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A PROOF OF THE SHUFFLE CONJECTURE

ERIK CARLSSON AND ANTON MELLIT

1. INTRODUCTION

The shuffle conjecture of Haglund, Haiman, Loehr, Remmel, and Ulyanov
[HHL+05Db] predicts a combinatorial formula for the Frobenius character Fr, (X;q,t)
of the diagonal coinvariant algebra R, in n pairs of variables, which is a symmetric
function in infinitely many variables with coefficients in Zx¢[q,t]. By a result of
Haiman [Hai02], the Frobenius character is given explicitly by

Fr,(X5q,t) = (=1)"Ven[X],

where, up to a sign convention, V is the operator which is diagonal in the modified
Macdonald basis defined in [BGHT99]. The original shuffle conjecture states

(1.1) (—1)"V€n[X] _ Z Z tarea(ﬂ)qdinv(‘n,w)xw.
T WeWP,

Here 7 is a Dyck path of length n, and w is some extra data called a “word
parking function” depending on 7. The functions (area,dinv) are statistics as-
sociated to a Dyck path and a parking function, and z,, is a monomial in the
variables z. It was shown in [HHL+05b| that this sum, denoted D,(X;q,t), is
symmetric in the x variables, and so it does at least define a symmetric func-
tion. It was also shown there that the shuffle conjecture included many previous
conjectures and results about the g,¢-Catalan numbers, and other special cases
[GH96/GHO2,[Hag03[EHKKO03l[Hag04]. Remarkably, D,,(X;q,t) had not even been
proven to be symmetric in the g, t variables until now, even though the symmetry
of Fr, (X;q,t) is obvious. The name “shuffle conjecture” has to do with the fact
that the coefficient of m,, in equation (LI can be expressed in terms of parking
functions that are “u-shuffles”. See Conjecture 6.1 of Haglund’s book [Hag08] for a
detailed explanation, and Chapter 6 in general for a thorough introduction to this
topic.

In [HMZ12] Haglund, Morse, and Zabrocki conjectured a refinement of the origi-
nal conjecture which partitions D,,(X; q,t) by specifying the points where the Dyck
path touches the diagonal called the “compositional shuffle conjecture”. The refined
conjecture states

(1.2) V (Cu[X;q]) = Z Z parea(m) gdinv(m,w)

touch(m)=a WEWP
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Here « is a composition, i.e., a finite list of positive integers specifying the gaps
between the touch points of w. The function C,[X;q] is defined below as a com-
position of creation operators for Hall-Littlewood polynomials in the variable 1/gq.
They proved that

Y, CalXiql = (~1)"enlX],

lal=n
implying that (L2) does indeed generalize (II]). The right-hand side of (2] will
be denoted by D, (X;q,t). A desirable approach to proving (L2) would be to
determine a recursive formula for D, (X;q,t) and to interpret the result in terms of
some commutation relations for V. Indeed, this approach has been applied in some
important special cases; see [GHO02,|GXZ12|[Hic12]. In [GXZI2|, for instance, the
authors devise a recursive formula (Proposition 3.12) to prove the Catalan case of
the compositional conjecture, extending the results of [GH02]. Unfortunately, no
such recursion is known in the general case, and so an even more refined function
is needed.

In this paper, we will construct the desired refinement as an element of a larger

vector space Vi of symmetric functions over Q(g, t) with & additional variables y;
adjoined, where k is the length of the composition «,

Ny € Vi, = Sym[X][y1,-- -, yx]-

In our first result (Theorem [ATT]) we will explain how to recover D, (X;q,t) from
N,, which is defined by an explicit recursion. In fact, while they live in different
vector spaces, the recursions for N, are similar to the recursions for the Catalan case
in [GXZ12). We make this connection precise in Proposition .14l which explains
how the latter formulas follow as a special case.

We then define a pair of algebras A and A* which are isomorphic by an antilin-
ear isomorphism with respect to the conjugation (¢,t) — (¢, ¢t7!), as well as an
explicit action of each on the direct sum V, = ®k>0 Vi. We will then prove that
there is an antilinear involution A on V; which intertwines the two actions (Theo-
rem [74]) and represents an involutive automorphism on a larger algebra A, A* c A.
This turns out to be the essential fact that relates the N, to V.

The compositional shuffle conjecture (Theorem [ZH)) then follows as a simple
corollary from the following properties:

(i) There is a surjection coming from A, A*
d* : Vi - Vo = Sym[X]

which maps a monomial y, in the y variables to an element B,[X; ¢] which
is similar to C,[X; ¢] and maps N, to D,(X;q,t), up to a sign.

(ii) The involution N commutes with d_ and maps y, to N,.

(iii) The restriction of N to Vy = Sym[X] agrees with V composed with a
conjugation map which essentially exchanges the B,[X;q] and C,[X;q].

It then becomes clear that these properties imply (L2]).

While the compositional shuffle conjecture is clearly our main application, the
shuffle conjecture has been further generalized in several remarkable directions such
as the rational compositional shuffle conjecture, and relationships to knot invariants,
double affine Hecke algebras, and the cohomology of the affine Springer fibers;
see [BGLX14lI[GORS14LIGN15, Negi3| [Hik14,[SVIIL[SV13]. We hope that future
applications to these fascinating topics will be forthcoming.
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2. THE COMPOSITIONAL SHUFFLE CONJECTURE

2.1. Plethystic operators. A A-ring is a ring R with a family of ring endomor-
phisms (p;)iez., satisfying
D1 [.’E] =z, pm[ n[x]] = pmn[x] (J) € R7 m,ne Z>O)~

Unless stated otherwise, the endomorphisms are defined by p,(z) = z™ for each
variable x such as q,t,u,v, z,z;,y;- The ring of symmetric functions over the \-
ring Q(g, t) is a free A-ring with generator X = x1 +x2+- -, and it will be denoted
Sym[X]. We will employ the standard notation used for plethystic substitution
defined as follows: given an element F' € Sym[X] and A in some A-ring R, the
plethystic substitution F[A] is the image of the homomorphism from Sym[X] — R
defined by replacing p,, by p,(A). For instance, we would have

pip2[X/(1 = q)] = pi[X]p2[X](1 = @)1 (1 - ¢*) 7"

See [HaiO1] for a reference.
The modified Macdonald polynomials [GHT99] will be denoted

Ij[u = tn(#)JH[X/(l - til); q, til] € Sym[X],

where J,, is the integral form of the Macdonald polynomial [Mac95], and

n(u) = Y - .

The operator V : Sym[X] — Sym[X] is defined by
(2.1) VH, = H,[-1]H, = (-1)Hg g

Note that our definition differs from the usual one from [BGHT99] by the sign
(—1)l#l. We also have the sequences of operators B,., C,. : Sym[X] — Sym[X] given
by the formulas

(B F)[X] = F[X — (¢ - 1)z~ "] Exp[-2X]]| ,,
(CrF)[X] = —¢""F[X + (7" — 1)z '] Exp[2X]

z7‘7

0

where Exp[X] = >} _, hn[X] is the plethystic exponential and |,- denotes the
operation of taking the coefficient of 2" of a Laurent power series. Our definition
again differs from the one in [HMZ12] by a factor (—1)". For any composition «,
let C, denote the composition C,, - -- C,,, and similarly for B,.

Finally, we denote by x — Z the involutive automorphism of Q(g,t) obtained
by sending ¢,t to ¢~*,¢~!. We denote by w the A-ring automorphism of Sym[X]
obtained by sending X to —X and by @ its composition with ¥, i.e.,

(wF)[X] = F[-X], (@F)[X]=F[-X].

2.2. Parking functions. We now recall the combinatorial background to state
the shuffle conjecture, for which we refer to Haglund’s book [Hag08|]. We consider
the infinite grid on the top right quadrant of the plane. Its intersection points are
denoted as (i,5) with 4,j € Z. For each cell of the grid, its coordinates (i,j) are
the coordinates of the top right corner. Thus ¢ = 1,2, ... indexes the columns and
j=1,2,... indexes the rows. Let D be the set of Dyck paths of all lengths. A Dyck
path of length n is a grid path, from (0,0) to (n,n) consisting of North and East
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steps, that stays above the main diagonal i = j. For m € D denote by || its length
n. For m e D, let

area(m) := # Area(nw), Area(n):={(i,j):4 <, (i,7) under 7}.
This is the set of cells between the path and the diagonal. Let a; denote the
number of cells (7,5) € Area(w) in the row j. The area sequence is the sequence
a(m) = (a1, az,...,a,), and we have area(w) = Z?Zl -

Let (z1,1), (22,2),..., (zs,n) be the cells immediately to the right of the North
steps. The sequence z(w) = (x1,22,...,x,) is called the coarea sequence, and we
have a; + z; = j for all j.

We have the dinv statistic and the Dinv set defined by

dinv(7) := # Dinv(n),
Dinv(7) := Dinv’(7) U Dinv' (7)
={U.4):1<i<i <n aj=ay}
u{(,i):1<j <j<n, ajy =a; +1}.
For (j,7') € Dinv(r), we say that (z;, ) attacks (z;,j').
For any m, the set of word parking functions associated to 7 is defined by

WP, :={weZl,: w; >w;j;; whenever z; = z;41}.
In other words, the elements of WP, are n-tuples w of positive integers which, when

written from bottom to top to the right of each North step, are strictly decreasing
on cells such that one is on top of the other. For any w, let
dinv(m, w) := # Dinv(r,w), Dinv(m, w) := {(j,5) € Dinv(r) : w; > wj} .

We note that both of these conditions differ from the usual notation in which
parking functions are expected to increase rather than decrease, and in which the
inequalities are reversed in the definition of dinv. This corresponds to choosing the
opposite total ordering on Z- o everywhere, which does not affect the final answer
and is more convenient for the purposes of this paper.

Let us call a = (a1, ..., ar) = touch(n) the touch composition of w if aq, ..., o
are the lengths of the gaps between the points where 7 touches the main diagonal
starting at the lower left. Equlvalently, Zz 10 = n and the numbers 1, 1 + ayq,
14+ a;+ag,...,14+a1+- -+ a1 are the positions of 0 in the area sequence a(w).

