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HYPERSURFACES THAT ARE NOT STABLY RATIONAL

BURT TOTARO

A fundamental problem of algebraic geometry is to determine which varieties are
rational, that is, isomorphic to projective space after removing lower-dimensional
subvarieties from both sides. In particular, we want to know which smooth hy-
persurfaces in projective space are rational. An easy case is that smooth complex
hypersurfaces of degree at least n + 2 in Pn+1 are not covered by rational curves
and hence are not rational.

By far the most general result on rationality of hypersurfaces is Kollár’s theorem
that for d at least 2�(n + 3)/3�, a very general complex hypersurface of degree
d in Pn+1 is not ruled and therefore not rational [13, Theorem 5.14]. Very little
is known about rationality in lower degrees, except for cubic 3-folds and quintic
4-folds [4], [19, Chapter 3].

A rational variety is also stably rational, meaning that some product of the va-
riety with projective space is rational. Many techniques for proving non-rationality
give no information about stable rationality. Voisin made a breakthrough in 2013
by showing that a very general quartic double solid (a double cover of P3 ramified
over a quartic surface) is not stably rational [23]. These Fano 3-folds were known
to be non-rational over the complex numbers, but stable rationality was an open
question. Voisin’s method was to show that the Chow group of zero-cycles is not
universally trivial (that is, the Chow group becomes non-trivial over some exten-
sion of the base field), by degenerating the variety to a nodal 3-fold which has a
resolution of singularities X with nonzero torsion in H3(X,Z).

Colliot-Thélène and Pirutka simplified and generalized Voisin’s degeneration
method. They deduced that very general quartic 3-folds are not stably rational
[6]. This was striking, in that non-rationality of smooth quartic 3-folds was the
original triumph of Iskovskikh-Manin’s work on birational rigidity, while stable ra-
tionality of these varieties was unknown [11]. Beauville applied the method to prove
that very general sextic double solids, quartic double 4-folds, and quartic double
5-folds are not stably rational [1, 2].

In this paper, we show that a wide class of hypersurfaces in all dimensions are
not stably rational. Namely, for all d ≥ 2�(n + 2)/3� and n ≥ 3, a very general
complex hypersurface of degree d in Pn+1 is not stably rational (Theorem 2.1). The
theorem covers all the degrees in which Kollár proved non-rationality. In fact, we
get a bit more, since Kollár assumed d ≥ 2�(n+ 3)/3�. For example, very general
quartic 4-folds are not stably rational, whereas it was not even known whether these
varieties are rational.
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The method applies to some smooth hypersurfaces over Q in each even degree.
Section 3 gives some examples over Q which are not stably rational over C.

The idea is that the most powerful results are obtained by degenerating a smooth
complex variety to a singular variety in a positive characteristic, rather than to a
singular complex variety. In fact, the best results arise by degenerating to char-
acteristic 2. We find that very general hypersurfaces in the given degrees have a
Chow group of zero-cycles not universally trivial, which is stronger than being not
stably rational.

Kollár also proved non-rationality for several other classes of rationally connected
varieties, such as many ramified covers of projective space or ramified covers of
products of projective spaces [12, 14], [13, Section V.5]. The method of this paper
should imply that those examples are also not stably rational.

Using Theorem 2.1, Corollary 4.1 shows for the first time that a family of rational
projective varieties can specialize to a non-rational variety with Kawamata log
terminal (klt) singularities. It remains unknown whether rationality specializes for
smooth projective varieties, or for varieties with canonical singularities.

1. Notation

A property holds for very general complex points of a complex variety S if it holds
for all points outside a countable union of lower-dimensional closed subvarieties of
S. In particular, we can talk about properties of very general hypersurfaces of a
fixed degree d in Pn+1

C , since the space S of all hypersurfaces of degree d is an
algebraic variety (in fact, a projective space).

