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WEAK NULL SINGULARITIES IN GENERAL RELATIVITY

JONATHAN LUK

1. INTRODUCTION

In this paper we study the existence and stability of weak null singularities
in general relativity without symmetry assumptions. More precisely, a weak null
singularity is a singular null boundary of a spacetime (M, g) solving the Einstein
equations

1
RiCHV — §Rg,“, = T/“J

such that the Christoffel symbols blow up and are not square integrable while the
metric is continuous up to the boundary. This can be interpreted as a terminal
singularity of the spacetime as it cannot be made sense of as a weak solution] to the
Einstein equations along the singular boundary. While the singularity is sufficiently
strong to be terminal, it is at the same time sufficiently weak such that the metric
in an appropriate coordinate system is continuous up to the boundary.

The study of weak null singularities began with the attempts to understand the
(in)stability of the Cauchy horizon in the black hole interior of Reissner-Nordstrom
spacetimes. Reissner—Nordstrom spacetimes are the unique two-parameter family
of asymptotically flat (with two ends), spherically symmetric, static solutions to the
Einstein—Maxwell equations. Their Penrose diagramﬁg are given by Figure [l As
seen in the Penrose diagram, the Reissner—-Nordstrém solution possesses a smooth
Cauchy horizon CH™ in the interior of the black hole such that the spacetime can
be extended nonuniquely as a smooth solution to the Einstein-Maxwell system.
This feature is also sharedd by the Kerr family of solutions to the vacuum Einstein
equations, which can also be depicted by a Penrose diagram given by Figure [
According to the strong cosmic censorship conjecture (see section [Tl below), the
Reissner—Nordstrom and Kerr spacetimes are expected to be nongeneric and the
smooth Cauchy horizons are expected to be unstable.

In a seminal work Dafermos [7,[8] showed that for a spacetime solution to the
spherically symmetric Einstein-Maxwell-real scalar field system, if an appropriate
upper and lower bound for the scalar field is assumed on the event horizon, then in
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'One can define a weak solution to the Einstein equations by requiring fM Ric(X,Y) —
%Rg(X7 Y) — T(X,Y)dVol = 0 in the weak sense for all compactly supported smooth vector
fields X and Y. After integration by parts, the minimal regularity required for the spacetime
for this to be defined is that the Christoffel symbols are square integrable; see the discussion in
5, p.13].

2for 0 < |Q| < M

3for 0 < |a| < M
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FIGURE 1. The Penrose diagram of Reissner—Nordstrém spacetimes

a neighborhood of timelike infinity, the black hole terminates in a weak null singu-
larity. The necessary upper bound was shown to hold for nonextremal black hole
spacetimes arising from asymptotically flat initial data by Dafermos and Rodnian-
ski [I0]. In particular this implies that near timelike infinity, the terminal boundary
of the Cauchy development does not contain a spacelike portion.

In a more recent work [9], Dafermos showed that if, in addition to assuming the
two black hole exterior regions settle to Reissner—Nordstrom with appropriate rates,
the initial data are moreover globally close to that of Reissner—Nordstrom, then the
maximal Cauchy development of the data possesses the same Penrose diagram as
Reissner—Nordstrém. In particular the spacetime terminates in a global bifurcate
weak null singularity and the singular boundary does not contain any spacelike
portion.

The works [7HI] were in part motivated by the physics literature on the insta-
bility of Cauchy horizons, weak null singularities and the strong cosmic censorship
conjecture. It will be discussed below in section [Tl

While the works of Dafermos [7HI] are restricted to the class of spherically sym-
metric spacetimes, they nonetheless suggest the genericity of weak null singularities
in the black hole interior, at least “in a neighborhood of timelike infinity”. In par-
ticular they motivate the following conjecture for the vacuum Einstein equations,

(1) Ricy, = 0.
Conjecture 1.
(1) Consider the characteristic initial value problem with smooth characteris-
tic initial data on a pair of null hypersurfaces Hy and H, intersecting on
a 2-sphere. Suppose that Hy is an affine complete null hypersurface on

which the data approach that of the event horizon of a Kerr solution (with
0 < |a| < M) at a sufficiently fast polynomial rate Then the development

4In particular this applies if an asymptotically flat spacetime has an exterior region which
approaches a subextremal Kerr solution at a sufficiently fast polynomial rate. This also holds



WEAK NULL SINGULARITIES IN GENERAL RELATIVITY 3

FIGURE 2. Region of existence in Conjecture [I]

(M, g) of the initial data possesses a null boundary “emanating from time-
like infinity iy ” through which the spacetime is extendible with a continuous
metric (see shaded region in Figure 2]). Moreover, given an appropriate
“lower bound” on the Hy, this piece of null boundary is generically a weak
null singularity with nonsquare-integrable Christoffel symbols.

(2) (Ori, see discussion in [9]) If the data for (M, g) on a complete two-ended
asymptotically flat Cauchy hypersurface are globally a small perturbation
of two-ended Kerr initial data (with 0 < |a| < M), then the mazimal
Cauchy development possesses a global bifurcate future null boundary OM.
Moreover, for generic such perturbations of Kerr, OM is a global bifurcate
weak null singularity which intersects every futurely causally incomplete
geodesic.

If Conjecture [Ilis true, then in particular there exist local stable weak null sin-
gularities for the vacuum Einstein equations without symmetry assumptions. We
show in this paper that there is in fact a large class of such singularities, parame-
terized by singular initial data. More specifically, we solve a characteristic initial
value problem with singular initial data and construct a class of stable bifurcate
weak null singularities.

To motivate the strength of the singularity considered in this paper, we first recall
the strength of the spherically symmetric weak null singularities in a neighborhood
of Reissner—Nordstrom studied in [8]. The instability of the Reissner—Nordstrom
Cauchy horizon is in fact already suggested by a linear analysis (see [4,20,23]). For a
spherically symmetric solution to the linear wave equation which has a polynomially
decaying (in the Eddington—Finkelstein coordinates) taild along the event horizon,
there is a singularity in a (C°)-regular coordinate system near the Cauchy horizon
of the strengt

2) 19u] ~ (11, — )~ Mlog™ ( ! )

E*_Q

for some p > 1 as v — u,. In particular along an outgoing null curve, 0,¢ is
integrable but not L9-integrable for any ¢ > 1. In the spacetimes constructed by

in the case where the Cauchy hypersurface has only one asymptotically flat end. In that case,
numerical work in spherical symmetry [13] suggests that the singular boundary may also contain
a nonempty spacelike portion, in addition to the null portion.

5with upper and lower bounds

6This statement regarding the linear wave equation can be inferred using the methods in [7]
for the nonlinear coupled Einstein—-Maxwell-scalar field system.
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Dafermos [7}[8], it was shown moreover that even in the nonlinear setting, 0,¢ is
also singular but remains integrable. A more precise analysis will show that in fact
the spherically symmetric scalar field in the nonlinear setting of [8] also blows up
at a rate given by (2.

Returning to the problem of constructing stable weak null singularities in vac-
uum, our construction is based on solving a characteristic initial value problem with
singular data. We will in fact construct spacetimes not only with one weak null sin-
gularity, but instead they will contain two weak null singularities terminating at a
bifurcate sphere. More precisely, the data on the initial characteristic hypersurface
Hy (resp. H,) is determined by the traceless part of the null second fundamental
form x (resp. ). We consider singular initial data satisfying in particular

1

!*_H

IX| ~ (u, —u)"'log™? ( ), for some p > 1,

and
1

Uy — U

x| ~ (us —u) " 'log™? ( ), for some p > 1.

This singularity is consistent with the strength of the weak null singularities in (2)).
The following is a first version of the main result of this paper (see Figure [3).

We refer the readers to the statement of Theorems [2] [B] and H] for a more precise

formulation of the theorem.

Theorem 1 (Main theorem, first version). For a class of singular characteristic
initial data without any symmetry assumptions for the vacuum FEinstein equations

Ric,, = 0

with the singular profile as above (see precise requirements on the data in section
[L3) and for € sufficiently small and u,, u, < €, there exists a unique smooth
spacetime (M, g) endowed with a double null foliation (u,u) in0 < u < uy, 0 <u <
u,, which satisfies the vacuum FEinstein equations with the given data. Associated
to (M, g), there exists a coordinate system (u,u,0",0%) such that the metric extends
continuously to the boundary but the Christoffel symbols are not in L2.

Singular boundary {u = u,} ‘~'~...Singular boundary {u = u,}

FIGURE 3. Region of existence in Theorem [
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Remark 1. This class of stable local weak null singularities that we construct in
particular provides the first construction of weak null singularities of such strength
for the vacuum Einstein equationsm

Theorem [I] allows singularities on both initial null hypersurface and is valid in
the region where u, and u, are sufficiently small. In the context of the interior of
black holes, this corresponds to the darker shaded region in Figure[dl The existence
theorem clearly implies an existence result when the data are only singular on one of
the initial null hypersurfaces. In that context, we can in fact combine the methods
in this paper with that in [I7] to show that the domain of existence can be extended
so that only one of the characteristic length scales is required to be small. More
precisely, we allow that data on Hy such that

. o 1
IX| ~ (u, —u) 'log p(

U, —u
on 0 <u < u, <C and the data on H, are smooth on 0 < u < u, <e. Then for €
sufficiently small, the spacetime (M, ¢) remains smooth in 0 < u < uy, 0 < u < u,
(see for example the lightly shaded region in Figure ). We will omit the details of
the proof of this result.

), for some p > 1,

FIGURE 4. Domains of existence

Theorem [Il which proves the existence and stability of the conjecturally generic
weak null singularities, can be viewed as a first step toward Conjecture [l A next
step is an analogue of [§] for the vacuum Einstein equations without symmetry as-
sumptions, i.e., to solve the characteristic initial value problem inside the black hole
with data prescribed on the event horizon that is approaching Kerr at appropriate
rates. This requires an understanding of the formation of weak null singularities

"We recall Birkhoff’s theorem which states that the only spherically symmetric vacuum space-
times are the Minkowski and Schwarzschild solutions. Thus to construct stable examples of weak
null singularities in vacuum, one necessarily works outside the class of spherically symmetric
spacetimes.
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from smooth data on the event horizon (see part (1) of Conjecture[Il). A full reso-
lution of Conjecture [Il part (2), however, requires in addition an understanding of
the decay rates of gravitational radiation along the event horizon for generic per-
turbations of Kerr spacetime. This latter problem is intimately tied to the problem
of the nonlinear stability of Kerr spacetimes, which continues to be one of the most
important and challenging open problems in mathematical general relativity. Nev-
ertheless, significant progress has been made for the corresponding linear problem
in the past decade. We refer the readers to the survey of Dafermos and Rodnianski
[T1] for more about this linear problem.

The approach for the main theorem applies equally well to the Einstein-Maxwell-
scalar field system without symmetry assumptions!q Thus, we show that the weak
null singularity of Dafermos [8], which arises from appropriately decaying data on
the event horizon, is stable against nonspherically symmetric perturbations on the
hypersurface 3 sufficiently far within the black hole region (see Figure [H).

FIGURE 5. Perturbations in the black hole interior of Dafermos spacetimes

1.1. Weak null singularities and strong cosmic censorship conjecture. The
study of weak null singularities can be viewed in the larger context of Penrose’s cel-
ebrated strong cosmic censorship conjecture in general relativity. The conjecture
states that for generic asymptotically flat initial data for “reasonable” Einstein-
matter systems, the maximal Cauchy development is future inextendible as a suit-
ably regular Lorentzian manifold. This would guarantee general relativity to be a
deterministic theory.

As pointed out above, the Kerr and Reissner—Nordstrom families of solutions (of
the Einstein vacuum and Einstein-Maxwell equations, respectively) have maximal
Cauchy developments that are extendible as larger smooth spacetimes unless the

8This can be easily seen by decomposing the Maxwell field and the gradient of the scalar field
in terms of the null frame below. The components in this decomposition obey equations that can
be put in the same schematic form as in section 2.4l Therefore, the Maxwell field and the scalar
field and their derivatives satisfy estimates similar to those for the Ricci coefficients and curvature
components.
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angular momentum or the charge vanishes. This is connected with the existence of
a smooth Cauchy horizon in the black hole interior such that the spacetime can be
extended beyond as a smooth solution. According to the strong cosmic censorship
conjecture, this is expected to be nongeneric.

On the other hand, the situation for the Schwarzschild spacetime is more prefer-
able from the point of view of the deterministic nature of the theory. The maximal
development of the Schwarzschild spacetime terminates with a spacelike singular-
ity at which the Hawking mass and the curvature scalar invariants blow up. In
particular the spacetime cannot be extended in C2.

The early motivation for the strong cosmic censorship conjecture, besides the
desirability of a deterministic theory, is a linear heuristic argument by Penrose
[23] suggesting that the Reissner—Nordstrom Cauchy horizon is unstable. This was
also confirmed by the numerical work by Simpson and Penrose [27]. It is thus
conjectured that a small global perturbation would lead to a singularity in the
interior of the black hole in such a way that the maximal Cauchy development is
future inextendible.

However, the nature of the singular boundary in the interior of black holes was
not well understood? until the first study of weak null singularity carried out by His-
cock [I2]. In an attempt to understand the instability of the Reissner—Nordstrom
Cauchy horizon, he considered the Vaidya model allowing for a self-gravitating in-
going null dust. In this model, an explicit solution can be found, and he showed that
various components of the Christoffel symbols blow up. This, however, was called
a whimper singularity as the Hawking mass and the curvature scalar invariants
remain bounded.

In subsequent works, Poisson and Israel [2526] added an outgoing null dust to
the model considered by Hiscock. While explicit solutions were not available, they
were able to deduce that the second outgoing null dust would cause the Hawking
mass to blow up at the null singularity. It was then thought of as a stronger
singularity than that of Hiscock.

However, from the point of view of partial differential equations, it is more
natural to view this singularity at the level of the nonsquare-integrability of the
Christoffel symbols, which is exactly the threshold such that the spacetime cannot
be defined as a weak solution to the Einstein equations. From this perspective,
the singularity of Poisson and Israel is as strong as that of Hiscock, and both
singularities can be viewed as terminal boundaries for the spacetimes in question.

While the Christoffel symbols blow up at the Cauchy horizon, one can also think
that the Cauchy horizon is “stable” in the sense that no singularity arises before
the “original Cauchy horizon”. In particular there is no spacelike portion of the
singular boundary in a neighborhood of timelike infinity. Thus, this is contrary
to the case of the Schwarzschild spacetime. This weak null singularity picture has
been further explored and justified in many numerical works (see [IH3]).

As we described before, the aforementioned picture of the interior of black holes
was finally established by Dafermos in the context of the spherically symmetric
Einstein—-Maxwell-scalar field system [7]. This is the main motivation for our
present work in which we initiate the study of weak null singularities of similar
strength in vacuum without any symmetry assumptions.

