ty = αxz,

∂tz = 0,

(5.12)

where again α > 0 is a parameter. This, of course, preserves the total energy
x2 + y2 + z2 and has the explicit solution

x(t) = x(t0) cos (αz(t0)(t− t0))− y(t0) sin (αz(t0)(t− t0)) ,

y(t) = y(t0) cos (αz(t0)(t− t0)) + x(t0) sin (αz(t0)(t− t0)) ,

z(t) = z(t0),

in which (x(t), y(t)) rotates around the origin at a constant angular rate αz(t0),
while z remains fixed. Thus the z mode can be viewed as driving the oscillating
interchange of energy between the x and y modes.

Because we will be coupling the rotor to various forcing terms in x, y, and z,
we cannot rely directly on the above explicit solution, although this solution is, of
course, very useful for supplying intuition as to how the rotor behaves. Instead,
we will use energy-based analyses of the rotor, which are much more robust with
respect to forcing terms. First, we observe that for the rotor with no forcing, the
combined energy of the x and y modes is conserved,

∂t(x
2 + y2) = 0.
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x

y

α
z

Figure 4. The rotor gate that uses the z mode to exchange energy
between the x and y modes using the coupling constant α.

In a related spirit, we have the equipartition of energy identity

αz(x2 − y2) = ∂t(xy)

or in integral form

α

∫ T

t0

z(t)(x2(t)− y2(t)) dt = x(T )y(T )− x(t0)y(t0).

Using the conserved energy x2+y2 = E and the constant nature of z, this becomes

1

T − t0

∫ T

t0

x2(t) dt =
1

2
E +O

(
E

α|z(t0)|(T − t0)

)
and similarly with x(t) replaced by y(t). Thus we see that over any time interval
significantly longer than the period 2π

α|z(t0)| , the x mode absorbs about half the

energy E of the combined pair x, y, and similarly for y.
In our application, we will use the rotor with the driving mode z being the output

of an amplifier. As noted previously, amplifier outputs can transition rapidly from
being small to being large, so the pair (x, y) will initially be almost stationary,
and then suddenly transition to a highly oscillatory state. This creates a “jolt” of
“alternating current,” which we will then quickly transform to “direct current” via
a pump gate.

We describe the rotor gate schematically by a loop connecting the x and y modes
that is driven by the z mode: see Figure 4.

5.5. A delayed and abrupt energy transition. We can now build a “quadratic
circuit” that achieves the goal of abruptly transitioning almost all of its energy
from one mode to another, after a certain delay (and thus exhibiting “digital”
transition behavior rather than “analog” transition behavior). To describe this
circuit, we first need a large parameter K � 1, together with a very small parameter
0 < ε � 1 which will be sufficiently small depending on K (e.g., one could choose
ε := 1/ exp(exp(CK)) for some large absolute constant C). We will then consider
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Figure 5. A circuit that creates a delayed, but abrupt, transition
of energy from a to ã.

a five-mode circuit X = (a, b, c, d, ã) obeying the equations

∂ta = −ε−2cd− εab− ε2 exp(−K10)ac,(5.13)

∂tb = εa2 − ε−1K10c2,(5.14)

∂tc = ε2 exp(−K10)a2 + ε−1K10bc,(5.15)

∂td = ε−2ca−Kdã,(5.16)

∂tã = Kd2,(5.17)

and with initial data

(5.18) a(0) = 1; b(0) = c(0) = d(0) = ã(0) = 0.

This system looks complicated and artificial, with a rather arbitrary looking set
of coupling constants of wildly differing magnitudes, but it should be viewed as a
superposition of five quadratic gates:

• A pump of coupling constant ε that transfers a small amount of energy
from a to b;

• A pump of coupling constant ε2 exp(−K10) that transfers a minute amount
of energy from a to c;

• An amplifier of coupling constant ε−1K10 that uses b to rapidly amplify c;
• A rotor of coupling constant ε−2 that uses c to (eventually) rotate energy
very rapidly between a and d; and

• A pump of coupling constant K that drains energy from d to ã at a mod-
erately fast pace.

See Figure 5.
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One should view a as the input mode for this circuit, and ã as the output mode;
in later sections we will chain an infinite sequence of these circuits (rescaled by
an exponentially growing parameter) together by identifying the output mode for
each circuit with the input mode for the next. One can check by hand that this
system is of the form (5.1) with bilinear form G obeying the cancellation condition
(5.2) (basically because the system is composed of gates, each of which individually
satisfies this condition).

As a caricature, the evolution of this system can be described as follows, involving
a critical time tc ≈

√
2:

(i) At early times 0 ≤ t ≤ tc − 1/
√
K (say), nothing much appears to happen:

a remains very close to 1, b grows linearly like εt, c grows exponentially like
ε2 exp(( 12 t

2 − 1)K10), and d and ã are close to 0.

(ii) At a critical time tc ≈
√
2, there is an abrupt transition when the exponen-

tially growing c suddenly (within a time of O(K−10) or so) transitions from
being much smaller than ε2 to being much larger than ε2. This ignites the
rotor gate, which then begins to rapidly transfer energy between a and d.
By equipartition of energy, d2 will be approximately equal to 1/2 on the
average.

(iii) After time tc + 1/K or so, the pump between d and ã begins to activate
and steadily drains the energy from d (which, as mentioned before, contains
about half the energy of the system) to ã. Meanwhile, b and c remain very
small (because of the ε factors), but with c large enough to continue the
rapid mixing of energy between a and d throughout this process.

(iv) By time tc+1/
√
K (say), all but an exponentially small remnant of energy

has been drained into ã.

We depict these dynamics schematically in Figure 6.
To summarize the above description of the dynamics, this circuit has achieved

the stated goal of creating an abrupt transition (of duration O(1/
√
K)) of energy

from one mode a to another ã, after a long delay (of duration tc ≈
√
2). (It is by

no means the only circuit that can accomplish this task, but the author was not
able to locate a circuit of lower complexity that did so.)

More formally, we claim the following theorem.

Theorem 5.3 (Delayed abrupt energy transition). If K is sufficiently large, and
ε sufficiently small depending on K, then there exists a time

(5.19) tc =
√
2 +O(1/

√
K)

such that

(5.20) a(t) = 1 +O(K−10); b(t), c(t), d(t), ã(t) = O(K−10)

for 0 ≤ t ≤ tc − 1/
√
K, and

(5.21) ã(t) = 1 +O(K−10); a(t), b(t), c(t), d(t) = O(K−10)

for t ≥ tc + 1/
√
K.

Proof. We shall use the usual bootstrap procedure of starting with crude estimates
and steadily refining them to stronger estimates on this interval, using continuity
arguments if necessary in case the crude estimates are initially only available at
t = 0 rather than for all t ∈ [0, 2].
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1

t

a(t)

21/2ε

t

b(t)

ε 2

t

c(t)

K−10ε2

1

t

d(t)

  1

t

a(t)~

t c tc+K−1/2
tc−K −1/2

Figure 6. A schematic description (not entirely drawn to scale)
of the dynamics of a, b, c, d, ã before, near, and after the critical
time tc. Note that b and c are of significantly smaller magnitude
(by powers of ε) than the other modes a, d, ã, even after taking
into account the exponential growth of c. Note also how the pump
gates convert alternating inputs to monotone outputs, and how the
amplifier gate converts a slowly growing input to an exponentially
growing output. Finally, observe the transient nature of d, which
only plays a role near the critical time tc; the bulk of the energy is
concentrated at the a mode before time tc and at the ã mode after
time tc.

From conservation of energy and (5.18) we have

(5.22) a(t)2 + b(t)2 + c(t)2 + d(t)2 + ã(t)2 = 1

throughout this interval. In particular, we have

(5.23) a(t), b(t), c(t), d(t), ã(t) = O(1).

We can improve this bound on b and c as follows. From (5.14), (5.15) we have the
local energy identity

∂t(b
2 + c2) = 2εa2b+ 2ε2 exp(−K10)a2c
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and thus by (5.23)

∂t(b
2 + c2) = O

(
ε(b2 + c2)1/2

)
or equivalently

∂t

(
(b2 + c2)1/2

)
= O(ε)

(in a weak derivative29 sense), and so from (5.18) and the fundamental theorem of
calculus we see in particular that

(5.24) b(t), c(t) = O(ε)

for t ∈ [0, 2]. Inserting this into (5.15), we see that

(5.25) ∂tc = O(ε2 exp(−K10)) +O(K10c)

for t ∈ [0, 2] (note from the initial condition c(0) = 0 and a comparison argument
that c(t) ≥ 0 for all t ≥ 0). By Gronwall’s inequality we thus have

(5.26) 0 ≤ c(t) � ε2 exp
(
(Ct− 1)K10

)
for all t ∈ [0, 2] and some absolute constant C > 0. Finally, from (5.16), (5.17) we
have the local energy identity

∂t(d
2 + ã2) = 2ε−2cad,

hence by (5.23)

∂t

(
(d2 + ã2)1/2

)
= O(ε−2c),

and thus by (5.18) and the fundamental theorem of calculus

(5.27) d(t), ã(t) = O

(
ε−2

∫ t

0

c(t′) dt′
)
.