Let R be a discrete valuation ring with fraction field K and residue field k. Given
a proper flat morphism X → Spec(R), we say that the general fiber X = X ×R K
degenerates to the special fiber Y = X ×R k. We also say that any base change of
X to a larger field (perhaps algebraically closed) degenerates to Y .

Let X be a scheme of finite type over a field k. We say that the Chow group of
zero-cycles of X is universally trivial if the flat pullback homomorphism CH0(X) →
CH0(XE) is surjective for every field E containing k. ForX a smooth proper variety
over k, universal triviality of CH0 is equivalent to many other conditions: the degree
map CH0(XE) → Z is an isomorphism for every field E containing k, or X has a
decomposition of the diagonal of a certain type (written out in the proof of Lemma
2.2), or X has trivial unramified cohomology with coefficients in any cycle module
[17], or all Chow groups of X below the top dimension are universally supported
on a divisor. A reference for these equivalences is [21, Theorem 2.1].

We use the following fact, due to Colliot-Thélène and Coray in characteristic zero
and to Fulton in general [5, Proposition 6.3], [8, Example 16.1.12]. Fulton assumes
that the base field is algebraically closed, but the proof works without that. These
references only treat Theorem 1.1 for birational equivalence, but it follows for stable
birational equivalence by the formula for the Chow groups of X ×Pn [8, Theorem
3.3].

Theorem 1.1. The Chow group of zero-cycles is invariant under stable birational
equivalence for smooth projective varieties over a field.

2. Hypersurfaces

Theorem 2.1. Let X be a very general hypersurface of degree d in Pn+1
C with

n ≥ 3. If d ≥ 2�(n + 2)/3�, then CH0 of X is not universally trivial. It follows
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that X is not stably rational. For d even, the conclusions also hold for some smooth
hypersurfaces over Q.

Proof. We first prove this when the degree d is even, d = 2a. Then a smooth hyper-
surface of degree 2a can degenerate to a double cover of a hypersurface of degree a.
We consider such a degeneration to an inseparable double cover in characteristic 2.

Explicitly, following Mori [18, Example 4.3], let R be a discrete valuation ring,
and let S be the weighted projective space P(1n+2a) = P(x0, . . . , xn+1, y) over
R. Let f, g ∈ R[x0, . . . , xn+1] be homogeneous polynomials of degree 2a and a,
respectively. Let t be a uniformizer for R. Let Z be the complete intersection
subscheme of S defined by y2 = f and g = ty. Then the generic fiber of Z over
R (where t �= 0) is isomorphic to the hypersurface g2 − t2f = 0 in Pn+1 of degree
2a, whereas the special fiber (where t = 0) is a double cover of the hypersurface
g = 0 in Pn+1 of degree a. We consider the case where the residue field k of R has
characteristic 2; then the special fiber Y is an inseparable double cover of {g = 0}.

Assume that the residue field k is algebraically closed. Using only that a ≥ 2,
Kollár showed that for general polynomials f and g, the singularities of Y are etale-
locally isomorphic to 0 = y2 + x1x2 + x3x4 + · · · + xn−1xn + f3 if n is even, or to
0 = y2 + x3

1 + x2x3 + x4x5 + · · · + xn−1xn + f3 if n is odd [13, proof of Theorem
V.5.11]. Here f3 ∈ (x1, . . . , xn)

3 and, for n odd, the coefficient of x3
1 in f3 is zero.