Ezample 2.1. Let m be the following Dyck path of length 8 described in Figure [l
Then we have

Area( {( ) ( )’(37 )’

3
{(1,2),(1,7),(2,7),(3
0

) = ,5),(3,6),(4,5),(4,6), (5,6), (7,8)},
(m) =
touch(w) = (1,5,2), a(mw) = (0,
(m) =
(m)

3, ,
8), (4,5)} v {(7,3),(8,4),(8,5)},
0,1,2,2,3,0,1),

Dinv(m

x 2,2,2,3,3,7,7)

(1,
whence area(r) = 9, dinv(w) = 5 + 3 = 8. The labels shown above correspond to
the vector w = (9,5,2,1,5,2,3,2), which we can see is an element of WP, because
we have 5 > 2 >1,5> 2, 3 > 2. We then have

Dinv(m, w) = {(1,2), (1,7), (2,7)} v {(7,3),(8,4)},

giving dinv(m, w) = 5.

™
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F1GUuRrE 1. Example of a Dyck path of size 8.

2.3. The shuffle conjectures. For any infinite set of variables X = {x1, o, ...},
let x,, = Xy, - - Ty, . In this notation, the original shuffle conjecture [HHL+05b
states

Conjecture ([HHL+05b]). We have

(71)nven _ Z tarea(w) Z qdinv(w,w)xw'
|7'r|=n weWP

In particular, the right-hand side is symmetric in the x;, and in g, t.
The stronger compositional shuffle conjecture [HMZ12| states
Conjecture ([HMZ12]). For any composition «, we have

(22) (_1)nvca(1) _ Z tarea(ﬂ') Z qdinv(w,w)xw.
touch(7m)=«a WEWTP -

2.4. From (area,dinv) to (bounce,area’). In this paper, we will prove an equiva-
lent version of this conjecture, as obtained in [LN14) Theorem 14], by applying the
(area,dinv) to (bounce, area’) bijection from [HLO05] and [Hag08]. We include our
construction of this bijection because it seems to be different from the original one,
and to demonstrate that it comes naturally from analysis of the attack relation.
An important property of our construction is that it comes with a natural lift from
Dyck paths to parking functions.

From any pair 7 € D, w € WP, we will obtain a pair 7’ € D, w’ € WP., by
a procedure described below. After the end of this section we will only work with
7', w’, so we will drop the apostrophe.

The Dyck path w' is obtained as follows: sort the cells (z;,j) in the reading
order, i.e., in increasing order by the corresponding labels a;, using the row index
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FIGURE 2. Image of the path from Figure[llunder the (area, dinv)
to (bounce, area’) bijection.

j to break ties. Equivalently, we read the cells by diagonals from bottom to top,
and from left to right in each diagonal. For instance, for the path 7 from Example
211 the list would be

(2.3) {(1,1),(2,2),(7,7),(2,3),(7,8),(2,4),(3,5),(3,6)}.

Let o; be the position of the cell (x;,7) in this list. This defines a permutation
o € S,. In the example case, we would get

(123456 7 8
7=\1 2 46 78 3 5/)°

Now we observe that for each j = 1,...,n, the cell (z;, j) attacks all the subsequent
cells in the reading order whose position is before the position where we would place
(xj,7 + 1) if it were an element of the list.

More precisely, there is a unique Dyck path 7’ for which

Area(n’) = o(Dinv(m)) = {(0},05) : (j,5') € Dinv(m)} .

The map m — 7’ is the desired bijection. To see the bijectivity one can either use
or see Remark 2.3

If 7 is the Dyck path from our example, then 7’ would be given by the path in
Figure 2

The above statistics can be translated into new statistics under this bijection.
First, it is clear from the construction that dinv(w) = area(n’). We next explain
how to calculate area(w) from 7. For any path, we obtain a new Dyck path called
the “bounce path” as follows: Start at the origin (0,0), and begin moving North
until contact is made with the first East step of w. Then start moving East until
contacting the diagonal. Then move North until contacting the path again, and so
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FIGURE 3. The bounce path of the path in Figure 2l

on. Note that contacting the path means running into the left endpoint of an East
step, but passing by the rightmost endpoint does not count, as illustrated below.
The bounce path splits the main diagonal into the bounce blocks. We number the
bounce blocks starting from 0 and define the bounce sequence b(w) = (by,ba,...,by)
in such a way that for any ¢ the cell (i,i) belongs to the b;th block. We then define

bounce(r’) := Z b;.
i—1

Another way to describe this construction is to say that b = 0, b;11 € {b;,b; + 1}
and if 4,4’ are the smallest indices for which b; = ¢ and b;; = ¢ + 1 for some ¢, then
i’ is the smallest index with ¢’ > 7 such that (i,7) ¢ Area(n’). This description and
Area(n’) = o(Dinv(n)) implies b,, = a;, hence bounce(n’) = area(n); see
for an alternative treatment.

For the path 7" above, the bounce path is shown in Figure Bl with the original
path in gray. The bounce sequence is given by the numbers written under the
diagonal. We have

b(r") = (0,0,0,1,1,2,2,3), bounce(r’) = 9 = area(r).

Next, we show how to reconstruct touch(w) from #’. For any path 7’ of length
n, let | be the number of North steps from (0,0) until the first East step, which is
the same as the length of the first bounce block. Let 7 be the part of the path such
that 7/ = N'E#, the result of beginning with [ North steps starting at the origin,
followed by an East step, followed by the contents of 7. Define numbers ¢; by

t; := bounce (N"*"'EN'"'E7), 0<i<L.
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Note that the path N**!EN!"!E# has length n + 1 for each i, and we have t, =
n + bounce(n’) and the ¢; go down to ¢; = bounce(n’). Define

touch’(7') := (to — t1,...,t1_1 —t;).
Proposition 2.2. For every Dyck path
touch’(7’) = touch().
For instance, in the example above we would have [ = 3,
(to,t1,t2,t3) = (17,16,11,9), touch’(7’") = touch(n) = (1,5,2).

Proof. Consider the ith touch point (x,x) of m (we count the touch points starting
from 0, i.e., (0,0) is the Oth touch point.) It splits 7 into two parts: 71 followed by
mo. Construct a new path 7 of length n + 1 by taking a step North, then following
a translated copy of mo, then taking a step East, then following a translated copy
of m1. The new path has length n + 1, and its area is bigger than the area of 7 by
n — . The (area,dinv) to (bounce,area’) map applied to 7 gives precisely the path
NHIEN!='Ex. Thus we have

area(7) = bounce(N'" "' EN'""'E#) = t;,
area(#) = n — x + area(r) = n — x + bounce(n’).

So the sizes of the gaps between the touch points of 7 are exactly the differences
ti1 —t;. O

Remark 2.3. The construction we have used in the proof above can also be used to
prove the bijectivity of the (area,dinv) to (bounce,area’) map. Here is an idea of a
proof. First, every Dyck path arises as 7 above for unique 7 and 7. On the other
hand, every Dyck path can be uniquely written as N**'EN!~?E#. Thus, iterating
the construction, we obtain every Dyck path on each side of the (area,dinv) to
(bounce,area’) map in a unique way.

Having analyzed the statistics associated to a Dyck path, we turn to the analysis
of what happens to word parking functions. The dinv statistic is straightforward.

For any w' € Z, let

inv(r',w') == #Inv(z',w'), Inv(x',w') := {(i,j) € Area(n’), w; > w}},

so that
Inv(7',w") = o (Dinv(m,w)), w, =w;.

gq

For the value of w from Example 2.1l we would have
w' = (97 5,3,2,2,1,5, 2)7 IDV(T(/, ’LU/) = {(15 2)7 (15 3)7 (25 3)7 (37 4)7 (57 6)}

In particular, inv(7’,w’) = dinv(m, w) = 5.

Finally, we reconstruct the word parking function condition. A cell (4,j) is
called a corner of 7’ if it is above the path, but both its Southern and Eastern
neighbors are below the path. Denote the set of corners by ¢(n’). One can check
that the corners of 7’ correspond to pairs of cells with one on top of the other in .
For instance, from our example we have c(7’) = {(2,4), (3,5), (4,6),(7,8)}. More
precisely, we have

o) = {(0j,0541) : 1<j<mn, a5 =21}
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We therefore define
(2.4) WP = {w' € ZL, : wi > wj for (i, j) € e(n')},

so that the condition w € WP, is equivalent to w’ € WP.,.
Putting this together, we have

Proposition 2.4. For any composition o we have

(25) D, (q’ t) _ Z tbounce(fr) Z qinv(ﬂ',w)xu”
touch’ (m)=a weWP’

where Dy (q,t) is the right-hand side of (22).

3. CHARACTERISTIC FUNCTIONS OF DYCK PATHS

3.1. Simple characteristic function. We are going to study the summand in
D,(g,t) as a function of 7. It is convenient to first introduce a simpler object
where we drop the assumption w € WP! and instead sum over all labelings. Given
a Dyck path of length n, define x(7) € Sym[X] as follows:

Definition 3.1.

X(?T) = Z qinv(ﬂ',w)xw.

n
wWELL

If ¢ < j and (i,5) is under =, i.e., (¢,5) € Area(w), we say that ¢ and j attack
each other. It is not obvious from the definition that x(7) defines a symmetric
function. In fact, as we point out in Remark B8], x () is actually an example of an
LLT polynomial, but we present a proof in our setup here:

Proposition 3.2. The expression for x(w) above is symmetric in the variables
X1, T2, X3, ..., so that Definition Bl correctly defines an element of Sym[X].

Proof. We take the main idea from the proof of Lemma 10.2 from [HHLO5a]. First
note that for each n the correspondence @ — Area(n) is a bijection between the
set of Dyck paths of length n and the set of subsets R < {(j,7'): 1 < j < j < n}
satisfying the property

(*) if j <4 < 7" and (4,5") € R, then both (j,5') and (', ;") are in R.

In the proof we will work with R instead of m and write x(R,n), inv(R, w) instead
of x(m), x(m,w). For each subset S < {1,2,...,n}, S ={s1 <s2 <--- < s4g}, let
Rs ={(J,j') : (sj,8;7) € R}. Then Rg again satisfies (*).