9In particular it was believed that a perturbation of the Reissner-Nordstrém Cauchy horizon
would lead to a Schwarzschild type singularity.
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Finally, we note that a class of analytic spacetimes with slightly weaker singular-
ities have been previously constructed in [22]. While this class of spacetime is more
restrictive, as discussed in [22], it nonetheless admits the full “functional degrees of
freedom” of the Einstein equations.

1.2. Comparison with impulsive gravitational waves. As pointed out by
Dafermos [0], the weak null singularities that we consider in this paper share many
similarities with impulsive gravitational waves. The latter are vacuum spacetimes
admitting null hypersurfaces which support delta function singularities in the Rie-
mann curvature tensor. Explicit examples were first constructed by Penrose [24],
Khan and Penrose [14], and Szekeres [28]. In these spacetimes, while the Christoffel
symbols are not continuous, they remain bounded. Therefore, in contrast with the
weak null singularities that we consider here, these impulsive gravitational waves
are not terminal singularities. In fact, the solution to the vacuum Einstein equation
extends beyond the singularity and is smooth except across the singular hypersur-
face. Nevertheless, both scenarios represent singularities propagating along null
hypersurfaces and from a mathematical point of view, the proofs of the existence
theory for these singularities share many common features.

In recent joint works with Rodnianski [I8|[I9], we initiated the rigorous mathe-
matical study for general impulsive gravitational waves without symmetry assump-
tions. We constructed the impulsive gravitational waves via solving the character-
istic initial problem such that the initial data admit curvature delta singularities
supported on an embedded 2-sphere. One of the new ideas in the proof is the
use of renormalized energy estimates for the curvature components; i.e., instead
of controlling the spacetime curvature components in L2, we subtract off an L™
correction from some curvature components. This allowed us to derive a closed
system of L? estimates which is completely independent of the singular curvature
components.

In [I§], when the interaction of impulsive gravitational waves was studied, we
also extended the analysis to include a class of spacetimes such that when measured
in the worst direction, the Christoffel symbols are merely in L2. We proved an exis-
tence and uniqueness theorem for spacetimes with such low regularity and showed
that the spacetime solution can be extended beyond the singularities. Notice that
this result is in fact sharp: this is because if the Christoffel symbols fail to be square
integrable, the spacetime cannot be extended as a weak solution to the Einstein
equations (see footnote [I]).

By contrast, the spacetimes considered in this paper have Christoffel symbols
which ardd not in L2. Even though the weak null singularities are terminal sin-
gularities in the sense that there cannot be an existence theory beyond them, the
theory developed in [I8,[I9] can be extended to control the spacetime up to the
singularity. Moreover, our main theorem, which allows for two weak null singular-
ities terminating at their intersection, can be viewed as an extension of the result
in [I8] on the interaction of two impulsive gravitational waves. In particular the
renormalized energy of [I8[19] plays an important role in the proof of our main
theorem. However, even after renormalization, the renormalized curvature is still
singular (i.e., not in L?) and has to be dealt with using an additional weighted
estimate.

10Tp fact, we allow initial data to be in LP only for p = 1, but not for any p > 1.



WEAK NULL SINGULARITIES IN GENERAL RELATIVITY 9

1.3. Description of the main results. Our setup is the characteristic initial
value problem with initial data given on two null hypersurfaces Hy and H,, inter-
secting at a 2-sphere Sy (see Figure [6). We will follow the general notations in
[5L15L16].

So,0

FIGURE 6. The basic setup

We introduce a null frame {e1, e, €3, e4} adapted to a double null foliation (u, u)
(see section [ZT]). Denote the constant u hypersurfaces by H,, the constant u
hypersurfaces by H, and their intersections by S, . = H, N H,. Decompose the
Riemann curvature tensor with respect to the null frame {e;, 62,_63, eq}:

aap = R(ea,e4,ep,€4), a,p = R(ea,es,ep,e3),
1 1
BA = §R(€A,€4,€3,64), éA = §R(6A563,63ae4)7
1
pP= ZR(64763564763); g = Z *R(€4,63,€4,€3).

We also define the Gauss curvature of the 2-spheres associated to the double null
foliation to be K. Define also the following Ricci coefficients with respect to the
null frame:

xap = g(Daes,ep), X, p = 9(Daes,ep),

1 1
77A:—§g(D3€A,€4), QA:_gg(Déle/be?))u

1 1
WZ_ZQ(D463764)7 g:—zg(D3€4,eS)7
1
Ca = 59(Daea, €3).

Let x (resp. X) be the traceless part of x (resp. x).

The data on Hy are given on 0 < u < u, such that y becomes singular as u — w,.
Similarly, the data on H, is given on 0 < u < u, such that x becomes singular as
U — Uy B

More precisely, let f1 : [0,u,) — R be a smooth function such that f;(z) > 0 is

decreasing and
u

——dx < 00

o fi(x)?
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(resp. let fa : [0,u,) — R be a smooth function such that fz(z) > 0 is decreasing

and
Uy 1
/0 —fg(:c)de < 00).

For example, f; can be taken to be fi(z) = (u, — )2 logP(—

w,—

1
) for p > 5.

Our main theorem shows local existence for a class of singular initial data Wit

XO,u)| S fi(w) 2 x(w,0)] S fa(u) 2

We construct a (unique) solution (M, g) to the vacuum Einstein equations in the
region u < Uy, u < u,, where u,, u, <€, and

3) [ awan [ R s e
0 0
Here, (u,u) is a double null foliation for (M, g) and the metric g takes the form
g=—20%(du ® du + du @ du) +yap(d6* — bdu) @ (d§® — b du)

in the (u,u,8',62) coordinate system (to be defined in section B.2)). Define also
V to be the induced Levi-Cevita connection on the 2-spheres of constant v and wu,
i.e., Syu, and V3, V4 to be the projections of the covariant derivatves D3, Dy to
the tangent space of S, ,. Our main theorem (Theorem [I]) can be stated precisely
as a combination of Theorems 2l Bl and @ The first main result is the following
theorem, which shows the existence of a spacetime up to the (potentially singular)
null boundaries:

Theorem 2. Consider the characteristic initial value problem for
(4) Ric,, =0

with data that are smooth on HyN{0 <u <w,} and HyN{0 <u < u,} such that
the following hold.

o There exists an atlas such that in each coordinate chart with local coordi-
nates (0',0%), the initial metric o on Soo obeys

d<detvyy <D

a7/ a\"
901 002 ) B¢

o The metric on Hy and H, satisfies the gauge conditions

and

<D.

>

i1+i2<6

Q=1 onHy and H,

and
bV =0 on H,.

11We assume also bounds for the angular derivatives that are consistent with this singular
profile (see the precise statement in Theorem [2)).
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e The Ricci coefficients on the initial hypersurface Hy verify

ngp Hf12(y)ViXHL2(SD,£) <D,

i<s 4

ngp \’ViC||L2(so,g) <D

i<a ¥

Zsup HvitrXHw(so o SD
i<a Y -

o The Ricci coefficients on the initial hypersurface H verify

Zsup Hfzz(U)ViXHLz(su oS D
i<s ’

ZSUP HviCHm(su,o) <D,
i<a ¥

Z sup HvitIXHLQ(Su,O) =D
i<d

Then for € sufficiently small (depending only on d and D) and

Uy, u, <€, Hfl(u)*HLi, [f2()7H[ 2 <,

there exists a unique spacetime (M, g) endowed with a double null foliation (u,w) in
0<u<u, and 0 < u < u,, which is a solution to the vacuum FEinstein equations
@) with the given data. Moreover, the spacetime remains smooth in 0 < u < u,
and 0 <u<u,.

Remark 2. In the following, we will only prove a priori estimates for spacetimes
arising from these initial data (see Theorem [B]). The existence of a spacetime and
the propagation of regularity follow from standard arguments. (For an example of
this argument in low regularity, see [I9, Sections 4 and 5]. See also [B, Chapter
16].)

Remark 3. In order to simplify notations, we will omit the subscripts 1 and 2 in
the weight functions f; and fs. They can be inferred from whether f is a function
of u or u.

Remark 4. In section [ we will construct a class of characteristic initial data which
satisfies the assumptions of Theorem

While the weight f in the spacetime norms allows the spacetime to be singular,
the spacetime metric can be extended beyond the singular hypersurfaces H,, and

H,, continuously.

Theorem 3. Under the assumptions of Theorem B, the spacetime (M, g) can be
extended continuously up to and beyond the singular boundaries ﬂu* ={u=u,},
H,, = {u = u.}. Moreover, the induced metric and null second fundamental
form on the interior of the limiting hypersurfaces H,, and H,,, are regular. More
precisely, for any coordinate chart U; on Sy, the metric components v, b,  satisfy
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the following estimates in the coordinate chart given by U;(u,u) = @, o ®,(U;),
where ®,, and ®,, are the diffeomorphisms generated by L and L, respectively

(8" (&) o

Moreover, for any fired U < u,, we have the following bounds for the Ricci coeffi-
cients X, tr x, w, n,n:

<C.
L2(Ui(u.))

sup
0<u<Lu,

i1+i2<4

<Cy.
L2(S”'l*) N v

> X s VAV (trxwmn)

<1 i<3—; 0susU
Similar regqularity statements hold on H,, .

Remark 5. If we assume in addition that the higher angular derivatives of x are
bounded in L! L>°(S), then the metric and the second fundamental form also inherit
higher regularity in the interior of H «. - In particular if all angular derivatives of
x are bounded in L!L>°(S), then the metric restricted to H, N{0 < u < U} is
smooth along the directions tangential to H o - Similar statements hold on H,, .
We will omit the details. -

Moreover, we show that if initially the data are indeed singular, then H,, and

H,, are terminal singularities of the spacetime in the following sense:

Theorem 4. If, in addition to the assumptions of Theorem Bl we also have the
following for the initial data,

/_* 1.0, )2 du = oo,
0

along Lebesgue-almost every null generator on Hy, then the Christoffel symbols in
the coordinate system (u,u,8',6%) do not belong to L? in a neighborhood of any
point on H,, .

Similarly if the initial data satisfy

/u*
0

along Lebesgue-almost every null generator on Hy, then the Christoffel symbols in
the coordinate system (u,u,6',6%) do not belong to L? in a neighborhood of any
point on H,, .

X(u,O)fdu =00

Remark 6. Theorem M guarantees that if we extend the spacetime metric con-
tinuously in the obvious differentiable structure given by the coordinate system
(u,u, 0',6?%), then the Christoffel symbols are nonsquare-integrable in the exten-
sion. However, it is an open problem whether the spacetime admits any continuous
extensions with square integrable Christoffel symbols.

12See definition of L and L in section 211
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1.4. Main ideas of the proof. All the known proofs of regularity for the Ein-
stein equations without symmetry assumptions rely on L? estimates on the metric
and its derivatives or the Riemann curvature tensor and its derivatives. Let us
denote schematically by I' a general Ricci coefficient and by ¥ a general curvature
component decomposed with respect to a null frame adapted to the double null
foliation. In the double null foliation gauge (see, for example, [515]), the standard
approach to obtain a priori bounds is to couple the L? estimates for the curvature

components
/@2+/ ¥? < Data +//rxw
H H

with the estimates for the Ricci coefficients obtained using the transport equations
V3l =U 41T,
Vi =0 4+1IT.

However, in the setting of two weak null singularities, none of the spacetime cur-
vature components «, 3, p, o, 3, o are in L?!

Nevertheless, while these curvature components are singular, the nature of their
singularity is specific. More precisely, while the spacetime curvature components p
and o are not in L2, they can be written as a sum of some regular intrinsic curvature
components K and & (see further discussion in section [L41]) which belong to L?
and terms which are quadratic in I'. We therefore prove L? estimates for K and &,
which we will call the renormalized curvature components (see [I8,19]). Moreover,
by considering (K, &) instead of (p, o), we remove all appearances of « and « in the
estimates and so that we do not have to deal with the singularities of o and a! It
still remains to control the singular curvature components 5 and 3. Here, we make
use of the fact that 8 and 8 are singular in a specific manner toward the singular
boundary H u, and H,_, respectively. We therefore introduce degenerate L? norms
that incorporate these singularities. We will explain the renormalization and the
degenerate estimates in more detail below.

1.4.1. Renormalized energy estimates. As described above, a main ingredient of
the proof of the main theorem is the renormalized energy estimates introduced in
[I819] in the study of impulsive gravitational waves. This can be seen as follows.
For the class of weak null singularities that we consider, while the £ derivative
of the spacetime metric blows up, the metric restricted to the 2-sphere remains
regular in the angular directions. Since the Gauss curvature K is intrinsic to the
2-spheres, it remains bounded. On the other hand, by the Gauss equation,

1 1
K=—-—p+ 5)23— Ztrxtr&,

and the fact that try and x blow up at u = wu,, p also blows up at u = u,. In
view of this, we estimate the Gauss curvature K instead of the spacetime curvature
component p.

Indeed, we see that the Gauss curvature K satisfies equations such that the right-
hand side contains terms that are less singular than the terms in the corresponding
equation for p. More precisely, for the curvature component p, we have (up to
lower-order terms) the Bianchi equation

3 ) 1.
V4p+§trxp:d1vﬂ—§x-a+~-,
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which contains the nonintegrable curvature component «. On the other hand, the
Gauss curvature obeys the equation (see (I2]))

V4K +trxyK =—divg+---,

where there are no terms containing « or that are quadratic in try, ¥ and w, i.e.
every term on the right-hand side of the equation is integrable in the u direction
In a similar fashion, by considering the renormalized curvature componen

1
G:=0+XAX

instead of o, we see that it satisfies an equation such that all the terms on the
right-hand side are integrable in the u direction.

One consequence of the renormalization is that we have completely removed the
appearances of the curvature component « in the equations. In fact, as in [I8[19],
this allows us to derive a set of estimates for the renormalized curvature component
without requiring any information on the curvature component «.

Moreover, when considering the equations for V3K and V3 for the renormal-
ized curvature components, one sees that o does not appear and all the terms are
integrable in the u direction. Therefore, although « or o can be very singular near
one of the singular boundaries, we do not need to derive any estimates for them!

1.4.2. Degenerate L? estimates. Since the renormalization above deals with the
singularity in the p and o components and avoids any information on « and «, it
remains to derive appropriate L? estimates for 8 and .

The main observation is that while 8 and 3 are both singular and fail to be
in L2, their singularities can be captured quantitatively. Consider the curvature
component 3. Since the blow-up rate of tr y and ¥ can be bounded above by f(u)~2,
in view of the Codazzi equations in ([I0), 3 is also bounded above by f(u)~2. In
particular while 3 is only in L but not in L? for any p > 1, the assumptions on the
initial data allow us to control f(u)B in L2. We will thus incorporate this blowup
in the norms and will be able to still use an L? based estimate.

The energy estimates will be obtained directly from two sets of Bianchi equations
instead of using the Bel-Robinson tensor. Notice that since the energy estimates
for K, & are obtained either together with that for 8 or that for 3, even though
K and & are regular, their energy estimates degenerate. Therefore, at the highest
level of derivatives, we have to be content with the weaker L? estimates for these
curvature components.