Then one computes that simply blowing up the singular points gives a resolution
of singularities Y ′ → Y . Moreover, each exceptional divisor of this resolution is
isomorphic to a quadric Qn−1 over k, which is smooth if n is even and is singular at
one point if n is odd. This quadric is a smooth projective rational variety over k for
n even, and it is a projective cone for n odd. By Theorem 1.1 (for n even), the Chow
group CH0 of each exceptional divisor of Y ′ → Y is universally trivial. Therefore,
for every extension field E of k, the pushforward homomorphism CH0Y

′
E → CH0YE

is an isomorphism.
For a smooth n-fold X over a field, the canonical bundle is the line bundle

KX = Ωn
X . Let M be the pullback to Y ′ of the line bundle K{g=0} ⊗ O(a)⊗2 ∼=

O(−n − 2 + 3a) on the hypersurface {g = 0} ⊂ Pn+1. Since a ≥ �(n + 2)/3�, we
have H0(Y ′,M) �= 0. Next, for n ≥ 3, Kollár computed that there is a nonzero
map from the line bundle M to Ωn−1

Y ′ [13, proof of Theorem V.5.11]. In particular,
it follows that the n-fold Y ′ has H0(Y ′,Ωn−1) �= 0.

Under the slightly stronger assumption that a ≥ �(n+3)/3�, the line bundle M
is big, which Kollár used to show that Y is not separably uniruled. This is a strong
conclusion. It follows, for example, that there is no generically smooth dominant
rational map from a separably rationally connected variety to Y . In particular, Y
is not stably rational. With that approach, however, it was not clear how to show
that a lift of Y to characteristic zero is not stably rational.

Lemma 2.2. Let X be a smooth projective variety over a field k. If H0(X,Ωi) is
not zero for some i > 0, then CH0 of X is not universally trivial. More precisely,
if k has characteristic zero, then CH0 ⊗ Q is not universally trivial; and if k has
characteristic p > 0, then CH0/p is not universally trivial.

Proof. This is part of the “generalized Mumford theorem” for k of characteristic
zero. The proof by Bloch and Srinivas [22, Theorem 3.13], using the cycle class
map in de Rham cohomology, is similar to what follows.
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For k of characteristic p > 0, the hypothesis that H0(X,Ωi) �= 0 remains true
after enlarging k, and so we can assume that k is perfect. In that case, we can use
the cycle class map in de Rham cohomology constructed by Gros [9, section II.4].
Namely, for a smooth scheme X over k, let Ωi

log be the subsheaf of Ωi on X in the

etale topology generated by products df1/f1 ∧ · · · ∧ dfi/fi for nonvanishing regular
functions f1, . . . , fi. This is a sheaf of Fp-vector spaces, not of OX -modules. Gros
defined a cycle map from CHi(X)/p to Hi(X,Ωi

log), which maps both to Hi(X,Ωi)

and to de Rham cohomology H2i
dR(X/k).

As a result, for X smooth over k and Y smooth proper over k, with y = dim(Y ),
a correspondence α in CHy(X×kY )/p determines a pullback map α∗ : H0(Y,Ωi) →
H0(X,Ωi) for all i. Explicitly, α has a class in

Hy(X × Y,Ωy
X×Y ) = Hy(X × Y,⊕jΩ

j
X ⊗ Ωy−j

Y )

= ⊕i,jH
i(X,Ωj)⊗Hy−i(Y,Ωy−j).

In particular, α determines an element α∗ of H0(X,Ωi) ⊗ Hy(Y,Ωy−i), which
is Hom(H0(Y,Ωi), H0(X,Ωi)) by Serre duality, as we want. (The last step uses
properness of Y over k.)

Let X be a smooth projective variety over k with CH0 universally trivial, or
just with CH0/p universally trivial. Since the diagonal Δ in CHn(X×X) restricts
(over the generic point of the first copy of X) to a zero-cycle of degree 1 on Xk(X),
our assumption implies that there is a zero-cycle x on X such that Δ = x in
CH0(Xk(X))/p. Equivalently, there is a decomposition of the diagonal,

Δ = X × x+B

in CHn(X × X)/p for some cycle B supported on S × X with S a closed subset
not equal to X. For any i > 0, the pullback Δ∗ from the second copy of H0(X,Ωi)
to the first is the identity, but the pullback by X × x or by B is zero. (For B,
this uses that the restriction of B to (X − S) × X is zero, and hence its class
in Hn((X − S) × X,Ωn) is zero. As a result, for any form θ in H0(X,Ωi), the
restriction of B∗θ to H0(X − S,Ωi) is zero. But H0(X,Ωi) → H0(X − S,Ωi) is
injective, and so B∗θ = 0.) It follows that H0(X,Ωi) = 0. �

