JOURNAL OF THE

AMERICAN MATHEMATICAL SOCIETY.

Volume 31, Number 4, October 2018, Pages 921-1057
http://dx.doi.org/10.1090/jams/898

Article electronically published on May 22, 2018

LANGLANDS CORRESPONDENCE
FOR ISOCRYSTALS AND THE EXISTENCE

OF CRYSTALLINE COMPANIONS FOR CURVES

TOMOYUKI ABE

CONTENTS

Introduction

Conventions and notation

1. Preliminaries

1.1. Review of arithmetic Z-modules

1.2. Ind-categories

1.3.  Constructible t-structures

1.4. Extension of scalars and Frobenius structures
1.5. Trace map

2. Arithmetic Z-modules for algebraic stacks

2.1. Definition of the derived category of 2f-modules for stacks
2.2.  Cohomological functors

2.3. Six functor formalism for admissible stacks

2.4. Miscellaneous results on cohomology theory

3. Cycle classes, correspondences, and /-independence
3.1. Generalized cycles and correspondences

3.2. Independence of ¢

4. Langlands correspondence

4.1. Preliminaries

4.2. Langlands correspondence

4.3. Proof of the theorem

4.4. A few applications

Appendix A

A.1. Beilinson—Drinfeld gluing of the derived category
A.2. Some properties of algebraic stacks

A.3. Lefschetz fixed point theorem

A.4. Cebotarev density (after N. Tsuzuki)

A.5. Gabber-Fujiwara ¢-independence
Acknowledgments

References

—

=
1

= e R EEE R EEEEEer e eeeaasssg

Received by the editors January 27, 2015, and, in revised form, April 25, 2016, August 31,

2016, and November 14, 2017.
2010 Mathematics Subject Classification. Primary 14F30, 11R39; Secondary 11S37.
This work is supported by Grant-in-Aid for Research Activity Start-up 23840006, Grant-in-Aid
for Young Scientists (B) 25800004, and Grant-in-Aid for Young Scientists (A) 16H05993.

(©2018 American Mathematical Society

921


http://www.ams.org/jams/
http://www.ams.org/jams/
http://dx.doi.org/10.1090/jams/898

922 TOMOYUKI ABE

INTRODUCTION

The Weil conjectures were finally proven by P. Deligne in the 1970s, culminating
in the theory of weights for ¢-adic cohomology in his celebrated paper [Del]. In
that paper, Deligne made the following conjecture on the existence of compatible
systems:

Conjecture ([Dell, 1.2.10]). Soient X normal conneze de type fini sur F,, et F
un faisceau lisse irréducible dont le déterminant est défini par un caractére d’ordre
fini du groupe fondamental.

(ii) I existe un corps de mombres E C Q, tel que le polynéme det(1 — Ft, F)
pour x € | X|, soit & coefficients dans E.

(v) Pour E convenable (peut-étre plus grand qu’en (ii)), et chaque place non
archimédienne A\ premiére a p, il existe un E\-faisceau compatible a F (mémes
valeurs propres des Frobenius).

(vi) Pour X\ divisant p, on espére des petits camarades cristallins.

Part (vi) is written vaguely because a good theory of p-adic cohomology was
not available at the time Deligne conjectured it. R. Crew made this conjecture
more precise in [Crl 4.13] after P. Berthelot’s foundational works in p-adic coho-
mology theory. This conjecture has been one of the driving forces in developing a
p-adic cohomology theory over fields of positive characteristic parallel to the £-adic
cohomology theory (e.g., introduction of [Chl).

When X is a curve, all parts of the the conjecture except for (vi) are consequences
of the Langlands correspondence, which was proven by V. Drinfeld in the rank 2 case
and by L. Lafforgue in the higher rank case. Moreover, Deligne and Drinfeld proved
all parts of the conjecture except for (vi) for any smooth scheme X as a consequence
of the Langlands correspondence. In this paper, we prove part (vi) of the conjecture
when X is a curve. In fact, we prove a stronger result: a correspondence between
irreducible overconvergent F-isocrystals with finite determinant on an open dense
subscheme of X and cuspidal automorphic representations of the function field of
X with finite central character (see Theorem F2.2)). Finally, in Theorem EAH], we
prove the converse of Deligne’s conjecture when X is smooth using the techniques
of Deligne and Drinfeld in [EK] and [D1] assuming the Bertini-type conjecture in
for any overconvergent F-isocrystal over a smooth scheme, there exists an
{-adic companion for any ¢ # p.

Our strategy of proof is similar to the f-adic case. First, we apply the prod-
uct formula for epsilon factors, which was proven in the p-adic setting by Abe
and A. Marmora in [AM]. By using Deligne’s principe de récurrence, the product
formula for epsilon factors reduces one to associating an isocrystal to a cuspidal
automorphic representation (cf. [A2]). Finally, we use the moduli spaces of shtukas
to establish the Langlands correspondence for isocrystals as was done by Drinfeld
and Lafforgue in the /-adic case. In order to apply the methods of Drinfeld and Laf-
forgue, we construct a six functor formalism for suitable p-adic cohomology theory
for certain algebraic stacks.

Before explaining our construction, let us review the history of attempts to con-
struct a six functor formalism in the p-adic setting. For a more detailed overview
of the history, we refer the reader to [I], [Ke3]. The first p-adic cohomology defined
for an arbitrary separated scheme of finite type over a perfect field of character-
istic p was proposed by Berthelot during the 1980s (called rigid cohomology). He
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also defined a theory of coefficients for rigid cohomology, called overconvergent
F-isocrystals: these can be seen as a p-adic analogue of vector bundles with an
integrable connection. One can see from this analogy that it is not reasonable to
expect a six functor formalism in the style of A. Grothendieck in the framework of
overconvergent F-isocrystals. In order to remedy this, and in the analogy with the
complex situation, Berthelot introduced the theory of arithmetic Z-modules. We
refer to [Berd] for a beautiful survey by the founder himself. In the p-adic case,
the theory is very complicated since we need to deal with differential operators
of infinite order unlike the complex situation. As a result, many of the founda-
tional properties had been left as conjectures. Among these conjectures, the most
important one concerns the preservation of finiteness properties of the arithmetic
2-modules under various cohomological operations. A big step toward this prob-
lem was the introduction of overholonomic modules by D. Caro, which potentially
bypasses Berthelot’s original strategy to construct the six functor formalism. His
work was successful in proving stability for most of the standard cohomological op-
erations, but the finiteness of overconvergent F-isocrystals was still unresolved. A
breakthrough was achieved by K. S. Kedlaya in his resolution of Shiho’s conjecture,
or the proof of the semistable reduction theorem [Ke5]. This extremely powerful
theorem enabled us to answer many tough questions in the theory of arithmetic
2-modules: a finiteness result by Caro and N. Tsuzuki (cf. [CT]), an analogue of
Weil II by Abe and Caro (cf. [ACI]), and many more. Even though we do not
explicitly use Kedlaya’s theorem in the proof of the Langlands correspondence for
isocrystals, the main theorem of this paper can be seen as another application of
Kedlaya’s result. In previous works ([CTLACT] etc.), Kedlaya’s result was used to
develop a theory of arithmetic Z-modules for “realizable schemes”. We refer to §I.11
for a detailed overview. In particular, quasi-projective schemes are included in this
framework. However, to construct the isocrystals corresponding to cuspidal auto-
morphic representations, the category of quasi-projective schemes is too restricted.
A large part of this paper is devoted to constructing a theory of arithmetic Z-
modules for admissible stacks. In particular, we end our search, since Monsky and
Washnitzer, for a p-adic six functor formalism for separated schemes of finite type
over a perfect field.

Our construction of a six functor formalism is more or less formal: making full
use of the existence of the formalism in a local situation, we glue. Even though
we do not axiomatize, it can be carried out for any cohomology theory over a
field admitting a reasonable six functor formalism locally. First, let us explain the
construction in the case of schemes. As we have already mentioned, for realizable
schemes (e.g., quasi-projective schemes) we already have the formalism thanks to
works of Caro and others. For a realizable scheme X, we denote by D (X) the
associated triangulated category with t-structure, and by Hol(X) its heart. The
category Hol(X) is analogous to the category of perverse sheaves in the philosophy
of the Riemann—Hilbert correspondence. When X is a scheme of finite type over
k, we are able to take a finite open covering {U;} by realizable schemes, and define
Hol(X) by gluing {Hol(Ul-) } The first difficulty is to define the derived category. A
starting point of our construction is an analogy with Beilinson’s equivalence proven
in [AC2]

Db(HOI(X)) ; DEOI(X)7
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where X is a realizable scheme. This equivalence suggests defining the derived cate-
gory naively by DP(Hol(X)) for general scheme X . The next problem is to construct
the cohomological functors. To do this, we construct cohomological functors for fi-
nite morphisms and projections separately and combine these for the general case.
Let us explain the method in the easier case where f: X — Y is a finite morphism
between realizable schemes. In that case the pushforward f; is an exact functor,
so we can define fy: Hol(X) — Hol(Y') by gluing, and we consider the associated
derived functor to get the functor between derived categories. The definition of f'
is more technical. When the morphism f is between realizable schemes, by using
some general nonsense, we are able to show that f' is the right derived functor of
HCf' using the fact that (f,, f') is an adjoint pair and f, is exact. Thus, for a
general finite morphism f, we define J#°f' by gluing, and we define the functor
between derived categories by taking the right derived functor. Since the category
Hol(X) does not possess enough injectives, we need techniques of Ind-categories
to overcome this deficit. Even though the construction is more involved, we can
define the cohomological functors for projections X x Y — Y using similar ideas.
Since any morphism between separated schemes of finite type can be factored into
a closed immersion and a projection, we may define the cohomological operations
in complete generality by composition.

For an algebraic stack X, we use a simplicial technique to construct the derived
category DP | (X): take a presentation X — X, and consider the simplicial algebraic
space Xo := cosko(X — X). The derived category of X should coincide with that
of X, with suitable conditions on the cohomology. Since Z-modules behave like
perverse sheaves, there are minor differences with the analogous construction in
the ¢-adic setting (cf. [LOJ). However, the construction is mostly parallel. Now,
we would like to construct the cohomological operations for algebraic stacks in
a manner similarly to that for schemes described above. However, in general,
morphisms between algebraic stacks cannot be written as a composition of finite
morphisms and projections. In this paper, we restrict our attention to admissible
stacks, i.e., algebraic stacks whose diagonal morphisms are finite.

This formalism is especially used to show the f-independence of the traces of
actions of correspondences on cohomology groups. This is then used to calculate
the traces of elements of certain Hecke algebra acting of cohomology groups of the
moduli spaces of shtukas. We refer to §4.2] for a more detailed explanation of the
proof of the main theorem.

Let us give an overview of the organization of this paper. We begin with collect-
ing known results concerning arithmetic Z-modules in §L.T] and the subsection con-
tains few new facts. In §I.2] we show some elementary properties of Ind-categories.
In 1.3 we introduce a t-structure corresponding to constructible sheaves in the
spirit of the Riemann—Hilbert correspondences. This t-structure is useful when we
construct various types of trace maps. In arithmetic Z-module theory, the coeffi-
cient categories are K-additive where K is a complete discrete valuation field whose
residue field is k. However, for the Langlands correspondence it is convenient to
work with @p—coefﬁcients. Passing from K-coefficients to K-coefficients is rather
formal, and some generality is developed in §I.4I We conclude the first section in
gL0 by constructing the trace maps for flat morphisms in the style of [SGA4]. This
foundational property had been lacking in the theory of arithmetic Z-modules, and
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it plays an important role in the proof of the /-independence type theorem, which
is the main theme in 3l

In 2 we develop a theory for algebraic stacks. Most of the properties used
in this section are formal in the six functor formalism, and almost no knowledge
of arithmetic Z-modules is required. In §2.1] we define the triangulated category
of holonomic complexes for algebraic stacks. Some cohomological operations for
algebraic stacks are introduced in §2.21 In §2.3] we restrict our attention to so-called
admissible stacks. Any morphism between admissible stacks can be factorized into
morphisms which have already been treated in §2.21 and our construction of six
functor formalism for these types of stacks is completed. We show basic properties
of the operations in this subsection. The final subsection §24lis complementary, and
we collect some facts which are needed in the proof of the Langlands correspondence.

In 43| we show an /-independence type theorem of the trace of the action of a
correspondence on cohomology groups. With the trace formalism developed in §I.5]
even though there are some differences since we are dealing with algebraic stacks,
our task is to translate the proof of [KS] in our language.

In the final section, §4l we show the Langlands correspondence. In order to be
friendly to readers who are only interested in §4] the section begins with reviewing
p-adic theory as well as recalling some notation of this paper. We state the main
theorem and explain the idea of the proof in the second subsection. The actual
proof is written in the third subsection, and we conclude the paper with some
well-known applications.

Conventions and notation.

0.0.1. In this paper, we usually use Roman fonts (e.g., X) for schemes, script fonts
(e.g., Z°) for formal schemes, and Gothic fonts (e.g., X) for algebraic stacks. When
we write (—)) it means “(—) (resp. (—)’)”. Throughout this paper, we fix a prime
number p. When a discrete valuation field K is fixed and its residue field is finite,
we often denote by @p an algebraic closure of K. Throughout this paper, we fix a
universe U.

0.0.2. For the terminologies of algebraic stacks, we follow [LM]. Especially, any
scheme, algebraic space, or algebraic stack is assumed quasi-separated. For an al-
gebraic stack X, we denote by X, the category of affine schemes over X such that
the structural morphism X — X is smooth. Morphisms between X,Y € X, are
smooth morphisms X — Y over X. Recall that a presentation of X is a smooth sur-
jective morphism X — X from an algebraic space X. Finite morphisms or universal
homeomorphisms between algebraic stacks are always assumed representable.

0.0.3. When d > 0 is an integer, smooth morphisms between algebraic stacks of
relative dimension d are understood to be equidimensional. Let P: X — X be a
smooth morphism from an algebraic space to an algebraic stack. Then the contin-
uous function dim(P): X — N is defined in [LM| (11.14)]. This function is called
the relative dimension of P and is sometimes denoted by dy -

0.0.4. Let X be a topological space, and let mo(X) be the set of connected com-
ponents of X. Let d: mo(X) — Z be a map. For any connected component Y
of X, assume that a category Cy endowed with an autofunctor Ty : Cy — Cy is
attached, and Cx = HYem)(X) Cy via which Tx is identified with (Ty)yer,(x)-
For M € Cx, we define T%(M) as follows: Let M = (My)yen,(x) € [[Cy. Then
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T4M) := (T¥Y) My )y. We may take the autofunctor T to be the shift functor or
the Tate twist functor. When T = [1] (resp. T = (1)), the functor T is denoted

by [d] (resp. (d)).

1. PRELIMINARIES

1.1. Review of arithmetic Z-modules. Let us briefly recall the status of the
theory of arithmetic Z-modules. Let s be a positive integer, and put ¢ := p®. Let
R be a complete discrete valuation ring whose residue field, which is assumed to be
a perfect field of characteristic p, is denoted by k. Put K := Frac(R). We moreover
assume that the s-th absolute Frobenius homomorphism o: k = k sending z to z¢
lifts to an automorphism R = R also denoted by o.

1.1.1. Definition ([ACI] 1.1.3]). A scheme over k is said to be realizable if it
can be embedded into a proper smooth formal scheme over Spf(R). We denote by
Real(k/R) the full subcategory of the category of k-schemes Sch(k) consisting of
realizable schemes.

For a realizable scheme X, the triangulated category of holonomic complexes
DP (X/K), endowed with a t-structure, is defined. Let us recall the construc-
tion. Let & be a proper smooth formal scheme over Spf(R). Then the category of
overholonomic @;y(@—modules (without Frobenius structure) is defined by Caro in
[Ca2]. We denote by Hol(4?) its thick full subcategory generated by overholonomic
@;]VQ—modules which can be endowed with s’-th Frobenius structure for some pos-
itive integer s’ divisible by s (but we do not consider the Frobenius structure).
The objects of Hol(?) are called holonomic modules. By definition, DEOI(‘@;’.Q) is

the full subcategory of Db(ﬁfr@@) whose cohomology complexes are holonomic. Of
course, this subcategory is triangulated by [KSd, 13.2.7].

Now, let X < & be an embedding into a proper smooth formal scheme, whose
existence is assured since X is a realizable scheme. Then DP (X/K) is the sub-
category of DP (Z?) which is supported on X. This category does not depend
on the choice of the embedding up to canonical equivalence, and it is well-defined.
Moreover, the t-structure is compatible with this equivalence (cf. [ACI] 1.2.8]). The
heart of the triangulated category is denoted by Hol(X/K). For further details of
this category, one can refer to [ACI] §1.1, §1.2] and [AC2] §1]. In [AC2], Hol(X/K)
and DP |(X/K) are denoted by Holp(X/K) and DP | -(X/K), respectively.

Remark. In [AC2], the category Holp(X/K) is introduced using the category
of “overholonomic modules after any base change”, whereas, here, we simply used
the category of overholonomic modules to define Hol(X/K). Since overholonomic
modules with Frobenius structure are overholonomic modules after any base change
by [AC2| 1.2], the categories Holp(X/K) in [AC2] and Hol(X/K) defined above are
the same. However, to prove that Hol(X) is a noetherian category (cf. [AC2] 1.5]),
it is convenient to work in the category of overholonomic modules after any base
change.

1.1.2. Remark. Lifting R = R of the Frobenius automorphism of k is not unique
in general. Let ¢’: R = R be another lifting. Let 2" be a smooth formal scheme
over R. We denote by 2" = X @p 2o R. Locally on 27, we have the following
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commutative diagram over Spf(R):

where F' and F’ denote liftings of the relative s-th Frobenius. For a 91;(7@—module
M , we have
F*(%U) ~ F*(G*%Ul) ~ F/*(%Jl),
where .27 denotes the 21 y ~-module defined by changing base using o). This
Z7Q

shows that endowing .# with a Frobenius structure with respect to o is equivalent
to endowing .# with a Frobenius structure with respect to ¢’. Thus, our category
Hol(X/K) does not depend on the choice of o. However, the category of modules
with Frobenius structure does depend on the choice. For example, assume k is
algebraically closed, and consider o and ¢’. Put

K(g/) ={zeK| o (z) = z}.
We may take o, ¢’ so that Ky and K|) are not the same. Consider the unit object
K in Hol(Spf(R)). Endow it with a Frobenius structure ®() with respect to o).
Then
HomF(’)-Hol(X/K) ((Ka q)(/))a (Ka (I)(/))) = Ké,)
Thus, we do not have an equivalence of categories between F-Hol(X/K) and
F'-Hol(X/K) compatible with the forgetful functors to Hol(X/K).

1.1.3. The six functors have already been defined for realizable schemes. For details
one can refer to [ACI], [AC2]. For the convenience of the reader, we collect known
results. Let f: X — Y be a morphism in Real(k/R). Then we have the triangulated
functors

Fiofo: Dio(X/K) = Dpg(Y/K),  f' 7 Dig(Y/K) = DRy (X/K).
These functors satisfy the following fundamental properties of six functor formalism:

(1) Db (X/K) is a closed symmetric monoidal category, namely it is equipped
with the tensor product ® and the unit object Kx with which it forms a
symmetric monoidal category (sometimes called commutative tensor cat-
egory as in [KSc, 4.2.16]), and ® has the left adjoint functor Hom. The
adjoint functor Hom is denoted sometimes by Homx for clarification, and
it is called the internal hom (cf. [ACI] 1.1.6, Appendix]).

(2) f* is monoidal, namely it commutes with ® and preserves the unit object.

(3) Given composable morphisms f and g, there exists a canonical isomorphism
(fog)t =gt o ft. We associate D ;(X/K) to X € Real(k/R), and with
this pullback and the canonical isomorphisms for compositions, we have
the fibered category over Real(k/R). Moreover, we have a similar fibered
category for f' as well (cf. [ACT] 1.3.14], checking of the category being
fibered readily follows from the construction of the functor).

(4) (f*, fy) and (fi, f') are adjoint pairs (cf. [ACT] 1.3.14 (viii)]).

(5) We have a morphism of functors fi — f; compatible with transitivity
isomorphisms of composition. This morphism is an isomorphism when f is
proper (cf. [ACT] 1.3.7, 1.3.14 (vi)]).



928 TOMOYUKI ABE

(6) When j is an open immersion, there exists the isomorphism j+ = j' com-
patible with the transition isomorphism of the composition of two open
immersions (cf. [V2, I1.3.5]).

(7) Let Veck be the abelian category of K-vector spaces, and we denote by
DE (Veck) the derived category consisting of bounded complexes of K-
vector spaces whose cohomologies are finite dimensional. There exists
a canonical equivalence of monoidal categories RI': DP | (Spec(k)/K) —
DE (Veck). For X — Spec(k) in Real(k/R), we put RHom(—,—) :
RT o f1 o Hom(—,—). Note that we have an isomorphism R"Hom(.%#,%)
Hom(Z,¥[i]) for #,% € D ,(X).

(8) Consider the following cartesian diagram of schemes:

Il

(1.1.3.1) X 21X

f’l O lf
Y/TY

Assume that the schemes are realizable. Then we have a canonical isomor-
phism gt fi & f/¢’t compatible with compositions. When f is proper (resp.
open immersion), this isomorphism is the base change homomorphism de-
fined by the adjointness of (f+, f.) (resp. (fi, f')) via the isomorphism of
@D (resp. @) (cf. [ACI] 1.3.14 (vii)]).

(9) We have a canonical isomorphism fi.7 ® 4 = fi(F @ fT9) (cf. [ACI]
Appendix]).

(10) Let i be a closed immersion in Real(k/K), and let j be the open immersion
defined by the complement. Then we have a canonical distinguished triangle
of functors

gt = id = it 1S,
where the first and second morphisms are adjunction morphisms.
Before recalling several more properties, let us show the following lemma:

Lemma. Let:t: X — X' be a universal homeomorphism in Real(k/R). Then the
adjoint pair (14,.") induces an equivalence between DY (X/K) and D (X'/K),
and we have a canonical isomorphism ot =2 i'. Moreover, assume we are given the
following commutative diagram where v and ' are universal homeomorphisms:

X—f>Y

X/ TYI

Then fJ(r/), f!(/), fOF and fO commute canonically with )+ = )",

Proof. The first equivalence is nothing but [ACT, 1.3.12]. Since ¢y — ¢y by ({)
above, we have 1T 2 (1y)7' = (1, )~ 2. Commutation results follows by transi-
tivity of pushforwards and pullbacks. O

This result can be applied in particular when f is the relative Frobenius mor-
phism (see the remark below). We need some more properties, which may not be
regarded as standard properties of six functor formalism:
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(11) For X in Real(k/R), let X7 := X Qi »» k. Then we have a pullback
o*: DY (X/K) = DP,(X?/K), which is exact, and all the cohomological
functors commute canonically with this pullback. (This follows easily from
the definition of the cohomological functors; see also [Ber3l 4.5].)

Now, for a separated scheme of finite type over k, we denote by Isoc'(X/K) the
thick full subcategory of the category of overconvergent isocrystals on X generated
by those which can be endowed with the s’-th Frobenius structure for some s|s’.
We caution that our notation is slightly different from the standard one as in
[Berll 2.3.6]. In fact, by his notation, Berthelot simply means the category of
overconvergent isocrystals, and Frobenius structure does not play any role in his
definition.

(12) Let X be a realizable scheme such that X,.q is a smooth realizable scheme
of dimension d: mo(X) — N (cf. [03). Then there exists a fully faith-
ful functor sp, : Isoc' (X/K) — Hol(X/K) called the specialization func-
tor. We denote the essential imag of sp, shifted by —d by Sm(X/K) C
Hol(X/K)[—d] C D (X/K) (cf. [CaF, 4.2.2]).

Remark. (i) Let F: X — X be the s-th absolute Frobenius endomorphism.
Combining (1)) and the lemma above applied to the s-th relative Frobenius mor-
phism Fx/.: X — X7, we get an equivalence of categories

F*:=Fy, 00" DRoy(X/K) = DRy (X/K).

This pullback is nothing but the one used in [Ber3, Definition 4.5]. For a coho-
mological functor C: DP,(X/K) — DP,(Y/K), we say that C commutes with a
Frobenius pullback if there exists a canonical isomorphism C o F* 2 F* o C.

(ii) Let F: X — X' be the relative Frobenius morphism. For .# € DP (X’),
the lemma above yields a canonical isomorphism a: F F'.# =+ .#. On the other
hand, when X and X’ can be lifted to smooth formal schemes 2", 2", [Ber3|, 4.2.4]
gives us another isomorphism 3: Fy, F'.# = .#, since Fb_@j;{, > F*:@%, Qua o
by [Berd| 2.4.4]. These two isomorphisms coincide. Indeed, to see this, it suffices
to check the coincidence for .# = Og. By left-to-right conversion, it suffices
to check for .# = wg and F, F' the corresponding functors for right modules.
The homomorphism « is nothing but the adjunction map, and this is by definition
Virrion’s trace map Tr¥": F, (wggf ®@Ty F*@;K,) — wg defined in [V1] II1.7.1].
By [V1], ITL.5.4], this map can be characterized as the unique map ~ such that the
following diagram commutes:

Favy ——— F.(wz 8, F* %),

TrFl /

W

where Trp is the homomorphism induced by the trace map of Hartshorne [Ber3,
2.4.2]. Thus, it suffices to check that the diagram is commutative when v = /.
By construction of the equivalence of [Ber3, 4.2.4], § is defined by taking limit to
[Berdl (2.5.6.2)]. It is not hard to check the commutativity using [All 1.5] and the
description of Garnier [AIlL (2.2.1)] of the isomorphism [Berd, 2.5.2]. The details
are left to the reader.

'In [Ca5], the essential image is denoted by Isoc!t(X/K).
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~)

(iii) The identification of (ii) shows that the commutation isomorphisms F'o f
f+ o F', defined by the lemma and by [Berd, 4.3.9], coincide.

1.1.4. We also have the duality formalism. Let p: X — Spec(k) be the structural
morphism of a realizable scheme. We put K% := p'(K) and call it the dualizing
complex. We put Dx = Hom(—, K%) and call it the dual functor. For F €
DP(X/K), we have

(%) Hom(Dx.#,Dx.#) 2 Hom(Dx.7 @ F,K%)
~ Hom(# @ Dx.#, K%) & Hom(#,DxDx 7).

The identity in the abelian group on the left-hand side induces a homomorphism
F — ]D)X}D)Xy.

Lemma. The induced homomorphism of functors id — Dx o Dx is an isomor-
phism.

Proof. We already know that id = Dy o Dx by [V2, I1.3.5], even though the iso-
morphism may not be equal to the one in the claim. Let us show that the given
homomorphism in the lemma is actually an isomorphism using this Virrion’s iso-
morphism. By dévissage, it suffices to check the equivalence for holonomic modules.
We recall that objects of Hol(X/K) have finite length by [AC2, 1.5]. Thus, we only
need to show the lemma for irreducible modules %. By Virrion’s result, DxDx (#)
is irreducible as well, and it remains to show that the homomorphism is not 0. If
this were 0, the corresponding element of the left-hand side of (&) should also be 0,
which is a contradiction. ]

~

This isomorphism induces a canonical isomorphism Hom(%,¥) =
Dy (% ® Dx(¥)) for Z,94 in D} (X/K). This can be seen by a similar argu-
ment to [Hal, V.2.6].

1.1.5. Let f: X — Y be a morphism between realizable schemes, and
F,F' € DP,(X). Since f* is monoidal, we have the canonical isomorphism
fH((=)® (=) = ff(—=) ® f*(-). By taking the adjoint, we have the homomor-
phism fy (=) ® f+(=) = f+((—=) ® (—)). This induces a homomorphism

f+ 'Homx(y,ﬁ/) &® er(ﬂ) — f+(7-l0mx(9,ﬁ') ®f) — f+(y/),

where the second homomorphism is the evaluation map. Taking the adjoint, we
have the homomorphism

[ Homx (F,F') = Homy (F+(F), f+(F)).
Now, let ¢ € DP (Y). When f is proper, [L13 () and the adjointness of the pair
(f1, f) induce a homomorphism
(%) I+ ’Homx(f,f!g) — Homy (f+Z,9).
Proposition. This homomorphism is an isomorphism.

Proof. For an open subscheme U of X, we denote by jy: U — X the open immer-
sion. Let pz be the structural morphism of a scheme Z, and let .# € Dp  (X).
Assume that py (jiif#) = 0 for any U. Then .# = 0. Indeed, for any closed point
iz: ¢ — X, put Uy := X \ {z}, and we have the localization triangle

(M) = px (M) = pu, i (M) T
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By assumption, we have i, (.#) = 0. By [ACT, 1.3.11], .# = 0.

By the construction, the homomorphism in question is compatible with restric-
tion to open subschemes. Thus, the observation above reduces to checking that
the induced homomorphism py 4 f+ Homx (ﬁ, f!g) — py 4+ Homy (f+f, g) is iso-
morphic. Via the isomorphism [[LT3] (@), this homomorphism is nothing but the
canonical homomorphism Hom x (ﬁ, f!%) — Homy (f+§,%) of the adjoint pair

(era f|) O
Let j: U — X be an open immersion. Then there exists a unique homomorphism
(%x) ’Hom(j;ﬂ,%) — j+ Hom(ﬂ,j!g)

such that its restriction to U is the identity. This is an isomorphism since we know
that these two objects are isomorphic abstractly by [ACI, A.7]. Let f: X — Y be
a morphism between realizable schemes. This morphism factorizes in Real(k/R) as

xLx 4 Y, where j is an open immersion and f is proper. We define

H Z,1'9) = j. Hom(f .Z,5'9) «—— H \F,9).
[+ Homx (ZF, f )QH om(fZ,j )E omy (fi.7,9)

It is standard to check that this does not depend on the choice of the factorization.
Using this isomorphism, we may prove the following two more isomorphisms, which
we record here for future use:

Hom(.F, f+9) = f, Hom(fFZ,9),  f Hom(F,9) = Hom(fY.7, f'Y).

1.1.6. Consider the cartesian diagram (LI31]). We assume that the schemes are
realizable. Then we define the base change homomorphism ¢'* o f' — f" o gt to
be the adjunction of the following composition:

~ dj ¢r
flog*of < gtofiof =gt

By definition, the following diagram is commutative, which we will use later:
gr A == gt ——flf"g"

adjfl/ ladjf/

gt gt.

1.1.7. For realizable schemes X1, X and .#, € D} (X1), M5 € D2 (X2), we
put 4 R My = pf (M) @ py (Mz), where p;: X1 x Xo — X; denotes the i-th
projection. This functor is called the exterior temsor product.

Now, let f): X) 5 Y() be a morphism of realizable schemes, and take an
object .#") in DP_|(X")/K). We have the canonical isomorphism

(fx T ((H)R(=) =T (=) RfT(-)
since fT and f'* are monoidal. By taking the adjoint, we have a homomorphism
()R (M) = (f x [ (A R.A").

Proposition. This homomorphism is an isomorphism.
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Proof. When f and f’ are immersions, the proposition is essentially contained in
the proof of [ACI] 1.3.3 (i)]. Thus, we may assume f and f’ to be smooth proper
and X, Y() can be lifted to proper smooth formal schemes 2°(), % (). In this
situation, we have the canonical isomorphism

PR =< (R (),
and by taking the adjunction of [VI], we have the homomorphism
p: (f % f/)+(///®////) = [+ ()R [ (A).

The homomorphism in the statement is the dual of this homomorphism. Thus,
it suffices to show that p is an isomorphism. Let fle): X,(l/) — Yn(/) be a smooth
morphism of relative dimension d\) between proper smooth schemes over R/mnt1

where 7 is a uniformizer of R. For perfect 2(™)-complexes on X,(L/) and Y,g/),

we have the homomorphism pp: (frn % f})+((=) B (<)) = fugs (=) B fl, (=) by
similar construction to p, and it suffices to show that p, is an isomorphism since

DY (Z5M) = Dyert (25 by [Ber3, 4.4.8]. By [Hal, VIL4.1], the following diagram
commutes:

Rif (wx,v,) RRY fl(wx: jy;) —= Oy, B Oy,

R (£ x f1)lwx, xx, /v xvs) —= Oy, xv,

where the vertical homomorphisms are trace maps, and w denotes the canonical
bundle sheaf. The commutativity shows that p,, is nothing but the homomorphism
induced by the isomorphism

(m) ~ g(m) (m)
gynxy,;exnxxg = QYW,HXW, K @YW’,HX;,

(cf. [AIl Lemma 4.5 (ii)]), and we get the proposition by using the Kiinneth formula
for quasi-coherent sheaves. |

1.1.8. Finally, we recall the following result:

Theorem ([AC2]). Let X be a realizable scheme. Then the canonical functor
DP(Hol(X/K)) — DP|(X/K) induces an equivalence of triangulated categories.

In the current formalism, the cycle class map is missing. We shall construct trace
maps and a cycle class formalism in the coming subsections, which are important
tools in showing the ¢-independence type result.

1.2. Ind-categories.

1.2.1. Lemma. Let A, B be abelian categories, and assume A has enough injective
objects. Let F': A — B be a left exact functor, and assume that we have an adjoint
pair (G, F) such that G is exact. Then for M € D" (A) and N € D(B), we have

HOHlD(A)(G(N), M) & HOHID(B)(N, RF(M))

Proof. By the exactness of G, F' sends injective objects to injective objects. Thus,
for a complex of injective objects I* € C*(A) and a complex N* € C(B), it suffices
to show that

Hom g (4)(G(N*®),1°) = Hompg g)(N®, F(I°)).
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By the adjointness, we have Hom®*(G(N*®),I*) = Hom®(N*®, F'(I*)) in C(Ab) where
Hom® is the functor defined in [Hal 1.6]. Since Homg 4y = #°Hom®, we get the
isomorphism. (Il

Remark. The proof also shows that if moreover B has enough injectives, we have
RHOIHD(A) (G(N), M) = RHOHID(B) (N, RF(M))

1.2.2. Let us collect some facts on Ind-categories. Let A be a category. Let A" be
the category of presheaves on A, and let h4: A — A" be the canonical embedding.
Then Ind(.A) is the full subcategory of A" consisting of objects which can be written
as a filtrant small inductive limit of the image of h 4. By definition, h 4 induces
a functor ¢ 4: A — Ind(A). We sometimes abbreviate this as ¢. Since hy is fully
faithful by the Yoneda lemma [KSc, 1.4.4], ¢4 is fully faithful as well. For details
see [KSd, §6].

Now, we assume that A is an abelian category. We have the following properties:

(1) The category Ind(A) is abelian, and the functor ¢4 is exact. Moreover,
Ind(A) admits small inductive limits, and small filtrant inductive limits are
exact (cf. [KSd, 8.6.5]).

(2) Assume A to be essentially small. Then Ind(A) is a Grothendieck category,
and in particular, it possesses enough injectives and admits small projective
limits (cf. [KSc, 8.6.5, 9.6.2, 8.3.27]).

(3) The category A is a thick subcategory of Ind(A) by [KSc, 8.6.11]. This in
particular shows that any direct factor of objects of A is in A, since a direct
factor is the kernel of a projector.

(4) Let Xo: I — A be an inductive system. Since ¢4 is fully faithful, if
@LA(Xi) is in the essential image of ¢4, then lim X; exists in A and
ling 14 (X;) % caling X,).

Now, let F': A — B be an additive functor between abelian categories. Then
it extends uniquely to an additive functor IF: Ind(A) — Ind(B) such that IF
commutes with arbitrary small filtrant inductive limits by [KSc, 6.1.9]. Since a small
direct sum can be written as a filtrant inductive limit of finite sums, I F' commutes
with small direct sums as well. We have the following additional properties:

(5) If F is left (resp. right) exact, IF is also (cf. [KSc, 8.6.8]).

(6) Let G: B — C be another additive functor between abelian categories.
Then I(G o F) = IG o IF (cf. [KSd, 6.1.11]).

If there is nothing to be confused, by abuse of notation, we denote I F' simply by F.

Remark. In general 14 does not commute with inductive limits (cf. [KSd, 6.1.20]),
and in [KSd], inductive limits in Ind(A) are distinguished by using “lim”. In this
paper, we simply denote this limit by lim if no confusion can arise, and when we use
inductive limits, it is understood to be taken in Ind(A), not in A, unless otherwise
stated.

1.2.3. Lemma. Let A, B be abelian categories, and assume that B admits
small filtrant inductive limits. Then the restriction functor yields an equivalence
Fet2(Ind(A), B) = Fct™9( A, B), where the target (resp. source) is the category
of additive functors (resp. of additive functors which commute with small filtrant
inductive limits).
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Proof. This is a reorganization of [KSc, 6.3.2]; see also [SGA4. I, 8.7.3]. The quasi-
inverse is the functor sending F to o o IF, where og: Ind(B) — B is the functor
taking the inductive limit (cf. [KSc, 6.3.1]). O

1.2.4. Let A, B be abelian categories, and assume moreover that A is a noether-
ian category (i.e., an essentially small category whose objects are noetherian, cf.
[Gal, 11.4]). Let f.: A — B be a left exact functor. Recall that Ind(.A) has enough
injectives (cf. @)). Thus, If. can be derived to get Rf.: DT (Ind(A)) —
DT (Ind(B)), by abuse of notation. We also recall that the canonical functor
ta: DP(A) — D5(Ind(A)) gives an equivalence by [KSc, 15.3.1], and the same
for B.

Lemma. Let f.: A — B be a left exact functor as above. Then for any integer
i >0, Rif,: Ind(A) — Ind(B) commutes with an arbitrary small filtrant inductive
limat.

Proof. Since we are assuming A to be noetherian, Ind(A) is a locally noetherian
category (cf. [Gal 11.4]), and by [Gal 11.4, Cor 1 of Thm 1], small filtrant inductive

limits of injective objects in Ind(.A) remain to be injective. Thus, we may apply
[KScl 15.3.3] to conclude the proof. O

1.2.5. Recall that a d-functor {f’} between abelian categories is called the right
satellite of f° if f© =0 for i < 0, and it is universal among them (cf. [G1] 2.2]).

Lemma. The composition functor {R'f,o1}: A — Ind(A) — Ind(B) is the right
satellite functor of Ifsotq = tpo f.

Proof. Since {R!f,o.} is a right §-functor, it remains to show that it is universal. Let
{G*}: A — Ind(B) be a right d-functor with a morphism of functors ¢tz o f, — GY.
By Lemma [[.2.3] {G*} extends uniquely to a collection of functors {C:”} : Ind(A) —
Ind(B). Then {éz} is a right é-functor as well by [KSc, 8.6.6], with a morphism
If, — G°. By the universal property of {R’f,}, we get a morphism {R’f,} — {G'},
which induces the morphism ¢: {R*f, 0t} — {G*}. Now, any morphism R*f, o0t —
G extends uniquely to R f, — G by Lemmas [24] and [[Z3] Using [KSd, 8.6.6]
again, {R‘f,} — {G'} is a morphism of é-functors if ¢ is. Thus the uniqueness of
@ follows, and we conclude that the d-functor in question is universal. |

1.2.6. Lemma. Let f*: B — A be an exact functor such that (f*, f.) is an adjoint
pair. Assume we are given a functor fy: DP(A) — DP(B) such that (f*, fy) is an
adjoint pair. Then f, = Rf, o1 on DP(A).

Proof. First, let us show that for X € A, #f (X) =0 fori <0. If f,(X) #0,
by the boundedness condition, there exists an integer d such that s#¢f, (X) # 0
and S f(X) =0 for i < d. Assume d < 0. Then for any Y € B, we have

Homg (Y, ¢ f1(X)) = Homps) (Y, f+(X)[d]) = Hompa)(f*(Y), X[d]) =0,

where the last equality holds since J#%(X|[d]) = 0 for i < 0. This contradicts the
assumption, and thus, s f, (X) = 0 for i < 0. In the same way, we get that
(f*,#°f,) is an adjoint pair, and in particular, s#°f, = f,.

This shows that the collection of functors {7 f, } is a (right) d-functor. Since
{#f.} is a d-functor from A to B with the isomorphism f, = #°f, Lemma
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yields a homomorphism {R!f, ot} — {5f,} of §-functors. For X € A,

we have
Hom p(tna(s)) (f+(X) R f«(X)) = Homp(imacay) (f*f+(X), X)
= Homp(a) (f* f+(X), X) = Hompg) (f+(X), f+(X)),

where we used the canonical equivalence DP(A) = DY (Ind(A)) recalled in [24
Thus, the identity of fi(X) defines a homomorphism p: fi(X) — Rf.(X), which
induces the isomorphism on 4#°. By the universal property of a satellite functor,
the composition {R?f,(X)} — {7 f.(X)} & {R'f,(X)} is the identity, which
shows that R?f,(X) is a direct factor of J#¢f,(X). This shows that Rif,(X) is
in B by @) and R'f,(X) = 0 for i > 0, which means that Rf,(X) is in
Dg(Ind(B)) <~ DP(B). Thus Rf, induces a functor from DP(A) to D*(B). For
any Y € D"(B), we have

Homp ) (Y, Rf.(X)) = Homp ) (f*(Y), X) = Homp g (Y, f+(X)).
Thus Rf.(X) = f+(X) by the Yoneda lemma, as required. O

1.2.7. Now, let us apply the preceding general results to the theory of arithmetic
2-modules. We use the notation of §I.11 First, we need:

Lemma. For a realizable scheme X, the category Hol(X/K) is noetherian and
artinian.

Proof. Let X be a realizable variety. Then the category Hol(X/K) is essentially
small. Indeed, to check this, it suffices to show that for a smooth formal scheme
Z, the category of coherent _@ Q—modules is essentially small. The verification is
standard. Now, any object of Hol(X/K) is noetherian and artinian by [AC2| 1.5].

O

Definition. For a realizable scheme X, we put M(X/K) := Ind(Hol(X/K)).
This is a Grothendieck category by @) and the lemma above.

1.2.8. Let ¢: X — Y be a smooth morphism equidimensional of relative dimension
d between realizable schemes. We have the following functors via the equivalence
of Theorem [[LT.8 compatible with Frobenius pullbacks:

¢4 [—d]: DP(Hol(X/K)) = D*(Hol(Y/K)): ¢™[d].

Lemma. We have an adjoint pair (¢*[d], ¢+ [—d]), and ¢T[d] is exact. The
adjunction map is compatible with Frobenius pullbacks.

Proof. Since (¢T, ¢ ) is an adjoint pair, the adjointness follows. The exactness is
by [ACIL 1.3.2 (i)]. O

We put ¢, = HO(¢dy[—d]), ¢* := #°(¢T[d]). We have the right derived
functor Re,: DT (M(X/K)) — DY (M(Y/K)). By Lemma [[2.6 together with the
lemma above, ¢ [—d] is the right derived functor of ¢., namely, ¢4 [—d] = Re, on
DP(Hol(X/K)), which is a full subcategory of DT (M (X/K)).

Now, let ¢: X — Y be a smooth morphism which may not be equidimensional.
Then there exists a decomposition X = [[X; where X; is an open subscheme
of X such that the induced morphism ¢;: X; — Y is equidimensional. We put
Gw = > ¢ and ¢* := > ¢F. Note that when ¢ is an open immersion, then we
have Ro. = ¢4 .
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1.2.9. Let f: X — Y be a finite morphism between realizable schemes. Consider
the functors

fi = f: DP(Hol(X/K)) = D"(Hol(Y/K)): f'.
We have the following:

Lemma. The functors fy = fi are exvact and (f, f') is an adjoint pair compat-
ible with Frobenius pullbacks.

Proof. The exactness is by [ACI] 1.3.13], and the other claims follow by [LT.3

Now, we have the associated right derived functor R(#°f'): DT (M(X/K))
DT (M(Y/K)). By Lemma together with the lemma above, we have f'
R(#°f') on DP(Hol(Y/K)).

R4+ O

1.2.10. Let X, Y be realizable schemes, and consider the projections p: X xY — Y,
q: X XY — X. Let & be an object in Hol(X/K). We have the functors:

Py (=) :=py Hom(q o7, —): D’(Hol(X x Y/K))
= DP(Hol(Y/K)): &/ K (=) =: p},.
Now, assume that o is endowed with Frobenius structure &/ — F*«. Then we

have an isomorphism of functors F* o pyy & pyy o F*, and F* opl, = pt o F*.
Thus, py4 and p;; are compatible with Frobenius pullbacks. We have:

Lemma. The functor pjz; is exact, and (p;,p%+) is an adjoint pair. Moreover,
if & is endowed with Frobenius structure, the pair is compatible with Frobenius
pullbacks.

Proof. The exactness of p?, follows from [ACT] 1.3.3 (ii)]. By definition (cf. [ACT]
1.1.8 (i)]), we have ¢/ @ p™(—) = &/ K (—). Thus, we get
Homx v (pl, (=), —) = Homxxy (¢" & @ p*(-),-)

= Homx xy (p* (=), Hom(q" o/, —))

= HOIIIY (_aer Hom(q—i_dv _))7
where the second and the last isomorphism holds by the adjunction properties
(cf. LI3). O

We put pos := A puy, pt, = %”%2;. Once again, we get poy = Rpg. on

DP(Hol(X x Y/K)).

1.2.11. Lemma. Let X be a realizable scheme, let j: U — X be an open immer-
sion, and let i: Z — X be its complement. For an injective object .9 in M(X/K),
we have an exact sequence

0— Y i(F) = I = A%, i1 (F) = 0.
Proof. Since #7i i is a left exact functor, we may take its right derived functor,
and this is denoted by R(# 4'). Let us put
F := Coker(id — #°(j+j ")) : Hol(X/K) — Hol(X/K).