In particular, from (5.26) we have

(5.28) |d(t)|, |ã(t)| � K−10 exp
(
(Ct− 1)K10

)
,

which is a good bound for short times t ≤ 1/C.
Having obtained crude bounds on all five quantities a(t), b(t), c(t), d(t), ã(t), we

now return to obtain sharper bounds on these quantities. Let tc be the supremum
of all the times t ∈ [0, 2] for which c(t′) ≤ K−10ε2 for all 0 ≤ t′ ≤ t; thus 0 < tc ≤ 2
and

(5.29) c(t) ≤ K−10ε2

for t ∈ [0, tc]. Comparing this with (5.26) we conclude that tc � 1. From (5.27) we
have

|d(t)|, |ã(t)| � K−10

for t ∈ [0, tc]. Inserting these bounds and (5.24) back into (5.13), we have

∂ta = O(K−20) +O(ε2)

on [0, tc], so from (5.18) (and assuming ε sufficiently small depending on K) we
have

a(t) = 1 +O(K−20)

29To justify this step (a very simple example of the diamagnetic inequality (see, e.g., [30,

Sections 7.19–7.22]) in action), one can first work instead with (b2 + c2 + δ)1/2 for some small
δ > 0, in order to avoid any singularity, and then take distributional limits as δ → 0.
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for t ∈ [0, tc]. This already gives all the bounds (5.20). Inserting the a bound into
(5.14) and using (5.29), we have

∂tb = ε+O(K−20ε) +O(K−10ε3),

and so from (5.18) (again assuming ε sufficiently small depending on K) we have

(5.30) b(t) = εt+O(K−20ε)

for t ∈ [0, tc]. Inserting these bounds into (5.15), we have

∂tc = (1 +O(K−20))ε2 exp(−K10) + (K10t+O(K−10))c,

and hence by (5.18) and Gronwall’s inequality

c(t) =

∫ t

0

exp

(∫ t

t′

(
K10t′′ +O(K−10)

)
dt′′

)(
1 +O(K−20)

)
ε2 exp(−K10) dt′

=
(
1 +O(K−10)

)
ε2 exp

((
1

2
t2 − 1

)
K10

)∫ t

0

exp

(
−1

2
(t′)2K10

)
dt′

for t ∈ [0, tc]. In particular (since tc � 1), standard asymptotics on the error
function give

c(tc) =
(
1 +O(K−10)

)
ε2 exp

((
1

2
t2c − 1

)
K10

)√
π

2K10
,

which, when compared against the definition of tc, shows (5.19). In particular,
tc < 2 (for K large enough), and so

(5.31) c(tc) = K−10ε2.

Having described the evolution up to time tc, we now move to the future of tc.
From (5.30) we have

b(tc) � ε.

Meanwhile, from (5.26), (5.14) (discarding the non-negative εa2 term) we have

∂tb ≥ −ε3 exp(O(K10))

for t ∈ [tc, 2], so (for ε small enough) we also have

b(t) � ε

for t ∈ [tc, 2]. Inserting this bound into (5.15), and discarding the non-negative
ε2 exp(−K10)a2 term, we arrive at the exponential growth

∂tc(t) � K10c(t)

for t ∈ [tc, 2]. From this, (5.31), and Gronwall’s inequality, we see in particular that

(5.32) c(t) ≥ K100ε2

for t in the time interval I := [tc + K−9, 2]. In other words, the rotor gate will
be continuously and strongly activated from time tc +K−9 onwards. On the other
hand, from (5.25), (5.32) we also have

(5.33) ∂tc(t) = O(K10c(t))

for t ∈ I, so the exponential growth rate of c remains under control in this region.
Now we use the equipartition of energy to establish some reasonably rapid energy

drain from a, b, c, d to ã. From (5.13)–(5.16) one has

∂t(a
2 + b2 + c2 + d2) = −2Kd2ã.
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Similarly, from (5.13), (5.16), and (5.23) one has

∂t(ad) = ε−2c(a2 − d2)−O(K).

Finally, from (5.17), (5.23) one has

∂tã = O(K).

We conclude using (5.32), (5.33), and the product rule that

∂t(ad
ε2

c
ã) = −(a2 − d2)ã− ad

ε2

c

∂tc

c
ã+ ad

ε2

c
∂tã+O(K−99)

= −(a2 − d2)ã+ O(K−90)

(5.34)

for t ∈ I, so if we define the modified energy

E∗ :=
1

2
(a2 + b2 + c2 + d2) +

1

2
Kad

ε2

c
ã,

then

∂tE∗ = −1

2
K(a2 + d2)ã+O(K−80)

for t ∈ I. From (5.24) we have

(5.35) E∗ =
1

2
(a2 + b2 + c2 + d2) +O(K−99) =

1

2
(a2 + d2) +O(K−99)

and thus

∂tE∗ = −KãE∗ +O(K−80).

Starting with the crude bound E∗(tc) = O(1) from (5.35), we thus see from Gron-
wall’s inequality that

E∗(t) � exp

(
−K

∫ t

tc

ã(t′) dt′
)
+O(K−80)

for all t ∈ I.
Observe from (5.17) that ã is nondecreasing, and thus

(5.36) E∗(t) � exp(−K(t− t′)ã(t′)) +O(K−80)

whenever tc ≤ t′ ≤ t ≤ 2. We will use this bound with t′ := tc + 1/K. We claim
that

(5.37) ã(tc + 1/K) ≥ 0.1.

Suppose this is not the case; then by (5.17) we have∫ tc+1/K

tc

d(t′′)2 dt′′ ≤ 1

10K
.

However, by repeating the derivation of (5.34) we have

∂t

(
ad

ε2

c

)
= −(a2 − d2) +O(K−90),

and hence by the fundamental theorem of calculus and (5.32) we have∫ tc+1/K

tc

(a(t′′)2 − d(t′′)2) dt′′ = O(K−90);
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combining this with the previous estimate, we conclude that∫ tc+1/K

tc

1

2
(a2 + d2)(t′′) dt′′ ≤ 1

10K
+O(K−90).

On the other hand, for t′′ ∈ [tc, tc + 1/K] one has ã(t) ≤ 0.1 by monotonicity of ã,
and hence by (5.35), (5.22) we have

a2 + d2 ≥ 0.99 +O(K−99)

in this interval, giving the required contradiction.
Inserting the bound (5.37) into (5.36), we conclude in particular that

E∗(t) � K−80

for tc +
1√
K

≤ t ≤ 2, and (5.21) follows from (5.35) and (5.22). �

6. Blowup for the cascade ODE

We can now prove Theorem 4.2 (and hence Theorems 3.3 and 1.5). The idea is
to chain together an infinite sequence of circuits of the form (5.13)–(5.17), so that
(a more complicated version of) the analysis from Theorem 5.3 may be applied.

6.1. First step: Constructing the ODE. Let ε0 > 0 be fixed; we allow all
implied constants in the O( ) notation to depend on ε0. As in the previous section,
we need a large constant K ≥ 1, which we assume to be sufficiently large depending
on ε0, and then a small constant 0 < ε < 1, which we assume to be sufficiently
small depending on both K and ε0. Finally, we take n0 sufficiently large depending
on ε0,K, ε.

The reader may wish to keep in mind the hierarchy of parameters

1 � 1

ε0
� K � 1

ε
� n0

as a heuristic for comparing the magnitude of various quantities appearing in the

sequel. Thus, for instance, a quantity of the form O
(
exp

(
O
(
K10

))
(1 + ε0)

−n0/2
)

will be smaller than exp
(
−K10

)
ε2; a quantity of the form O

(
exp

(
O
(
K10

))
ε
)
will

be smaller than K−100; and so forth.
The dimension parameter m for the system we will use to prove Theorem 4.2

will be taken to be m = 4. We set the coefficients αi1,i2,i3,μ1,μ2,μ3
by using Table 1,

with αi1,i2,i3,μ1,μ2,μ3
set equal to zero if it does not appear in the table. It is clear

that the required symmetry property (4.2) and the cancellation property (4.3) hold.
Also, the hypotheses of Lemma 4.1(v) are satisfied.

Suppose for contradiction that Theorem 4.2 fails for this choice of parameters,
so that we have global continuously differentiable functions Xi,n : [0,+∞) → R and
Ei,n : [0,+∞) → [0,+∞) obeying the conclusions of Lemma 4.1. More precisely,
by Lemma 4.1(i), we have the a priori regularity

(6.1) sup
0≤t≤T

sup
n∈Z

sup
i=1,...,4

(
1 + (1 + ε0)

10n
)
|Xi,n(t)| < ∞

and

sup
0≤t≤T

sup
n∈Z

sup
i=1,...,4

(
1 + (1 + ε0)

10n
)
Ei,n(t)

1/2 < ∞,

for all 0 < T < ∞.
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Table 1. The non-zero values of αi1,i2,i3,μ1,μ2,μ3
.

i1 i2 i3 μ1 μ2 μ3 αi1,i2,i3,μ1,μ2,μ3

3 4 1 0 0 0 −ε−2/2
4 3 1 0 0 0 −ε−2/2
1 3 4 0 0 0 ε−2/2
3 1 4 0 0 0 ε−2/2
1 2 1 0 0 0 −ε/2
2 1 1 0 0 0 −ε/2
1 1 2 0 0 0 ε
1 3 1 0 0 0 −ε2 exp(−K10)/2
3 1 1 0 0 0 −ε2 exp(−K−10)/2
1 1 3 0 0 0 ε2 exp(K−10)
3 3 2 0 0 0 −ε−1K10

2 3 3 0 0 0 ε−1K10/2
3 2 3 0 0 0 ε−1K10/2
4 4 1 0 0 1 (1 + ε0)

5/2K
1 4 4 1 0 0 −(1 + ε0)

5/2K/2
4 1 4 0 1 0 −(1 + ε0)

5/2K/2

It will be convenient to work with the combined energy

En := E1,n + E2,n + E3,n + E4,n,

so that

(6.2) sup
0≤t≤T

sup
n∈Z

(
1 + (1 + ε0)

10n
)
En(t)

1/2 < ∞

for all 0 < T < ∞.
By Lemma 4.1(iii), we have the equations of motion

∂tX1,n = (1 + ε0)
5n/2(−ε−2X3,nX4,n − εX1,nX2,n

−ε2 exp(−K10)X1,nX3,n +KX2
4,n−1)

+O
(
(1 + ε0)

2nE1/2
n

)
,(6.3)

(6.4) ∂tX2,n = (1 + ε0)
5n/2(εX2

1,n − ε−1K10X2
3,n) +O

(
(1 + ε0)

2nE1/2
n

)
,

(6.5)

∂tX3,n = (1+ε0)
5n/2(ε2 exp(−K10)X2

1,n+ε−1K10X2,nX3,n)+O
(
(1 + ε0)

2nE1/2
n

)
,

(6.6)

∂tX4,n = (1+ε0)
5n/2(ε−2X3,nX1,n−(1+ε0)

5/2KX4,nX1,n+1)+O
(
(1 + ε0)

2nE1/2
n

)
(compare with (5.13)–(5.17)), and the local energy inequality

(6.7) ∂tEn ≤ (1 + ε0)
5n/2KX2

4,n−1X1,n − (1 + ε0)
5(n+1)/2KX2

4,nX1,n+1

for any n ∈ Z and t ≥ 0.
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(1+ε0)
5n/2ε

(1+ε0)5n/2ε−1Κ10(1+ε0)
5n/2ε2e−Κ10

(1+ε0)5n/2ε−2

(1+ε0)
5(n+1)/2Κ

Χ4,n-1

Χ1,n Χ2,n

Χ4,n
Χ3,n

Χ1,n+1

(1+ε0)
5n/2Κ

Figure 7. A portion of the system (6.3)–(6.6), focusing on the
modes at or near scale n, and ignoring the dissipation terms. Com-
pare with Figure 5.