By Lemma 2.2, the resolution Y ′ discussed above has CH0 not universally trivial.
We also know that the resolution Y ′ → Y induces an isomorphism on CH0 over
all extension fields of k. It follows that any variety X over an algebraically closed
field of characteristic zero that degenerates to Y has CH0 not universally trivial, by
the following result, due in this form to Colliot-Thélène and Pirutka [6, Théorème
1.12].

Theorem 2.3. Let A be a discrete valuation ring with fraction field K and residue
field k, with k algebraically closed. Let X be a flat proper scheme over A with
geometrically integral fibers. Let X be the general fiber X ×A K and Y the special
fiber X ×A k. Assume that there is a proper birational morphism Y ′ → Y with Y ′

smooth over k such that CH0Y
′ → CH0Y is universally an isomorphism. Let K

be an algebraic closure of K. Assume that there is a proper birational morphism
X ′ → X with X ′ smooth over K such that CH0 of X ′

K
is universally trivial. Then

Y ′ has CH0 universally trivial.
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As a result, a very general complex hypersurface of degree d = 2a (where a ≥
�(n+2)/3�) has CH0 not universally trivial. In particular, it is not stably rational,
by Theorem 1.1.

It remains to consider hypersurfaces of degree 2a+ 1, for a ≥ �(n+ 2)/3�. The
following approach seems clumsy, but it works.

If 2a+ 1 > n+ 1, then every smooth hypersurface W of degree 2a+ 1 in Pn+1
C

has H0(W,KW ) �= 0, and so CH0W is not universally trivial by Lemma 2.2. So we
can assume that 2a+ 1 ≤ n+ 1.

Observe that a very general hypersurface of degree 2a + 1 in Pn+1
C degenerates

to the union of a hypersurface X of degree 2a in Pn+1
C and a hyperplane H. Since

the special fiber of that degeneration is reducible, we need the following variant of
Theorem 2.3, which I worked out with Colliot-Thélène.

Lemma 2.4. Let A be a discrete valuation ring with fraction field K and alge-
braically closed residue field k. Let X be a flat proper scheme over A. Let X be the
general fiber X ×A K and Y the special fiber X ×A k. Suppose that X is geomet-
rically integral and there is a proper birational morphism X ′ → X with X ′ smooth
over K. Suppose that there is an algebraically closed field F containing K such
that CH0 of X ′

F is universally trivial. Then, for every extension field l of k, every
zero-cycle of degree zero in the smooth locus of Yl is zero in CH0(Yl).

Proof. After replacing A by its completion, we can assume that A is complete.
Then there is an algebraically closed field F containing the fraction field K of the
new ring A such that CH0 of X ′

F is universally trivial. So the class of the diagonal
in CH0(X

′
F (X′)) is equal to the class of an F -point of X ′. By a specialization

argument, it follows that there is a finite extension L of K such that the class of
the diagonal in CH0(X

′
L(X′)) is equal to the class of an L-point of X ′. Since A

is complete, the integral closure of A in L is a complete discrete valuation ring
[20, Proposition II.2.3]. Its residue field is k. We now replace A by this discrete
valuation ring and X by its pullback to that ring, without changing the special fiber
Y .