A potentially more serious challenge is that the introduction of the degenerate
weights in v and u would create terms that cannot be estimated by the energy
estimates themselves. Nevertheless, since the weights are chosen to be decreasing
toward the future, these uncontrollable terms in fact possess a good sign.

13The can be compared with the renormalization introduced in [I9] and [I8], where we esti-
mated p = p — %)2 - X instead of p. Whereas the renormalization using p allows one to eliminate
« in the estimates, it nonetheless introduces a term itr&\fdQ, which is not integrable in the w
direction in the setting of the present paper. Instead, by studying the equation for K, we see
none of these terms which are quadratic in tr x, x or w! This fact can also be derived directly by
considering the equations for V4K using the intrinsic definition of the Gauss curvature.

14This is in fact related to the intrinsic curvature of the normal bundle to Su,u-
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1.4.3. Estimates for the Ricci coefficients. As indicated above, the Ricci coefficients
enter as error terms in the energy estimates. Thus, to close all the estimates, we
need to control the Ricci coefficients I" by using the transport equations which in
turn have the curvature components in the source terms. Since the various Ricci
coefficients have different singular behavior, we separate them according to the
bounds that they obey. More precisely, denote by g the components that behave
like f(u)~% as uw — u,, by ¢y the components that behave like f(u)™2 as u — u.,
and by ¥ the components that are bounded.

For the singular Ricci coefficients ¥y, we have the following schematic transport
equations:

Viy = K+ VY + 9+ ¢Yuin.

The first three terms on the right-hand side of this equation are bounded while
the last term is singular. Nevertheless, the singularity of ¢y still allows it to be
controlled in L' along the ez direction. Thus, this equation can be integrated to
show that the initial (singular) bounds for ¢/ can be propagated. It is important
that the terms of the form ¢ g1y and ¥g1¥y do not appear in the equations.
A similar structure can also be seen in the equation for the other singular Ricci
coefficients 1g, which takes the form

Vayu = K + VY + 90 + buibu.

For the regular Ricci coefficients v, we have transport equations of the form

Vi =B+ ¢yg or Vi =B+ yg.

The bounds that we prove show that the right-hand side is integrable, and therefore
1) remains bounded. For example, in the V4 equation, it is important that we do not
have terms of the form Yy y, Y¥u, Yru, and Yy g, which are not uniformly
bounded after integrating along the e4 direction.

1.4.4. Null structure in the energy estimates. A priori, the degenerate L? estimates
that we introduce may not be sufficient to control the error terms. Nevertheless,
the vacuum Einstein equations possess a remarkable null structure which allows
one to close the estimates using only the degenerate L? estimates.

For example, in the energy estimates for the singular component 3, we have

| £ (@BII72 sy < Data + || (w) (808 + BYuf + BYE) | 1 2o -

To estimate the first term, it suffices to note that ¢ g, while singular, can be shown
to be small after integrating along the u direction. Thus, the first term can be
controlled using Gronwall’s inequality. For the second term, since the singularity
for 8 has the same strength as that for 1)y (and similarly the singularity for 3 has
the same strength as that for ¢ ), the singularity in this term is similar to that in
the first term and can also be bounded. The final term is less singular since ¥ and
K are both uniformly bounded['] Notice that if other combinations of curvature
terms and Ricci coefficients such as vy 3, BvYuB, or Sy K appear in the error
terms, the degenerate energy will not be strong enough to close the bounds!

In order to close all the estimates, we need to commute also with higher deriva-
tives. As in [I8/[19], we will only commute with angular covariant derivatives.
These commutations will not introduce terms that are more singular. Moreover,

15 Although, as pointed out before, the highest derivative estimates for K in the energy norm
suffer a loss as one approaches the singular boundaries, this term can nevertheless be controlled.
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the null structure of the estimates indicated above is also preserved under these
commutations.

Similar to [I8,19], the renormalization introduces error terms in the energy es-
timates such that the Ricci coefficients have one more derivative compared to the
curvature components. These terms cannot be estimated via transport equations
alone but are controlled using also elliptic estimates on the spheres. A form of null
structure similar to that described above also makes an appearance in these elliptic
estimates, allowing all the bounds to be closed.

1.5. Outline of the paper. We end the introduction with an outline of the re-
mainder of the paper. In section 2] we introduce the basic setup of the paper,
including the double null foliation, the coordinate system, and the Einstein vac-
uum equations recast in terms of the geometric quantities associated to the double
null foliation. In section Bl we introduce the norms used in the paper and state a
theorem on a priori estimates (Theorem [Bl) which imply our main existence theo-
rem (Theorem ). In section @ we construct a class of characteristic initial data
satisfying the assumptions of Theorem 2l In sections BHY|, we prove Theorem Bl In
section Bl we obtain the estimates for the metric components and derive functional
inequalities useful in our setting. Then in sections[f]and [{] we prove bounds for the
Ricci coefficients assuming control of the curvature components. In section 8 we
close all the estimates by obtaining bounds for the curvature components. Finally,
in section @] we discuss the nature of the singular boundary and prove Theorems [3]
and [

2. BASIC SETUP

2.1. Double null foliation. For a smooth™ spacetime in a neighborhood of Sy g,
we define a double null foliation as follows: Let v and u be solutions to the eikonal
equation
gl“jauuauu =0, gm/a,uﬂauﬁ =0,
such that u =0 on Hy and u =0 on H,. Let
L= 2" 0u,  L" = -29"u

These are null and geodesic vector fields. Let

20 2=—g(L,L).
Define

€3 = QLI, €4 = QL/
to be the normalized null pair such that
gles, eq) = =2

and

L=0L L=0"L
to be the so-called equivariant vector fields.

In this paper, we will consider spacetime solutions to the vacuum Einstein equa-
tions () in the gauge such that

Q=1, on Hyand H,.
16The spacetimes considered in this paper are not smooth at u = us or u = u,. However,

since we first construct the spacetime in the region {u < us} N{u < w,} in which the spacetime
is smooth (see Theorem [2)), it suffices to define the double null foliation for smooth spacetimes.
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The level sets of u (resp. u) are denoted by H, (resp. H,). The eikonal
equations imply that H, and H, are null hypersurfaces. The intersections of the
hypersurfaces H, and H, are topologically 2-spheres, which we denote by Suu-
Note that the integral flows of L and L respect the foliation Suu-

2.2. The coordinate system. We define a coordinate system (u,u,6%,6%) in a
neighborhood of Sy as follows. On the sphere Sy, we have an atlas such that
in the local coordinate system (0',6?) in each coordinate chart, the metric ~ is
smooth, bounded, and positive definite. Recall that in a neighborhood of Sy, u
and u are solutions to the eikonal equations,
9" Opud,u =0, 9" 0pud,u = 0.

We then require the coordinates to satisfy

£p64 =0
on the initial hypersurface H, and

L1604 =0

in the spacetime region. Here, £ and £ denote the restriction of the Lie de-
rivative to T'Sy, (See [B, Chapter 1].) and L and L are defined as in section
21 Relative to the coordinate system (u,u,6',6?), the null pair ez and e4 can be

expressed as
0 9] 0
_o-1(Y9 A4 0 _o-19
e3 = (8u+b 89‘4)7 eq = o0’

for some b such that b4 = 0 on H,,, while the metric g takes the form

g =—20%(du® du+ du® du) + yap (0" — b du) @ (d§” — bPdu) .

2.3. Equations. We will recast the Einstein equations as a system for Ricci coef-
ficients and curvature components associated to a null frame e3, e4 defined above
and an orthonormal frame!] {ea}a=12 tangent to the 2-spheres S, ,. We define
the Ricci coefficients relative to the null fame,

xaB = g(Daes,ep), X, p =9 (Daes,en),
1 1
( ) 77A:—§g(D3€A,€4), QA:_gg(D4eA>e3)7
5 1 1
w=-79 (Daes, €4), w= _ZQ(D364’63)’

1
Ca = 59(DA€4M33)7

where Dy = De( A We also introduce the null curvature components,
aap = R(ea,es,ep,eq),  ayup=R(ea ez ep,e3),
(6) Ba = %R(CA,€4,€3,64), EA:%R(GA,63,€3,€4),
p= iR(€4,63,€4,63), o= i*R(€4,63,64,€3).

170f course the orthonormal frame is only defined locally. Alternatively, the capital Latin
indices can be understood as abstract indices.
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Here *R denotes the Hodge dual of R. We denote by V the induced covariant
derivative operator on S, , and by V3, V4 the projections to S, , of the covariant
derivatives D3, Dy (see precise definitions in [I5, Chapter 3.1]).

Observe that

1 1
w= —§V4(logﬂ), w= —§V3(log9),
na=Ca+Va(logQ), n,=-Ca+ Va(log).

(7)

Define the following contractions of the tensor product ¢(*) and ¢(2) with respect
to the metric v:

o . @ = (fy*l)AC(yfl)Bng&)B gJ)D for symmetric 2-tensors ¢5411)37 542])37
01 - 6@ = (AP Vo) for 1-forms 6y, 67,
(¢ @) 4 = (W*I)BCQSS]); (02) for a symmetric 2-tensor (;55411)3 and a 1-form qbff),

(@VEP) ap = 6462 + 6567 — yap(6W - ¢?) for 1-forms ¢, 7,

dM A pP = ¢ AB(V_l)CDQBS)CQSgL for symmetric 2-tensors (;5541])3, 542,)3,

where ¢ is the volume form associated to the metric 7. We also define by * for
1-forms and symmetric 2-tensors, respectively, as follows (note that on 1-forms this
is the Hodge dual on S, ,):

*oa :=vact “Pop,

“pap =v8pf " Pac.
Define the operator V& on a 1-form ¢4 by
(v®¢)AB :=Vaop+VBoda —vapdiv ¢.

For totally symmetric tensors, define the div and curl operators as follows

(dive)s,..q =V"dpa,.a,,

(curl @) 4 .4 = ¢BVpoca,..a,.

Define also the trace of totally symmetric tensors to be

_1\BC
(tr ¢)A1--»A,,.,1 = (’Y 1) PBCAL A -
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We separate the trace and traceless part of x and x. Let X and X be the traceless
parts of x and x, respectively. Then x and x satisfy the following null structure
equations:

1
Vytrx + i(trx)2 = —|x* = 2wtr,
Vaix + trxx = —2wyx — «,

1
Vstrx + E(tr&)z = —2wtr x — |X|27
Vax +trxx = —2wx — a,

1
(8) Vatr x + 5trxtr5:2wtrz+2p—X-X+2divg+2|g\2,
1

S A ~ . ) ~
Vax + §tr XX = V&n + 2wk — str xx + n®n,

[\

1
Vatrx + §trxtrx =2wtrx +2p— X X+ 2divy + 2|n|%,
L1 . ~ L1 . ~
Vsx + 5trzx =V®n + 2wx — §tr XX + nen.

The other Ricci coefficients satisfy the following null structure equations:

Van=—x-(n—n) -5,
Van=—x-(n—n)+5,

9 1 1
(9) V4£:2w£—77'ﬁ+§\77|2+§ﬂa
1 1
ng:2wg—n-g+§m’2+§p.

The Ricci coefficients also satisfy the following constraint equations:

| 1
dlvx—§Vtrx—§(n—Q)'(

1 1
divy = §Vtrx+—(n—g) (

+
=

<>
I
= N
— —+
] =]
[ =
N— —0
I
=

o>
|
!

[\

(10)
1
curln = —curln = o + EX/\ X,

1
K=-p+ i)QX— Ztrxtrx,
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with K the Gauss curvature of the spheres S, . The null curvature components
satisfy the following null Bianchi equations:
1 ~ ~
Vsa + gtrya = VB + dwa — 3 (Xp +7 X0) + (¢ + 41) ®F,

Vi +2trx8 = diva — 2w + (2¢ +1) - o,
V3B +trxB=Vp+2wB+*Vo+2%-5+3(np+"n0),

3 1
V40—|—§trxa:—div*5+§XAa—CAB—ZQ/\ﬁ,

3 1
V30+§trxc7:—div*§—5)2/\Q+C/\§—2n/\ﬁ,

3 1
V4p+§trxp:divﬁ—§X-a+C-ﬁ+2Q-ﬁ,

3 1
V3p+§trxp=—dlvﬁ—§§(g+ﬁﬁ—?nﬁ,
Vaf+trxf=—-Vp+* Vo +2wB+2%-5—3(np—"10),

V3 +2trxf = —diva — 2w — (=2¢ + 1) - a,
1 ~ ~
Via + itrxg =-V®p +4wa -3 (Xp —* XU) + (¢ —4n)®8,

where * denotes the Hodge dual on S, 4.
We now rewrite the Bianchi equations in terms of the Gauss curvature K of the
spheres S, and the renormalized curvature component ¢ defined by

1
g=04+ =XNX-
2_
The Bianchi equations take the following form:
V3B +trxf=—VK+"Vi+2wB+2x-5—-3nK —"nd)

1 Nk A 3, e
+5 (V-H+VEAY) +5 (k- X+ 1A Y
- i (Vtr xtry + trxVirx) — zntr Xtrx,

3 - LA (VED) — Lo A
V4(7+§trx(7:—dlv B—C/\ﬁ—Qﬂ/\ﬁ—ix/\(V(@ﬂ)_§X/\(ﬂ®ﬂ)7
1 1.,
V4K+ter=—diV5—C'ﬁ—2ﬂ'ﬁ+Ei'v®ﬂ+§>2'(ﬂ®ﬂ)
1 1
— Strxdivy — strx|n|?,
2 A= gt Al
(12) 3 1 ~ 1 ~
Vab + Sty = —div B+ CAS =2 A B+ SXA (VEn) + ZX A (n8) .
1

V3K+ter:divé—C-ﬁ+2n-é+—X~V®n—|—

5 X (n@n)

N | =

1 1
— itrxdivn - 5tr&|77|2,

ViB+trxB= VK +"V5 +2wB+2% B+ 3 (nK +* n5)

L WE)-VERAD)

3, e .
5 (%X =" 1% A %)

2
1 3
+7 (Vir xtr x + tr xVir x) + 27Xt X
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Notice that we have obtained a system for the renormalized curvature components
in which the curvature components o and « do not appear

From now on, we will use capital Latin letters A € {1,2} for indices on the
spheres S, ,, and Greek letters o € {1,2,3,4} for indices in the whole spacetime.

2.4. Schematic notation. We define a schematic notation for the Ricci coeffi-
cients according to the estimates that they obey. Introduce the following conven-
tions{H

ve{nn}, vmeftrx,t,w}, vme{trx.xw}.