Remark 6.1. As mentioned in the previous section, if one ignores the dissipation
terms, the system (6.3)–(6.6) describes an infinite number of (rescaled) copies of
the quadratic circuit analyzed in Theorem 5.3, with the output of each such circuit
chained to the input of a slightly faster-running version of the same circuit; see
Figure 7.

By Lemma 4.1(iii), we have the initial conditions

(6.8) En(0) =
1

2
1n=n0

; Xi,n(0) = 1(i,n)=(1,n0)

for all n ∈ Z and i = 1, . . . , 4.
By Lemma 4.1(iv), we have

(6.9)
1

2

4∑
i=1

X2
i,n(t) ≤ En(t) ≤

1

2

4∑
i=1

X2
i,n(t) +O

(
(1 + ε0)

2n

∫ t

0

En(t
′) dt′

)
for any n ∈ Z and t ≥ 0.

Finally, from Lemma 4.1(v) we have

(6.10) En(t) = X1,n(t) = X2,n(t) = X3,n(t) = X4,n(t) = 0

for all n < n0 and t ≥ 0.
To prove Theorem 4.2, it thus suffices to show the following theorem.

Theorem 6.2 (No global solution for ODE system). Let 0 < ε0 < 1, let K >
0 be sufficiently large depending on ε0, let ε > 0 be sufficiently small depending
on ε0,K, and let n0 be sufficiently large depending on ε0,K, ε, and the implied
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constants in (6.3), (6.6), (6.9). Then there does not exist continuously differentiable
functions Xi,n : [0,+∞) → R and En : [0,+∞) → [0,+∞) obeying the estimates
and Equations (6.1)–(6.10) for the indicated range of parameters.

It remains to prove Theorem 6.2.

6.2. Second step: Describing the blowup dynamics. We will establish the
following description of the dynamics of Xi,n and Ei,n.

Proposition 6.3 (Blowup dynamics). Let the hypotheses and notation be as in
Theorem 6.2, and suppose for contradiction that we may find continuously differ-
entiable functions Xi,n : [0,+∞) → R and En : [0,+∞) → [0,+∞) with the stated
properties (6.1)–(6.10).

Let N ≥ n0 be an integer. Then there exist times

0 ≤ tn0
< tn0+1 < · · · < tN < ∞

and amplitudes

en0
, . . . , eN > 0

obeying the following properties:

(vi) (Initialization) We have

(6.11) tn0
= 0

and

(6.12) en0
= 1.

(vii) (Scale evolution) For all n0 < n ≤ N , one has the amplitude stability

(6.13) (1 + ε0)
−1/100en−1 ≤ en ≤ (1 + ε0)

1/100en−1

and the lifespan bound

(6.14)
1

100
(1 + ε0)

−5(n−1)/2e−1
n−1 ≤ tn − tn−1 ≤ 100(1 + ε0)

−5(n−1)/2e−1
n−1.

(viii) (Transition state) For all n0 ≤ n ≤ N , we have the bounds

X1,n(tn) = en,(6.15)

|X2,n(tn)| ≤ 10−5εen,(6.16)

|X3,n(tn)| ≤ 10−5 exp(−K10)ε2en,(6.17)

X3,n(tn) ≥ −(1 + ε0)
−n0/4en,(6.18)

|X4,n(tn)| ≤ K−10en,(6.19)

En−1(tn) ≤ K−20e2n.(6.20)

If n0 < n ≤ N , we have the additional bounds

X2,n−1(tn) ≥ 10−5εen,(6.21)

X2,n−1(tn) ≤ 105εen,(6.22)

X3,n−1(tn) ≥ exp(K9)ε2en,(6.23)

X3,n−1(tn) ≤ exp(K10)ε2en.(6.24)
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Table 2. Upper bounds for energies at scales close to N , at times
close to tN . Note that at time tN , the energy is locally concentrated
at scale N , but transitions as tN ≤ t ≤ tN+1 to a state at time
t = tN+1 at which the energy is locally concentrated at scale N+1.

Energy tN−1 < t < tN t = tN tN < t < tN+1 t = tN+1

EN−2 K−10(1 +
ε0)

2/10e2N−1

K−10(1 +
ε0)

2/10e2N−1

K−10(1 +
ε0)

3/10e2N

K−10(1 +
ε0)

3/10e2N
EN−1 e2N−1 K−20eN K−10(1 +

ε0)
2/10e2N

K−10(1 +
ε0)

2/10e2N
EN e2N−1 ( 12 +

O(K−20))e2N

e2N K−20e2N+1

EN+1 K−30(1 +
ε0)

−10e2N−1

K−30(1 +
ε0)

−10e2N−1

e2N ( 12 +

O(K−20))e2N+1

EN+2 K−30(1 +
ε0)

−20e2N−1

K−30(1 +
ε0)

−20e2N−1

K−30(1 +
ε0)

−10e2N

K−30(1 +
ε0)

−10e2N

(ix) (Energy estimates) For all n0 < n ≤ N and tn−1 ≤ t ≤ tn, we have the
bounds

En−m(t) ≤ K−10(1 + ε0)
m/10e2n−1 for all m ≥ 2,(6.25)

En−1(t) + En(t) ≤ e2n−1,(6.26)

En+m(t) ≤ K−30(1 + ε0)
−10me2n−1 for all m ≥ 1.(6.27)

These bounds may appear somewhat complicated, but roughly speaking they
assert that at each time tn, the solution concentrates an important part of its
energy at scale n (and significantly less energy at adjacent scales); see Table 2 and
Figure 8. The precise bounds here do have to be chosen carefully, because of a rather
intricate induction argument in which the estimates for a given value of N are used
to prove the estimates for N+1. For this reason, no use of the asymptotic notation
O( ) appears in the above proposition. Of the four modes X1,n, X2,n, X3,n, X4,n, it
is the first mode X1,n that carries most of the energy at the checkpoint time tn; the
secondary modes X2,n, X3,n play an important role in driving the dynamics (and so
many of the more technical bounds in (viii) are devoted to controlling these modes)
but carry30 very little energy, while the X4,n mode is only used as a conduit to
transfer energy from the X1,n mode to the X1,n+1 mode. The bounds (6.21)–(6.24)
are technical; they are needed to ensure that the rotor at scale n− 1 is rotating so
quickly that the modes at scale n− 1 do not cause any “constructive interference”
with the modes at scale n at time tn (or at slightly later times).

Let us now see how the above proposition implies Theorem 6.2 (and hence The-
orems 4.2, 3.3, and 1.5). Let N ≥ n0 be arbitrary. From (6.12), (6.13), (6.14) we
have

tn − tn−1 � (1 + ε0)
−( 5

2−
1

100 )n,

30As a crude first approximation (ignoring factors depending on K), one should think of X2,n

as being about ε the size of X1,n or X4,n, and X3,n being about ε2 the size of X1,n or X4,n.
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εN
2 /2

t
tNtN−1 tN+1 tN+2

EN EN+1

EN−1

tN+3
... T

EN+2 ...

...

Figure 8. A schematic description (not entirely drawn to scale)
of the dynamics of the energies En for n close to N and times
close to tN . Observe that the energy is concentrated at a single
scale N for a lengthy time interval (most of [tN , tN+1]), but then
abruptly transfers almost all of its energy (minus some losses due to
dissipation and interaction with other scales) to the next finer scale
N+1 by the time tN+1. The length of the time intervals [tN , tN+1]
decreases geometrically, leading to blowup at some finite time T .

and hence by (6.11) and by summing the geometric series we have

tN ≤ T

for some finite T = Tε0 independent of N . On the other hand, from (6.15), (6.13),
(6.12) we have

|X1,N (tN )| ≥ (1 + ε0)
−N/100

and hence

sup
0≤t≤T

sup
n∈Z

sup
i=1,...,4

(1 + (1 + ε0)
10n)Xi,n(t) ≥ (1 + ε0)

9N

for any N . Sending N to infinity, we contradict (6.1).

6.3. Third step: Setting up the induction. It remains to prove Proposition
6.3. We do so by an induction on N . The base case N = n0 is easy: one sets
tn0

= 0 and en0
= 1, and all the required claims either are vacuously true or follow

immediately from the initial conditions (6.8). It remains to establish the inductive
case of this proposition. For the convenience of the reader, we state this inductive
case as an explicit proposition.

Proposition 6.4 (Blowup dynamics, inductive case). Let the hypotheses and no-
tation be as in Theorem 6.2, and suppose for contradiction that we may find con-
tinuously differentiable functions Xi,n : [0,+∞) → R and En : [0,+∞) → [0,+∞)
with the stated properties (6.1)–(6.10).

Assume that Proposition 6.3 has already been established for some N ≥ n0, giving
times

0 ≤ tn0
< tn0+1 < · · · < tN < ∞

and energies

en0
, . . . , eN > 0

with the properties (6.11)–(6.27) stated in that proposition. Then there exists a
time

tN < tN+1 < ∞
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and an amplitude eN+1 > 0 obeying the following properties:

(vii’) (Scale evolution) One has the amplitude stability

(6.28) (1 + ε0)
−1/100eN ≤ eN+1 ≤ (1 + ε0)

1/100eN

and the lifespan bound

(6.29)
1

100
(1 + ε0)

−5N/2e−1
N ≤ tN+1 − tN ≤ 100(1 + ε0)

−5N/2e−1
N .