We show that RY(#% ') () = IF (M) for # € M(X/K). Since %' is left
exact and i, is exact, we have R (0, 4') =i RY(#"). When .# € Hol(X/K),
we have the isomorphism by Lemma and the localization triangle. Lemma
[CZ7 and Lemma [[2.4] show that the functor R'(2#%i,4') commutes with small
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filtrant inductive limits. Thus, by Lemma [[.2.3] this isomorphism uniquely extends
to the isomorphism we want. This shows that for an injective object ., IF(.#) = 0,
and we get the short exact sequence in the statement of the lemma. ([l

1.3. Constructible t-structures. We need to introduce a t-structure on the tri-
angulated category DEOI(X /K) whose heart corresponds to the category of con-
structible sheaves in the philosophy of the Riemann—Hilbert correspondence. We
keep the notation from LTl

1.3.1. Let X be a realizable scheme. For .# € Hol(X/K), we define the support,
denoted by Supp(.#), to be the smallest closed subset Z C X such that ./ is 0 if
we pull back to X\ Z. When X,¢q is smooth of dimension d, we say that a complex
M € DY (X/K) is smooth if (.4 )[—d) is in Sm(X/K) for any i (cf. [L13] (I2)).
Now, we define the following two full subcategories of DP ;(X/K):
e °D=0 consists of complexes .# such that dim (Supp(#"(.#))) < n for any
n >0, and " () = 0 for any n < 0.
e D=0 consists of complexes .# such that SZ*if},(.#) = 0 for any closed
subscheme iy : W — X and k > dim(W).

We note that the extension property holds, namely, for a triangle .#' — .# —
ML i 4 and A" are in °D*(X) (» € {>0,<0}), then . is also.

Example. Let X be a smooth curve. Then *D=° consists of complexes .# such
that 7 (.#) = 0 for i < 0, and H#°(.#) is supported on a finite union of points.
The category D= consists of complexes .4 such that % (.4) = 0 for i > 1,
and 2% F A (#) = 0 for any closed point x. For example, i, (K) and Ky
(= sp,(Ox,g)[—1] where Ox g denotes the constant overconvergent isocrystal) are
in both ©D=% and ¢D=Y. For a smooth realizable scheme X, any object of Sm(X/K)
(cf. LT3 ([@2)) is in both D= and D=. This can be checked by the right exactness
of ¢t (cf. [ACT] 1.3.2 (ii)]).

1.3.2. Lemma. Leti: Z — X be a closed immersion, and let j: U — X be its
complement. Then i*, ji, iy, 57 all preserve both *DZ° and °D=<°.

Proof. Since 4y & iy and jT are exact by [ACT] 1.3.2], the verification is easy. Let
us show the preservation for i*. Since the verification is Zariski local with respect
to X, we may assume that X is affine. Then the verification is reduced to the
case where Z is defined by a function f € Ox. In this case, we know that for any
M € Hol(X), A%t =0 for i #0,—1.

Since 4}, is right exact by [ACI] 1.3.2 (ii)], the preservation for °D=C is easy. Let
us show the preservation for °DZ°. By the extension property, it suffices to check
for ./ of the form .# = .#[—n] such that .#" € Hol(X) and dim(Supp(./#)) < n.
By using the extension property again, this is reduced even to the case where
A is irreducible. In particular, we may assume that the support of .4 is irre-
ducible. In this case, we have two possibilities: Supp(4") C Z or Supp(A) ¢ Z.
When Supp(A4) C Z, we get S~ 1it(.#) = 0, and the other case follows since
dim (Supp(4) N Z) < dim(Supp(4)).

Let us show the lemma for ji by using the induction on the dimension of X.
When j is affine, the claim follows easily since ji is exact by [ACI 1.3.13]. In
general, take .# € °D*(U). Let j': V — U be an affine open dense subscheme,
and let ¢/ be the closed immersion into U defined by the complement. Consider
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the triangle j/j'* 4 — A# — i\ T A H1, Since j o j is affine, Jli' A is in
°D*(X), and jie' i'".# is in °D*(X) as well by the induction hypothesis together
with the lemma for i/T we have already treated. Using the extension property, we

conclude. 0
1.3.3. Proposition. The categories °DZ° and °D=C define a t-structure on
Do (X/K).

Proof. We put D(X) := DP (X/K). Let U be an open subset of X, and let Z
be its complement. Put i: Z < X and j: U — X. For x € {> 0,< 0}, .# is in
¢D*(X) if and only if i T (.#) and j*(.#) are in *D*(Z) and °D*(U), respectively.
This follows by the extension property and Lemma

Now, we proceed as [KW| p.143]. We use the induction on the dimension of X.
We may assume X to be reduced by Lemma [[.T.3l It suffices to check, for a smooth
open affine subscheme j: U < X equidimensional of dimension dim(X), that the
restriction of *DZ° and ©D<=° to the subcategory

T(X,U):={& € D(X) | s (j7&) is smooth on U for any i}

defines a t-structure, since | J,, T'(X,U) = D(X). Let i: Z — X be the complement
of U. By the observation above, .# € T(X,U) is in “°D*(X) if and only if j(.#)
and i (.#) are in °D*(U) and °D*(Z), respectively. We note that D*(Z) defines
a t-structure on D(Z) by induction hypothesis.

Let us check the axioms of the t-structure [BBD) 1.3.1]. Axiom (ii) is obvious,
and axiom (iii) can be shown by a similar argument to [KW| pp.140, 141] using the
t-structures of D(Z). Let us check (i). By dévissage using the localization triangle

gyt —=id — iyt F1, twice and by the induction hypothesis, we only have to show
that Hom(i1 %, 7€) = 0 when % € °D<%(Z) and ¢ € °D=°(U) such that J#* (%)
is smooth for any i. Then, #*~1(i, %) = 0 for k > dim(Z). On the other hand,
i is exact by [ACTL 1.3.13] since j is affine, and thus % (5,%) = 0 for k < dim(U)
by the smoothness of J#¢(¢), so the claim follows. O

Definition. The t-structure on DP ;(X/K) defined in the proposition is called
the constructible t-structure, and briefly, c-t-structure. The heart of the t-structure
is denoted by Con(X/K), and it is called the category of constructible modules.
The cohomology functor for this t-structure is denoted by <7#*.

Remark. Our constructible t-structure can be regarded as a generalization of per-
verse t-structure introduced in [Le] and also as a p-adic analogue of the t-structure
defined in [Kal.

1.3.4. Lemma. Let f: X =Y be a morphism between realizable schemes.

(i) The functor f¥ is c-t-ewact, and fi is left c-t-exact. Moreover, the pair
(0 fF,<#0f,) is an adjoint pair.

(i) When f =: i is a closed immersion, i, is c-t-exact and S7#°i" is left c-t-evact.
Moreover, (iy,#%') is an adjoint pair.

(i) When f =: j is an open immersion, ji is c-t-ezact, and (j1,77) is an adjoint
pair.

Proof. Claims (ii) and (iii) are nothing but Lemma [[3.2] and we reproduced these
for the record.
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Let us show (i). We only need to show the exactness of f*. The verification is
Zariski local, so we may assume X and Y to be realizable. Thus we can take the
following commutative diagram:

X(#p

S

Y(Hz Q7

where horizontal morphisms are closed immersions, Q is smooth, and f is smooth.
By (ii), which we have already verified, it suffices to show the claim for (i o f)¥.
By Lemma [[L32] we already know that i’ is c-t-exact. Thus, it remains to show

that f* is c-t-exact, which we can check easily using [ACT] 1.3.2 (i)]. O

1.3.5. Lemma. Let X be an irreducible realizable scheme. Let .# be a con-
structible module on X such that Supp(.#) = X. Then there exists an open dense
subscheme j: U < X such that j5 .4 is in Sm(U/K). The rank of j*.# is called
the generic rank of . .

Proof. For any complex in DEOI(X ), there exists an open dense subscheme j: U —
X such that the cohomology modules of j*.# is smooth. O

1.3.6. Lemma. Let X be a realizable scheme. Then the category Con(X/K) is
noetherian.

Proof. Since Hol(X/K) is essentially small by Lemma [[27 so is DP(Hol(X)).
Since Con(X) is a full subcategory, it is also essentially small.

Let us show that the category is noetherian. It suffices to show the claim for
each irreducible component of X, so we may assume X to be irreducible. Assume
X is smooth, and let .Z be a smooth constructible module on X. We claim that
for any submodule A" of .#, there exists an open dense subscheme U such that
A is a nonzero smooth constructible module on U. Assume the contrary. Then
there exists a nowhere dense closed subset i: Z < X such that we have the nonzero
homomorphism i,4iT(A4) — .#. Shrinking X if necessary, we may assume that
both X and Z are smooth and i*.4" is smooth on Z. Taking the adjoint, we get a
nonzero homomorphism it 4" — i'.#. By [A1l 5.6], we have i'.# = it (—d)[—2d]
where d is the codimension of Z in X, which is impossible.

We use noetherian induction on the support of .#Z. We may assume that X is
reduced. Moreover, we may assume Supp(.#) = X, otherwise, we can conclude
by the induction hypothesis. Let .#Z be a constructible module, and let {#;};en
be an ascending chain of submodules of .#. There exists N such that the generic
rank (cf. Lemma [[3.7) of .#; is the same for any ¢ > N. Since it suffices to show
that the ascending chain {.#;/.#};>nN is stationary in 4 /.#y, we may assume
that Supp(#;) C Supp(.#) is nowhere dense. Let U be an open dense smooth
subscheme of X such that .# is smooth on U. By what we have shown, .#; is 0 on
U. Let i: Z < X be the complement. Then by the c-t-exactness of iy and i and
the induction hypothesis, .#; = i, i".#; is stationary in i i".#, as required. [

Remark. Contrary to Hol(X/K), Con(X/K) is not artinian. Indeed, let X be
a smooth realizable scheme, and take a descending sequence of open subschemes



940 TOMOYUKI ABE

X DU; 2Uy 2 ---. Denote by j;: U; — X the inclusion. For any .# € Sm(X/K),
we have .# O juji () 2 jarjs (#) 2 -+, and the claim follows.

=

1.3.7. Lemma. Let X be a realizable scheme. For a closed point x € X, denote
by iy {x} = X the closed immersion.

(i) For % € Con(X), .Z = 0 if and only if i} (F) = 0 for any closed point x.
In particular, a homomorphism ¢ in Con(X) is 0 if and only if if (¢) = 0 for any
closed point x.

(ii) Let f: s’ — s be a morphism of points (i.e., connected schemes of dimension
0 of finite type over k). Then f* is faithful and conservative.

Proof. For (i), use [ACT] 1.3.11], and (ii) is left to the reader. O

1.3.8. Lemma. Let f: X =Y be a morphism of realizable schemes such that for
any y € Y, the dimension of the fiber f~1(y) is < d. Then for any .# € Con(X),
Hf( M) =0 fori>2d and i < 0.

Proof. By Lemma [[37 it suffices to show that for any closed point y € Y,
iy A fi(M) =0 for i € [0,2d]. By the c-t-exactness of i and base change, it is
reduced to showing that <7 f, (.#) = 0 for i & [0, 2d] where f,: X xy {y} — {y}.
Since over a point, c-t-structure and the usual t-structure coincide, it remains to
show that if X is a realizable scheme of dimension d, and .# € Con(X), then
Hfrl =0 for i ¢ [0,2d]. We use the induction on the dimension of X. When
the dimension of X is 0, then the verification is easy. This in particular implies
that f, is c-t-exact when f is quasi-finite. Let us assume that the lemma holds for
d < N. By Lemma [[.T3] we may assume that X is reduced. By the c-t-exactness
of Lemma [[.3.4] and the induction hypothesis, we may shrink X by its open dense
subscheme. Thus, we may assume that there exists a finite morphism ¢g: X — AV,
Since g1 is constructible by the c-t-exactness of g that we have already verified,
it suffices to check the claim for X = A"™. Shrinking X further, we may assume
that there exists a divisor Z of P := PV such that X = P\ Z and .# = 4 [-N]
where .4 € Hol(X) by Lemma [[335 Then the lemma follows by the definition of
fi as well as [Hul 5.4.1]. O

1.3.9. Lemma. Let # € Con(X), and let {ui: Ui — X} be a finite open covering
of X. Letuy;: UiNU; — X be the immersion. Then the following sequence is ezxact
in Con(X):

@uijgujj/// — @uz;uj/// — M — 0.

] %

Proof. To check the exactness, it suffices to check it after taking i} for each closed
point z € X by Lemma [[Z377l By the commutativity of i} and wu,, the verification
is just a combinatorial problem. O

1.3.10. We use the category Ind(Con(X)) later. Let us prepare some properties of
this category. Let f: X — Y be a morphism between realizable schemes. Since f*
is c-t-exact, we have a functor f*: Ind(Con(Y’)) — Ind(Con(X)).

Lemma. We use the notation of Lemma [L377
(i) Let # € Ind(Con(X)). Assume that it F = 0 for any closed point x of X.
Then & = 0.
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(ii) Let g: s — s be a morphism of points. Then for . € Ind(Con(s)), # =0
if and only if gt (F) = 0. In particular, a homomorphism ¢ in Ind(Con(s)) is an
isomorphism if and only if g% (¢) is also.

Proof. Let us show (i). Write &% = @iel Z; where [ is a small filtrant category
and #; € Con(X). Fix i € I, and let &; := Ker(%#; — %#;). Since Con(X) is
noetherian by Lemma [[L3.6] there exists jo € I such that &, = &; for any j > jo.
Now, we have i} (%;/&},) =it h_n%(fl/c%) — if.# =0, thus &, = .%; by Lemma
[[37 This shows that the homomorphism .%#; — %, is 0, and the claim follows.
Let us show (ii). Let # = hﬂfl where [ is a small filtrant and .#; € Con(s).

For each i € I, there exists j € I such that g*.%; — g*.%, is 0. Thus, by Lemma
L3717 we get that .%#; — .%; is 0 as well. O

1.4. Extension of scalars and Frobenius structures. So far, the coefficient
categories we have treated (e.g., Hol(X/K) or DP (X/K)) are K-additive. For the
Langlands correspondence, we need to consider L-coefficients with Frobenius struc-
ture where L is an algebraic field extension of K. We introduce such categories in
this subsection when the extension is finite. Scalar extended categories of isocrys-
tals have already been introduced in [AM| 7.3], and the idea of our construction is
essentially the same, but we hope that the usability is improved.

Extension of scalars.

1.4.1. Let K be an arbitrary field, and let 4 be a K-additive category. We take
a finite field extension L of K. We define the category Ay as follows. The ob-
jects consist of pairs (X, p) such that X € Ob(A), and a K-algebra homomorphism
p: L — End(X), called the L-structure (cf. [DM] after Remark 3.10]). The mor-
phisms are morphisms in A compatible with L-structures, or more precisely,

HomAL ((Xa p),(X/,p/))
= {f € Homa(X,X') | fop(z) = p/'(z)o f for any z € L}.

We have the forgetful functor forp: Ay, — A. Let X € A. Then we define
X ®kg L € Ay, as follows: Take a basis z1,...,xq4 of L over K. Then X ® L :=
(@leX ® x4, p') such that for x € L, write z -z, = Y a;x; with a; € K, and
P (%) xoz, == > pla;) ® x;, where p(a;) denotes the structural action of a; € K on
X. We can check easily that this does not depend on the choice of the basis of L
up to canonical isomorphism. We denote by ¢f, := (=) ®x L: A — Ar. Moreover,

if A is abelian, then Ay, is abelian as well, and ¢y, is exact.
For X € Aand Y € Ay, we have

Hom 4 (X, forp,(Y)) 2 Homu, (¢.(X),Y),

in other words, we have an adjoint pair (¢, fory). Thus, if A is an abelian category,
the functor fory, sends injective objects in Ay, to injective objects in A.

Let f: A — B be a K-additive functor between K-additive categories. Then
there exists a unique functor fr: Ay — By, which is compatible with both +;, and
fory,. If A and B are abelian, fj, is left (resp. right) exact, if f is also.
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1.4.2. Let A be a K-additive category. Let X,Y € Ay. On the abelian group
Hom(fory, (X), fory,(Y)), we endow with L ® ¢ L-module structure as follows: we
define the left L-structure by (a - ¢)(z) := a(é(z)) and the right L-structure by
(¢-a)(xz) = ¢(ax). For a € K, both L-structures are compatible, and we get the
L ®k L-module structure. This L ® ¢ L-module is denoted by Homg (X,Y). By
definition, we have

Hom(X,Y) = {¢ € Homg(X,Y) | (a® 1)¢ = (1 ® a)¢ =0 for any a € L}.

Note that if L/K is a separable extension, then L ® x L is a product of fields, and
any L ® g L-module is flat.

Lemma. Let L/K be a separable extension, and let M be an L Qg L-module.
Put I :=Ker(L @k L — L). Then we have a canonical isomorphism

My:={meM|a-m=0 foranyael} = M/IM.

Proof. This follows from the following more general fact: Let i: Z — X be a
closed immersion of schemes, and let M be a quasi-coherent O x-module. Then the
composition ', (M) - M — i.i*(M) is an isomorphism if X = Z U (X \ Z) as
schemes. O

Corollary. Let L/K be a separable extension. Then, for X,Y € Ap, we have a
canonical isomorphism

Hom(X,Y) = L ®pg, . Homg(X,Y).

1.4.3. Now, let A be a K-abelian category. Assume L/K is a separable extension,
and consider the derived category D(Ar). We have the following functor

HomY : C(AL)° x C(AL) - C(L®k L), (X*,Y*)— HHOmK(Xi,YiJF'),
ieZ
and the differential is defined as in [Hal 1.6]. Since for sends injective objects to

injective objects, we can take the associated derive functor and get RHom$ (—, —)
as in [Hal I1.3]. We have the following:

Lemma. Let X € D(AL), Y € D" (AL). Then we have an isomorphism
RHom(X,Y) = L ®rg,r RHom}% (X,Y).
Proof. Use Corollary O
Corollary. The functor D*(Ar) — D®(A)r is fully faithful.
Proof. For X € D(AL), let us denote by X’ the image in D(A);. We have
R'Hom% (X,Y) = Homg (X', Y[i])

as L ® g L-modules. This shows that the functor is fully faithful by the lemma
above and Corollary O

Remark. This corollary shows that if X,Y € DP(Ay) are isomorphic in D®(A)y,
then they are isomorphic in DP(Ar). For example, assume we are given two K-
additive functors F,G: D*(A) — DP(B) and a K-additive morphism a: F —
G of functors. Furthermore, assume that these functors have L-additive liftings
F,G: DP(AL) — D"(Br). Then the full faithfulness implies that o can be lifted

to a: F — G and that «a is an isomorphism if « is also.
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1.4.4. Lemma. Let A be a K-additive noetherian category. Then we have a
canonical equivalence Ind(Ayr) — Ind(A).

Proof. 1t is easy to check that it is fully faithful. Let (X, p) be an object in Ind(A) .
We may write X = ligniel X; where X; € Aand X; C X by [De2l 4.2.1 (ii)]. Let

x € L such that K[z] = L, and let [L : K] =: d. Put X/ := Z?;é p(z7)(X;) where
the sum is taken in X. Then X/ is stable under the action of L, and it defines an
object in Ay,. The limit @,EI(XZ{,p) is sent to (X, p). O

1.4.5. Let F': A — B be a K-additive functor between K-abelian categories. As-
sume that I is left exact and that A, has enough injectives. Note that .4 also has
enough injectives since id — fory, o ¢y, and fory preserves injective objects. Since,
again, for; preserves injective objects and commutes with F', the functors RF and
fory, commute. Moreover, RF' and ¢;, commute. Indeed, since F' and ¢, commute,
it suffices to show that for an injective object I in A, R'F (v (I)) = 0 for i > 0. For
this, it suffices to show that fory o (R*F) o (I) = 0. We have

fory, o (RzF) oup(I) (RiF) oforyoup(I) =0,

where the second equality holds by the fact that fory, o ¢z (I) is a finite direct sum
of copies of I and thus injective.

Frobenius structure.

1.4.6. Now, let us consider the Frobenius structure. We fix an automorphism
0: K — K, and put Ky := K°=!. Let A be a K-additive category, and let
F*: A — A be a o-semilinear functor; namely, for X,Y € A the homomorphism
Hom(X,Y) — Hom(F*X, F*Y) is o-semilinear. We define the category F-A to
be the category of pairs (X', ®) such that X’ € Ob(A), and an isomorphism
®: F*X' = X’ called the Frobenius structurel2 Morphisms in F-A are morphisms
in A respecting ®. Then the category F-A is Ky-additive.

There exists the forgetful functor
forp: F-A— A; (X', ®)— X',
This functor is faithful. For X, Y in F-A, we have a Ky-linear endomorphism

(1.4.6.1) F': Hom(forp(X), forp(Y)) — Hom (forp (F* X), forp (F*Y))
= Hom (forp(X), forp(Y)),

where the last isomorphism is induced by the Frobenius structures of X and Y.

Now, assume that A is abelian. Then F-A is abelian as well. Indeed, assume
we are given a morphism f: X — Y in F-A. Then the Frobenius structure on
X induces a Frobenius structure on Ker(forp(f)), which is the kernel of f. This
construction shows that forp(Ker(f)) = forp(Ker(f)). Replacing Ker by Coker, we
get the same result. Thus, we get the claim.

2In [Ber3, 4.5.1], Frobenius structure is defined to be an isomorphism with the opposite di-
rection ¥: X’ =5 F*X'. To be compatible with that of rigid cohomology, we choose the other
convention. See footnote (1) in 2.7 of [All.
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The construction shows that forg is an exact functor, and the following diagram
is commutative:
jegi

D(F-A) FA
forp l l forp
D(A) ————~ A

Moreover, if forp(X) = 0, then X = 0. This implies that a sequence C' in F-A is
exact if and only if the sequence forp(C) is exact.

Finally, let (A, F) and (B, G) be K-additive categories with a semilinear endo-
functor. Assume we are given a functor f: A — B and an equivalence foF' = Go f.
Then we have a canonical functor f F-A — G-B such that f o forp = forg o f

1.4.7. Now, assume further that F* is an equivalence of categories and that A is a
Grothendieck category. We define

(—)r: A= F-A; X = Xp = PF)"X.
nez
Then it can be checked easily that ((—)p,forp) is an adjoint pair. Furthermore,
(—)F is exact, since the functor forp o (—)F is exact. Thus forp sends injective
objects to injective objects. Filtrant inductive limits are representable in F-A and
commute with forp. Let G be a generator of A. Then G is a generator of F-A.
Indeed, assume given two morphisms f,g: X — Y in F-A. Then there exists
¢: G — forp(X) such that ¢ o forp(f) # ¢ o forp(g). By taking the adjoint, we
have ¢p: Gp — X. Then ¢p o f # ¢ o g as required. This shows that F-A is a
Grothendieck category as well.
In the following, we often assume:

(*) F* is an equivalence, and A is a noetherian category.
This assumption implies that Ind(A) is a Grothendieck category endowed with
semilinear autofunctor F*. Thus by the result above, the category F-Ind(A) is a
Grothendieck category.

1.4.8. We retain the assumption (*) in [[471 Take X,Y in F-Ind(A). Then the
homomorphism F in (LZG.)) is an isomorphism, and Hom (forp(X), forp(Y)) is a
Ko[F*']-module. Here the Ko[F*!]-module structure is defined so that F - ¢ :=
FopoF! for : forp(X) — forp(Y). This module is denoted by Hom,(X,Y).
On the other hand, for a Ko[F*]-module M and X = (X', ®) € F-Ind(A), we
define M ®p, X in F-Ind(A) as follows: Write M = h_ngM, as Ky-vector spaces
such that M; is finite dimensional. As an object in Ind(A), it is hg(Ml ®r, X').
The Frobenius structure is defined as

M @, X' 2% M @, F*X' = F*(M @, X'),

where the last isomorphism follows since F™* is an exact functor and thus commutes
with the functor M;®k,. The functor M®y, is exact. Now, for any Ko[F*!]-
module M, we have

HOIIIF_Ind(A) (M Ky X, Y) = HomKo[Fil] (M, Homp(X, Y))

This shows that if Y is an injective object, Hom,(X,Y) is an injective Ko[F*]-
module.
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Asin [Hal 1.6], for X, Y € C(F-Ind(A)), we define a complex of Ko[F*!]-modules
Homj(X,Y). We can take the derived functor, and we get

RHom?: D(F-Ind(A))° x D¥(F-Ind(A)) — D(Ko[F=']).

Abusing notation, we write Hom,, := R"Hom}. Let ¢: Spec(Ko [F£']) — Spec(K,
be the canonical morphism. We have the canonical isomorphism ¢,Hom,(X,Y") =
Hom(forp(X), forp(Y)) as Ky-vector spaces.

Lemma. We regard Ko as a Ko[F*]-module such that F acts trivially. For
X,Y € D(F-Ind(A)) such that X € D, Y € D", we have

RHom [ p1] (KO,RHom;(X, Y)) = RHom(X,Y).
Proof. We have a canonical isomorphism
Hom g1 (KO,Homp(X, Y)) ~ Hom(X,Y).

Since the functor Hom, (X, —) preserves injective objects, we get the lemma. O

For a Ko[F*]-module M, we put
MF :=Hompg,p+) (Ko, M), Mg := Extie,jp) (Ko, M).

Corollary. Let X,Y € D(F-Ind(A)) such that X € D~ and Y € DT. Then
there exists the short exact sequence

0 — Hom, (X, Y[~1])r — Hom(X,Y) — Hom,(X,Y) — 0.

1.4.9. Let A be a K-additive category, and let F*: A — A be a o-semilinear
functor. We fix a finite field extension L and an isomorphism oy, : L — L compatible
with o. Put Lo := L7=!. We define F}: Ay — Ay as follows: Let p: L — End(X)
be an object of Az, We have a o-semilinear homomorphism F*(p): L 2 End(X) —
End(F*X). We put

Fi(p):=F*(p)oo;": L — End(F*X).

This is a homomorphism of K-algebras. We define F}: A, — Ap by sending
(X,p) to (F*X,F}(p)). The Ly-additive category Fp-Aj is sometimes denoted
by F-Aj. The K-additive functors ¢;,: A — Ay and fory: A, — A induce the
functors F-A — Fr-Ap and Fp-Ap — F-A which are denoted abusively by ¢z, and
fory,, respectively. We can check that (¢, fory) is an adjoint pair, and ¢f, is exact.
In particular, for;, preserves injective objects.

Let B be another K-additive category endowed with an o-semilinear endofunctor
G*. Let f: A — B be a K-additive functor between K-additive categories com-
patible with F* and G*. Then there exists a unique functor fr: F-A;, — G-Bg
compatible with fory and ¢p,.

Remark. Assume that o and o, are identity. Then F-A is a K-additive category,
and it makes sense to consider the category (F-A)r. We leave the reader to check
that there exists a canonical equivalence (F-A)r, = F-Ay.
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Application of the theory.

1.4.10. To work with p-adic cohomology theory, we often need to fix a base as in
LTl Let R be a complete discrete valuation ring with residue field k& which is
assumed perfect, and let K = Frac(R). We assume that there exists a positive
integer s such that o: K = K is the extension of a lifting R = R of the s-th
absolute Frobenius automorphism of k. Now, we consider the following two types
of data.

Geometric case: We fix a finite field extension L of K, and put Ty :=
(k,R,K,L). This is called a geometric base tuple. We put Lo := L in
this case.

Arithmetic case: We fix a finite field extension L and an automorphism
o: L — L such that o(K) = K and 0|k is a lifting of the s-th Frobenius
automorphism of k. We put ¥ := (k, R, K, L, s,0) and call this an arith-
metic base tuple. We put Ly := L°=!. We call the geometric base tuple
(k, R, K, L) the associated geometric base tuple.

By “base tuple”, we mean either geometric or arithmetic base tuple. For a geometric
base tuple, we sometimes put an index -¢, and for arithmetic base tuple, ‘.

Definition. Let X be a realizable scheme over k. The category Hol(X/K)
(cf. LIO) is endowed with the (s-th) Frobenius pullback F* (cf. Remark [[LT3).
Moreover, F'* induces an auto-equivalence of Hol(X/K). Thus, we can apply the
general results and constructions developed in the preceding paragraphs.

Geometric case: Let Ty be a geometric base tuple as above. In this case,

we put
Hol(X/%y) := Hol(X/K)p, Isoc! (X/%p) := Isoc' (X/K)y,
M(X/%y) := Ind(Hol(X/%y)), D(X/%y) := D(M(X/%y)).

Arithmetic case: Let Tr be an arithmetic base tuple, and let Ty be the
associated geometric tuple. In this case, we put

Hol(X/%F) := F-Hol(X/K)p, Isoc' (X/%p) := F-Tsoc' (X/K)p,
M(X/%F) := Fr-Ind(Hol(X/%y)), D(X/%F) := D(M(X/%r)).

If there is nothing to be confused, we sometimes omit the base tuple /Ty or /Tp. We
also denote Hol(X/%y) (resp. Hol(X/%F)), etc., by Hol(X/Lgy) (resp. Hol(X/Lp)),
etc.

Remark. (i) For a realizable scheme over k, recall that Isoc’(X/K) is slightly
smaller than the category of overconvergent isocrystals (cf. [LT.3]). However, our
category Isoc’ (X/KF) coincides with the category of overconvergent F-isocrystals
F-Isoc'(X/K) defined in [Berd 2.3.7].

(ii) For a scheme X over a field, let us denote by DP(X) the category of con-
structible Qg-complexes. Let k be a finite field, let k be its algebraic closure, and
let X be a scheme of finite type over k. Put X := X ®; k. Under the philosophy
of the Riemann-Hilbert correspondence, D2 (X/Ly) (vesp. DP.;(X/Lr)) plays the
role of D?(X) (resp. DP?(X)) in p-adic cohomology theory.

Now, note that D?(X) does not depend on the base field k. On the other hand,
a priori, DP.;(X/Lr) depends on Tp. However, we show in Corollary [LZIT] that
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the category, in fact, does not depend on the choice of the base tuple under some
conditions, which reinforces the justification of the analogy.

1.4.11. Lemma. (i) Let ¥, = (K',R',K',K’) be a geometric base tuple over a
tuple Ty := (k, R, K, K'), namely K'/K s a finite extension. Then, there exists a
canonical equivalence Hol(X @y k' /T)) — Hol(X/T).

(ii) Let T = (K', R/, K', K', 5,0) be an arithmetic base tuple over a tuple Tp :=
(k,R,K,K',s,0). Then there exists a canonical equivalence Hol(X ®j, k' /T}) =
Hol( X/ r).

Proof. We may reduce to the case where X can be lifted to a smooth formal scheme
Z over R. Let 27 := 2 ®pr R’'. There exists the functor

T T
M(@%//R’,Q) — M('@%/R,Q)K”

where M(«/) denotes the category of «7-modules. It is straightforward to show
that this functor induces an equivalence of categories. By Remark [[LT.2] we get (i).
Now, the following diagram is commutative:

M(@T%H/R’,Q) — M(@;{/R,Q)K/

F*l lF*

M(ZYy ) 0) —== M(ZYy p o) i
This diagram implies (ii). O

Corollary. Assume k is a finite field with ¢ = p*-elements. Let K' be a finite
extension of K, and put Tp = (k,R,K,K’,s,id), T p = (K',R, K", K',s' :=
[ : k]-s,id). Let X be a scheme over k'. Then, we have an equivalence of categories

HOI(X/‘IF) l) HO](X/TK/7F).

Proof. When the extension K'/K is totally ramified, the claim follows from (ii) of
the lemma. Thus, we may assume that the extension is unramified. In this case,
the verification is essentially the same as [Dell, 1.1.10], so we only sketch the proof.
Since K'/K is assumed unramified, we have K’ = K ®y ) W(K'). As a scheme
over k, we have a canonical isomorphism X ®j k' = ]_[aeGal(k,/k) X7, where each
X is canonically isomorphic to X, and the Galois action on k' is compatible in
an obvious sense. Put ¥ := (K, R/,K',K’',s,id). Then by the lemma, we get
Hol(X ®; k' /%)) = Hol(X/Tp). There exists ¢ € Gal(k’/k) such that, by F,
each X7 is sent to X?%. Assume we are given (#,®) € Hol(X/Tk/ r). For
0<i< [k :Ek], we put (F*)"(.#) on X%, which defines .4 in Hol(X’ ®j k'/K").
The s’-th Frobenius structure ® defines an s-th Frobenius structure on .47, and
defines an object of Hol(X /% ). It is easy to check that this correspondence yields
the equivalence of categories. ([l

1.4.12. Remark. (i) Let T := (k, R, K, L) and % := (k, W(k),Frac(W (k)), L).
Then Lemma [[LZTT] implies that there exists an equivalence D(X /%) = D(X/%).
This implies that the datum K (and R) is unnecessary in defining the category
D(X/Lgp). Similarly, we do not need K in the definition of D(X/Lp).
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(ii) In the proof of the Langlands correspondence, it is convenient to work with
Q,-coefficient. For this, we use the 2-inductive limit method as in [Dell 1.1.3] to
construct the theory. The details will be explained in 22141

1.4.13. Definition. Assume we are in the situation of [[4.9] and let X := (X', D)
be an object of F-A;. Assume we are given an arithmetic tuple as in [L4.10 For
an integer n, we define X (n) := (X’,p*S" . <I>) and call it the n-th Tate twist of X.

1.4.14. Let A € {0, F'}. Let L := 1, (K) in Hol(Spec(k)/La). We have the left exact
functor

I': M(Spec(k)/La) — Vecr,; # — Hom(L,.#).

We can take the associated derived functor RI': DT (Spec(k)/La) — DT (Vecy,).

1.5. Trace map. In order to establish a cycle class formalism, we need the trace
map in the style of [SGA4]. In [ATl 5.5], we constructed an isomorphism f' =
f1(d)[2d] for a smooth morphism f of relative dimension d. However, the con-
struction of this homomorphism is ad hoc, and it does not seem to be easy to
check the properties that the trace map should satisfy, for example, transitivity.
Furthermore, we need the trace maps for flat morphisms to define the cycle class
map.

1.5.1. We fix A € {0, F'}, and we fix a base tuple T := T, using the notation of
in this subsection. Let X be a realizable scheme over k. We only treat the
L = K case in this subsection. This will be generalized in Theorem 2:3.341 When
A = (), we denote DP(X/Kj) simply by DP(X), in which case the Tate twist (n)
is the identity functor. When A = F, we denote D*(X/Kp) by DP(X). The main
result of this subsection is the following theorem on the existence of the trace map:

Theorem. Let f: X — Y be a morphism between realizable schemes over k. Let
My be the following set of morphisms of realizable schemes, and let M = J 4~ o Ma-

There exists an open subscheme U CY such that X xy U — U 1is
flat of relative dimension d, and for each x € Y\ U, the dimension

of f~1(x) is < d.

Then there exists a unique homomorphism Try: fifT.Z(d)[2d] — F for any F in
Dﬁol(Y), called the trace map, satisfying the following conditions.

(Var 1) Try is functorial with respect to F .

(Var 2) Consider the cartesian diagram (LI31) of realizable schemes. Assume
f €9My. Then the following diagram is commutative:

g AfT(d)[2d] —— flg'" f(d)[2d] == £ f"T g7 (d)[2d]
9+Trfl lTrf/
g gt.
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(Var 3) Let X &Y L 7 be morphisms of realizable schemes such that f € My
and g € M. Then the following diagram is commutative:

figrg™ FH(d+ €)[2(d + €)] ———— fif*(d)[2d]

~1 lﬂf

(fogu(fog)t(d+e)[2(d+e) — .,

(Var 4-1) Let f € My be a finite locally free morphism of rank n. Then the
composition

F o [ ftF &t B g

is the multiplication by n.

(Var 4-IT) When X andY can be lifted to a proper smooth formal scheme and f
can be lifted to a smooth morphism of relative dimension 1 between them, then the
trace map is the one defined in [LEI1] below.

(Var 5) The following diagram is commutative:

HFH(F @9)(d)2d] — (hf*F(d)[2d])) @9

Trfl lTrf®id

F Y FRY.

where the upper horizontal homomorphism is the projection formula [LT3] (@).

1.5.2. Even though there are many technical differences, the idea of the construction
of a trace map is essentially the same as that in [SGA4, XVIII]. Let us start to
construct the trace map. First, we list direct consequences from the requested
properties.

(1) By (Var 5), it suffices to construct the trace map for .# = Ky-.

(2) By assumption, for .# € Con(X), we have Z fift.# = 0 for i > 2d by
Lemma [[L38 Thus, we have an isomorphism Hom(f,f*.Z (d)[2d], ) =
Hom (w24 f, f+ 7 (d), F).

(3) Assume that we have already constructed the trace map when Y is a point.
Then by (1), @) above, Lemma [[L37 (i) and the base change property,
extensions of this trace map to the general situation are unique, if they
exist.

(4) Assume f= fIIf': X'][ X" — Y, and assume Tr; and Tr; have already
been constructed. Then, by the same argument as [SGA4l XVII, 6.2.3.1],
TI'f = Trf/ + TI'fH.

(5) If f is a universal homeomorphism, then the canonical homomorphism

o F = f T F & AT

is an isomorphism by Lemma [[L.T.3l By (Var 4-I), we have Try := deg(f) -
~1
a~ L
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(6) Consider the cartesian diagram (LI.3.J]) of realizable schemes. Then the
compatibility (Var 2) is equivalent to the commutativity of one of the fol-
lowing diagrams:

(1.5.2.1)
g/t Ty Tr3l g’
g F(d)2d) — g [T g 7 (d)2d) ——— ['g'F
gt 7 (d)[2d] Ta—C‘f) gt 7, g" f+.Z(d)[2d] e J'f' 7,
% '}

where Tr*? denotes the adjoint of the trace map, and the vertical arrows
are the base change homomorphisms. The verification is standard using
the diagram of [[L1.0l

1.5.3. Lemma. Let f: X — Y be a morphism of realizable schemes of relative
dimension < d. Let {U;} be a finite open covering ofX and let U;; == U;NU;. For
* € {i,i5}, we put uy: Uy — X, and fi: U, >x Ly, Then for % € Con(X),

the following sequence is exact:

@C%de”'u j@C%Qdlequy_)C%Qdf

0,J
Proof. By Lemma [[3.8, 2% f, is right exact, and the claim of the lemma follows
by applying this functor to the exact sequence in Lemma [[.3.91 O

1.5.4. First, let 91, be the set of étale morphisms between realizable schemes. We
show the theorem for M., instead of M. By @), combining with @),
@), and Lemma [[L37 (ii), if the trace maps exist for morphisms in M., then they
are unique. We show the following lemma:

Lemma. For f € M, there exists a unique trace map fif "l — M for
A € DP|(Y) satisfying the properties (Var 1,2,3,4-1, 5) if we replace M by Mey.
Moreover, the homomorphism f(.#) — f'(.#) defined by taking the adjoint is an
isomorphism.

The proof is divided into several parts, and it is given in [L5.71

1.5.5. Lemma (Smooth base change for open immersion). Consider the following
cartesian diagram:

U'L>X/<LZ/

g’l O lg O l g’
U—X~—7.
i Q
Assume g is smooth, j is an open immersion, and i is the closed immersion defined

by the complement. Then the base change homomorphisms g* jo (M) — j\.g'" (M)
and g"Ti' (M) — " gT (M) are isomorphisms for any A in DL, (U).

Proof. By the localization triangle i,4' — id — j4 47 —tl—>, it suffices to show only
the first isomorphism. Obviously, if we restrict the base change homomorphism
to U’, the homomorphism is an isomorphism. Thus, by the localization triangle,
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it suffices to show that i"'g%j,.# = 0. Since the verification is Zariski local with
respect to X', we may assume that g is factored into an étale morphism followed by
the projection A, — X. We can treat étale and projection cases separately. Thus,
using [EGAIV] 18.4.6], we may assume that there is a smooth morphism %’ — £ of
smooth formal schemes and a closed embedding X < £ such that X' & X x 5 &'.
Then we may use [Ber2 4.3.12] and [All Theorem 5.5] to conclude. O

Corollary (Smooth base change).  Consider the diagram of realizable schemes
([CI3d). Assume that g is smooth. Then the base change homomorphism gt o f, —
fiog'" is an isomorphism.

Proof. We may factor f as X LX L Y, where j is an open immersion and p is
proper. The base change for p is the proper base change theorem (cf. [LT3] ([®])),
and that for j is the lemma above. ]

1.5.6. First, suppose that Y is smooth liftable purely of dimension d, and suppose
f is affine. In this case let us construct an isomorphism f¥ Ky — f'Ky. By taking
the dual, it is equivalent to constructing K¢ = f'K% (cf. [LT4 for K“). Let
% be a smooth lifting of Y. Since the étale site of Y and % are equivalent, there
exists the following cartesian diagram where 2 and ¢ are smooth formal schemes
and X and Y are special fibers:

X—Z
f O I
Y —%.
By [Ca3l, 4.1.8, 4.1.9, 4.3.5] and [A1l 3.12], we have canonical isomorphisms

Dz o [' oD (sp (Oy)) = sp. ((J* (Ol (=) (=d)) = sp. (O ).

This gives us a canonical isomorphism
pri fT020 = O = fOuq.

By Kedlaya’s full faithfulness [Kell, ps extends to the desired isomorphism. Taking
the adjoint, we get a homomorphism t4: Ky — f+f!K§*}. We need the lemma
below to show that ts, in fact, does not depend on the choice of #'.

Remark. We remark that for an isocrystal M, the following diagram is commu-
tative:

sp (MY)Y)

/
Sp+(M) ~
\

Do D(sp (M)).

To check this, by definition (cf. [Call, 2.2.12]), it suffices to check the commutativity
for M = Og g. Then it is reduced to the commutativity of the following diagram
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of complexes, whose verification is easy:
/ .@JJQ ® N\ o @ Home (Hom@(Og/, O ), O@)
Dy 0® N\ T ~
\ H H @T y @T —1 @T —1
omg (Homg (23 o @ N T, Dy g @ wy')s Dy g @ W )-

Let .# be a holonomic module on Y. By definition, there exists a smooth proper
formal scheme &2 such that .# can be realized as a .@;,)Q—module M. There exists
an immersion (not necessarily closed) i: % — &?. Then the @Tg,@-module i (M)
(which is overholonomic and canonically isomorphic to it (.#%)) is denoted by
M ||o for a moment. This module does not depend on the auxiliary choices up to
canonical equivalence.

Lemma. The following diagram is commutative:

ta
K¢y —— [+ ['K¢ |l

ﬂf*oﬂy@-

Oz 0 adj;
Proof. First, let us show the lemma when f is finite étale of rank n. Since f is
finite étale, we can identify f:r and ]7' by f; and f*, respectively, if we consider the
underlying Oz g-module structure. In the following, for simplicity, we do not make
any difference between fand f. In this case, the right vertical homomorphism is,
in fact, isomorphic. Let .# be an Oy g-module, and let ¢: f.(f*F)Y — (f f*F)Y
be the homomorphism sending ¢ to Try o ¢, where Try: f,f*On — Og is the
classical trace map. If .# is a locally free Og g-module, ¢ is an isomorphism. We
have the following diagram, where we omit sp, and the subscripts Q:

Onp ————> fift Oy ——— [ Y0y — L} [0y

| l | |

(04— (1103 — = £.(J04)" — = /.£Ou.
Here the vertical morphisms are isomorphic. This diagram is commutative. The
commutativity of the left and right square immediately follows by definition. To
check the commutativity for the middle one, we need to go back to the definition,
which is [V1), IV.1.3]. We note that since f is finite étale, the trace map f1Og g —
Og g defined in [VI| IIL.5.1] is equal to Try via the identification f1Og ¢ =
f+Oa q. Since the commutativity is standard routine work, we leave the details to
the reader. Now, the verification of the lemma in the finite étale case is reduced to
showing the composition of the lower row is the adjunction homomorphism. This
is easy.

In general, there exists an open dense formal subscheme j: % C % such that
[ X = X Xy U — U is finite étale. Put j': 27 — 2. Then by [Ber2, 4.3.10],
we have an injection K¢ — j/ K%, where X’ is the special fiber of 2. Since f
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is affine, f; is exact, and the homomorphism fi f'K¢ — jy f} f" K¢ is injective.
Consider the following diagram where we omit ||z :

J+ K J+ fL Ky
Ky —>l s -
~ j*o%,Q j*f»/«f,*o%@

7 =

Ong———fuf"Onq.

The diagram is known to be commutative except for the forehead square diagram.
By the injectivity of %, the desired commutativity follows by the commutativity of
other faces. O

The trace map satisfies the base change property; namely, considering the carte-
sian diagram of (LI.3.J]) such that Y and Y’ possess liftings %, %", then the dia-
gram of (Var 2) is commutative if we replace Tr s by the dual of £ (). To check
this, it suffices to check the dual of the base change property for to : K¢ — fi f 'K v
By using [Ber2l, 4.3.10], it suffices to show the base change property after taking
|l#. The lemma above reduces the verification to the base change property for the
adjunction homomorphism Og g — f«f*Ox o which follows by the base change
property of coherent Oz g-modules. The transitivity can also be checked by a
similar argument.

This implies that ts does not depend on the choice of #'. Indeed, when Y
is a point, all smooth liftings of Y are canonically isomorphic, and ts does not
depend on the choice. In general, by the base change property and the uniqueness
mentioned at the beginning of [L5.4]shows that ts depends only on Y. This justifies
denoting the dual of to by Try: fif T Ky — Ky

1.5.7. Proof of Lemma [L54l Let us construct the trace map for a general étale
morphism. Assume that we have the following cartesian diagram D :

XX

o

Y(? i;,

where Y is smooth liftable, g is affine étale, and the horizontal morphisms are closed
immersions. We have the following uncompleted diagram of solid arrows:

i""g"‘K? T:g i""g!K};
f+i+K17 ................... - f!i+K17.

The left vertical homomorphism is an isomorphism by transitivity, and the dotted
homomorphism is defined so that the diagram commutes. By taking the adjoint,
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the dotted arrow gives us a homomorphism Trp: fif T Ky — Ky. Let us check
that Trp does not depend on the choice of D. If Y is liftable, Trp coincides with
the trace map Try (for liftable schemes) by the base change property of the trace
map for liftable schemes we have already checked. In particular, for a closed point
is: 8 = Y, il Trp coincides with the trace map for the liftable schemes X xy s — s.
By the uniqueness at the beginning of [[L5.4] Trp does not depend on the choice of
diagram D, and we are allowed to denote Trp by Try. This also shows the base
change and transitivity property of Try when the homomorphisms in the diagrams
of (Var 2) and (Var 3) are defined.

In general, we can take a diagram D locally on X and Y. By using Lemma
[[53 we can glue, and get the desired trace map fif ™Ky — Ky similarly to
[SGA4l XVIII, 2.9 ¢)], and check that this is the desired trace map. The details are
left to the reader.

