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ABSTRACT. In the present paper, we give bounds for the Tornheim double zeta
function T(Sl, S92, 83) when ‘tl‘, |t2‘, |t3| >1, ‘tl +t2|, ‘t2 +t3|, ‘t3 +t1| > 1 and
[t1 +t2 +t3| > 1 with 01,02,038 > —K and 01 + 02,02 + 03,03 +01 > 1—- K,
where K is a positive integer, from bounds for the Hurwitz zeta function which
are shown by Bourgain’s bounds for exponential sums.

1. INTRODUCTION

The study of the order of the Riemann zeta function has a long history. For
o,t € R, put s = o +it, where i is the imaginary unit. Let £ > 0,0 < D < 1/2 and

1/2—-0¢ o <0,
1/2—(1-2D)o4+¢ 0<o<1/2,

(11) genlo) = 2= (1 =2D) /
9D(1 — o) + ¢ 1/2<0<1,
0 o>1.

It is well-known that the Phragmen-Lindelof convexity principal, the Dirichlet series
expression and the functional equation of the Riemann zeta function ¢(s) imply

C(s) < [t[9=1/4(@)

(e.g. [19, Chapter 5.1]). The case o = 1/2 which determines the value D in g. p
is the most important in the theory of the Riemann zeta function. The Lindel6f
hypothesis says that we can take D = 0. The first non-trivial result {(1/2 +
it) < [t|'/%F=, in other words, (o + it) < [t[91/6(?) is proved by Hardy and
Littlewood (e.g. [19, Theorem 5.5]). Huxley [8 Theorem 1] obtained the bound
C(1/2 +it) < [t[>?/25+2. The best known result till date, which was proved by
Bourgain [4, Theorem 5], for the order estimation is

C(1/2 +it) < [t]13/84+=.

It is natural to consider order estimations for other zeta functions. Applying
Huxley’s bounds for exponential sums, Garunkstis [6, Theorem 3] showed a bound
for the Lerch zeta function defined as L(\,s,a) := Y .7 €™ (n + a)~%, where
0 < A,a < 1. Note that his theorem implies

L(1,1/2 +it,a) — g1/t |t\32/205+5
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(see also [2, Theorem 12.23] and [13, Theorem 3.1.3]). Let r be a natural number
and put
1
Cr(S15--0,80) 1= Z TR

0<ny < <nype 1 r
where s1, ..., s, are complex variables. This infinite series is called the Euler-Zagier
r-ple zeta function (see [20, Sections 8 and 9]). In [0 Theorem 1], Ishikawa and
Matsumoto gave an upper bound of |(.(s1,..., s, )| for general » € N by using the
Mellin-Barnes integral formula. For example, they showed

Colit,iot) < [tP/*T5, +1#aeR.

Afterwards, Kiuchi and Tanigawa [11] showed an order estimation of |(2(s1, s2)]
in the strip 0 < 01,02 < 1 by using the Euler-Maclaurin summation formula and
theory of double exponential sums of van der Corput’s type. For instance, when
t1 € ta <ty and |t + t2| > 1 they proved

Go(o1 +ity, 00+ ity) < [0 T2 B log?|ty|, 0 < 01,05 <1/2

in [IIl Theorem 1.1]. They also proved an order estimation of [(3(s1, s2,$3)| in
the strip 0 < 01,092,053 < 1 by using the Euler-Maclaurin summation formula and
van der Corput’s method of multiple exponential sums in [12) Theorem]. By using
Perron’s formula, Banerjee, Minamide and Tanigawa [3, Theorems 3 and 4] proved

ge,p(02)

Ca(o1 + ity o9 +ity) < |ty |92V |t

when ((s) < [t[95°(7) for 0 < 01,09 < 1 and [t], [tz] > 1 under certain conditions.
Note that we can take D = 13/84 in the formula above according to Bourgain
[4, Theorem 5].