For any field extension l of k, there is a flat local A-algebra B such that mB =
mAB and B is a discrete valuation ring with residue field l, by “inflation of local
rings” [3, Chapter IX, Appendice, Corollaire du Théorème 1]. Let C be the com-
pletion of B. Let M be the fraction field of C, which is an extension of the field L
above. The residue field of C is l. Consider the C-scheme X ×AC. Its generic fiber
is XM , which has the resolution X ′

M . Its special fiber is Yl. Since the degree map
CH0(X

′
M ) → Z is an isomorphism, every zero-cycle of degree zero in the smooth

locus of Yl is zero in CH0Yl [6, Proposition 1.9]. �

Since a very general hypersurface W of degree 2a+1 in Pn+1
C degenerates to the

union of a very general hypersurface X of degree 2a in Pn+1
C and a very general

hyperplane H, Lemma 2.4 shows that CH0 of W is not universally trivial if there
is a zero-cycle of degree zero on Xk(X)− (X ∩H)k(X) which is not zero in CH0(X ∪
H)k(X). This holds if we can show that CH0(X ∩ H)k(X) → CH0Xk(X) is not
surjective.

If that homomorphism is surjective, then we have a decomposition of the diagonal

Δ = A+B
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in CHn(X × X), where A is supported on X × (X ∩ H) and B is supported on
S ×X for some closed subset S not equal to X. Let Y be the singular variety in
characteristic 2 to which X degenerates (as in the earlier part of the proof). By the
specialization homomorphism on Chow groups [8, Proposition 2.6, Example 20.3.5],
the decomposition of the diagonal in X × X gives a similar decomposition of the
diagonal in Y × Y . That is, the class of the diagonal in CH0Yk(Y ) is in the image
of CH0(YH)k(Y ), where YH is the subvariety of Y to which X ∩ H degenerates.
(Here YH is an inseparable double cover of a hypersurface, like Y itself. We can
arrange for YH to be disjoint from the singular set of Y , but YH will still be
singular, with finitely many singular points of the form described above for Y , one
dimension lower.) Since the resolution Y ′ of Y we constructed has CH0Y

′ → CH0Y
universally an isomorphism, it follows that the class of the diagonal in CH0Y

′
k(Y ′)

is in the image of CH0(Y
′
H)k(Y ′), where the inverse image Y ′

H of YH is isomorphic
to YH . That determines a decomposition of the diagonal

Δ = A+B

in CHn(Y
′ × Y ′), where A is supported on Y ′ × Y ′

H and B is supported on S × Y ′

for some closed subset S not equal to Y ′.
Now consider the action of correspondences (by pullback from the second factor

to the first) onH0(Y ′,Ωi), for any i > 0. Here Y ′
H is singular, with only singularities

of the form described above for Y , one dimension lower. Let Z ′ be the resolution of
Y ′
H obtained by blowing up the singular points. The diagonal Δ acts as the identity

on H0(Y ′,Ωi), and B acts by 0. For any form β in H0(Y ′,Ωi) that pulls back to
zero on Z ′, A acts by 0 on β, and so the decomposition above gives that β = 0.
That is, we have shown that the restriction

H0(Y ′,Ωi) → H0(Z ′,Ωi)

is injective for i > 0.
By viewing Y as a complete intersection in the smooth locus of a weighted

projective space, we see that KY is isomorphic to O(−n − 2 + 2a), and likewise
KYH

is isomorphic to O(−n−1+2a). Since we arranged that 2a+1 ≤ n+1, YH is
Fano, and in particular H0(YH ,KYH

) = 0. It follows that the resolution Z ′ of YH

has H0(Z ′,Ωn−1) = H0(Z ′,KZ′) = 0. So the previous paragraph’s injection gives
that H0(Y ′,Ωn−1) = 0. Since a ≥ �(n+2)/3�, this contradicts the calculation that
H0(Y ′,Ωn−1) �= 0, as discussed before Lemma 2.2. We conclude that in fact CH0

of a very general hypersurface of degree 2a+ 1 in Pn+1
C is not universally trivial.