(viii’) (Transition state) We have the bounds

X1,N+1(tN+1) = eN+1,(6.30)

|X2,N+1(tN+1)| ≤ 10−5εeN+1,(6.31)

|X3,N+1(tN+1)| ≤ 10−5 exp(−K10)ε2eN+1,(6.32)

X3,N+1(tN+1) ≥ −(1 + ε0)
−n0/4eN+1,(6.33)

|X4,N+1(tN+1)| ≤ K−10eN+1,(6.34)

EN (tN+1) ≤ K−20e2N+1,(6.35)

X2,N (tN+1) ≥ 10−5εeN+1,(6.36)

X2,N (tN+1) ≤ 105εeN+1,(6.37)

X3,N (tN+1) ≥ exp(K9)ε2e2N+1,(6.38)

X3,N (tN+1) ≤ exp(K10)ε2e2N+1.(6.39)

(ix’) (Energy estimates) For all tN ≤ t ≤ tN+1, we have the bounds

EN+1−m(t) ≤ K−10(1 + ε0)
m/10e2N for all m ≥ 2,(6.40)

EN (t) + EN+1(t) ≤ e2N ,(6.41)

EN+1+m(t) ≤ K−30(1 + ε0)
−10me2N for all m ≥ 1.(6.42)

Clearly, Proposition 6.4 implies Proposition 6.3 (and hence Theorems 6.2, 4.2,
3.3, and 1.5).

Roughly speaking, the situation is as follows. At time tN , the solution
(Xi,n)i=1,...,4;n∈Z has a large amount of energy at a single mode X1,N at scale N
(thanks to (6.15)) and small amounts of energy at nearby modes and scales (thanks
to (6.16), (6.17), (6.19), (6.20), (6.25), (6.27)). We wish to run the evolution for-
ward to a later time tN+1 (which can be approximately determined using (6.29))
for which the energy near scale N has now largely transitioned to the X1,N+1 mode
(see (6.30), (6.28)), but with little energy at nearby modes and scales (see (6.31),
(6.32), (6.35), (6.40), (6.34), (6.42)). In particular, the transition of energy to the
X1,N+1 mode needs to be so abrupt that no significant amount of energy leaks into
the N + 2 modes yet (see (6.42)). To establish this, we shall first show (under a
bootstrap hypothesis) that all scales other31 than the N and N+1 scales are under
control, thus largely reducing matters to the study of the dynamics between the
N and N + 1 modes, at which point one can run the analysis used to establish
Theorem 5.3.

31This is an oversimplification; one has to take some care to also exclude the possibility of
“constructive interference” between the N − 1 and N modes, but this is a technical issue of
secondary importance.



BLOWUP FOR AVERAGED NAVIER-STOKES 653

6.4. Fourth step: Renormalizing the dynamics. It is convenient to perform
a rescaling to essentially eliminate the role of the time tN , the energy eN , and the
scale (1+ ε0)

−N , in order to make the dynamics closely resemble those in Theorem
5.3. More precisely, Proposition 6.4 rescales as follows.

Proposition 6.5 (Rescaled inductive step). Let 0 < ε0 < 1, let K > 0 be suffi-
ciently large depending on ε0, let ε > 0 be sufficiently small depending on ε0,K,
and let n0 be sufficiently large depending on ε0,K, ε, and the implied constants in
(6.45)–(6.48), (6.51), (6.53) below. Let N ≥ n0, and suppose we have rescaled times

τn0−N < · · · < τ0 = 0

and continuously differentiable functions ak, bk, ck, dk : [τn0−N ,+∞) → R and Ẽk :
[τn0−N ,+∞) → [0,+∞) obeying the following properties:

(i) (A priori regularity) We have

(6.43) sup
τn0−N≤t≤T

sup
k∈Z

(
1 + (1 + ε0)

10k
)
(|ak(t)|+ |bk(t)|+ |ck(t)|+ |dk(t)|) < ∞

and

(6.44) sup
τn0−N≤t≤T

sup
k∈Z

(
1 + (1 + ε0)

10k
)
Ẽk(t)

1/2 < ∞

for any T > τn0−N .
(ii) (Equations of motion) One has

∂tak = (1 + ε0)
5k/2

(
−ε−2ckdk − εakbk − ε2 exp(−K10)akck +Kd2k−1

)
+O

(
(1 + ε0)

2k−n0/2Ẽ
1/2
k

)
,

(6.45)

∂tbk = (1 + ε0)
5k/2

(
εa2k − ε−1K10c2k

)
+O

(
(1 + ε0)

2k−n0/2Ẽ
1/2
k

)
,

(6.46)

∂tck = (1 + ε0)
5k/2

(
ε2 exp(−K10)a2k + ε−1K10bkck

)
+O

(
(1 + ε0)

2k−n0/2Ẽ
1/2
k

)
,

(6.47)

∂tdk = (1 + ε0)
5k/2

(
ε−2ckak − (1 + ε0)

5/2Kdkak+1

)
+O

(
(1 + ε0)

2k−n0/2Ẽ
1/2
k

)
,

(6.48)

and

(6.49) ∂tẼk ≤ K(1 + ε0)
5k/2(d2k−1ak − (1 + ε0)

5/2d2kak+1)

for all k ∈ Z and t ≥ τn0−N .
(iii) (Initial conditions) One has

(6.50) ak(τn0−N ) = bk(τn0−N ) = ck(τn0−N ) = dk(τn0−N ) = Ẽk(τn0−N ) = 0

whenever k > n0 −N .
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(iv) (Energy defect) One has

1

2

(
a2k(t) + b2k(t) + c2k(t) + d2k(t)

)
≤ Ẽk(t)

≤ 1

2

(
a2k(t) + b2k(t) + c2k(t) + d2k(t)

)
+O

(
(1 + ε0)

2k−n0/2

∫ t

τn0−N

Ẽk(t
′) dt′

)

(6.51)

whenever k ∈ Z and t ≥ τn0−N .
(v) (No very low frequencies) One has

(6.52) ak(t) = bk(t) = ck(t) = dk(t) = Ẽk(t) = 0

whenever k < n0 −N and t ≥ τn0−N .
(vii) (Scale evolution) One has

(6.53) −O
(
(1 + ε0)

( 5
2+

1
100 )|k|

)
≤ τk ≤ 0

for any n0 −N ≤ k ≤ 0.
(viii) (Transition state) We have

a0(0) = 1,(6.54)

|b0(0)| ≤ 10−5ε,(6.55)

|c0(0)| ≤ 10−5 exp(−K10)ε2,(6.56)

c0(0) ≥ −(1 + ε0)
−n0/4,(6.57)

|d0(0)| ≤ K−10,(6.58)

Ẽ−1(0) ≤ K−20,(6.59)

and if N > n0, we have the additional bounds

b−1(0) ≥ 10−5ε,(6.60)

b−1(0) ≤ 105ε,(6.61)

c−1(0) ≥ exp(K9)ε2,(6.62)

c−1(0) ≤ exp(K10)ε2.(6.63)

(ix) (Energy estimates) We have

Ẽk−m(t) ≤ K−10(1 + ε0)
m/10+|k−1|/50 for all m ≥ 2,(6.64)

Ẽk−1(t) + Ẽk(t) ≤ (1 + ε0)
|k−1|/50,(6.65)

Ẽk+m(t) ≤ K−30(1 + ε0)
−10m+|k−1|/50 for all m ≥ 1,(6.66)

whenever n0 −N < k ≤ 0 and τk−1 ≤ t ≤ τk.

Then there exists a time

(6.67)
1

100
≤ τ1 ≤ 100

and an amplitude

(6.68) (1 + ε0)
−1/100 ≤ μ1 ≤ (1 + ε0)

1/100



BLOWUP FOR AVERAGED NAVIER-STOKES 655

such that we have the bounds

a1(τ1) = μ1,(6.69)

|b1(τ1)| ≤ 10−5εμ1,(6.70)

|c1(τ1)| ≤ 10−5 exp(−K10)ε2μ1,(6.71)

c1(τ1) ≥ −(1 + ε0)
−n0/4μ1,(6.72)

|d1(τ1)| ≤ K−10μ1,(6.73)

Ẽ0(τ1) ≤ K−20μ2
1,(6.74)

b0(τ1) ≥ 10−5εμ1,(6.75)

b0(τ1) ≤ 105εμ1,(6.76)

c0(τ1) ≥ exp(K9)ε2μ1,(6.77)

c0(τ1) ≤ exp(K10)ε2μ1,(6.78)

and

Ẽ1−m(t) ≤ K−10(1 + ε0)
m/10 for all m ≥ 2,(6.79)

Ẽ0(t) + Ẽ1(t) ≤ 1,(6.80)

Ẽ1+m(t) ≤ K−30(1 + ε0)
−10m for all m ≥ 1,(6.81)

for all 0 ≤ t ≤ τ1.

Remark 6.6. The dynamics (6.45)–(6.48) are depicted in Figure 9 (with the
dissipative terms ignored). Note how the rescaling has placed the tiny factor of
(1 + ε0)

−n0/2 in front of all the viscosity terms in (6.45)–(6.48), thus highlighting
the lower order nature of these terms for our analysis. This small factor is ulti-
mately reflecting the supercritical nature of the dissipation; in practice, this factor
will allow us to treat all dissipative terms as negligible.