2. MAIN RESULTS

For j =1,2,3, put s; = 0; +1t;, where 0;,t; € R. Then we define the Tornheim
double zeta function by
> 1
(2.1) T(s1,82,83) := Z

m,n=1

ms1ins2(m + n)ss

in the region of absolute convergence o1 +03 > 1, 0o +03 > 1 and 01 + 02+ 03 > 2.
In [I4] Theorem 1] and [I5, Theorem 6.1], it is proved that T'(s1, s2,s3) can be
continued meromorphically and its true singularities are only on the hyperplanes
given by one of the equations below:

(22) S1 + S3 EZSly So + 83 EZSIu S1+ So + 53 = 2.

Particular values of the Tornheim double zeta function T'(a,b,c) with a,b,¢c € N
were studied by Tornheim in 1950, later by Mordell in 1958, and many mathemati-
cians since then (see e.g., [I6, Section 1]). Note that 2°T'(s, s, s) coincides with the
Witten zeta function for sl(3) (see [20, Sections 7 and 8]).

In this paper, we give the following bound for T'(s1, s2, s3). Let k € Z>( and put

k
ah(0) = gep(o — k),

where g. p(0) is already defined as (L.I). Moreover, let (s, a) be the Hurwitz zeta
function and for K € Zx>, to state our main result we need to define the following
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quantities.

(2.3) U(sy, 52, 53) i= [t1]95:2(7V) |ty]9:0(92) | 4]9e.0(73)

(2.4) Vi (s1,52,83) i= V;u((sh S2,83) + Vjﬁc(53a 51,52) + V}ﬁ{(s% 53,51),
(2.5) Wi (s1,82,83) 1= Wf((sl, S92, 83) + W}j((s;),, S1,82) + W}{(SQ, S3,51),

gl (a3>>

K1 ‘ts‘ggflo(as) |t3|g£f%(oa)>
k

where Vln( and Wlﬁ( are defined by

Vlﬁ((sl, So,83) 1= |t1|1/2—01 «

~ 1 - g 02) 198 5 (0s) L 99 (o2)
T D ltel % n T [t %o + = ) _lt2]%= P17 |t;
[ty |*F [t1]

k=0 j=0 j=0

and

Z 1+t AT [ty + 2]

Wic(s1,52,53) 1= |t1|1/2_01|t2|1/2_"2<
—0

Theorem 2.1. For a € [1/2,3/2], let us suppose that the Hurwitz zeta function
satisfies

(2.6) ((s,a)| < Byt|%=P?), B, >0, Jt|>1

and also assume that |t1], [t2], |ts] > 1, [t1+ta], [ta+ 13|, [ts+t1] > 1 and |t; +to+t3]
>1, with 01,092,03 > —K and o4 + 09,00+ 03,03+ 01 > 1 —K, then

(27) T(Sl, S2, 83) < U(517 S2, 83) + VK(Sl, S2, 83) + WK(Sl, S92, 53),

where U(s1, S2,83), Vi(s1,82,83) and Wi (s1, 82, 83) are already defined in [23),
@) and @23, respectively.

Corollary 2.2. Let us suppose that the Hurwitz zeta function ((s,a) satisfies the
same assumption of Theorem 21l Let [t1], |ta], |ts| > 1, [t1+ta], [ta+ts3]|, [t3+E1] > 1,
[t1 +ta +t3] > 1 and t1 < ty < t3 < t1. Then it holds that

(2.8) T(s1,82,83) < U(sq, 82, 83).

Especially, the (uniform) Lindelf hypothesis of ((s,a) implies the Lindeldf hypoth-
esis of T(s1, 82,83) when t1 K to K t3 < 1.

In addition to the above results, we establish the bound in (Z6]) for the Hurwitz
zeta function with D = 13/84 by employing Bourgain’s bound for exponential sums
(see [4, Theorem 4]).