It is enough to show that x(R,n) is unaffected by interchange of z; and ;41 for
any two neighboring indices 4,7+ 1. For each subset S < {1,2,...,n} and a function
fAl,...,n} = Zoo\{i,i + 1}, let xg s be the sub-sum of x(R,n) corresponding to
sequences w where the set of positions of i and ¢ + 1 in w is S, and the values of w
outside of S are given by f. It is enough to show that xg ; is symmetric in x; and
r;+1. We have

inv(R,w) = #{(j,j') € Rs 1 ws; =i + 1, w,, =i} +invg g,

where invg ¢ depends only on S and f, but does not depend on the positions of i
or i+ 11in S. Thus we have

Xs.f = X(Rs, #5) (wi,i41) ¢V [ [255),
Jj¢s
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where
X(Rv k)(xth) = Z qinv(R,w)xw.

we{l,2}*

So it is enough to show that x (R, k)(z1,z2) is symmetric in z; and z» for any
k, R satisfying (*). We proceed by induction on the size of R, the base case
#R = 0 being trivial. Fix k and R # &, and pick (a,b) € R maximal in the sense
that (a,j) ¢ R for all j > b and (j,b) ¢ R for all j < a. Then R’ = R\{(a,b)}
satisfies (*). Consider the difference

X(R.E) = X(R K) = D7 (q™ ) — g™ ),

we{l,2}*

The coefficient (¢™(Ew) — ¢inv(B-w)) ig nonzero only if w, = 2 and wy, = 1. If
this happens, then inv(R,w) = inv(R’,w) + 1. Consider contributions of pairs of
the form (a,j), (b,7), (4,a), (4,b) to inv(R',w). Since w, = 2 pairs (j,a) do not
contribute anything, and pairs (a,j) contribute 1 precisely when a < j < b and
w; = 1. Since w, = 1 pairs (b, j) do not contribute, and pairs (j,b) contribute 1
precisely when a < j < b and w; = 2. The net contribution is the number of j such
that « < j < b, which is b—a —1. We see that inv(R',w) = b—a—1+inv(Ry, wg),
where S = {1,...,k}\{a, b}, ws denotes the sequence w with the entries w, and wy
removed. Thus we obtain

X(R, k) = x(R, k) = (¢ = D)z1zox (R, k = 2).

By the induction hypothesis x(R', k) and x(Rs,k — 2) are symmetric in 1, zo.
Hence x(R, k) is also symmetric. a

Another way to formulate this property is as follows: For a composition ¢; +
o+ -+ + ¢ = n, consider the multiset M, = 1°12¢2 ... k%  Consider the sum

Z qinv(ﬂ,w) ]

w a permutation of M.

Proposition simply says that this sum does not depend on the order of the
numbers c1, co, . . ., Cg, Or equivalently on the linear order on the set of labels. If A is
the partition with components ¢y, ¢, .. ., cg, then this sum computes the coefficient
of the monomial symmetric function my in x(w), so we have (set he = he, -+ - he,)

(31) (X(’n’)’ hc) — Z qinv(ﬂ,w).

w a permutation of M,

We list here a few properties of x so that the reader has a feeling of what kind
of object it is.

For a Dyck path 7w denote by 7°P the reversed Dyck path, i.e., the path obtained
by replacing each North step by East step and each East step by North step and
reversing the order of steps. Reversing also the order of the components of ¢ in

B, we see
Proposition 3.3.
x(m) = x(7).

Proofs of the following two statements are essentially taken from [HHLO05a].
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Proposition 3.4.
wx(m) = (=D)lgm @@ (r).

Proposition 3.5.
X(']T)[(q — 1)X] = (q _ 1)‘”‘ Z qinv(ﬂ,w)xw,

weZ‘:A no attack

where “no attack” means that the summation is only over wvectors w such that
w; # w; for (i,7) € Area(m).

Proofs. We follow Chapter 4 of [HHL05a]. For an integer n and a subset D <
{1,...,n — 1}, Gessel’s quasi-symmetric function Qn p in x = (r1,x2,...) is given
by

Qn,D(fE) = Z Ty

W< KWy
W; =w;1=>1¢D
For each sequence w € Z2,, its standardization is the unique permutation Std(w) €

S, such that
w; < wjor (w; =w; and i < j) < Std(w); < Std(w);.

In other words, Std(w) sorts pairs (w;,?) in lexicographic order. We notice the
following properties:
(3.2)
TInv(m,w) = Inv(rw, Std(w)), > Tw=Qubee-(z) (€S,
w:Std(w)=0

where Des(o) = {i : 0; > 0,11} is the descent set of o. Thus the sum x () splits as
follows:

X(’]T) = Z quV(ﬂﬂ)Qn,Des(o’*l)-

og€eS,
Since x(m) is symmetric by Proposition B2l we can apply Proposition 4.2 in
[HHLO5a]. Let A be the “super” alphabet

A=7,07Z_ =1{1,2,3,...,1,2,3,...}
consisting of positive letters i € Z, and negative letters i. Let
zi=wm; (1€Zy), zm=-y; (ieZ_).
Then we have the following expression for X = > z;, Y = > y;:

X(ﬂ-)[X - Y] = Z qin‘/(ﬂva’)@n,Des(U*I)(‘xay)v

o€eS,

Qn,D = Z Zw,

Wi SWy
W, =W;41, W;ELy=>i¢D
Wi=Wiy1,W;EL_=>i€D

where

and the summation is over the sequences of elements of A. The statement holds for
an arbitrary choice of total ordering on A. We work with the following ordering:

1<l<2<2<---.
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We extend the definitions of Std, Inv, and inv to sequences of elements of A,
w; < wjor (w; =w; €Zy and i < j) or (w; = wj € Z_ and i > j)
< Std(w),; < Std(w);,
inv(m,w) := #Inv(r,w), Inv(m,w) := {(i,j) € Area(n) : w; > w; or w; = w; € Z_},
so that the properties ([B.2) are satisfied. Therefore, we have

(3.3) WX =Y = 3 g,

weA™
Setting X = 0,Y = — X, we obtain
MO=X] = (1" 3 ¢,

WELL
where inv’ (7, w) is the number of nonstrict inversions of w under the path,

inv'(m,w) := #{(i,7) € Area(r), w; = w;}.

Reversing the order of labels, we have

X(TF)[—X] _ (_1)\7r\ Z qarea(‘n')—inv(mw)xw

n
WELL

which implies Proposition 3.4l

To prove Proposition B35 we set X = ¢X, YV = X in (B3). Applying the
involution from the proof of Lemma 5.1 in [HHLO05a] (flipping the sign of the last
label that attacks a label with the same absolute value), we see that the terms
for w € A", such that |w;| = |w;| for some (¢,j) € Area(nw), cancel out. In the
remaining terms we have |w;| # |w;| whenever (¢,j) € Area(w). Therefore the
comparison between w; and w; depends only on |w;| and |w;|. So we can first sum
over sequences in Z- and then over the choices of signs. The latter summation
produces an overall factor of (¢ — 1)", and we obtain Proposition O

3.2. Weighted characteristic function. To study the summand of D,(g,t) in
([23) as a function of 7, we introduce a more general characteristic function. Given
a function wt : ¢(m) — R on the set of corners of some Dyck path 7 of size n, let

(34) x(m, wt) Z gy H wt(i,§) | Tw,

weZ® (¢,5)ec(m), wi<w;
so in particular (ZH]) becomes
D, (q7 t) = Z tbounce(‘n‘)x(ﬂ_7 0).
touch’ ()=«

For a constant function wt = 1, we recover the simpler characteristic function

(3-5) x(m; 1) = x().

It turns out that we can express the weighted characteristic function x(m, wt) in
terms the unweighted one evaluated at different paths. In particular this implies
that x(m, wt) is symmetric too.
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Remark 3.6. If 7’ is the image of m under the bijection from section 2.4l then we
have that x(7/,0) = Fr(X;q), where F.(X;q) are the path symmetric functions
from Haglund’s book [HagO8| page 95]. As Haglund explains, these functions are
examples of LLT polynomials of vertical strips, using the description of Bylund
and Haiman. In fact, x(n’,1) is also an example of an LLT polynomial, but for a
disjoint union of single boxes:

x(7',1) = LLT 4, +13/[an],....[a1]/[a1] (X5 @),

where (aq,...,a,) = a(w) is the area sequence.

Proposition 3.7. We have that x(m,wt) is symmetric in the x; variables, and so
it defines an element of Sym|[X].

Proof. Let m be a Dyck path, and let (4, j) € ¢(7) be one of its corners. We denote
by wty the weight on 7 which is obtained from wt by setting the weight of (i, 7) to
1. Let 7’ be the Dyck path obtained from 7 by turning the corner inside out, in
other words the Dyck path of smallest area which is both above 7 and above (3, j).
Let wto be the weight on 7’ which coincides with wt on all corners of 7/ which are
also corners of 7 and is 1 on other corners. We claim that

qwt(i,j) — 1 1 —wt(i, 5)
(3.6) x(m, wt) = 1 =)
To see this, notice that if we group the terms on the right-hand side, then both
sides may be written as a sum over vectors w € Z~q. Split both sums according to
terms in which w; > wyj, resulting in an additional factor of ¢, or w; < wj, resulting
in an additional weight factor. It is easy to check that both sums agree on both
the left and right sides.
The result now follows because we may recursively express any x (7, wt) in terms
of x(r), which we have already remarked is symmetric. O

x(m, wty) + x(m', wta).

FEzample 3.8. In particular, we can use this to extract x(m,0) from x(7’,1) for all

7', If S < ¢(w) is any subset of the set of corners, let 7 € D denote the path

obtained by flipping the corners that are in S. Then equation ([B.6) implies that
(3.7) X(m,0) = (1 — )71 3 (—1)Plx(mg, 1).
Sce(n)

For instance, let m be the Dyck path in Figure @ Then setting x; = 0 for ¢ > 3
reduces formula ([34) to a finite sum over 27 terms, from which we can deduce that

x(m) =m3+ (2+ ¢)ma1 + (3+3¢)m111 = s3 + (1 + q)s21 + gs111-
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Similarly, if 7" = (1 2);, we have

X(7') = 53 + 2gs21 + ¢*s111.-
By formula ([87)) we obtain

x(m,0) = (1 —q) 7" (x(7) — x(7)) = s21 + gs111.