Finally, in each even degree covered by this theorem, there are non-stably-
rational smooth hypersurfaces over Q. Any hypersurface that reduces to a suit-
able double cover over F2 is not stably rational, and most such hypersurfaces are
smooth. We do not immediately get examples of odd degree over Q, since the
argument involves two successive degenerations: first, degenerate a hypersurface of
degree 2a+1 to a hypersurface of degree 2a plus a hyperplane, and then degenerate
the hypersurface of degree 2a to a double cover in characteristic 2. �

3. Examples over the rational numbers

In each even degree covered by Theorem 2.1, there are non-stably-rational smooth
hypersurfaces over Q. We can use any hypersurface that reduces to a suitable dou-
ble cover over F2. In fact, if a double cover with only singularities as in the proof of
Theorem 2.1 exists over F2, then there are smooth hypersurfaces over Q which are
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not stably rational over C. We now use this method to give examples of smooth
quartic 3-folds and smooth quartic 4-folds over Q that are not stably rational
over C.

Joel Rosenberg gave some elegant examples of inseparable double covers of pro-
jective space over F2 with only singularities as in the proof of Theorem 2.1 [16, Sec-
tion 4.7]. Namely, for any even n and even d, the double cover of Pn over F2

ramified over the hypersurface xd−1
0 x1+ · · ·+xd−1

n−1xn+xd−1
n x0 = 0 has the desired

singularities. It would be interesting to find equally simple examples of inseparable
double covers Y of smooth hypersurfaces over F2 such that Y has singularities as
above; that is the problem we encounter here.

Example 3.1. Quartic 4-folds.

For quartic 4-folds, even non-rationality was previously unknown. The free pro-
gram Macaulay2 shows that the 4-fold {y2 = f, g = 0} in P(162) = P(x0, . . . , x5, y)
over F2 has only singularities as in the proof of Theorem 2.1 in the example

f = x3
0x2 + x0x

3
3 + x3

1x4 + x2
1x2x4 + x1x

3
4 + x3

2x5 + x3x
3
5,

g = x0x1 + x2x3 + x4x5.

The proof of Theorem 2.1 shows that any hypersurface X in P5
Q of the form

g2 − 4f = 0, where g and f are lifts to Z of the polynomials above, has CH0 of
XC not universally trivial. Therefore, XC is not stably rational. For example, this
applies to the following quartic 4-fold, which we compute is smooth:

0 = x2
0x

2
1 − 4x3

0x2 + 2x0x1x2x3 + x2
2x

2
3 − 4x0x

3
3 − 4x3

1x4

− 4x2
1x2x4 − 4x1x

3
4 − 4x3

2x5 + 2x0x1x4x5 + 2x2x3x4x5 + x2
4x

2
5 − 4x3x

3
5.

Example 3.2. Quartic 3-folds.

Here is an example of a smooth quartic 3-fold over Q that is not stably rational
over C. (Following a suggestion by Wittenberg, Colliot-Thélène and Pirutka gave
examples over Q [6, Appendice A].) Macaulay2 shows that the 3-fold {y2 = f, g =
0} in P(152) = P(x0, . . . , x4, y) over F2 has only singularities as in the proof of
Theorem 2.1 in the example

f = x3
0x2 + x3

1x2 + x0x
2
1x4 + x0x

2
2x4 + x3

3x4,

g = x0x1 + x2x3 + x2
4.

As a result, any hypersurface X in P4
Q of the form g2 − 4f = 0, where g and

f are lifts to Z of the polynomials above, has CH0 of XC not universally trivial.
Therefore, XC is not stably rational. For example, this applies to the following
quartic 3-fold, which we compute is smooth:

0 = x2
0x

2
1 − 4x3

0x2 − 4x3
1x2 − 8x4

2 + 2x0x1x2x3 + x2
2x

2
3

− 4x0x
2
1x4 − 4x0x

2
2x4 − 4x3

3x4 + 2x0x1x
2
4 + 2x2x3x

2
4 + x4

4.