Finally, let us show that f* (%) = f'(%) for & € D (Y). By (Var 5), the
trace map for .% should be

FfYF = fift Ry © F —4 7.

This map satisfies (Var 1)—(Var 4) since they hold for # = Ky. Taking the
adjunction, we have a homomorphism f+(.#) — f'(#). When Y is a point, this
is easy. Let s € Y be a closed point, and consider the following diagram:

X X
fsl lf
s

- .Y
s

By the compatibility of trace map by base change, the following diagram is com-

mutative:

il

ﬁ-

i F) 11T

| »

Jif (7)) —— fal(F

By (the dual of) smooth base change in Corollary [[55] the right vertical homo-
morphism is an isomorphism and, by the point case, the bottom horizontal homo-
morphism is an isomorphism as well. Thus by [ACI] 1.3.11], the claim follows. O

1.5.8. Let us construct the trace map for quasi-finite flat morphism. We follow the
construction of [SGA4l XVII, 6.2]. Let f: X — Y be a quasi-finite flat morphism.
For an étale morphism U — Y, we consider the category ¥ ;(U) defined as follows:
objects consist of collections (V;);cr, where I is a pointed finite set with the marked
point 0 € I and a decomposition X xy U = ]_L-GI V; such that V; — U is finite for
i # 0. We denote by I* := I\ {0}. A morphism from ¢ = (V;);es to ¢ = (V/)icr
is a map o: I — I’ such that ¢(0) = 0 and V; = U,¢,-1(;) V. For a morphism
U — V in Y, there exists the obvious functor ¥¢(V) — \I/f(U), and Ur(U) is a
fibered category over Y. This category is denoted by W, and an object of the
fiber over U € Y is denoted by {U f zel} We refer to [SGA4] for details.
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Lemma. Let % € Con(Y). Then there exists a canonical isomorphism

o Mmoo FU S AT,
{Usp}evy

where juy: U — Y 1is the étale morphism.

Remark. Before proving the lemma, we remark that the inductive system is not
filtrant.

Proof. The verification is essentially the same as [SGA4]. Let us construct the
homomorphism. Take ¢ = {U; (‘/i)iej}. Let j;: V; = X be the étale morphism.
Since f;: V; — U is assumed finite for ¢ € I*, we have the following homomorphism

for 4 € Con(U):
G = [in £7(G) < fuf(9).
By using the trace map in Lemma [[.5.4] we get the homomorphism

JodE(F) = o a3 (F) 2 fujuit H(F) =25 i H(F),
which induces the homomorphism in the statement.

Now, by (), it suffices to show that the homomorphism is an isomorphism
in Ind(Con(X)). When f is a universal homeomorphism, the canonical homomor-
phism % — f,fT.% is an isomorphism by Lemma [[T.3] Assume Y =: s is a point.
There is a separable extension s’ — s such that X x s’ — s’ is disjoint union of
universal homeomorphisms. Thus, the lemma follows by Lemma (ii).

Let s be a closed point of Y. Put is: s — Y to be closed immersion. Since
i is an exact functor and commutes with direct sum, it commutes with arbitrary
inductive limits. Thus, we have

ij(@leﬁI*) = n_n}z‘jjwﬁf*.
Yy ¥y
Let fo: X xy s = s. There exists a functor Wy — W, . This functor is cofinal
by [EGAIV] 18.12.1]. Then by Lemma [[54] if7f = 74, and by the proven case
where Y is a point, ¢} 77 is an isomorphism. By Lemma [[.3.10 (i), this implies that
Ty is an isomorphism, as required. ([l

1.5.9. Let f: X — Y be a quasi-finite flat morphism between realizable schemes.
Let us construct the unique trace map fiftKy — Ky satisfying (Var 1,2,3,4-1).
When f is étale, we remark that this trace map coincides with that of Lemma
[C5 4 by uniqueness. The construction is the same as [SGA4, XVII, 6.2], so we only
sketch the proof.

Let \If} be the full subcategory of ¥y consisting of {U; (Vi)iel} such that V; is
locally free of constant rank over U for any ¢ # 0. This category is cofinal in W.
For each {U; (Vi)ig}e \Il/f, we have a homomorphism

> deg(Vi/U) - Trj, : junjs (Ky ) — Ky
iel*
Since the compatibility follows by that of Lemmal[[.5.4] this homomorphism induces
ARy & lim joji Ky — Ky
@EW}

It is easy to check that this is what we are looking for.
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1.5.10. Lemma. Let f: X — Y be the special fiber of a finite étale morphism
between smooth formal curves f: X — % . By taking the dual of the trace map,
we get K¢ — f1 K. When we restrict this homomorphism to % (i.e., taking ||o
of [LEA), this dual of trace map is nothing but the homomorphism induced by the
adjunction homomorphism qﬁ};: Ow o — ]?*(9357@ with the identification ]?*(9357@ =

f+0%,Q-

Proof. We may assume 2" and ¢ to be connected. Let Ly, La be the largest
finite extension of K in 2", #. If Lo # Lo, then f factors as

2% Y @p, Ry 5w,

where R, denotes the ring of integers of Ly, and it suffices to show the lemma for
«a and [ separately. The verification for 5 is easy. Let us show that for . In this
case, we let Lo = Loy =: L.

Since the formal schemes are curves, by Kedlaya’s full faithfulness theorem [Kel],
the homomorphism Og o — 10 2 ,q induced by ¢ extends uniquely to the ho-
momorphism ¢: Ky — f1 K. We have

Hom(KY, f1 ['KY) = Hom(f* K¢, f'K¢) ~ Hom(K%, K§) = L,

where ~ is the isomorphism induced by [All Theorem 5.5] since 2~ and % are
smooth. Thus, there exists ¢ € L such that ¢- ¢ = D(Try). It remains to show that

¢ = 1. By definition, the composition Ky — fif T Ky % Ky is the multiplication
by n := deg(f). Take the dual of this homomorphism, and we get
rVir
n: kg 200 p Ry s K
where the second homomorphism is the trace map of [VI]. On the other hand,
by property of Tr}’lr (cf. [V1l TII.5.4]), we get Tr}/lr o¢ = n. Thus ¢ = 1 since
Hom(K¥, K¥) =~ L. O

1.5.11. Let f: & — % be a proper smooth morphism of relative dimension 1
between smooth proper formal schemes. The homomorphism of rings Oz o —
f+O2 @ induces the homomorphism

(1.5.11.1) Oy g = Rf[0 = On g = Uy g g — 0]

in D(‘@TW,Q)‘ Since the target of the homomorphism is canonically isomorphic to
f+Oa ol—1], we have a homomorphism a;: Oz o(1)[2] = f+f'Ox . By [Al
3.14] and Remark [[.T.3] (iii), this homomorphism is compatible with the Frobenius
structure when A = F. This trace map only depends on the special fibers because
the unit element is sent to the unit element by a ring homomorphism. Thus, we
have a homomorphism K% (1)[2] — f; f'K%. By construction, this homomorphism
is compatible with base change; namely, given a morphism of proper smooth formal
schemes ¢g: %’ — % such that d := dim(#”’) — dim(%), let f': X7 := X xg Y.
Then the following diagram is commutative:

0w o(1)[2] —— ¢'Oz o(1)[2 — d]

af/l lg!af

" Omr g —= ¢ f+ 'O gl—d],
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where the horizontal homomorphisms are canonical homomorphisms. By taking the
dual, we get the trace map Try: fif* Ky (1)[2] - Ky. This trace map is compatible
with pullback ¢g* where g is a morphism between liftable proper smooth schemes.

Let us consider the case where % is a point. Consider a commutative diagram:

%(X / Z

Spf(R),

where % is dense open in 2. Put Z := X \ U where X, U are the special fibers
of 2, %, and assume Z is a divisor of X. Then we have an injection

(1.5.11.2) A2 g K= 00 0(12) = 7 g,0q.0.

1.5.12. Proof of Theorem [L5Il Now, we construct the trace map. We need several
steps for the construction.

(i) Absolute curve case. Let f: X — Spec(k) be a realizable variety. We put
H!(X) := Hom(K, fi(Kx)[i]). Now, assume X to be a curve, and let us construct
the trace map. First, let us construct the trace map when X,.q is smooth and
irreducible. Let ¢: X,cq — X be the closed immersion, and let f’: X red — Spec(k)
be the smooth compactification of X,cq. We have already defined Try in [L5TI1
We define

1g(Ox,p)-t”
_—

Try: H2(X)(1) H2(Xea)(1) = H2(Krea)(1) =25 K.

In general, we may take an open dense subscheme U C X such that U,.q is smooth.
Then we have the canonical isomorphism H2(U) = H2(X) by Lemma [[3.8 Let
U = [1,¢; Ui be the decomposition into connected components. Then we define

Tep: H2(X)(1) 5 HAU)() = @) B2 (U)(1) %,

i€l

Lemma. Let X Ly % Spec(k) be a morphism of realizable schemes such that
f is a quasi-finite flat morphism and g is of relative dimension 1. Then we have

Trgor = Try 0 gi(Trp): (g0 PHKx(1)[2] = K.

Proof. Arguing as [SGA4, XVIII, 1.1.5], we may assume that X and Y are con-

nected smooth affine, and f factors as X LN ‘I Y, where F' is an iterated
relative Frobenius endomorphism and f’ is a finite étale morphism. It suffices to
check the equality for F' and f’ individually. For F', the claim follows since Tryo is
compatible with Frobenius structure. It remains to check the lemma when f is finite
and étale. Since X and Y are assumed to be smooth and affine, there exist smooth

liftings 2 ENy Spf(R) such that f is finite flat. In this case, it suffices to
check the transitivity after removing the boundary by the injectivity of (L5IL1.2]),
and the lemma follows by Lemma and the definition of (LHILT]). O

(ii) Relative affine space case. Let Y be a realizable scheme, and consider
the projection f: X := P} — Y. There exists a proper smooth formal scheme &



958 TOMOYUKI ABE

such that Y < . Then f can be lifted to the following cartesian diagram:

Py P,

flulf

We define the trace map

Tep: fif Ky (D) =it T Ko o i K = Ky,

where Tr Fis the one defined in [[5.T1l This map does not depend on the choice of
Z by the base change property of Tr I

When f: AL — X is the projection, then we have the factorization AL % PL 2
X, and the trace map Tr; is defined to be the composition Tr, o pi(Tr;). The base
change property can be checked by the base change property for j and p. Now, let
f: X :=A¢ — Y. In this case, we define by iteration as in [SGA4, XVIII, 2.8].

(iii) Factorization case. Let f: X — Y be a morphism which possesses a

factorization X —» AL i) Y such that u is a quasi-finite flat morphism. Then we
define ¢(f,u) := Trqa o af(Tr,). We need to check that t(f,u) does not depend on
the choice of the factorization. By using the lemma in (i), the verification is the
same as [SGA4, XVIII, 2.9 b)].

(iv) General case. The construction is the same as [SGA4, 2.9 ¢), d), e)]. We
sketch the construction. When f is a Cohen—Macaulay morphism, then there exists
a finite covering of {U;} of X such that the compositions U; — X — Y possess
factorizations considered in case (iii). By gluing lemma [[53] we have the trace
map in this case. In general, we shrink X suitably, so that f is Cohen—Macaulay.
Thus the trace map is constructed, and we conclude the proof of Theorem[[.51l O

1.5.13. Theorem (Poincaré duality). Let X — Y be a smooth morphism of
relative dimension d between realizable schemes. Then for # € DE(Y), the adjoint
of the trace map ¢z : f+.F(d)[2d] — f'.F is an isomorphism.

Proof. Since the verification is local on X, it suffices to treat the case where f is
étale and is the projection Al, — Y separately. The étale case has already been
treated in Lemma [[.5.4]

Let us treat the projection case. We may shrink Y. Then we can embed Y
into a proper smooth formal scheme. By using [All Theorem 5.5], we have an
isomorphism f*.7(d)[2d] ~ f'%, where ~ is the isomorphism induced by [A1] and
may not be the same as the one defined by the trace map. It suffices to show
the theorem for .% € Hol(Y'). For this, we may assume .# to be irreducible. Let
k' be a finite extension of k. It suffices to show that ¢ & is an isomorphism after
pulling back to X ®j k’. Thus, we may assume moreover that % is irreducible also
on X ®; k' for any extension k' of k. For a closed point a € A', we denote by
io: Y @ k(a) — Al the closed immersion defined by a. We claim that f+(%) is
irreducible. Indeed, first, let us assume Y is smooth and % is smooth. Assume
f1(Z) were not irreducible. Then there would exist a smooth object A" C fT(.%)
and a closed point a of A'(k) such that if .4 and if (f¥(%)/.4") are nonzero.
This is a contradiction. In general, .% can be written as ji; of a smooth irreducible
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object by [ACT] 1.4.9] where j is an open immersion of Y. Since f is smooth, fT
and 74 commute, and f* (%) is irreducible.
Now, we know that

Hom(f "7 (d)[2d], f.7) ~ Hom(f* .7 (d)[2d], f* 7 (d) [2d)).

Since fT.% is irreducible, the Hom group is a division algebra, and it remains
to show that ¢4 is not 0. For this, it suffices to check that the trace map
fHfTF(d)[2d] — F is nonzero. By the base change property of a trace map,
we may assume Y to be a point, in which case, the trace map is nonzero by con-
struction. |

Corollary. Let f: X — Y be a flat morphism of relative dimension d between
smooth realizable schemes. Then the adjoint of trace map f Ky (d)[2d] — f'Ky is
an isomorphism.

Proof. This follows by the transitivity of the trace map and the Poincaré duality
for both X and Y. |

1.5.14. Let i: Z — X be a closed immersion of codimension ¢ between smooth
realizable schemes. By using the Poincaré duality, we have a canonical isomorphism
itK¢(—c)[~2¢c] = i'K¢. Let us denote by (—)&(—) := D(D(—) ® D(—)). The
projection formula yields the homomorphism ¢+ (</V QM ) — i (N i (M) for M,
A in DEOI(X /K). Using this homomorphism, we get a homomorphism

(M) (=) =20) =i (K@) (=) =2€] = i (K§)(—c) [-2]7' ()
(1.5.14.1) LZ'KSJ(@Z'(,///) §i!(,///),

Theorem. If .# is smooth, then the canonical homomorphism (LEI4T) is an
isomorphism.

Proof. Tt suffices to shoy that when . is a smooth holonomic module, the canonical

homomorphism it (N @.#) — it (AN )®i'(4) is an isomorphism for any .4 €

DP (X/K). Since i is conservative, it suffices to show that the homomorphism
privit (N @M) — iy (TN (M) Zipi™ (N )M

is an isomorphism. By definition, this is the unique homomorphism which makes
the following diagram commutative:

. it (N RM)

o= y
\\F\$¢ﬁ@m®%
. .

where « := adj; and 8 := adj; ® id. Now, since the verification is local, we may
assume that Z and X can be lifted to smooth formal schemes 2 and 2. It suffices
to show the claim after removing the boundaries by [Ber2l 4.3.10]. In this situation,
recall that (—)®(—) = (-) ®39%’@ (—)[— dim(2")] (cf. [ACT] 1.1.6]). Since .# is a
coherent O - g-module, we have a canonical isomorphism

RHomg, (N @0, M, Dy @w,') 2RHomg, (N, Dy @wy') R, A,
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where Z4 denotes 9}{7@. This yields an isomorphism ~: D(A ®p, #) =
D(A) ®p, #". Consider the following diagram.

Da

D(iyi* (N ®o, -4))

iri'(D(AN ®Ro, M) ——=D(N R0, M)

adj;
|- |-
i (D(A) R0, M) s D(N) @0, M

: Y

D(ipit(A) @0, M) ——— iti'D(N) Ro, A~ adi;

| o

D(A ®0, M) ———=——D(N) @0, M
where adj; is the homomorphism induced by the adjunction homomorphisms of i.
The diagram Q is commutative by [Cadl 2.2.7], and the other diagrams formed by
solid arrows are commutative as well. We define the isomorphism % so that the
diagram is commutative. By the characterization of p, the isomorphism * is the
dual of p, which implies that p is an isomorphism. |

2. ARITHMETIC Z-MODULES FOR ALGEBRAIC STACKS

This section is devoted to constructing a p-adic cohomology theory for algebraic
stacks. Even though we do not try to axiomatize, the ideas of this section work also
for any rational cohomology theories with standard six functor formalism without
essential changes (e.g., algebraic Z-module theory, étale cohomology theory with
perverse t-structures over a separably closed field with rational coefficients, etc.).

2.0.1. In this section, A € {@, F'} is fixed. Throughout this section, we also fix a
base tuple either Ty := (k, R, K, L) or T := (k, R, K, L, s,0) (cf.[L410) depending
on which A we take. We often denote D(X/%T,) by D(X/L,) or even D(X/L) or
D(X) if no confusion may arise. When A = (), Tate twists (n) are understood to
be the identity functors as usual. All algebraic stacks are understood to be over k
unless otherwise specified.

2.0.2. To construct a theory for general algebraic stacks, we will first need to con-
struct a theory for algebraic spaces. Then using the theory for algebraic spaces,
we shall construct a theory for all algebraic stacks. Since the process for gener-
alizing the construction from the case of realizable schemes to algebraic spaces is
the same as generalizing from algebraic spaces to algebraic stacks, we shall present
the processes at the same time. In order to obtain the theory for general algebraic
spaces, the reader should read §2.1] and §2.2] as follows. First, when reading §2.11
and §2.2] replace the word “space” (resp. “good stack”, resp. “good presentation”)
by “quasi-projective scheme” (resp....), the corresponding terminology indicated
in the first block of the table below. The reader should then reread §2.1] and §2.2]
this time using the second block of the table below instead of the first block.
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space: quasi-projective scheme

good stack: algebraic stack of finite type whose diagonal
morphism is quasi-projective

good presentation: smooth surjective morphism from a quasi-
projective scheme

space: separated algebraic space of finite type

good stack: algebraic stack of finite type

good presentation: smooth surjective morphism from a separated
quasi-compact algebraic space

Note that since good stacks are of finite type, they are in particular quasi-
compact. See paragraphs for additional explanation. Finally, we
remark that admissible stacks defined in §2.3] are good stacks in the sense of first
read, and a second read is not really necessary if the reader is only interested in six
functor formalism for schemes or Deligne-Mumford stacks.

2.1. Definition of the derived category of Zf-modules for stacks.

2.1.1. We first need basic cohomological operations for spaces. Let X be a space
over k. In the first read case, we have already defined M(X/L) and D(X/L) in
[LZT0, and in the second read case, see

Smooth morphism. Let f: X — Y be a smooth morphism between spaces
over k. The exact functor f*: Hol(Y/K) — Hol(X/K) (cf. or 2.27) can
be extended canonically to M(Y/L) — M(X/L) by and [L49] f* remains
to be exact. The derived functor is also denoted by f*. Similarly, we have the
left exact functor f.: M(X/L) — M(Y/L), and we can take the derived functor
Rf.: DY (X/L) — D*(Y/L). By[LZdl (f*,Rf.) is an adjoint pair. Since for; and
forp commute with f* and R f, by L4 Tland[[.4.6] f* and R f, preserve holonomicity
and induce functors between Dj | (X/L) and D;" (Y/L).

Finite morphism. Let f: X — Y be a finite morphism between spaces over k.
Just as in the smooth morphism case, we can define functors

J+: D*(X/L) = D*(Y/L): f'

where « = () for f, and + for f'. The pair (f,, f') is an adjoint pair. These functors
commute with fory, and forp, and they preserve boundedness and holonomicity.

External tensor product. Let X, Y be spaces over k. Extending the scalar of
the external tensor product functor, we have the bifunctor X: M (X/L)xM(Y/L) —
M(X x Y/L), which is exact. Thus, we can take the derived functor. This derived
functor preserves boundedness and holonomicity as well.

Dual functor. Let X be a space over k. The dual functor extends canonically
to Dx : Hol(X/L)° — Hol(X/L). This induces the functor

Dy : DP(Hol(X/L))° — DP(Hol(X/L)).

Lemma. (i) Consider the cartesian diagram (LI3J) of spaces such that f is
smooth and g is finite. Then the base change homomorphisms f"™* o #°(g") —
HO(g") o f*: M(Y/L) = M(X'/L) and f*ogy — g o f*: M(Y'/L) — M(X/L)
are isomorphisms. Moreover, we have S#°(g') o f. = fl o #°(¢')': M(X/L) —
M(Y'/L).
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(ii) For a smooth morphism f: X — Y of spaces of relative dimension d, we
have the canonical isomorphism

(f* oDy)(d) = Dx o f*: Hol(Y))° — Hol(X).

Remark. These equalities also hold on the level of DP . (—/L), which we show
later.

Proof. In the second read case, this can easily be reduced to the first read case, so
we assume we are in the first read case. When A = () and L = K, we only need
to show the equality for Hol(—/K), and these are consequences of Corollary [[L5.5]
Theorem [[5.13] and [LT3] ). Since these equalities are on the level of modules,
the results can be extended automatically to A = F' and general L. ([l

2.1.2. Now, let us fix some terminologies on simplicial spaces.

Definition. For an integer ¢ > 0, let [¢] = {0,...,n} be the ordered set, and put
[—1] := 0. Let AT be the category of those objects, and morphisms are increasing
injective maps.

(i) An admissible simplicial space is a contravariant functor (A™)° — Sp™(k),
where Sp®™ (k) denotes the category of spaces over k whose morphisms are smooth.
Let X, be an admissible simplicial space. For ¢ > 0, we often denote X,([i]) by X;.
This can be described as follows:

SpEs

For a space S, let S, be the constant admissible simplicial space. A morphism of
an admissible simplicial space to a space X, — S is a morphism X, — S,. The
morphism is said to be smooth if Xy — S is.

(ii) A morphism of simplicial spaces f: X, — Y, is said to be cartesian if for
any ¢: [i] — [4j], the following diagram is cartesian:

x;, Loy,
X(¢)l O ly(qﬁ)
fi

(iii) An admissible double simplicial space Xqq is a functor ((A1)?)° — Sp*™ (k).
An admissible simplicial space S, yields the constant admissible double simplicial
space See by setting Se; := So. A morphism from an admissible double simplicial
space to an admissible simplicial space Xqe — S, is defined to be Xqe — See. This
is a collection of morphisms X, — 5, satisfying the compatibility conditions.

Remark. Note that we do not consider degeneracy maps, only face maps. These
types of objects are sometimes called strictly simplicial schemes (e.g., [LO]).

2.1.3. Definition. Let X be an algebraic stack over k, and let X — X be a
presentation (cf. [L0.2). Put X, := cosko(X — X) (i.e., the simplicial space such
that X, := X xx x--- Xxx X and the face morphisms are projections). We say

n
that X, is a simplicial algebraic space presentation of X. Let P be a set of algebraic
spaces. A simplicial P presentation is a simplicial algebraic space presentation X,
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consisting of algebraic spaces belonging to P (e.g., simplicial realizable schemes
presentation, etc.).

Now, let X be a good stack, and let X — X be a good presentation. Since X is a
good stack, coskg(X — X) is an admissible simplicial space. In particular, for any
good stack, we may take a simplicial space presentation.

2.1.4. Definition. Let X, be an admissible simplicial space. For a morphism
¢: [i] = [j], since X (¢) is smooth, the pullback

X(¢)": M(X;/L) = M(X;/L),

which is exact, is defined (cf. ZIT]). This defines a cofibered category M (Xe/L)e
over At.

(i) We put M(X,/L) :=secy(M(Xe/L)s) (see A1l for the notation). We often
denote M(Xo/L) by M(X,). For A, or # in M(X./L), the fiber over [i] is
denoted by .#;. For ¢: [i] — [j], the homomorphism X (¢)*.#; — .#; is called the
gluing homomorphism.

(ii) We denote by Hol(X,/L), or simply by Hol(X,), the full subcategory of
M(Xq/L)e ot consisting of .#, such that .#; € Hol(X;/L) for any i > 0.

(iii) We denote by Dy (Xe/L) or D} (X,) the full subcategory of D* (M (X,/L))
whose cohomology objects are in Hol(X./L). We denote D} (M (Xs/L)s) by
Diy(Xo/L) or Diyy(Xa).

2.1.5. Let .#, and A, be in DY (Xo/L). Then by (AI21]), we have the following
spectral sequence:

(2.1.5.1) EP? = Ext{, y (M, Ny) = Bxt %, (M, M)

We have kernels, cokernels, and inductive limits in M (X,), and they can be cal-
culated termwise; namely, these functors commute with the functor sending .#, to
AM; for any ¢ > 0. This is because, for any ¢: [i] — [j], the functors Ker, Coker,
lig commute with X (¢)*. In particular, M(X,) is an abelian category. Moreover,

projective limits are representable in M (X,) and they can be calculated termwise
as well by using the canonical homomorphism X (¢)* o im — Jim o X (¢)*.

2.1.6. Let us define three basic functors. Take i > 0. We define a functor
pr: M(Xe) — M(X;) by sending .#, € M(X,) to .#;. Obviously, this is an
exact functor. Now, take 4" € M(X;). We define

pe) =3 TI X@Mp . sl ={ @ X&), .

¢: [k]—[i] k ¢ [i]—[K] k

and the gluing homomorphisms are defined as follows: for ¢: [k] — [k'], the map
X () pin (A )k = pin(H Vi (e5p. X(§)*pa(A )k — pa(A i) s the product
(resp. direct sum) of the adjunction (resp. canonical) homomorphisms

X)) X()u(A) = X(¢)u(A)  (resp. X (¥)"X(9)"(A) = X(¢/)"(A)),

where ¢: [k] LN (%] LN [i] and 0 if ¢ cannot be factored through « (resp. ¢': [i] 2,
(%] LN [£']). These data define functors p;., ps1: M(X;) = M(X,).



964 TOMOYUKI ABE

Lemma. (i) We have adjoint pairs (pf, pix) and (pi, pi).

(i) The functors pf and py are exact. In particular pf and p.. preserve injective
objects.

(iii) The category M(X,) is a Grothendieck category.

Proof. Since the verification of (i) is standard, we leave the details to the reader.
The first claim of (ii) follows from the exactness of X (¢)*. Let us check (iii). We
have an arbitrary inductive limit as observed in 21,5l and filtrant inductive limits
are exact. We need to show that it has a generator. Let ¥; be a generator of M (X;).
Then {pig(%)}po is a set of generators. Indeed, let .# € M(X,), and assume
Hom(p;1(4;), #) = 0 for any i > 0. Then by (i), we have Hom(%;, p} (.#)) = 0,
and thus .#; = 0. Thus by definition, .#Z = 0. O

2.1.7. Let X, be an admissible simplicial space. Let k& be a nonnegative integer.
Given A, € M(ski(X.)), we get an object in M (ski_1(X,)) denoted by o} (A.) €
M(X,) by putting (UZ(J/.))i > ; for i < k. Let us construct the left adjoint
functor of 7.

Let Dy, be the category of homomorphisms ¢: [i] — [k] such that the morphism
from ¢ to ¢: [j] — [k] is a morphism «: [i] — [j] such that ¢ o @ = ¢. Now, given
Mo in M(sky_1(X,)), we can construct an object in M (ski(X,)) as follows: Put

My = Ny X(6)" ().
PEDy,
Then {///Z}z <, With an obvious gluing homomorphism defines the desired object.
The functor is denoted by ox1. We can check easily that (o1, 07) is an adjoint pair.

2.1.8. Remark. The functors defined in the last two paragraphs have natural
interpretation in terms of the language of topos. Let X, be a (strictly) simplicial
topos (cf. [SGA4, V") Since sheaves .Z on X, can be described as data {.%;, ¢i; }
where .%; is a sheaf on X; and ¢;; is a gluing homomorphism, we have a functor
sending a sheaf % on X, to the sheaf .%; on X;. This functor defines a morphism
of topos e;: X; — X,. The functors p;, p;, pi« are nothing but analogues of
the functors e;1, ef, e (cf. [SGA4l 1.2.8-1.2.12]). The interpretation of oy, o} is
similar.

2.1.9. Lemma. Let us denote by Hol(X,)s the cofibered category over AT such
that the fiber over [i] is Hol(X;). Let D (Hol(Xs)s) be the derived category defined
in Y801 The canonical functor DY (Hol(Xe)s) — DP.(Xe) is an equivalence of
categories.

Proof. We can argue as [KSd, 15.3.1]. It suffices to show that the functor
DP(Hol(X,)s) — D"(X,)

is fully faithful. By [KSd, 13.2.8], it suffices to show the following: given a surjection
o/ — A such that # € sec;Hol(X,)e and & € M(X,), there exists a homomor-
phism A4 — & such that 4" € sec;Hol(X,)s and the composition A — & is
surjective. To check this, it suffices to construct, for each k > 0, the following (3,
in M (skx(Xe)): 1. 03 (Ak)) = A r—1); 2. we have a homomorphism .A{;) — 0} (%)
such that the composition A{) — o (/) — o} () is surjective.

We use the induction on k. For .4y, take one as in [KSc, 15.3.1]. Assume
we have constructed A{;_1). Take A#” — ., such that 4" € Hol(Xy) and the
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composition with @, — .}, is surjective, as in [KSc, 15.3.1]. Given ¢: [i] — [k],
we have the following diagram:

X(¢)*/V(k—1),z‘ — X(¢)" o — X(¢)* M,

| |

N o, M.

We need to construct the dotted homomorphism making the diagram commutative,
for which we modify .4#”. We put

(Mr—1))i for i < k,
M i =
( (k)) {/V/ ) (Ukl(«/V(szl)))k for i = k.

With the obvious gluing homomorphisms, these data define an object A{;) in
M (sky (X)), which is what we are looking for. O

2.1.10. Let fo: Xo — Y, be a cartesian morphism of admissible simplicial spaces
such that f; is finite for any ¢ > 0. We call such a morphism a cartesian finite
morphism for short. For a morphism ¢: [j] — [k], we have the following cartesian
diagram:
X, Jr Y,
X (¢)l O lY(cb)

Xj—=Yj,
fi

where f; and f; are finite. Let .#, be an object in M(Y,). For a finite mor-
phism g, we denote .#¢' by ¢°, which is left exact by [[2.91 We have a canonical
homomorphism

X(Q) f7 (M) = [RY ()" (M) — [i (M)
by Lemma[ZI1l Using this homomorphism, { f¢(.#)} defines an object in M (X,),
and it defines a functor f°: M(Y,) — M (X,). Since f is left exact, f° is left exact
as well. We can take the associated derived functor to get
fli=Rf°: DY(M(Y,)) — DY (M(X.)).

On the other hand, the functor fj, is exact. For A4 € M(X,), using Lemma 2T.T]
we have a homomorphism

V()" fi+(A5) = frr X(0)"(AF) = far (M),

which defines an object { fr+(4%)} in M(Y,). The functor is denoted by f. Since
this functor is exact, we can take the derived functor

fr: D(M(X,)) = D(M(Ys)).

Lemma. Let X, ER Y. & Z, be cartesian finite morphisms of admissible simpli-
cial spaces.

(i) We have a canonical isomorphism pj o f' = f} o pt. In particular, f' sends
Dt (Ys) into Dt (Xe) for x € {+,b}.

(ii) We have an adjoint pair (f, f'), and fy is evact. In particular, f° preserves
injective objects.

(iii) We have a canonical isomorphism f'og' = (go f)".
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Proof. Let us show (i). Since pj is exact and preserves injective objects by Lemma
2.T.6] the first isomorphism follows by definition. Let us check the second one. The
functor f' preserves total complexes by Lemma Il (i). It remains to show that
it preserves holonomicity and boundedness. These are immediate consequences of
the isomorphism pj o f = f,; o pr.

The verification of (ii) is easy. To show (iii), by (ii), it suffices to show that
f°og° = (g°o f°). This follows by definition and the corresponding statement for
spaces. (Il

2.1.11. Now, we use the notation of 2Tl Let f: X, — S be a smooth morphism
(cf.ZT2)) from an admissible simplicial space to a space. In this situation, let us de-
fine an adjoint pair of functors (f*,Rf,). Let f;: X; — S be the induced morphism.
The pullback is easy to define: Let A" € M(S). We put A4; := f*(.4) which is de-
fined in M (X;). Let ¢: [i] — [j] be a map. Then we define a homomorphism, which
is in fact an isomorphism, X (¢)*4; — A to be the gluing homomorphism. The
object we constructed in M (X,) is denoted by f*(.4#"). Thus, we have a functor

£ M(S) — M(X.).

The functor f* is exact since each f; is.
Let us define its right adjoint. Take .#, in M(X,). For ¢: [i] — [j], we have the
homomorphism

Qg fz*('%z) — f]*(%)
We put
fe(t) = Ker (fo(Mo) = fro(A1)).

Since fy. and fi1, are left exact, the functor f, is left exact as well. Thus we may
take the associated derived functor to get

Rf,: DT (X,) = DT (S).

These constructions can be generalized to a smooth morphism f: Xee — S, from
a double simplicial space to a simplicial space: Pullback is defined in an obvious
manner. Let .#qe in M (Xee). Recall that f is a collection of fre: Xpe — Sy satis-
fying the compatibility conditions. We get frex(#pe) in M (Sy,). The transition ho-
momorphism is defined by adjunction, and we have feex: M(Xee) — M(S,s). This
is a left exact functor, and we get the derived functor Rf,: DT (Xee) — DT (S,).

Lemma. We have an adjoint pair (f*, fi). Thus, the pair (f*,Rf) is also, and
the obvious analogue holds for the double simplicial case.

Proof. The adjointness of (f*,Rf,) follows by the first one using Lemma[[Z21] Let
Se be the constant simplicial space. We have the morphism f,: Xo — S,, and the
adjoint pair (f, fi«) defines a pair of functors (f, fex) between M (X,) and M (S,).
It is straightforward to check that this is an adjoint pair. Thus, it suffices to check
the lemma for the morphism S, — S. This follows from the following general fact:
Let A be an abelian category, and let A*A be the category of cosimplicial objects,
namely the abelian category of functors A*™ — A. Let p*: A — A" A be functor
assigning the constant object, and let p,: AT A — A be the functor associating
Ker(My = M) to {M;}. Then (p*, p.) is an adjoint pair. The verification is
straightforward. The double simplicial case is similar. ([l
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2.1.12. The following spectral sequence is one of the keys to show the cohomological
descent.

Lemma. Let .# € DY(X,). Then we have the following spectral sequence:
EVT=Rf,, (M) = RPYIf ().

Proof. The construction is essentially the same as [O3], Corollary 2.7]. Since we use
a similar argument again later, we sketch the proof. Let A4 € M(X;). We have
a homomorphism [, (pi*(,/l/)o) = H[OH[Z‘] fis(A) = fi(A) where the second
homomorphism is the projection to the component of the map «a: [0] — [i] such
that the image is 0 € [i]. This induces a homomorphism from the Cech type
complex:

C;('/V) = [0 - fO* (PSPZ*(«/V)) - fl*(prz*(«/V)) — f2* (P;Pz*(«/V)) - ]
to fix(«4"). This homomorphism is in fact a homotopy equivalence. Indeed, the
cohomologies of the complex T := [0 — Hom L = sy L — -], which is
isomorphic to that of the i-simplex, vanish except for degree 0, and since K (Vecy,)
D(Vecyr,), the homomorphism T — L of the projection to the a-component is a
homotopy equivalence. Since C? () = T®L fix(A), we get the claim.

Now, for any A" € M(X,), there exists an embedding .4/ — .# into an injective
object in M (X,) such that the complex

(%) 0 = fou(po(F)) = f1e(p1(F)) = fau(p2(SF)) = -+

is exact away from the degree 0 part. For this, take an embedding p; 4" — %,
into an injective object in M (X;), and put .# := [, pi«(-#(;)). Note that products
can be calculated termwise by Moreover, small products and f;, commute by
[KSc| 2.1.10] since f;. admits a left adjoint f7. This implies that () is isomorphic
to [[; C? (Hi)). Now, each C?(.#;)) is homotopic to fi.(-#;)) by the observation
above. Since homotopy equivalence is preserved even after taking product, we get
that (&) is homotopic to [, fi«#s); in particular, the complex is exact away from
0. Since p;. preserves injective objects by Lemma[2.1.6]and the product of injective
objects remains to be injective, .# is a desired object.

Finally, let .# — .#° be a resolution of .# consisting of the complex as above.
We consider the double complex { f,. pp(F9) }p’q> o- The acyclicity of (&) except for
degree 0 shows that the total complex is R f, (///5, and thus the associated spectral
sequence is the one we want. ([l

Recall that by Lemma [[2.8] or by 2:2.7] in the second read case, R f;, preserves
holonomicity. Thus, we have the following corollary:

Corollary. The functor Rf, preserves holonomicity and induces a functor

DlJlrol(XO) - DlJlrol(S)'

2.1.13. Proposition. Let X — S be a smooth surjective morphism between spaces,
and put f: Xo := cosko(X/S) = S. The adjoint pair of functors (f*,Rf.) induces
an equivalence between DY . (Xo) and D*(S) for x € {+,b}. Moreover, it induces
an equivalence between D} (X,) and D5 ,(S).

Proof. The second claim follows by the first one since f* and Rf, preserve the
holonomicity by Corollary 2.1.121 Thus, it suffices to show that the canonical
homomorphisms id — Rf, f* and f*Rf, — id are isomorphisms. For the first one,
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it suffices to show the equalities after taking i\ where s is a closed point of S and
is: {s} — S. By taking the fiber product, it induces a morphism of simplicial
spaces ix s: Xso < Xo. Using Lemma 2Tl we have Rf,, o z'XS &~ z's o Rf,
where fs: Xqo — s. Thus, by considering Lemma [[L3.7 (ii), this can be reduced
to the situation where we have a section s: S — Xy of fy. In this case, the
verification for the first homomorphism is the same as [Coll Thm 7.2]. Let us
recall the argument briefly. By using Lemma [2ZT.T2] we have the spectral sequence
EPY = RIf,. (My) = RPTIf, (). Put By = RYid, (4), which is 4 if ¢ = 0
and 0 otherwise. We claim that the complex defined by adjunction 0 — E; ba
ET? — 0 where Efl’q is placed at degree —1, is acyclic. To check this, we construct
a concrete homotopy EP'? — EP~1% using the section s. For example, BV — E; 11
is constructed as follows: We have an isomorphism st f;".# = .4, which induces
fof(#) — sy () by adjunction. By taking foy and using the isomorphisms
forsy =2 id and for f" = fo.f, we obtain the desired homotopy. See [Col] for
details.

Let us show the second one. It suffices to show that the homomorphism of
functors, before taking the derived functors, f*f. — id is an isomorphism. Indeed,
if this is shown, we get that for .# € M(X,), we have

R (M) = R (f" fu( M) < (M),

where the second quasi-isomorphism follows by the the first part of the proof.
Thus we have Rif,(.#) = 0 for i # 0. Finally, let us show f*f.(.#) — .# is an
isomorphism. As the proof of the first isomorphism, it suffices to show the claim
when S is a point, and in particular there is a section S — X. In this case, it
suffices to show that there exists .4 € M(S) such that f*(.A4") = #, namely, .4
is effective descent. Because of the existence of the section, this is automatic (for
example, see [Gir, right after 6.15]). |

2.1.14. Let f: X4 — S be a smooth morphism from an admissible simplicial space
to a space, and let g: S’ — S be a smooth morphism between spaces. Consider the
following cartesian diagram:

x 2L Xx,

e s

S ——S.
g

For .# € M(X,), the system {g;*(,//lz)}z defines an object of M(X]), denoted by
g*(A). This functor g"* is exact and preserves holonomicity. We can take the
derived functor ¢"*: DP . (Xe) — DP | (X}). Similarly, for .4 € M(X]), the system
{g;.(A;)} defines an object of M(X,) by Corollary [L5.5 or by the following lemma
in the second read case, and the assumption that ¢’ is cartesian. This functor is
left exact, and we have the right derived functor Rg.,. The couple (¢"*,Rg.) is an

adjoint pair.
Lemma. The canonical homomorphism g* o Rf, — Rf! o ¢g'* is an isomorphism.

Proof. By using the spectral sequence of Lemma ZT.T2] the verification is reduced
to Corollary [[L5.5] or to the present lemma of the first read case in the second
read. (]
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2.1.15. Proposition. Let X be a good stack, and let Xq — X be a simplicial
space presentation. Then for x € {b,+}, the categories D, (X,) and D ;(Xo) do
not depend on the choice of the presentation up to canonical equivalence, and the
t-structure as well.

Proof. Let Xo — X and X, — X be two presentations. Let Z,, v := X,, xx X/,
This defines a double simplicial space Z,e With projections Z,e — X,, and Z,e —
X/. Thus, it suffices to show the following: given a smooth morphism f: Zee — X,
such that (Z;e — X;) = cosko(Z;o — X;), the functors Rf, and f* induce an equiv-
alence of categories. First, the functors Rf, and f* preserve holonomicity. Indeed,
the preservation of holonomicity for f* is easy, and for R f, use (the double simpli-
cial analogue of) Lemma 2.0 (ii), Lemma 2ZTT4] and Corollary If f*, Rf.
yield an equivalence between D*(X,) and D*(Z,.), since they preserve holonomic-
ity, they induce the equivalence of Dj (Xe) and Df_;(Zee), and the proposition
follows.

Now, it remains to show that for A4 € M(X,) and # € M(Z4e), the homomor-
phisms

PREM) > M, N S RES(AH)

are isomorphisms. Since it suffices to show the isomorphism for each X;, this follows
from Proposition 2.T.13] O

2.1.16. Definition. Let X be a good stack. Take a simplicial space presentation
X+ — X. By the proposition above, for x € {b,+}, the categories D} (Xo/L4)
and D; ;(Xe/La) do not depend on the choice of the presentation. We denote
these categories by D*(X/L,) and D} (X/L4), or more precisely D*(X/%,) and
D} (%X/%4). We often omit (-), as usual. These categories are endowed with t-
structure, and their hearts are denoted by M(X/L) and Hol(%X/L), respectively.
Objects of Hol(X/L) are called holonomic modules on X. As usual, we often even
omit “/L” from the notation of categories.

Remark. (i) When X is a realizable scheme, DP  (X) is equivalent to the one
defined in [[LTT by Proposition

(ii) Let X, — X be a simplicial space presentation. Then p§ is conservative,
namely, pi(.#) = 0 for .4 € D}t (%) if and only if .# = 0. Indeed, pj(.#) = 0
implies p}(.#) = 0, so the only if part holds.

2.1.17. Definition. (i) Let X be a good stack. Assume further that the associated
reduced algebraic stack X,oq is smooth. Let X, — X be a simplicial space presen-
tation. The category of smooth objects denoted by Sm(X/L) is the full subcategory
of DP,(X/L) consisting of .# such that, for any i, fory,(p;.#) € D (X;/K) is
in Sm(X;/K)[d;], where d; denotes the relative dimension function (cf. [03]) of
X — X, and see [[I3] (I2)) for the notation of Sm(X/K). It is straightforward to
check that the category does not depend on the choice of the presentation.

(ii) Let X be a good stack, and let .# € Hol(X). The support of # is the mini-
mum closed subset Z C X such that the restriction of .# to X\ Z is 0. The support is
denoted by Supp(.#). For .# € DP.,(X/L), we put Supp(.#) = J; Supp(H#°.4).

2.1.18. Let X, be an admissible simplicial space. Since M (X,) has enough injec-
tives, we have the bifunctor RHompx,)(—, —): D(X,)° x DT (X,) = D(Vecr) (cf.
[Hal I, §6]). This induces the bifunctor

RHompx)(—, —): DT(X)° x D*(X) — D" (Vecy).
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Indeed, RHompx,) does not depend on the choice of simplicial space presenta-
tion X4 — X. To check this, let f: Zse — X,o be as in the proof of Propo-
sition Then we have a canonical homomorphism RHomp x,)(.#, 4") —
RHompz,.)(f* (), f*(A)) for # € D(X,), A € DT(X,). It suffices to show
that this homomorphism is a quasi-isomorphism when .#,.4# € D (X,). This
follows since the pair (f*,Rf.) is an equivalence of categories.

In the following, for simplicity, we use particularly D} ,(X/L) even
when we can generalize statements or constructions to D*(%X/L)
easily.

2.1.19. We conclude this subsection with the following lemma that we use later,
whose proof is similar to the proof of Proposition 2.1.15l

Lemma. Let X and Q) be good stacks, and let Xo and Y, be simplicial space
presentations. Let (X X Y )y n := X, X Yy, which forms a double simplicial space
denoted by (X X Y)ee. Then we have a canonical equivalence

D (X xQ) 5 D (X X Y)ee).

2.2. Cohomological functors. In this subsection, we define some cohomological
functors for algebraic stacks. Even though six functor formalism is expected for
algebraic stacks, unfortunately, at this moment, we can obtain full formalism only
for admissible stacks (cf. Definition 2:30]), which is enough for our purposes. In
this subsection, we define functors that we can define for general algebraic stacks.

Finite morphism case.

2.2.1. First, we will define the adjoint pair (fy,f') when f is a finite morphism
between good stacks. To do this, we only need to translate the functor constructed
in 21101 in the language of algebraic stacks.

Let f: X — 2 be a finite morphism between good stacks. Let us define f*
and fi. Take a simplicial space presentation Y, — 2). By pulling back, we get
a simplicial space presentation X, — X. Let fo: Xo — Y, be the finite cartesian
morphism. Let x € {b,+}. We define

fi: Diqi(X) = Digi(Xe) 2 Diig(Ye) = Dt (D): [
We need to check the well-definedness, namely independence of the presentation.
By the adjointness property, it suffices to show the independence for f,. As in the
proof of Proposition it suffices to show the following: Consider the cartesian
diagram

Zoo L Woo

”l - lq
X ——Y,.
feo
Then ¢* o feot = gey 0 p*: M(X,) — M(W,,). The verification is straightforward
and is left to the reader. We have the pair (f, f') of adjoint functors between
Dy, (%) and Di(2).