Ezample 3.9. We can check that the Dyck path from Example 3.8 is the unique
one satisfying touch’(r) = (1,2) and that bounce(r) = 1. Therefore, using the
calculation that followed, we have that

Da)(g,t) = tx(m,0) = tso1 + gtsi,
which can be seen to agree with VC1C3(1).

Ezample 3.10. Though we will not need it, this weighted characteristic function
can be used to describe an interesting reformulation of the formula for the modified
Macdonald polynomial given in [HHLO5a]. Let u = (u3 = po2 = -+ = 1) be a
partition of size n. Let us list the cells of y in the reading order,

(lvl)’(l’Q)v“'a(lnufl)a(l_ 1’1)a~'~7(l_ 13,“’171),'"3(1’1)3""(13/141)'

Denote the mth cell in this list by (i, jm)-

We say that a cell (7, j) attacks all cells which are after (4, j) and before (i —1, 7).
Thus (i, 7) attacks precisely p; — 1 following cells if ¢ > 1 and all following cells if
i = 1. Next construct a Dyck path m, of length n in such a way that (mq,ms)
with m; < mg is under the path if and only if (i, , jm,) attacks (im,, jm,). More
specifically, the path begins with u; North steps, then it has y; pairs, of steps East-
North, then p;—1 — p; North steps followed by ;1 East-North pairs and so on until
we reach the point (n — u1,n). We complete the path by performing p; East steps.

Note that the corners of m, precisely correspond to the pairs of cells (i, ),
(i —1,7). We set the weight of such a corner to ¢®™()¢—1-1g(03) and denote
the weight function thus obtained by wt,,. Note that in our convention for x(m, wt)
we should count noninversions in the corners, while in [HHL05a] they count “de-
scents”, which translates to counting inversions in the corners. Taking this into
account, we obtain a translation of their Theorem 2.2:

i, = q "4y (7, wt,, ).

4. RAISING AND LOWERING OPERATORS

Now let Dy ,, be the set of Dyck paths from (0, k) to (n,n), which we will call
partial Dyck paths, and let Dy, be their union over all n. For m € Dy, ,, let |7| = n—k
denote the number of North steps. Unlike D, the union of the sets Dy over all k is
closed under the operation of adding a North or East step to the beginning of the
path, and any Dyck path may be created in such a way starting with the empty
path in Dy. This is the set of paths for which we will develop a recursion. More
precisely, we will define an extension of the function y to a map from Dy to a new
vector space Vi, and prove that certain operators on these vector spaces commute
with adding North and East steps.
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Given a polynomial P depending on variables u, v, define

(Ao P)(u,v) = (¢ — DvP(u,v) + (v — qu)P(v, u)’

(szp)(u, v) _ ((] — 1)up(u7 Uz t ’I(L'U B qu)P(v, u) )

We can easily check that A¥ = gA;l. We can recognize these operators as a
simple modification of Demazure—Lusztig operators. The following can be checked
by direct computation:

Proposition 4.1. We have the following relations:
(Auww = @)(Auw +1) =0, (A7, — (AL, +9) =0,
Ay By Ay = By AypApw, AL AT AL, = AL ALAT,-
Definition 4.2. Let Vi, = Sym[X] ® Q[y1, Y2, - - -, yk], and let
Ti:A”y‘le:VkﬁVk, i=1,....k—1.

Define operators
dy Vi = Vi1, do Vg — Vi

by

(4.1) (dy F)[X] =TTy Ty, (F[X + (¢ — Dyr+1]) s
and

(4.2) (d-F)[X] = —F[X — (g = Dyr] Exp[~y; ' X]|,,
for F e V.

Remark 4.3. Note that the operator d_ is related to the B; operators,
d—(ypF) = =Bis1 F
for F' € Vi, which do not depend on yy.
We now claim the following theorem:

Theorem 4.4. For any Dyck path w of size n, let €1 - - - €2y, denote the corresponding
sequence of plus and minus symbols where a plus denotes an Fast step, and a minus
denotes a North step reading m from bottom left to top right. Then

X(m) =de, -+ de,, (1)
as an element of Vo = Sym[X].
Ezample 4.5. Let m be the Dyck path from Example [3.8] We have that
d_d_dydyd_d;(1)=d_d_dydid_(1) =d_d_d,d;(s1)
=d_d_d; (s1+ (¢— Dy1) =d-d_ (s1 + (¢ = 1)(y1 +92))
=d_ (s2+ 511+ (q—1)s1y1) = 53+ (1 + q)s21 + gs111,
which agrees with the value calculated for x ().

Combining this result with equation ([B2) implies the following;:

Corollary 4.6. The following procedure computes x(m,0): start with 1 € Sym|[X] =
Vo, follow the path from right to left applying q%l[d_, d4] for each corner of w, and
d_ (dy) for each North (resp. East) step that is not a side of a corner.
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4.1. Rank experiment. The proof of Theorem (4] will be divided into several
parts. However, before we proceed to the proof of Theorem 4] we would like to
explain why we expected such a result to hold, and how we obtained it. In fact,
the definition of x; from equation (LX) in the proof below actually came first, and
was discovered using computer experimentation, as we now explain.

First note that the number of Dyck paths of length n is given by the Catalan
number C,, = n+r1(2:) which grows exponentially with n. The dimension of the
degree n part of Sym[X] is the number of partitions of size n, which grows sub-
exponentially. For instance for n = 3, we have five Dyck paths but only three
partitions. Thus there must be linear dependences between different x ().

Now fix a partial Dyck path 7, € D ,,. For each partial Dyck path m € Dy v,
we can reflect 75 and concatenate it with 7 to obtain a full Dyck path W;p ™
of length n + n’ — k. We may then consider its character x(m5'm). We keep
n, m fixed and vary n’, o, thus obtaining a map ¢, : Dy — Sym[X]. The map
T1 — @, is a map from Dy, to the vector space of maps from Dy, to Sym[X], which
is very high dimensional, because both the set Dy, is infinite and Sym[X] is infinite
dimensional. A priori, it could be the case that the images of the elements of Dy, ,,
in Maps(Dg, Sym[X]) are linearly independent. However, computer experiments
convinced us that it is not the case, and that there should be a vector space Vj
whose dimension is generally smaller than the size of Dy, . In fact, by restricting
n’ to be bounded by some arbitrary but large enough cut-off value, we were able to
predict that the dimension of this space stabilizes to a very simple formula, which
is the dimension of Vj, ,,, the degree n — k component of V}, as it is defined above.

We therefore predicted the existence of a commutative diagram

]D)kn 4> an

% /

Maps(Dg, Sym[X

for some map Xx,n, whose image spans all of V}, ,,. This ultimately led to the guess of
the formula for yj in (£) as the correct extension of x(m,1). It is not at all trivial
to deduce this formula from the dimension of V ,, and indeed, some substantial
guesswork was required. However, the validity of any particular guess xj,, can be
determined experimentally, by testing if its kernel in the C(g)-span of Dy ,, agrees
with the kernel of ¢. Clearly the existence of a testable criterion such as this makes
the problem of determining x , experimentally much more reasonable.

Once the definition of xy,, was conjectured, finding formulas for d+ that satisfy
(@8 turned out to be relatively straightforward.

4.2. Characteristic functions of partial Dyck paths. The following definition
is motivated by Proposition B.5l Let m € Dy ,,. Let 0 = (01,02,...,0%) € Z=g be a
tuple of distinct numbers. The elements of Im(0) < Z~o will be called special. Let

Uro ={weZly:w; =o; for i <k, w; # w; for (i,7) € Area(m)} .

The second condition on w is the “no attack” condition as before. The first condi-
tion says that we put the special labels in the positions 1,2, ...,k as prescribed by
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o. Let

(43) X;(ﬂ-) — Z qinv(ﬂ',w)zw.

weUx &

Here we use variables 21, 23, . . ..
Suppose o is a permutation, i.e., o; < k for all i. Set z; = y; for i < k and
z; = xi—y, for i > k. We denote

Xk (™) = X(1.2,.k) (7)-

Let us group the summands in (£3) according to the positions of special labels.
More precisely, let S < {1,...,n} such that {1,...,k} € Sand w¥ : S — {1,...,k}
such that w{ = o; for i = 1,2,...,k and w; # w; for i,5 € S, (i,5) € Area(r). Set

S,w® S . .
Ugy = {weUmg:wizwi forie S, wi>kf0rz¢5},
S : S
D T L R A R Y-

S S
’IJJEUf’;}U S,w

Let m; < mg < --- < m, be all the positions not in S. Let mg be the unique Dyck
path of length r such that (i,j) € Area(ng) if and only if m;, m; € Area(r). We
have

Ziz;us _ qA Hywl Z qinv(ﬂ's,w)xw7

= weZL jno attack

where
A =#{(i,j) € Area(r) : (i€ S,j € S,w > wf) or (i ¢ S,j€9)}.

By Proposition we have

S —n
(4.4) 307 = g g — D@ ) [(a = DXT] [y -
€S
In particular x,(m) is a symmetric function in x1,s,..., and it makes sense to
define
1 X
4.5 o(mM)[X] = ——— —llﬂlgﬂ[—]eV, )= (7).
(45)  xo(m)[X] y1y2"'yk(q )G () 1|V Xk () = X1a,, (7)

Remark 4.7. The identity ([@4]) also implies that the coefficients of x,(7)[X] are
polynomials in ¢, and it gives a way to express Y, in terms of the characteristic
functions x(mg) for all S.

For k = 0, we recover x(7):

Thus, it suffices to prove that

(4.6) Xe+1(ET) = dyxi(m),  Xe—1(N7) = d_xu(7) (7€ Dy).
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4.3. Raising operator. We begin with the first case. Let m € Dy ,, so that En e
Dk+1,n+1, and we need to express xp11(E7) in terms of xp(m). Let o be the
following sequence:

o= (k+1,1,2,... k).
Then we have a bijection f : Ur 14, — Ugx,, obtained by sending
w=(1,2,...,k wgy1,...,Wn)
to
fw):=(k+1,1,2,.... k,wks1,...,wy).