Let us now explain why Proposition 6.5 implies Proposition 6.4 (and hence
Proposition 6.3 and Theorems 6.2, 4.2, 3.3, and 1.5). Let the notation and hy-
potheses be as in Proposition 6.4. We then define the rescaled times

(6.82) τk := (1 + ε0)
5N/2eN (tN+k − tN )

and rescaled amplitudes

(6.83) μk := e−1
N eN+k

for n0 −N ≤ k ≤ 0, as well as the rescaled solutions

ak(t) := e−1
N X1,N+k

(
tN + (1 + ε0)

−5N/2e−1
N t

)
,

bk(t) := e−1
N X2,N+k

(
tN + (1 + ε0)

−5N/2e−1
N t

)
,

ck(t) := e−1
N X3,N+k

(
tN + (1 + ε0)

−5N/2e−1
N t

)
,

dk(t) := e−1
N X4,N+k

(
tN + (1 + ε0)

−5N/2e−1
N t

)
,

and rescaled energies

Ẽk(t) := e−2
N EN+k

(
tN + (1 + ε0)

−5N/2e−1
N t

)
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Figure 9. A portion of the rescaled dynamics (6.45)–(6.48), again
ignoring the dissipation terms. The factors of (1+ ε0) here play no
significant role and may be ignored at a first reading.

for k ∈ Z and t ≥ τn0−N . Under this rescaling, the a priori regularity (6.43), (6.44)
follows from (6.1), (6.2). The bound

(6.84) (1 + ε0)
−|k|/100 ≤ μk ≤ (1 + ε0)

|k|/100

for n0 − N ≤ k ≤ 0 follows from (6.13) and (6.83); from this, (6.14), (6.82), and
summing the geometric series we then obtain (6.53) (recall that we allow implied
constants in the � or O( ) notation to depend on ε0).

If we directly rescale (6.3)–(6.6), we obtain (6.45)–(6.48), except with the factors
(1+ε0)

2k−n0/2 replaced by (1+ε0)
2k−N/2e−1

N . However, from (6.13), (6.12) we have

e−1
N ≤ (1 + ε0)

(N−n0)/100

and hence

(1 + ε0)
2k−N/2e−1

N ≤ (1 + ε0)
2k−n0/2.
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This gives the equations of motion (6.45)–(6.48). The energy inequality (6.49) is
similarly obtained from rescaling (6.7).

The initial conditions (6.50) follow from rescaling (6.8) (and also using (6.11)).
Similarly, (6.51) follows from rescaling (6.9), and (6.52) follows from rescaling
(6.10). Similarly, the conditions (6.54)–(6.63) follow from rescaling (6.15)–(6.24).
Finally, (6.64)–(6.66) follow from rescaling (6.25)–(6.27) and using (6.84). We then
apply Proposition 6.5 to obtain τ1, μ1 with the stated properties (6.67)–(6.81). It
is then routine to verify that the conclusions of Proposition 6.4 are satisfied with

tN+1 := tN + (1 + ε0)
−5N/2e−1

N τ1

and

eN+1 := μ1eN .

For future reference, we record one consequence of the energy estimates
(6.64)–(6.66) in the following lemma.

Lemma 6.7 (Cumulative energy bound). For any integer m = O(1), one has∫ 0

τn0−N

Ẽm(t) dt � 1.

(The implied constant here may depend on m.)

Proof. From (6.65), (6.66) we have

Ẽm(t) � (1 + ε0)
10k+|k|/50

whenever τk−1 ≤ t ≤ τk and n0 −N < k ≤ 0, and so∫ 0

τn0−N

Ẽm(t) dt �
∑

n0−N<k≤0

(1 + ε0)
10k+|k|/50|τk−1|.

Applying (6.53) and summing the geometric series, we obtain the claim. �

6.5. Fifth step: Crude energy estimates for distant modes. We now begin
the proof of Proposition 6.5. For the rest of this section, we assume the notations
and hypotheses are as in that proposition.

The first stage is to establish the energy bounds (6.79), (6.80), (6.81) (and also
the bound (6.73)) on a certain time interval 0 ≤ t ≤ T1; the quantity τ1 will later
be chosen between 0 and T1, thus establishing the required bounds (6.79), (6.80),
(6.81), (6.73) for 0 ≤ t ≤ τ1.

We first establish bounds at time t = 0 that are slightly better than the required
bounds (6.79), (6.80), (6.81), (6.73).

Lemma 6.8 (Initial bounds). Let the notation and assumptions be as in Proposi-
tion 6.5. Then we have

Ẽ1−m(0) ≤ (1 + ε0)
−0.08K−10(1 + ε0)

m/10 for all m ≥ 2,(6.85)

Ẽ0(0) + Ẽ1(0) ≤ 0.6,(6.86)

Ẽ1+m(0) ≤ (1 + ε0)
−9.98K−30(1 + ε0)

−10m for all m ≥ 1,(6.87)

|d1(0)| ≤
√
2K−15.(6.88)
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Proof. From (6.64), (6.66) for k = 0 and t = 0, we have

(6.89) Ẽ−m(0) ≤ K−10(1 + ε0)
m/10+1/50 for all m ≥ 2

and

(6.90) Ẽm(0) ≤ K−30(1 + ε0)
−10m+1/50 for all m ≥ 1,

which implies the claims (6.85) for all m ≥ 3 and (6.87) for m ≥ 1, after shifting m
by one. The claim (6.85) for m = 2 follows from (6.59) (since K is large depending
on ε0). Also, from (6.90) we have

(6.91) Ẽ1(0) ≤ K−30;

the claim (6.88) then follows from (6.51).
It remains to establish (6.86). From (6.51) one has

Ẽ0(0) ≤
1

2

(
a20(0) + b20(0) + c20(0) + d20(0)

)
+O

(
(1 + ε0)

−n0/2

∫ 0

τn0−N

Ẽ0(t) dt

)
.

From (6.54)–(6.58) we have

1

2
(a20(0) + b20(0) + c20(0) + d20(0)) = 0.5 +O(K−10).

Applying Lemma 6.7, and recalling that K and n0 are assumed sufficiently large,
the claim (6.86) follows. �

We now define T1 to be the largest time in [0, 100] for which one has the bounds

Ẽ1−m(t) ≤ K−10(1 + ε0)
m/10 for all m ≥ 2,(6.92)

Ẽ0(t) + Ẽ1(t) ≤ 1,(6.93)

Ẽ1+m(t) ≤ K−30(1 + ε0)
−10m for all m ≥ 1,(6.94)

|d1(t)| ≤
1

2
K−10,(6.95)

for all 0 ≤ t ≤ T1. Lemma 6.8 ensures that T1 is well-defined (note that all the
conditions here are closed conditions in t).

We record a variant of the arguments in Lemma 6.8 that will be needed later.

Lemma 6.9 (Almost all energy in primary modes). For any k = −1, 0, 1 and
0 ≤ t ≤ T1, one has

Ẽk(t) =
1

2

(
ak(t)

2 + bk(t)
2 + ck(t)

2 + dk(t)
2
)
+O

(
(1 + ε0)

−n0/2
)
.

Proof. By (6.51) it suffices to show that∫ T1

τn0−N

Ẽk(t) dt � 1.

The portion of the integral with 0 ≤ t ≤ T1 is controlled by (6.92), (6.93), and the
trivial bound T1 ≤ 100. The claim now follows from Lemma 6.7. �

The bounds (6.92)–(6.95) look like an infinite number of conditions, but note
from the qualitative decay property (6.44) that

sup
0≤t≤100

sup
k∈Z

(1 + (1 + ε0)
20k)Ẽk(0) < ∞,



BLOWUP FOR AVERAGED NAVIER-STOKES 659

which implies that the bounds (6.92), (6.94) are automatically satisfied for all m ≥
M and some finite M (independent of T1). So there are really only a finite number

of conditions in the definition of T1. As Ẽm and d1 vary continuously in time, we
conclude either that T1 = 100 or that at least one of the inequalities (6.92)–(6.94)
is obeyed with equality (for some m) at time t = T1. In particular, from Lemma
6.8 we see that T1 �= 0, and thus 0 < T1 ≤ 100.

Now we use local energy estimates to rule out several of the ways in which one
can “exit” the bounds (6.92)–(6.95).

Lemma 6.10 (Closing some exits). We have

(6.96) Ẽ1−m(T1) < K−10(1 + ε0)
m/10 for all m ≥ 3

and

(6.97) Ẽ1+m(T1) < K−30(1 + ε0)
−10m for all m ≥ 1

and

(6.98) Ẽ0(T1) + Ẽ1(T1) < 1.

Proof. Integrating (6.49) on [0, T1], we conclude that

(6.99) Ẽk(T1) ≤ Ẽk(0) +K(1 + ε0)
5k/2

∫ T1

0

d2k−1ak(t)− (1 + ε0)
5/2d2kak+1(t) dt

for any k ∈ Z; summing this for k = 0 and k = 1 and using (6.86), we conclude the
variant

(6.100) Ẽ0(T1) + Ẽ1(T1) ≤ 0.6 +K

∫ T1

0

d2−1a0(t)− (1 + ε0)
5d21a2(t) dt.

From (6.92), (6.93), (6.94) we have

d2−1a0(t)− (1 + ε0)
5d21a2(t) = O(K−5)

and hence from (6.100)

Ẽ0(T1) + Ẽ1(T1) ≤ 0.6 +O(K−4),

giving (6.98) for K large enough.
Now suppose that m ≥ 3. From (6.99) with k = 1−m and (6.85), we have

Ẽ1−m(T1) ≤ (1 + ε0)
−0.08K−10(1 + ε0)

m/10

+O

(
K(1 + ε0)

−5m/2

∫ T1

0

|d−m|2|a1−m|(t) + |d1−m|2|a2−m(t)| dt
)
.

From (6.92) (and now using the hypothesis m ≥ 3) we have

|d−m|2|a1−m|(t) + |d1−m|2|a2−m(t)| � K−15(1 + ε0)
3m/20

for 0 ≤ t ≤ T1, and so (since T1 ≤ 100)

Ẽ1−m(T1) ≤ K−10(1 + ε0)
m/10

(
(1 + ε0)

−0.09 +O
(
K−4(1 + ε0)

−( 5
2−

1
20 )m

))
and (6.96) follows (assuming K large enough).
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Similarly, if m ≥ 1, we may apply (6.99) with k = 1+m and use (6.87) to obtain

Ẽ1+m(T1) ≤ (1 + ε0)
−9.98K−30(1 + ε0)

−10m

+O

(
K(1 + ε0)

5m/2

∫ T1

0

|dm|2|am+1|(t) + |dm+1|2|am+2(t)| dt
)
.

From (6.94) (and (6.95) when m = 1) we have

|dk−1|2|ak|(t) + |dk|2|ak+1|(t) � K−35(1 + ε0)
−15m

for 0 ≤ t ≤ T1, and thus

Ẽ1+m(T1) ≤ K−30(1 + ε0)
−10m

(
(1 + ε0)

−9.98 +O
(
K−4(1 + ε0)

−5m/2
))

and (6.97) follows (assuming K large enough). �

From this lemma and the previous discussion, we have some partial control on
how we exit the regime.