Proposition 2.3. Fora € [1/2,3/2], we have
|C(s, a)| < Bot[#=ra/sa(),

Recall that the theorems in Ishikawa & Matsumoto [9], Kiuchi & Tanigawa
[11,12] and Banerjee, Minamide & Tanigawa [3] are order estimations of not the
Tornheim zeta double function but Euler-Zagier multiple zeta functions. Note that
Kiuchi & Tanigawa [111[12], and Banerjee, Minamide & Tanigawa [3] consider the
bounds on Euler-Zagier double and triple zeta functions only in the case o; > 0.
However, the cases not only o; > 0 but also 0; < 0 are discussed in Ishikawa &
Matsumoto [9] and this paper. The keys for the proofs of theorems in [9], [11L12]
and [3] are the Mellin-Barnes integral formula, the Euler-Maclaurin summation
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formula and Perron’s formula, respectively. Note that the main ingredient of the
proof of Theorem [2.1]is the integral representation

27rzma —2mina

27rzla e
(29) 81,82783 / Z o Z o da, 01,09,03 > 1

>0 n>0

due to Zagier (see the footnote in [1, p- 62]).

The rest of this paper is organized as follows. In the next section, we review
some results on the Hurwitz zeta and related functions. Section[dlis devoted to the
proofs of Theorem 2] and Corollary In Section Bl we prove Proposition

3. PRELIMINARIES

For a > 0 and R(s) > 1, the Hurwitz zeta function (s, a) and the periodic zeta
function F'(s,a) are defined by

el 1 el eZTrina
o) =) mra  Flea)=3, —,
n=0 n=1

respectively (e.g. [2, Chapter 12]). Next we define bilateral Hurwitz zeta function
Z (s, a), bilateral periodic zeta function P(s,a), bilateral Hurwitz zeta star function
Y (s, a), bilateral periodic zeta star function O(s,a) by

Z(s,a) :=((s,a) +((s,1—a), P(s,a) := F(s,a) + F(s,1 —a),

Y (s,a) :=={(s,a) — ((s,1 —a), O(s,a) == —i(F(s,a) — F(s,1— a))7
respectively (see [I7, Section 1.2]). Note that ((s,a) and Z(s,a) can be meromor-
phically continued to the whole complex plane with a simple pole at s = 1 whose
residue is 1 and 2, respectively (e.g. [2, Theorem 12.4]). Moreover, the functions
F(s,a), P(s,a), O(s,a) and Y (s,a) with 0 < @ < 1 can be analytically continued
to the whole complex plan since their Dirichlet series converge uniformly in each

compact subset of the half-plane ®(s) > 0 when 0 < a <1 (e.g. [13, p. 20]). When
o > 1, we can easily see that

(3.1) —{sa Z n+a 5:—52 (n4a)" 51 = —s¢(s+1,a).

n=0 n=0

Thus, we obtain

%Zsa —sz:(n—i—l—a —sol (n—l—a)*sfl):—sY(s—l—l,a),

6 —s—1 —s—1\ __
%Ysa —sZ(n—i—a +(n+1—a) )——sZ(s—i—l,a),
for 0 > 1. Hence, for all 1 # s € C. we have
0 0
(3.2) %Z(s, a) =—sY(s+1,a), %Y(s, a)=—-sZ(s+1,a)

by the analytic continuation of Z(s,a) and Y (s,a). For simplicity, put
2I'(s s 2I'(s) . /ms
Iéos(s) = (275)2 COS(?)) Ein(s) = (275)2 Sln(?)'
Then, by [5, (2.2) and (2.3)], we have the functional equations
(3.3) Los(8)P(s,a) = Z(1 — s,a), Lin(s)O(s,a) =Y (1 — s,a).




BOUNDS FOR THE TORNHEIM DOUBLE ZETA FUNCTION 5

We recall Stirling’s formula given by
IT(s)| = (2m)Y2([t] +2)7 2 ™12 (1 + O((Jt| +2)71)).

Then one has that
1 ) 1
I::os(s) ) I;in(s)

according to Stirling’s formula above and Euler’s formula in complex analysis.