This is possible because 1 does not attack k+1 in Ex. We clearly have inv(Ew, f(w))
= inv(m,w) + k, which implies

Xy (E) = 210" x5 (),

where both sides are written in terms of the variables z;. When we pass to the
variables x;, y; on the left, we have

(Zlaz2a .. ) = (y17y25 ey Yk4+1,T1,T2, .. ')a

but on the right we have

(Zlaz2a .. ) = (y17y25 oy Yk, 1, T2, - )

Thus we need to perform the substitution X = yr41 + X,

Xy (EM)[X] = Y 10" X3 (1) [X + Yhogr]-

Performing the transformation (@), we obtain

(4.7) Xo (ET) = ¢"xi(m) [X + (¢ — Dyks1] -

To finish the computation, we need to relate xr4+1 = X1q,,, and x,. We first note
that o can be obtained from Idg,; by successively swapping neighboring labels.
Let oM = Idg41 and

o =(i,1,2,...i—1,i+1,...,k+1)  (i=2,3,...,k+1)

so that o = ot Tt is clear that ¢(*+1) can be obtained from ¢¥) by interchanging
the labels ¢ and 7 + 1.

We show below (Proposition [4.8) that this kind of interchange is controlled by
the operator Ay, ,. -

(48) Xa.(i+1) (Eﬂ') = Ayi7yi+1X0’(i) (Eﬂ')
This implies
XU(ETr) = Ayk—layk U A1/1,1/2)(1@-#—1(E7T)'

When we insert this equation into (7)), we arrive at

Xk41(Em) =T1 -+ T (X () [X 4 (¢ — Dyrs1]) = dyxa(m).
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4.4. Swapping operators.

Proposition 4.8. For any w € Dy, o as above and m special, suppose that m + 1
is mot special or o=1(m) < o=t (m + 1). Then we have

/ /
X‘rma(w) = A27n72m,+1 Xov

where T, is the transposition m < m + 1, (7,,0); = Tm(0;) fori=1,... k.

Proof. We decompose both sides as follows. For any w € Uy o, let S(w) be the set
of indices j where w; € {m,m + 1}. For w,w’ € Uy , write w ~ v’ if S(w) = S(w')
and w; = w; for all ¢ ¢ S(w). This defines an equivalence relation on Uy ,. The
sum (3] is then decomposed as follows:

(4.9) Xo(m = > @™ [ Tzw D) al),

[wleUx o/~ ¢S w’ ~w
where
invy (m, w) = #{(4, j) € Area(r) : w; > wj,i ¢ S(w) or j ¢ S(w)},

which does not depend on the choice of a representative w in the equivalence class
[w], and
a(w> _ qinvz(w,w) szi,
i€S
invo(m, w) = #{(¢,j) € Area(n) : w; > w;,4,j € S(w)}.

Let f : Uz, o — Ux s, o be the bijection defined by f(w); = 7, (w;). This bijection
respects the equivalence relation ~, and we have S(f(w)) = S(w). Moreover, we
have invy (7, w) = invy(w, f(w)). We now make the stronger claim that for any
we Uy o

(4.10) Z a(w) =AL, i1 Z a(w'),
w’~ f(w) w’ ~w

which would imply the statement by summing over all equivalence classes.

For each w € Uy ., the set S(w) is decomposed into a disjoint union of runs, i.e.,
subsets

R:{jl,...,jl}c{l,...,n}, j1<"'<jl

such that in each run j, attacks j,41 for all @ and elements of different runs do
not attack each other. Because of the nonattacking condition, the labels w;, must
alternate between m,m + 1, and j, does not attack j,i2. Thus to fix w in each
equivalence class, it is enough to fix w;, for each run. Suppose the runs of S(w)
have lengths [1,ls,...,l, and the first values of w in each run are cy,co,...,c,
respectively.

With this information a(w) can be computed as follows:

a(w) = H a(l;, ¢;),

where
¢ alhzh, 1=2c=m,
L) e g’k L l=2 4 1,c=m,
all ¢) = ¢ l=2'c=m+1,

ql/z,lv;zf;;;ll l=2'+1,c=m+ 1.
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For instance, let k = 3, and let 7 be the Dyck path in Figure [l and let
w = (1, 3, 2, 7, 1, 7, 1, 2) € Uﬂ-7(132).

Let m = 1. Then we have S(w) = {1,3,5,7,8}, which decomposes into two runs
{1,3,5} and {7,8}. So we have r = 2, (I1,12) = (3,2), (¢1,c2) = (1,1) and we obtain

a(w) = a(3,1)a(2,1) = qz%zgzlzg = qz?z%

Note that by the assumption on o, we have ¢; = m, while ¢; can take arbitrary
values {m, m + 1} for ¢ > 1. This implies
Z a(w') = a(ly,m) H(a(li,m) +a(l;,m+1)).
w! ~w =2

On the other hand we have

D oa) = ) a(f(W)) =a(ly,m+ 1) ] [(a(ls,m) + a(l; m + 1)).
w'~ f (w) w'~w =2
Now notice that for all [ the sum a(l,m) + a(l, m + 1) is symmetric in 2., Zm41.
The operator A, . ., commutes with multiplication by symmetric functions and
satisfies
Az (a(l,m)) = a(l,m + 1).
This establishes ({I0) and the proof is complete. O

Remark 4.9. The arguments used in the proof can be used to show that in the case
when m,m + 1 are both not special, the function x/ () is symmetric in z,,, Zm41-
In particular, we can obtain a direct proof of the fact that x. is symmetric in the
variables zp,, Zm+1, Zm+2, - - - for i = max(c) + 1, without use of Proposition
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4.5. Lowering operator. We now turn to the remaining identity xx—1(N7) =
d_xp(m). Assume 7 € Dy, 5, so that N7 € Dy_; ,,. We observe that

X1 (NT[X + yi] = ZXIM
=0
where
X (M) = Xo (1), 0=(1,2,...,k =1,k +7),

and to get to the second equality, we have summed over all possible values of
r = wy — k that do not result in an attack. It is convenient to set g = y. Using
Proposition L8] we can characterize x}, ,.(7) by
(4.11) Xo(™) = Xk(T), Xaria (M) = Doy o, X () (7

Now notice that there is a unique expansion

=Y ulg (X +ul, gi(7) € Vioa.
j=1

\Y

0).

The advantage over the more obvious expansion in powers of ¥y, is that each co-

efficient g;[X + yi] is symmetric in the variables yi,x1,.... As a result, we have

that

X (MX] = Bz, Dy oy By Z Y1rgi (M)[X + ] Z firgi(m)[X + yi],
i>1 i>1

where

fiﬂ“ = Aa?r—lﬂlr U AwhﬂCszk,Il (yllc) (Z =z1lr= 0)
The extra symmetry in the y;, variable is used to pass A, ,, by multiplication by

gi(m)[X + k]
Now we need an explicit formula for f; ,:

Proposition 4.10. Denote X, =y +x1 + -+ x, X_1 =0. We have
hil(1 = @)X, ] = hi(1 = @) Xo—1]
1—gq '

fi,r =

Proof. Denote the right-hand side by f; .. The proof goes by induction on 7. For
r = 0 both sides are equal to y}C Thus it is enough to show that

(4‘12) Amr,zrﬂ(fi/,r) = fi/,'rJrl'
Use X, = X,_1 + x, to write fi’J as

(4.13) flo= 2 wlhi[(1 = @)X ] = wohia[(1— @) X1 + ).

j=1

Now X, _; does not contain the variables z,., z,,1, so we have

Agp i (f th il1—a@) X, 1]Azr,xr+1 T

Using the formula

AZI/’T,IT+1‘TT xT+1h] 1[(1 - q)‘TT + $T+1]7
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which is straightforward to check, we can evaluate

Amrzrﬂfil,r = Trq1 Z hj—l[(l —q)z, + $r+1]hi7j [(1— Q)erl]
j=1
= 2ri1hia[(1 - @)Xy + 2rq1],
which matches f;, ., by (@I3). O

Now, if we sum over all r, we obtain

(4.14) D Fir = (=) hi [(1 = )(X +yi)].

=0

Thus
X (NT)[X +y] = (1= )™ > hal(1 = @)(X + ya)]gs (m) [X + ).

=1

This implies

(4.15) e (NT)[X] = — q_l Zh [L]

=1 Q71

On the other hand g;(m) were defined in such a way that

xe(@l(g — DX = q” Zykgz )X + gl

=1
Substituting q%lX —yi for X gives
q -1n"
(4.16) Xk(m[X = (¢ = Dyx] = Z vigi(m) | — |-
=1
Comparing (£I5]) and (m we obtain
yk) :

et (NmIX] = 3 ~hisa[=X] (xe(m)[X = (g = D]
=0

This can be seen to coincide with d_xy(7), establishing the second case of (0).

Thus the proof of Theorem [£4]is complete.

4.6. Main recursion. We now show how to express all of D,(q,t) using our op-
erators:

Theorem 4.11. If « is a composition of length l, we have
Da(‘]at) = dlf(Na)v

where N, € V) is defined by the recursion relations

ta—l
(4.17) Ny =1, Npa =d+Na, Nw= d A d"8
Ba—1

Proof. For any k > 0, let D? < D, denote the subset of partial Dyck paths that
begin with an East step. For k = 0, let D = {J}. Define functions x" : DY — Vj
by
i 1 i
X’(@) =1, x’(EN'm) = g1l deld” 'X°(m),
X(Er) = dix° ( )-
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Given a composition « of length I, let
Dy = {m €D : touch’(r) = a}.

By the definition of touch’, every element of D, is of the form 7 = N'# for a unique
element 7 € DY so that by Corollary we have

x(m,0) = dLx{ (7).
Let
N = 3 domeemy(7) e
TED

so that D, (q,t) = d"(N!)). Tt suffices to show that N/, satisfies the relations ([EIT),
and so agrees with N,.
For a composition a of length [ and 0 < r <[, we have a map 4., : Do — D as

follows: Yo(m) = N"HLEN!="%. Clearly |ya(7)| = || + 1. From the definition
of touch’, we see the following relation:

bounce(Yq,- (7)) = bounce(r) + Z Q.

i>r

Next we compute touch’(vy,,()). For 0 < i < r, we have

bounce(N*"2EN" ' EN'""7%) = bounce(N* "' EN'~7).
This implies
touch’ (v, (7)) = (1 + Z a1, g, ..., aT> ,
i>r
so in particular touch’(y,, (7)) depends only on « and 7.