Now, let X ER 9) % 3 be finite morphisms of good stacks. We have canonical
isomorphisms

co: Fog = (gof), 99 (go f)y S gy o fr.
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These isomorphisms are subject to the following two conditions: 1. we have ¢ (s ;q) =

Cid,f) = id, cHid) = ((d.f) —iq: 2. given homomorphisms X L> 2 53 LN 20, we
have

Clhgo) ©Cg.1) (M) = Clhog.py o f (Cng)),  hyct®P ocmoo) = 9)(f, )0 Moo ),

These results can be rephrased by using the language of (co)fibered categories
(cf. [SGATL Exp. VII, end of 7]) as follows. Let St"(k) the be the category of
good stacks (we do not consider the 2-morphisms) over k such that the morphisms
are finite morphisms between good stacks. To a good stack X, we associate the
triangulated category Dj ,(X). For a finite morphism X — ), we consider the
functor f', and c(f,9)- Then these data form a fibered category F' = st (k).
Considering f; and ¢/:9), we get a cofibered category .Zg — St (k).

Dual functors.

2.2.2. Let f: X — Y be a smooth morphism of relative dimension d between
spaces. Then we have a canonical isomorphism (f* oDy )(d) = Dx o f* by Lemma
2TT1 Now, let X, be an admissible simplicial space, and assume we are given a
smooth morphism X, — X to an algebraic stack. We have the dual autofunctor
D, : Hol(X;)° = Hol(X;). We modify this functor by putting ID; := (dx, x)oDx;,,
where dy, /x denotes the relative dimension function (cf. L.0.3).

Now, we use the notation of Lemma 2.T.9 and ATl Let .4, € seci (Hol(X,)s).
For a morphism ¢: [i]| = [j], let ay: X (¢)*#; — A be the gluing homomorphism.
Let

Bo: Dj(y) = Dy (X(9)* () = X (8)Di(415).
The data {HS)Z(//Q), By} defines an object in sec_ (Hol(X,)s) and defines a functor
Dx, x—: secy (Hol(X,)s)® — sec_(Hol(X,)s).

Similarly, we can define the functor Dy, /x4 : sec_ (Hol(X,)s)® — secy (Hol(X,)s),
and we have canonical isomorphisms cx o Dx, /x+ = Dx, /x5 © c+ by definition of

cy (cf. [BDL 7.4.2]). These functors are exact since I; is. Then we have

Dyt (sect (Hol(X4)e))® ——— Dyt (Hol(Xe)e)® ——= Dho1(Xe)®

DX./X:F\L D/X-
\
Dot (secs (Hol(Xe)e)) —<— Diot (Hol(Xe)e) —=— Dnot(Xe),

where the left horizontal isomorphism follows by AT and the right horizontal
isomorphisms follow by Lemma 2191 We define the dotted functor so that the
square is commutative. The dotted functor is called the dual functor on D(X,).
By construction, the functor is exact. Moreover, we have a canonical isomorphism
DfX. o DiX. =~ id.

Let X be a good stack. Take a simplicial space presentation X, — X. We can
check that Dy, /x does not depend on the choice of presentation. Thus, we get a
functor

Dla@ DEO](:{)O - Dﬁol(}:)'
/
X

We have a canonical isomorphism of functors D o =~ id.
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Remark. Later, in 2313 we define another dual functor D. This is because D’
is not suited to show some fundamental properties of dual functors. The reason
we introduced I at this point is to show the existence of the left adjoint of f for
finite morphism f.

2.2.3. Lemma. Let f: X — ) be a finite morphism between good stacks. Then
there exists a canonical isomorphism

]D)IQJ ofy = fy oDk: Dioi(X)° = Dpo(D).

Proof. Take a simplicial space presentation Y, — %), and let X4 — X be the
pullback. We denote by fi: X — Yi the finite morphism induced by f. Since
Jut(A) is in Hol(Yy) when 4 € Hol(X}) and fi+ and X (¢)* commute canonically,
we can define the push-forward functors fi.: secy (Hol(Xq)e) — sect(Hol(Ys)s) by
sending {.#;} to { fi+.#;} with an obvious gluing homomorphism. By the definition
of the functors c4, the following diagrams are commutative:

sect (Hol(Xa)e) e secy (Hol(Ys)s) sec_ (Hol(X4)e) e sec_ (Hol(Ys)s)
M(Xe) i M(Y), C(M(X.)) C(M(Y.)).

Thus, it is reduced to constructing an isomorphism Dy, /9 o f1« = fos 0 Dx, /x.
Since all the functors we used are exact, the verification is easy.

Definition. The lemma shows that fi has a left adjoint functor
D/}C © f! © ]D)/QJ : DEOI(ED) - DEOI(X)'

This right adjoint functor is denoted by f*. Since f' is left exact, f is right exact.
Summing up, when f is finite, we have two pairs of adjoint functors (fT, f1) and
(f+,f"). By taking the dual to 221l f* yields a fibered category .Z® — St (k).

2.2.4. Lemma. Let f: € — ¢’ be a finite morphism in St"™ (k).

(i) Assume f is surjective radicial morphism. Then fi and f* define an equiv-
alence of categories between DP_(€") and DY (€), and Hol(¢") and Hol(€).

(ii) Assume f is an étale morphism. Then for any # € Hol(€), it is a direct
factor of fTf ().

(iil) If f is a flat morphism, then for any 4 € D}.,(&'), M is a direct factor of
oIt ().

Proof. For (i), it suffices to show the claim when € and ¢’ are schemes. This
is nothing but Lemma [[.T.3] in the first read case, and the second read case can
be reduced to the first one immediately. For (iii), we can define homomorphisms
fofT (M) — A using the trace map of realizable schemes, and the claim follows
easily.

For (ii), let C, — € be a simplicial space presentation. Put .#; := pf(4),
and fi: € xg C! — CJ. We have the morphisms .#; — f;' fiy(M;) — ;. Here
the first morphism is defined by the trace map in the first read case and, in the
second read case, we use the homomorphism defined in the first read case for first
morphism. The composition is an isomorphism. Indeed, by [ACI] 1.3.11], it is
reduced to checking the claim when f; is [];. ; Spec(k’) — Spec(k’), where £’ is
a finite extension of k and J is a finite set. In this case, the verification is easy.
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Moreover, these homomorphisms are compatible with gluing homomorphisms, so
they define homomorphisms a: # — f*fi.# and B: f*f . # — #, and the
composition S o « is an isomorphism, thus the claim follows. ([l

Exterior tensor product.

2.2.5. Let us define the exterior tensor product. Let X, and Y, be admissible sim-
plicial spaces. Given .#, and A4, in M (X,) and M(Y,), respectively, the collection
{///i X ’/Vl}z defines an object in M (X, % Y,). This is denoted by .# X 4. The
functor is exact, and we can take the derived functor to get

(-)®(=): D(M(X,)) x D(M(Y,s)) = D(M(Xe x Ys)).

We can check easily that this preserves holonomicity and boundedness.

Let X and ) be good stacks, and take simplicial space presentations X, — X
and Y, — 2). Then X, x Y, is a simplicial space presentation of the good stack
X x 9. Since X does not depend on the choice of presentation, we get the exterior
tensor product for good stacks.

2.2.6. Lemma. Let f: X — 9, g: X' = 2’ be finite morphisms between good
stacks. Then we have canonical isomorphisms f(—)Xgy (=) = (fxg)+ ((—)X(=)),
(=) Rg* (=) =2 (f x 9)*((—) W (=) where x € {+,!}, and D' ((—) W (—)) =
D'(—)XD'(-).

Proof. For the commutation of external tensor product and dual functors, see

[ACT, 1.3.3], and for the pushforward, use Proposition [[T71 Since the proofs
are straightforward, we leave the details to the reader. ([l

Smooth morphism case.

2.2.7. Let f: X — %) be a smooth morphism between good stacks. Take simplicial
space presentations Y, — 2) and X, — X. Let X,, ,,, := X, X9y Y}, which defines a
double simplicial space X4 with obvious face morphisms, and morphisms f : Xeo —
Y, and g: Xe¢ — X,. By (the double simplicial analogue of) Proposition 21.13]
g* and Ry, induce an equivalence between D (Xqe) and DT (X,) = DT (X). Thus,
we have functors

Rf.: DT(X) 2 D" (Xs) 2 DT (Y,) 2 DT (D): f*,

where the middle functors are induced by R f* and f* These functors preserve
holonomicity by Corollary We need to check that these functors do not
depend on the choice of the presentations. By the adjointness property, it suffices
to check it for f*. The verification is easy and is left to the reader. It is also
straightforward to check that f* is an exact functor and satisfies the transitivity,

namely given smooth morphisms X ER 9 % 3 between good stacks, we have a
canonical isomorphism (g o f)* & f* o g*.

Lemma. Assume f is of relative dimension d. We have a canonical isomorphism

Df o f* = (d)o f* o Dy,

Proof. The proof is similar to Lemma [2.2.3] using Lemma [ZT.T] (ii). O
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2.2.8. Now, assume that f is an open immersion of good stacks. Then X, :=
Y, x9 X is a simplicial space presentation of X. The canonical morphism X, — Y,
is denoted by h. Then we have the commutative diagram of double simplicial spaces

X.. ! Y,

7

This implies that the composition DT (X) = Dt (X,) LUEN D*(Y,) = DT(D) is
canonically isomorphic to R f,, and similarly for f*. Now we have:

Lemma. The functor Rf. sends DD (X) to DP.,(2).

Xo.

Proof. Tt suffices to show that Rh, preserves the boundedness. This can be seen
similarly to Lemma 2TT0 (i). O

Changing the notation, we put j := f and j© = j*: DP () — DP (%),
j+ = Rj.: D2 (X) — DP,(2). We define the functor j so that (ji,7T) is an
adjoint pair. Such a functor exists since by the above lemma and Lemma [Z2Z7 and
]D)’@ o j4 o DY is left adjoint to j7. Thus, we have pairs of adjoint functors (5, 74)
and (ji,jT). Now, since jTj; = id, we have a canonical homomorphism of functors
J1 = j+. In particular, this induces a functor

i o= Im (5 — #°j,): Hol(X) — Hol(9),
called the intermediate extension functor.

2.2.9. Lemma. Let j: 3l — X be an open immersion between good stacks, and let
i: 3 < X be its complement. Then, we have the following exact triangles:

o . o 1 . . . 1
z+z! —id = j 4t +—>, it —id =it +—>,

where the homomorphisms are defined by adjunctions.

Proof. Let us check the left one. Let X, — X be a simplicial realizable scheme
presentation, and let .#® be a complex of injective objects in C(X,). By abuse of
notation, we denote the open and closed immersions X y X;. < X and 3 xx X —
X by j and i, respectively. By construction and Lemma ZT.I0} i, and 7' commute
with p. By definition, j© commutes also with p;. Moreover, j© commutes with py
as well, which implies that their right adjoint functors j; and p;, commute. Thus,
it suffices to show that the sequence

0= iyi' (pp(S") = p(F7) = j4d* (P(S1) = 0
is exact. This follows by Lemma [[L2.11l The right triangle is exact by duality. [
Projection case.

2.2.10. We define the push-forward functor for a projection X x 2 — 2). The
method here is close to the definition of Rf' in [SGA4, XVIII, 3.1]. We start with
the following lemma;:

Lemma. Let X, and Y, be admissible simplicial spaces, and let o/ be an object
in M(X,). Let

pey = K (=): M(Ye) > M((X XY)ee),
where we use the notation of Lemma 2119 Then there exists a right adjoint
denoted by poyx.
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Proof. Since the functor p%, is exact and commutes with direct sums by defini-
tion, it commutes with arbitrary inductive limits by [KSc, 2.2.9]. Since M (Ys)
is a Grothendieck category and p}, commutes with inductive limits, the existence
follows from the adjoint functor theorem (cf. [KSc| 8.3.27 (iii)]). O

Given a homomorphism & — £ in M(X,), we have a natural homomorphism

of functors
p;ﬂ?@* — Pfk@p%* — ldv
where the last homomorphism is the adjunction. Taking the adjoint, we get a
homomorphism pg, — pus. Obviously, if the homomorphism & — £ is 0, the
induced morphism of functors is 0 as well. Thus, for a complex &/* € C(M(X,)),
we have a complex of functors
Payos i [ = Papitis = Pagiv = -],

where pi, is placed at the degree —i term.

2.2.11. Lemma. Let .# be an injective object in M((X X Y)es). Then the con-
travariant functor

p—w(I): M(Xe)° — M(Y,)
sending & to pus«(F) is exact.

Proof. Let 0 —» /' — of — &/ — 0 be a short exact sequence. It suffices to show
that, for any 4" in M(Y,), the complex

0 = Hom( A, poyrs(F)) = Hom( AN, pors(F)) = Hom( AN, poyr(F)) — 0

is exact, which implies in fact that the sequence 0 — pyri(F) — Pws(I) —
Par«(F) — 0 is split exact. This follows by definition. a

2.2.12. Corollary. Let € be in C(M(X,)), and let 4 € C((X XY )es). We have
the spectral sequence

EDT = RPp yp—a(ig)u (M) = RV Ipeg, (M),
Proof. The lemma shows that if .# is an injective object in M ((X XY )qe), we have
AT = porir1i(F) = i I) = poicr(I) = 1) 2 pogi(are)(F).

Let .#*® be an injective resolution of .#. Then the spectral sequence associated to
the double complex poe.(#*) is the desired one. O

2.2.13. Corollary. If a homomorphism of complexes «/* — P°* in C(M(X,))
18 a quasi-isomorphism, the induced homomorphism of derived functors Rpge, —
Rpeyes 45 a quasi-isomorphism as well.

Proof. The homomorphism of functors Rpge. — Rpye. induces the homomor-
phism of spectral sequences

TED? = RPp o () ——=> RP T,

l l

UEDT = RPp yp—a( ey == RPMIp gy,

Since the left vertical homomorphism is an isomorphism, so is the right. (]
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2.2.14. Definition. Let x € {0,b,+,—}, and let ¥ € C*(M(X,)). We can take
the derived functor of ps. to get

Pot = Rpge: DY(XxY)ea) = D(Ya)s Dl i= pig: D*(Ya) = D((X XY )au).

By Corollary 2213, we may even take ¢ in D(X,). By definition, the pair
(p&, p#4) is an adjoint pair.

Remark. Assume ¥ € M(X,). Then by definition, for # € M((X X Y)ss),
Hpgr (M) = 0 for i < 0, and in particular, it sends Dt to D*. Now, let
% € D(X,) such that there exists an integer a with /¢ = 0 for a < i. Then by
Corollary 2213 for .# € M((X X Y )es), we have #'py (M) =0 for i < —a. In
particular, the functor sends D' to DT as well.

2.2.15. Let us compute po . more concretely when o7, € Hol(X,). Let X, be an
admissible simplicial space, and let Y be a space. Let p: Xq XY — Y be the
projection. Let <7, € Hol(X,). Take .#, € M(X¢ x Y). For ¢: [i] — [j], we have
the commutative diagram

Xj X Y&
<XxY><¢>l Y.
.

Xi xY
Recall 2210 Since ((X x Y)(¢)* O}y Dictin © (X X Y)(¢).) is an adjoint pair and
we have the canonical isomorphism (X x Y)(¢)* o pj,, = p; PR have
Piat;« © (X X Y)(¢)* = pjdj*~

This isomorphism together with the gluing homomorphism of .#, for ¢ induces a
homomorphism oy : piey,« (i) — Pjer,«(A;). With this homomorphism, we define

Pevox (M) = Ker (powy (M) = DL« (A1)).

Now, recall the notation of BXT.19 and let Y, be an admissible simplicial space,
and let 4o be in M((X X Y)es). Given a morphism ¢: [k] — [I], consider the
following diagram:

1
(2.2.15.1) XoxY, 2>y
(ny)(w)l O lY(w)

X. XYk—k>Yk~
p

Then we have canonical homomorphisms in M (Y}),
Y () Plegyw (Mor) =+ Pl (X X Y) () (Mak)) = Dy (Mo).
With this gluing homomorphism, we get a left exact functor
Detex = Doy, x: M((X XY )ea) = M(Ys,).
Lemma. The pair (p;.,pﬂ.x) s an adjoint pair. Thus, we have an isomorphism
Doty x = Doty

Proof. The proof is essentially the same as that of Lemma 2.T.11] and we do not
repeat it here. (|
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2.2.16. Lemma. Assume o/ € Hol(X,). Then, there exists the following spectral
sequence

By = RIpiau(My) = A poyy (M),
where p;: X; X Yo — Y, is the projection.

Proof. By Lemma 2219 it suffices to construct the spectral sequence for p, .
The construction is the same as that of Lemma 2T.T2] which is analogous to [O3]
Corollary 2.7]. O

2.2.17. Now, we use these computations to show finiteness results of the functor
defined in Definition 2.2.T4t

Proposition. Let &/ be an object of DP.;(Xs).

(i) The functors pey and pl, induce functors between Di ((X X Y)es) and
D}TOI(YO)'

(ii) We have an adjoint pair (p,, per+) between Di (Ye) and Dy /(X X Y)es).

Proof. Let us show (i). First, let us check that for .# € DP_((X X Y)ee) and for
integers ¢ > 0 and n, (%"pﬂJr (///))l is in Hol(Y;). By combining the spectral se-
quences of Corollary and Lemma [2.2.T6] it suffices to check the holonomicity
of RIp; r(ar)«(A;) for any integers p, ¢, i. This follows from Z.T.1 or ZZ7 It
remains to show that J"p . (A) is a total complex, namely for ¢: [k] — [I], the
homomorphism

Y () Py s (Mar) = Dy (Mar)
is a quasi-isomorphism. We may assume &/ € Hol(X,). In this case, this follows by

smooth base change (cf. Corollary [L5.5) and Lemma 2216l Using (i), (ii) follows
immediately by construction. |

Remark. Unfortunately, the boundedness is not preserved as we can see from
the standard example [LM] 18.3.3]. Thus, to get six functor formalism for algebraic
stacks, dealing with unbounded derived category is essential as in [LO]. However,
we only construct a complete formalism for admissible stacks (cf. Definition 223.T]),
and for a morphism between admissible stacks, the boundedness is preserved, so
we do not use unbounded category.

2.2.18. As one can expect, these functors define functors for good stacks. Let X and
9) be good stacks, and &/ € DP  (X). Take simplicial space presentations X, — X
and Y, — ). Then we have a functor
~Y p [a¥)
l)}—l_ol(:*t X Q.)) = D}Tol((X X Y)") ﬁ> D}TOI(K) = D}TOI(Q.))7
and the same for pl,: Df () — D, (X x Q). The pair (p!,,pwr+) is an adjoint
pair. Now, we have:

Lemma. The functors do not depend on the choice of presentation.

Proof. By the adjointness property, it suffices to show the lemma for p;;, in which
case the verification is easy. (Il

Remark. When X and 2) are realizable schemes, then p 4 coincides with the
functor defined in [L2.J0] which justifies the notation. This follows since both
functors are right adjoint to p;;.
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2.2.19. Proposition. Let p: X — Spec(k) be the structural morphism of a good
stack. Let o/ be an object in DY \(X). For any # in D (X), we have a canonical
isomorphism (recall [LAT4 and 2118 for the notation)

RI 0 poyi () = RHomp x) (o, A ).

Proof. Take a simplicial space presentation X, — X. For &/ € C"(X,) and .Z €
M(X,), we have

T 0 poys (M) = Hompg(spec(k)) (L Pars () = Hompy x ) (o, A ).

Now, pi. preserves injective objects since the left adjoint functor p?,; is exact.
This shows that R(F o pﬂ*) = RI' o Rpg. Thus by the definition of pg 4, the
proposition follows. O

2.2.20. We have defined a pair of adjoint functors (p!,,p.+), which depends on
the choice of the complex &7. For the construction of normal pushforward and
pullback, we need a canonical choice of </, which is nothing but the unit object Lx
when X is a smooth realizable scheme. To construct this complex for good stacks,
we need the following theorem of [BBDJ, as in the construction of [LO].

Theorem ([BBD| 3.2.4]). Let X, be an admissible simplicial space. Assume
given data {€;, a4} where €; € DP(X,) and for ¢: [i] = [j], ag: X(¢)*C; =
satisfying the cocycle condition. Assume moreover that

R'Hompx,)(%i,6;) = 0

for any i < 0. Then there exists a unique € € D (X,) such that pf(€) = €; (cf.
210) and the gluing isomorphism is equal to oy via this isomorphism.

Proof. For the uniqueness, use the spectral sequence (ZI.51]). The existence is
more difficult. We use a construction of Beilinson and Drinfeld. In [BD| 7.4.10],
they define an abelian category hot (M (X,)). This category is nothing but tot(A™)
in the notation of [BBD| 3.2.7] by taking A(n) to be M(X,,). In [BD], they con-
struct an equivalence of categories s, : Dsec (M (X,)) = Dhoty(M(X,)) and
characterize Diot(Xe) in terms of Dhot. Even though the appearance is slightly
different, this is the statement corresponding to [BBD 3.2.17]. Thus, our task is
to construct an object in K (hoty (M (X,))). For this, we can copy the argument of
[BBD] 3.2.9]. O

2.2.21. Lemma. Letp: X — Spec(k) be a morphism of spaces. Let Lx := p™(L).
Then we have R"Homp(x)(Lx,Lx) = 0 for i < 0.

Proof. Consider the first read case, namely the case where X is a realizable scheme.
Since fory, is conservative, we may assume that L = K. We have isomorphisms

RHomp(x)(Lx, Lx) = RT py Hom(Lx, Lx) = RT pip* (L),

where we used Proposition for the first isomorphism, and the second one
follows since p™ is monoidal and Ly is the unit object. Now the lemma follows by
the left c-t-exactness of p; (cf. Lemma [[34)) and RT'. For the second read case,
this can be reduced to the first read case by using ZI.5.T]). O
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2.2.22. Let X be a good stack, and let X, — X be a simplicial space presentation.
Let us construct the unit complex on X,. The unit complex Ly, in D ;(X;/L)
has already been defined. Let ¢: [¢{] — [j]. Recall the notation in sections [[.0.3] and
[0.0:41 We have a canonical isomorphism

X(¢)"(Lx,[dx,/x]) = Lx,[dx, x].
By Lemma 2227] the conditions in Theorem are satisfied. Thus the data
{Lx, [dXi/x]}i yield an object Ly, x in Dp,(X,).

Lemma. The object Lx, x does not depend on the choice of simplicial presenta-
tion up to canonical isomorphism.

Proof. The proof is straightforward. |

Definition. (i) We define the unit complex Ly to be the object in D (X) defined
by Lx, x thanks to the lemma above.
(i) We define the dualizing complex Lg to be D) (Lx).

Remark. We can construct L§ similarly to Ly, without using the functor D..

2.2.23. Lemma. (i) Let X and Q) be good stacks. Then we have Lyyxg = Lx XLy,
and LY 9 = LY K L).

(ii) Let f: X — Q) be a finite morphism between good stacks. Then we have an
isomorphism vp: fT(Lg) = Lx such that given another finite morphism g: 9 — 3,
the isomorphism is compatible with composition: the composition (go f)T(L3) =
gt (fH(L3) L gt Ly 29 Ly is equal to lgof-

Proof. For (i), the first claim follows from the corresponding statement for spaces
and the second by Lemma [Z220] Verification of (ii) is left to the reader. O

2.2.24. Definition. Let X and 2) be good stacks. We put
P+ *=PLx+" D}Tol(x X @) - D}Tol(gj)’ p+ = pzi : DEO](QJ) - Dgol(x X @)
Let ¥x9x3 ER Nx3 95 3 be projections. By using the canonical isomorphism
in Lemma 2.2.23] we have a canonical isomorphisms
(2.2.24.1) ffogt =LK (Lgy X (—)) ELxxygXR(—)=(go n .
By taking the adjoint, we also get a canonical isomorphism (go f) = g4 o f4.
2.2.25. Let X, 9) be good stacks, and take «7() € DP_(X(")). Let p): X() x

DO = PO, Let q: (XX X)) x (Y xQ') =D xQ be the projection. By definition,
we have a canonical isomorphism

(2.2.25.1) ph(—)Rph () 2ahg,, (—8-).

Now, we have

(22.25.2) g (Por+ (=) Bplyry (=) = PP+ (=) BPp (=) = (5) B (=),
where we used (ZZ25.1) for the first isomorphism.

Lemma. The homomorphism per(—)®pl,, (=) = qure 4 ((—)X(=)), defined
by taking an adjoint to (222252), is an isomorphism.
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Proof. This can easily be reduced to the case where X() and 9)(") are spaces using
the spectral sequences of Corollary and Lemma Using the same
spectral sequences, we may assume further that () and 9)) are realizable schemes
in the second read case. Now, for realizable schemes X and X’ and .Z), 4 in
DP (X 1), we have

Hom( M RM', N RN) = Hom (M, N)RHom( "', N").

This follows by the isomorphism Hom(.#,.4) = D(.# @ D(A)) (cf. [LI4) and
the commutativity of D and X (cf. [ACIL 1.3.3 (i)]). Using the Kiinneth formula
for realizable schemes in [[.T.7 the lemma follows. a

Before the second read.

2.2.26. Before moving on to the second read (cf. Z0.2]) to establish the theory
for more general algebraic stacks, we need the following proposition, which is an
analogue of Beilinson’s equivalence [AC2] for Deligne-Mumford stacks.

Proposition. Let X be a Deligne—Mumford stack of finite type. Moreover, assume
that X is separated. Then the canonical functor DP(Hol(X)) — DP (X) is an
equivalence.

Proof. First, we note that since the Deligne-Mumford stack is separated and of
finite type, the diagonal morphism is finite, and in particular, schematic. Full
faithfulness is the only problem. Thus, since the canonical functors DP(Hol(X)) —
D (Ind(Hol(X))) — D; (Ind(Hol(X))) are fully faithful, it suffices to show that
the canonical functor D*(Ind(Hol(X))) — D™ (X) is fully faithful. Let f: X —» Y
be an affine étale morphism of realizable schemes. Then the pair (fi, f*) of functors
between M(X/L) and M(Y/L) is an adjoint pair, and f, is exact by [ACI] 1.3.13].
In particular, f* sends injective objects to injective objects. Now, let f: X — X
be a smooth morphism from an affine scheme. The functors in 2227 define a pair
of adjoint functors (f*, f«) between Hol(X/L) and Hol(X/L). By passing to the
Ind-categories, these functors induce a pair of adjoint functors (f©, fo) between
M(X/L) and Ind(Hol(X/L)). Then we can define functors

Rf,: D*(X/L) = D*(Ind(Hol(X/L))): f®,

as in the scheme case. Consider the following cartesian diagram:

Y’L>Y

] o |

X?x,

where X, Y are affine schemes, and f, g are étale. We can easily check that the
canonical homomorphism ¢* o f, — fI o ¢’* is an isomorphism. This extends to an
isomorphism ¢® o fo = f/ o g’*. Since X is assumed separated, ¢’ is an affine étale
morphism, and thus ¢’* preserves injective objects. This implies that the canonical
homomorphism

(%) 99 oRfo = Rflog™: D¥(X/L) —» D" (Y/L)

is an isomorphism.
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Now, let f: X, — X be a simplicial realizable scheme presentation such that
Xy — X is étale. Then we can define a pair of adjoint functors

Rfs: DT(X,/L) 2 DT (Ind(Hol(X/L))): f©

similarly to 2.I.1Tl To conclude the proof, we need to show an analogue of Propo-
sition in this context. For this, take an étale presentation Y — X, use the
base change (&) above, and this is reduced to the realizable scheme situation we
have already treated. |

Remark. The proposition is false for general algebraic stacks. For example, if
G is a geometrically connected algebraic group over k, the category Hol(BG) is
equivalent to the category of finite-dimensional L-vector spaces (cf. Lemma 2.4.7).
However, extension computed in the category DEOI(B @) is not trivial. For example,
we can compute as in the classical case (cf. [LM 18.3.3]) that H'(BG,,,L) =
HY (P, L) for i > 0.

2.2.27. For an algebraic stack of finite type over k, we may take a presentation
X — X such that X is a separated algebraic space of finite type (or even affine
scheme of finite type). Then cosko(X — X) consists of separated algebraic spaces of
finite type, since X is assumed to be quasi-separated. In the first read, the starting
point of the construction was Theorem [[LI.8) In the second read, Proposition
plays the role of the theorem. Replacing the definitions of the terminologies
according to the table in 2.0.2] we can construct the theory for quasi-separated
algebraic stacks of finite type over k.

2.2.28. Remark. (i) As one can see from the construction of the cohomology the-
ory explained in [2.2.27] quasi-separatedness is important. Otherwise, nonseparated
algebraic spaces appear in the simplicial space cosko(X — X), and we are not able
to apply Proposition Non-quasi-separated stacks naturally appear in the
work of [O1].

(ii) We may treat the non-quasi-compact case without much effort. For a sepa-
rated scheme X locally of finite type over k, we take an affine covering {U;}, and
define M(X/L) by gluing M (U;/L). Note that this category is not equivalent to
Ind(Hol(X/L)) in general. Even though we need to care about finiteness and so
on, the constructions in §2.1] and §2.2] can be carried out similarly.

2.2.29. Question. Let X be a separated scheme of finite type over k. We may
construct a functor D®(Con(X/L)) — D (X/L) as in [Beil. We ask if this is an
equivalence of categories.

Remark. (i) If we have a positive answer to this problem, we can define the
six functor formalism exactly as in [LOJ], or more precisely, we may define the
pushforward to be the derived functor of #°f,. If the proof of the question is
motivic, then suitable six functor formalisms for schemes can be extended to that
for algebraic stacks automatically.

(ii) The problem is solved by Nori [N] when & = C and Hol(X/L) is replaced by
the category of perverse sheaves.
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Theory of weights.

2.2.30. Let k be a finite field with ¢ = p® elements, and we consider the arithmetic
situation where the base tuple (cf. [[4I0) is Tp := (k,R, K, L,s, o = id). We fix
an isomorphism ¢: @p =~ C. Let X be a realizable scheme over k. We say that
M € D (X/LF) is t-mized (vesp. t-mized of weight < w, --mixed of weight > w)
if fory (.#) € D2, ,(X/KF) is also. The results [ACT] 4.1.3, 4.2.3] are automatically
true also for DD, (— /L) since cohomological operators commute with for, by [LZ9l
The same holds for [ACI] 4.3].

Remark. For (V, ) € F-Vecy, if f,(z) is the characteristic polynomial of ¢ and
{a;} is the set of eigenvalues, then the set of eigenvalues for fory, ((V, ¢)) € F-Vecg is

{:L‘ € @p | U(f@)(x) = O}UEHomK(L,@p) = {U(ai)}aeHomK(L,@p)'

2.2.31. Let X be an algebraic stack over k. We say that .# € Hol(X/Lp) is t-pure
of weight w (resp. t-mized, t-mized of weight < w, t-mized of weight > w) if for
any f: X — X in X4y (cf. @O2) of relative dimension d, f*(.#) is t-pure of weight
w + d (resp. t-mixed, (-mixed of weight < w + d, -mixed of weight > w + d). By
the existence of weight filtration [ACI| 4.3.4], if .# is t-mixed, then there exists
an increasing filtration W such that gr!¥V(.#) is -pure of weight i. A complex
¢ € Db (X/Lp) is said to be t-mized complex of weight x € {< w,> w,0}, if
HE is 1-mixed of weight «+i. We say that the complex € is t-pure of weight w if
it is ¢-mixed of weight both < w and > w. We can check that -mixedness or other
relevant notions defined here are compatible with those for the realizable scheme
case in

2.2.32. Let f: X — 2) be a morphism of algebraic stacks of finite type over k. We
have the following properties:

(1) For any algebraic stack X, the functor D% preserves (-mixed complexes and
exchanges (-mixed complexes of weight < w and that of weight > —w.

(2) Assume f is finite. Then f,, f' preserve t-mixedness. Moreover, f; pre-
serves weights, and f' preserves complexes of weight > w.

(3) Let .# and A4 be t-mixed complexes in DP(X/Lp) and DP,(Y/LF),
respectively. Then .# X A" is --mixed as well. Moreover, if .# and A" are
of weight > w and > w’ (resp. < w and < w'), then .#Z X .4 is of weight
> w4+ w' (resp. < w+w).

(4) The complex L% (resp. Lx) is t-mixed of weight > 0 (resp. < 0).

(5) Assume f =: j is an open immersion, and let .# € Hol(X/Lr) be t-pure.
Then jiy (A) (ct. 2Z2.8]) is -pure with the same weight (cf. [ACI] 4.2.4]).

(6) Assume f is a projection X x ) — 9), and let o/ be an (-mixed complex of
weight < w’ on X. Then f, sends t-mixed complexes of weight > w to
that of weight > w — w’'.

We think only the last property needs a proof. Let .# € Hol(X x )) be t-mixed
of weight > w. We may assume &/ € Hol(X). Let us use the notation of
We denote by d; (resp. d}) the relative dimension of X; — X (resp. Y; — 2)). By
definition, .#; ; is t-mixed of weight > w + d; + d}, and & is of weight < w’ + d;.
Recall that

Rpics; (A7) = piy Hom(a) i, M, ),
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where ¢;: X; x Y; = Yj is the projection. Using [ACI] 4.1.3], Rp;w;+ (A4 ;) is of
weight > (w +d; + d}) — (d; + w') = w —w’ + d;. Now, by the spectral sequence
of Lemma [2.2.16] the claim follows.

2.3. Six functor formalism for admissible stacks. In this subsection, we con-
struct six functor formalism for admissible stacks, namely algebraic stacks of finite
type with finite diagonal morphism.

2.3.1. Definition. A morphism f: X — %) between algebraic stacks is said to be
admissible if it is of finite type and the diagonal morphism Ay: X — X xg9 X is
finite. An admissible stack (over k) is an algebraic stack over k whose structural
morphism is admissible.

Remark. (i) An admissible morphism is quasi-compact and separated by defini-
tion.

(i) For an admissible stack X, there exists a finite covering {4{;} such that Ll
possesses a quasi-finite flat morphism V; — 4; from a scheme. This is possible by
[SGA3 V, 7.2]E In particular, there is a dense open substack i of X such that
there exists a finite locally free morphism V' — I from a scheme.

2.3.2. Lemma. Let X L 9 4 3 be morphisms between algebraic stacks.

(i) If f and g are admissible, go f is also.

(ii) Let Q" — 9 be a morphism between algebraic stacks. If f is admissible, then
the base change X x99 " — ' is admissible as well.

(iii) If g o f is admissible, f is also.

(iv) Separated representable morphisms of finite type between algebraic stacks are
admissible. In particular, immersions are admissible.

(v) Any morphism X — ) from a scheme to an admissible stack is schematic.

Proof. The proofs for (i) and (ii) are the same as [EGAI, 5.5.1]. Let us show (iii).
Consider the factorization of Ay.s into morphisms

X2 Xy X B X xs X

These morphisms are representable and separated by [LM] 7.7]. We need to show
that Ay is finite. By the definition of an algebraic stack, 2) — 2) x9) is representable
and separated. Thus, by [EGAT, 5.5.1 (v)], A, is separated as well. This implies
that p is separated since it is the base change of A4. Since the composition po Ay is
assumed finite and the morphisms are representable, we conclude that Ay is finite
by [EGAIIL 6.1.5 (v)].

For (iv), assume f is representable and separated. Then [LM| 8.1.2] shows that
the diagonal X — X xg X is a monomorphism, and since f is assumed separated,
it is a closed immersion. For the latter assertion, use [EGAI 5.5.1 (i)].

For (v), factorize the morphism into X — X x ) — 2). The first morphism is
finite since ¥) is admissible, so it is schematic. The second one is schematic as well
since X is a scheme. (]

3See also [Co2, 2.1].



984 TOMOYUKI ABE

2.3.3. The following variant of Chow’s lemma for an admissible stack is important
for showing fundamental properties of cohomological operations:

Proposition. Let X be an admissible stack. Then there exists a morphism
p: X — X such that X is a scheme and p is a surjective generically finite proper
morphism.

Proof. We modify slightly the proof of [O2] (1.1)]. From [O2] 2.1-2.4], the argument
is the same. In [O2 2.5], he replaces X by the closure of il — X x P(V). This
replacement is not finite, but birational over 4, so this replacement is harmless in
our situation. In [O2], 2.6], it suffices to take P’ such that dim(P’) = dim(X) in
addition to the conditions there. If we have a surjective morphism a: P — X,
then this is generically finite. Indeed, let ¢: @ — X be a smooth presentation, and
P(’;, := P’ x5 Q. By generic finiteness and some standard limit argument, there
exists an open dense subscheme V C @ such that Pé xqV — V is finite. By fpqc
descent, @ is finite over ¢(V) C X.

We do not need [02, 2.7, 2,8]. Take a quasi-finite flat covering {Vi — 3€} as
in Remark 23] (ii). Put P’ = P}, where r := dim(X) — dim(P). By copying
the argument of [O2] 2.9] (taking P, to be P’), we can shrink V; and may assume
that there exist morphisms V; — P’ factoring V; — X — P and the morphism
[1V: — P’ is surjective. Indeed, in [O2 2.9], he uses only the fact that V; — P
has equidimensional fibers. In our case, since V; — X and X — P are flat, the
equidimensionality holds. For [O2], 2.10-2.13], we just copy word by word. Since
he only takes normalizations and blowups of P’, the dimension does not change,
and we get the desired morphism. O

Remark. We are not able to take p to be generically étale in general. Indeed, let k
be an algebraically closed field of characteristic p, and let G be a connected finite flat
group scheme of dimension 0 over k which is not étale (e.g., v, := Spec(k[T])/(T7)).
Consider the admissible stack X := BG := [Spec(k)/G]. Assume there exists
a generically finite étale proper surjective morphism p: X — BG. Then since
dim(BG) = 0, the dimension of X would be 0 as well. Since BG is smooth over
Spec(k) by [Behl 5.1.2], X is étale over Spec(k). Thus by taking a connected com-
ponent, we may assume that X = Spec(k), since k is assumed algebraically closed.
Since any G-torsor on Spec(k) splits, the category BG(Spec(k)) is a singleton, and
p would be nothing but the universal torsor. The morphism p cannot be étale, since
if it were, G would be étale.

2.3.4. Corollary. Let X be an admissible stack. Then there exists a generically
finite proper surjective morphism X — X such that X is a smooth quasi-projective
scheme.

Proof. Use Chow’s lemma above, and then use de Jong’s alteration theorem. O

2.3.5. Let f: X — 2 be a morphism of admissible stacks. When f is a finite
morphism (resp. projection), we denote by feo and f® the functors f, and fT
defined in 221 (resp. 2:2.24]) for clarification.

Consider the canonical factorization X = X x 9) 2 9). Since 2) is admissible, 4
is finite, and the following definitions make sense:

fr=paois: Di,(X) = Diy(9),  fH=i%0p%: Dy(Y) = Dia(X).
We have the adjoint pair (fT, fi).
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2.3.6. Lemma. Let f: X — ) be a finite morphism between admissible stacks.
Then there are canonical isomorphisms fa = f1 and f© = fT.

Proof. Let X = X x 9 £ 9 be the standard factorization. By the adjointness
property, it suffices to construct the isomorphism for the pullback. We construct the
isomorphism for their duals, namely f' and ' op' where p' := LYX(—) (cf. Definition
2227). Let Yo — Q) be a simplicial realizable scheme presentation, and let X, — X
be its pullback. We may assume that Xg — X and Yy — 2) are equidimensional. For
M € M(Y,), let us construct an isomorphism oz S0 f' () = A (i' (L%, R.A)).
Put Y =Y, forn > 0, and X := X X9 Y. We have the following commutative
diagram:

Xx—" sxxy—" .y

"

Let d := dy — dg where d, denotes the relative dimension of x. We have canonical
isomorphisms

IR

(p/ ° i/)!g/l*(%) ~ Z/'(LLS;( gg//*%)
= ' (L%, WA (d)]d) = g*i (L%, R .A),

g f ()

Apply S0 to this isomorphism, and since it satisfies the cocycle condition, we have
the desired isomorphism «. Moreover, this isomorphism implies that

(%) A" (ML, R 7)) =0 forn#0

if .# is an injective object in M(Y,). Now, for .# € DT (X,), take an injective
resolution .# — .#°. We denote by #° (i!(L§. X .7*)) the complex whose term
in degree n is #7°(i'(L%, ®.#™)). Recall the notation f°:= #°f" in ZTI0 We
have quasi-isomorphisms

~

Ji) = fo(7°) = A0 (L5, B I®)) i (L, KA,
where the first isomorphism holds since f':= Rf°, the second one is induced by «,
and the third one follows by the vanishing (@#). Thus, the lemma follows. |
9.3.7. Lemma. Let ¥ % 2 5 3 be morphisms of admissible stacks. Then we
have canonical isomorphisms of functors
a:idt 5 id, B:id = idy,
ot ot + d49-f - ~
o fTogt = (g0 f)7, (9o f)+ = g0 St

These homomorphisms are subject to the following conditions: 1. We have iden-
tities cpia = a(f1), cay = fra. 2. Assume we are given another morphism of
admissible stacks h: 3 — 25. Then we have the equality

Ch,gof © ngf(h+) = Chog,f © f+(ch,g)-

We have the similar equalities for § and d9.



986 TOMOYUKI ABE

Proof. By the adjointness property, it suffices to show the lemma for the pullback.
First, we define « to be the isomorphism of Lemma 2.3.60l Consider the following
diagram:

X < Xx3

o 7

%xﬁ_)—b>%x2)><3 ®

L o o

2 Y x3 3.
For a morphism a, we denote by I', the graph morphism. The transitivity isomor-
phism for (1), namely the isomorphism a® o b® =2 ¢® o d¥, is defined by 2211 For
@, use Lemma Z.2.23] and for (3), use Lemma [Z2.6] for finite morphisms id: X — X
and I'g: 9 — 2 x 3. Finally, for the transitivity isomorphism for (2), it suffices to
construct F;{(ngxg)) 2 Lx. This follows by Lemma 2.2.23] The verification of the
compatibility conditions is straightforward, so we leave it as an exercise. ]

Let St*¥™ (k) be the full subcategory of the category of algebraic stacks (we do
not consider the 2-morphisms) consisting of admissible stacks. For an admissible
stack X, we associate the triangulated category D (X) (resp. DP ,(X)). By the
data of the lemma above, we have a cofibered category .7, — St2d™ by considering
f4 (vesp. a fibered category .Z+ — St*¥™ by considering f*). Recall the notation
of 221 and Definition 2.2.3 The isomorphisms of Lemma [2.3.6] yield isomorphisms
of fibered and cofibered categories #® = Z T and Fq = %, over the category of
an admissible stack with finite morphism St2d™fn,

2.3.8. Lemma. Let f: X = Q) be a smooth morphism of admissible stacks, and let
d be the relative dimension of f. Then f* = f¥[d], and Rf, = f, [—d] (cf Z27).

Proof. By adjointness, it suffices to prove f* = fT[d]. Since the proof is similar to
that of Lemma [2.3.6] we only sketch the proof. As the proof of the lemma, we also
show the dual claim: f*(d) = f'[—d] (cf. Lemma 227). We may take Xqe, Yo as
in2Z27 Let Y :=Y; and X := X, ;. Consider the following cartesian diagram:

XX@Y—)XXY—)Y

I

X — =X xYP——>9.

For .# € M(Y,), we have o* f* (4 )(d) = o* f'[~d](.#). This follows by using the
fact that if g is a smooth morphism of relative dimension d,; between realizable
schemes, then g*(d) = ¢'[—d,] by definition. We finish the proof by the descent
argument. (]

For a smooth morphism p: X — X from a realizable scheme to an admissible
scheme and .# € DP (X), we often denote p*(.#) by .#x. When f is an open
immersion, this lemma justifies the notation of 2.2.8 Recall that in such a case,
we have an adjoint pair (fi, f1) as well as (fT, f1).
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2.3.9. Proposition (Smooth base change). Consider the following cartesian dia-
gram of admissible stacks:

2 ox

f’l O lf
2)/ —g>Q.jv

where g is smooth. Then the base change homomorphism of functors gt f, —
fig' ™ D (%) = D () is an isomorphism.

Proof. In the verification, it suffices to replace g™ and ¢’* by ¢g* and ¢’* by Lemma
238 We use the standard factorization of f into a finite morphism and a projec-
tion, and the verification is reduced to these cases separately. In both cases, the
verification is straightforward from the definition, so we leave the details to the
reader. |

2.3.10. Proposition. Let f: X — ) be a morphism between admissible stacks.
Then f, preserves boundedness, namely it induces a functor D (X) — DP (D).

Proof. Tt suffices to show that fy(.#) is bounded for .# € Hol(X). Let us show
by the induction on the dimension of the support of .#Z. We may assume that
the support of .# is equal to X. Now, we may shrink X. Indeed, consider the
localization triangle i, 4" — id — j, j* RN (cf. Lemma 2.2.9). We know that i i'
and j,j* preserve boundedness. By the induction hypothesis, we are reduced to
showing the proposition for fij+ = (f o j)+, and the claim follows. By shrinking
X, we may assume that there exists a finite locally free morphism X — X from an
affine scheme X by Remark [Z31] (ii). In this situation, since .# is a direct factor
of hyh* (.#) by Lemma [2:2.4] we may assume that X is an affine scheme. Finally,
let g: Y — 9) be a smooth presentation from an affine scheme. Since the functor g*
is conservative by Remark 21,76 (ii), it suffices to show the claim for the morphism
X X9 Y — Y. Since X is assumed to be an affine scheme, this is a morphism of
realizable schemes, and the boundedness is already known. ]

2.3.11. Let X be an admissible stack. Then the diagonal morphism A: X — X x X
is finite. For ¢ = 1,2, let p;: X x X — X be the i-th projection. We define the
internal Hom functor by

Hom (M, N) = pra+ (A (AN)): Dioi(X)° X Dpogi(X) = Dpg(X).
Let ¥ € DP.,(X). Since (pf/”,pl//;g is an adjoint pair, with Remark [[2.1] we
have

RHom p(x) (X,Hom(///, JV)) = RHomp(xxx) (.,f XA, A+JV).

We can check easily that when X is a realizable scheme, Hom coincides with that
in[LT3l Now,let f: X — 9, g: X’ — )’ be morphisms of admissible stacks. Then,
we have an isomorphism (f x g)*((—) X (=)) = f7(—) R g™ (—). This follows by
combining Lemma and (ZZ257])). Using this, we have

Hom(Z, f Hom (T, .A)) = Hom(f (L) R [T (M), Axi(N))
o Hom((f X f)+($®.//),Ax*(JV))
=~ Hom (%, Hom(AM , f+.N)).
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Thus, we get an isomorphism
v Hom(fT A, V) = Hom( M, fr.N).