(3.4) #1277 <« Toos(1 — Tin(1 = s) < [¢]'/277

4. PROOFS OF THEOREM [2.]] AND COROLLARY
4.1. Key lemma. To show Theorem 2.1 we put
Gz(s,a) :=((1-s,14a)+((1—s,1—a), Gy(s,a):=((1—s,1+a)—((1—s,1—a).
From ((s,1+a) =a=*+ ((s,a), we can easily see that
(4.1) Z(1 —s,a) =a*"* + Gy(s,a), Y(1—s,a)=a*"'+Gy(s,a).

Note that Gz(s,a) is a meromorphic function with a simple pole at s = 0 and
Gy (s,a) is analytically continuable to the whole complex plan when a € [0,1/2]
(see Section [B]). In order to prove Lemma 1] we put

v (0)i=n+geplo+n),  GP(s,a) = (9"/8a")Gx (s, a),
where n € Z>g and X = Z or Y. Then we have the following.
Lemma 4.1. Fora € [1/2,3/2], assume that (s, a) satisfies (Z8). Then we have

G5 (s, )| < BP0, |G (s )] < e 0

for some positive constants B({,n} and C’;E"} which depend on o € R and n € Z>g
but do not depend on a € [0,1/2].

Proof. By the definition of G(s,a), we have

|GZ(1 — s,a)| < |C(s, 1 —|—a)| + ‘C(s,l — a)|.
Thus, we obtain this lemma for G(ZO)(S, a) = Gz(s,a) by the bound (2. Similarly,
we can show \G§9)(s,a)| < Céo}\ﬂ”s{%(l_”). From (B.I), one has

(4.2) %Gz(s,a) =(s—=1)Gy(s+1,a), %Gy(s,a) =(s—1)Gz(s+1,a).
Therefore, we can show Lemma [£1] inductively. |

In order to prove the main theorems, we put
S(s1,82,83) == =T(s1,52,53) + T(s3,51,52) + T(52,53,51)

which has already appeared in [5, Proposition 2.1] and [I8, Theorem 1.2]. Lemma
plays essential role in the present paper.

Lemma 4.2. Let us suppose that ((s,a) satisfies the same assumption of Lemma
H. For |t1|, |t2|, |t3| Z 1, |t1 + t2|, |t2 + tg‘, ‘tg + t1| Z 1 and |t1 + tg + tg‘ Z 1,
with o1,09,03 > —K and 01 + 09,09 + 03,03 + 01 > 1 — K, where K is a positive
integer, we have

S(s1,s2,83) < Ul(sy,s2,53) + Vi (s1,52,53) + Wk (s1, 52, 53).
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Proof. Tt is widely-known that
4sinzsinycosz = cos(—x +y+2) +cos(x —y+2) —cos(x +y — 2z) —cos(x +y+ 2)
for x,y, z € C. From the definitions of P(s,a) and O(s,a), we have
>\ cos 2mna . sin 27na
P(s,a)zQZT, O(s,a):2nz_:lT

n=1 =
when o > 1. Hence, by (Z9), Z(s,a) = Z(s,1 —a), Y(s,a) = =Y (s,1 — a) and
functional equations in ([3.3)), it holds that

1 . . . . .
4 sin 27mila sin 2wima cos 2wina
S(Sl’ 82, 83) / [S1mS2ns3 da
0 ,m,n>0
Yl—s1, WY (1-52,0)Z (1—83,a)d
a

2L5in S1)Em(52) cos(53)

/1/2 (1—sl,a)Y(l—sz,a)Z(1—53,a)da
0 Liin(51)Lsin(52)Leos(s3)
when R(s1),R(s2), R(s3) > 1. Now we consider the integral expressed as

Lin(51)5in(52)Leos(53)S (51, 52, 83) =

1/2
/ (a*7 1 + Gy (s1,0)) (a®* 7L + Gy (s2,a)) (a1 + G z(s3,a))da
0

(see ([EI)). Clearly, it holds that
1/2 22—81—52—53
/ st 1gs2—1gss-1lgg =~
0 S1+ 8o+ 5853 —2