Corollary 6.11 (Exit trichotomy). At least one of the following assertions hold:

• (Backwards flow of energy) We have

(6.101) Ẽ−1(T1) = K−10(1 + ε0)
2/10.

• (Forwards flow of energy) We have

(6.102) |d1(T1)| =
1

2
K−10.

• (Running out the clock) We have

(6.103) T1 = 100.

Although we will not need this fact here, it turns out (using a refinement of the
analysis below) that it is option (6.102) which actually occurs in this trichotomy.

Thanks to (6.92)–(6.95), the task of proving Proposition 6.5 has now reduced to
the following claim.

Proposition 6.12 (Reduced induction claim). Let the notation and hypotheses be
as in Proposition 6.5, and let T1 be defined as above. There exists a time

(6.104)
1

100
≤ τ1 ≤ T1

(in particular, T1 ≥ 1/100) and an amplitude

(6.105) (1 + ε0)
−1/100 ≤ μ1 ≤ (1 + ε0)

1/100
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such that we have the bounds

a1(τ1) = μ1,(6.106)

|b1(τ1)| ≤ 10−5εμ1,(6.107)

|c1(τ1)| ≤ 10−5 exp(−K10)ε2μ1,(6.108)

c1(τ1) ≥ −(1 + ε0)
−n0/4μ1,(6.109)

Ẽ0(τ1) ≤ K−20μ2
1,(6.110)

b0(τ1) ≥ 10−5εμ1,(6.111)

b0(τ1) ≤ 105εμ1,(6.112)

c0(τ1) ≥ exp(K9)ε2μ1,(6.113)

c0(τ1) ≤ exp(K10)ε2μ1.(6.114)

Indeed, the remaining claims (6.73), (6.79), (6.80), (6.81) of Proposition 6.5
follow for τ1 obeying (6.104) from (6.92)–(6.95) (using (6.105) to handle the μ1

factor in (6.73)).

6.6. Sixth step: Eliminating the role of b1, c1, d1. We now begin the proof of
Proposition 6.12. Henceforth the notation and assumptions are as in that proposi-
tion.

It turns out that we can reduce to the setting in which the dynamics of b1, c1, d1
are essentially trivial. The key proposition is the following.

Proposition 6.13 (Small a1 implies small b1, c1, d1). Suppose that 0 ≤ τ ≤ T1 is
a time such that

(6.115)

∫ τ

0

a1(t)
2 dt ≤ K−1/4.

Then we have the bounds

|b1(t)| � K−1/4ε,(6.116)

|c1(t)| � K−1/4 exp(−K10/2)ε2,(6.117)

c1(t) ≥ −O((1 + ε0)
−n0/3),(6.118)

|d1(t)| � K−20,(6.119)

for all 0 ≤ t ≤ τ .

Proof. We first observe from (6.66) that

Ẽ1(t) � K−30(1 + ε0)
10k

whenever n0 − N < k ≤ 0 and τk−1 ≤ t ≤ τk. From this and (6.53) we conclude
the crude bound

(6.120) Ẽ1(t) �
K−30

1 + |t|3

whenever τn0−N ≤ t ≤ 0.
Let τ ′ be the largest time in [τn0−N , τ ] for which

(6.121)

∫ τ ′

τn0−N

|b1(t)| dt ≤
1

10
ε.
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From continuity we see that either τ ′ = τ or else

(6.122)

∫ τ ′

τn0−N

|b1(t)| dt =
1

10
ε.

We rule out the latter possibility as follows. From (6.47) one has

|∂tc1| ≤ O
(
ε2 exp(−K10)Ẽ1

)
+ (1 + ε0)

5/2ε−1K10|b1||c1|+O
(
(1 + ε0)

−n0/2Ẽ
1/2
1

)
and

∂tc1 ≥ −O((1 + ε0)
−n0/2Ẽ1)− (1 + ε0)

5/2ε−1K10|b1||c1|
for all t ≥ τn0−N , while from (6.50) one has c1(τn0−N ) = 0. From Gronwall’s
inequality and (6.121), we conclude that

|c1(t)| � exp((1 + ε0)
5/2 1

10
K10)

×
(
ε2 exp(−K10)

∫ t

τn0−N

Ẽ1(t
′) dt′+O

(
(1 + ε0)

−n0/2

∫ t

τn0−N

Ẽ1(t
′)1/2 dt′

))
and

c1(t) ≥ −O(exp((1 + ε0)
5/2 1

10
K10)(1 + ε0)

−n0/2

∫ t

τn0−N

Ẽ1(t
′)1/2 dt′)

for any τn0−N ≤ t ≤ τ ′. In particular, from (6.120) and (6.93) we have

(6.123) |c1(t)| �
ε2 exp(−3K−10/4)

1 + |t|2

and

(6.124) c1(t) ≥ −O
(
exp

(
O(K10)(1 + ε0)

−n0/2
))

for all τn0−N ≤ t ≤ τ ′ (here we use the trivial bound τ ′ ≤ τ ≤ T1 ≤ 100).
In a similar spirit, from (6.46) one has

|∂tb1| ≤ εa21 + ε−1K10c21 +O
(
(1 + ε0)

−n0Ẽ
1/2
1

)
for all t ≥ τn0−N , and hence by (6.50)

|b1(t)| ≤
∫ t

τn0−N

εa21(t
′) + ε−1K10c21(t

′) +O
(
(1 + ε0)

−n0Ẽ
1/2
1

)
dt′.

In particular, from (6.123), (6.120), (6.115) we have

|b1(t)| �
K−30

1 + |t|2 ε

for τn0−N ≤ t ≤ 0, and

(6.125) |b1(t)| � K−1/4ε

for 0 ≤ t ≤ τ ′. However, this is inconsistent with (6.122) if K is small enough
(recalling that τ ′ ≤ 100). Thus τ ′ = τ . The bounds (6.116), (6.117), (6.118) now
follow from (6.123), (6.124), (6.125).

Finally, from (6.48) and (6.117), (6.93), (6.94) we have

∂td1 = O
(
exp

(
−K10/2

))
+O(K−14|d1|)
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for 0 ≤ t ≤ τ ′ (taking n0 large enough), and from this, (6.88), and Gronwall’s
inequality one obtains (6.119) (for K large enough). �

Let T2 be the largest time in [0, T1] such that∫ T2

0

a1(t)
2 dt ≤ K−1/4.

Combining Proposition 6.13 with Corollary 6.11 and using continuity, we con-
clude.

Corollary 6.14 (Exit trichotomy, again). At least one of the following assertions
holds:

• (Backwards flow of energy) One has

(6.126) Ẽ−1(T2) = K−10(1 + ε0)
2/10.

• (Forwards flow of energy) One has

(6.127)

∫ T2

0

a1(t)
2 dt = K−1/4.

• (Running out the clock) One has

(6.128) T2 = 100.

Again, it turns out that it is option (6.127) that actually occurs, although we
will not quite prove (or use) this assertion here.

The most important modes for the remainder of the analysis are a0, b0, c0, d0,
and a1. From (6.45)–(6.48), the energy bounds (6.92)–(6.94), and Proposition 6.13,
we observe the equations of motion

∂ta0 = −ε−2c0d0 +O
(
K−9

)
,(6.129)

∂tb0 = εa20 − ε−1K10c20 +O
(
(1 + ε0)

−n0/2
)
,(6.130)

∂tc0 = ε2 exp(−K10)a20 + ε−1K10b0c0 +O
(
(1 + ε0)

−n0/2
)
,(6.131)

∂td0 = ε−2c0a0 − (1 + ε0)
5/2Kd0a1 +O

(
(1 + ε0)

−n0/2
)
,(6.132)

∂ta1 = (1 + ε0)
5/2Kd20 +O(K−1|a1|) +O

(
K−20

)
,(6.133)

for these modes in the time interval 0 ≤ t ≤ T2. When N > n0, we also need
to keep some track of the modes a−1, b−1, c−1, d−1; again from (6.45)–(6.48) and
(6.92)–(6.94), these equations may be given as

∂ta−1 = −(1 + ε0)
−5/2ε−2c−1d−1 +O

(
K−9

)
,(6.134)

∂tb−1 = (1 + ε0)
−5/2εa2−1 − (1 + ε0)

−5/2ε−1K10c2−1 +O
(
(1 + ε0)

−n0/2
)
,(6.135)

∂tc−1 = (1 + ε0)
−5/2ε2 exp(−K10)a2−1(6.136)

+ (1 + ε0)
−5/2ε−1K10b−1c−1 +O

(
(1 + ε0)

−n0/2
)
,

∂td−1 = (1 + ε0)
−5/2ε−2c−1a−1 −Kd−1a0 +O

(
(1 + ε0)

−n0/2
)
.(6.137)

The dynamics of these variables a−1, b−1, c−1, d−1, do not directly impact the dy-
namics in (6.129)–(6.133); however, we will still need to track these variables in
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order to prevent a premature exit of the form (6.126) that could potentially be
caused by energy flowing back from a0 to d−1.

The task of proving Proposition 6.12 has now reduced further, to that of estab-
lishing the following claim.

Proposition 6.15 (Reduced induction claim, II). Let the notation and hypotheses
be as in Proposition 6.5, and let T1 and T2 be defined as above. There exists a time

(6.138)
1

100
≤ τ1 ≤ T2

(in particular, T2 ≥ 1/100) such that we have the bounds

(1 + ε0)
−1/100 ≤ a1(τ1) ≤ (1 + ε0)

1/100,(6.139)

b0(τ1) ≥ 2× 10−5ε,(6.140)

b0(τ1) ≤
1

2
105ε,(6.141)

c0(τ1) ≥ 2× exp(K9)ε2,(6.142)

c0(τ1) ≤
1

2
exp(K10)ε2,(6.143)

Ẽ0(τ1) ≤
1

2
K−20.(6.144)

Indeed, Proposition 6.12 follows from Propositions 6.15 and 6.13 once we set
μ1 := a1(τ1) (and take K sufficiently large, ε sufficiently small, and n0 sufficiently
large).