2.3.12. Lemma. Let . # and A be objects of DEOI(%). For a presentation p: X —
X from a realizable scheme, there is a canonical isomorphism

o Hom (M, N) = Hom (p* (), p* () [d],
and d denotes the relative dimension function of p.

Proof. Consider the following commutative diagram:

X
//l \
A
XXX ——XxX X X,
pxid q 14
where § is the diagonal morphism, A’ := (p,id), and ¢ is the second projection.
Put A" := p*(A4). By the definition of the functor ¢ 44, we have
(+) o Hom(, V) = g s (N (N)).

Let £ be an object in DEOI(X). For an algebraic stack 2), we denote Hompg) by
Homy. We have

Homx (&, q.u+ (A (A7) = Homxyx x (A4 KL, A (N"))

=~ Homy (67 (p x id) " (# R Z), ") = Homx (p* (M) ® L, N")

=~ Homy (&, Hom(p* (M), N")),
where the first isomorphism follows by the adjunction (qj/[, g+ ), the second by the
adjunction (A’*, A’ ), the third by Lemma 22.6] and the last by the adjointness
property of ® and Hom for realizable schemes. Thus, we have a canonical isomor-
phism Hom (p* (), V') = g4 (A (A)). Combining with the isomorphism
pT =2 p*[—d] and (&), the lemma follows. O
2.3.13. Recalling Definition 2222 we define the dual functor to be

Dx () == Hom (M, LY): Dpy(X)° — Dpoi(X).

If no confusion may arise, we often omit the subscript X from Dx.

Proposition (Biduality). There exists a canonical isomorphism of functors
v:id = Dy o Dx: Dy (X) — Dy (X).
Proof. We have isomorphisms
(2.3.13.1)
Hom (D(.4),D(.4)) = Hom(D(A4) R 4, Ay (LY))
=~ Hom(.# R D(4), A (LY)) = Hom(.#,DD(4)),

where the second isomorphism is induced by the morphism X x ¥ = X x X ex-
changing the first and second factor. The image of the identity homomorphism
induces 7 in the claim. Let p: X — X be a presentation from a realizable scheme.
By Remark (ii), it suffices to show that p*(y) is an isomorphism. Since the
dual functor is compatible with p* by Lemma 2312 this is reduced to checking
the biduality in the realizable scheme case, which is Lemma [[L.T.41 O
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Remark. (i) We have a canonical isomorphism #' Dy = #D for any 4. Indeed,
for any presentation p: X — X, we can check that p*Dx and p*D’, are canonically
isomorphic to Dx p*, thus we get the claim by gluing. However, even though there
is no doubt that Dy and D’ coincide, we do not know how to construct a morphism
Dy — D% in DY, (X) compatible with the isomorphisms of i-th cohomologies.
(ii) We have a canonical isomorphism LY = Dx(Lx). This follows since for any
X € X, we have (L¥) x =2 D(L)x, and we have the uniqueness of Theorem 22201
(iii) When j is an open immersion, we have j7 oD & Doj*. Thus, 5, & Doj, oD.
(iv) When f is a finite morphism, we prove in Lemma 2317 that we have an
isomorphism ft =~Do f' oD.
2.3.14. We define the tensor product by
() ® (=) = AT (=) B (=) : DRoi(X) x Digi(X) — Digy (%)
Let .#, ./, % be objects in D2 (X). We have
RHom (.4, Hom (AN, Z)) := RHom (A, p1.y+ (A4 %)) = RHom (A R N, AL.L)
(2.3.14.1) =~ RHom (A" (# K .4),£) = RHom (4 @ N, Z).
The identity homomorphism of Hom(.#,./#") induces the evaluation homomor-
phism
Hom( M, N)Q M — N .
Now, let p: X — Spec(k) denote the structural morphism. Since ps o A 2 id, we
have
Ly ®@ M = A" (Lx M) = AT (pg (M) = (p20 D) (M) = M,
where the isomorphisms hold by the definition and results in Using these,
we have
RT o py Hom( 4, N) = RHompx) (Lx, Hom(4,.A)) = RHomp (A, N ),
where the first isomorphism holds by Proposition 222,19 and the second by what
we have just proven.

2.3.15. Proposition. Let f: X — X', g: 9 — 2’ be morphisms of admissible
stacks.

(1) We have an isomorphism (f x g)*((—) R (=) = fH (=) KgT(-).

)
) W e D8 () & DAV BD()..
(3) We have £+((=) & (4) = [+(=) & f+(-).
(4) We have Hom(///@/l/ g) Hom (M, Hom (N, ZL)).
(5) We have Hom(D(4),D(N)) = Hom(N , ).
(6) We have Hom(A ) D(A4 @ D(A)).

Proof. The first one is just a reproduction from 23111 The second claim follows
by combining Lemma (the commutativity of f} and ), Lemma 2225 and
Lemma 2223 (i). Let us show @)). Let .#’, 4" be objects in D ,(X’). Consider
the following commutative diagram:

X XxX

T

¥ — =X x X\
N
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Using this diagram, we have
fH(a' o) = fEAL (AM'RN) 2 AL(fX )T (RN 2 fH (a2 f T (AN).
Let us show (). For any 2 € DP(X), we have a canonical isomorphism

Hom(2, Hom(# ® N, £L)) = Hom (2, Hom (A, Hom (N, Z)))

by using Z3TI4T]) twice, thus the claim follows. To show (H), the isomorphisms
@3131) remain to hold even if we replace Hom by Hom. For the last claim

~

(@), it suffices to construct a canonical isomorphism Hom (2, Hom(.#, /) =
Hom (2, D(.# ® D(.4))). This can be shown by using @) and (@). O

2.3.16. Let f: X — ) be a morphism of admissible stacks, and let .#, .4 be objects
in DEOI(.’{). The adjunction homomorphism f*f. — id induces a homomorphism

S () @ fo(N) Z [T ( M) fTf(N) = M @ N,

where the first isomorphism follows by Proposition [2.3.15] This induces the homo-
morphism

(2.3.16.1) Fr( )@ f(N) = fr( M . N).
Using this, we have a homomorphism
fv Hom( M, N) @ fo (M) — fr(Hom( M, N) @ M) = fr(AN),

where the second homomorphism is induced by the evaluation homomorphism.
Taking the adjunction Z3.I4.1]), we get a canonical homomorphism

(2.3.16.2) [+ Hom (M, N) = Hom(fr M, [+ N).
Duality results.

2.3.17. First, let us construct the trace map for projective morphisms. Let f: X —
) be a projective morphism between admissible stacks. Let Yy — 2) be a simplicial
quasi-projective scheme presentation, and since f is assumed projective, the carte-
sian product X, := X xyg Y, is an admissible simplicial quasi-projective scheme as
well. Since f L%, , Ly, are in DP . (D.), we have a spectral sequence

EP? = Bxt], ) (fp+ L%, LY,) = Bxt§) (f+ L%, LY,

by .LLI). The usual trace map defines Try, € Homp(x,)(fp+ L%, . LY,) for each
p. By this spectral sequence, the trace map for p = 1 yields the desired trace map
Try. We note that (Try), is nothing but Try, by the compatibility of the trace
map.

Now, using this trace map, we define

f+ oDx & fr Hom(—, LE) = Hom(f+ (=), f+L%)
=L Hom(f+(-), L) = Dy o f-,

where x is induced by ([2Z3.16.2]). This homomorphism is in fact an isomorphism.
To check this, since the verification is local, this may easily be reduced to the
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realizable scheme case, and this case follows by Lemma [[LT.5] Summing up, we
have the following:

Lemma. Let f: X — 2 be a projective morphism between admissible stacks.
Then we have the canonical isomorphism Dy o fi & fy oDy, In particular,
putting f':=Dxo ft oDy, the pair (f4, 1Y) is an adjoint pair. Moreover, consider
the following cartesian diagram of admissible stacks:

/

(2.3.17.1) L ox

f'l O lf
Y —>2.

Under the assumption that f is projective, the canonical homomorphism g* f, —
f_'irg“r is an isomorphism. If, moreover, g is an open immersion, we have the
canonical isomorphism g o fi = fi o g].

2.3.18. Proposition (Proper base change). Consider the cartesian diagram of ad-
missible stacks 23I71]). Assume that f is proper (where we do not assume f to be
projective). Then the canonical homomorphism g* fy — f\ gt is an isomorphism.

Proof. 1t suffices to show that g f (#) = fig't (M) for .4 € Hol(X). We may
assume X to be reduced by Lemma [Z2.4] and Lemma 2317 By the smooth base
change theorem, Proposition 2.3.9] we may replace ) by its smooth presentation.
In particular, we may assume ) =: Y to be a realizable scheme. Now, we use the
induction on the dimension of the support of .#. We may assume Supp(.#) = X.
By the induction hypothesis, it suffices to show the equality for .#Z = j(A4),
where j: 4 < X which is open dense. By Corollary 234l there is a smooth
quasi-projective scheme X that is projective and generically finite over X, and
projective over Y. Since h: X — X is projective, we already know the base change
by Lemma 23317 We may shrink ${ so that h is finite flat over U since X is
assumed reduced. We denote h=!() — 4 by h, abusing the notation. Then we
have hyj/hT(A) =2 jihyhT(A), where j/: h=1(8l) — X, and this contains ji(4)
as a direct factor by Lemma .24l Thus, the verification is reduced to the case
M = §(hT(A)). Indeed, let F € DP (%), and let & be a direct factor of .#. For
any integer ¢, we have the following commutative diagram:

Hgt [ ——= Hg [ T ——= A gL E

HfL gt E —= ALt T —= H g8,

where the compositions of the horizontal homomorphisms are the identities. If the
homomorphism * is an injection (resp. surjection), the left (resp. right) vertical
homomorphism is also, so it suffices to show that x is an isomorphism.

Thus we may replace X by X. In this case, the verification is local with respect to
Y, and we may assume it to be an affine scheme. In this situation, X is realizable as
well since X is projective over Y, and the proper base change theorem has already

been known (cf. [LT3 [{)). O
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2.3.19. Definition. A morphism of admissible stacks f: X — 9) is said to be
compactifiable if it can be factorized as

x5x Ly,
where X is admissible, j is an open immersion, and f’ is proper. We say that ¥ — X
is a compactification of f. An admissible stack X is said to be compactifiable if the

structural morphism is compactifiable. We abbreviate compactifiable admissible
stack as c-admissible stack.

2.3.20. In this subsection, we fix a subcategory G,qm of the category of admis-
sible stacks satisfying the following conditions: 1. open immersions and proper
morphisms are morphisms in G,q;,; 2. any morphism f: X — ) in Guqp, is com-
pactifiable by an object in G,qm; and 3. for a proper morphism X — %) and any
morphism )" — 9) in Saqm, the fiber product X xg9 2’ — 2’ is in Guqm. An
example of such a category is the following:

Lemma. The full subcategory of c-admissible stacks satisfies the conditions.

Proof. We need to show that any morphism between c-admissible stacks is com-
pactifiable. Let f: X — 2) be a morphism between c-admissible stacks, and let
X be a compactification of the structural morphism of X. Then f is factorized as
x5 X x 9) £ 9) where T is the graph morphism and p is the projection. Since X
is assumed proper, p is proper. Thus, it suffices to show that I' is compactifiable.
Since 9) is admissible, I' is a quasi-finite morphism. By [LM| 16.5], any quasi-finite
morphism between admissible stacks is compactifiable, and the claim follows. [

Remark. Any algebraic space separated of finite type over k is known to be
c-admissible by [CLOJ.

2.3.21. An advantage of considering the category &,qn, is that it satisfies the condi-
tions of [SGA4, XVII, 3.2.4] if we take (S) to be Saam, (S,%) to be the subcategory
consisting of open immersions, and (.5, p) to be the subcategory consisting of proper
morphisms.

Now, for X € Gaqm, we associate the category Dﬁ’ol(%). We shall further en-
dow this with data which satisfy the conditions of [SGA4l XVII, 3.3.1]. For a
proper morphism p, we consider the pushforward p, and the canonical isomorphism
(qop)y+ = gy o py for composable morphisms p, g. For an open immersion j, we
consider j; with canonical isomorphisms for compositions. These are the data of
[SGA4 (i), (1), (ii), (ii’)]. These functors are subject to the conditions [SGA4 (a),
(&%), (b), (b’)]. Finally, for [SGA4l (iii)], we use the proper base change 2318
and localization exact triangle 222.91 This isomorphism is subject to the conditions
[SGA4, (c¢), (¢’)]. Thus, we may apply [SGA4 Proposition 3.3.2]. Summing up, we
get the following definition.

Definition. Let f: X — 2) be a morphism in &,4,. Take a compactification
j: X < X, and let g: X — 9 be the proper morphism. Then the functor gy o ji
does not depend on the choice of the factorization up to canonical equivalence. This
functor is denoted by fi. Given composable morphisms f and g in &,q,,, we have
a canonical equivalence (f o g) = fiog.

2.3.22. Proposition. Consider the cartesian diagram (Z3I71]) (where we do not
assume [ to be projective). We assume that the diagram is in Saqm. Then there
exists a canonical isomorphism gt o fi = f/ o g't.
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Proof. By definition of fi, it suffices to treat the case where f is proper and an
open immersion separately. When f is proper, this is nothing but the proper base
change theorem, Proposition 2318 When f =: j is an open immersion, we have the
canonical homomorphism j{og’t — g*oj. By definition, this homomorphism is an
isomorphism if we take j'*. Thus by the localization triangle (cf. Lemma 2Z29), we
get the isomorphism. Finally, we need to show that the resulting isomorphism does
not depend on the choice of the factorization. Since the verification is standard, we
leave it to the reader. (]

2.3.23. Let us construct a trace map, namely a map fiL§ — L% for any morphism
f: X — 9 in G,qn. This will be achieved in Theorem 2.3.300 For this, we need to
introduce a new t-structure.

Definition. Let X be a realizable scheme over k. For x € {> 0,< 0}, let
¢D* be the full subcategory of DP (X/Ly) consisting of € such that fory (%) €
¢Di [(X/Kyp), using[L3] The pair (°D<,¢D=) defines a t-structure on DP_;(X/Ly)
called the constructible t-structure. We define DS = D(°DZ) and D> :=
D(°D<). Then (4D=,49°D=) defines a t-structure on DP ;. This is called the dual
constructible t-structure. We also define t-structures (°D<,°DZ) and (D<=, 94¢D>)
on DP . (X/L) such that € is in one of the full subcategories if and only if for (%)
is in the corresponding one of DP | (X/Ly).

2.3.24. Definition. Let X be an algebraic stack. Let X, — X be a simplicial
realizable scheme presentation, and let .# € DP | (X,). Put d; := dx, /x (cf. 03).

(1) A complex .# € DP(X) is in °D* (x € <0,>0) if and only if p} (.#) €
CD**di.

(2) A complex A" € DP (X) is in 9°D* (x € <0,> 0) if and only if p}(A) €
ch*eri.

We leave the reader to check that (°D=9 <D=%) and (4°D=0Y 4¢D=0) define t-
structures, and that they do not depend on the choice of the simplicial schemes.
These t-structures are called the constructible t-structure and dual constructible t-
structure, and are abbreviated as c-t-structure and dc-t-structure, respectively. We
denote the cohomology functor for the c-t-structure (resp. de-t-structure) by <#*
(resp. 4¢7°*), and objects in the heart are called c-modules (resp. dc-modules).

2.3.25. Lemma. (i) We have ¢ 2 Do#~'oD. In particular, # € DD (%) is
a c-module if and only if D(.A) is a dc-module, and a homomorphism f: M — N
of c-modules is c-injective (resp. c-surjective) if and only if D(f) is de-surjective
(resp. dc-injective).

(ii) Let f: X — ) be a smooth morphism. Then the functor f* is c-t-exact.

Proof. For (ii), see Lemma [[L34l The details are left to the reader. O

2.3.26. Lemma. (i) For an admissible stack X, LY is a dc-module.
(ii) Let f: X — Q) be a morphism in Saam. Then fi is right de-t-ezact.

Proof. To check (i), it suffices to show that ID(L) = Ly is a c-module. This follows
from Lemma [[33] (i). Let us check (ii). First we may assume ) =: Y to be a
realizable scheme. For a de-module .# on X, we need to show that 7% fy(.#) = 0
for ¢ > 0. We use induction on the support of .#. We may assume Supp(.#) = X.
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For an open dense substack j: & < X, it suffices to check that 4 f,(jij*.#) = 0
for ¢ > 0. Indeed, consider the localization triangle (cf. 2229,

gttt — a —iitow s,

where i is the closed immersion of the complement of §l. Since i44" is right de-t-
exact by Lemma [[.3.4l and i, i".# is supported on the complement of i, we know
that 9<# fi(ii*.#) = 0 for i > 0 by the induction hypothesis. Thus, if we know
the vanishing for jij T (.#), we do for .# also. By shrinking X, we can take a finite
flat morphism h: X — X from a realizable scheme. By Lemma[2.2.4] ./ is a direct
factor of Dhy h*D(A) = hh' () (cf. Lemma Z3I7). Since h' is de-t-exact, it
remains to prove the right dc-t-exactness of foh: X — Y. Since Do fioD = f,
is left c-t-exact by Lemma [[.3.4] we get the result. a

2.3.27. Lemma. Let X, — X be an admissible simplicial scheme. Assume we
are given {M;,ay}, where AM; is a de-module on X;, and oy X(¢)* (M) = M
for ¢: [i] — [j] satisfying the cocycle condition. Then there exists a unique dc-
module A on X, the descent, such that p; (M) = ;. Moreover, given other data
{J%, ﬂ¢} and its descent N on X, homomorphisms .# — N correspond bijectively
to systems of homomorphisms M; — N; compatible in the obvious sense. We also
have similar results for c-modules.

Proof. To check this, it suffices to show that R¥Hom(.#;, .#;) = 0 for k < 0 by
Theorem By the definition of dc-t-structure and biduality (cf. Proposition
2313), we may assume that .#; is a c-module. In this case, since RHom(—, —) is
left c-t-exact, the claim follows. O

2.3.28. Lemma. Let f: X — Y be a smooth morphism of realizable schemes. Let
A" be a complezx in DP(Y), and put A4 := f¥(.#'). Then there exists an open
dense subscheme V' C Y such that Supp(.#’')NV is dense in Supp(.#"), and for any
closed immersion from a point g: {y} = V <= Y, the base change homomorphism
g (M) — fLLgt (M) is an isomorphism, where f': X' := X xy {y} — {y} and
g X' = X are the base changes of f and g.

Proof. We may assume .# € Hol(X/L). By replacing Y by the support of .Z, we
may assume that the support of .Z is equal to Y. We may assume Y to be reduced,
and by shrinking Y, we may moreover assume that Y is smooth and .#" is smooth
on Y. We may take V such that each cohomology of fi(.#) is smooth. Let ¢ be
the codimension of {y} in Y. In this case, we have gt f (#) = ¢'f. (#)(c)[2c]
and flg"t () = flg"(M)(c)[2c] by Theorem [[514] and the claim follows by
LT3 @). |

2.3.29. Lemma. Let X4 — X be a simplicial realizable scheme presentation of a
c-admissible stack X. Let p;: X; — X be the induced morphism. We put p?Jr =
< Opiy (resp. p?+ = 90,1, and similarly for pSy. For a c-module .4 (resp.
de-module A), we denote by M; (resp. N;) the object pi M (resp. pfAN') on X.
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We have the following exact sequences of c-modules (resp. de-modules):

0 = M — po (Mo|—do)) = P}y (A [=di))

(resp. 0 — A — pgy (So[—do]) = pY (A1[=da))),
ph(A0[di](dr)) = poy(Aoldo)(do)) = A — 0

(resp. p(A1[d1)(dr)) = poy(Ao[do](do)) = A — 0).

Proof. Let us prove the first sequence for .#. The sequence is defined by the
adjunction. We only need to show that it is exact. Thus, we may assume X =: X
to be a scheme. First, let us show that there exists an open subscheme j: U —
X which is dense in the support of .# such that j,.#|y satisfies the exactness
property. We may take U such that py and p; possess the base change property by
Lemma 2328 Indeed, it suffices to show the exactness after restricting to U since
j+ is left c-t-exact by Lemma[[34l Then, we are reduced to the case where X is a
point by the base change. Then c-t-structure coincides with the usual t-structure,
and the exactness follows by Proposition 2.T.13

We show the exactness by the induction on the dimension of the support of .Z.
Take an open dense subscheme U of the support of .# such that the sequence is
exact for jy.# |y where j: U — X. Consider the following diagram of c-modules
where we omit shifts and twists:

0 0 0 0
! ! ! J
0 € M /4 ¢’ 0
| | | |
0—— p8+%0 — p8+'///0 — p8+j+%0 """""" > p8+(56
! ) | J
0 —>p?+(gl —>p?+%1 —>p?+j+%1 """"" > p(1)+‘€1’.

The horizontal sequences are complexes, and the ones with solid arrows are exact.
By the induction hypothesis, the vertical sequences are known to be exact except
for the one starting from .#. Then by diagram chasing, we get that the vertical
sequence starting from .# is exact as well, and we get the lemma.

Now, for the exactness of the second sequence for .4, we just argue dually.
For the second sequence for .#, the argument is similar and even simpler: We
may assume X to be a scheme. We can check the exactness by taking the stalk,
and reduce to the case where X is a point immediately, in which case we get the
exactness by Proposition 2.I.131 We can show dually for the first sequence for .4,
and we may finish the proof. O

2.3.30. Theorem. Let f: X — ) be a morphism in G,qm. Then there exists a
unique homomorphism Tr?: NiL% — LY satisfying the following conditions.

(I) Transitivity. Given X ER N L 3 in Saam, the composition of the following
homomorphisms is equal to Trgof:

g Tr} e
(9o /L% = g(fiLg) — gL — K.
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(IT) When X =: X and Y =:Y are realizable schemes and L = K, then Tt is
the adjunction homomorphism fiK§ =2 f}f!K{‘/) — K{. Moreover, Tr? commutes
with fory,.

(III) The trace map is compatible with smooth pullback on Y. Namely, con-
sider @Z3TCTN) in Gaam such that g is smooth of relative dimension d. Then the
composition

ES w * w g*’I‘rp * w ~Y w
RIS = g L) — ¢ FLL@ld) “—Ls g* L (d)[d) = L),
where the second map is the base change homomorphism, coincides with TrY,.

Proof. We put the de-t-structure on D (X) and DP_;(2)). Since fi is right dc-t-
exact by Lemmal[23.26] it suffices to construct a morphism of de-t-modules fPL{ —
L3 where f = de0f,. When ¥ and Q) are realizable schemes, the trace map
for L = K extends uniquely to general L by (II). Let us construct this in the
case where ) =: Y is a realizable scheme. Let Xy — X be a presentation from a
quasi-projective scheme, let X7 := Xy x5 Xo, let pg,p1: X1 — X be the first and
second projection, and put f;: X; — X ER 2). By the property of the adjunction
homomorphism, we have the following commutative diagram:

07w
f1!LX1 Kﬁl
pillpé /L“;
Tr?

0w :
o L%, fo

Thus by the second exact sequence for .4 in Lemma 2329, we have a homo-
morphism Trl;: f,OLgJ€ — LY as required. By condition (I), this map is uniquely
determined. It is straightforward to check that this map does not depend on the
choice of the smooth presentation and satisfies (II).

Finally consider the case where ) is not a realizable scheme. Take a simplicial
realizable scheme presentation Y, — ). By Lemma 2.3.27] it suffices to construct
a homomorphism (f’L{)y, — Ly with compatibility conditions. By condition
(I11), this map should be the one we have already constructed, and we conclude the
proof. |

2.3.31. Let f: X — 2 be a proper morphism between admissible stacks. Then
we have the homomorphism f L <— fiL% l> L. This homomorphism induces

f+oDx — Dyofy asin3T7 Now, let f be a morphism in G,qm. Let X Lxd )|
be a compactification of f in G,q4;,,. We have the homomorphism

(x)  froDx=f ojioDx <= f oDy oji—DyofLoj=Dyof,

where the second isomorphism follows by Remark (iii). We may check that

this homomorphism does not depend on the choice of the factorization up to canon-
ical equivalence.

Theorem (Duality). For any morphism f in Saam, the homomorphism (&) is,
in fact, an isomorphism.

Proof. First, we may assume 2) is a scheme by (III) of Theorem 23301 Let us show
the isomorphism for .# € Hol(X). We use induction on dim Supp(.#). Assume the
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theorem holds for dim Supp(.#) < k. Let 3 be the support of .#. We may shrink
X so that 3 is shrunk by its open dense subscheme. Indeed, let j: 4 < X be an
open immersion such that 3N is dense in 3, and let i: 20 < X be its complement.
The proposition holds for i, i" (.#) by the induction hypothesis. Thus, it suffices
to show the theorem only for .# = 5,57 (). Since the theorem holds for f = j,
we may replace X by Ll

Shrinking X by its open dense substack, we may assume that there exists a finite
flat morphism g: X — X from a realizable scheme. Since .# is a direct factor of
g+gT A, by arguing as in the proof of Proposition 2.3.18] it suffices to show that
the homomorphism fy o Dx(g4g9".#) — Dy o fi(g49" .4 ) is an isomorphism. By
Lemma [2.3.17] it is reduced to the realizable scheme case. |

2.3.32. Definition. Let f: ¥ — 2) be a morphism in S,q,. We define f' :=
Dx o fT o Dy. The couple (fi, f') is an adjoint pair. Transitivity holds since it
holds for f+.

2.3.33. Lemma. Let f: X — Spec(k) be the structural morphism of a c-admissible
stack of dimension d. Then for .# € Con(X), we have S fi(.#) =0 fori > 2d.

Proof. We may use induction on the dimension of .#Z. By standard dévissage using
the induction hypothesis, we may shrink X by its open dense substack. By shrinking
X and taking a finite flat morphism from a realizable scheme, we may assume that
X is a realizable scheme. Then the proposition is reduced to Lemma [[.3.8 O

2.3.34. Theorem (Relative Poincaré duality). Let M5" be the set of morphisms
f:X =5 9 of Gaam such that there exists an open substack & C ) such that
X xg U — U is flat of relative dimension d, and the dimension of any fiber of 2\ Ll
is < d. Then for f € O there is a unique trace map Tr3™: fif *(d)[2d] — id
satisfying the following properties.

(I) When X and Q) are realizable schemes and L = K, then it coincides with the
trace map in Theorem [LEIl Moreover, it commutes with fory,.

(IT) It commutes with base change in the sense of (Var 2) of [LEIlif we replace
the diagram of realizable schemes by that in Saam and f € M.

(IIT) It is transitive with respect to the composition of morphisms in MM in the
sense of (Var 3) of [L51

Taking the adjoint, we have a homomorphism f¥(d)[2d] — f', which is an iso-
morphism when f is smooth.

Remark. The superscript of Tr*™ stands for “smooth”. This is because the trace
map is used to show that f+(d)[2d] = f' for smooth morphisms. On the other hand,
the superscript for the trace map TrP in Theorem stands for “proper”, since
this trace map is related to the isomorphism f; — f, when f is proper. These
two trace maps have a priori no relation. Finally, the superscript of D5 stands for
“stack”.

Proof. First, we need to construct the trace map Tr}": fif* Ly (d)[2d] — Ly. Put
c-t-structure on DP (X). By Lemma 23.33] it suffices to construct a homomor-
phism %72 f, fTLy(d) — Lg of c-modules. When X and ) =: Y are schemes,
this is the trace map of Theorem [[L5.J] when L = K, and in general it is defined
by extending the scalar. For the careful reader, we remark that, when A = F| in
Theorem [[5.J], we used the category F-DP (Y/K) to define the trace map. How-
ever, the isomorphism defining the Frobenius structure in DP ;(Y/K) induces an



998 TOMOYUKI ABE

isomorphism in Con(Y/K), which defines an object in Con(Y/%Tp), so Theorem
[L5Tlis enough to get a trace map in D®(Y/%Tr).

For the construction of a trace map in the general case, let Y, — %) be an
admissible simplicial scheme. By Lemma 2.3.27] it suffices to construct the trace
map for X xg Y; — Y; for each 7 compatible with each other. The construction is
similar to that of Theorem using Lemma 2.3.29, so we leave the details to
the reader.

The trace map defines a morphism f*(d)[2d] — f'. Let us show that this is
an isomorphism when f is smooth. By the base change property, we may assume
) to be a scheme. Moreover, it suffices to show the identity after pulling back to
schemes which are smooth over X. Then we are reduced to the scheme case that
we have already treated in Theorem [[.5.131 a

2.3.35. Finally, we have the projection formula, whose proof is similar to the proper
base change theorem, and is left to the reader:

Proposition. Let f: X — 9 be a morphism in Gaam. Then for M4 € D (X)
and A € DP (D), we have a canonical isomorphism:

fidl @ N = fi( M @ fEN).
The Kinneth formula.

2.3.36. Proposition.  Consider morphisms of admissible stacks f: X — X' and
9D =Y. Let # € D2 (X) and N € D (). Then there exists a canonical
isomorphism

fr( )R g (N) = (f % 9)+(%@W)-
Moreover, if f and g are in S,qm, we get an isomorphism

MA)Rg(N) = (f x gh(ARN).

Proof. Let us construct the first homomorphism. We have the following homomor-
phism

(fx )" (fr(A)Rg(N) 2 [T (M) RgT g (N) = M RN,

where the first isomorphism follows by Proposition and the second homo-
morphism is by adjunction. By taking the adjunction, we get the homomorphism
we are looking for. To check that this homomorphism is an isomorphism, it suffices
to treat the finite morphism case and the projection case separately. The finite
morphism case follows by Lemma [2.2.6] and the projection case follows by Lemma
and Lemma [2223] (i). By Theorem 233T], we get that fi = Dy o f} o Dx.
Thus, the second isomorphism holds by the first one and the commutativity of X
and D by Proposition O

2.3.37. Let f: X — 9 and ¢g: ¥ — 2) be morphisms between admissible stacks.
Consider the following cartesian diagram:

Xxg ¥ ———= X x ¥

o yw

Y —5—DxD.
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For .# € DP|(X), & € DP,(X'), we put
MRy N =it (MRN).

When f and g are the identities, (—) Ky (—) is nothing but (—) ® (—).
Corollary. Assume f and g are Saqm. Then, we have a canonical isomorphism
f( ) @ g(N) = (A Ry N).

Proof. Use Proposition O
Theory of weights revisited.

2.3.38. The theory of six functors for c-admissible stacks fits perfectly with the
theory of weights. Consider the situation in 2.2.301 The following is a direct
consequence of 2.2.37)

Theorem. Let f: X — %) be a morphism between admissible stacks.

(i) Then the functors f1, [T, D, ® preserve v-mized complezes. Moreover, fy
(resp. fT) preserves complezes of weight > w (resp. < w), D exchanges complezes
of weight < w and > —w, and ® sends complezes of weight (< w, < w') to < w+w'.

(ii) Assume f =: j is an immersion, and A is i-pure of weight w in Hol(X/Lp).
Then ji (M) is t-pure of weight w.

In particular, by using the duality 2.3.31] if f is proper, fi sends a pure complex
of weight w to a pure complex of weight w.

2.4. Miscellaneous results on cohomology theory. Before proceeding to the
next section, we pause a little and collect some miscellaneous results which are used
in the proof of the Langlands correspondence. So far, we have established the theory
for admissible stacks. However, in the proof of the Langlands correspondence, we
sometimes need to deal with nonadmissible stacks. For this, we employ ad hoc
constructions of cohomological operations and prove some basic properties. The
next theme of this subsection is to show smoothness results using, again, ad hoc
construction of the nearby cycle functor. Finally, we collect some properties of
Tannakian fundamental groups of isocrystals.

Cohomology theory for algebraic stacks.

2.4.1. We denote by Stlft(k) the category of algebraic stacks locally of finite type
over k. Let X be in St"™(k). To X € Xy (cf. M0Z), we associate the category
Con(X/L). For f: X — Y in X¢n, we have the pull-back functor f*: Con(Y/L) —
Con(X/L). This functor is exact by Lemma (ii). With the isomorphism
(fog)t =gT o fT, these data form a fibered category Cony,;, — Xem. Now, we
have:

Lemma. When X is quasi-compact, the category of c-modules Con(X/L) (cf.
2324) we have defined so far is equivalent to the category of cartesian sections of
the fibered category Cony,r, over Xsnm.

Proof. We denote by I'Cony,; the category of cartesian sections of the fibered
category Cony,r. We construct a functor F': Con(X/L) — I'Cony /. Let .# €
Con(X/L), and let X € Xgyn. Let p: X — X be the smooth morphism. Then
since X and X are both good stacks, in the sense of the second read case, the
functor p* (which is isomorphic to p*[—dx /x| by Lemma 2.3.8) is defined, and we



1000 TOMOYUKI ABE

put F(#)x := pt(#) € Con(X/L). Defining the gluing isomorphism by the
transitivity of pullbacks, we have F'(.#) € I'Cony, .

Let &, — X be a simplicial algebraic space presentation. By associating the
category Con(X;/L) to X; and considering the pullback, we have the cofibered
category Con(X,/L)e over AT, similar to Definition [ZI.4l By the construction of
F'| there exists the canonical functor Con(X/L) — (Con(Xe/L)e)tot- This induces
an equivalence of categories: we can check the full faithfulness by using 2.I.5.7]),
and it is essentially surjective by Theorem

Let us construct the functor G: I'Cong,, — Con(X/L). First, let X =: X be
an algebraic space. Take X € Xy, and let X, := coskg(X — X). Then since
X, € Xem, we have the restriction functor G: T'Cony,;, — (Con(Xe/L)e)tor =
Con(X/L). This does not depend on auxiliary choices, and it is straightforward to
check that this is quasi-inverse to F, thus the lemma is shown when X is an algebraic
space. Now, for a smooth morphism f: X — 9 of algebraic stacks, we have the

faithful functor Xgm — Ysm sending X — X to the composition X — X ER 9.
This induces a functor f*: I'Cong,;, — I'Cong,. Let p: X — X be a smooth

I
morphism. Then we have the functor I'Cony LN I'Cony,y, = Con(X/L). Take
a simplicial presentation X, of X, then &), is an algebraic space so we argue as in
the case where X is an algebraic space to construct the quasi-inverse G of F. [J

This lemma enables us to define Con(%/L), for X in St'(k) not necessarily
quasi-compact, to be the category of cartesian sections of Cony,r. We often de-
note Con(X/L) by Con(X) for simplicity. For a smooth morphism f: X — ) in
Stlft(k:), we have a faithful functor Xg — Qsm, which induces the pull-back func-
tor fT: Con(Y/L) — Con(X/L). Assume X and 2) are of finite type, and let d
be the relative dimension of f. Then f* is canonically equivalent to f*[—d] using
the functor in 2227 For .# € Con(Y)/L), we sometimes denote f*.# € Con(X/L)
by %x

24.2. Let f: X — 2 be a representable morphism of finite type in Stlft(k). Let us
construct fjr and f{. To construct these, let Y € 9sp. This defines the morphisms
fr: Xy :=Xx9Y = Y,and p: Xy — X. Note that Xy is an algebraic space by as-
sumption, thus fy is compactifiable by Remark 233201 Now, for .# € Con(X), put
(fi///)y = A fy, p* (M), and similarly for (f!i///)y. For a smooth morphism
¢: Y =Y in Ysm, the base change theorem (Proposition 2.3.9) and Proposition
give us the isomorphisms

o (frdl)y = (Fitl)y,, 6T (fM)y = (fil)y,
We can check the transitivity of these isomorphisms easily, and we deﬁng objects
{(fi'///)y}Ye@sm and {(ffL///)y}Ye@sm in Con(%)). We denote them by fi.# and
Ji# respectively. When f is an immersion, f is c-t-exact and f{ = 0 for i # 0 by

Lemma [[341 Moreover, f{ coincides with that induced by 2228 in this case, we
sometimes denote f{ by fi.

2.4.3. Let St"™*™(k) be the subcategory of St'(k) such that the objects are the
same, and for morphisms, we only consider smooth morphisms. By associating
Con(X) to X € St"™™(k), and considering the pullback f* for smooth morphisms,
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we have the fibered category Con — Stlft’sm(k). Then we have the following descent
result:

Lemma. Smooth surjective representable morphisms are universal effective de-
scent morphisms in the fibered category Con — Stlft’sm(k).

Proof. Let St'"™s™™P (k) be the subcategory of St'™(k) such that the objects
are the same, and we only consider representable ones for morphisms between
algebraic stacks. We may consider Con as a fibered category over St'fs™reP (k).
We already proved in the proof of Lemma [Z24.T] that a smooth surjective morphism
from an algebraic space is an effective descent morphism, thus it is a universal
effective descent morphism in St'™S™™P(k). Let ) — X be a smooth surjective
representable morphism. Take a smooth representable morphism X — X from
an algebraic space. Then we know that X — X and 9 xx X — X are universal
effective descent morphisms. Universal effective descent morphisms form a topology
by [Girl, 6.23], 2) — X is universal effective descent by caractére local (cf. [SGA4, 11,
1.1]) of Grothendieck topology. a

2.4.4. We may extend the pull-back functor to an arbitrary morphism between
algebraic stacks. Let f: X — 2) be a morphism in St'(k), and take ¥ € Q.
Put f/: X' := X x9Y = Y. Now, let X’ € X/ . Then we have the morphism
i X' =Y. We put

' (tty ) xr = i (AMy).

We can check easily that the collection of these modules satisfies the compatibility
condition, and it defines a cartesian section of the fibered category Cony/, which
we define to be the module f'*(.#y) in Con(X’). These modules yield a descent
data with respect to the representable smooth morphism X’ — X. By using Lemma
243l we get ft(#) € Con(X). The pullback is exact by Lemma (ii), and

satisfies the transitivity property: for morphisms X ER D)) 25 3 in St we have a
canonical equivalence (go f)T = ftog™T.

Finally, let €) — D be a morphism in St'™ (k) between smooth stacks. Let .# ()
be in Sm(€")). Let A: € xp ¢ — € x ¢ be the canonical morphism. We define
MRy M= AT (M RM') for 4" € Con(€D)).

2.4.5. Lemma. (i) If f: X — 2 is a representable morphism in S,am, then
c%iﬁ o~ f;Z

(ii) Consider the following cartesian diagram in St (k):

¥y

f/l O lf

¢ —= €.
g

Assume f is representable. Then there exists a canonical isomorphism g% o fi =
f!/i ° g/-',-.

Proof. The first claim follows from the definition, and the verification for (ii) is
easy from the base change, Proposition 2.3.27] ([l
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2.4.6. A morphism in Stlft(k) is said to be gerb-like if, locally with respect to
fppf-topology, the morphism can be written as the canonical morphism
B(G/X)(=: BG) — X (cf. [LM| 9.6]) for some flat group space G of finite pre-
sentation over X'. Recall that such morphisms are smooth by [Behl, 5.1.3, 5.1.5].

Lemma. Let X be a algebraic space of finite type, and let G be a flat algebraic
group space finite radicial surjective over X. Let p: BG — X be the canonical
morphism. Note that p is proper and is in S.qm. Then p™ and py = #°p, induce
the equivalence of categories between Con(X) and Con(BG).

Proof. Note that p is a proper morphism between admissible stacks since G is finite,
thus p € Gaam. We have the following commutative diagram:

id

/\

where w is the universal G-torsor, which is a universal homeomorphism by assump-
tion. Thus we can use Lemma 2:24] (i) to conclude. O

Corollary. Let f: X — Q) be a gerb-like morphism in Stlft(k) whose structural
group is flat finite and radicial. Then fT induces an equivalence of categories
Con(X) = Con(2). Moreover, when f € Gagqm, € fi = 0 fori # 0, and #°f,
can be taken as a quasi-inverse to fT.

Proof. Since the structural group is flat, there exists a smooth surjective morphism
from an algebraic space P: Vy — 2) such that fo: Xo := X x99 Vo — Vo is a neutral
gerb by Lemma [A21l Let Vi := Vo X9 Yo, Vo 1= Do X9 Yo X9 o, and let
fit X := Vi x99 X — ); be the projection. We have the following diagram:

Con(2) AN Con(Yy) —= Con(Y1) === Con()%)

~* l lf(;r lfﬁ lf;
+

Con(%) AN Con(%Xy) ——= Con(X;) == Con(X,).

By the assumption on the structural group, fi, fi7, f3~ are equivalence of categories
by Lemma 246 Since P is a presentation, we may use Lemma [ZZ4.3] to conclude.
O

2.4.7. Lemma. Let X be an algebraic space of finite type over k such that Xieq
is smooth, and let G be a smooth fiberwise connected algebraic group over X. Then
the pullback by the structural morphism induces Sm(X) = Sm(BG).

Proof. We may replace X by X,eq since the derived categories do not change, and
we may assume that X is smooth. The canonical morphism X — BG is a smooth
presentation and X X gg X = G such that the i-th projection p;: X xgg X = BG
is the structural morphism p: G — X by [LM, 4.6.1]. By Lemma 243 taking an
object of Sm(BG) is equivalent to taking £ € Sm(&X’) endowed with an isomorphism
a: pt& = pt & that satisfies the cocycle condition. Let

K:= Ker(a —id: pt€ = p+8).
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Since pt& € Hol(G) is smooth, K is smooth as well. Let e: X — G be the unit
morphism. Since pt& is smooth, we get the exact sequence
IS
0—et(K)—etpte e lamid), etpte.
By the cocycle condition, e (o —id) is 0, and thus the rank of K is equal to that
of p*& since G is connected. Thus « is the identity, and we get the lemma. |

Remark. The assumption that X,eq is smooth is made only for the simplicity. In
fact, with a little more argument on dévissage, the lemma remains true even if we
replace Sm by Con, but we do not need this much.

2.4.8. Lemma. Let f: X — 2 be a diagonally connected gerb-like morphism
(¢f. [Behl 5.1.3]). Shrinking %) by its open dense substack if necessary, the functor
f1:Sm() — Sm(X) induces an equivalence.

Proof. Take a presentation P: Y — 9) from a scheme. There exists an open dense
subscheme U C Y such that Uyeq is smooth. By replacing ) by P(U) C 2, we
may assume that Yieq is smooth. Now, by using smooth descent, we may assume
that Q) =: Y is a scheme and X = BG with a connected flat algebraic group space
G over Y. Since the category is stable under universal homeomorphism, we may
replace Y by Yi.q and assume that BG and Y are smooth.

When G is smooth, the lemma follows from Lemma 247 In the general case,
we use the argument of [Behl 5.1.17]. Take the relative Frobenius G — G’ — G®).
Then Ker(G — G’) is of height < 1, so this is flat finite radicial by definition (cf.
[SGA3], VI, 4.1.3]). By Corollary 246, Sm(BG’) = Sm(BG), so we may replace
G by G’. Repeating this, we come down to the case where G is smooth over a dense
open subscheme of Y by [SGA3| VII,, 8.3]. Thus, by shrinking Y, we are reduced
to the case where G is smooth. |

A smoothness criterion.

2.4.9. In the proof of the Langlands correspondence, we need smoothness of certain
holonomic modules. For this, we need to use the functors of Beilinson. Let &’
be a finite extension of k, and put A}, (= A') := Spec(k'[z]). Let f: X — A},
be a morphism from a c-admissible stack. We put if: 37 := f~1(0) — X and
Jr: Yy =%\ 35 — X. Then for any .# € Hol(¢l;) and integers a < b, holonomic
modules Hfjrb(e///), () € Hol(3y) are defined in [AC2) §2] using a technique of

Beilinson. To clarify f, we denote it by H;’b(//l). Put H?{O = Wy, the unipotent
nearby cycle functor.
Explicitly, we can compute using the notation of [AC2| 2.5] that
(2.4.9.1)
VI () 22 Ly Ker (jp (A 50) — i (M) = Timg 20y (A 0).

2.4.10. Let us recall the local theory very briefly (see [AM, 2.1] for a more detailed
review and references of the theory). Let 1 be a complete discrete valuation field
over k. Then the Robba ring (with coefficients in K @y i) W (res(1))) denoted by
Ry is defined. When 1= k((z)), then

Ri= {f = Zanxn € K[[xaI71H

there exists 0 < e < 1 such that f }
neE”Z

converges on € < |z| < 1
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where K[z, r7!] is the K-vector space of formal series. The Robba ring is endowed
with derivation. A differential module over 1 is a finite free Rj;-module endowed
with connection. We have the notion of a solvable differential module which is an
analogue of an overconvergent isocrystal for differential modules, whose category
is denoted by Sol(R;). We have the s-th Frobenius endomorphism of R;, and the
pullback defines a functor F*: Sol(R;) — Sol(R1), which is known to be an equiv-
alence of categories. Thus, we may apply the construction of §I.41 The category
F-Sol(Ry) 1, is denoted by Hol(1/T ). As in §I.1] we denote by Hol(1/%y) the thick
full subcategory of the category of differential modules over 1 generated by differen-
tial modules which can be endowed with s’-th Frobenius structure for some positive
integer s’ divisible by s (but we do not consider Frobenius structure). Since we only
use Hol(1/%y) in the following, we denote this simply by Hol(1). We call the objects
of Hol(1) holonomic modules on 1. For a separable finite extension 1'/1, we are able
to define the push-forward functor Hol(l') — Hol(1) (cf. [AM] at the end of 2.1.4]).

2.4.11. For a Galois extension 1/k'((x)), we define ¥y s(.#) as follows: Let us denote
by L1 the holonomic module on k'((x)) defined by taking the pushforward of the
trivial module on 1 along the extension 1/k’'((z)). Let 4 be the canonical extension
of L1 on Gy in the sense of Crew and Matsuda (cf. [AM| 2.1.9]). Then put
Uy (M) = VP (M @ [T A). We remark that # @ fT.2, which is defined a priori
in DP_|(X), is in Hol(X). Indeed, it suffices to check this when X =: X is a realizable
scheme. In this case, we may take a closed immersion 7: X — P to a smooth
scheme. By shrinking X, we may assume that there exists g: P — A! such that
goi = f. Now, by the projection formula i (# @ fT.4) =i, (M) ® g" .4, and
the latter is in Hol(P). Since we have the action of Gal(l/k'((x))) on .43, it induces
the Galois action on Wy ¢.