Since every nonempty Dyck path can be obtained as v, () in a unique way, we
obtain for every composition « of length r,

Doo = |_| 704[3,7’(]])045)'

Bla-1

It is not hard to see that this identity precisely translates to the relations (17T for
N O
Ezample 4.12. Using Theorem [ETT] we find that

t3
N3 = G=12 (Aot =gy — iy oy +dyyy)
£ 3,2 2
+ [q _— (At —tt+ —di—tiy) = qt°y1 — qt7yre1 € Vo,

where de, ..., = de, -+ -de, (1). We may then check that
d? N3y = qt*B3B1(1) + qt>Ba By By (1) = VO304 (1).

Ezample 4.13. Let o = (ay,...,ax) be a composition of norm n and length k, and
consider the polynomials in g, ¢ given by

Dgz_)((b t) = <D0¢(Qa t)a €n> = (_1)nDa (qa t) [_1]’
which encode the Catalan case of the compositional shuffle conjecture. This case

of the conjecture was proved in [GXZ12], using recursions (Proposition 3.12) that
are similar to those defining N, (@17, and it is natural to ask if they follow as a
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special case. Indeed, this can be achieved with help of the following proposition:

Proposition 4.14. Let w be Dyck path of size N ending with k Fast steps, and let

(€1,...,€an_1, +¥) denote the corresponding sequence of plus and minus symbols,
as in Theorem @4l Then for f € Vj, we have
(1.18) (dey -+ dea_ (1)) [-1] = ()N f ]| _ o

Proof. We prove this by induction on 2N — k, the number of d4 symbols.

First, suppose the final step ean_x is a plus. Let pr denote the homomorphism
[+ f[=¢"]|,,=4i-1 on the right-hand side of ([#IR). Using the definition @) of
d4, and the observation that piT; = pi, we have that

Pr+1(d+ f) = perr (f[X + (g — Dyr+1]) = pr(f)-

The case now follows from the above equation, the induction step, and the fact that
the path 7 remains the same.
The second case follows easily from the formula

po(d—(fypy1)) = —g D),

for f € Vi homogeneous of degree d in the symmetric function part. The base case
is obvious. ]

The recursions of [GXZ12] now follow fairly easily from ([{I7)) as a special case,
if Theorem [.1T]is taken as the definition of D, (q,t). The relations for N, were not
discovered this way, and the authors only noticed this connection after following up
on a useful suggestion from one of the referees, for which the authors are grateful.

5. OPERATOR RELATIONS
We have operators
(5.1) er,dt, T, C Vi =Vo@Vi®- -+,

where ey, is the projection onto Vj, and the others are defined as above. It is natural
to ask for a complete set of relations between them. They are formalized in the
following algebra:

Definition 5.1. The Dyck path algebra A = A, (over R) is the path algebra of the
quiver with vertex set Zx, arrows d, from ¢ to ¢ + 1, arrows d_ from ¢ + 1 to ¢ for
1 € Zxp, and loops 11,15, ..., Tr—1 from k to k subject to the following relations:

(T; =1)(Ti +q) =0, TiTinTi = TiaTiTiya, TiT; =TT (i —j] > 1),
Tid- =d-T,, dyT;=Tidy, Tdi =diy, d>Tpy=d?,
d_(dyd- —d-dy)Ti—1 = q(drd- —d_dy)d- (k>2),

T (dd- —d-dy)dy = qdy(dyd— —d-d),

where in each identity k denotes the index of the vertex where the respective paths
begin. We have used the same letters T}, d4 to label the ith loop at every node k
to match with the previous notation. To distinguish between different nodes, we
will use T;ey, where ey, is the idempotent associated with node k.



A PROOF OF THE SHUFFLE CONJECTURE 685

We will prove:

Theorem 5.2. The operators (&) define a representation of A on Vi. Further-
more, we have an isomorphism of representations

P Aeo = V*a
which sends ey to 1 € Vy, and maps exAey isomorphically onto V.

The proof will occupy the rest of this section. We begin by establishing that we
have a defined a representation of the algebra.

Lemma 5.3. The operators T; and d4 satisfy the relations of Definition 5.1l

Proof. The first line is just Proposition [l and most follow from definition. The
first one that does not is the commutation relation of d4 with 7;. We have
Ay Ti(F) =Ty - T (GF)[X + (¢ = Dyra])
=T TTip T Te(F)[X + (g = Dyp]
=Ty TiaTiTigy - Ti(F)[X + (¢ = Dyrs1] = Tigad (F),

using the braiding relations.
For the next, we have

AF =TT Ty Ao -+ Ti(FIX + (g — Dysr + (¢ — Dyrs2])
=T T 1 ThTo - Ti1 (F[X + (¢ — Dykyr + (@ — Dyr2])-

The last Tj41 can be removed because its argument is symmetric in yx4+1 and yg42,
and we obtain T, 'd% F.

The next identity is more technical. The operator image of Ty_1 — 1 consists of
elements of the form (qyg—1 — yx)F, where F is symmetric in y,_; and y. Thus
we need to check that d2 vanishes on such elements. Let us evaluate d on

(qyr—1 — yk)ygquR

where F' does not contain the variables y;_1 and yi, and a,b € Z=o. We obtain

(qBa+2Bb+1 - Ba+1Bb+2)F.

This expression is antisymmetric in a, b by Corollary 3.4 of [HMZ12], which implies
our identity.
Next using the previous relations and Lemma [5.4] below write

d(dyd- —d-dy)T—1 = (¢—1)d-TiTy - Tp1yxTk
(5.2) =q(q—1)d_-TTs-- - Tp_2yr—1
= q(q - 1)T1T2 . 'kagykfld, = q(d+d, — d,d+)d,.
Similarly,
T1 (d+d_ — d_d+)d+ = (q — 1)T1T1T2 e Tkyk+1d+
(5.3)  =(¢— V¢TI Tyt T tdy = (g — V)" Tan Ty My T - T
= (q—Dg*doy IT - T = qdy (did— —d_d,). O

To establish the isomorphism, we first show that we can produce the operators
of multiplication by y; from A.
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Lemma 5.4. For F €V, we have
1
(5.4) (d-dy —did_)F = (¢ = 1)1 Ty- - Toea(—ynF), i = gTiyiJrszW

Proof. First, we endow Vi with the following twisted action of Sym[X]:

(F+G)[X]=F G,

K
X+@=-1>
izl

for F € Sym|[X], and G € Vj. It can be checked that the operators d, d_ intertwine
this action:

(5.5) d,(F+G)=F+d,G, d_(F+G)=F=d_G.

For the second one, for instance, it suffices to assume that £ = 1. Then by the
definition of d_ given in ([.2]), we have

d_(F[X + (¢ = D)]G) = —~FIX]GIX — (¢ = Dy1] Bxp[—y; ' X]| 1 = F#d_G.

We will not need this, but in fact, if 71 € Dy, 7y € D, and 7 - w9 € Dy, is their
concatenation, then we must also have that

Xk (w1 - wa) = x(wz) * Xk (w1).

Since the operators on both sides commute with the twisted action of Sym[X]
introduced above, we may assume without loss of generality that F' is a polynomial

of y1,y2, ..., Yk
Write the left-hand side of the first identity as

d-Ty - Tp TR F =Ty Ty ((d-F)[X + (¢ — Dyx]) .

The operator d_ in the first summand involves only the variable yx41. Thus we
can write the left-hand side as

Ty Tor (d-TipF — (d-F)[X + (¢ — Dyx])-
Hence it is enough to prove

d_TpF — (d-F)[X + (¢ — Dye] = (1 — )y F.
It is clear that none of the operations involve the variables y1,¥y2,...,yr—1. Thus
we can assume F' = y,’c for i € Z>( without loss of generality. Direct computation
gives

Th(i) = Vb1 + (1= @) Y. vlui -
j=1
Thus the left-hand side equals
~hia[-X] = (1= 0) Y ylhi g [-X] + hea[-X — (g D]
j=1

% i+1
= —(1—=q) X ylhija [ X1+ (1= @) D, yihijn[-X] = (1 — gy
j=1 =1

The second relation is easy. (Il
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The operators of multiplication by y; are characterized by these relations and
therefore come from elements of A. We next establish the relations these operators
satisfy within A:

Lemma 5.5. For k € Z~ define elements y1, ..., yx € exAer by solving for y; F in
the identities (&4l). Then the following identities hold in A:

yil; =Ty, fori¢{j,j+1},
yid— =d_y;, dyyi =TTy Tiy(T\To---T;) " 'dy,
Yiy; = yiyi  for any i, j.

Proof. Note that y; can be written as

1

y1 = m(der— —d_dy)Ty—y---Th.

Our task becomes easier if we notice that it is enough to check the first identity
for ¢ = 1 and ¢ = k, the second one for ¢ = k, the third one for ¢ = 1, and the last
one for ¢ = 1, j = k. The other cases can be deduced from these by applying the
T-operators.

For j > 1, we have

1
nly = m(der_ —d_d)Tp—1-- T\ T;
1

Similarly, we verify that y, commutes with Tj_1 hence with T} for j < k — 1.
Reversing the arguments in (52 and ([&.3]), we verify the second and the third
identities.
Thus it is left to check that yry; = y1yx. We assume k > 2. Write the left-hand
side as

1 _
v = 7T (ded —dody )y
e - _
= T T T T (ded- = d-dy),
using the already established commutation relations and that & > 2 to swap
T Ty Land d_. Performing the cancellation, we obtain 31 ys. ]

The following lemma completes the proof of the theorem:
Lemma 5.6. The elements of the form

(5.6) A"yt -yt dEtmeg

with ag41 = k2 = -+ = agym form a basis of Aeg. Furthermore, the representa-
tion @ maps these elements to a basis of V.