Second we consider the function I;(s1, s2, s3) defined by

1/2
Ii(s1, 82,83) 1= / a®1a*271 G 4 (83, a)da.
0

The integral on the right-hand side converges when o1 4+ 09 > 1 and s3 # 0 since
Gz(s,a) has a pole at s = 0. Now we show that the function I;(sy, s2,s3) can be
meromorphically continued by using partial integration. One has

1/2 1/2 gS1ts2—1 /
I1(s1, 82, 83) :/ a® 272G 4 (s3,a)da :/ (7) Gz(s3,a)da
0 0

s1+s2—1

9l—s1—s2 /2 gsits2—1
=——Gz(s3,1/2) — 7(? s da
81+82—1 Z(3a/) /0 81+82—1 (33)
when o1 + 02 > 1 and s3 # 0. Note that 2!751752G 4 (s3,1/2) is a meromorphic
function. Furthermore, the integral f01/2 a*1+5271G/ (33, a)da converges when s3 #
0 and o1 + 09 > 0. Hence, the function I;(s1, so, s3) is continued meromorphically
when s3 # 0, 01+02 > 0 and s;+s2 # 1. For the integral f01/2 a®1 271G (s3,a)da,
it holds that

1/2 1/2 / gsits2 \/
sits2=1G0 (53, a)d :/ G (s3,a)d
/0 a " (s3,a)da ; <31—|—32) " (s3,a)da

27517952 , 1/2 _si+s2 Y
= G,(s3,1/2 —/ G (s3,a)da.
o 7z(s3,1/2) A z(s3,0)
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The last integral converges when s3 # 0, 01 + 02 > —1 and s; + s3 # 0. Thus
I (s1, 82, 83) is continued meromorphically when s3 # 0, 01 +02 > —1 and $1 49 #
0,1. In addition, by Lemma 1] we have the order estimations

9l—s1—s2 |t3| . D(l o3) 9—s1—s2 |t3‘u5 D(l o3)
——Gz(s3,1/2) < , Glyl(ss,1/2) < 22—
$1+59—1 #(53,1/2) [s1 + s2 — 1] S1 + s9 7(53,1/2) < |s1 + sa|

1/2 s1+52 1/2 sl+52 |t3‘y5{*2D}(1703)

/ ———G"%(s3,a)da < max ‘GZ 83,Q ‘/ da <

o S1t+sS2 a€l0,1/2] 51452 |s1 + sa|
when |t3] > 1, 01 + 09 > —1. Therefore, we have

e B P L B T )

Il(sla 52, 53) <

‘81+82—1|0 |81+82—1|1 |S1-i—82—1|17

where |s|y = |s|---|s + k| and k € Z>o. Hence, applying partial integration
repeatedly, we can see that I1(s1, s2,3) can be continued meromorphically to the
hyper-half-plane 01 + 03 > 1 — K, where K € N. Furthermore, we have

K-1

3
B, 02,80) < Wi(on,s2,50) 1= Z ||51+S2_1|k |51+ 82 — 1k

- D(l o3) |t3‘y5{fé}(1_03)

when |t3] > 1, 01 + 02 > 1 — K and s; +s2 # 1,0,—1,...,2 — K. Note that
W;((sl, So,83) = W;((SQ, 1, 83). Similarly, we consider the integrals

1/2
I5(s1, 82, 53) ::/ as3+51_2Gy(32,a)da,
0

1/2
I5(s1, 82, 83) ::/ a®? " 72G 4 (51, a)da.
0

Then, by repeating partial integration and modifying the proof above, we can easily
see that Is(s1, se, s3) and I3(s1, 2, s3) are continued meromorphically to o2 + o3 >
1— K and 03 + 01 > 1 — K, respectively. Moreover, when |t1], [t2] > 1, we have

Iy(s1, 89, 83) < Wi (s2,53,51), op+o3>1—-K, sy+s3#1,0,...,2-K,
I3(s1, 82, 83) < Wy (s3,51,52), o3+o1>1-K, s3+s #1,0,...,2-K.