We will use this schematic notation only in the situations where the exact constant
in front of the term is irrelevant to the argument. We will denote by 9 (or Yy x,
etc.) an arbitrary contraction with respect to the metric v and by Vi an arbitrary
angular covariant derivative. V)7 will be used to denote the sum of all terms
which are products of j factors, such that each factor takes the form V%1 and that
the sum of all i;’s is 4, i.e.,

Vipl= Y VVRy- Vg,

i1+t ti;=1

j factors

We will use brackets to denote terms with one of the components in the brackets.
For instance, the notation (1, 1) denotes the sum of all terms of the form )

or Yy

In this schematic notation, the Ricci coefficients ¢y satisfy

Vayg = K+ Vi + ¢y + gy,

The Ricci coefficients 1y similarly obey

Vayg = K+ Vi + 9y + gy,

The Ricci coefficients i obey either one of the following equations:

Vstp =B+
or

Vap = B+ Yyy.

18Moreover, compared to the renormalization in [19], this system does not contain the terms
trx|%|? and tr x|%|?, which would be uncontrollable in the context of this paper.

Notice that this definition is different form that in [I9], since in the context of the present
paper trx and try verify different bounds compared to [19].
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We also rewrite the Bianchi equations in the following schematic notation:

Vsf+VEK =" Vo= > ¢ud"V2y +oK+ Y 14V,

i1+ia=1 i1+iz=1
Vis +div B =¢us+¢ Y YIVRVEy,
i1+i2+iz=1
ViK+divB=yuK +1 > "V BYy,
(13) i1+i2+iz3=1 - ‘ ‘
Vso+divi B =vpo+id Y P VROVEYR,
i1+i2+iz=1
VsK—divB=vpK +1v Y V2V iyy,
i1+iz+iz3=1
Vif-VE Vo= Y ud'Viegy +yK+ Y ¢1pvig,
i1+i2=1 i1+i2=1
3. NORMS

In this section we define the norms that we will use to control the geometric
quantities. We will in particular use the schematic notation defined in section 241
Our norms will be of the form L2 LI L"(S), where LY and LY are defined with respect
to the measures du and du, respec_tively, and L"(9) is defined for any tensors ¢ on
Su,u by

r

Pl Lr(50.0) = (/S (¢A1A2--»An¢A1A2"'A")5) ,

where the integral is with respect to the volume form induced by 7.
We define the following norms for the Ricci coefficients 1 for p € [1,00], i € N:

(14) Oy 0] := ||V

)

Define the following norms for the Ricci coefficients ¢ for p € [1,00], i € N:
(15) Oip V] = Hf(u)vi,(/)HHLiij’LP(S) :

Similarly, we define the following norms for the Ricci coefficients 1y for p € [1, oo},
1€ N:
(16) Oip [wﬂ] = Hf(“)VWQHLgLW(S) :

As a shorthand, we define the following norm combining all of the norms above:

D0 Onpll+ 3T Oupluml+ >0 Oy [vs].

pe{nn} YuE{trx,x,w} Y e{trx.x.w}
We make two remarks concerning these norms.

Remark 7. While the norms for ¢ 5 and ¢ are based on L? in u and u, respectively,
by virtue of the Weights fw) and f(u), they actually control the L' norms. More
precisely, since [ fz(u,)du <€ and [ 770 ,)du < €2, by the Cauchy-Schwarz
inequality we have

HvinHLlngoLP(S) < CeOip [Yn]
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and ‘
||vl¢£||L}LL§>LP(S) < CeOiyp [Yu] -

Remark 8. The norm O; ,[¢x] (resp. O;,[¢p]) allows us to first take L> along
the u direction (resp. u direction) before the L? norm in u (resp. u) is taken. This
is stronger than the norms such that the order is reversed; i.e., we have

||f(2)vi1/1H||LioLin(S) < CO;p [Va]

and A
||f(u)vz¢£||LfLin(s) < COip Wﬂ] :

In addition to the above norms, we need to define norms for the highest deriva-
tives for the Ricci coefficients. Let

Oz = || f(w) v4trXHL3°L§°L2(S) + |‘f(“)2v4trX|‘L5L§oL2(S)
(17) + Hf(ﬂ)vél(f(aw)HLooLzL%S) + Hf(u)v4(7h U)HLmLsz(S)

+ [ F V(% w HL°°L2L2(S) + | F @)V (. HLooL2L2(S) '

Remark 9. Here, note that for the norms for x, w, 7, n, X, and w, L* in u (or u)
is taken after L? in u (or u). According to Remark [ this is weaker than the O, o
norms defined above.

Remark 10. Notice that the norms for the fourth derivatives of  and 7 come with
a weight f(u) or f(u). This is in contrast to the lower-order derivatives for 1 and
71, which can be estimated in L;°LS° without any degeneration. The degeneration
here arises from the fact that these higher-order derivatives are recovered from the
energy estimates for V3K. These energy estimates for V3K, which are derived
simultaneously with the estimates for the singular components V33 or V33, have
a degeneration either in u or u. N

We also define the curvature norms for the curvature components. For i € N, let
Ri:= Hf@)viﬂHL;oLim(S) + Hf(u)Vi(K, (})HLZOLiLz(S)
+ [ F (W) V'(K, 6>HL3<>L3LZ(S) + Hf(“)viﬁHLgoLgLZ(s) '
As a shorthand, we also let ) B
R:=> R

i<3
Finally, let O;,; and Riy; denote the corresponding norms for the initial data, i.e.,

e Y (1 P L

i<3

(18)

+ I F @V a1z 12,y + !!f(u)VingLng(su,o))
7@V X e pas ) + 1@ V0N s, 0
FIV Xl e () F IV X 225,

+ Hf(E)V‘l ()va)HLiLQ(SO,E) + ||V4 (n,ﬁ) HLiLQ(SO,E)
+ £V (& w) HL%LZ(S%O) +[|V* (n.m) HLng(su,o)
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and

Rini ::Z (Hf(g)viﬂHLiL?(So,g) + ||V1(K, )

i<3

|L2£L2(SD,E)

+ ||V (K, 5)

’Lng(su,o) + Hf(“)viﬁuLgm(su,o)) ‘

In order to prove Theorem 2] we will establish a priori estimates for the geometric
quantities in the above norms:

Theorem 5. Assume that the initial data for the characteristic initial value prob-
lem satisfy the assumptions of Theorem [ with € sufficiently small. Then there
exists B depending only on D and d such that

Zoi,Q + 042 +R<B.
i<3

In the remainder of the paper, we will focus on the proof of Theorem [ (after
constructing initial data sets in the next section). Standard methods show that
Theorem [l implies Theorem Pl We will omit the details and refer the readers to
[5L19] for a proof that the a priori estimates imply the existence theorem.

Remark 11. The assumptions of Theorem [21imply the boundedness of the following
weighted L? norms of the curvature components:

D_NF @V Bl (s, ) + 2 V(5 0)

i<3 i<3

D

IA

‘LiL2(SO&)

and )
D

IN

S 1Bl s, + 019 0 0)

i<3 i<3

’LiLz(Su,o)

for some D depending only on D and d. These estimates for 3, &, and B follow
immediately from the constraint equations on the 2-spheres (see (I0)). The bound
for K follows after integrating the null Bianchi equations for K on each of the initial
null hypersurfaces (see (I2)))2d In particular the assumptions of Theorem 2] imply
that

Oini + Rini < D.

4. CONSTRUCTION OF INITIAL DATA SET

In this section we construct initial data sets satisfying the assumptions of Theo-
rems Pland @ In particular we show that the constraint equations can be solved for
1X(0,u)| ~ (f(w))~2 and |%(u,0)| ~ (f(u))~2. Our approach in this section follows
closely that of Christodoulou in [5, Chapter 2].

Assume for simplicity that Sp o is a standard sphere of radius 1. Tntroducd?] the

standard stereographic coordinates (6%, 6?) such that the standard metric ’c; on the

20Notice that it is precisely for the initial bound for K that we require an extra derivative for
x on Ho (and x on H,) in the assumptions of the theorem. This is related to the intrinsic loss
of derivatives for the characteristic initial value problem for second-order hyperbolic systems (see
21).

21'While we only write down one coordinate chart, it is implicit that we have two stereographic
charts—the north pole chart and the south pole chart. In the following, when we derive the
estimates for the geometric quantities, we only prove the bounds in a sufficiently large ball B, in
each of these charts.
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sphere takes the form
° daB
(1+ 1012)*

Clearly, it suffices to construct initial data on Hy (with 0 < u < u, for u, <e).
The construction on H,, is similar. On Hj, we set 2 = 1 and therefore e4 = a%.
We will construct a metric on Hy in the (u, 6%, 6%) coordinates taking the form

maAB
(1+ L012)*
and detmap =1 and @ |5, ,= 1. In order to ensure that m satisfies detm = 1, we
write

(19) Yap = ®*4ap, where Y45 =

m=-expV,
with ¥ € S, where S denotes the set of all matrices taking the form

(5 2)

We will impose upper and lower bounds on W. Since there are no smooth globally
non-vanishing ¥ € S on the 2-sphere, we use the convention that < denotes that
the quantity is bounded above by a uniform constant, while ~ denotes that the
quantity is bounded above by a uniform constant, and is bounded below at every
(6%, 62) by a constant depending on (6%, 6?) (where the constant is moreover allowed
to vanish at finitely many isolated points). We require ¥ € S to satisfy@

(20)
9\’ 9\’ o
2 < “) =
S l@) v (@) w
|J|<N |T|<N
for some sufficiently large integer N. Following [5], we have
1 0 2 09

21 Xap = =D —4 try = = —.
(21) XaB =5 aQ'YABa rx T ou

S ||~

We can also derive that
2 1, _q\4Cc ,._4\BD O . O
||X||7 = 1 (7 ) (7 ) @VAB@'YCD-
Thus by 20), we have
(22) X1 ~ flw)~
In particular this implies the requirement in Theorem lis satisfied if |, 02* flu)~tdu =

0o. By the equation

— 1 2 o2
£ ptrx =—5(trx)” =[x,

® can be solved from the ODE

2o 1 AC BD 0O 0
2 — 4+ (3! y~1 —AaB =7 d=0.
@) Gag (676 i geien) @ =0
We prescribe tr x on Sy to obey the initial conditions
0P 1
(24) P Is,0=1, 5 [S0.0= Sirx 15005 1.

22Here and in the rest of this section, we use the notation that J = (j1,j2) € (NU{0}) x (NU{0})

is a multi-index and (%)J = (%)j1(822 )72. We moreover denote |J| = j1 + jo.
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Finally, we prescribe ¢ on Sy such that
2
o\’
25 —
(25) ) ( 89) ¢
|J|<N-1 o

We check that these initial data obey all the estimates required by Theorem

< 1.

~

Estimates for Viy and the metric.
To satisfy the upper bounds in Theorem 2], we need to show that

(26) DIV (0,w) S flw)
iI<N

We will show the estimates separately for tr x and x. By (22, (28] holds for x
when ¢ = 0. To derive this bound for tr x, notice that by the ODE (23] for ®, the
initial conditions (24)), and the bound (22) for |¥|?, we have
1
(27) <<l
and
0P
u

® =4, —g [ N2 o, —9
a—_51+/0 F@)d <1+ F () /0 F) 2 dd <1+ € (u)

for e sufficiently small. In the above estimate, we have used fog* f)2du < é.
By (21), we thus have

ler X[l S fu) =2
We now move on to control the angular derivatives of x. By (20,

3 AN
90 ) ou AP

[JI<SN -

Sf?.

Using this bound and commuting the ODE (23] with %, we also have that for up

to N coordinate angular derivatives %,
o\’
(28) > (%) i)
[J|ISN
This implies via ([9) and 20) that the metric v obeys the bounds
9\’ 9\’
) I <1 7 —1\AB
@ X |(5) et X () 0
lJI<N lJI<N

Together with 20) and (2I)), [28)) implies

<l1.

~

<1

o J
(30) > (%> X S flw)?
|JI<N
By (21)), we also have
31 0’ < -2
31) S |(55) x| s s
[JISN
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Finally, we notice that by (29), the angular covariant derivatives of tr x and x can
be controlled by the angular coordinate derivatives of tr xy and . Therefore, (28]

follows from ([B0) and (BI).

Estimates for VK.
To control VK, we simply notice that by (29), we have

> VK] ST
Y
i<N—2

Estimates for V(.
On Hy, since Q =1, n = ¢. Thus combining the transport equation for ¢ in (@]
and the Codazzi equation for § in ([0]), and rewriting in £ (instead of V4), we have

ﬂg@“-ﬁ-trx(:divx—Vtrx.

Recall from (28] that the initial data for ¢ and its angular derivatives are bounded.
Therefore, by the estimates for tr x and ¥ (and their angular derivatives) above,

we have
o\’
() ¢

The bounds for the metric and Christoffel symbols on the sphere imply

> Vel pe s S

J<N—-1

<1

~

>

|J|<N-1

as desired.

Estimates for Vitrx.
Similarly to ¢, tr x obeys a transport equations along the null generators of Hy.
More precisely, ([@) and the Gauss equation in (I0) imply that

ﬁgtrz%—trxtrx: —2K — 2div ¢ + 2|¢)?.

Thus, the previous estimates imply

j<;2 ijtrXHL;cLoc(sM) S 1

Now, combining all the estimates that we have obtained so far, requiring f to
satisfy

u*
fw)™*du = oo
0
and taking IV to sufficiently large, we have thus constructed initial data set on Hy
that obeys the assumptions of Theorems 2l and @l on Hy. As mentioned above,
it is easy to construct initial data set analogously on H, so that the full set of
assumptions of Theorems 2] and Ml are satisfied.
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5. THE PRELIMINARY ESTIMATES

We now turn to the proof Theorem Bl which will form the content of sections
BHRI In this section we derive the necessary preliminary estimates. In section [fl (see
Proposition [[H]), we will prove the bound

Z Oi2 < C(Ohni);

i<3
in section [1 (see Proposition 28]), we will prove
@4,2 < C(Omi)(1 +R);
and in section [8 (see Proposition [32]), we will derive the estimate
R < C(Ohni, Rini)-

Combining these estimates then implies the conclusion of Theorem [l
We now begin with the preliminary estimates. All estimates in this section will
be proved under the bootstrap assumption

(A1) Z Oi,oo + Z Oia+ Z Oi2 < Ay,

i<1 i<2 i<3

where A; is a constant that will be chosen later.

5.1. Estimates for metric components. We first show that we can control 2
under the bootstrap assumption (ATl):

Proposition 1. There exists €y = €g(A1) such that for every e < e,

<Q

| =
IN
Do

Moreover, S is continuous up to u = u, and u = u,.