Proof. We first show that elements of the form (B8], with no condition on the a;
span A. It suffices to check that the span of these elements is invariant under d_,
T;, and d,. This can be done by applying the following reduction rules that follow
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from the definition of A and Lemma
Tid- —d-T;, Tiyi—yT; (¢{5,J+1}),
Tiyi = yirrTi + (1= @)yi,  Tiyivr — viTi + (¢ — Dy,
Tidi " eq — di e,
dyd- —d-dy + (¢ V)T Tporyr, vid— — d_y;.

The next step is to reduce the spanning set. We can use the following identity,
which follows from d? Tj,_1 = d?:

d™(L=Ty)y - ypstmditmeg =0 (k<j<k+m).

Note that T} commutes with y;y;4+1. Suppose a; < aj4+1. Then we can rewrite the
above identity as
ioaj ir1—a; a; m gk
0=d™yy" -y Y (L= Ty Vi’ uin di eo.
Using Ty 41 = y; (T + (1)), Tjyr = . Tj for r > j+1, and Tjd% ™eq = d5 ey,
we can rewrite the identity as vanishing of a linear combination of terms of the form
(B30), and the lexicographically smallest term is precisely

m, a1 Ak+m jk+m
A2y Y A3 0.

Thus we can always reduce terms of the form (B.6) which violate the condition
Qk4+1 = Q42 = -+ = Qg+, to a linear combination of lexicographically greater
terms, showing that the subspace in the lemma at least spans Ae.

We now show that they map to a basis of Vi, which also establishes that they
are independent, completing the proof. Consider the image of the elements of our
spanning set

ATyt ey dE T () = dT (g ),

“Jk+m " Yitm
(57) (71)my<111y1212 T yngak+1+1Bak+2+1 o 'Bak+m+1(1)'
Notice that A := (ag+1 + 1,ak4+2 + 1, ..., ak+m + 1) is a partition, so

Bak+1+1B(lk+2+1 o 'Bak+m+1(1)

is a multiple of the Hall-Littlewood polynomial Hy [—X;1/q,0]. These polynomials
form a basis of the space of symmetric functions, thus the elements (B.7) form a
basis of Dyez_, V- O

6. CONJUGATE STRUCTURE

It is natural to ask if there is a way to extend V to the spaces Vj recovering the
original operator at £ = 0. What we have found is that it is simpler to extend the
composition

(6.1) N(F) = V&F = VwF,

where the conjugation simply makes the substitution (q,t) = (¢7!,t71), w(F) =
F[—X] is the Weyl involution up to a sign, and @ denotes the composition. This
is a very interesting operator, which in fact is an antilinear involution on Sym[X]
corresponding to dualizing vector bundles and tensoring with O(1) in the Haiman—
Bridgeland-King—Reid picture, which identifies Sym[X] with the equivariant K-
theory of the Hilbert scheme of points in the complex plane [BKRO1]. The key
to our proof is to extend this operator to an antilinear involution on every Vi,
suggesting that V}, should have a geometric interpretation as well. Since this paper
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was completed, E. Gorsky and the authors have discovered this connection in terms
of a smooth subscheme of the flag Hilbert scheme. This will be explained in an
upcoming paper, which also explains a family of ways to extend the operator V
itself in addition to the involution A/, also in terms of line bundles.

We will define the operator, which was discovered experimentally to have nice
properties, by explicitly constructing the action of A conjugated by the conjectural
involution . Let A* = A 1, and label the corresponding generators by d%, T>*, e¥.
Denote by z; the image of y; under the isomorphism from A to A* which sends
generators to generators, and which is antilinear with respect to ¢ — ¢~ .

Theorem 6.1. There is an action of A* on V, given by the assignment
(62) TF=T;" d* =d_, ef=e;, (diF)[X]=~F[X+(q—1)yrs1],

where F' € Vi, and vy is the operator which sends y; to y;v1 fori=1,...,k and yri1
to ty1. Furthermore, it satisfies the additional relations
(6.3)

zigrdy = dy2z, yidi =diy;, ndy = —pditg"t, didp(1) =dPTN(1)

for any m = 0.

The statement is equivalent to validity of a certain set of relations satisfied by
the operators. These will be verified in the following propositions.
First we list the obvious relations:

Proposition 6.2.

T =Thhdt, TN =di? diy = yiadd
Proof. Easy from the definition. |

To verify the rest of the relations, we use an approach similar to the one used
in the proof of Lemma (.4l Now we need not just one, but a family of twisted
multiplications: For F' € Sym[X], Ge€ V;, m =0,1,2,...,k, put

(F #m G)[X] = FlX+ q—1) (Ztyz+ Z yz>

1=m+1

It is not hard to show that they satisfy
(6.4) A5 (F sy, G) = F s A5G, d_(F sy, G) = F %, d_G,

where F' € Sym[X], and G € Vj, the first identity holds for 0 < m < k, and the
second one for 0 < m < k.
Let us first verify

Proposition 6.3.
(6.5) d_(d¥d_ —d_d*)T; ', = ¢ M (d*¥d_ —d_d*)d_- (k> 2).
Proof. Rewrite it as

d*d> —d_d*d_(Ty—1 + q) + qd> d* = 0.

Multiplying both sides by ¢ —1 = T3 — 1 + ¢ — Tx—1 produces an equivalent
relation, which can be reduced to

(d*d*> — (¢ + 1)d_d*d_ + qd*> d*)(Ty—1 + q) = 0.
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Note that the image of Tj_1 + ¢ consists of elements which are symmetric in y_1,
yr. Let

A=d¥d® — (¢+1)d_d*d_ + qd>d*.

It is enough to show that A vanishes on elements of Vj, that are symmetric in y;_1,
yx. We have (recall that k < 2)

A(F*G) = F % AA(CJ)7 Ayz :yi+1A (FESyHl[X], GEVk7Z<k71)
Thus it is enough to verify vanishing of A on symmetric polynomials of yr_1, yx.
We evaluate A on y¢_ y%:

Ayp_yp) = (T4 (t(g — 1)y1)Ba+1Bys1 — (¢ + 1) Bapa T4 (g — 1)y1) Bpga
+ qBas1 By Dy (tg — 1)) 1,

where I' (Z) is the operator F[X] — F[X + Z]. For any monomial u and integer
i, we have operator identities

Iy (u)B; = (Bi —uB;i—1)'+(u), Bil't(-u) =y (—u)(B; — uBi-1),
thus we have
't (t(¢ — Dy1)Bas1Bp+1 = I (—ty1) (Bat1 — qty1Ba)(Bav1 — qty1 Ba)T 4 (qty1),

Ba+1r+(t(q - 1)y1)Bb+1 = F+(_til/1>(Ba+1 - tlea>(Ba+l - qtlea)FJr(qtyl)a
Bot1Bpial'y (g — Dy1) = T (=ty1)(Bat1 — ty1Ba)(Ba+1 — ty1 Bo)T 4 (qtyr).

Performing the cancellations, we arrive at
A(yi_192) = Ty (—ty1) (ty1(1 = @) (BaBys1 — ¢Bay1By))1.

This expression is antisymmetric in a, b by [HMZ12| Corollary 3.4]. Thus (G5 is
true. 0

Next we have to check:
Proposition 6.4.
Ty (dbd- —d_d*)d* =g td*(d*d_ —d_d*).
Proof. Multiplying both sides by ¢77 and using the easier relations, rewrite it as
d*?d_ — (T + q)d*d_d* + qd_d** = 0.

Again, because of the commutation relations with the twisted multiplication by
symmetric functions and y;, it is enough to evaluate the left-hand side on y¢ for all
a € Z=o. We obtain

—har1[=X —t(qg— )y +y2)] + (T1 + Qhar1[-X — tlg — Dy1] — qhas1[—X].

We use the identity h,[X +Y] =2}, hi[X]h;[Y] to write the left-hand side
as a linear combination of terms hg.1_p[—X] with b > 0. The coefficient in front
of each term with b > 0 is

—hp[t(1 = q)(y1 + y2)] + (T1 + @)ho[t(1 — @)y ].
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By a direct computation,

(Ty + @)hs[t(1 — Q)un] = (T1 +q)(1—q)t"y

=(1=g)t"(y} + (1 —q) Zyiyg "t ys) = helt(l = @) (31 + 2],

and we are done. O

At this point, we have established the fact that the operators given by (G.2)
define an action of A* on Vj.. Also we have established the second relation in (G3).
The last relation is obvious. The first and the third are verified below:

Proposition 6.5.

k+1

Zld+ = 7y1d* tq Zi+1d+ = d+Zi.

Proof. Using (6.4]) we see that the operator y;d* satisfies the two properties,
y1diy: = yiyyndy, ndi (F «G) = F s y1di (G)
for F e Sym[X], Ge Vi, i=1,...,k. By definition (on V)
k-1

o= I

thus (again, on V)

qk

zdy = (did - d_d*)T; ' T 'dy.
From this expression we see, using (6.4 once again, that z;d, satisfies the same
two properties as the operator y;d¥ ,

21d4y; = Yir121d4, z21d4 (F % G) = F %1 21d 1 (G)

for F e Sym[X], Ge Vy,i=1,...,k Thus it is enough to verify the first identity
on 1€ Vj,. The right-hand side is —t¢**1y;. The left-hand side is

k k
(0 = DA (1) = (X e = Dy = X) = 1y,
so the first identity holds.

It is enough to verify the second identity for i = 1 because the general case can be
deduced from this one by applying the T-operators. For the identity zody = d. 21,
expressing z1, 2z in terms of d_, d* and the T-operators, we arrive at the equivalent
identity

Ty'dy(dbd- —d_d*) = (d¥d_ —d_d*)d,.
If we denote by A either of the two sides, we have
A(F = G) = F # A(G), Ayi = ToTs - Tiy1yis1 (ToTs - Tih) Tt A

for F e Sym[X], Ge Vg, i =1,...,k — 1. Thus it is enough to verify the identity
on yf € Vi (a € Zso). Applying T}, 'T, !, -+ Ty * to both sides, the identity to be
verified is

T Ty (@ — dodt)(y) = (@ — d_d) T Ty dy (o)
The left-hand side is evaluated to
—hay1[=X —t(q— Dy1 — (¢ — Dyrr1] + har1[-X — (¢ — Dyrsa]-
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The right-hand side is evaluated to

(did- —d_d¥)Ti(yiy1) = FIX + (g — D] = F[X]

with
a—1 )
F[X]=—hen[-X]-(1—-q) Z Ypyhiv[—X]
i=0
= —hap1[-X + (1 = Qyrs] + (1 — Qyity,
and the identity follows. |

This completes our proof of Theorem [BG.11
We also have the following proposition, which we will use to connect the conju-
gate action with N,.