Lemma. Let f: C — A}, be an étale morphism from a curve such that f~*(0) =
{s} and k(s) = k. Let .# € Hol(C). Assume that A is smooth outside of s.
If @4 (A) = 0 and the actions of Gal(l/k'((z))) and the monodromy operator on
Uy s (A) are trivial for any 1, then A is smooth.

Proof. Since ®3*(.#) = 0, we get that z;{ (A)[—1] = V(). Since the rank of
z'f(///) and z}r(///) are the same, it suffices to show that the rank of U}"(.Z) is
equal to that of .# by [AM, 4.1.4]. By 24.91)) and [ACIl, 1.5.9 (iii)], ¥y, depends
only on the differential module on the Robba ring around s defined by restricting
A, and we can compute ¥y s(.#) by using the local monodromy theorem. Since
the argument is standard, we leave the details to the reader. O

2.4.12. Lemma. Let f: X LN 9 L Al be morphisms between c-admissible stacks.
Assume that h is proper. Then we have

(A by tl) = A T ().
The same isomorphism holds if we replace et by Uy, or OV,
Proof. Since h is proper, we have hyjs. = jgchy for x € {!,4+}. Thus, by the
projection formula, we have @;jg*(%im//z)" & @%imjf*(/fz"') where * €
{l,+}. Thus, by construction, we get the commutativity for I1**. Now, let us
define Ky(4) := Ker(Eg(M) S M — jri(M)), where Zf := H?Jl. Since Z¢ and
Jjf+ commute with 7#'h, we get that K (5 hy () = A#h  K¢(#). Similarly,
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Ip( M) :=Tm(jp (M) = Ef(M) D M) (= jp(A)) commutes with H#h as well,
and the lemma for ®"" := K /I follows by definition. O

2.4.13. Lemma ([La2l A.9 (i)]). Let px: X — S be a proper morphism from a
c-admissible stack to a smooth scheme, and let Res: X — € be a morphism to an
algebraic stack locally of finite type over k. Assume that (px,Res): X — S x € is
smooth. Then for any .4 € Con(€), the complex pxyRes™ () is smooth.

Proof. We put J# := #'px+Res™ (.#). Assume we are given a smooth morphism
f: S — Al. Put g := fopx. Since f and (px,Res) are smooth, we get that
@;n(Reer(///)) = 0 and the Galois and monodromy action on ¥y ,(Res™ (%))
are trivial. Now, since px is assumed proper, @‘}n(%’g) = 0 and the Galois and
monodromy action on Wy ¢(.7#%) are trivial by Lemma This, in particular,
implies that js (%) = . Moreover, when S is a curve, the lemma holds.
Indeed, take an open subscheme U C S such that %”32 is smooth on U. We may
replace S by S ®; k', and we may assume that S\ U is k’-rational. Since the
verification is local, we may assume that we are given an étale morphism f: S — A},
such that f=1(0) = S\ U consists of one point, and we then apply Lemma ZZT1]

Let us treat the general case. By dévissage, we may assume that .# has a
Frobenius structure. Let ¢: C' — S be an immersion from a smooth curve C. By
base change and purity, we have c'(J#}) = % scl—7] where 7 is the codimension
of C'in S. By the curve case we have already treated, this is smooth. Let U C S
be an open dense subscheme on which pxRes™ (.#) is smooth. By Shiho’s cut by
curve theorem [S, Thm 0.1]@ and [Ke4l 5.2.1], the smooth module |y on U can
be extended to a smooth module on S. Since we showed that js () = 5 for
any f, we get the lemma. O

Isocrystals and their Tannakian fundamental group.

2.4.14. Let us introduce @p—coefﬁcient cohomology theory. From now on, by saying
“a base tuple”, we also allow L to be an algebraic extension of K which may not be
finite, contrary to the definition in [[LZ.10l In the definition of an arithmetic tuple,
o: L — L should moreover satisfy the following:
the automorphism o is an extension of a lifting of s-th Frobenius
automorphism on k£ to K, and there exists a sequence of finite
extensions M,, of K in L such that o(M,) C M,, and |J,, M,, = L.
We use the 2-inductive limit method of Deligne [Dell 1.1.3] to construct the L-
theory. For an algebraic stack X (resp. scheme X) of finite type over k, we define

DP(X/La) :=2- lim D"(X/M,), Sm(X/L,) = 2- lim Sm(X/M,),
M>K M>K
Isoc'(X/L,) == 2- lim Isoct(X/M,),
MDK
where M = M,, in the case of A = F. By taking limits, the results we get in this
paper can be generalized automatically to these categories, since the cohomological

4In [S], there is an assumption that k is uncountable. However, Shiho pointed out to the author
that this assumption is not needed if € in [S| Thm 0.1] is endowed with Frobenius structure. Indeed,
let us use the notation of the proof of the theorem in [S| §2.3]. By using [S, Thm 2.5] instead of
[Sl Thm 2.10], the slope of E¢ 1, is 0. Since we have a Frobenius structure, the exponents are in
Q, and we can use [S| Prop 1.20] to conclude.
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operators we have defined so far commute with ¢z, by [[L45l Further details are left
to the reader. Let f be the structural morphism of X. We denote f*(L) by Lx as
usual.

2.4.15. We have often used the category Sm(X /L), but the category of overconver-
gent isocrystals Isoc’ (X/L) is more standard in the literature. Let us clarify the
relation between these categories. Consider the situation of X0} or ZAT4if L/ K
is not finite. Let X be a smooth scheme separated of finite type of dimension d
over k. Recall the functor sp, in ([@2). By extending the scalar and gluing,
we have the following functor

b = sp, (—d)[—d]: Tsoc’(X/L) = Sm(X/L) C DEy(X/L).

For a morphism f: X — Y between smooth schemes separated of finite type, let
d := dim(X)—dim(Y’). Then, we have a canonical equivalence sp, o f* 2 (f'[—d])o
sp, compatible with the composition of morphisms between smooth schemes by
[Cabl 6.1.9]. Thus, by Theorem [[5.13] and Theorem [[L5.14] we have a canonical
equivalence sp, o f* = f* osp, . Via this equivalence, we identify f* and f*. We
also know that sp, commutes with tensor products by [Ca, 3.3.5]. By taking the
adjoint, the commutation of Hom follows as well. Finally, let f: X — Spec(k) be
the structural morphism of a smooth realizable scheme, and let M € Tsoc' (X/Ly)
(resp. M € Isoc'(X/Lr)). When X is a scheme which has a compactification X
such that X possesses a smooth lifting over R and that X \ X is a divisor, then by
[AIl 5.9] we have canonical isomorphisms

H (X, M) = 7 [ (S, (M), H;

rig rig,c(X7M) g%*.f‘(ﬁ)-i-(M))
as objects in Vecy, (resp. F-Vecy). Here, H,iz and H,iz . denotes the rigid coho-

mology extended to L-coefficients in the obvious manner.

2.4.16. Question. Unify the rigid cohomology theory into the framework of arith-
metic Z-modules. Namely, let X be a separated scheme. Define the category of
smooth objects Sm(X/L) in Con(X/L), and establish an equivalence of categories
Isoc'(X/L) — Sm(X/L). This equivalence should coincide with the one in
when X is smooth. Finally, compare the rigid cohomology and the pushforward in
the sense of Z-modules in the style of

2.4.17. In this paragraph, we fix an algebraic closure K of K. We denote by k
the residue field of K, which is an algebraic closure of k. Now, let X be a smooth
scheme of finite type over k, and assume it to be geometrically connected. Take a
geometric point Z € X (k). Let 2 be the closed point of X defined by Z, and denote
by i,: x < X the closed immersion. We denote by K, be the unramified extension

of K induced by the finite extension k(z) of k. Then we have the fiber functor

it
w : Isoc’ (X/K) = Isoc! (k(z)/K) = Vec, .
Let L be a finite extension of K. Since End(Kx) = K, by [DM] 3.10.1], w,, induces
the fiber functor
We/L" Isoc! (X /L) — Vecy,

by sending € to 7 (£)®,+, L. This fiber functor w,,, is compatible with extension
of scalar, and we may take the 2-inductive limit to define w,/;, for any algebraic
extension L of K. Now, the geometric point T determines the embedding K, — K
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with which we may regard K as an extension of K, thus, the fiber functor W, R
makes sense. This fiber functor is denoted by wz.

Let 71%°¢(X, %) be the isocrystal fundamental group Aut®(wz), which is an affine
group scheme over K. For an algebraic group G over K, denote by Repz(G) the
category of a finite-dimensional representation of G. By [DM] 3.11] and taking the
2-inductive limit, we have the following equivalence of tensor categories,

Isoc' (X/K) = Repg(mo°(X, 7).

Remark. If X — Spec(k) is not geometrically connected, then Isoc! (X/K) is not
a Tannakian category over K. Indeed, K x is an unit object of the tensor category
Isoc' (X/K) but we have End(K x) = K™ where c is the number of connected
components of X ®j, k. Compare also with Lemma [LZIT] (i).

2.4.18. From now until the end of this subsection, we consider the case where
k is a finite field with ¢ = p® elements. We fix an arithmetic base tuple Tp =
(k,R:=W(k), K := Frac(R),@p, s,id), where @p is an algebraic closure of K. Let
Ty be the associated geometric base tuple. As in the last paragraph, k denotes the
residue field of @p, which naturally contains k. To make the notation compatible
with [La2], we denote the relative s-th Frobenius endomorphism on X by Frobx
instead of Fx. Let X be a geometrically connected smooth scheme of finite type
over k. Take a geometric point T € X (k), and i,: 2 < X denotes the induced
closed immersion. Let £ € IsocT(X/@M)). Since K, = W (k(x)) ®w ) K, the s-th
Frobenius automorphism on W (k(z)) induces the automorphism Frob} : K, — K.
The fiber i} € can be seen as an i;@ﬂ x-module, where the latter ring is isomorphic

to K, @ @p since X is geometrically connected. Thus, we have isomorphisms
wi(FrobX €) = (Ko @Frob;n k. 14 €) @ 0,5, Qp ¢ 12 € D 5,5, Qp = wr(£),

where the homomorphism « sends e ® a to 1 ® e ® a. Thus, we get the following
2-commutative diagram:

(2.4.18.1) Isoc'(X/Q,¢) .
Frob’ l VQC@ .
/ '

Isoc! (X/@pﬂ)

This diagram induces a homomorphism Frob% : 7i%°¢(X,7) — 7i%°¢(X, 7). This
homomorphism is in fact an isomorphism, since Frob% gives an equivalence of
categories by Remark [LT.3l We define p: Z — Aut(7i*°°(X,7)) to be the homo-
morphism sending 1 to Frob%. Using this homomorphism, we put W°¢(X,z) :=
7is°¢(X,Z) x Z, and call it the isocrystal Weil group of X. By construction, we
have the equivalence of tensor categories,

(2.4.18.2) Isoc'(X/Q, ) = Repg (W**°(X, 7)),

induced by wz.

In general, let X — Spec(k) be a smooth connected scheme of finite type, which
may not be geometrically connected, and take a closed point z. The structural
morphism factors as X — Spec(k’) — Spec(k), where &’ is a finite field extension
of k of degree d and X is geometrically connected over &’. Consider the base tuple
Tp = (KR == W(K) Qwu) R, K',@p,ds,id). Then we define Ws°¢(X, T) to be
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the isocrystal Weil group of X over .. Despite the base tuple being changed, the
equivalence (Z24182) remains true by Corollary [LZTIl We note that, by definition,
Wisee( X, ) does not depend on the choice of the base field .

Assume that X is geometrically connected, and let &’ be a Galois extension of
k. Take a geometric point T’ of X ® k', and let T be the projection to X. Then
we have the following exact sequence:

1 — Wh(X @ k', 7) = WH(X,7) — Gal(k'/k) — 1.

Remark. Let X be a geometrically connected smooth scheme of finite type over
k. Assume moreover that we have a k-rational point 4, : Spec(k) — X for simplicity.
Since Isoc! (X /Qp r) is a neutral Tannakian category over Q by using the fiber
functor w := i, we could have used Aut®(w) as the fundamental group. However,

this algebraic group is complicated to handle, and we used the simpler substitute
Wise¢ following Crew [Ci].

2.4.19. Let X’, X" be smooth schemes of finite type and geometrically connected
over k. Put X := X’ x X" which is geometrically connected over k as well. Let
U C X be an open subscheme such that (Frobx x idx~)(U) C U where Frobx x
idxr: X' x X" — X' x X". Take a geometric point T € U (k). Arguing as in 2418,
the pullback (Froby: x id)* induces an outer automorphism of Wi°¢(U, ), and it
yields a homomorphism Z — Out(W°¢(U,Z)) sending 1 to (Froby: x id)*. We
put ZWisee(U,T) := W°¢(U,Z) x Z. Representations of ZW°¢(U,Z) correspond
to pairs (£, a) where € € Isoc’ (U/Q,, ) and a: (Frobys x id) () = €.

Lemma ([La2l VI.13]). Take geometric points T and T’ of X' and X", and put
7 := (',7"). Then the canonical homomorphism ZW°¢(X,T) — W°¢(X' 7') x
Wisee( X" 7" is surjective (or more precisely, faithfully flat).

Proof. Let x’ and x be the closed points of X’ and X" induced by T’ and T”.
Let k' be a Galois extension of k, and put G := Gal(k’/k). Consider the following

diagram, where we omit the basepoints of the Weil groups and Ws°¢ is abbreviated
as W:

1—=W(X' @K)x W(X"®@ k) —= W (X)) x W(X") —= G x G—>1

l l

1— S ZW(X oK) IW(X) — =G x G —> 1.

Thus, we may replace k by k' and may assume that x’ and 2" are rational points
of X’ and X”. These rational points define morphisms s': X’ — X, s”: X" — X.
Let us show that the canonical homomorphism a: WiISOC(X ,T) — wllsoc(X 1T x

misoc(X" 7" is surjective. To check this, it suffices to show that for any K-
algebra A, the homomorphism of groups a(A): mi°¢(X,7)(A) — misec(X', 7')(A) x

ISOC(X " 7")(A) is surjective. Now, the morphism s’ induces the homomorphism
shem ‘SOC(X/ 7') — 7%°¢(X, ), and the image of (aos,)(A) is 7i#°¢( X', T)(A) x {1}.
Using s”, the image of a(A) contains {1} x 7i*°¢(X” 7")(A) as well, and the sur-
jectivity of a(A) follows as required. Finally, by definition of the Weil groups, the
lemma follows. (]

2.4.20. Lemma. Let X be a smooth connected scheme, and let U C X be an

open subscheme. Take a geometric point x € U(k). Then the homomorphism
Wisoe(U, ) — Ws°C( X, T) is surjective.
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Proof. Tt suffices to show that the homomorphism 7i*°¢(U, 7) — 7i°¢(X, Z) induced
by the open immersion is surjective. Let j: U — X be the open immersion. By
[DM], 2.21], this is equivalent to showing that j* is fully faithful and any subobject
of jT& for an overconvergent isocrystal £ on X is in the image of j+. The full
faithfulness follows by purity (cf. Theorem [[5T4). It remains to show that if £ is
an irreducible overconvergent isocrystal on X, then &|y is irreducible. This follows
by [ACI] 1.4.6]. O

3. CYCLE CLASSES, CORRESPONDENCES, AND /-INDEPENDENCE

The aim of this section is to prove an f-independence result. This is a key
tool for computing the trace of the action of Hecke algebra on the cohomology of
certain moduli spaces. In this section, we fix A € {f), F'} and a base tuple as usual.
The algebraic extension L/K can be infinite as in 22414l For simplicity, smooth
admissible stacks over k are assumed equidimensional.

1. Generalized cycles and correspondences.

3.1.1. Let p: X — Spec(k) be the structural morphism of a c-admissible stack
X (ct. Definition Z3.19). If no confusion may arise, we denote Lx a by L. For
M € D (%), we put

HY(%,.#) —HOmD(Spcc(k)/LA)( y P+ (///)[Z])

HY(X, M) := HomD(Spoc(k)/Ln( ()]
Note that when A = 0, we have H*(X, #) = pi (M) and HY (X, #) =

H*pi (M) as vector spaces over L. For a morphlsm : 3 — X, we define the
local cohomology to be

Hi(X, M) = Homp(spec(r)/1.0) (L p+ii (A )]i]).

Furthermore, we put H%(X) := H& (X, Lx) where © € {0, ¢, 3}.
Consider the following commutative diagram of c-admissible stacks:

L
L

3- 1o

9

If this diagram is cartesian, then we have the base change isomorphism 7' f, & i :
by (the dual of) Proposition 3.22] which induces the homomorphism Hyy () —
H3(X). By abuse of notation, we also denote this homomorphism by f*. If the
diagram is merely commutative, f is the identity, and f’ is proper, the adjunction
f4f"* — id induces the push-forward homomorphism H 3(X) = Hyy(X).

Finally, given a proper morphism of c-admissible stacks f: X — 2), we have a
homomorphism f*: H*(2)) — H(X) induced by the adjunction homomorphism.

3.1.2. First, let & be a c-admissible stack. Let .#, .4 be objects in DP.(&/L).
Denote by A 6 — G x G the diagonal morphism, and denote by p the struc-
tural morphism of &. By identifying Spec(k) x & and &, we have a canonical
homomorphism

pr( M) RN = (pxid)y (M RAN) 2D (pxid) AL AT (AMRN) 2l & N,
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where the first isomorphism is induced by Proposition 2.3.36] adj is the adjunction
homomorphism, and the last isomorphism follows since (p x id) o A = id.
Now, let f: X — & be a morphism of c-admissible stacks. We take a factorization

xLx ER G in G,qy, such that j is an open immersion and f is proper. We have
fi( )@ fl(N) 2 [ ()@ [ ji(N) = Fo(fs () @ §i1(AN))
S foi N2 f (M RN,

where the second homomorphism is (Z3I6.1). This homomorphism does not de-
pend on the choice of compactification.

Finally, let i: 3 — X be a morphism of c-admissible stacks. Then we have the
homomorphism 4, (i!/// ® i‘*ﬂ/V) > @ N — M @ N . Taking the adjoint, we
get a homomorphism

fM DTN =MD N).

3.1.3. Definition. (i) Let X be a c-admissible stack of dimension d. A generalized
cycle of codimension c is a proper morphism g: I' — X between c-admissible stacks
such that dim (%) — dim(T") = c.

(ii) Let S be a scheme of finite type over k, let ¢ be a proper endomorphism of
S, and let f): ) — S be a c-admissible S-stack. Let

Ccr: F—>%><%S%’

be a morphism between c-admissible stacks, where the fiber product is taken for
pof: X —= Sand f: X — S. For ¢ = 1,2, put p; := 7; o cr where 7; denotes
the i-th projection. The morphism cr is said to be a correspondence over ¢ if T" is
equidimensional of dimension dim(X) and ps is proper, or I is the empty stack. We
sometimes denote the correspondence by I': X ~» X’. Note that cr is a generalized
cycle of codimension dim(X’) of X X, ¢ X’. From now on in this subsection, we fix
S and ¢ as above, and we use them freely without referring to this paragraph.

3.1.4. In this section, we denote Tr™ in Theorem Z.3.34simply by Try. Let a: X —
Spec(k) be the structural morphism of a c-admissible stack X. We often denote Tr,,
by Trx. Now, let f: ) — X be a morphism of c-admissible stacks, and assume that
X is smooth. We construct fTry: fif* Ly (d)[2d] — Lx where d := dim(9))—dim(X),
which is called the fake trace map of f, as follows. Let p: 9 — Spec(k) be the
structural morphism. We have the isomorphisms

Hom(f,f* Lx(d)[2d], Lx) = Hom(f* Lx(d)[2d], f'Lx)

= Hom(p* L(dy)[2dy], p' L) = Hom(pip* L(dy)[2dy], L),
where dy := dim(9)), and we used the Poincaré duality (Theorem 2334 for the
second isomorphism. The trace map Try is an element on the right-hand side of
the isomorphisms. We define fIry to be the homomorphism defined by sending

this Try to the left-hand side of the isomorphisms. This homomorphism induces a
homomorphism

(3.1.4.1) for HP24D)(d) — HI (%),

(i) Let i: 3 — X be a generalized cycle of codimension ¢ on a smooth c-admissible
stack X. Then by taking the adjoint, fTr; induces a homomorphism

c3:iTLx — i Lx(c)[2¢].
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(ii) Let us construct a similar homomorphism when we are given a correspon-
dence. We use the notation of Definition B.I.3 (ii). We assume further that X is
smooth. When I' is nonempty, we have fTr), : pupl Lx — Lx, where we used the
assumption that dim(I') = dim(X%). Thus, we have

ur: py Ly = pf Ly — pyLx,

where we used the adjoint of fTr,, for the second homomorphism. When I is empty,
we simply put ¢p := 0.

3.1.5. Let us characterize the fake trace map in the style of [SGA4%, Cycle]. Let
us consider the following diagram of c-admissible stacks:

2 : x
Sl
Ga

where X is smooth, and X and %) are of dimension N and d, respectively. Put
¢:= N — d. Combining homomorphisms in B.1.2] we have

pg)+i!Lx X f!i+Lx — f+i!Lx ® f[iJer — f[ (i!L;{ & i+Lx) — f[i!L_'{ ﬂ) g!Lx,

where py is the structural morphism of ), and adj;: iyi' — id is the adjunction
morphism. Since S#*py i'Ly = 0 for k < 2¢ (cf. Lemma 23.33)), this yields a
coupling called the cup product

Ut Hyy (X)(c) ® fiLy(d)[2d] — giLx(N)[2N].

Now, by taking the adjoint, we may regard fTr; as an element in H%C(%)(c) We
put & = Spec(k), and we have the following characterization of the fake trace map:

Lemma. The class {Tr; € H%C(.'f)(c) is the unique element such that for any

u € HZ(Y)(d),
Try(u) = Try (fTr; Uu).

Proof. As in [SGA4%, Cycle, 2.3], we have the following commutative diagram:

H3(X) — Hom(fi Ly (d)[2d), fi' Lx (N)[2N]) 9, Hom (fi Ly (d)[2d], Le)

- |
©)
Hom (g1i Ly (d)[2d], g1 Lx (N)[2N]) o, Hom (gri1 Ly (d)[2d], L ).

Here, @ is the homomorphism induced by the adjunction using the assumption that
X is smooth. The homomorphism adj;: ii' — id is the adjunction. The homomor-
phism (@) is induced by U defined above. By the definition of fake trace map, the
upper horizontal homomorphism maps fTr; to Try. Moreover, the composition of
the upper horizontal maps is an isomorphism. Thus we can conclude the proof. [

Remark. The assumption that & = Spec(k) is used only for the existence of
the fake trace over &. It is not hard to generalize the definition of the fake trace
to relative situations as |SGA4%], and we may prove the lemma in this generality,
although we are not sure if it is meaningful for our purposes.
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Corollary. Assume that f: X — %) is a flat morphism of c-admissible stacks such
that Q) is smooth. Then Try = fTry.

Proof. This follows readily from the characterization lemma of fTIrs above. ]

3.1.6. (i) Consider the situation as in BI4] (i). We have an isomorphism
Hom(i" Lx,i' Lx(c)[2¢]) = Hom(Lx, i1i' Lx (c)[2c]) =t H3°(X)(c).

The image of c¢3 is denoted by clx(3), and called the cycle class of 3. Since the
homomorphism 3 — X is proper, we have the homomorphism H3(X) — H*(X).
The image of clx(3) in H*(X)(c) is also called the cycle class. Note that if the
morphism 3 — ¢(3) is not generically finite, then Hg(%) (X) =0, and in particular
the cycle class in H2¢(X)(c) is 0.

(i) Consider the situation as in 314 (ii). Recall that ¢ is assumed proper. We
have the action of correspondence on the cohomology, which is the composition of
the homomorphisms

T*: f/Lx = fipayp Lx <= (9o fop)ipd Ly 5 o4 fipupi Lx — ¢4 filx.
When S is a point, this is nothing but the following composition using (BI4T):
Hy (X)) = HZ (D) 25 HI(X).

3.1.7. Lemma. Consider the following cartesian diagram of c-admissible stacks
on the left:

’ I+ )

D) g FFLa(d)[2d]) — L gt f Ly
B |

X/ - X, T Ly (d)[2d] T) f/!Lx',

where X and X' are smooth. Assume moreover that there exists an open sub-
stack U C Y such that the morphism U — X is flat of relative dimension d,
and g'1 (W) C Q' is dense. Then the above diagram on the right is commutative.
In particular, if g is proper, we have an equality

g fe=flg" s HEY) — HI72(X')(~d).

Proof. Since the commutativity of the diagram on the right can be interpreted as
coincidence of two elements in H2%(9)')(a)", where a denotes the dimension of g/,
we may shrink )’ by its open dense substack by Lemma 23331 Thus we may
replace 2) by U, and may assume that f is flat of relative dimension d. Now the
lemma follows by Corollary and the base change property of the trace map
(cf. Theorem 2.3.34] (I1)). O

Corollary (Projection formula). Let f: X — Q) be a proper morphism of c-
admissible stacks, and ) is smooth. Assume that there exists an open dense substack
L C X such that the morphism . — Q) is flat of relative dimension d. Then for
a € HY(X) and B € HI(Y), we have the following equality in H1~24()(—d) :

f(aUf*B) = faU B!
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Proof. Consider the following commutative diagram of proper morphisms:

id

X > X xp X x D))

!

XxXx xXQ‘)W@XQ‘j

By the hypothesis on f, we can apply the lemma above to the right cartesian
diagram (take f, g in the lemma to be id x f and A, respectively). We have

fraup= A*((f x 1d) (e X B)) = A" (a X B),
where we used the lemma for the second equality. The diagram above and the

transitivity of the pullback show that A™*(a X 8) = a U f*f, and the corollary
follows. 0

3.1.8. Lemma. Let S be a scheme of finite type over k, let X) be a c-admissible
stack, and let f): X") — S be a morphism. Assume that ¢ =id. Let T': X ~» X’
over S. Assume there is an open substack T" C T' such that the first projection
I c T 25 X is flat. For a closed point is: s — S, we denote by X4, X, Ty, T,
the fibers over s. If T, C Ty is dense, I'y is a correspondence X4 ~ X, and the
following diagram is commutative:

it flLy — i} fiLx
fuLx: — forLx,.

Here the vertical homomorphisms are the base change maps.

Proof. Since I'" is flat over S, I's is a correspondence for any s € S. Now, to show
the commutativity, it suffices to show the commutativity of the following diagrams:

ol | |
. 1 | .
ifpiLx —pi,Lx,, idp2+p3 Lxr —=> p2s+p3,Lx: -

The commutativity of the left diagram follows by Lemma[3.T.7l The commutativity
of the right one follows by the fact that (g7, ¢, ) is an adjoint pair when g is a
morphism of admissible stacks. O

Remark. In general, there exists an open dense subscheme U C S such that the
condition of the lemma holds for any s € U.

3.1.9. Lemma. Let p: X — X' be a proper morphism over ¢ such that X is
smooth. Let T', denote the graph of p, and regard it as a correspondence X ~ X'.
Then p* =17.

Proof. We have X & r, 22, ¥’. Via the identification puKr, = Ky, the fake
trace fTrp, : pupy Kx — Kx is the identity. Thus the lemma follows. O
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3.1.10. Let X, 9 be c-admissible stacks of dimension d. Let g: 9 — Spec(k),
h: X — %), and f := go h. Assume that h is proper. Then, we have the canon-
ical homomorphism (h*)V: (H24(X)(d))Y — (H24()(d))Y, where (—)V denotes
Hom(—, L). Note that Trx € H24(X)(d)".

The morphism h is said to be generically locally free if there exists a dense open
substack 0 C ) such that the induced morphism h~1(0) — 9 is finite and locally
free. Furthermore, h is said to be generically of constant degree if all the degrees of
h|p~1(s) over irreducible components of U are the same.

Lemma. Assume that h is a generically locally free morphism of constant degree.
Then (h*)V sends the trace map Try to deg(h) - Tr,.

Proof. We have the following diagram:

H24(%) (d)Y —" o 124())(d)

l -

HZ(h=H(2))(d)" ——= HZ(D)(d)",

where the right vertical homomorphism is an isomorphism by Lemma 2:3.33] Thus,
we may replace %) by U, and in particular, we may assume that h is locally free.
We have the following commutative diagram:

gihib* g* (L) (d)[2d] = gg* (L) (d)[2d) —> L.

adj h T %’

g9t L(d)[2d]

The composition of the first row is Try. By definition, (h*)Y(Try) = adjj, o Try.
Thus the lemma follows. O

Corollary. Let X be a smooth c-admissible stack.

(i) Let 3, 3’ be generalized cycles of codimension ¢ of X. Assume we are given
a generically locally free morphism of constant degree p: 3’ — 3 over X. Then by
the push-forward homomorphism p.: H3(X)(c) — H3°(X)(c), clx(3') is sent to
deg(p) - clx(3)-

(ii) Let T,TV: X ~» X' be correspondences. Assume that there exists a morphism
p: T' = T such that crrop = cr, and p is generically locally free of constant degree.

Then T7* = deg(p)~* - T'*.
Proof. They are straightforward from the lemma. |

3.1.11. Definition. We denote by Corr,(X,X’) the Q-vector space freely gener-
ated by the set {I': X ~» X’ | correspondence over ¢}. We denote Corriq(X,X’)
by Corrg(X,X’), and we denote Corr, (X, X) by Corr,(X) (x = ¢, S) for short. We
have a homomorphism

Corry,(X,X") — Homg (¢ f/ Ly, fiLx)

by sending I' to I'*. Let I be the Q-vector subspace of Corr,(X,X’) generated by
(I'" — deg(p)~! - T'), where I', I are correspondences and p is a generically locally
free morphism of constant degree I' — I'V. When X is smooth, by Corollary B.1.10
(i), the homomorphism above factors through Corr, (X, X’)/1.
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Let Corr[(X, X') for x = et (resp. fin) be the Q-vector subspace of Corr, (X, X')
generated by integral correspondences I' (i.e., T' is integral) such that the first
projection I' — X is étale (resp. finite). There exists the composition map

o: Corry) (X', X”) x Corrl) (X, X') — Corrj,,(X,X")
defined by sending (I",T) to IV o T :=T x5/ I".

Lemma. LetT: X~ X', TV: X' ~ X" be correspondences over ¢ and ). Assume
further that the second projection of T or the first projection of I is smooth. When
X and X' are smooth, we have (I oT')* =T o I'"*.

Proof. The verification is standard. See, for example, [La2, A.7]. O

3.1.12. Given a correspondence, the results in this subsection hold in exactly the
same manner for f-adic étale cohomology. However, in [La2, §A], he uses slightly
different definition of the actions of correspondences on the cohomology, and we
need to compare these.

For a smooth admissible stack X, we denote by X#" the associated coarse moduli
algebraic space of Keel and Mori (cf. [La2l, A.2]). Now, let I': X ~» X’ be an integral
correspondence over @ such that the first projection p: I' — X is generically finite
and dominant. Then the morphism p: I' — rer .= erx pxe X is generically finite
locally free. Indeed, let P — X be a presentation. Then |I' xx P| — [ xx P| =
[T'8"| X |xer| | P| is surjective. The last equality holds since the fiber product is taken

in the category of algebraic spaces. Thus the morphism I' xx P — [er xx P is
surjective, and I' — re is surjective. This implies that e is irreducible. Now,
since m,Op = Orer (cf. [Co2, 1.1]), T is reduced. By [Behl 5.1.12, 13, 14], the
morphism X — X®" is a gerb generically over X&', thus the morphism is generically
smooth by [Behl 5.1.5]. This implies that I'* — T’ is smooth generically, and
thus I'* is reduced generically over X. Since I'#" is irreducible and dominant over
X, we conclude that I is integral. Thus, p is generically flat. Since p is assumed
generically finite, p is generically finite as well, and thus generically finite locally
free.

The generic degree of p is denoted by dr. We put norm(T") := (dr)~!-T. We can
check easily that for composable correspondences I', T, we have dr/or = dr - dr.
Then we have a ring homomorphism

norm: Corrin’“(%) — Corrf,n’(’t(%); [ (dr)~'-T.

Now, let ) be a c-admissible stack, and let gy : 9 — 28" be the canonical mor-
phism, which is known to be proper (cf. [Co2l 1.1]). By [La2l A.3], the adjunction
homomorphism Q; — Rgy.qy (Qr) is an isomorphism. For I' € Corry, (X, X'), we
define

DeEal 242 () & HE(XE) T HE (X)) 5 1 (%),

where, for a c-admissible stack f: 9 — S, H*(Q)) denotes 5* fQ,. This is nothing
but the action of correspondence defined in [La2, A.6].

Lemma. Let I' be an element of Corr,(X,X'), which is integral, and the first
projection T — X is generically finite. Then we have T*'*f = (norm(I"))*.
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Proof. Consider the following commutative diagram on the left:

Lrgr

ll“ — T qpEQy 7 pE Qe
x P Ter P yer *l l
l l Qe pr— P'Qe.
O q
xer Ter X'8r
p&* p/gr ?

Then the right diagram is commutative by using Lemma BTl Thus, the lemma
follows by Lemma Note that even though X®" is not smooth, it is coho-
mologically smooth by [La2l A.5], and the arguments in work without any
changes. O

3.2. Independence of ¢. We show an f-independence result of the trace of the
action of correspondence on the cohomology of a c-admissible stack. In the scheme
and f-adic case, the ¢-independence result is the one proven in [KS].

3.2.1. The main result of this subsection is as follows:

Theorem. Let X be a smooth c-admissible stack over a finite field k, and let
I' € Corrg(X). Then we have

Tr(T*: H (X ®k,Qp)) = Tr(I* : HX (X, Lx ).

Remark. We assumed k to be finite since some delicate arguments might be
needed in the p-adic situation to reduce to the finite field case as in the proof of
[KS| 2.3.6.1]. However, there is no reason to doubt that the theorem holds without
the assumption on the base field.

The idea of the proof is essentially the same as [KS| 2.3.6], and the proof takes
the whole subsection. In the application, we use the following form: Let k be a
finite field with ¢ = p® elements, and let R = W(k) and ¢ = id. Let X be a
separated scheme of finite type over k, and let i,: £ — X be a closed point of X.
We take an algebraic extension L of K, := Frac(W (k(z))), and take o, := id for an
extension of 0. Put s’ := [k(x) : k] - s, and let T, p = (k(z), W(k(x)), Ky, L, §',id).
We have the following functor

o DR (X/Lr) 22 Hol(k(x)/Lr) = Hol(k(x)/To.r),
where the last equivalence follows by Corollary [LZT1l The last category is equiv-
alent to the category of finite-dimensional L-vector spaces with automorphism de-
noted by F,. Let & € D (X/Lr), and assume we are given an automorphism
a. This induces an automorphism on (&) denoted by «,. Note that «, and F,
commute. For n € Z, we put

Tr(ax F: &) = Z(—l)i “Tr(ag 0 F) 1 lL(8)).
Corollary. Let S be a smooth connected scheme of finite type over k, and let

f:X — S be a smooth morphism between c-admissible stacks. Assume we are
given T € Corrg(X). For a closed point x € S, let X, and T, denote the fibers over
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x. Then there exists an open dense subscheme U C S such that for any closed point
x € U such that L D K, and any integer n, we have
TI"(F* X F;L : f!@g) = TI“(F* X F;,L : f!Lx).

Proof. Let f, denote the fiber of f on x. By Lemma [3.1.§ and its remark, we can
take U C S such that the action of I' on fiQ, and fiLx at the fiber x € U are
equal to the action of I'; on f;Q, and fn1Lx,. Then we use our theorem to get
the corollary. O

3.2.2. We do not assume k to be finite here, and we fix A € {0, F'}.

Lemma ([SGA43| Cycle, 2.3.8 (ii)]).  Consider the following cartesian diagram
of c-admissible stacks over k :

r—% Ly g

f’l O lf O l

r x s,
g h

where X0) is smooth (over k), SU) s a scheme, g is a generalized cycle of codimen-
sion ¢, and h and ho g are flat and equidimensional. Then ¢’ is a generalized cycle
of codimension ¢ as well, and we have f*cl(I') = cl(I") € HE(X)(c).

Proof. We have the following commutative diagram:

Hom(g"’:Lx,g!Lx) HE(%)(c)

lf*
\%

Hom(g'* Lx, g" Lx) HEE(X)(c),

~

~

where the dotted arrow can be described as follows: Let ¢ € Hom(g" Ly, g'Lx).
Then the image of ¢ is the unique dotted homomorphism in the following diagram
on the left, which makes the diagram commutative:

Trpy

G T Ly oo > g" Ly (c)[2c] gt Ly ————— ¢"Lx/(c) [2¢]
4+ .+ ~ 1+ ! 4+ + ~ 1+ )
9T Lx 9) fTg Lx(c)[2d], 9T Ly W [ g'Lx(c)[2¢].

Here the right vertical homomorphism is the base change homomorphism. Thus, by
taking ¢ = Trr, the problem is reduced to showing the commutativity of the right
diagram above. Now, Trr and Trr can be regarded as Trpoq and Trpog by the
transitivity of trace. By the base change property of trace, we get the lemma. [

3.2.3. Lemma. Let X be a smooth scheme of dimension d over k, and let

Z — X be a generalized cycle. Then the cycle class map induces a homomorphism
clx: CH;(Z) — HZ2(X)(d — i).

Proof. Let W be a closed integral subscheme of dimension i + 1 of Z and W — P!
be a dominant morphism (hence flat by [EGAIV] 2.8.2]). Let W; be the fiber of
i € P1. By [Fu, Ch.I, Prop 1.6], it suffices to show that clx (Wy) = clx(W7). Let
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W° be the pullback of A C P! by the morphism W — P!. Note that W° — Z x A!
is a closed immersion. Consider the following commutative diagram:

Wo we wh

| oo o8

Z——=ZxA' ~—— 7

| o} o |

{0} Al {1}

This induces the commutative diagram

HE (X) <2 HY.(X x AY) —“= HY (X)

l | |

25 ~ 25 ~ 25
H7 (X) 0 H 40 (X x Al R H7 (X)),

where j := d — ¢, and we omit Tate twists. The bottom arrows are isomorphisms

since HY(A') = 0 for i # 0 and H°(A!) = L. By Lemma [3.2.2] and the flatness of

X° — Al clx 21 (W°) on the top middle is sent to clx(Wy) and clx(W;) via 0*

and 1%, so the lemma follows. O

Remark. When Z is a cycle in X, we believe that the method of [Gil] can be
applied to construct the cycle class map. However, the author does not know how
we define the Zariski sheaves I'* () in [Gil, 1.1].

3.2.4. Lemma ([KS| 2.1.1]). Let X be a c-admissible stackH let 8 be an open
substack of X which is smooth, and let T be a generalized cycle of codimension d on
. Consider the following commutative diagram:

v
7

N

where j 1s the open immersion, and i is the generalized cycle. Assume i’ is proper.
Recall the homomorphism BL4I]). Using this homomorphism, the composition

et HI (X, js L) = HZ(T) 25 HP24(80)(d)

sends u to uUr(cly(T)) (cf. B2 for U). Here, r is the homomorphism H2(s0)(d) =
H?*(X, jrii'Ly)(d) — H?*(X, j1Ly(d)), where the first isomorphism follows since
7' is assumed proper as well.

Proof. We can copy the proof of [KS]. O
5In the corresponding statement of [KS], they assume X to be smooth. We think that this is

a typo and, in fact, is too strong for their and our purposes. Indeed, in the proof of [KS| 2.3.2],
they apply [KS| 2.2.1] in the situation where X is not necessarily smooth.
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3.2.5. Let f: X — %) be a representable l.c.i. morphism from a schemdd of finite
type purely of dimension n to a c-admissible stack purely of dimension m over k.
For example, a representable morphism between smooth c-admissible stacks is l.c.i.
We note that f is schematic since 2) is admissible. Let I' — Q) be a generalized cycle
of codimension d which is a scheme, and put I'' :=I' xg X, which is a generalized
cycle of X and is a scheme as well since f is schematic. Let us briefly recall the
construction of f*([I']) € CH,,_4(I") by Kresch [Ki].

Let f': X' — ) be a representable separated morphism between algebraic
stacks. In [Krl 5.1], Kresch constructdT] p: M2,2)’ — A', whose fiber over 0 is
called the normal cone denoted by Cx/2)’ — X', and the general fiber is just 2'.
When f': X’ < Y’ is a closed immersion of schemes, M%,Y”’ is nothing but the
one introduced in [Fu, Ch.5]. We remark that by construction, there is a canonical
morphism X’ x A — M2,9)’ defined by the strict transform, and p is flat by using
[Ful B.6.7]. When [’ is l.c.i., Cx/Q)’ is known to be a vector bundle over X, in which
case we denote it by Ng.

Now, assume that X and 2) are smooth. In this situation, M%2) is smooth. We
put IV :=T X9 X. By definition, we have the diagram below on the left:

%) MATC—s MY xoy ' —= M IV x Al —= X x Al
(%) r = X D) X
| o | | o |
r 2, MT ——= M.

This diagram induces the cartesian diagram on the right.

Let us define f'([]) € CH,,_q(I"). For the details, see [Ful 3.1, 5.1]. By taking
the pullback by the morphism X — 2) of the diagram above on the left, we have
the following diagram of schemes.

3.2.5.1 CrI'“——=N ——-N
f

L= L)

I'——=X

The closed immersion on the upper left is induced by « in ). By definition, f(T")
is the image of [Cr/T] by the homomorphism

!

CH,p—a(CpoT) = CHpo—a(N') L5 CH,_q(T),

where the last isomorphism follows by [Ful Theorem 3.3].

3.2.6. Lemma ([KS, 2.1.2]).  We preserve the notation. Let f*: HZ () —
HE{(X) be the pullback. Then the class cl(f'([['])) € HEH(X) is equal to f*cl(T).

6This assumption is made for simplicity. In fact, with suitable changes, similar results can be
obtained when X is a c-admissible stack.

7In fact, he constructs over P! instead of Al. However, for convenience, we restrict his con-
struction over A' and, by abusing the notation, we still denote it by M2,9)’.

8This isomorphism holds even when X is an admissible stack. Indeed, by [Ki, 3.5.7], an
admissible stack admits “a stratification by global quotients”. Then by [Kil 4.3.2], we have the
required homotopy invariance property.
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Proof. The verification is essentially the same as [KS|. We have the following com-
mutative diagram:

1*

H2()(d) < HZ(M3D)(d) ——— HZ(Ny)(d)

| | I

HE(X)(d) <—=— HE, (X x A1) (d) —2— HE(X)(d),

where Z := MR T, C' := Cp T, and the middle vertical homomorphism is induced
by the morphism X x Al — M$92) defined by the strict transform. At the upper
row, the image of the cycle class cl(Z) is sent to cl(I') and cl(C’) by 1* and 0%,
respectively, by Lemma and the flatness of Z — Al

Recall the diagram of schemes ([3.2.5.1)). It is reduced to showing that cl(g'[C"]) =
g*cl(C”). Using Lemma [B2Z3] this amounts to proving the commutativity of the
following diagram on the left:

CHyp—a(N') —— HR(Ny)(d) CHy—g(I") —— HE(X)(d)
CH,—q(I") — HZ(X)(d),  CHpa(N') —— H3%(N;)(d).

Note that the stacks appearing in these diagrams are, in fact, schemes. Consider
the diagram on the right above, where p denotes the projection Ny — X. Since
g* o p* is the identity on H2!(X)(d), and ¢' is an isomorphism whose inverse is p*
on the Chow groups, the verification of the commutativity of the left diagram is
reduced to that of the right one. There exists an open dense subscheme U C X
such that U NIV C I is dense, and Ny xx U — U is a trivial bundle so that we
can write Ny xx U = U x A". Since HZ/(X)(d) = HEL,;(U)(d), we may replace
X by U and IV by IV N U. Thus, the claim follows by Lemma [3.2.21 O

3.2.7. Now, we only consider the case where A = §) (but k is still not necessarily
finite). Let us recall the construction of [KS| after Lemma 2.3.1]. Let i be a
smooth c-admissible stack of dimension d, and let I' be a correspondence on &l
(over Spec(k)). Let j: 4l — X be a compactification. Since the second projection
p2: I' = 4l is assumed proper, the morphism (j o p1,p2): I' = X x 4l is proper, and
we have isomorphisms

HE (% x U, (j x id)1 L(d)) = HE (% x 8, L(d)) = HE (8 x U, L(d)).
Thus, the cycle class cl(I') defined in HZ? (8 x &, L(d)) induces an element in
HY (WU x 4)(d) == H* (X x 4, (j x id),L(d)).

Since A = (), this cohomology is isomorphic to [T, End(H{(4)) as in [KS] using
the Kiinneth formula (cf. Corollary 223:37)) and the Poincaré duality (cf. Theorem
2.3.3T]).

Lemma ([KS, 2.3.2]). The action T'* can be identified with the class cl(T") via this

isomorphism.

Proof. Using Lemmal[3.2:4] the proof of [KS] works exactly in the same manner. [
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3.2.8. Proof of Theorem B.21l By Corollary 2.3.4] we can take a proper generically
finite surjective morphism f: X — X such that X is a smooth scheme. Using the
same corollary and Corollary BZI.T0] we may assume I to be a scheme. Let HX(X)
be HX(X®k, Q) or H*(X, Ly). Using LemmaBZTand Corollary 3.7} by arguing
as [KS| 2.3.3], we have

(%) Tr(I* : HI(X)) = deg(f) ™" Te((f x f)claxx(T) : HI (X)),

where we regard classes in H?f(% x X)(d) (d := dim(X)) as endomorphisms of
H(X) using Lemma B2771 Consider the following commutative diagram:

I —=XxX 22X

| o |

[ —XxX——X.