Proof. Consider the equation

(32) w= —%V4 logQ = %QV4Q_1 = Qb

10
2 0u
Fix u. Notice that both w and € are scalars and therefore the L° norm is inde-
pendent of the metric. We can integrate equation (32)) using the fact that Q=1 =1
on H, to obtain

197 = 1| e s )

<c / 0l e s, ) 0 < C @7 o 1 @l g e s) < Cacs

This implies both the upper and lower bounds for 2 for sufficiently small e. To
show continuity, take a sequence of points (uy,u,,, 0%, 02) such u, — Uoo, U,, — U,

=N’ n’'n
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6l — 0%, and 02 — 62.. Then
0" (1 2) 0 (a0 02

m»’nrvn

S |(2 (unaunva'}mei) Q ! (un7un7071n793n)|

Q7 (uns Uy, O O7,) — Q7 (s Uy, 00 67, |
+|97 (un? m79m5031) 971 (uma m?a'yln7072n)|

<C HVlOgQ”Lw(Sun&n) diStSun,E” (97“ Om) +2

U
!
L el s,

n

+2

Since by the bootstrap assumption (), VlogQ = 1 (n+n) is uniformly bounded,
l[wl] Lo (5., W) is uniformly integrable in u for all w, and llw|[Le=(s, ) is uniformly
mtegrable in w for all u, the right-hand side can be made arb1trar11y small by
taking n,m > N for N suﬁi(nently large. The conclusion thus follows. |

We then show that we can control v under the bootstrap assumption (AT):

Proposition 2. There exists eg = €g(Ay) such that for e < e, in the (u,u, ', 6?%)
coordinate system, we have

c<dety<C, |yaBl,

(vfl)AB‘ <C,
where the constants depend only on d and D. Moreover, v remains continuous up
tou=u, and u = u,.
Proof. We first prove the bound for 7 on the initial hypersurface H,. Using
L1y =2Qx,

we ge

2 =20 2 log(det vy) = Qtr

u JAB = 2 X By osldety) = 2irx
on H,. We therefore have

det y(u,0) v

— i< t "0)du’ | < C(D).
| <Con ([ exl w0} <c)

This implies that the det~y is bounded above and below. Let A be the larger
eigenvalue of 7. Clearly,

(33)

2 9 2
(1) A<C s pasl. | <O e s,y

P ‘KAB
B=1, AB=12

Then
[vaB(u,0) — (v)a5(0,0)]

(35) <C (Sup A) (/ flu HXHQLN(SM/,U) du’)% < 0(D) (usfugli A) ‘

Using the first upper bound in ([34)), we thus obtain the upper bound for |yp| after
choosing € to be sufficiently small. The upper bound for |(y~1)42| follows from the
upper bound for |y4p| and the lower bound for det .

23Note that b4 = 0 on H,.
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Now, in order to obtain the bounds for y4p in the spacetime, we argue similarly
but use the propagation equation in the w direction and compare ~y(u,u) with
~(u,0). Here, we use bootstrap assumption ([AJl) instead of the assumptions on the
initial data. More precisely, we have

ou

0 0
(36) +—vaB = 20X4aB, 90 log(dety) = Qtr x.

We then derive as above that

det y(u, u
ﬁiujd < Cexp(CAre), |vap(u,u) —vap(u,0)| < C :uSILA Ave,
u'<u

where A is the larger eigenvalue for y4p. As before, we thus obtain the upper
bounds for |yap| and |(y~1)4Z|. Finally, the continuity of v up to the boundary
follows as in the proof of continuity for  in Proposition [l O

With the estimates on +, it follows that the LP norms defined with respect to
the metric and the LP norms defined with respect to the coordinate system are
equivalent.

Proposition 3. Given a covariant tensor ¢a,...a, on Sy, we have
|owon e 3 [[1oaal Vi,
u A

=12
We can also bound b under the bootstrap assumption, thus controlling the full
spacetime metric:

u

Proposition 4. In the coordinate system (u,u,6,6?),
04| < CAe.
Moreover, b? is continuous up to u = u, and u = u,.

Proof. b satisfies the equation

ot
37 = 4034
(31) - ¢
This can be derived from
ot 0
L L= ——.
Now, integrating ([B7) and using Proposition Bl gives the bound on b. Continuity of
b up to the boundary follows as in the proof of Proposition [l |

5.2. Estimates for transport equations. In this subsection, we prove general
propositions for obtaining bounds from the covariant null transport equations. Such
estimates require the integrability of try and try, which is consistent with our
bootstrap assumption ([AT]). This will be used in the following sections to derive
some estimates for the Ricci coefficients and the null curvature components from
the null structure equations and the null Bianchi equations, respectively. Below, we
state two propositions which provide LP estimates for general quantities satisfying
transport equations either in the es or e4 direction.
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Proposition 5. There exists ¢ = €o(A1) such that for all ¢ < eg and for every
2 < p < oo, we have

6l < CULr(5,0 + | 1980ll5(5, 1",

¢llr5.01 < CUIOlIr (5,0 + [ 19a0llr(5,0,00")
for any tensor ¢ tangential to the spheres Sy u.

Proof. The following identit holds for any scalar f:

au/ / ) +trxf).

u u

81, i, stetnsesn

Hence, taking f = [¢[?, we have

Similarly, we have

(39)
o _ 1
6085, = WlEncs, o+ [ [ pior=20((@.9u0), + Tueniol )

“ _ 1
6085, = Wlncs, o+ [ [ w020 (10920, + Turxlol? )

The bootstrap assumption ([AT)) implies that try and tr y are integrable (and in fact
it also implies that |[tr |11 Lo Lo (s) and |[tr XHL}LLEOLOO_(S) are small after choosing
€ to be small depending on Ay). Thus the proposition can be proved by using
Holder’s inequality and Gronwall’s inequality, together with the bound for 2 given
in Proposition [ O

We also have the following bounds for the p = 0o case by integrating along the
integral curves of e3 and ey:

Proposition 6. There exists g = eg(A1) such that for all € < ¢y, we have

1ll=(8,0) < C (||¢|Lm(su,u,) +f ||v4¢||m<su,u,,>dg") ,

u
follcs. <€ (Iellzmis, + [ 1980llmis,0 ")
u/

for any tensor ¢ tangential to the spheres Sy u.

Proof. This follows simply from integrating along the integral curves of L and L,
and the estimate on Q in Proposition [ |

24Here, % on the left-hand side is to be understood as the coordinate vector field in the

(u, u)-plane. Similarly for % below.
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5.3. Sobolev embedding. Using the estimates for the metric v in Proposition 2]
we have the following Sobolev embedding theorem:

Proposition 7. There exists g = eg(A1) such that as long as € < €y, we have

1
16]124(500) < C D _IV'Ollz2(s, )

i=0
and
Moo (S0.0) < C (10llL2s, ) + VOl L2(5, 0))

for any tensor ¢ tangential to the spheres S, . Combining the above estimates, we
also have

2
[l Lo (5,..) < CZ V'@l L2(5...)-
i=0
Proof. By B3 in the proof of Proposition 2l |yap(u,u) — v45(0,0)| can be made
arbitrarily small by choosing € to be small. Therefore, the isoperimetric constant
I(Su) = sup min{Are'a(U), Area(U®)}
= U Perimeter(9U)

on every sphere S, , is controlled®] up to a constant factor by the corresponding
isoperimetric constant on Spg. Once the isoperimetric constants are uniformly
controlled, the Sobolev embedding theorem follows from [5] Lemmas 5.1 and 5.2]
and the fact that the volume of S, 4, is bounded uniformly above and below. [

5.4. Commutation formulae. We have the following formula from [0, Lemma
7.3.3]:

Proposition 8. The commutator [V4, V] acting on a rank r tensor ¢ tangential
to the spheres Sy, . s given by

Va4, VBloa,...a,
= (Vplog)Vida,..a, — (v ) PxBDVcda, . a,

+3 () Pxan, — ()P xeon, + £ a7 BE)a, e,
=1

Similarly, the commutator [Vs, V| is given by
(V3,VB|oa,..a,
= (VB logQ)Vsda,...a, — (7_1)CDXBDVC¢A1“-AT

i
+ 2 (P x 50 = (7P XA = £ 4T B0 u, dicna,
=1

Recall the schematic notation

¢ € {naﬁ}ﬂ wH € {tI‘X,)A(,CU}, ’l/}ﬂ € {trX7X,&}~

By induction and the schematic Codazzi equations

B=Vx+ivx=Vig +¢vu,  [=Vx+uvx=Vu+im,

25This argument is standard. We refer the readers for instance to [5, Lemma 5.4].
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we get the following schematic formula for repeated commutations (see [19]):

Proposition 9. Suppose Vy¢p = Fy for some tensors ¢ and Fy. Let F; be the
tensor defined by V4V'i¢p = F;. Then

Fim > VRRVER 4+ > VARV EpVEe,
i1+i2+13=1 i1+i2+i3+ia=1

Similarly, suppose Vsp = Gqo for some tensors ¢ and Gy. Let G; be the tensor
defined by V3Vi¢ = G;. Then
Gi~ Y. VURVBGo+ Y VR VRys Ve,
i1+i2+iz3=1 i1+ia+i3+ig=1
5.5. General elliptic estimates for Hodge systems. We recall the definition
of the divergence and curl of a symmetric covariant tensor of rank r 4 1:
(divo)a,..a, = VPopa, .,

(curl$)a,..a, = ¢ "“Viooa, ..a,,
where ¢ is the volume form associated to the metric v. Recall also that the trace
is defined to be
(tré)asa, . = (") poaya, .-
The following elliptic estimate is standard (see, for example, [0, Lemmas 2.2.2,
2.2.3] or [5, Lemmas 7.1, 7.2, 7.3]):
Proposition 10. Let ¢ be a symmetric r covariant tensor on a 2-sphere (S?,7)
satisfying
dive = f, curlgp = g, tr¢ = h.
Suppose also that
Z Hle”L?(S) < 0.
i<2
Then for i < 4, there exists a constant Cg depending only on Y, 5 ||V K||12(s)
such that
i—1
IVllL2csy < Cr [ DIV fllzzcs) + 1V gll2cs) + IV Bl L2(s) + VI8l L2(s))
§j=0
For the special case that ¢ is a symmetric traceless 2-tensor, we only need to
know its divergence:

Proposition 11. Suppose ¢ is a symmetric traceless 2-tensor satisfying
diveg = f.
Suppose moreover that

Z HViKHLz(S) < 0.
i<2

Then for i < 4, there exists a constant Cg depending only on >, -, [IVIK||L2(s)

such that
i—1

IVillaesy < Cr | D _(IV/ fllzas) + [V @l Lacs))

j=0
Proof. This follows from Proposition [[0] and the fact that
curl¢p =" f. |
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6. ESTIMATES FOR THE RICCI COEFFICIENTS VIA TRANSPORT EQUATIONS

In this section we prove L? estimates for the Ricci coefficients and their first,
second, and third derivatives. We will assume bounds for R and @472 and show
that for €y chosen to be sufficiently small, >, . O; 2 is likewise bounded. In order
to achieve this, we continue to work under the bootstrap assumption (A1) and will
show that the constant in (AJl) can in fact be improved (see Proposition [I5]).

Recall that we will use the following notation: ¥ € {n,n}, ¥ € {trx, X,w}, and

,(/)H € {tI'X, )A(,(U}
We first show bounds for .

Proposition 12. Assume

R < 0.

Then there exists ¢ = €o(A1, R) such that whenever € < ey,

Z 0, 2[Y] < C(Omi),

i<3

i.e., the bounds depends only on the initial data norm Oii. In particular C(Oiy;)
is independent of Ay.

Proof. We first estimate n; the estimates for n are similar after we replace u with
u and 3 with 4. Using the null structure equations, we have a schematic equation
of the type

Van =B+ Y.

We also commute the null structure equations with angular derivatives to get

(39)  VaVip= > VRRVER4 )Y VIgRVRVHEg,.

i1+i2+i3=1 i1+i2+i3+i4=1

By Proposition [ in order to estimate \|Vin|\LfoLz(s), it suffices to estimate
the initial data and the || - ||z 1 12(s) norm of the right-hand side (3J). Using
the bootstrap assumption, we will show that the right-hand side is bounded in a
weighted L2 norm. This in turn implies via an application of the Cauchy—Schwarz
inequality that the L} norm is also bounded. We now turn to the details.

We first estimate the curvature term

> VhgvEs.

i1+i2+i3<3

For the terms such that at most 1 derivative falling on %, the bootstrap assumption
(A1) allows us to control Y7, 1 [|[V*|| poe poo oo (5) by A1. We then need to control

Yics VB in LyPLy L*(S). By the Cauchy-Schwarz inequality, since the L7 norm
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of f(u)~! is smaller than €, we can bound this by Y, , V'3 in the weighted L2
norms. More precisely, we have -

§ ’ v“uﬂfvhﬂ
11<1,i2<3,13<3 L LLL(S)

<C Z Hvile%szoLoo(S) Z £ (@)V*Bl|Lee 1 L2 (s)

11<1,i2<3 i3<3

<cl X IV NP o o)

i1<1,i2<3

X ZHf(@)VigﬁHLgoLiL?(S) 1f (@)™ Leez2 ()

i5<3

< Ce(1+ A;)°R.

For the term where exactly two derivatives fall on ¢ (notice that this is the highest
number of derivatives that can fall on ), we control V¢ in L°Li*L*(S) by Ay

(using (Ad)). Thus we are left with 3 in LS°LLL>(S). By Sobolev embedding
(Proposition [7), this can be bounded by >". 4 ||v_i6||L§°L}LL2(S)a which in turn can
be controlled by R after applying the Cauchglfschwarz inequality as in Q). More
precisely,

V298 lLeerrr2(s)
< CIVPllre 2|18l LeeLr L(s)

( < CIV2Y| oo Lo 2(s) Z IV*Bl| e £y L2(5)
i<2

< CIV¥llizrzrocs) | DNF@V Bl rarcs) | 1@ e rar=s)

i<2

S C€A1R.

Combining ({0 and 1], we have

> vigrveg < Ce(14 A)PR.

i1+7;2+i3§3 Lol LQ(S)
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We then estimate the second term in ([B9). We separate the terms where more
derivatives fall on ¥y and those where more derivatives fall on 1):

(42)

Y. VERVERViEyy

i1+i2+i3+i4<3 L L112(S)

<C > ||vi1w”iL23°LfL°C(S) S VS erllLeryas)

11<1,1<i<4 i3<3

+ O+ Wl ez r=@)| DNV Cllizererzs || D IV ¢r L1y L)

11<3 i2<1

<CAL (1420 | D IV%allnerires) + DIV Ly Le(s)

i<3 i<1

< CAL(L+ A1) F (W) | Lz (s)

< A DN @V Yrllierarzs + N @V nlle sz L s)

1<3 i<1
<CAY(1+Ay)3e
Hence, by Proposition [B, we have
D IV lliz e 2(s) < C(Omi) + Ce(AT(1+ A1)* + R(1L+ A1)?) < C(Ou),
i<3
after choosing € to be sufficiently small. Similarly, we consider the equation for
ngiﬂ to get
S IV lLe e r2s) < C(Ona)- 0
i<3

We now move to the terms that we denote by ¢y, ie., trx, X, and w. All of
them obey a V4 equation. Unlike the previous estimates for 1), the initial data for
the quantities ¢y are not in L°. We will therefore prove only a bound for ¥y in
the weighted norm || f(u) - |[12 Lo 1o (5)-

Proposition 13. Assume
R < o0, @472 < 0.
Then there exists ¢ = €o(A1, R, (5472) such that whenever € < ¢,
> Oialtn] < C(Onm).
i<3
In particular as before, this estimate is independent of A.