Proposition 6.6. For a composition « of length k, let
Yo =y Ty T e Vi

Then the following recursions hold:
tl—a

T —dd) 3O yp)  (a>1).

Blra—1

Yla = dj-you Yaa =
Proof. The first identity easily follows from the explicit formula for d*. For i =
1,2,...,k— 1, we have

(d_d¥f —did_)y; = yip1(d_df — did_).
Therefore it is enough to verify the following identity for any a € Z>1:
(6.6) (q— Dty = (dhd_ —d_df) Y. ¢! Od D ity 0T Y e i
BEa
We group the terms on the right-hand side by b = 51 — 1, and the sum becomes

a—1

b -1 1(B) (,B1—1 Bipy—1
S Y 4t (k1+1 "'ykfﬁ()g))
b=0  Bla—b—1

a—1 a—1
= Z y Z qfl(ﬁ)(_l)l(ﬁ)Bﬁ1 -+ Bp, (1) = Z Yo ha_p1[a" ' X].
b=0  Bla—b—1 b=0

We have used the identity

(6.7) halg ' X = ) 71 (=) By (1),
afEn
which can be obtained by applying @ to Proposition 5.2 of [HMZ12]:

hn[fx] = Z Coz(l)'
alEn
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Thus the right-hand side of (6.6)) is evaluated to the expression
a—1

(dhd-—d_d%) Y yRa " Vhe p1[X]
b=0

|
—

a

=— ), (P4 (t(g — Vy1)Bor1 — Byl (t(g — 1)y1)) ha—p—1[q~ " X].

b=0
a—1
== > T (—tyn) (Bor1 — qttn By) — (Bor1 — ty1 By)) (ha—p—a[q ' X + tyn])
b=0
a—1
= (¢ =Vl (=ty1) D, By(ha—vala™ X + tan]).
b=0

Thus we need to prove

a—1
> Bo(ha-s1lq ' X + tya]) =ty
b=0

Then the left-hand side as a polynomial in y; indeed has the right coefficient of
y¢~t. The coefficient of y} for i <a — 1 is

a—1—1
" > By(ha—p-1-i[g" X))
b=0
So it is enough to show
D By(hm-slg ™' X]) =0 (m € Zoy).
b=0

Using (6.7)) again, we see that the left-hand side equals
Bo(hmlg™' X]) = ¢hmla™ X] = (Bo — ¢)(=¢"'Cn(1)) = 0
because ByCy, = qCy, Bg by [HMZ12, Proposition 3.5] and By(1) = 1. O

7. THE INVOLUTION

Definition 7.1. Consider A and A* as algebras over Q(q,t), and let A= Aq,t be
the quotient of the free product of A and A* by the relations

% * _ p—1 %
d* =d_, 17 =1T;", e =e;

K3
zisdy = dizi, yiadh =diy, wde = —pditdt
Remark 7.2. For any k > 0, the affine Hecke algebra AHA}, is the algebra generated
over Q(q) by T4, ..., Tk—1, ylﬂ, cee y;;H modulo relations

(T; = 1)(T; +q) =0, TTinT=TnTiTiv, TT;=T,T; (li—jl>1),

vily =Ty (¢ {5, +1}), viy; =vvi» TiyinTi = qus.
The positive part AHA]" is defined as the subalgebra of AHAj, generated by T; and
yi, or equivalently as the algebra generated over Q(q) by T1,...,Tk—1,¥1,---, Yk
modulo the same relations. We have a natural homomorphism AHA,;r — ephey
which can be shown to be injective using Lemma[5.6l It is tempting to guess that in

a similar way the subalgebra of exAey, generated by Tj;, y;, and z; is isomorphic to the
positive part DAHA,JCr+ of the double affine Hecke algebra DAHA. To fix a version
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of DAHA; ™ which is close to our notations, we start with relations [SVI1] (2.1)-
(2.7)] and perform substitutions ¢ = ¢!, v = q%, T, = q%Tfl, X, =vy, Y, =z
followed by reversal of the order of generators in each monomial. So DAHA™ is
defined over Q(g,t) by generators T1,...,Tk—1,Y1,---, Yk, 21, - - -, 2k and relations
of two copies of AHAj, (the second copy is transformed by T; — T;l, q—qt)

(T = O)(Ti+q) =0, TTiTy = T Tiliey, T =TT (ji—j| > 1),

yily =Ty (i¢4{5,0+1}), vy =v%, TyinTi = qui,
2Ty =Tz (1¢{5,5+1}), ziz;=2zz, TzTi=qzia,
and two extra relations. The first one is
wy=anTy 2 = qpz = aliy,
which can be deduced in A from (BE4) and 2zod; = diz1. The second relation is
2191 Yk = Y1 Yk
The following identity can be deduced from the rest of the relations:
Yo ypz1 = ¢ T T Ther - Thyo - - - Y-
Thus we expect to have
ayr=q "ty Ty TooaThor - Th.
However this does not hold in A. Instead we have
2y =@ Pty T T Thor Ty + qtynd—diTh—y - Th.

So we see that we do not obtain a natural homomorphism DAHA,JCr+ — epAes,. One
way to repair the situation is to introduce the “partially symmetrized” SDAHA;;
by starting with the DAHA in infinitely many generators T;, z;, y; (i = 1,2,3,...),
and then symmetrizing in generators with ¢ > k. For instance for & = 0, we expect
eoleg to coincide with the positive part of the elliptic Hall algebra, which is the
stable limit of spherical DAHAs as shown in [SV11]. Details of this construction
will be provided in a future publication.

We now prove

Theorem 7.3. The operations T;, d_, d, di, e; define an action ofA on V.

Furthermore, the kernel~of the natural map Aeg — Vi that sends feg to f(1) is
given by Ieqg where I < A is the ideal generated by

(7.1) I={d%d? —d7P* m=0).
In particular, we have an isomorphism V, = Aeo/Ieo.

Proof. Theorem shows that we have a map of modules Aey — Vj that restricts
to the isomorphism of Theorem on the subspace Aeg, so in particular is sur-
jective. Furthermore, the last relation of (G3)) shows that it descends to a map
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AeO/I eg — Vi, which must still be surjective. We have the following commutative
diagram.

Aeo/Ieo E— V*

=

AEO

Thus we have an inclusion Aeg < Aeg /Iep and it remains to show that the image
of Aey in Aeo/Ieo is the entire space. We do so by induction: notice that both
Aey and AeO/I ep have a grading by the total degree in di, d%, and d_, as all
the relations are homogeneous. For instance, y; and z; have degree 2, and T; has
degree 0 for all i. Denote the space of elements of degree m in Aey, Aeo/I eo by
V) W m) respectively. We need to prove V™) = W) The base cases m = 0,
m = 1 are clear.

For the induction step, suppose m > 0, V@ = W for i < m, and let F € V(™).
It is enough to show that d*% F' € v+l By Lemma [5.6] we can assume that F is
in the canonical form (B.6). We therefore must check three cases: F = d’?(1) for
1eVy, F =yG for Ge V™2 and F = d_(G) for G e V™~ In the first case
we have d* F' = d7""'1. In the second case we have d* (F) = y;11d% (G). In the
third case we have

*F=dtd_G=d_d*G+ (¢ —1)I7" T, %G.

Now we use expansion of G in terms of the generators T;, d,, and d_. Because of
the commutation relations between T; and zj;, it is enough to consider two cases,
G =d,G" and G = d_G' for G' € V("=2) In the first case we have 2,G = d 21 G’
if k> 1and 21G = —yd¥tG" if k = 1. In the second case we have 2,G = d_z,G'.
In all cases the claim is reduced to the induction hypothesis. ]

Now by looking at the defining relations of A, we make the remarkable observa-
tion that there exists an involution ¢ of A that permutes A and A* and is antilinear
with respect to the conjugation (q,t) — (¢~1,#71) on the ground field Q(q,t)! Fur-
thermore, this involution preserves the ideal I, and therefore induces an involution
on V, via the isomorphism of Theorem [T.3]

Theorem 7.4. There exists a unique antilinear degree-preserving automorphism
NV, — Vy satisfying
N1 =1, NT;=T,'N, Nd_=d-N, Nd;=d*N, Ny =zN.
Moreover, we have
(i) N is an involution, i.e., N = Id.
(ii) For any composition o we have

N(Ya) = qZ(aiil)Nw

(i) On Vy = Sym[X], we have N' = Vi, where @ is the involution sending q,
t, X toq ', t71, =X, respectively (see ([6.1))).

Proof. The automorphism is induced from the involution of A, from which part
follows immediately. Part follows from applying N to the relations of Proposi-
tion
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Finally,

and let e;
verify that

Thus it fol
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let Dy, D¥ : Vj — V; be the operators
(D1F)[X] = FIX + (1= @)(1 — t)u" ] Exp[~uX]|u1,
(DYF)[X] = FIX — (1 —¢ (1 — ¢ u" " T Exp[uX]us,
: Vo — Vh be the operator of multiplication by e;[X] = X. Tt is easy to

D, = —d_di, e, =d_dy, wD; = DT@.
lows that
NDl = 721./\/', NQl = 7D1N.

Let V/ = N@ on V. Then

V’(l) = 1, V’Ql = Dlvl, V/Dik = —lel-

It was shown in [GHT99] that V satisfies the same commutation relations, and that
one can obtain all symmetric functions starting from 1 and successively applying

e; and DY

. Thus V = V', proving part O

The compositional shuffle conjecture now follows easily:

Theorem

7.5. For a composition a of length k, we have

VCy, - Cu(1) = Do(X;q,1).

Proof. Using Theorems 11| and [7.4] we have

Da(g,t) = d* (No) = d* (N(¢"ya)) = N(g*7*d" (ya))
= N (¢ 1)FBa (1)) = N&Ca(1) = VCa(1). O
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