Since the composition of the horizontal morphisms below is proper by assumption,
the composition morphism from I to X is proper. Thus the composition of the
horizontal morphisms of the first row is proper. By LemmaB.2.6] (f x f)*clexx(T)
is equal to clxxx ((f x f)'(I)). Let I be the correspondence defined by (f x f)!(I').
By applying Lemma 327 once again, the trace of the right-hand side of (&) is equal
to Tr (f": H (X)) This implies that it suffices to show the theorem in the case
where X =: X and T are schemes. By Corollary B.I.I0 we may replace I' by its
image in X x X, and assume that I' C X x X. In this case, we just repeat the
argument of [KS, Prop 2.3.6]. Further details are left to the reader. O

4. LANGLANDS CORRESPONDENCE

In this final section, we establish the Langlands correspondence, and in particu-
lar, we prove the existence of petits camarades cristallins for curves. We wrote this
section to be as independent as possible.

4.1. Preliminaries. First, let us very briefly recall basic notions of the p-adic
cohomology theory and notation of this paper for the convenience of the reader.
We do not have new input, and those who have read the previous sections may skip
this.

4.1.1. Let k be a perfect field, let R be a complete discrete valuation ring whose
residue field is k, and let K be the field of fractions of R. We assume further
that the s-th Frobenius automorphism of k£ can be lifted to an automorphism
o: R = R. The induced automorphism between K is also denoted by o. With
this setup, let X be a scheme of finite type over k. Berthelot defined the cate-
gory of overconvergent isocrystals (resp. overconvergent F-isocrystals) denoted by
Isoc' (X/K) (resp. F-Isoc'(X/K)). We do not try to recall the definition here,
but a standard reference is [Berl], and we may find other references in [Ke3] and
[Ke6]. This category is a p-adic analogue of the category of smooth Q-sheaves over
X @y k (resp. over X). In this paper, we denote F-Isoc!(X/K) by Isoc'(X/Kp).
The description of these categories when X = Spec(k) is simple but important:
Isoc! (Spec(k)/K) is canonically equivalent to the category of finite-dimensional
K-vector spaces, and Isoc! (Spec(k)/KF) is canonically equivalent to that of finite-
dimensional K-vector spaces V equipped with an isomorphism K ®,  V — V.
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In particular, the trivial vector space K with trivial isomorphism determines an
object of Isoc' (Spec(k)/Kr), which is denoted by K, abusing the notation.

Let f: X — Y be a morphism between schemes of finite type over k. Then
the pull-back functor fT: Isoc'(Y/K) — Isoc'(X/K) (resp. f1: Isoc'(Y/Kp) —
Isoc' (X/Kp)) is defined in [Berll 2.3.2 (iv)] Pl If p is the structural morphism of
X, we put Kx := pT K, which is also denoted by K. The category is equipped
with tensor product ®, with which Isoc'(X/K) (resp. Isoc! (X/Kp)) forms a tensor
category (cf. [Berdl, 2.3.3 (iii)]). The unit object of the tensor category is Kx. It also
possesses an internal hom functor Hom. Finally, we have the notion of ranks (cf.
[Berll 2.3.3 (ii)]). This implies that any object in Isoc!(X/K) (resp. Isoc' (X/KF))
is of finite length.

Remark. The category Isoc' (X/K) used in §Il-§3lis smaller than the one recalled
here, but the category with Frobenius ISOCT(X /KF) is the same; see the paragraph
right after [LT.3] (IT). In the following, we only use Isoc' (X/KF), so this does not
cause any problems.

4.1.2. In Langlands correspondence, we consider the case where k is a finite field
with ¢ = p* elements, R := W(k), and o0: R = R is the identity. Then we may
consider the category Isoc! (X/Kr) which is K-abelian. Note that this would be
K°='_abelian if o were not the identity. Now, we need to extend the scalar from K
to @p. This was done in [[.Z.10] and [Z4.14], and let us recall the idea brieﬂy For a
finite extension L/ K, we define Isoc! (X /L) to be the category of pairs (£, p) where
£ € Isoc! (X/KF), and we let p: L — End(€) be a homomorphism of K-algebras,
and the morphisms are defined in the obvious way. To define Isoc!(X /Q, ), we
take the 2-inductive limit of Isoc'(X/Lz) over all finite extensions L of K. We
have the scalar extension functor ®Q,: Isoc' (X/Kp) — ISOCT(X/@p’F). We re-
mark that even though £ € Isoc' (X/Kp) is irreducible, £ ® Q, may not be irre-
ducible in general, and this is why we needed to extend the scalar. For a morphism
f: X — Y, the pull-back functor can formally be extended to f*: Isoc’ (Y/Q, ) —
ISOCT(X/@ILF), and similarly for ®, Hom. The data ¥ := (k,R,K,L,s,oc = id)
(where o is an extension to L of a lifting of s-th Frobenius automorphism on & to
K) we used to define Isoc!(X/L) is called the base tuple. To clarify the base, we
also use the notation Isoc’ (X /%) for Isoc! (X/Lr). See 410 and 24Tl for details.

4.1.3. Before going to the next section, let us briefly recall what we have done so
far. Let X be a scheme, or more generally, an algebraic stack of finite type over
k. We constructed a triangulated category D (X/Q, r) over Q, with a natural
t-structure ## in Definition When X is a smooth separated scheme over
k, Isoc (X/Q, ) is fully faithfully embedded into DY, (X/Q, ) by There
is another t-structure on Dy (X/Q, r): the constructible t-structure %% defined
in Definition Philosophically, 5# corresponds to the perverse t-structure in
the (-adic setting, and <52 corresponds to the standard (constructible) t-structure.
In this section, we mostly use % since its heart, denoted by Con(X/Q,, r), con-
tains ISOCT(X/@[,,F) when X is a smooth separated scheme. Objects of Con are
called constructible objects. Over the category of compactifiable admissible stacks

9The pull-back functor is denoted by f* in [Berl].
10 Actually the definition presented here is the one in Remark [[Z0l
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(c-admissible stacks), we have six functor formalism: Dp(X/Q, r) is endowed with
tensor and dual functors. Given a morphism f: X — 2), we have

f+7f!: DEol(x/@p,F) - DEOI(%/@;D,F)’ era fl: Dﬁol(fy/@p,F) - DEol(x/@p,F)5

and they satisfy standard properties. Here, f and fT are analogues of f, and f* in
the f-adic theory, and we adopted these notation in order to follow the tradition of
the theory of Z-modules. We do not need this much in the statement of Langlands
correspondence, but these techniques are required in the proof.

4.2. Langlands correspondence. The aim of this subsection is to state the main
theorem of this paper, namely the Langlands correspondence, and give an overview
of the strategy of the proof.

4.2.1. First of all, let us fix the basis (cf. [LZT0, Z4T4). We assume k to be a finite
field with ¢ = p® elements. We fix an algebraic closure Q, of K, and we denote by k&
the residue field of @p which is algebraically closed as well. We define an arithmetic
base tuple T, := (k,R := W(k),K := Frac(R),Q,,s,o := id). Likewise, for a
finite extension k" of k in k, we put Ty := (K, W(K'), Frac(R'), Q,, [k’ : k] - 5,id).
With these data, we may consider the Q,-coefficient cohomology theory (cf.2.4.14),
which we mainly use. For any finite extension k&’ of k, the category Isoc! (k' /T)) is
equivalent to the category of finite-dimensional @p—vector spaces V' endowed with
the isomorphism id*(V) = V (cf. Definition [LZI0). By identifying id*(V) with
V', we view the isomorphism as an automorphism of V.

Let X be a smooth scheme over k, and let i,: x < X be a closed point of X.
Then Ty, = (k(x), W(k(z)), K., Q,, s',id) where s’ := [k(x) : k] - 5. Let us define
the linearized Frobenius automorphism at x. Choose a geometric point T € X (k)
lying above x. This defines an embedding K, — Q,,, and we have the following
functor

1z Tsoc! (X/%y) i> Tsoc (k(z) /%) = ISOCT(k(x)/Tk(x)),

where the equivalence follows by Corollary [[4TT] using the embedding. For £ €
Isoc' (X /%), the equipped automorphism on iz(£) is called the linearized geomet-
ric Frobenius automorphism at x of £. The inverse of the linearized geometric
Frobenius automorphism is denoted by Frob, and is simply called the Frobenius
automorphism at x. The multiset of eigenvalues of Frob, acting on tz(€) depends
only on the choice of z and not on =. By abuse of language, we call this multiset
the set of Frobenius eigenvalues at x.

Remark. We defined Frob, so that the notation is compatible with that of
Lafforgue. In f¢-adic theory, the corresponding automorphism is sometimes called
“arithmetic Frobenius”.

4.2.2. Theorem (Langlands correspondence for isocrystals). We fix an isomor-
phism @p = C. Let X be a geometrically connected proper smooth curve over k.
Denote by F the function field of X, and let Ar be the ring of adéles. For an
integer r > 1, consider the following two sets.
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Z.: The set of isomorphism classes of irreducible isocrystals of rank r in
2-lim Isoc' (U/%x), where the limit runs over open subschemes U C X,
such that the determinant is of finite order.

A, . The set of isomorphism classes of cuspidal automorphic representations
7 of GL,.(Ap) such that the order of the central character of m is finite.

(1) There exist maps
Ee: A, 21, e

with which A, and I, correspond in the sense of Langlands: for m € A,
(resp. € € T.), the sets of unramified places of w (resp. £) and E, (resp. wg)
coincide, which we denote by U, and for any x € |U|, the set of Frobenius
eigenvalues of E; (resp. £) at x and that of Hecke eigenvalues of m (resp.
me) at x coincide.

(2) Assume that ) € A,y and EY) € T,y correspond in the sense of Lang-
lands. Then the local L-functions and local e-factors of pairs (mw,7') and
(&,&") coincide for any point x € |X| (cf. [A2] and [La2, VI.9 (ii)]).

Remark. The correspondence is unique if it exists.

4.2.3. For a proof of the theorem, we follow the program of Drinfeld and Lafforgue.
We briefly recall the outline of the proof to introduce some notation we use in the
next subsection. The idea is explained clearly and in detail in the introduction of
[La2], so we encourage the reader who is not familiar with Lafforgue’s proof to read
through it before entering our proof.

In [A2], with the help of the product formula proven in [AM]|, we have the
following theorem, which is nothing but the p-adic version of principe de récurrence
by Deligne:

Theorem ([A2] §5]). Let n be a positive integer, and assume Theorem
is known for r,v’ < n. Then we have the map T,y1 — Api1 in the sense of
Langlands such that the corresponding cuspidal representation is unramified at the
places where the isocrystal is. Moreover, if we have a map Apt1 — Lny1 in the
sense of Langlands such that the corresponding isocrystal is unramified at the places
where the cuspidal representation is, then Theorem holds for r',r <n+1. In
other words, [2)) of the theorem holds automatically once we prove ().

4.2.4. Thanks to the theorem above, our task is only to construct a map A, — Z,
such that the corresponding isocrystal is unramified at the places where the cuspidal
representation is. A rough idea is to realize this as the relative cohomologies of
moduli spaces of shtukas d la Drinfeld. Even though the moduli spaces we use
here are the same as that of Lafforgue, we take p-adic cohomologies that we have
developed in the preceding sections instead of ¢-adic cohomologies to carry this out.

In this paper, we use the following various types of moduli spaces of shtukas.
We remind the reader that the notation is the same as that of Lafforgue. Let r be
a positive integer. Let N be a level (i.e., a closed subscheme N = Spec(Oy) — X
which is not equal to X), let p: [0,7] — R be a convex polygon, and let a € A} of
degree 1. Given these data, we have c-admissible stacks (cf. Definition 23.19) over
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the surface (X — N) x (X — N) as follows:

| Moduli space || smooth? | proper? | correspondence | Reference |
rP<p | 7 1 [La2, right after
® Chti=/a O X A Prop L.3]
@  ChthP<r/d” X O - [La2, Def I11.8]
_—
5P 7 9 [La2, Cor IIL.14,
® Chty’=" /a O X A Thm V,14]
1 We have the action of Hecke algebra only after taking the inductive limit over the convex

polygon p.
2 We have the action of Hecke algebra for each element, but the action may not be compatible
with the product structure.

In this table, the second column (resp. the third column) refers to the smoothness
(resp. properness) over (X — N) x (X — N) of the corresponding moduli spaces
in the first column, and definitions and proofs of the properties listed here can be
found in the References. These stacks are c-admissible by [La2, V.1]; more precisely,
in the first line of its proof, it is said that these stacks are quasi-projective over

Cht"4P<P_and the last stack is serene (cf. [La2l Appendix A]) which is proper over
X x X. The components of these spaces are indexed by integers 1 < d < r called

the degree./ The component corresponding to d is denoted by Chtr]\}d’ﬁgp , Cht?(,d’ﬁgp ,
,d,p<
Cht'y"P=P .

42.5. Let f: X — (X — N) x (X — N) be one of the three moduli spaces of
shtukas. Then H} := fg@px contains the isocrystals which correspond to cuspidal
representations in the set {m}% (cf. E371). However, it also contains a lot of “junk”
which has already appeared in the Langlands correspondence of lower ranks, and
we need to throw these away. The junk is called the r-negligible part, and the
part we need for the correspondence is called the essential part. We first need to
show that the essential part is concentrated at a certain degree of H*. For this, we
need to use the purity of intersection cohomology, and we need the compact space
®. Still, the essential part is a mixture of isocrystals corresponding to {m}%;, and
we need to extract the particular isocrystal which corresponds to a given cuspidal
representation m € {m}}%. For this, we need to define an action of the Hecke
algebra H’,. We have ring homomorphism from H’y to the ring of correspondences
on the moduli space (@) if we pass to the limit of p. Since we are passing to the
limit to define the action, the resulting stack is not of finite type anymore. For
the calculation of the trace of the action of correspondences, we use 3). We note
that even though we have the correspondences associated to elements of the Hecke
algebra on (3), this map might not be a homomorphism of rings. Finally, we use the
f-independence result to calculate the trace, and we extract exactly the information
we need.

4.3. Proof of the theorem.

4.3.1. In this subsection, the base tuple Ty is fixed as in L.2.] and we also fix an
isomorphism ¢: Q,, = C as in Theorem .22l Let Y be a smooth scheme of finite
type and which is geometrically connected over k. We usually omit “/T;” (e.g.,
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Isoc' (V) instead of Isoc’(Y/%y)). We denote the category Isoc!(Y) of overcon-
vergent @p—isocrystals with Frobenius structure by Z(Y) to shorten the notation.
We identify Z(Y) = Isoc'(Y) and Sm(Y) ¢ DP,,(Y) via $p., as defined in
Because of this identification, we often say £ € Con(Y") is smooth if it comes from
Z(Y). Let p: X — Spec(k) be the structural morphism of a c-admissible stack. For
& € Tsoc! (%) or more generally an object of DY (%), we put H*(X,€) := #*p, ()
and H}(X,€) := #*p/(€) and regard these as Q,-vector spaces with automor-
phism. We abbreviate t-pure (resp. t-mixed, (-weight, etc.) simply by pure (resp.
mixed, weight, etc.).

When we say f-adic sheaf, it refers to the ¢-adic Weil sheaf (cf. [Dell 1.1.10]).
The category of smooth Weil sheaves is denoted by W, (Y). For a scheme X over
k, we denote by Frobyx: X — X the absolute Frobenius endomorphism; f € Ox
is sent to f?. For an abelian category A, we denote by Gr(A) the Grothendieck
group of A, and QGr(A) := Gr(A) ® Q. For an object X € A of finite length, we
denote by X*®° the semisimplification of X, namely the direct sum of constituents
of X.

4.3.2. Let X be a smooth scheme of finite type over k, and let £ be in Z(X). Take

a closed point = € |X|. We take a geometric point Z € X (k) which lies above z,
and recall the functor (7 defined in 2.1l The local L-function at x is defined to be

L.(€,2) := det(1 — 2% Frob, b 15(€)) ™

in @p [Z], which does not depend on the choice of Z. Using the fixed isomorphism
@p = C, we usually consider this series as a series in C[Z]. The global L-function
is defined as

x(.2):= ][] L& 2).

z€|X|

Analogous to Grothendieck’s formula, this L-function has the following cohomolog-
ical interpretation:

2 dim(X) it
(4.3.2.1) Lx(E,2)= [ det(l -2 Frobx;H/(X,6) ",

v=0

which is an identity of formal power series (cf. Corollary [A3.3)). We refer to JA3|
for further detail.

4.3.3. We use the theory of weights. We refer to 2.22.30H2.2.32] and for more
detail. Let ¢t € C. Using ¢, we may consider ¢! as an element in @p. We have
the automorphism of @p, considered as a @p—vector space, sending 1 to ¢~ ¢, which
defines an object in Z(Spec(k)) denoted by Q,(t). This is of weight —2 Re(t). When
t is an integer, the notation is compatible with Tate twists (cf. Definition [L4T3).
The following standard consequences of the theory of weights are important tools
in the proof of Langlands correspondence:

Proposition ([La2, VI.3]). LetY be a smooth geometrically connected scheme of
finite type over k. Let £ € Z(Y') be mized of weight < n, and let £ be an irreducible
object in Z(Y') pure of weight m.

(1) The rational function Ly (E ® E'Y,Z) does not have zeros in the region |Z| <
q%—dim(ywﬁ'
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(ii) Let t € C such that Re(t) = (m —n)/2, and assume that the multiplicity of
E'(t) in the semisimplification of € is u > 0. Then the L-function appearing in (i)
has a pole of order p at Z = ¢t=4™)  Moreover, it does not have any pole in
‘Z| < qm;" 7dim(Y)'

Proof. Use Theorem and (Z327]) to show (i). We have

Homz(y)(875/(t)) o~ (HO ()/7 v ® El(t)))FrObY
Froby

= (HZMO(Y, €@ (€'(1)Y) (dim(Y))) ™,

where (—)F°PY denotes the fixed part by the action of Froby, and the first iso-
morphism is by 2314l the second by Theorem 22334 If £ is semisimple, then the
action of Froby on HO(Y,EY ® £'(t)) is semisimple, thus the fixed part of Froby is
equal to the generalized eigenspace of Froby with eigenvalue 1, and we get (ii). O

We usually use this proposition in the following form:

Corollary. Let Y be as in the proposition. Let £ be in Gr(Z(Y)), and let £ be
an irreducible object in Z(Y'). Assume that any component of € is mized of weight
< n. Fort € C such that Re(t) = (m — n)/2, the multiplicity of E'(—t) in & is
ezactly the order of pole of Ly (E @ £V, Z) at Z = ¢t~dim(Y),

4.3.4. Definition. Let Y be a smooth scheme of finite type and geometrically
connected over k, and let U C Y xY such that (Froby xidy )(U) C U. We denote by
ZZ(U) the category of overconvergent @p—isocrystals on U with Frobenius structure

equipped with an isomorphism (Froby x idy)T€ = €. Let F be the function field
of Y. We put

I(F) := 2- lim Z(U), ZI(F?):=2- lig ZI(U).
Ucy UCY XY

Remark. Take a geometric point ¥ € Y (k). Using the notation of 418 Z(Y)
is equivalent to Repg (Wise¢(Y, %)), the category of finite-dimensional represen-
P

tations of the algebraic group W°¢(Y,%) over @p. Similarly, we have ZZ(U) =
Repg (ZW's°<(U, 7)) by We often ignore the basepoints of W°¢ and
P

ZWiSOC.

4.3.5. We preserve the notation, and let ¢/, ¢”: Y x Y — Y be the first and second
projections, respectively.

Definition ([La2, VI.14]). Let r > 1 be an integer. An object £ € Z(F?) (resp.
element of QGrZ(F?)) is said to be r-negligible if any of its subquotient (resp. any
of its component) is a direct factor of an object of the form ¢'t&" @ ¢"TE&"” where
& and &" are objects of rank < r in Z(F). It is said to be essential if all the
subquotients are not r-negligible. A semisimple r-negligible object of Z(F?) (resp.
an r-negligible element of QGrZ(F?)) is said to be complete if it is a direct sum
(resp. sum) of objects of the form ¢*&' ® ¢"TE".

4.3.6. Lemma. (i) Let &', £" be irreducible objects in Z(F). Then ¢ t&' @ ¢"+&"
is irreducible as an object in ZL(F?).

(ii) A semisimple r-negligible object, or an r-negligible element of QGrZ(F?), £
is complete if it is invariant under the action of (Froby x idy )™, namely if there
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exists an isomorphism (Froby x idy)*(€) = €. In particular, for a semisimple
2
r-negligible object £, EB;:!l(Frob?/ x idy )T (€) is complete.

Proof. Let us prove (i). We may assume £ and &” are defined on U C Y. By
Lemma 2.2.20 it suffices to show that ¢'T&’ ® ¢"TE" is irreducible as an object in
ZZ(U x U). This follows by Lemma Let us check (ii). There exists U C Y
such that £ is an isocrystal on U x U. Since £ is assumed negligible, there exists
a complete r-negligible object € € ZZ(U x U) such that & C £ in Z(U x U) by
definition. Since & is invariant under the pullback by Froby X id, we may assume
that £ is invariant under the equipped isomorphism «: (Froby X idy)*(c‘?) =) , by
changing the inclusion if necessary. Let pg be the corresponding representation of
ZWs°¢(U x U), and pg be the subrepresentation of pg corresponding to & defined
since & is invariant under the isomorphism «. Let

K = Ker(ZW™°(U x U) — W™°(U) x W*°¢(U)).

Then since € is assumed complete, pg(K) = id. Thus, pe(K) = id, which implies
that pg is the pullback of a representation of Ws°¢(U) x Ws°¢(U), and the first
claim follows. To check the last claim, we note that, for any irreducible objects &,
E" in Z(F) of rank r’ and | respectively, ¢'T&' ® ¢"TE" is semisimple in Z(F?)
by (i), and the number of constituents N of ¢/T&’ ® ¢"T&" is < r'r”. This implies
that for any constituent F of ¢t&’ ® ¢"TE” and any integer k > 0,

kN

@(Frob?/ x idy )" (F)

n=1
is invariant by the action of (Froby x idy)*. Since N < r'r” < r? N divides r2!,
and the claim follows by the first part of (ii). O

Remark. Igl (ii) of the corollary, we may take @;!:1 as in [La2], but for our
purposes, @2;1 is enough.

4.3.7. From now on, we use the notation of §4.2 freely. In the following, we fix
a € A} of degree 1, and a level N = Spec(On) < X. Let p be a large enough
convex function. For 7 € A"(F), we denote by x, the central character of 7. We
define a set by
{riv ={r € A"(F) | Xx(a) =1 and 7 - 15 # 0},

where 1 is the quotient of the characteristic function of Ky := Ker(GLT(AF) —
GLT((’)N)) by its volume. It suffices to construct isocrystals corresponding to the
cuspidal representations belonging to {n}},. We put Sy := (X — N) x (X — N).

Let ¢',¢": X x X — X be the first and second projection, respectively. For a
morphism of c-admissible stacks f: X — Sy, we denote the relative cohomology
" [1Q, x.r by HY(X), where Q, x  denotes the unit object in Con(X). This is
an object in Con(Sy). Assume f is proper. There exists an open dense substack
j: 4t — X such that Q, r is pure of weight 0. Then we denote by ZH"(X) :=
C%””erngr@p’u’F, which is pure of weight v.

We also use f-adic cohomologies. We denote by HY(X,Q,) := #"£Q, and
THY(X,Q,) := A" f,51+Q,, where #" denotes the standard (constructible) t-
structure. In most cases in this paper, these f-sheaves are smooth, namely an
object of W;(Sn) (cf. [La2 p.165]).
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4.3.8. We start the proof of the theorem from here. We prove a slightly stronger
statement than the theorem. For an integer n > 1, we call the following two
statements (S),:

(1) Theorem[I2Z2is true for r,7’ < n. As a consequence, we have Z,, 11 — A,11
as well by Theorem .23
(2) For ' < n, the constructible object H‘C’(Cht;\;’ﬁgp/az) is smooth and (n+1)-
negligible for any v, level N: Spec(On) < X, a € A} such that deg(a) = 1,
and convex polygon p large enough with respect to X and N.
We know that (S); holds. Indeed, () is nothing but the class field theory together
with the theorem of Tsuzuki [T}, Thm 7.1.1]; see [A2] 6.5] for more details. Let us
check [@)). We know that f: Cht}\}pgp = Chty/a” — Sy is an abelian covering and
Q=B ¢ @¢" X", where ¥’ and x” are smooth sheaf on X — N of rank 1 by
[La2, remark of VI.15]. Using (IJ), let x;, and x; be the corresponding isocrystals
of rank 1 in Z(X — N). By Proposition (or Theorem [A.5.4] if one prefers),
£1Q, and f{@p have the same Frobenius eigenvalues. Thus, by Cebotarev density
A4 we get iQ, =P X, ®¢" X,
In the following, we fix an integer r > 1, and assume that (S),_; holds. Our
goal is to show (S), under this assumption, which is attained at the very end of
this subsection.

4.3.9. Definition. Let k' be the extension of k of degree dy > 1. For a smooth
scheme U over k', we put Zy, (U) := Isoc! (U/% ) (cf. B2 for the notation of base
tuple). We denote by Fy, and F7 the function fields of X @ k' and (X x X) @y ¥/,
and we define Zy, (Fy, ), Za, (Fj, ) accordingly. An irreducible object in Z(F) is said
to be r-negligible if it is of rank < r. An irreducible object £ in Zy,(Fy,) (resp.
L, (FC%O)) is said to be r-negligible if there exists an irreducible r-negligible object £’
in Z(F) (resp. Z(F?)) such that the pullback & @k’ contains €. Sums of r-negligible
objects are said to be r-negligible as well.

4.3.10. Lemma ([La2l VI.16])). Let dy > 1 be an integer. An irreducible object
E in I(F?) (resp. Z(F)) is r-negligible if € @ k' contains an r-negligible object in
IdO(Fgo) (resp. Zay(F4,0)).

Proof. Let ¢ € Gal(k'/k) be a generator, and let ¢*: U® k' — U ® k' be the auto-
morphism over k induced by ¢ for some smooth scheme U over k. Giving an object
in Zy, (U @ k') is equivalent to giving F € Z(U ® k') with isomorphism ¢*(F) & F.
This observation implies that if £, € Z(F?) (resp. Z(F)) are irreducible objects
such that € @ k' =2 &' ® k’, then there exists a character x of Gal(k'/k) = Z/doZ
(which can be seen as a rank 1 object of Z(Spec(k))) such that £ ® x = &', thus
the lemma follows. O

4.3.11. We need to show the following technical proposition. In the statement and
the proof, the algebraic stack €™V and its variants'!| are used. We remark that these
stacks are used only in this proposition and its corollary in £3.12 In [La2, III 3a)],

Lafforgue defined a morphism Res: Cht™*P<P » v v Sy — €™V between algebraic
stacks locally of finite type over k. We remind the reader that all three stacks in the
table of f.2.4] are defined over the source of Res. The open substack @6’N of ¢rN

UTn [La2], Lafforgue uses script fonts (e.g., C™V).
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is defined in [La2] as well, and the complement €™V — Qg’N is called the boundary.
See Step [B] of the proof of the following proposition for some review of these stacks.

Proposition ([La2, VI.17]). Let p be a convex polygon large enough with respect
to X, N, and an integer 1 < d < r. Let € be an algebraic stack representable and
quasi-projective (cf. [LM, 14.3.4]) over €™~ and consider the following cartesian

diagram:
X ¢
g’ l O lg

<
Cht™4P<p X xxx SN enn,

Res

We denote by px: X — Sy the projection.

(i) Let A € Con(€). Then “#"px(Rest .#) is smooth on Sy for any v.

(ii) Assume, moreover, that .# is supported on the boundary of €, namely
g eV — QE’N). Then #"pxi(Res™.#) is r-negligible as an object in I(F?)
for any v.

Proof. Before beginning the proof, let us remark that X is c-admissible since it is

quasi-projective over the proper admissible stack Cht"*P<P_ thus we are able to
use full six functor formalism. However, € is locally of finite type but not even
admissible. Currently, we only have partial formalism in such a situation, so we
need to be slightly careful. Nevertheless, most of the cohomological functors are
available on the level of the category Con(—). See the first part of §2.4] for the
details. The proof is divided into several steps.

Step 1 (Proof of (i) and the first reduction of (ii)). The morphism (px,Res): X —
SNy x € is known to be smooth by [La2, Prop IIL.7 (ii)], which implies that Res is
smooth as well since Sy is smooth. Using Lemma 2.4.5] we have

g ResT (M) = ResT gl (M).

Since px1 = pry og, for A € D_EOI(X), "V px1(A) can be expressed as extensions
of subquotients of EBHJ.:V H'pry A g{(A). As a consequence, it suffices to
show (i) and (ii) for € = €™V, In this case, (i) is an easy consequence of Lemma

ZZI3 the algebraic stack Cht"*P=P x v Sy is admissible by [La2, Prop V.I],
proper over Sy by [La2, Prop II1.7 (i)], and we already recalled that (px,Res) is
smooth, so the lemma is applicable. We concentrate on proving (ii) from now on.
In the following, we initialize the notation € and use it for other stacks.

Step 2 (Induction hypothesis). Let ¢ := sup{dim(I,) | € |Res(X)|}, where
I, is the inertia algebraic group space of €™V at x. By the quasi-compactness
of X, we have ¢y > —oo, and the dimension of any locally closed substack of
¢"N in the image of Res can be bounded below by —cg. We use induction on
k = ¢y + dim(Supp(#)) (> 0) (cf. 21T for the definition of support). Assume
that the proposition holds for k = kg > —1. We will show the proposition for
modules whose support is of dimension k = kg + 1. Now, we frequently use the
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following reduction, which follows by using the localization exact sequence Lemma
229 and the induction hypothesis:

(%) Let j: U C & := Supp(#) be an open substack such that
dim(6 \ U) < dim(6) = ko + 1. Let 4’ € Con(&) such that
jt.# = jt.4'. Then proving the proposition for .# and .#' are
equivalent.

Step 3 (Recall of geometry of moduli spaces). Now, we put aside cohomology
theory for a while and summarize the complicated geometry of moduli spaces in
[La2] very briefly. Let ™! := A1 be the toric variety, and let Qla’l be the torus
Gy, ', Let r = (r1,...,7%) be a partition 71 +--- + 7, = r. We define 2! to be
the locally closed subscheme of ™! consisting of points whose coordinates indexed
by r1 + -+ r. for 1 < e < k are zero and invertible for other coordinates. These
are orbits of 5216’1; see [La2l IIT 1a)] for more information on these schemes. Now,
in [La2, III 2a), 3a)], the sequence of algebraic stacks locally of finite type €™V C
e @™ and the morphism N g / Ql6’1 are defined. For a partition r,
the pullbacks of Ql?l /2[61 to the three stacks are denoted by QﬁZ’N C EEN C EZN,
and similarly for ng’l /2(61 These are stratifications of the boundary.

Let AN and GY be schemes induced from Al and G,, by the Weil restriction

from Oy to k. We also use a variant TEé)v, and both TEé,v and Eg’N have natural
morphisms to (AY /GN)? (cf. [La2l 11 1a)]). We have the finite surjective radicial
morphism sw: "€y — @6’ over the endomorphism id x Frob of (AN /G)? sending
(F«F —="F) to (F' — "F «< "F') using the notation of [La2].

We have the morphism Cht"™®P<P — ET’N, which factorizes through enN (cf.
[La2l III 3a)]). The morphism Res in the statement of the proposition is induced
by this. The pullback of 2! is denoted by Chtgdm =P following the notation of
[La2l IIT 1c)].

Step 4 (Geometric construction of Lafforgue). Consider the following commutative
diagram of solid arrows (which appears in [La2, right before II1.6]):

Cht:’d’ﬁgp 5

L

ChtodP=<p 5 ELN

—r, N _=r,N ro 5N N
(€= XN N 2 €y XN o X AN eN R ),

where 7 is defined in [La2, III 2b)], Cht*P<P is defined in [La2, Prop IIL3].
Lafforgue proved the following two claims in the proof of [La2, VI.17]:

(i) Assume that we are given a locally closed substack ® of Im(f) in E:N .
Then there exists an open dense substack © of © such that v can be
written as the composition of the morphisms of the following three types: 1.
a gerb-like morphism whose structural group is flat fiberwise geometrically
connected; 2. a finite flat radicial morphism; 3. a finite étale morphism.
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(ii) Consider the compositions

—r,N pr; —r, N

, N —N
(%) epV LN Ry gt N 3 B i) o g

The images of these morphisms consist of finitely many points.

A proof of (i) is written at the end of [La2l p.171], and that for (ii) is in the
second paragraph of [La2l p.172]. Let us add a little explanation on the proof of (i).
By dimension counting, Lafforgue proves that the preimage of a point of Im(vy o )
by v consists of finitely many points. To conclude, use Lemma [A2.4

Step 5 (Cohomological reduction). Now, let us come back to the cohomologies.
Let j: € — & := Supp(#) (C €"V) be a dense open immersion. By (&) of Step
2 we may replace .# by jijt () (cf. see 242 for the definition of functors j, and
jT in this situation). By shrinking € using (&), we may assume € is of dimension
ko -+ 1 in the stratum €7V for some nontrivial partition r such that .2’ := j*.# is
smooth. Using (i) above and shrinking € always using (&), we may assume 7' := ¢
is the composition of morphisms of the three types. We may change .#’ by a smooth
object which contains .#’ as a direct factor, so by using Lemma 248 Corollary
246 and Lemma 224 (ii), we may assume that there exists a smooth object A/
on a locally closed substack of & such that .#' = Y (A7), By (i), shrinking
¢ if needed, we may assume that the images of € by the two morphisms of (&)

consist of unique locally closed points B, = {Spec(lﬁ‘qo) / Aut(%*)} € Eg*’N, where
* =1 or k, and Fy, is the field extension of IF, of degree dy. We define the Galois
coverings B’ of B, defined by the discrete part Aut(B,)/(Aut(B,))° of Aut(B,).
We denote by a: € — € the Galois covering induced by ‘%’1 X %;C — By x By,. We
may replace .4’ by ayat 4.
Now, consider the finite surjective radicial morphism
(4)
id x swx - xsw: @ —>€617

—ra2,N Tk, N
XAN /N €g XAN JGN Frob ' XAN /GN Frob &g

m? m?

We may and do identify the holonomic modules on these stacks by Lemma[Z2.4] By
considering Lemma 48] we may assume that A=Ky~ on A" Ry~ /6N prob
My, (cf. 2244 for the notation) where

o M, (x=1,k) is the pushforward of the trivial smooth object on %’* by the
finite étale covering B — B;.

. . —ra,N
e /" is a smooth object on a locally closed substack of 662 X AN /GN Frob
—Tk—1,N
* X AN /GN Frob € -

Step 6. We denote by pr; the i-th projection, and put

X?:=XxX,  Cht*:=Cht"" PP

p< p<
(Cht)/ .— Cht"2:92:P<p2 X X Frob - X X Frob Cht"'k—l;dk—hp_pk—l,

T, —ra,N —Tk—1,N
(T My = =&y XAN/GN Frob " XAN/GN Frob &g :
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Consider the following commutative diagram.

Cht" =P < OCht??P<? L~ Cht! xx (Cht)’ X x,prob Cht

iy y

—r,N ~ g —r1,N —r' N —ri, N
) N ) T, / s
¢ ¢, €y xanvsen (€5 ) Xan/en mrob €y
a=q1xq" X qi,
T=pr; Xprs
X% x X? ~ X? xx X? Xx Frob X?

Moreover, ¢’ is the composition of v and (=), and the morphism ¢ is the compo-
sition of a gerb-like morphism whose structural group is flat finite radicial and a
representable universal homeomorphism defined in [La2, Cor II1.4]. Thus, we get
99" = id by Lemma 224 (i) and Corollary Put p' :=roqog, and we can
compute

(kxx) AP BTM = A pgT BT (AN
= A rq B (M Xan jon A" BN 6N Frob M)
rq (Res™ (1) Rx Res™ (") Rx pron Res™ 4y,)
A1 (quRes™ (1) Ry q'Rest (A#") Bx prob qriRes™ 4y,)
(" by Kiinneth [Z3:36])
= " ((quRes™ (M1) R quRes™ ) @ 7' (¢ Res™ (")),

1

1%

where we identify .4 and its zero extension, and similarly for other objects to
simplify the notation. Moreover, r’ is the composition

proy Xprs pry Xpry

(X XxX)x (X xX) /3 X xX+——— X xXx (X X X) Xx Frob X
Pr2EP, (X x X).

Step 7. Let x =1 or k. Let f,: Cht"* @+ P<P+ X greN %’* — X x X be the canonical
0

morphism. By definition [La2, II 1a)], the image of this morphism is contained in
X x (X —=N)U(X —N) x X. We say that B, hits a zero (resp. By hits a pole)
if the image of fi (resp. fx) is contained in (X — N) x {0} for some 0 € N (resp.
{0} X (X — N) for some co € N), and it does not hit a zero (resp. does not hit a
pole) otherwise. This is reduced to the following two claims:

o If ‘%1 hits a zero (resp. does not hit a zero), then the relative cohomology
A" (pryo f1)1Q,, (resp. 7 f11Q,) over the generic point of X (resp. X x X)
is r-negligible in Zy, (Fy,) (vesp. Zg,(F}))).

o If %k hits a pole (resp. does not hit a pole), then the relative cohomology

HY (pryo fu1Q, (vesp. 7 f11Q,,) over the generic point of X (resp. X x X)
is r-negligible in Zy, (Fy,) (vesp. Za,(Fj)).
Indeed, if these hold, any constituent of g, Res™ (.#,) is a direct factor of an object

of the form &, X .%, such that &, and %, are irreducible of rank < r or supported
on a point. Since px/Res™.# = (pr; x pr,)p|3+.#, using &%) and the Kiinneth
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formula again, we see that any constituent of J#”pxRes™.# is a direct factor of
(&’ .Z) @ H (X x X, 7" q/ResT (") @ (F1 K &,)).
Thus, by considering Lemma [4.3.10] the proposition follows.

Step 8 (Use of induction hypothesis). Let us show the claims in Step [l We

only consider the x = 1 case. When B; does not hit a zero, Cht"*4:P<P1 Xgr1 N
0

B/ and Cht-4rPse ®r, Fq, are isomorphic as written in [La2, p.173]. Since
r1 < r, by the induction hypothesis 3.8 (), we get the desired r-negligibility.
Let us treat the case where 9; hits a zero {0} € N defined over F,,. We put

X = Cht™ PSP v v ((X = N) x {0}). Let (Pyr s Resy): x5 (X = N) x
(ETI’N xux /gy {0}) be the canonical morphism which is smooth by [La2} IIL5].

Since Cht"»d1-P<P1 XETI,NE(;hN >~ Cht™ 9 PSP by [La2] [11.2], we have the following

cartesian diagram:

r1,d1,p<p1 U U
Cht Xgriw B > B

0
.
x(ill LETMN XAN/G% {O}
Step 9. This is now reduced to the following claim:

Claim ([La2, VI.18]). For any constructible object .#; on v xan gy {0}, the

relative cohomology .., Res{.#; is a smooth object and is r-negligible as an
1

object in Zy, (Fy,) for any v.

Proof. Since (;1)3€d1 ,Resy) is smooth, the relative cohomology is smooth by Lemma
1

2413l We show the r-negligibility by the induction on r; (called the rank) and
the dimension of the support of .#;. Assume that the result is known for rank
< 71 and for the dimension of the support being < ¢. It suffices to show the claim
for .#1 which is the zero extension of a smooth object defined on a locally closed
substack € in @ " x AN /GN {0} of dimension c¢. By the induction hypothesis, we
may assume that € is in the stratification associated to a partition r; of r;. When
r, is nontrivial, we can reduce this to the claim for smaller ranks by arguments
similar to Steps [H8 Thus, this case is true by the induction hypothesis, and we
only need to treat the case where r; is trivial. In this case, we may assume that

¢ is a locally closed point B, of Egl’N xan gy 10}. Denote by %’1 the finite étale

. S > 5, N

covering of B, constructed as before, and let B, = B; L QZ(ZI xan gy 10}
Recalling the intermediate extension from 228 put .4/ := jg+a+(@p), which is
pure of weight 0 by the result of the same paragraph. It suffices to show the claim

for .#{ by the induction hypothesis. Since Res; is smooth and Pyd1 IS proper,
1

ij”pxdl,Resf(///{) is pure of weight v by Theorem 2338 Thus, it suffices to
hy
show that the alternating sum

(+) > (1) [ pyas Rest ()

SS
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as an object in GrZy,(Fy,) is r-negligible. Let F] := jiy o (Qy), the f-adic coun-
terpart. Since X; is smooth over (X — N) ®p, {0} and admissible by [La2l II1.4],
we can use Theorem B.2.1] to see that the Frobenius eigenvalues of each point of
(X — N) ®0 coincide with those of

Z(—l)” ['%prfl \Resj (F7)

This sum is known to be r-negligible exactly by the corresponding claim for the
L-adic situation, namely [La2, VI.18]. Thus, there exists a finite collection {c/} in
We((X — N) ® {0}) such that o/ is a constituent of the pullback of an irreducible
object o, € Wy(X — N) of rank < r and integers a, such that the sum is equal to
> a,0,. By the induction hypothesis 3.8 (), there exists £/ € Z((X — N) ® {0})
which corresponds to o] in the sense of Langlands. By Cebotarev density [A4.1]
the sum (&) is equal to > a,&/. Let &, € Z(X — N), which corresponds to o, in the
sense of Langlands, whose existence is assured by using the induction hypothesis
once again. Since & is a constituent of the pullback of £,, we conclude that (&) is
r-negligible as required. Oom

SS

4.3.12. Recall the notation of E.3.7l The proposition is used in the following form:

Corollary. For any v, consider the canonical homomorphisms
- e _ R
HY (Cht7P=P Ja?) — HY(ChtRP=P /o),  HY(ChtRP=P/a”) — TH (Cht =P /a?).

These four objects are smooth on Sy, and the kernels and cokernels of these homo-
morphisms are r-negligible.

Proof. To show the claim for the first homomorphism, take € := €% (cf. [La2, III

—7/
3b)]) in Proposition E3IT} then X is Chty*P<P by [La2, Cor I11.14]. Taking .# to
be the trivial object of the boundary, we get the claim for the first homomorphism
by the proposition and the localization sequence in [2.2.91 To check the second one,

we take € to be €%, then X is Chtr]\}d’ﬁgp by [La2l Def IIL.8]. Take .# to be the
intersection complex of €, restricted to the boundary, and we get the claim. O

4.3.13. Let us extract the essential part from the relative cohomology object
H:(ChtWP=P /a”). Note that this object is smooth on Sy by Corollary
We fix a prime number £ # p until the end of this subsection. Let H}y .., be the
object in Wi(Sn) denoted by Hy .. in [La2l VI.19].

Lemma. There exists a unique element Hy .o in QGrZ(Sy) such that for any
closed point x € Sy,

(4.3.13.1) Tragy, (Frob}) = Trags, . (Froby).

S Y
Now, put H} (Cht}ﬂ\’,ﬁgp/az)ss = Y (=1)"HY (Chtg\’?gp/az)ss in GrZ(Sy). Then,
the formal difference

2

rel

(%) H i ess — % >~ (Froby x idx) " #HE(ChtiP<P /a”)™,
" n=1

considered as an element of QGrZ(F?), is complete r-negligible.



1036 TOMOYUKI ABE

Proof. Since Hy o, 18 pure by [La2l VI.20 (i)], H} . is pure as well if it exists.
Thus, the uniqueness readily follows from the Cebotarev density in [AZ.1l Let us
show the existence. Since M N ess ¢ 18 stable under the pullback by Frobx x idx (cf.
[La2l right after VI.22]) and using [La2l VI.19],

r!
(r) ™" > (Frob x idx) ™ H; (Cht i P="/a”, Q)™
n=1
is stable under the pullback as well. This implies that (r!)~! Z;!:l(-~-) =
(r21)~1 Z:;'l( -+). Thus, there exist complete r-negligible (-adic sheaves o, and
rational constants ¢, such that

r2

1 * r.p sS
HNesst = a1 > (Froby x idx )" Mz (ChtiP="/a” Qo)™ == "¢, 0,

n=1

by [La2l VI.19 (i)]. Since o, is complete r-negligible for any ¢, there exist ¢-adic
sheaves ¢’ and ¢” on X — N of rank < r such that o, = ¢"*¢’ ® ¢"*¢” by definition.
By the induction hypothesis in E3.8 (), there exist £ and £” in Z(X — N) which
correspond to o’ and ¢” in the sense of Langlands. The object &, := ¢'T&' @ ¢ T&"
in Z(Sn) corresponds to o, in the sense of Langlands. Note that this £, is complete

r-negligible by construction. Put

r?!

s = gy D (Frob x idx)  H: (CHST" /%)™ = 3 e, £,

n=1

Now, the difference @) is ), ¢, - £, thus it is complete r-negligible. Since the c-
admissible stack Chtrj\’?gp/aZ is smooth over Sy (cf. A24)), we may use the base
change2.3.221and Theorem B.2.1] to show that it satisfies (.3.13.]), and the element
meets our need. (]

4.3.14. Proposition ([La2l VI.20]). (i) None of the irreducible components of
HYy ess are r-negligible. All the components have positive multiplicity, and pure of
weight 2r — 2.