Proof. According to the definition of the O; » norm, we need to control the weighted
LZLZ"L2 (S) norm of ¢g. Using the null structure equations, for each g €
{tr x, X, w}, we have an equation of the type

Vg = K+ Vn+ 9 +vuiy.
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We also use the null structure equations commuted with angular derivatives:

V4vi’¢£ _ Z Vit wiz vis (K + vﬂ) + Z Vit wi2 vis wvizx,(/)
41+i2+iz=i i1+i2+i3+ig=1
FY VRV Vi,

i1+i2+i3+ia=1

We estimate the curvature term using the curvature norm. Recall that the curvature
norm for K along the H, is weighted with f(u). Using the Sobolev embedding
theorem in Proposition [, we have

§ Viiz i
i1+i2+i3§3 LLLQ(S)

<Cf™ [ Y IV s | | Do IF @) VEKlLzracs)

(43) 1<1,i2<3 i5<3
+Cf(u)~Y|V? (WK||r2r4(s)

<o [ X IVl s | | 1000V Klligece

11<3,12<3 13<3

< Cerf(u) " (1+A1)°R

The term linear in V47 can be estimated analogously but using the (54’2 norms
instead of the R norms:

Z Vilwi2vi3+17]
i1+in+i3<3 LiL2()
(44)

| S SV bz sy | +CetF) @)V Iz o)

11<31i2<4

<Ce(l+ A7)+ Ce%f(u)_1(5472.

We now move to control the terms that are nonlinear in the Ricci coefficients. First,
we estimate the terms without ¥z or ¥g:

Z Vilwi2vi3wvi4w
i1-Fintis+ia<3 L1L2(S)
(45)
< Ce Z HV“Q/)I\LxLoo(S) Z IV | Lo r2(s)

11<1,i2<4 13<3

< Ce(l1+Ay)°.
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We then control the term with both 9 g and ¥ g:
(46)

Y. VERVEY Vi

i1+i2+i3+14<3 LLL2(S)

<c| Y ||Vi1¢||22§Loo(s) S OIVESalle sy | | DIV 0nllL1r2s)

11<1,i2<3 i3<1 14<3

+o Y ||Vi1¢”if;omc(5) @ DoV ballLy s

i1<1,i2<3 i5<3 - is<1

+ ClIV e r2(s)1¥m Lge e (o) [[Vm ||y Lo (5)

§ C ( Z |\V“¢||LooLoo(s ) (Z |vi3w£||LEL°°(S))

i1<1,i2<3 i5<1

<[> ||f(ﬂ)vi47/}H||LiL2(S)) 1w~ ez

i4<3

+C Z ||Vi1¢||%‘ioLoo(5)> (Z |Vi31/1§||L;°L2(S)>

11<1,i2<3 i3<3

<[ ||f(ﬂ)vi47/}H||LiL°°(S)) |1 ()™ ]2

ia<1

+ OV Lge 2(s) 1% | Lo Low () | f () ()~

< Ce(1+ Ay) Z I1f(w) V"™ Z ||Vi2¢£||L;°L2(S)

11<3 i2<3

< CeA(14A)3 ZHV VHllLer2(s)

<3

Therefore, by the bounds @3], (@), (45), and ([@g]), we have that for every fixed u,

SVl g a(s)

i<3
<C (leviwgllm(sm) +Ce? f(u) (R + Oa2) + Ce(1+ Ay)°

i<3

1<3

+ CeAq(1+ Ay) (ZIIV wHIILmLz(S))
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We now multiply this inequality by f(u) and take the L? norm in u to get
S NF @)V rllrz Lo r2(s)
i<3
< C(Oumi) + O || f(u)(f() |2z (R + Oa2) + Ce(l+ Ar)°

+CeA(144y)° Z 1f (@) Viml L2 Lo 2 (s)
i<3

< C(Ohni),
for e sufficiently small. |

Using instead the equation for V31, we obtain the following estimates in a
completely analogous manner:

Proposition 14. Assume
R < o0, @472 < 0.

Then there exists eg = €9(A1, R, (7)4,2) such that whenever ¢ < ¢,

S Oialtn] < C(Ow).

i<3
In particular this estimate is independent of A.

By the Sobolev embedding theorems given by Proposition [l we have thus closed
our bootstrap assumption (AJ)) after choosing A; to be sufficiently large depending
on the initial data norm O;,;. We have therefore proved the desired estimates for the
Ricci coefficients and their first three angular covariant derivatives. We summarize
this in the following proposition.

Proposition 15. Assume
R < o0, (54’2 < 00.

Then there exists ¢g = €o(Oini, R, @472) such that whenever € < €,

Z Oi,z[wa wﬂ, ¢H] < C(Oini)~

i<3
7. ELLIPTIC ESTIMATES FOR FOURTH DERIVATIVES OF THE RICCI COEFFICIENTS

We now estimate the fourth derivative of the Ricci coefficients. We introduce
the following bootstrap assumption:

(A2) Ou2 < Ay,

where Ay is a constant to be chosen later.

The estimates for the fourth derivative of the Ricci coefficients cannot be achieved
only by the transport equations since there would be a loss in derivatives. We can
however use the transport equation—the Hodge system type estimates as in [5l[15]
16]. We will first derive estimates for some chosen combination of V* (v, ¢y, ) +
V3(B, K, 5, 3) by using transport equations. We will then show that the estimates
for all the fourth derivatives of the Ricci coefficients can be proved via elliptic
estimates.
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In order to apply the elliptic estimates in section [5.5] we need to first control the
Gauss curvature and its first and second derivatives in L%(S).

Proposition 16. Assume
R < 0.

Then there exists € = €o(A2, R) such that whenever € < ¢,

Z IV K| Lz Lo £2(5) < C(Otmi)-

i<2
Proof. K obeys the following Bianchi equation:

ViK =VB+yuK+ > " VRpVisgy.
i1+i2+i3<1

Commuting with angular derivatives, we have, for i < 2,

ViV'K
— Z vil wi2vi3+1ﬂ 4 Z v111/)12v23va24K
i1+io+i3<2 i1+i2+i3+i4<2
+ Y VR VRY VY,

i1+io+iz+ia <3

By Proposition [, in order to control V'K in L°Ly®L*(S), we need to bound the
right hand side in L;’L"LLLQ(S). We first control the term containing 3:

Z vil wiQViS'HB

i1+i2+i3S2 LzoLllLQ(S)

<cl > IVl o sy | 11 (@) 22 > @V Bl 12 12(s)

11<1,i2<2 13<2
S C(Oini)ERa

where we have used the estimates for ¢ given by Proposition The term con-
taining K can be controlled by

Z Vit wiQ vis wHV“K

i1+’i2+i3+i4§2 L,ZOL;LQ(S)

u

é C Z HvuwH?’[iD‘OLfLm(S) A Z ||vi31l)Hvi4K||L3°L2(Su,E/) dg/

11<1,i2<2 i3+i4<2

<COw) [ | X IV enV Kllizros, 0 | do
i .

i1+ <2

< C(Oini)/i > IV YrllLee (s, ) > V2 K| r2(s, ) | du'-

i1<2 i2<2
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The remaining term has been bounded in the previous section. By (#2]) and Propo-

sition [IH],

S UnVRTy < C(Om)e.
i1+in+i3<2 L Ly L2(S)

Therefore, by Proposition [B]

S IVIK||per2s, ) < C(Om) 1+6+e7€+/7 S IV allreras, )

i<2 0 \i<2
x| Y IVEK|lLzras, ) | d
i2<2

Gronwall’s inequality implies

Z ||viKHL;°L2(Su&) < C(Ohni) exp Z ||vi1/)H||LiL3CL2(S) < C(Ohni)

i<2 i<2
since by Proposition[I3] >, HV%/JHH%LEOB(S) < C(Oy;) for e sufficiently small.
- - O

It is easy to see that since & satisfies a similar schematic Bianchi equation as K,
we also have the following estimates for & and its derivative.

Proposition 17. Assume

R < 0.

Then there exists eg = €9(Aa, R) such that whenever € < eq,

Z IVl oo e £2(5) < C(Omi)-

i<2

Using Proposition [[6, we now control the fourth derivatives of the Ricci coeffi-
cients. We first bound V*tr y using the transport equation.

Proposition 18. There exists € = €9(Oni, Az2) such that whenever € < €,
£ (@)V*r x| 23 Lo £2(5) < C(Otmi)-

Proof. Consider the following equation:

Vatrx = Yuin,
After commuting with angular derivatives, we have
VaVitry = > VR VSYs Vi

i1+i2+iz+ig=4

By Proposition [ in order to control V4trx in L2(Su’ﬁ), we need to bound the
right-hand side in LLL2(S). Using the fact that f(u) is decreasing, this can be
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achieved using Sobolev embedding (Proposition [7) by

Z / ||vi17,/}i2vi3¢Hvi4¢H||L2(S%l,)dg/

i1+i2+iz+ig <4

<Cfw D)) IVl e 125 @ V=u |y 2 s)

i1<3 <4 i5<2

Z ||f(ﬂ)vi41/)H||LiL2(S)

ig<4
< Cf(u)2As.
By Proposition B we have
(47) IV*tr x|l 2(s,.0) < C(Ommi) + C(Ommi) f(w) "*As.

Multiplying @) by f(u) and taking first the L> norm in u and then the L? norm
in u, we have

||f(ﬁ)v4trX||LiL,‘;°L2(S) <C(Omi) + C(Oini)||f(ﬂ)71||LiA2 < O(Ohni) + Cels,
where we have used

1/ (@)~ ]zz2 < Ce.

Thus, the conclusion follows by choosing e to be sufficiently small depending on
As. O

Once we have the estimates for V4tr y, we can control V4y¥ using elliptic esti-
mates:

Proposition 19. Assume
R < 0.

Then there exists e = €9(Oni, A2, R) such that whenever e < €,
1f (@) VR e L2 22(s) < C(Oimi) + CR.

Proof. We now use the Codazzi equation

1
divy = §Vtrx—ﬂ+¢1/1H

and apply elliptic estimates from Proposition [I1] to get

IV XdIz2(s) <C | DIV xllzzes) + D IV BllL2s)
i<4 i<3
(48)

+ > VRV Ypllas) + IV XIz2s)

i1+i2<3 1<3

Notice that we can apply elliptic estimates using Proposition [[1] since we have the
estimates for the Gauss curvature from Proposition Multiply @8) by f(u) and
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take the LS°L2 norm to get

1F (@) VX Lee 22 22(s)

<C Z ||f(ﬂ)vitrXHL,‘;°LiL2(S) + Z Hf(ﬂ)viﬂHLﬁoLiH(S)

i<4 i<3

+ Z |\f(u)vilibvi“/)m|L,3<>LiL2(S)+Z\|f(ﬂ)vi>2||Lch;L2(5)

i1+12<3 1<3

<C(Om) +CR+C > |If WV PV Yn L 1212(5)-

i1+12<3
By Proposition [[5l and Sobolev embedding theorem in Proposition [1] we have
> @V V2 Pu || L 2 12s)

i14+12<3
<O Y IV llngerzeras) | | 2 1F @V ballierzraes) | < C(Om).
<3 <3

Therefore,
1f (@) VR e L2 2(s) < C(Ommi) + CR. O
The @4,2 estimates for V4tr X and V4X follow identically as that for V4tr y and
Vi
Proposition 20. Assume

R < 0.

Then there exists ey = €9(Oni, A2, R) such that whenever e < €,
||f(U)V4tTX||L;cL3L2(S) < C(Ohni)
and

|\f(U)V4X|\L;L3L2(S) < C(Oui) + CR.

We then prove estimates for V4. To do so, we first prove estimates for third
derivatives of i = —divn+ K and recover the control for V47 via elliptic estimates.

Proposition 21. Assume
R < 0.

Then there exists ey = €9(Oini, A2, R) such that whenever e < €,
1 @)V llLe L2 22(s) < C(Oini) (€2 +R)
and
1 f @)Vl g L2 L2(5) < C(Oini) (e + R).

Proof. Recall that
w=—divn + K.
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Then p satisfies the following equation
Vap=vu(K,6)+ Y VRV EYy.
i1+io+iz=1
After commuting with angular derivatives, we get
R SR P SR
i1+i2+i3+i4=3 i1+i2+i3+ig=4

We now control each of the terms on the right-hand side in L;,L*(S). The first
term, which contains curvature components, can be estimated by

> / 996529 T 8 ) 125,
i1+i2+iz+ia=3
< Cf(u) U DIV e | | D2 I @V 0l acs)

i1<3i2<3 i3<3

X ZHf VM KU)HL2L2
14<3

< C(Omi) f(u) flw) ™

using the bounds obtained in Proposition The second term can be controlled
using Sobolev embedding in Proposition [1 by

Z / HV“WZ‘V”?/JV“?/JHHB(S o

i1+ia+iz+ia=4

< Cf) D IVl g | | 2 @Vl ras)

11<4112<5 i3<4

< | STz 1205

i4<4
< C(Ogi) f(u) ™ fw) " (1 + Ag)?
using the estimates in Proposition Therefore, by Proposition [, we have

(49) V20l L2 (s, ) SC(Omi)(1+ f(u) T f(w)THR + (1+ A2)?)).

Recall that the Li norm of f(u)~! is bounded by e. Thus, multiplying ([@9) by f(u)
and taking the L? norm in u, we get

1F W)V pllr2 z2(s) < C(Omi)(€2 +e(R+ (14 Ag)?)) < C(Ouyi)e>
for € sufficiently small. Similarly, multiplying @J) by f(u) and taking the L? norm

in u, we get
1

||f( )V :U’HL2L2(S) < C(Oml) 2,

261t is important to note that the potentially harmful term Yy is absent in this equation.
This required structure is the reason that we perform this renormalization instead of using pu =
—divn —p+ %)2 - X as in [I8[19].
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We can obtain bounds for V47 from the control of V3 using elliptic estimates as
follows. By the div-curl systems
divnp=—p+ K, curln = g,
and the elliptic estimates given by Propositions [I0] and [I6] we have

IVl L2gs) < C | Y IV ullrags) + D IVIE, 6)lags) + > 1V 0l L2(s)
i<3 <3 <3

Therefore,

\|f(“)v477\|LiL2(5)

< O Y@V ull iz rzcs)+ I (@) VU )1z 1205+ DI (@) Vil 2 120s)

i<3 i<3 i<3
< C(Omi)(€2 +R).
Similarly,
1f (@) V|12 r2(s) < C(Omi)(e? +R). 0
A similar proof shows that the conclusion of Proposition 2] holds also for V?’ﬁ:

Proposition 22. Assume
R < 0.

Then there exists ey = €9(Oini, A2, R) such that whenever € < €,
||f(u)v4ﬂ”L3°LiL2(S) < C(Owmi)(€? +R)
and
1f @)Vl L L2 22(5) < C(Omi) (€2 + R).
We now move to the estimates for V4w:

Proposition 23. Assume
R < 0.