6.7. Seventh step: Dynamics at the zero scale. We now prove Proposition
6.15 (and hence Propositions 6.12, 6.4, 6.3 and Theorems 6.2, 4.2, 3.3, and 1.5).

The task at hand is now very close to the situation in Theorem 5.3, and we
will now repeat the proof of that theorem with minor modifications, except for
a technical distraction having to do with eliminating a premature exercise of the
option (6.126), which requires some analysis of the −1-scale dynamics.

From (6.93) we have

(6.145) a0(t), b0(t), c0(t), d0(t), a1(t) = O(1)

for all 0 ≤ t ≤ T2. Actually, we can do a bit better than this. From (6.129)–(6.133)
and (6.145) we have

∂t(a
2
0 + b20 + c20 + d20 + a21) = O(K−1)

for 0 ≤ t ≤ T2 (if n0 is large enough), whereas from (6.54)–(6.58) and (6.66) we
have

a0(0)
2 + b0(0)

2 + c0(0)
2 + d0(0)

2 + a1(0)
2 = 1 +O(K−20).

By the fundamental theorem of calculus, we conclude that

(6.146) a0(t)
2 + b0(t)

2 + c0(t)
2 + d0(t)

2 + a1(t)
2 = 1 +O(K−1)

for all 0 ≤ t ≤ T2.
Now (as in the proof of Theorem 5.3) we obtain improved bounds on b, c. From

(6.130), (6.131), (6.145) one has

∂t(b
2
0 + c20) = 2εa20b0 + 2ε2 exp(−K10)a20c0 +O

(
(1 + ε0)

−n0/2(b20 + c20)
1/2

)
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for all 0 ≤ t ≤ T2, and thus by (6.146)

∂t(b
2
0 + c20)

1/2 ≤ (1 +O(K−1))ε

for all 0 ≤ t ≤ T2 (interpreting the derivative in a weak sense). On the other hand,
from (6.55), (6.56) we have

(b0(0)
2 + c0(0)

2)1/2 ≤ (10−5 +O(K−1))ε.

From the fundamental theorem of calculus, we conclude that

(6.147) |b0(t)|, |c0(t)| ≤ (10−5 + t+O(K−1))ε

for all 0 ≤ t ≤ T2. Inserting this (and (6.146)) into (6.131), we obtain

|∂tc0| ≤ O(ε2 exp(−K10)) +
(
10−5 + t+O(K−1)

)
K10|c0|

for all 0 ≤ t ≤ T2. In particular, by (6.56) and Gronwall’s inequality, we have the
bound

(6.148) |c0(t)| � ε2 exp

(
K10

(
−1

4
+ 10−5t+

1

2
t2 +O(K−1)

))
for all 0 ≤ t ≤ T2. Finally, from (6.132), (6.133) we have

∂t
(
d20 + a21

)
= 2ε−2c0a0d0 +O

(
K−1

(
d20 + a21

))
+O

(
K−20

(
d20 + a21

)1/2)
for all 0 ≤ t ≤ T2, and hence by (6.145)

(6.149) ∂t
(
d20 + a21

)1/2
= O(ε−2|c0|) +O

(
K−1

(
d20 + a21

)1/2)
+O(K−20)

for all 0 ≤ t ≤ T2 (interpreted in a weak sense). From (6.58), (6.66) we have

(6.150)
(
d0(0)

2 + a1(0)
2
)1/2

= O(K−10)

and hence by (6.148) and Gronwall’s inequality

(6.151) |d0(t)|, |a1(t)| � exp

(
K10

(
−1/4 + 10−5t+

1

2
t2 +O(K−1)

))
+K−10

for all 0 ≤ t ≤ T2. Inserting this bound into (6.129), we see that

|∂ta0| � exp

(
2K10

(
−1/4 + 10−5t+

1

2
t2 + O

(
K−1

)))
+K−9

for all 0 ≤ t ≤ T2, which among other things implies (from (6.54)) that a0(t) ≥ 0
whenever 0 ≤ t ≤ min(T2, 1/2). From the k = −1 case of (6.49), we thus have

∂tẼ−1 ≤ K(1 + ε0)
−5/2d2−2a−1

for 0 ≤ t ≤ min(T2, 1/2); by (6.92) we conclude that

∂tẼ−1 ≤ O(K−14)

on this interval, and hence by (6.85)

Ẽ−1 (min(T2, 1/2)) ≤ K−10 (1 + ε0)
2/10

(
(1 + ε0)

−0.08 +O
(
K−4

))
,

which rules out the first option of Corollary 6.14 if T2 ≤ 1/2. The second option of
this corollary is also ruled out when T2 ≤ 1/2, thanks to (6.151). We conclude that

(6.152) T2 ≥ 1/2.
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Now we sharpen the bounds on a0(t), b0(t), c0(t), d0(t), a1(t). Let tc be the supre-
mum of all the times t ∈ [0, T2] for which |c(t′)| ≤ K−10ε2 for all 0 ≤ t ≤ t′, and
thus

0 ≤ tc ≤ T2 ≤ T1 ≤ 100

and

(6.153) |c0(t)| ≤ K−10ε2

for all 0 ≤ t ≤ tc. Comparing this with (6.148), (6.152), we conclude that

(6.154) tc ≥ 1/2.

From (6.149), (6.150), (6.153), and Gronwall’s inequality one has

(6.155) |d0(t)|, |a1(t)| � K−10

for all 0 ≤ t ≤ tc. Inserting these bounds and (6.147) back into (6.129), we see that

∂ta0 = O(K−9)

for 0 ≤ t ≤ tc, and thus by (6.54) we have

(6.156) a0(t) = 1 +O(K−9)

for 0 ≤ t ≤ tc. Inserting this into (6.130) and using (6.153), we conclude that

∂tb0(t) = ε
(
1 +O

(
K−9

))
for 0 ≤ t ≤ tc, and hence by (6.55)

(6.157) ε
(
t− 10−5 −O

(
K−9

))
≤ b0(t) ≤ ε

(
t+ 10−5 +O

(
K−9

))
for all 0 ≤ t ≤ tc. Meanwhile, inserting (6.156) into (6.131), we obtain

∂tc0(t) ≥
(
1 +O(K−9)

)
ε2 exp(−K10) + ε−1K10b0(t)c0(t)

for all 0 ≤ t ≤ tc, and hence by (6.57), (6.157), and Gronwall’s inequality we see
that

c0(t) � exp

((
1

2
t2 − 10−5t− 1 +O(K−9)

)
K10

)
ε2

whenever 1/2 ≤ t ≤ tc. Comparing this with (6.153) we see that

(6.158) tc ≤ 2

(say), which by definition of (6.153) implies that

(6.159) c0(tc) = K−10ε2.

Having described the evolution up to time tc, we now move to the future of tc,
and specifically in the interval [tc, τ1] where

(6.160) τ1 := min(tc +K−1/2, T2).

From (6.155) we have ∫ tc

0

a1(t)
2 dt � K−10,

and hence by (6.93) and (6.160) we have∫ t

0

a1(t)
2 dt < K−1/4

whenever t ≤ τ1. From this and Corollary 6.14 (and (6.158)) we conclude as
follows.
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Proposition 6.16 (Exit dichotomy). At least one of the following assertions holds:

• (Backwards flow of energy) One has

(6.161) Ẽ−1(τ1) = K−10(1 + ε0)
2/10.

• (Running out the clock) One has

(6.162) τ1 = tc +K−1/2.

We will shortly eliminate the option (6.161), but first we need more control on
the dynamics.

From (6.157) and (6.154) we have

b0(tc) ≥ 10−1ε.

Meanwhile, from (6.148), (6.130) (discarding the non-negative εa20 term) we have

∂tb0 ≥ −O
(
ε3 exp

(
O
(
K10

)))
for all tc ≤ t ≤ τ1 (with n0 large enough); we conclude (for ε small enough) that

(6.163) b0(t) ≥ 10−4ε

(say) for all tc ≤ t ≤ τ1. Inserting this bound into (6.131), and discarding the
non-negative ε2 exp(−K10)a20 term, we see from (6.159) and a continuity argument
that

(6.164) c0(t) ≥ K−10ε2

for tc ≤ t ≤ τ1 (in particular, c0 is positive on this interval), and furthermore that
we have the exponential growth

(6.165) ∂tc0(t) � K10c0(t)

for tc ≤ t ≤ τ1. We conclude that

(6.166) c0(t) ≥ K100ε2

for t in the interval I := [tc +K−9, τ1]. (We have not yet ruled out the possibility
that this time interval is empty, although we will shortly show that this is not the
case.) In the opposite direction, we see from (6.145), (6.147), (6.164), (6.131) that

(6.167) ∂tc0 � K10c0

for tc ≤ t ≤ τ1. From (6.159), (6.160), and Gronwall’s inequality, we thus have the
upper bound

(6.168) c0(t) � exp
(
O(K10−1/2)

)
ε2

for tc ≤ t ≤ τ1. Crucially, this upper bound will be significantly smaller than a
lower bound for c−1 in the same interval, leading to an important mismatch in
speeds between the 0-scale and −1-scale dynamics that prevents a premature exit
via (6.161). More precisely, we have the following proposition.

Proposition 6.17 (No exit to coarse scales). We have

(6.169) Ẽ−1(t) � K−14

for all tc ≤ t ≤ τ1. In particular, by Proposition 6.16 we have

(6.170) τ1 = tc +K−1/2,

and hence the interval I = [tc +K−9, τ1] is non-empty.
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Proof. If N = n0, then this is immediate from (6.52), so we may assume that
N > n0. In particular, the bounds (6.60)–(6.63) are available.

We will need some additional bounds on b−1, c−1. From (6.135), (6.92) (discard-
ing the second term in (6.135) as being non-positive) we have

∂tb−1(t) ≤ O(ε)

for all 0 ≤ t ≤ τ1. From this and (6.61), we have

(6.171) b−1(t) ≤ O(ε)

for 0 ≤ t ≤ τ1. Meanwhile, from (6.136) (using (6.92) to bound a−1) we have

∂t|c−1|2 = O(ε2|c−1|) + 2(1 + ε0)
−5/2ε−1K10b−1|c−1|2,

thus by (6.171)

∂t|c−1|2(t) ≤ O(ε2|c−1|) +O
(
K10|c−1|2

)
,

and thus
∂t|c−1|(t) ≤ O(ε2) +O

(
K10|c−1|

)
.