(ii) The object HY (Chtg}ﬁgp/az)ss is r-negligible for v # 2r — 2. Moreover, the
following difference is r-negligible:

r2

% Z(FrOb?( X idx)+ ng72((}htr]\}ﬁ§p/a2)ss.
b~

H}(V,ess -
Proof. We have two proofs, both of which use Proposition [£.3. 1T substantially. The
first one is just to copy the proof of [La2]. The details are left to the reader. The
second one is to make use of the Lafforgue’s ¢-adic result. First, we prove (i). For
an object A in QGrW,(Sy) or QGrZ(Sy), let {A} be the set of constituents of
A, and let {A},c; be the subset consisting of r-negligible objects. Writing A =
ZBE{A} cgB with cg € Q, we put Apeg 1= EBG{A}an cgB. For objects A and B

in QGrWy(Sn) or QGrZ(Sy), we write A I Bif Tr 4 (Frob]) = Trp(Frob}) for any
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integer s, x € |Sx|. Denoting Cht := Cht\"<? /a”, we put
1 r2
H = > " (Frob x idx)"ZH" (Cht)*™
n=1
r2

1 __
TH] = —; »_(Frob x idx)*ZH"(Cht, Q)™

2]
et

and ZH ) = Zi(jz_z)(—l)”f’f{@). Summarizing [La2, VI.15, 20], we already know
the following:

The difference ZH>" 2 — Noess,e as well as THy for v # 2r — 2

are r-negligible, and any irreducible component of HYy .. , is not

r-negligible.
This implies that

IHQT ? HN ess,{ (IHQT 2)110%

in QGrWy(Sy). Now, let us show the following three equalities for any v:
e T e, (I,}_lzr 2)neg (THY %) e,
THY ™2 = Hiy e = TH 72 = Hiy
Indeed, by f—independence Theorem [A.5.4] we know that ZH STl By purity
(cf. Theorem 3 (ii)), H; and H"” are pure of weight v, thus we get the first

equality. The third one follows by [@3I31) and the first equahty, and it remains
to show the second one. Let 0 € QGrW,(Sn) and € € QGrZ(Sy) such that both
are invariant under pullback by Frobyx x idx, o Le , and both are positive and
pure. The second equality follows if we can show oyeq I Eneg. Let us check this.
Multiplying o and £ by some integer, we may assume that they are semisimple
objects in Wy(Sn) and Z(Sy). Let ¢’ be an irreducible r-negligible constituent of
o. Since ¢ is invariant under the pullback by Frobyx x id, o contains a complete
r-negligible sheaf 6’ which is the external tensor product of irreducible sheaves on
X — N and contains ¢’ as a constituent. By the induction hypothesis[£3.8] (), there
exists an r-negligible object &inT (Sn) such that ¢’ Le. By Corollary £3.3] at
least one constituent of £ is contained in &, and since & is stable under pullback
by Froby x id, £ is contained in €. Similarly, if we are given & which is complete
r-negligible and can be written as the external tensor product of irreducible objects
on X — N, there exists &' in o such that & = '3/, Thus the claim follows.
Combining all of these three equalities, we get

IHzT_z - H;‘\/',css g (IHzT_z)anv

thus ZH* ™% — H} ces = (THY ?)neg in QGrZ(Sy) by Cebotarev density ALl

Now, let us prove (ii). Since ZHj is r-negligible and ZH; = Z I as we have
already seen, ZH" is r-negligible as well. Since we know that the difference of ZH"
and HY (ChtR? <p /aZ)SS is r-negligible for any v by Corollary [£312 (ii) follows
from (i). O
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4.3.15. Corollary ([La2, VI.21]). Letp < q be large enough convex polygons. The
kernel and cokernel of the induced homomorphisms

_ —_—
o HZTfQ(ChtR}pgp/aZ) — HSTﬁQ(Chty\}pSp /cLZ),

B: HE2(ChtRP=P Ja”) — HZ~2(ChtyP=1/a?),

— 4 _ —
by the inclusions Cht 7P=? /a” — Cht W P=P /a” and Cht7P=P Ja” — ChtP=/a” are
r-negligible.

Proof. Similarly to [La2], we may prove as follows: The claim for « is just a re-
7_/
production of Corollary {3121 Let I' be the correspondence from Cht’y” <P /gt

—7/
to ChtP=<? /a” defined in [La2, V.14 (i)]. This yields the following commutative
diagram by Lemma B.T.1T}

_ —_—
HET_Q(Chtg’,pgq/aZ) ng—Q(Cht;“\}PSQ /aZ)

B lr*
_ EE———
HST—Q(Cht}“\}PSP/aZ) — ngr—Q(ChtR}PSP /CLZ),

where I'* is the action of I' as in Definition B.I.11] and the other three arrows
are defined by the inclusions. Thus, we have Ker(3) C Ker(a), and Ker(f) is r-
negligible since we already know that Ker(«) is. This implies that, to show the
r-negligibility of Coker(f), it suffices to show that the essential parts, namely the
set of constituents which are not r-negligible, of the source and the target of § are
the same. This follows by the previous proposition, which concludes the proof. [

4.3.16. We digress a little and recall some general nonsense. Let F' be an alge-
braically closed field, and let A be an abelian category over F' such that any object
in A has finite length. We assume, moreover, that for any X, X’ in A, Hom 4 (X, X')
is a finite-dimensional F-vector space. We note that for an irreducible object X,
End(X) 2 F. For X € A, we have the functor

Hom (X, —): A — Vecffi,wn7

where Vecf}n is the category of finite-dimensional F-vector spaces. We can check
that it has a left adjoint, denoted by (—) K X. For an integer n > 0, we have
oMK X = XOn,

Let G be a group, and we denote by G-A the category of objects of A equipped
with G-action, namely couples (X, p) where X € A and a group homomorphism
p: G — Aut(X). Let p: G — GL(V) be a finite-dimensional F-representation of
G. Then V X X is equipped with action of G determined by p, and thus defines an
object of G-A. We sometimes denote this by p X X. The following lemma is well
known (cf. [EGl 4.15.8]):

Lemma. (i) For any irreducible F-representation p of G and irreducible object
X of A, pX X is an irreducible object of G-A.
(ii) Conversely, any irreducible object of G-A can be written in such a form.

In practice, we take A = Z(Sy). Of course, in this case F' = @p. As we
have already recalled, any object of Z(Sy) has finite length, and Hom 4 is finite
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dimensional by the existence of six functor formalism. Thus, the results of this
paragraph are applicable to this category.

4.3.17. Next thing we need to do is define a Hecke action on My ess- We put
(Chtly /a?), = @Chtrj\fﬁp/az X gy U, where the inductive limit runs over p and
open dense subschemes U C X x X. Lafforgue constructed a homomorphism of

algebras (cf. BIII)
o0: Hi/a? — Corrgn’Et((ChtrN/aZ)n)

sending f to I'y, which is a finite étale correspondence on a certain open dense
subscheme of X x X (cf. [La2l I 1c), V 2a)] or [Lall 1.4, Theorem 5]). To be
compatible with [La2|, we consider ¢’ := norm o g for the action on the relative co-
homology (cf. BZIL12)). Moreover, we have partial Frobenius endomorphisms Froby,
and Frobg on Chtly/ a” over Frobx x idx and idx x Froby, respectively, such that
Frobg o Frobs, = Frob, o Froby = Frob (cf. [La2l I 1b)]). The action of correspon-
dence on H} .o commutes with Frobe, and Frobg (cf. [La2l T 1c)]). For any convex
polygon p, f € H’ /a”, s,u € N, there exists a convex polygon ¢ > p such that the
correspondence f x Frob®, x Froby sends ChtiP<*/a” to Cht3P<?/a” over some
open subscheme U C Sy. Thus, via ¢/, we have a homomorphism

(f x Frobs, x Froby)*: (Frobs, x Froby)TH2~2(Chty"=9/a” x5, U)
— HZ 2 (ChtP=P fa” x5, U)

compatible with compositions by Lemma B.I.IIl Note that since Frob®™ =
(Frobeo x Frobg)* is an isomorphism, (Frobs, X id)* and (id x Frobgy)* are iso-
morphisms.

Let us define a filtration as in [La2l VI 3a)]. Let £ € Z(Sn). Then we may
define a canonical filtration F® as follows: Put F°£ = 0. Assume F?& has al-
ready been constructed. We define F2T1€ to be the largest submodule such that
F2H1g JF2E is r-negligible. Then, we put F*2€ to be the largest submodule
such that F2+28/F2+1¢ is essential. This filtration is functorial, namely, given
a morphism & — & in Z(F?), it induces a morphism F'€ — F‘&’. We put the

essential part of &,
i>0
For a convex polygon p, we put H=P := HgT_Q(Chtg\’,ﬁgp/aZ), which is an object
in Z(Sy). For a large enough convex polygon p and p’ > p, Corollary tells
us that the homomorphism induced by the canonical homomorphism H<P — H=P

HSP oy <P

even even

is an isomorphism in Z(Sy). Because of the functoriality of the filtration, the action
of the correspondence (f x Frob3, x Frob§)* induces an action of H}/a? as well
as the invariance by the pullback (Frobx x idx )™ on HSE, as an object of Z(F?).
Summing up, HSP,,, for large enough p, can be seen as an object of H’ /a%-ZI(F?)
(not only of Z(F?)!).

Now, the invariance by (Frobx X idx)™ shows that

1

r2!

21
> (Frob% x idx) " (Hh,) = Haby
n=1
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in GrZ(F?). Thus by Proposition B3.14] (ii), it turns out that HSP considered in
QGrZ(F?) coincides with H} .. This implies that the coefficients of H} ., which
are a priori rational numbers by construction, are positive integers. Now, recall that
for a smooth scheme Y over k and an open dense subscheme U C Y, the restriction
functor Z(Y) — Z(U) is fully faithful (cf. [Kedl Thm 5.2.1]). This implies that,
since HSP,, € Z(Sn), the action of H%, /a? and the invariance by (Froby xidx )" of
HSP, as an object of Z(F?) can be extended uniquely to an action of H%/a? and
an invariance by (FrobX x idx )T as an object of Z(Sy). Thus, HSE, can be seen
as an element of H% /a?-ZZ(Sy). We denote by Hy ess the semisimplification of
HEP, (for p large enough, needless to say) as an object of H% /a?-ZZ(Sy), which

is equal to H} . considered as elements of GrZ(Sy).

4.3.18. We need to calculate the trace of the Hecke action on Hyess. Let f €
n/al. Recall that I'y is a correspondence
ChtVP=P Ja” x g U ~ ChtWP=1/a” x5, U
for some open dense subscheme U C Sy and ¢ > p. We denote by Fff the pullback
of I'¢ by the open immersion
(ChtWP=P /a% x ChthP=P Ja%) x (s xsn) (U x U)
< (ChtyP=P /a” x ChtRP="/a%) X (s xsy) (U x V).

Now, we take the normalization of the morphism
| = ChtP=P /a® x ChtiP=P /a” — Cht{P=P /a” x Cht ) P=P [a”.

T, p<p/a

This normalization certainly defines a correspondence on Cht A marvelous

thing is that, in fact, the correspondence stabilizes Cht'y” = /a” as Lafforgue shows
in [La2l V.14], and it defines a correspondence on it. Using the filtration of E317]

the action I‘f of the correspondence I'y on H(Cht/y/ ChP<? /a”) induces an action on

(H: (Cht?\fpgp /(1 ))even'

Let us introduce a notation. Let Y be a smooth scheme over k, £ € Z(Y), and
let o be an endomorphism of £. For a closed point = of Y, take a geometric point
T above z. Recalling the notation of 2] « induces an endomorphism of 1z (E)
which commutes with Frob,. We denote Tr(cvo Frob : tz(€)) by Tr(a x Frob} : &)
or Trg(a x Froby ), which does not depend on the choice of Z. Using this notation,
we put

—_—
e (f X Frobl) := Tr (r} x Frobl) : (HZ'~2(Cht =" / aZ))even>-

We need to compare the trace of the action of correspondences on H v ess defined
using Cht in the previous paragraph and Tr%zjiv .

4.3.19. Lemma ([La2l VI.23, 24]). (i) Let £ be a mized object in T(Sy), and let
f be an endomorphism on E. Assume that € has a filtration F*E compatible with
f. Take I C Z, and put F := @, gr'(E). Let {F} denote the set of irreducible
objects in Z(Sn) appearing in F. Then there exists a unique set of complex numbers
{ce'} such that, for any x € |Sn| and n € Z, we have

(%) Trr(f x Frob}) = > cgr - Tres(Frob}).
E'e{F}
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(ii) Let f € HY /aZ, and take a large enough convex polygon p. We have
Trpiy o, (f X Frob}) = Tri  (f x Froby),

ss

where the action on the left-hand side is the one defined in 311

Proof. Let us show (i). Since £ is assumed to be mixed, any object in {F} is pure
by [ACT], 4.2.3, 4.3.4], thus the uniqueness follows by the Cebotarev density [AZ.1l
We can see F as an object of Z-Z(Sx) where the action of Z is defined by f. Let G
be an irreducible object in Z-Z(Sy). Then by Lemma 316, it can be written as
VX G’ where V is an irreducible representation of Z and G’ is an irreducible object
in Z(Sn). Since Z is abelian, dim(V) = 1 and f act as multiplication by ¢. This
implies that Trg(f X Frobl) = ¢- Trg/(Frob}), and (&) follows.

For a proof of (ii), we copy the argument of [La2]. Let us sketch the proof.
The commutative diagram in the proof of Corollary yields the following
commutative diagram for p”’ > p’ sufficiently large (cf. [La2l, p.185]):

H2r =2 (Chit =" /o) H22(Che = a?)

/ l

HE2(CMRP fa) —— 22 (ChT fa) —m 122 (O ),

where the homomorphisms marked as f are induced by the correspondence associ-
ated to f, and the others are canonical ones. Thus the claim follows by Corollary
4.0. 19 O

4.3.20. For an unramified irreducible admissible representation 7 of GL,.(F},) at
some place x of F' and t € Z, we put

ze(m) ==z (n)" + - 4 2o (m)",

where z;(m) denotes the Hecke eigenvalue of 7. Take a closed point = in X x X.
We denote by oo, (resp. 0;) the image of & by the first (resp. second) projection.
We note that deg(z) = lem(deg (oo, ), deg(0,)).

Lemma ([La2, VI.25]). Let f € Hy/a?. Then there exists an open dense sub-
scheme Uy C Sy such that for any x € Uy, we have

Tyt cee (f X Froby */ C8E)) = gm0 % 7 Mo (£) - 20 (o, ) - 22 (0, ),
me{n}l,
where s = deg(co,)s’ = deg(0,)u’ € Z - deg(x).

Proof. By Corollary B.2.T] there exists an open dense subscheme U } C Sy such
that

—_—
(5)  Te(f x Froby ™/ @5 : 41 (CheF=" /a®) )
. _
= Tr( f x Frob */ 480 . 3 (Cht W P= /a”, Qz))
for any x € U}. Let H ness.¢ be Hy ess defined in [La2l after VI.22]. Note that since
7_,
H:(ChtyP=P /a”) is mixed by Theorem 2338, Lemma E3I9 (i) is applicable. Let
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{E} (resp. {o}) be the set of r-negligible objects in Z(Sy) (resp. in Wy(Sn)). We

have

Tr(f x Frob, */ 9°8) . 3y o) = Tr<P(f x Frob, */ 98" . g3, )

(%%) =Tr (f x Froby */ 4°8(@) . 9* (Chtr’ﬁgp /az)>
4 ¢(r— Vs Z ce Trg(Frob,, S/deg(”‘))
Ee{&}

=Tr ( # x Frob_ s/ des(@) . 3 (Cht“ﬁﬁ”//az,@e))
g\ Z ce Tre (Froby #/ dee(@))
£e{€&}
=Tr (f X FI'Ob s/ deg(@ HN ess E)

+g(r=bs Z ca Tr 4 (Froby / dee@)y,
Ae{&}u{c}

where the first and second equality hold by Lemma 319 (ii) and (i), respectively,
the third by (@), and the last by repeating the corresponding argument in the ¢-adic
situation. Now, for G € Z(Sx), an endomorphism f of G, and an integer n, we put

Tr(f x Frob” : G) ::% ZTr(f x Frob” : (Frob x idx)"(9))
T k=1

r2!

1
20 Z Trg (f X FrOb?Frob’)“( xidx)(a;))’
k=1

and similarly for objects in W;(Sn). Note that when G € {£}, there exist G, and
G/ of rank < r and pure of weight 0 in Z(X — N), and constants ¢,, A, such that

Tr(Frob) : G) =Y ¢, A? Trgregrggr+gr (Frob}).

Put Uy := ﬂZZO(Frob"X X idX)*l(UJ’c). Since Hyess and Hy ess,e are invariant
under the pullback by Frobx x idx, the computation (=) implies that for « € Uy,
Tr(f X Frob;s/deg(””) : ’HN,ESS) = ﬁ(f X Frob;s/ deg(z) HN,GSS)
=Tr(f x Frob, /95 - 4y oo o)
4 ¢(r=bs Z ¢4 Tr 4 (Frob ®/ dee(@))

Ae{&}U{o}
=Tr(f x Frob */ dee(@) . H N ess,6)
+ q(’r*l)s Z CL>\f Trq/+gl®q//+£L// (FI'Ob;S/ deg(w)),

L

where £/ and £/ are irreducible isocrystals on X — N of rank < r and pure of weight
0, and we used Langlands correspondence for rank < r for the last equality. By
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[La2, VI.25], if we further shrink Uy, we finally obtain

(@)

g (s Tr(f x Frob] : Hyess) — Z Tr(f) - z._sl (oo, ) - z:‘/ (m0,,)
me{n}y

= Z CLAf Trq/+gz®q//+gf, (Frob;S/ deg(m)).

Since Hness is pure of weight 2r — 2 and we know that |z;(7)| and |z;(mo)| are
1, we have |A\,| = 1. We need to show that the right-hand side of (¥)) is 0. The
argument is essentially the same as [La2], but for the reader, we recall it. Assume
otherwise. Then there would exist irreducible isocrystals &', £ of rank < r and
pure of weight 0 such that the series

d
> crzlog Ly, ((¢7E @ ¢"TEl) @ (¢ @ ¢"TE),\.2)

has a pole on |Z| = ¢~2 by Corollary 3.3 since |\,| = 1. On the other hand, the
series

d

d_Z log LUf (7‘[ ® (q/+g/\/ ® q//Jrg//\/)7 qlfrZ)
does not have poles at |Z| = ¢~ since H is essential. Now, let 7’ and 7" be the
automorphic cuspidal representations corresponding to £ and £”. For a locally
closed subscheme Y of (X — N) x (X — N), let us denote by €y the subset of
(z,s',u') € |Y|xNxNsuch that s-deg(co,) ™! = s’ € Nand s-deg(0,) " = u' € N,
and put

2

’

Sery (Z) := Z VAR Z [(deg(oox)-z,_s/ (Moo, ) - 28 (Ths,))

s>1 (z,s",u")EC )y
x (deg(0,) - 22 (mo,) - 22 (x4.) |
The series
ilogLX,N(WXW’V,Z), i1ogLX,N(7rv x 1", 7Z)
dz dz

do not have poles on |Z| < ¢~! by [La2, B.10]. Thus, the product series Sergs, does
not have poles at |Z| < ¢~2. We claim that the series Sery, does not have poles at
|Z| < ¢~ 2 either. Indeed, putting W := Sy \ Uy, we have Seryy = Serg, — Sery,.
Since |z;(m)| = |z;(7")| = |z(7")| = 1, we have

Serw (Z)] <> 121 Y deg(oo,) - deg(0s).

(z,s" u')eCy

Since W is of dimension 1, the latter series converges on |Z| < ¢~!, and thus Sery,

converges absolutely on the same area, which implies the claim. Combining these,
if we put
S22 Y deg(oo,) - deg(0,) 2% () - 2 (7))
s Cs,up l
at the head of the both sides of (Q)), the left-hand side does not have poles at |Z] =
q~2, whereas the right-hand side does at |Z| = ¢~2, which is a contradiction. [
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4.3.21. Lemma ([La2, V1.26]). As an object of HY /aZ-ZI(Sy), we can write
HN,ess as

@ TR H.(1—r),
me{riy
and there exists an open dense subscheme U, C Sy for any m € {m}}, such that the
following holds: the object H is pure of weight 0, and for any closed point x € Uy
and s = deg(0o,)s’ = deg(0,)u’, we have

Ty, (Frob, */ 950 = 275 (me ) - 22 (o).

Proof. This can be proven similarly to the ¢-adic case. By Lemma [£3.16] there
exists a finite set of irreducible representations {7’} of H% /a” and semisimple
objects Hy in ZZ(Sy) for each n' € {7’} such that Hyess = Gaw/e{w/};, ' X
Hor(1—7). For m € {m} U{n'}, we can choose f. € H% /a”? such that Tr,(f,) =1
and Trp(fr) = 0 for any m # 7' € {n}y U {n'} (cf. proof of [La2, VI.26]), and
apply Lemma 320 by taking f = fr. Then the lemma holds with U, :=U;,. O

4.3.22. Theorem ([La2| VI.27]). For any m € {n}}, we have
H, = q/+g7r ® q//—i—gv

as objects in Z(Sy), where E, is an isocrystal of rank r on X — N pure of weight
0 corresponding to 7 in the sense of Langlands.

Proof. Take a closed point « € U,, which lies over (00,0) € |X — N| x | X — N]|.
Let X° := X x 0 < X x X be the closed immersion, and let (X — N)? ¢ X°
be the pullback of Sy by the closed immersion. Let £ be the semisimplification
in Z((X — N)°) of the pullback of H,, which is pure of weight 0. Let HS be the
pullback on Sy ® k(0). Let x; be the character (i.e., rank 1 isocrystal on the point
0) corresponding to the Hecke eigenvalue z;(mp). Then the two semisimple objects
in Z(Sn ® k(0))

s T
(e eqeY,  HlePueoPx
i=1 i=1

have the same Frobenius eigenvalues at each closed point of U, ®k(0) by the explicit
description of the Frobenius trace in LemmaB3.21l Thus by the Cebotarev density
[A.41] these two objects coincide.

Thus, there exist £ and £” on X — N C X which are pure of weight 0 such
that ¢'T&' ® ¢"TE"” and H, have at least one constituent in common. We may
assume that £ and £” are irreducible, and since H, is stable under the action of
(Froby x id)™, we may assume that ¢'TE’ @ ¢"TE" is a subobject of H,.

Let us show that £’ is of rank > r. The argument is similar to the last part of the
proof of Lemma If £ were of rank < 7, there would exist an automorphic
cuspidal representation 7’ corresponding to £’. Consider the series

d d
ﬁlogLX_N(ﬂxw’V,Z), ﬁlogLX_N(wv x &, 7).

The first one converges absolutely on |Z| < ¢~1%¢ for some ¢ > 0 by [La2, Thm
B.10]. Since |z;(7)| = 1 and £” is of weight 0, the second one converges absolutely
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on |Z| < ¢~!. Thus the product series converges absolutely on |Z| < ¢~2T¢. On
the other hand, consider the series

d
() = log Ly, (Hx @ (¢TEY @ ¢"TE™)).

Let C := Sy \ Uy. The difference with the product series is nothing but

() 32N [(deglo0n) Y (mee) - 22 (7))
s>1 (z,s" ,u')EC,

’

x (deg(0y) - 2 (mo,) - 22 (5(/);))}7

where €, C |C| x Nx N such that s-deg(co,) ! = s’ € Nand s-deg(0,)"! =u' € N.
Since C'is of dimension 1 and the complex absolute values of z;(7;), z;(7h), z;(E")
are 1, we get that the series (%) converges in |Z| < ¢~!. Thus, considering the
radius of convergence of the product series, (&) should converge on |Z| < ¢~2*.
However, since by Corollary B.3.3] it should have a pole at |Z| = ¢~2, which is a
contradiction.

This shows that the rank of £’ is > r. By symmetry, the rank of £” is > r as
well. Since the rank of H, is 72, we get that the rank of & and £" are r, and
He =2 ¢TE @ ¢"TE”. By the induction hypothesis E3.8] (@), there exist cuspidal
automorphic representations 7', 7 of GL,(A) corresponding to £ and £”. Now,
since dim(X — N) = 1 and |z;(7)| = |z;(7")| = |2x(7")| = 1, the rational functions

d d
@IOgLX,N(TF><7T/V,Z)7 d—ZIOgLX,N(Wv XTK’”V,Z)

do not have poles at |Z| < ¢~!. This implies that they have a pole at Z = ¢~
and ¢~ !**, respectively, for some s € C such that Re(s) = 0. Otherwise, the series

1-s

A log Ly, (Hr® (¢TEY @ ¢"TE™)) = 4 log Ly, (Hr @ HY)

dz dz
would not have a pole at ¢g=2. This shows that & = £”V, and &, = £'(s) as
requested, and H, = ¢'TE, @ ¢"TEY. O

4.3.23. Conclusion of the proof. By Theorems and 23] 38 () holds for
n = r. Let us check 3.8 ([2). Theorem combined with Proposition {314
(ii) shows that the average (r?!)~! Z:;!l(Frob} X idx ) THZE2(-- ) s (r + 1)-
negligible. Since the averaging involves only positive coefficients, H2"~2(---) is
(r + 1)-negligible. Combining with Proposition A:314] (i), 38 () holds for n = r,
and (8), is shown. Thus, we conclude the proof of Theorem .22 by induction. O

4.4. A few applications. To conclude this paper, let us collect some applications
of the Langlands correspondence.

4.4.1. Theorem ([Dell 1.2.10 (vi)]). Let X be a smooth curve over a finite field
k of characteristic p. Let £ be a prime number different from p. Then for any
irreducible smooth Q,-sheaf whose determinant is of finite order, there exists a
petit camarade cristallin.

Proof. Use Lafforgue’s result and Theorem O
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4.4.2. In p-adic cohomology theory, Bertini-type results do not seem to be known, as
pointed out in [Ke2]. We consider the situation and notation in 2414 exclusively in
this paragraph. In particular, k does not need to be finite in the following conjecture.

Conjecture (Bertini-type conjecture). Let X be a smooth scheme over k, and
let £ be an irreducible L-isocrystal. Then there exists a dense Zariski open subset
U of X such that the following holds: for any x € |U|, there exists an immersion
(not necessarily closed) from a smooth curve i: C — U passing through x such that
itE remains irreducible.

4.4.3. Theorem. Assume we are in the situation of B2l Let X be a scheme of
finite type over k. Then any complex in DEOI(X/QP’F) is mized if X is of dimension
1. If Conjecture [4.4.2] is true, we do not need to assume X to be of dimension 1.

Proof. See [A2] 6.3]. O

4.4.4. Corollary.  The Cebotarev density theorem for smooth curves holds for
overconvergent F-isocrystals. If Conjecture [A.4.2] is true, it holds for any smooth
variety.

Proof. Apply Proposition [A.4.1] and Theorem EZ4.3l O

4.4.5. Theorem. Let X be a smooth scheme of finite type over a finite field k.
Let £ be an irreducible @p-isocrystal with Frobenius structure on X such that the
determinant is of finite order. Assume that Conjecture holds.

(i) There exists a number field E/Q such that, for any x € |X|, all the coefficients
of the Frobenius eigenpolynomial of £ at x are in E.

(ii) For any prime £ # p, there exists an Q,-adic smooth sheaf F corresponding
to £ such that the sets of Frobenius eigenvalues coincide for any closed point of X.

Proof. Let us show (i). We denote by Z,(X) the set of Q,-isocrystals of rank r on
X up to isomorphism and semisimplification. We use the notation of [EK] §2]. We
prove this by induction on the dimension of X. Let X be a normal compactification
of X, and let X\ X be a Cartier divisor. Then there exists a map Z,.(X) — V.(X)
using the Langlands correspondence. This is injective by the Cebotarev density.
We show the following: Let £ € Z,(X). Then there exists an dense open subscheme
U C X and Cartier divisor D of X contained in X \ U such that & € V,.(U, D)
where £y is the restriction of £ on U. Once this is shown, Conjecture implies
that &y is irreducible, and we get (i) of the theorem for & by [EK] 8.2], and by
the induction hypothesis, we conclude.

When X is proper smooth, X \ X is a simple normal crossing divisor, and & is
log-extendable to X, then we may take D = 0. Indeed, for a smooth curve, let £
be an @p—isocrystal whose determinant is finite, and let % be its f-adic companion.
Then the ramification of £ and .% at the boundary are the same by Theorem
@). In general, take a semistable reduction Y — X of £ (cf. [Ke5]). We take
UcC X sothat p: V:=U xy? — U is finite étale. There exists a Cartier divisor
D such that the ramification of p,Q is in V4(U, D) where d = deg(V/U). Then we
can check easily that £ € V,.(X, D).

For (ii), copy the proof of Drinfeld [Drl §2.3]. O

4.4.6. Remark. Using the main results of this paper, K. S. Kedlaya recently
proved Theorem [£.4.3] as well as Theorem .4.5] without assuming Conjecture .22
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in [Kef]. His argument reduces to the curve case using an ingenious induction. By
proving Conjecture when £k is finite, Abe and H. Esnault gave another proof
of this Kedlaya’s result in [AE]. The existence of crystalline companions on smooth
schemes of finite type over k is still an open problem.

APPENDIX A

A.1. Beilinson—Drinfeld gluing of the derived category. In this subsection,
we briefly recall the construction and some results of Beilinson and Drinfeld [BD]
7.4], which are used in the main text.

A.1.1. Let M — AT be a cofibered category such that its fiber M; over [i] € AT
is an abelian category, and for ¢: [i{] — [j], the pushforward ¢. is exact. We
denote by M., the abelian category of cartesian sections; the category of collections
{Mn,a¢} such that M,, € M,, and for ¢: [i| — [j], ap: ¢ M; = M; satisfying
the cocycle condition. Now, we want to construct a suitable triangulated category
associated to M whose heart is Mqt. For this, we consider the category secy (M).
The objects consist of collections {M,,,ay} where M,, € M, and for ¢: [i] — [j],
ag: o M; — M;, satisfying the condition agoy = g © ¢s(ay) for composable
morphisms ¢ and 1 in AT, and a;q = id. We put sec_ := (secy (M°))°. A
profound observation of Beilinson and Drinfeld is that there are functors

ct: C(sec—(M)) — C(secy (M)), c—: C(secy(M)) — C(sec—(M))

such that (cy,c_) is an adjoint pair, and the adjunction homomorphisms cyc_ — id
and id — c_cy are quasi-isomorphisms (cf. [BDl 7.4.4]). With these functors, we
are able to identify D(secy (M)) and D(sec_(M)). Now, let Cior+ C C(secs(M))
be the full subcategory consisting of complexes M such that (M) € Miqq.
We denote by Kttt (M) and Diors (M) the corresponding homotopy and derived
categories. By means of ¢y, we are able to identify Diot1 (M) and Diot— (M), and
we denote them by Dot (M). The functors % : Dyoir — Myor induce Dyiog (M) —
Mtot~

A.1.2. Now, an important aspect of the theory is the existence of a spectral sequence
connecting {M,,} and M. For N € D~ (sec_(M)) and M € DT (seci.(M)), we
have the following spectral sequence by [BDL 7.4.8]:

(A.1.2.1) EPY = Extf (Np, M) =Homp ) (c4(N), M[p +q])
~Homp(aq) (N, c—(M)[p + q]).

Remark. Since the proof of [BD] is rather sketchy, it might be hard to follow
their argument in some cases. Let us add a short explanation. When secy (M)
has enough injectives, then we can take the right derived functors of the func-
tor Hom(N, —): Ktsec; (M) — DF, where DF denotes the derived category of
filtered modules, in a usual way, and we get the spectral sequence as written in
[BD]. However, there might be a situation in which the functor does not admit
a right derived functor. Even in this case, we can define the derived functor
RHom(N, —): Dt (secy(M)) — Ind(DF) as in [SGA4, XVII, 1.2]. We have a
functor i
A Ind(DF) 225 Ind(FAb) —5 FAb.

Using this, we have s grizRHom(N, M) = Hompa,,)(Nn, My [i — n]). This fol-
lows from the fact that we have grzHom(N, M) = Hompg g, )(Nn, My)[—n] by
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construction of the functor Hom(N, —), and the functor M +— M, has an exact
right adjoint as in which implies the existence of g and h in [SGA4]. Since
the category of spectral sequences of abelian groups admits inductive limits, we get
the desired result.

A.2. Some properties of algebraic stacks. The results of this subsection are
used implicitly in Lafforgue’s proof of Langlands correspondence. Even though we
believe that the results are well known to experts, since we are not able to find
references, we decided to write down the details.

A2.1. Lemma. Let f: X — Q) be a gerb-like morphism [Behl 5.1.3] such that
the structural group is flat. Then there exists a presentation Y — %) such that
X x9Y =Y is a neutral gerd.

Proof. First, we note that f is smooth surjective. Indeed, since the verification is
fppf-local, we may assume that f is neutral, and thus ) =: Y is a scheme and
X = B(G/Y). Since G is assumed flat, f is smooth by [Behl 5.1.2].

Let P: Y — X be a presentation, and consider the smooth morphism @Q :=
foP:Y — %), which is a presentation of ) since f is smooth surjective. We have
the morphism (P,id): ¥ — X X9 Y. This defines a section of the second projection
XxgY =Y. O

A.2.2. Lemma. Let f: X — Q) be a representable morphism of algebraic stacks
over an integral scheme S. For the generic point n € S, if f, is separated, then
there exists an open subscheme U C S such that fy: X xgU — Y xsU is separated.

Proof. Let Y — ) be a presentation, and let X — X be the induced presentation.
Let f': X — Y be the induced morphism. The morphism f being separated is
equivalent to f’ being separated, and thus by [EGAIV] 8.10.5], the lemma follows.

O

A.2.3. Lemma. Let f: X — %2 be a representable morphism of locally noetherian
algebraic stacks. Then there exists an open dense substack Ll of X such that fy is
separated.

Proof. By [EGAI 5.5.1 (vi)], we may assume that X and 9) are reduced. By
shrinking X and %), we may assume that X — X and 9 — )Y are gerbs over
algebraic spaces by [LM] 11.5]. By shrinking X and 2), we may assume that X is a
separated scheme and X — ) is separated. Consider the following diagram:

¥—2sx —>X
N
) J—

Note that « is representable by [LM| 3.12 (c)]. Let n be a generic point of X. By
Lemma [A22.2] it suffices to show that «,, is separated. So the statement is reduced
to the following special case of the lemmas:

Claim. Let X and X’ be gerbs over Spec(K), and let a: X — X’ be a representable
morphism. Then this is separated.

Proof. Since there exists a scheme X — Spec(K) such that X and X’ are neutral
over X, by taking a closed point of X, X and X’ are neutral over a finite extension
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of K. Since the claim is stable under finite extension, we may assume that X and X’
are neutral gerbs over Spec(K). Thus, by taking the automorphism groups G and
G’ of X(K) and ¥'(K), we have a homomorphism of K-group spaces p: G — G’
over X', which induces a. We have the cartesian diagram

G—" S

.

BG —— BG x pc BG.

Since the diagonal morphism A is quasi-compact by [LM, 7.7], p is quasi-compact.
By [SGA3| VIa, Cor 6.7], p decomposes as G — G/N < G’. This induces a
morphism BG — B(G/N) — BG'. Since « is assumed representable, the morphism
BG — B(G/N) is representable as well. This can only happen when N is trivial.
Thus, p is a closed immersion by the same corollary of [SGA3]. This shows that A
is a closed immersion, and thus « is separated. ] |

A24. Lemma. Let f: X — 2 be a morphism locally of finite type between
reduced algebraic stacks such that

dim (Auty X) = dim(Q) — dim(X).
Then there exists a dense open substack U C Q) such that f|s—1(a) can be factor-

ized as ¥ & x' 4 3 LN ), where p is a gerb-like morphism with the structure
group space Auty X, g is a representable universal homeomorphism, and h is a
representable finite étale morphism.

Proof. Locally on X, f factors as X £ X’ % 9) such that p is gerb-like and « is a
representable morphism [Behl 5.1.13, 5.1.14]. By the assumption on the dimension,
« is a representable quasi-finite morphism. By shrinking X, and by using Lemma
[A22] we may assume that « is separated. By using Zariski’s main theorem (cf.
[LM] 16.5]), by shrinking if %) necessary, we may assume that « is a finite morphism.

Let f: X — Y be a finite morphism between integral schemes such that X is
normal. The finite extension K(X)/K(Y) of fields can be factorized canonically
as K(X)/M/K(Y) such that K(X)/M is purely inseparable and M/K(Y) is sep-
arable. Let Z be the normalization of Y in Spec(M). The morphism f factors as
the composition of finite morphisms X — Z — Y. This construction is compatible
with smooth base change Y’ — Y by [LM| 16.2]. Thus, given a finite morphism
X — 9 of reduced algebraic stacks, by shrinking Q) if necessary, we have a factor-
ization X — 3 — 9) such that the first morphism is generically purely inseparable
and the second is generically finite étale by [LM, 14.2.4].

Apply this factorization to a, and we get a factorization X’ Z 3 LN ) satisfying
the condition above. Take a presentation Z — 3, and let X’ — X’ be the pullback.
Then by construction, g: X’ — Z is generically purely inseparable. By [EGATIV]
1.8.7], by shrinking Z, we may assume that g is radicial and surjective for any fiber
of Z. Thus g is radicial and surjective as well, and moreover since g is finite, it
is a universal homeomorphism by [EGAIV] 2.4.5]. By replacing 3 by the image
of Z and X’ by the pullback of newly constructed 3, g can be made universally
homeomorphic. By removing the ramification locus of h from ), we may assume
that h is finite étale. |
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A.3. Lefschetz fixed point theorem. In this subsection, we prove a Lefschetz
fixed point theorem for arithmetic Z-modules. In the case of realizable schemes,
the theorem has already been proven in [ACI]. This can be generalized to the case
of a separated scheme of finite type in an obvious manner, but we present it here
for the convenience of the reader and for the future reference.

A.3.1. We consider a similar situation as in E2J} Let k be a finite field with
q = p® elements, and fix an algebraic closure @p of K. We denote by k the residue
field of @p which is algebraically closed as well. We put %y, := (k, R := W(k), K :=
Frac(R), L, s,o := id) to be an arithmetic base tuple (cf. [C4T10, ZZ4T4). Let X be a
scheme over k, and let i, : © — X be a closed point of X. Choose a geometric point
T € X(k) lying above x. This defines an embedding K, := Frac(W (k(z))) < Q,.
Let L, be the field generated by K, and L in @p. Put ;5 := (k,R, K, Ly, s,id),
Ti(a) = (k(z), Ry, Ky, Ly, [k(2x) : k] - 5,id), and we have the functor

b Dy (X/Ti) 55 Dty k() /50) EE225 Dy (k) /Tot) = Dot (k(2) /T,

where the equivalence follows by Corollary [L4.TI1] using the embedding. For & €
DP(X/Ty), the automorphism on (&) is denoted by F,. We note that the
eigenpolynomial of F},, which is a priori in L,[t], only depends on x not on T and
belongs in fact to L[t]. Indeed, the independence of Z follows from the construction
of the equivalence in Corollary [L4ZTT] Let us check that the eigenpolynomial, which
we denote by x (&, t) for the moment, is in L[t]. We may replace L, by the Galois
closure, and we may assume that L, is a Galois extension. Take an automorphism -y
of L, over L. This induces an endofunctor v* on D (k(2)/Tk(z)), and x(y*1&,t) =
v(x(¢&,t)). However, we have a canonical isomorphism v*.& = 1& since we are
taking ®, L, in the definition of iz, which implies that v(x(:&,t)) = x(¢&,t).

Let X be a separated scheme of finite type over k, and let & € DP (X /T}). We
put RT'.(X, &) := fi(&) where f is the structural morphism of X, and HY (X, &) :=
H'RT(X,&) as usual. The object RI'.(X, &) is equipped with an automor-
phism, and we denote this automorphism by Frobyx. For an extension L’ of K
and .Z € Dg (Vecr/) equipped with automorphism ¢, we put Trp/(p;. %) =
Y ver(—1)"Trp (@; 27 (F)), and similarly for the determinant except that we take
an alternating product instead of sum. By using the same argument as [ACI] 4.3.9],
we have the following theorem:

A.3.2. Theorem (Essetially due to [EL]). Let X be a separated scheme of finite
type over k, and let & € DP (X/Lg). Let ky be the extension of k of degree n.
Then we have the following identity in @p :

Trp, (Froby; RTc(X, &) = Y Try, (F)'iiz(8)).
z€X (kyn)

Proof. First of all, let us show the theorem in the case L = K. We argue by in-
duction on the dimension of X. Since both sides of the formula are multiplicative
with respect to exact triangles, we may assume that X is affine by using the local-
ization exact sequence 2.2.91 By the Noether normalization lemma, we may find a
finite dominant morphism f: X — A?. Thus, we may assume that X = A?. By
the induction hypothesis, we may shrink X and assume that X is affine and & is
smooth on X C A?. In this case, we know that HY (X, &) is isomorphic to the rigid
cohomology by 2415 thus the formula is a result of Etesse and Le Stum [EL].
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Now, we show the general case. We may assume that the extension L/K is finite.
By dévissage, we may assume that X (k,) = 0, and we only need to show that the
left-hand side of the equality vanishes. Replacing L by its finite extension, we may
assume that an n-th root of @ := Try(Frob’; RI.(X,&)) is contained in L. We
denote by 8 an n-th root. Our goal is to show o = 0. We assume the contrary, so
8 #0. Let & = (F#,Pg), where .Z is the underlying object in Hol(X/Ly) and ® 4
is the Frobenius structure. We define £(1/#) to be an object in Hol(X/Lr) such
that the underlying object is the same as .#, and the Frobenius structure is the
composition

ng- (1/ﬁ g\ Pz F*ﬂ

Then Tr, (Frob’y; RT (X, &1/)) = (1 /B)" x Trp (Frob’y; RT(X, &)) = 1. For any
L-vector space V' with automorphism ¢, we have Try g (TrL(¢; V)) = Trg(o; V),
where Try /g denotes the field trace. Combining these, we have

0 = Trg (Frobx; RUe(X, #/#))) = Trp i (Trp (Frobx; R (X, £1/9)))

where the first equality holds by the case L = K. This is a contradiction and
implies that a = 0. ]

A.3.3. Now, let & be an object in D |(X/Lr). We define series in L[Z]

Lo(6.2) = det(1 - 29D Fyi5(6) ™, Lx(6.2) = [] L.(6,2).
ze|X|
Since the first one does not depend on the choice of T, these are well-defined. The
first one (resp. second one) is called the local L-function (resp. global L-function).
By a standard argument (cf. for example, ISGA4%, Rapport, §3]), we have a coho-
mological interpretation of an L-function as a consequence of the Lefschetz fixed
point theorem.

Corollary. Let X be a separated scheme of finite type over k, and let & €
Db (X/Lg). Then we have an identity of formal power series:
1)1/+1

x(6,2) = [ det(1 - Z - Frobx; HY (X, &))"

VEZ
A.4. Cebotarev density (after N. Tsuzuki). The Cebotarev density theorem
for curves and mixed isocrystals is proven in [A2]. We need the Cebotarev density
for surfaces and mixed isocrystals, which we show in this appendix. We could have
included it in the main text, but since the author learned the proof from N. Tsuzuki
before writing this paper, it has been kept separate. We consider the situation of

A3l

A.4.1. Proposition. Let X be a smooth variety over a finite field k. Let £ and
&' be t-mized overconvergent F-isocrystals in ISOCT(X/LF) such that the sets of
Frobenius eigenvalues are the same for any closed point of X. Then £% = £
where the semisimplification is taken in Isoc'(X/Lp).

Proof. Since we have weight filtration on £ and £’ by [ACI] 4.3.4], we may assume
that £ and &’ are t-pure. Let F be an irreducible overconvergent F-isocrystal.
Since Frobenius eigenvalues of £ and £’ are the same, we have

LEQFY,Z)=LE @ F", 7).
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If 1 is the multiplicity of F in £, Proposition 3.3 implies that L(£ ® F, Z) has
a pole of order p at Z = ¢~ 9™(X) The equality tells us that L(£’ @ FY,Z) has
a pole of the same order at the same point, and using the proposition again, we
get that £°° contains F with multiplicity u. Note that Proposition [£3.3]is stated
for @p—coefﬁcients, but the proof goes through also for L-coefficients with obvious
changes. (Il

A.5. Gabber—Fujiwara /(-independence. We generalize the Gabber—Fujiwara
¢-independence results (cf. [F]) to admissible stacks. For a category C, we denote
by [C] the set of isomorphism classes of C.

A.5.1. Theorem (Trace formula).  Let X be a c-admissible stack over finite
field ¥y. Let A be a complez in D (X/Q, ). For z € [X(F,)], we denote by
iz : Spec(Fy) — X the corresponding morphism. Then, for any n > 0, we have

i n . rri - r no.g
;(—1) Te(F™: H(X,.4)) ze%;w TAai(®) Te(F™ :if (A)).

Remark. Note that both sides of the equality are finite sums since we are dealing
with c-admissible stacks, contrary to the case of more general algebraic stacks. This
prevents us from struggling with the convergence issues as in [Beh|, which makes
it much easier to formulate and prove.

Proof. Since we can prove this similarly to [La2l A.14] or [Behl 6.4.10], we only
sketch the proof here. Let us denote the right-hand side of the equality by L(X, .#).
For a morphism f: X — %) of c-admissible stacks, it suffices to show the equal-
ity L(X, . #) = L(, fi(#)) since the theorem is the particular case where ) =
Spec(F,). When f is a morphism between schemes, then this equality is already
known by Theorem Now, by the localization triangle, the verification is
local with respect to X. By using [LM| 11.5] and some standard dévissage argu-
ment, it suffices to treat the case where f is gerb-like. By definition of L(—,—)
combining with [Beh| 6.4.2], it is reduced to showing the theorem in the case
X = BG with a finite flat group scheme G over Spec(F,), and .# is @p. Since
the morphism BG,.q — BG is a representable universal homeomorphism, we have
Hi(BG,@p) = Hi(BGer,@p), and we may assume G to be smooth. By con-
sidering the universal torsor Spec(F,) — BG, which is finite since G is, we get
H'(BG,Q,) =0 for i # 0. The calculation of H® is left to the reader. O

A5.2. Definition. Let X be an algebraic stack over Fy, and let & (resp. F)
be an object in DY (X/Q, ) (resp. D2(X/Qy)). For x € [X(F,q)], we denote by
iz : Spec(Fya) — X and p: Spec(FF,a) — Spec(FF,) the canonical morphisms. We say
that & and F are compatible if for any point z € [X(F,«)], the Frobenius trace of
p+ 0it (&) and p. ok (F) are equal.

A5.3. Lemma. The couple (&,F) are compatible if and only if for any X € Xgm,
the pullbacks &x and Fx are compatible.

Proof. Use [LM, 6.3]. O

A.54. Theorem. (i) Let f: X — ) be a morphism between c-admissible stacks.
Then fo, fi, fT, ', D, and ® preserve compatible systems.

(ii) When j: U <— X is an immersion of c-admissible stacks, jiy preserves com-
patible systems.
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Proof. By Lemma[A5.3] the theorem for f+, D, 51, follows from [ACT] 4.3.11]. We
only need to show the theorem for fi. For this, use the trace formula [A 511 O
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