Then there exists €g = €o(Oini, A2, R) such that whenever € < €,

|1f () V] LeL2L2(s) < C(Omi)(1+R).

Proof. Let w! be defined as the solution to

V4QT = -0

N | =

with zero data on H, and
1
k= —Vw+* V'l — 5@

By the definition of w', it is easy to see that using Proposition []
Y Vw2 e 12(5) < CeR < C(Ori).-

i<3
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In other words, Viw! satisfies much better estimated?] than V’i/)i for i < 3. With
this in mind, in the proof of this proposition, we will also use ¥z to denote w' (in
addition to try, X, and w).

With this convention, x then obeys the schematic equation

Vi =P(K,6)+ Y ¢iVERGVEY 4+ Y VR Vg
i1 +iatig=1 d14iz+ig=1
After commuting with angular derivatives, we get
VaVie= > VERVBYVH(K6)+ Y VIRVEYVY
i1+ia+i3+i4=3 i1+ig+iz+ig=4
+ > VR VRYy Vi
i1+i2+iz+ig=4
Therefore,
V25l 2(80.) < CIIV3El L2(8,.6)+Cl Z VARV YV (K, 5) |11 12 (s)
i1+i2+iz+i4=3
+Cl > VR VRYVEY|| L as)
intiotist+ig=4 -
+C| > VARV YV L1 L2 (s)-
i1+i2+iz+ia=4
Multiplying by f(u) and taking the L? norm in u, we get
Hf(u)VSEHLﬁL2(S)
< ONf(WVPEllLara(s,0) + Cllf () > VIRVSYV(K, 5)| 12 01 12(s)
i1+i2+i3+i4=3
+Clf(w) Y VYRRV pas)
i1+i2+iz+ig=4
+ Ol f(u) Z VARV Pm L2 L1 12(s)-
i1+io+iz+ig=4

The first term is an initial data term and it is bounded by a constant depending
only on Oj,;. We estimate each of the nonlinear terms. The second term can be
controlled by

1f(w) Y VRRVERVH(K,6)|| L2 11 12(s)
i1+i2+i3+i4=3

<O 3 IVl E ey | | D0 1P @)V (K6 |2 racs)

11<31i2<4 13<3

S C(Oini)ER.

2TWe recall that for g we only have the degenerate estimate

> f @) Vigw| L2 Leo2(5) < C(Omi)-
i<3 -
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The third term can be bounded by

1f(w) Y VRRVEEVEY[ L2 1 s)

i1+i2+iz3+ig=4

Z Z HV“W%&OD;CL%S) Z ||Vi31/)”L;°L3°L2(S)

11 <312<4 13<3

X ZHf(u)vuwHLffLiL?(S)

ia<4

S C(Oini)€A2.
The fourth term can be estimated by
If(w) Y VRRVEeRV |l es)

i1+i2+iz+ig=4

1 .
<Cer (D) ||vhw”L°°L°°L2(S) S VSl e ras)

11<31i2<4 i3<3

Z | f (W) V*r Lo L2 L2(5)

i4<4

+ | f(u 1||L;||f(ﬁ)v4¢H\|L§L§L2(s)|\f(UWﬂHLﬁL;Lw(S)
< C(Omi)e(l + Ay).

Therefore,
(50) ||f(U)V3ﬁ||L3L;cL2(S) < C(Omi)(1+e(l+ A3+ R)) < C(Ohi),

after choosing € to be sufficiently small. Finally, we retrieve the estimates for V4w
and V4w’ from the bounds for V3k. To this end, consider the div-curl system

1
divVw = —divk — idiv B,
curl Vw = 0,
. + 1
divVw'! = —curlk — 5cur1§,

curl Vw' = 0.
By elliptic estimates given by Propositions [[0] and [I6, we have

|V*(w, w")||L2(s

)
<C D IVEla(s,0 + 2 IV Bll2(s, ) + D IV (@, whll2s
i<3 i<3 i<3
Therefore, using Proposition [[2] (50), and the curvature norm,

1 (@) VH(w, W)L 22 22(5) < C(Omi) (1 + R). O
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By switching w and w as well as e3 and e4, we also have the following estimates
for V4w:

Proposition 24. Assume
R < 0.

Then there exists ey = €9(Oini, A2, R) such that whenever e < €,

1f (@) V0l L £z 2(5) < C(Omi) (1 +R).

We have thus controlled the fourth angular derivatives of all Ricci coefficients
and have closed the bootstrap assumption ([A2)) after choosing Az to be sufficiently
large depending on Oiy; and R. We summarize this in the following proposition:

Proposition 25. Assume
R < 0.

There ezists g = €9(Omi, R) such that whenever € < ¢y,

O42 < C(Oi)(1+ R).

8. ESTIMATES FOR CURVATURE

In this section, we derive and prove the energy estimates. To this end, we
introduce the following bootstrap assumptions:

(A3) R < As,

where Ajg is a constant to be chosen later.
In order to derive the energy estimates, we need the following integration by
parts formula, which can be proved by direct computation:

Proposition 26. Let D, , be defined as the spacetime region whose coordinates
(u',2) satisfy 0 < v/ < w and 0 < o' < u. Suppose ¢ and ¢ are tensors of rank
r, then

/Du,& ¢1V4<Z52-|-/D%H P2Vady = /ﬂ o) ¢1¢2—/ﬂ o ¢1¢2+/D (2w—tr x)p12,

w,u

| Vit / Vs = Lot it | Oumtrgass

w,u

Proposition 27. Suppose we have a tensor V¢ of rank v and a tensor P¢ of
rank r — 1. Then

/ pArdadrg, g, +/ VA Mg 4 @) ghAn
Dayu

U,

= —/ (n+m) Moo,
Du,u

With these we are now ready to derive energy estimates for V(K, &) in L?(H,)
and for V'3 in L?(H,). The most important observation is that the two uncon-
trollable terms have favorable signs. This in turn is due to the choice of f(u) which
is decreasing toward the future.
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Proposition 28. The following L? estimates for the curvature hold:

Z(Hf(u)V’(K, 6)”%71:@2(5) + ||f(u)vié||%fLiL2(S))

i<3

< (If (w) VK, (T)HQL;L’Z(SO,E) (VB2 25, o))

i<3
+ [ r@? [ Yo vi,s) Yo VERVEViyy

i<3 i1 +ia+iz+ig<4 LLLLL1(S)
+rw? | S ViK,s) Y VIRVEYEVH(K,6)

i<3 i1tiz+izg+is <3 Ly LyL1(S)
| fw? | >ovis > VhRVEEVE(K, )

i<3 i1+i2+iz+i4<3 LLLLLY(S)
e (Ses) (8 e

i<3 i1+i2+iz+ia <2 LLLLLY(S)
e (zee) (3 swerr

1<3 i1 +iotiz+ig<4 LLLLLV(S)

Proof. Consider the following schematic Bianchi equations:

Vso +divi B =vps+ Y. VYV,

i1+io+iz=1
VK —divB=¢pK+ > "V2gVey,
i1+i2+iz=1
ViB—VE —*Vo=¢(K,0)+ > ¢"V2uVieyy.
i1+i2+iz=1

Commute the first equation with 7 angular derivatives for ¢ < 3. We get the equation
for V3V'a,

V3V'o + div V'3
= Z Vitgi2yis wﬂvu (K, )
(51) 11+i2+i3+iga=1
- > V2 Vi Visgy.
i1+i2+iz+ia=i+1
Notice that in the above equation, there are terms arising from the commutator
[V*,div], which can be expressed in terms of the Gauss curvature. After substi-

tuting also the Codazzi equations for 3, we get that these terms have the form
of the first term in the above expression. The equation for V3V?K has a similar
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structure:
V3V'K —divV'p
= > VRVEpEVH(K,5)

(52) 11+i2+i3+iga=1

- > V2 Vi Visgy.

i1+iz2+izg+ia=i+1
Finally, we have the following structure for V4Viﬁ:
V4V'B—VV'K —*VV's
= > VWRVERVH(K,G)+ Y YPVRKVR(K,5)
(53) i1 4iotigtia=i b1 4iotig=i—1
+ > Vipi2 Ve Vitepy.
i1+i2+iztig=it+1

As a shorthand, we denote by F; 1 the terms of the form

Foa= ) VWREVREVH(Ke)+ ) VIRVEViyy

i1+i2+i3+iga=1 i1+i2+i3+ig=i+1

and by Fj 2 the terms of the form

Fiy = o VERRVEGVH(K,6)+ Y YVRKVR(K,5)
i1+ia+i3+iga=1 i1 +i2+izg=i—1
+ > V2V Vit
i1+i2+iz+ig=i+1
Contracting (53)) with V? 3, integrating in the region D,, ,,, applying Proposition

and using equations (BI]) and (B2)) yield the following identity on the derivatives of
the curvature:

(54)

/Du WV VAV,
= /D f)*(B,VV'K +*VV'0), + f(u)*(V'B, F;2),
= /D u—f(u)2<div VB, V'K + f(u)X{div V'8, Vic), + f(u)*(V'S, Fia),
~ [ HPVAT R E), - SV V),

+/ Fw)* (V' B, Fia)y + f(w)*(V(K,5), Fy1)s.
D

u,u
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Using Proposition 26] since V4 f(u) = 0, we have
JECR AN

(55) —5</ F? 8P /ﬂ Of(U)QIViﬁ2>
/ flu <w——trx>V16I2

For the terms with V3V‘K and V3Vis, we similarly apply Proposition 28] but
noting that there is an extra contribution coming from Vs f(u):

/f VK, V3V'K),

- /D J () Vs f ()| VK

(56)
+1< / FpRE - [ f<u>2|vif<|2)
/ f (w— —trx)|VZK\2
Similarly,
/ f(w)?*(V'i5,V3Vis),
Dy o
/ F(w)Vs £ ()| V52
(57)

_</ fw)?|Vis|? — . f(u)QIV’ffIQ)
/ Flu (w——trx> Via|.

Combining (B4)— (1), we thus have the identity

2 1212 2 i 9 ) i
f, s [ gwrse [

2 f SV AP -2 [ svssieis

U, u

— [ rwrvisR+ /H FW2VIKP + /H ) Viol?

H, ./
_ Z/DuYuf(U)Q (OJ—%U'X) |V1ﬁ‘2 _ Q/Du,uf(u)Q (Q_%U'X)OVZ-KF—HVZ-éQ)

4 /D F@AVB Py + [ F@PVK5), B

u,u u,u

The terms

_Q/DM )V f(uw)|V K[ _2/ Fu)Vaf ()| Vi)

u,u
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on the left-hand side, which cannot be controlled?d by the curvature flux (i.e., the
integrals of V* of the curvature components along H, or H, ), have a favorable sign!
This is because the weight function f satisfies f(u)Vsf (u)_ < 0. Therefore, we get
an inequality for every i:

[ rwrwisp+ [ s@AVER+ [ jwPvie?
H, Hy H.

ﬂﬁ' w! Hu/

#0flrp (o o) viavs

LLLLLY(S)

+C Hf(u)2 <g - %u@ Vi(K,5)VI(K,s)

LLLLLA(S)
+ O\l f(w)* V' BFizllyrini(s) + ClLf(w)* V(K 6) FiallLy i Lics)-

We now add the above inequalities for ¢ < 3. One can easily check that the terms

>

)

f(u)? (g - %tr &) Vi(K,5)Vi(K,&)

i<3 LY Ly LY(S)
S NF @)V BFiall Ly s),
i<3 B
and
Z 1 f(u)* Vi (K, 6)F; lLiriris)

i<3
have the form of one of the terms in the statement of the proposition. After applying
the Codazzi equation

B=VYg +¥t+vm)

to one of the 3’s, we note that the term

D

i<3

(- yurx) V5V

LLLLLY(S)
is also one of the terms in the statement of the proposition. O

To close the energy estimates, we also need to control V¢3 in L?(H) and V¢(K, &)
in L2(H). Tt is not difficult to see, by virtue of the structure of the Einstein equa-
tions, that Proposition also holds when all the barred and unbarred quantities
are exchanged. The proof is exactly analogous to that of Proposition

28In fact, if we do not drop this term, we can control the spacetime integral
| crwvar v s,
where the weight (—f(u)V3f(u)) can be singular. For weights such as f(u) = (u—us)® for a < %
or f(u) = (u— u*)% log®(—1—) for 8 > %, this bound is logarithmically stronger than simply

U—Ux

taking the bound for fHu F(u)?|VH(K,5)|? and integrating in u.
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Proposition 29. The following L? estimates for the curvature components hold:

> (I @V K ) a2y + 1F VBl 12 12s))

i<3

<> (I @V ()3 1as, ) + 1@V BIRz 1205, )

<3
+ f(ﬂ)2 Zvi(K’ 6) Z vilwizviswvuwfl

i<3 t1Fig+izg+ig <4 L1L1L1(S)
+ | fw? | Y VK, 5) > VR VRYy V(K 5)

i<3 i1+iz+iz+isa <3 LLLLLY(S)
+ f(ﬂ)2 Z Vzﬁ Z Vil wiQ vzs wvm (K’ 6’)

i<3 i1+i2+i3+i4 <3 LLLLLY(S)
+lFw? | Yo vis Y. VIRVEKVY(K,5)

i<3 i1tiz+iz+ia <2 LLLLLY(S)
+ f(y)2 Z Viﬁ Z Vil ¢i2vi3wﬂvi4wH

i<3 i1 +iotiz+ig<4 LLLLL1(S)

We now show that we can control all the nonlinear error terms in the energy
estimates. We show this for K and & in L?(H,) and B in L? (H,). The other case
can be dealt with in a similar fashion (see Proposition [31]).

Proposition 30. There exists g = €9(Oni, Rini, A3) sufficiently small such that
whenever € < €,

Z(Hf(U)Vi(K, ) peerzra(s) + \|f(u)vi§\|L§oLgL2(S)) < C(Ohnis Rini)-

i<3

Proof. To prove the curvature estimates, we use Proposition By assumptions
of Theorem [2] (see also Remark [TT]), the two terms corresponding to the initial data
are bounded by a constant C'(Rin;) depending only on initial data. Therefore, we
need to control the remaining five error terms in Proposition We first look at
the term

fw? [ D VK, 5) > VRV Ve

i<3 i1+ig+iz+ig <4 LLLLLY(S)
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Using Propositions [[§ and 28], together with the bootstrap assumption ([A3]), we
have

fw)? [ Y VK, 5) Yo VRV EYE Vi

i<3 i1+ia+i3+is<4 LLLLLY(S)

<C Z Hf v1 K, 0)||L°°L2L2(S) Z Z Hvll1/)||’f‘;°Li°L2(S)

i<3 i1<3ip<4

< A D@V peerzr20s) | | D0 IV mllr2 e r2esy | 1) ez

13<4 14<3

ZHf VZKU)|‘L°°L2L2(S |W\|L3°L;cLoc(s)||f(u)v4¢£\|L;°LgL2(5)
1<2

< C(Oini)Ag(l + Ag)e.