4. Rationality in families

Given a family of projective varieties for which the geometric generic fiber is
rational, are all fibers geometrically rational? The analogous question for geometric
ruledness has a positive answer, by Matsusaka [13, Theorem IV.1.6]. The statement
for geometric rationality is easily seen to be false if we make no restriction on the
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singularities; for example, a smooth cubic surface X can degenerate to the cone
Y over a smooth cubic curve. Here X is rational over C, but Y is not. In this
example, Y is log canonical but not klt.

The following application of Theorem 2.1, suggested by Tommaso de Fernex,
shows that rationality need not specialize even when the singularities allowed are
mild, namely klt. It remains an open question whether rationality specializes when
all fibers are smooth, or at least canonical. If the dimension is at most 3 and the
characteristic is zero, rationality specializes when all fibers are klt, by de Fernex
and Fusi [7, Theorem 1.3] and Hacon and McKernan [10, Corollary 1.5].

Corollary 4.1. For any m ≥ 4, there is a flat family of projective m-folds over the
complex affine line such that all fibers over A1 − 0 are smooth rational varieties,
while the fiber over 0 is klt and not rational.

Proof. For a variety X embedded in projective space PN (with a proviso to follow),
X degenerates to the projective cone over a hyperplane section X ∩H. To see this,
consider the projective cone over X in PN+1, and intersect it with a pencil P1

of hyperplanes in PN+1. For most hyperplanes in the pencil, the intersection is
isomorphic to X, while for a hyperplane through the node, the underlying set
of the intersection is the projective cone over X ∩ H. On the other hand, that
intersection could be different from the projective cone over X ∩ H as a scheme
because it is non-reduced at the cone point. That problem does not arise if X ⊂ PN

is projectively normal and H1(X,O(j)) = 0 for all j ≥ −1 [15, Proposition 3.10],
as will be true in the following example.

By considering a Veronese embedding of a projective space X = Pm, it follows
that for any hypersurface W of degree d in Pm, Pm degenerates to the projective
cone Y over (W,O(d)). If the hypersurface W is not stably rational, then this is
a degeneration of a smooth projective rational variety (in fact, projective space)
to a variety Y which is not rational. Indeed, Y is birational to P1 ×W . (So just
knowing that W is not rational would not be enough.)

It remains to describe the singularities of Y . Namely, the projective cone Y over
(W,O(d)) is klt if and only if d ≤ m, meaning that W is Fano [15, Lemma 3.1].
(Note that Y is not the projective cone over (W,O(1)) in Pm+1, which has a milder
singularity.) For every m ≥ 4, Theorem 2.1 gives a smooth Fano hypersurface W in
Pm which is not stably rational. (For m = 4, this is Colliot-Thélène and Pirutka’s
theorem [6].) Thus we have a degeneration of a smooth projective rational m-fold
to a klt variety which is not rational. �
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Lüroth problem (Russian), Mat. Sb. (N.S.) 86(128) (1971), 140–166. MR0291172 (45 #266)

[12] János Kollár, Nonrational hypersurfaces, J. Amer. Math. Soc. 8 (1995), no. 1, 241–249, DOI
10.2307/2152888. MR1273416 (95f:14025)

[13] János Kollár, Rational curves on algebraic varieties, Ergebnisse der Mathematik und ihrer
Grenzgebiete. 3. Folge. A Series of Modern Surveys in Mathematics [Results in Mathematics
and Related Areas. 3rd Series. A Series of Modern Surveys in Mathematics], vol. 32, Springer-
Verlag, Berlin, 1996. MR1440180 (98c:14001)

[14] János Kollár, Nonrational covers of CPm × CPn, Explicit birational geometry of 3-folds,
London Math. Soc. Lecture Note Ser., vol. 281, Cambridge Univ. Press, Cambridge, 2000,
pp. 51–71. MR1798980 (2001j:14016)

[15] János Kollár, Singularities of the minimal model program, Cambridge Tracts in Mathemat-
ics, vol. 200, Cambridge University Press, Cambridge, 2013. With a collaboration of Sándor
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