By Gronwall’s inequality and (6.63), we thus have

(6.172) |c−1(t)| � exp
(
O
(
K10

))
ε2

for 0 ≤ t ≤ τ1. Inserting this back into (6.135), we see that

∂tb−1 ≥ −O
(
exp

(
O
(
K10

)))
ε3,

and hence by (6.60)

b−1(t) ≥ 10−6ε

for 0 ≤ t ≤ τ1 (if ε is small enough). Inserting this into (6.136), we see that

∂tc−1 ≥ 10−6K10c−1 −O
(
(1 + ε0)

−n0/2
)

for 0 ≤ t ≤ τ1, and hence by (6.62)

(6.173) c−1(t) ≥ exp(10−8K10)ε2

for 1/10 ≤ t ≤ τ1 (if n0 is large enough). Returning to (6.135), we now have (thanks
to (6.172)) that

∂tb−1(t) = O(ε)

for 0 ≤ t ≤ τ1, and thus by (6.61)

(6.174) b−1(t) = O(ε)

for 0 ≤ t ≤ τ1; from (6.136), (6.173), (6.92) we now have

(6.175) ∂tc−1(t) = O(K10c−1(t))

for 0 ≤ t ≤ τ1.
From (6.85) we have

(6.176) Ẽ−1(0) � K−10.

This bound is too big for (6.169), so we will first need to establish some decay in

Ẽ−1 as one moves from time t = 0 to time t = tc. From (6.49) we have

∂tẼ−1 ≤ K(1 + ε0)
−5/2d2−2a−1 −Kd2−1a0.

From (6.92) we have d2−2a−1(t) = O(K−15) for 0 ≤ t ≤ τ1, so

(6.177) ∂tẼ−1 ≤ −Kd2−1a0 +O(K−14)
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for 0 ≤ t ≤ τ1. Equipartition of energy suggests that d2−1 oscillates around Ẽ−1 on
the average. To formalize this, observe from (6.134), (6.137), (6.92) that

∂t(a−1d−1) = (1 + ε0)
−5/2ε−2c−1

(
a2−1 − d2−1

)
−Ka−1d−1a0 +O(K−14),

and hence by the product rule

∂t

(
a−1d−1

ε2

c−1
a0

)
= (1 + ε0)

−5/2
(
a2−1 − d2−1

)
a0

− ε2

c−1

∂tc−1

c−1
a−1d−1 −

ε2

c−1
Ka−1d−1a

2
0

+ a−1d−1
ε2
c−1

∂ta0 +O

(
K−14 ε2

c−1

)
for 0 ≤ t ≤ τ1. From (6.129), (6.93), (6.168) we have

∂ta0 = O
(
exp

(
O
(
K10−1/2

)))
.

Using (6.173), (6.175), (6.79), we conclude that

∂t

(
a−1d−1

ε2

c−1
a0

)
= (1 + ε0)

−5/2
(
a2−1 − d2−1

)
a0 + O

(
K−100

)
for 0 ≤ t ≤ T∗. If we define the modified energy

E∗ := Ẽ−1 −
1

2
(1 + ε0)

5/2Ka−1d−1
ε2

c−1
a0,

then from (6.173), (6.92) we have

(6.178) E∗ = Ẽ−1 +O(K−100),

while from (6.177) we have

∂tE
∗ ≤ −1

2
K(1 + ε0)

−5/2
(
a2−1 + d2−1

)
a0 +O

(
K−14

)
for 0 ≤ t ≤ τ1. By Lemma 6.9, (6.174), (6.172) we have

Ẽ−1 =
1

2

(
a2−1 + d2−1

)
+O(ε2),

and thus by (6.178)

∂tE
∗ ≤ −1

2
K(1 + ε0)

−5/2E∗a0 +O
(
K−14

)
.

From (6.176) we have E∗(0) � K−10, and by (6.178) it will suffice to show that
E∗(t) � K−14 for tc ≤ t ≤ τ1. By Gronwall’s inequality, it thus suffices to show
that ∫ t

0

a0(t
′) dt′ � 1

for all tc ≤ t ≤ τ1. But from (6.93) and the bound τ1 ≤ tc +K−1/2 we have∫ t

0

a0(t
′) dt′ =

∫ tc

0

a0(t
′) dt′ +O(K−1/2),

and the claim now follows from (6.156) and (6.154). �
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We now resume the analysis of the 0-scale modes. From Proposition 6.17 and
(6.45) (and (6.93)), we see that we can improve the error term in (6.129) to

(6.179) ∂ta0 = −ε−2c0d0 +O
(
K−14

)
in the interval tc ≤ t ≤ τ1. This improvement will be needed in order to close the
bootstrap argument.

From (6.130), (6.93), (6.168) we have

|∂tb0| ≤ 10ε

for tc ≤ t ≤ τ1, and hence by (6.157) and (6.163) we have

(6.180) |b0| ≤ 104ε

for tc ≤ t ≤ τ1. Inserting this into (6.131) and using (6.166), (6.93) we have

|∂tc0(t)| � K10c0(t)

for tc ≤ t ≤ τ1; combining this with (6.167) we have

(6.181) K10c0(t) � ∂tc0(t) � K10c0(t).

Now we use the equipartition of energy to establish some energy drain from a0, d0
to a1. From (6.179), (6.132), (6.93), (6.94) one has

(6.182) ∂t
1

2
(a20 + d20) = −(1 + ε0)

5/2Kd20a1 +O
(
K−14

(
a20 + d20

)1/2)
+O(K−100)

and

∂t (a0d0) = ε−2c0
(
a20 − d20

)
+O(K)

for t ∈ I. Meanwhile, from (6.133), (6.93) we have

∂ta1 = O(K).

From this and (6.166), (6.181) that

∂t

(
a0d0

ε2

c0
a1

)
= −(a20 − d20)a1 − a0d0

ε2

c0

∂tc0
c0

a1 + a0d0
ε2

c0
∂ta0 +O(K−100)

= −(a20 − d20)a1 +O(K−100)

(6.183)

for t ∈ I, so if we define the modified energy

E∗ :=
1

2

(
a20 + d20

)
+

1

2
Ka0d0

ε2

c0
a1,

then from (5.32), (6.93), (6.94) we have

(6.184) E∗ = Ẽ0 +O(K−100) =
1

2

(
a20 + d20

)
+O(K−100)

and

∂tE∗ = −1

2
K

(
a20 + d20

)
a1 +O

(
K−14

(
a20 + d20

)1/2)
+O(K−99)

for t ∈ I, hence

∂tE∗ = −Ka1E∗ +O
(
K−14E

1/2
∗

)
+O(K−99),

and hence

∂t
(
E∗ +K−28

)1/2
=

1

2
Ka1

(
E∗ +K−28

)1/2
+O(K−14)
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for t ∈ I. Starting with the crude bound E∗(tc + K−9) � 1 from (6.184), (6.93),
we conclude from Gronwall’s inequality that(

E∗(t) +K−28
)1/2 � exp

(
−1

2
K

∫ t

tc+K−9

a(t′) dt′
)
+O(K−14)

for any t ∈ I. In particular, from (6.184) we have

(6.185) Ẽ0(t) � exp

(
−K

∫ t

tc+K−9

a(t′) dt′
)
+O(K−28)

for t ∈ I.
From (6.133) we have

(6.186) ∂ta1 ≥ O(K−1|a1|) +O(K−20)

for t ∈ I. In particular, if we can show

(6.187) a1(tc + 1/K) ≥ 0.1,

then by Gronwall’s inequality we will have

(6.188) a1(t) ≥ 0.05

for all tc + 1/K ≤ t ≤ τ1 = tc + 1/K1/2, and in particular from (6.185) we have

(6.189) Ẽ0(τ1) � K−28

giving (6.144).
We now show (6.187). Suppose this is not the case. From (6.133), (6.155),

(6.146) we have
a1(tc +K−9) � K−1,

so from (6.133), (6.94), and the failure of (6.187) we have∫ tc+1/K

tc+K−9

Kd0(t)
2 dt ≤ 0.1 + O(K−1)

and thus ∫ tc+1/K

tc+K−9

d0(t)
2 dt ≤ 1

10K
+O(K−2).

However, by repeating the derivation of (6.183) we have

∂t(a0d0
ε2

c0
) = −(a20 − d20) +O(K−100)

on I, and hence by the fundamental theorem of calculus and (5.32) we have∫ tc+1/K

tc+K−9

a0(t)
2 − d0(t)

2 dt = O(K−100)

and thus

(6.190)

∫ tc+1/K

tc+K−9

1

2
(a20 + d20)(t) dt ≤

1

10K
+O(K−2).

On the other hand, for t ∈ [tc +K−9, tc + 1/K] one has a1(t) ≤ 0.1 +O(K−20) by
(6.186), the failure of (6.187), and Gronwall’s inequality. From (6.146), (6.184) we
conclude that

a20 + d20(t) ≥ 0.99 +O(K−1),

which contradicts (6.190). This concludes the proof of (6.187) and hence (6.144).
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To finish up, we need to establish the bounds (6.139)–(6.143) (the bounds (6.138)
coming from (6.154) and construction of τ1). From (6.146), (6.189) we have

a1(t)
2 = 1 +O(K−1),

and (6.139) follows from this and (6.188). The bounds (6.140), (6.141) follow
from (6.180) and (6.163), while the bounds (6.142), (6.143) follow from (6.159),
(6.181), (6.170), and Gronwall’s inequality. This (finally!) completes the proof of
Proposition 6.15, and hence of Theorem 1.5.
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[15] Susan Friedlander and Nataša Pavlović, Blowup in a three-dimensional vector model for the
Euler equations, Comm. Pure Appl. Math. 57 (2004), no. 6, 705–725, DOI 10.1002/cpa.20017.
MR2038114 (2005c:35241)
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