The term

I[1f (u Z VARV YV (K,6) | |lL1 s
<3 i1+i2+i3+i4<3

C 1n1 A3 1 + A?’)

similarly as in the previous estimate since by Propositions and 7 V(K,&)
satisfies exactly the same estimates as VT11). We then consider the third nonlinear
term

Y vis Y VR VRYVH(K, )

1<3 i1+i2+i3+i4<3 LLLLLY(S)

Using Propositions [[5 and 25 and the bootstrap assumptions ([A3), we have

fw? | Y v's > VR VEYVH(K, )
<3 i1+i2+i3+14<3 LLL1L1(S)
< Ce [ YNV Bl L2 12(s) > IVl e ags
i<3 11<3,1<i5<3

u) Y V(K,5)

i<3

< C(Oini)Ag(l =+ A3)6.

L L2 L2(S)
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The fourth nonlinear term can be estimated analogously as the third nonlinear term
by

J? [ 3Vs > VMRVEKVH(KG)
1<3 i1+i2+1i3+14<2 LLLLLY(S)
< C(Oini)Ag(l + A3)€

As before, this is because by Propositions [[6 and M7, Vi(K,5) satisfies exactly the
same estimates as V**14. Thus it remains to control

F(u)? Z viﬁ Z Vg2 Vit Visgy

i<3 i1+i2+13+14<4 LLLLL(S)

This term can be bounded as follows:

fw? | Y v S VYRR Vi,

i<3 i1+ig+iz+ig <4 LLLLLY(S)

<C Z Hf(u)viéHLfLﬁL2(S) Z Z ||V11¢HZL220L;OL2(S)

i<3 11<312<3

< | Y IF@VSullz ez | | Yo 1@V ullre a2 | 1@ |z

13<3 14<4

+C [ D@V Bl raras) | 1@ L2 1f @) V4% Lo 12 L (s)
i<2
X Hf(u)%//ﬂHLﬁLfLw(S)
< C(Oini)A:;(l + Ag)e.

Therefore, gathering all the above estimates, we have

> (1@ V01 1205y + I @V Bl 3 25 )
i<3
< C(Ohnis Rini) + C(Omni) As(1 + As)e,
which implies the conclusion of the proposition after taking e to be sufficiently
small. 0

Notice that the schematic equations are symmetric under the change V3 <> Vy,
u <> u, and ¥y <> ¥g. Since the conditions for the initial data are also symmetric,
we also have the following analogous energy estimates for V3 on H,, and V(K &)
on H,:

Proposition 31. There exists g = €9(Oini, Rini, As) sufficiently small such that
whenever € < €,

Z(Hf(ﬂ)viﬂ”LgOLiL?(S) +f (@ VK, 5)l| L r222(5)) < C(Oini, Rini)-

i<3
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Propositions 30 and B1] together imply

Proposition 32. There exists ¢ = €0(Oini, Rini) such that whenever € < €,
R < C(Ohni, Rini)-

Proof. Let

Az > C(Ohni, Rini),
where C'(Oini, Rini) is taken to be the maximum of the upper bounds in Propositions
and BIl Hence, the choice of Az depends only on Oj,; and Ri,;. Thus, by
PropositionsB0and BTl the bootstrap assumption (A3)) can be improved by choosing
e sufficiently small depending on O;n; and Riy;. O

Combining Propositions [0l 25 and [32], we conclude the proof of Theorem Bl As
mentioned previously, standard methods then imply Theorem

9. NATURE OF THE SINGULAR BOUNDARY

As described by Theorems [3 and Ml we will also prove the regularity and singu-
larity of the boundary H,,, and H, . We first prove the regularity of the boundary
asserted in Theorem [3

Proof of Theorem Bl The fact that (M, g) can be extended continuously up to and
beyond H,, and H, simply follows from the continuity of the metric components
Q, 7, and b proved in Propositions [H4l To obtain the higher regularity for v, we

recall the equations ([32)), (B6), and B1):

0 0 0
—Q1=2 — =20 — bt = —40%¢A.
u w, ay'YAB XAB, 8ub ¢

Commuting these equations with (%)i and using the bounds®¥ for the Ricei coef-
ficients obtained in the proof of Theorem Bl we conclude that

() (5) s

The boundedness of ¢ and its angular derivatives

> IVl Lo Lo 125y < C

i<3

<C.
L2 (Ui (u,u))

sup  sup
0<u<u, 0<u<u,

i1+i2<4

are already proved in Theorem[Bl To control ¢y and its angular derivatives on the
singular boundary H, , we first note that by the smoothness assumption on the
interior of the initial hypersurface H,, we have that for every fixed U € [0, u.),

> sup [V%ullras, ) < Cu
i<p 0susU

for some finite Cy. We now revisit the proof of Proposition [[3 to bound Viy up
to i < 3 for u € [0,U]. Restricting to [0,U], f(u)~' is bounded. Therefore, the

29Notice that by controlling v and its coordinate angular derivatives (%)iw, we can show also
that % and V are comparable up to lower-order terms, which allows us to apply the estimates for
Vitry, Vix, Vin, and V’ﬁ to bound the coordinate angular derivatives of the metric components.
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estimates in (3), (@), and (@3] are bounded uniformly in w. Finally, (46]) can be
replaced by the estimate

S IV VRV, ) du’

w,u/
0 i1+i2+i3+14<3

SC/_ S IV ullras, o | | D swp (IV20ullras, 0 | du'.

” =
i1<3 Z2§30§H <u

Putting these bounds together, we have

Z Sup v 7/1H||L2(S

i<
’ 30<u <u

u,u’

<Cy +C/ S IV ullas, o | [ Do s 1V20mllies, 0 | dds
) u u

i1<3 ip<3 0Su'<U
0<u"" <u
which implies
i
(58) > swp [IVulras, ) < Cu
i<3 0susU
=7 0<u<u,

after applying Gronwall’s inequality.

To conclude the proof, it remains to control V3V and ngiwi for i < 2.
Since 7 obeys a V3 equation (see (@), by directly controlling the right-hand side
of the null structure equation (commuted with angular derivatives) and using the
bounds in Theorem [l we get

Z supU||V3V ‘Nllr2(s...) < Cu-

0<u<
<20<u<u

To control the term V3V, notice that combining the V31 equation in () and the
equations in (), we have

Van = —V3n+2V3V(logQ) = x - (n—n) — f — Vw — 4wV (log ) — 2)x - V(log ).

Upon expressing 3 in terms of 1y using the Codazzi equation in (), commuting
the equation with V¢, and using the bound (58)), we get

(59) > sw [VaVinlas,.) < Co.
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Finally, we control the terms ngiwﬂ. Commuting the null structure equations
for Vyiy in @) and (@) with V3V*, we have

VaV3Viy

_ i1, ,J1\7J2 7i2, /03 v7I3 70 i1,,J1 72742 ,/,43 v7J3 70
= (Vi VR VY VP VI K + Vgl VR Vs Vi v vy)
Jit+j2+iz+ja=1
t1+ti2+i3+ia=1
+ E Vzl w]ﬂlv?g vzz,(/)m Vg))s vuwvzsw
o Jitjet+gs=1l
11+i2+i3+iat+i5=1
+ > Vi Ve V2B VeV g ViV oy
Ji+j2+is+ja=1
i1+i2+i3+ia+is=1

Estimating directly the right-hand side of the null structure equations or the Bianchi
equations, we can easily show that

Z sup ||V3(ViK, Viﬂ, VZ‘Q/’H)HL}}]L’A’(S) < Cy.
3 0<usu w

Using also (£9), we thus have
> sup [VaVidmllias, )
<U

i<2 0Sus
C L . .
<CotCu [N TRV Y s, o du'
0 i1+i2+iz+ig <2

Using Gronwall’s inequality, we get

Z sup ||V3vi¢£||L2(Su’E) < Cyp.
<U

X 0<u<
<2 0Zuu,

In particular combining the above estimates, we obtain

S sup [VV(¥u, ¥, ) < Cu

i<3—j,j<105usU
on H, , as desired. O
Finally, we move to the proof of Theorem [l First, we prove

Proposition 33. Suppose, in addition to the assumptions in Theorem[2, X initially
obeys

/ YL @) = oo,
0

along an outgoing null generator v of Hy. Let ®,(v) be the image of v under the
one-parameter family of diffeomorphisms generated by L. Then

/0 T trx Tougy (@) + 1% Loy (@)2de = oo,

holds for every 0 < u < u.
Similarly suppose, in addition to the assumptions in Theorem 2], X initially obeys

/ Yk 1 @) = oo,
0
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along an outgoing null generator v of H,. Let Qﬁ(y) be the image of v under the
one-parameter family of diffeomorphisms generated by L. Then

/ (tr X o, (y) () + X Tou ) (@)[Pdu’ = oo,
0
holds for every 0 < u < u,.

Proof. Fix U € (0,u,). Suppose

(60) / (X Top(y) (@))2d < oo

We want to show that under the assumption (60), we have

/O_ IX Tay () (W)[Pdu’ = o0,

which will then imply the desired conclusion.
Using (©0), define b : [0,u,) — R by

h(w) = [trx Tey () (W]
such that u
/_ h(v')?du’ < oco.
0
Consider the following null structure equation for trx:
Vstrx + tr xtr x = 2wtr x — 2K + 2divy + 2|n|>.

Along the integral curve of —e3 emanating from ®,(v), we thus have

d u Ty — w u ’u,
U
— IO x—20w) e, () (w)du (—2K + 2divn + 2|n|?).

By the estimates derived in the proof of Theorem Bl K, V7, n are bounded and
tr x, w are in LLL>(S). Therefore,

(61) [trX o, (y) (w)| < Ch(u) for all u.

Consider the following null structure equation for x:
Vax + %trp& = V&n + 2wx — %tr XX + nen.
Contract this equation with y to get
%V3|§<|2 + %trxl>2|2 —2wlx|?* = (V@m - %tr XX+ 77®?7> %
which implies

+ [n@n).

~ 1 .
< |Ven| + ’?DTXK

o 1 . .
‘Vglx + 5 trxIX] = 2wy
This implies that along the integral curve of e3, we have

d ULOtr x—2Qw) e u)du’ | o
d_u(er(QQt X QQ_) Tqu/(’Y)(_)d ‘X' rq)u(’)’) (g))

w1 Fy— ’ o~ 1 N oy
< 9eld (O x-200) 10, () (Wi <|V®n + ‘ﬁtrxx’ + "7@’7') '
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Using again the fact that K, V), n, trx, X, w are bounded for u < U, as well as
the estimate (&I]), we have

’(e 5’(%9“1—29£)f¢u,m(u)du’|)A<| 0 () (y)) — (efg(%ﬂt%*mﬂ) @' 9|y (@)’

< Cy(1+ h(w)).

Notice that e/t (22 X2l , ) (W’ i 1 5ynded above and below uniformly in u.
Taking the Li norm implies that for u < U, we have

u

/ YR leuey (@) > ¢ / TR W) —C—C / U R W) = oo
0 0 0

by the assumption of the proposition. The blowup for x can be proved in a similar
manner. (]

This implies

Proposition 34. Suppose the assumptions of Theorem Hl hold. Then, in a neigh-
borhood of any point on H, , |x|? is mot integrable with respect to the spacetime

volume form. Similarly, in a neighborhood of any point on H,,, ‘X|2 s not inte-
grable with respect to the spacetime volume form.

Proof. We begin with |x|? near H,_ . By definition, the image of the initial incoming
null generator under the map @, defined in Proposition B3l has constant u, 6', and

6? values. Also, by Propositions [ and [ the spacetime volume element 2Q2+/det v
is bounded uniformly above and below. Therefore, for any neighborhood N of
p=(u,u,,0', 6% € H, , we have

/ (b x)? + %)
N

0248 (0'4+8 putd pu,

=3 [ (P IR (61 67 ) a6 (62
02—6 JOo'—6 Ju—6 Ju,—6 - -

= o0

by Proposition B3l

To prove the corresponding statement for |x|? near H ,_» we first change to the
coordinate system (u,u, él(g;u,ﬁ),éz(g;u,ﬂ)) such that L = %. This coordinate
system can be constructed by solving the ordinary differential equations

d ~ S
%QA(’LL,!,Q) = _bA(uaHa01792)7

with initial conditior@
64(0; u, 0) = 64,

30We note that since we do not have a global coordinate chart on Sp g, the above ODE only
makes sense in (®y 0 @,)(U;) N (2, © $y)(Uj), where U;, U; are coordinate charts on Sp o and
®, and @, are as defined in Propo_sition B3l Nevertheless, since ®, o &, and &, o ¢, are both
diffeomorphisms between So0,0 and Sy 4, for every point p € Sy u, there exists ¢ and j such that
p € (Pyo®,)(U;)N (2, 0 Py)(Uj), where this change of coordinates makes sense.
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By ([B7), as well as the estimates for ¢, Q and their derivatives, b* and the following
first derivatives of b are uniformly bounded:

A, |OVA] | obA

167, ou | |90 <cC.
Therefore,

Ou |’ | Ou | |06B| —

In the new coordinate system, we apply the same argument as in the case for |y |2
near H,, and have the estimate

[ (r? +13) = o0

N

for any neighborhood N of any point p € H w38 desired. |
Finally, this allows us to conclude that the Christoffel symbols do not belong to

L?:

Proposition 35. Suppose the assumptions of Theorem H hold. Then, the Christof-
fel symbols in the (u,u,0',0?) coordinate system are not in L? in a neighborhood
of any point on H,, or H, .

Proof. Recall that the metric in the (u,u,6',6?) coordinates takes the form
g =—20%(du @ du + du @ du) +vyap(do? — b du) @ (d0® — bPdu).
Note that ]
gt = —59_2, g"* =0 for a # u.
One computes that

u wu O 1 0 1
AB = — 59 _@QAB = @@’MB = EXAB-
Since 1 < Q < 2 and 7 is uniformly bounded and positive definite, I'4 5 is not in L?
in a neighborhood of any point on the singular boundary H, in the (u,u,0',6?)
coordinate system. -
To show that the incoming hypersurface H,, is singular, first notice that

uu 197 uA 197 A uu
g = D) 27 g = D) *b ’ g—==0.
We then compute

W 1. (0 P B
Mg = 39\ 5ga9Bu + 998 9Au — 5,948

1 yof O 0 0
+ 59— WQAC + WQBC - 8079.43

1 [0 B o0 o
=102 (%’VAB - W(VACIJ ) — W('YBCb )

I G N
8937Ac aeAVBc 890%43

= EKAB + regular terms,
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where the regular terms denote metric components and their derivatives that are
uniformly bounded by the estimates proved in the previous sections. By the same
reasoning as in the case near H,, , I‘%B is not in L? in a neighborhood of any point

on the singular boundary H,, in the (u,u, #!,6%) coordinate system. O

This concludes the proof of Theorem [l
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