Next we estimate the function Ji(s1, s2, s3) defined as

1/2
J1(s1, 82, 83) == / asl_le(SQ,a)GZ(83,a)da.
0

By using partial integration, we have

1/2 ast !
.]1(81,82,53) :/ ( ) Gy(SQ,a)Gz(Sg,a)da
0

S1

2—81 1/2 S1
-2 Gy(52,1/2)GZ(33,1/2)—/ “ Gy (s2:0)Ga(s2.0)) da
0
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when o7 > 0 and s3 # 0 because Gz(s, a) has a pole at s = 0. For the last integral
which converges if s3 # 0, 01 > —1 and s; # 0, we have

/0 P (Gy (52, 0)C (53, 0)) da = /O v ( a”! )/(Gy(sz, 0)Gz(s3,a)) da

S1 +1
1/2 CL81+1

_2 (GY(32,1/2)02(53,1/2))’—/

51"’1 0 Sl“‘l

From Lemma [£.1] we can estimate each term by

{1}
(Gy(SQ, 1/2)Gz(83, 1/2))/ < ‘t2|l’s,p(1—az)|t3

(Gy (s2,a)Gz(s3, a))//da.

{0} 1 _ {0} q_ {1y
uE’D(l 03)+|t2 uE’D(l 02)|t3|1/57D(1 173)7

1/2 a81+1 ’
/ (Gy (s2,a)Gz(s3,0)) da
0

s1+1
" 1/2 as1tl
< G G d
< (@ tmaGatos,a)| [0 o

2 ) ) 1/2
- 1 3 2 ‘t2|vifﬁ,(1—az)|t3|u§?5”(1—03)/ g
[s1+ 1] = \J 0

when |t2], |t3] > 1, 01 > —2 and s7 # —1. Thus, by using partial integration repeat-
edly, we can see that the function Ji(s1, s2,s3) can be continued meromorphically
to the half-plane o1 > —K. Moreover, from Lemma [£]] and the Leibniz product
rule, one has

J1(s1, 82, 83) < Vi (s1, 52, 53), [tal, |ts] > 1,

where V1b< (s1, 82, 83) is given by the function

K1 | ko , -
S ( ) ol <2172 g5 07 (1)
S1lk < J
k=0 7=0
K . .
1 Z (K> |t2|uf{*]’é(1_02)|t3|V5{§3_J}(1_03)
1]k -1 =0 \J

when oy > —K and s; # 0, —1,...,1— K. Note that V7 (s, s2,53) = V- (51, 53, 52).
Similarly, consider the integrals

1/2
Jo(s1, 82, 83) = / a52_1GZ(53,a)Gy(sl,a)da,
0

1/2
J3(s1, 82, 83) = / asrle(sl,a)Gy(sz,a)da.
0

By repeating partial integration, we can show that Jo(s1,s2,s3) and J3(s1, s2, s3)
are continued meromorphically to o9 > —K and o3 > — K, respectively. Moreover,
we have

J2(51,82753)<<V[i;-(52,83751), ‘tg‘,‘tﬂZl, oy > —K, 82750,...,1—[(,
J3(81782,S3) <& V[b((83,81782)7 ‘tﬂ,‘tlel, o3 >—-K, s3#0,...,.1—-K.
Furthermore, when |t1], |t2], |t3] > 1, it holds that
1/2

{o} {0} {0}
Gy (51,a)Gy (52, a)G (53, a)da < [t1]" b L1 [ty|Ven(1=02) |4 |ve p(1=03)
0
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from Lemma [£J] Therefore, we obtain
A0, A0 A0,
Lin(51)Bin(52) Tos (83)S (51, 82, 53) < [t1]7=0 1770 [ty] Ve 00702 |5 )72 0 (1705)
+ Vi (s1, 82, 83) + Vi (52, 83, 81) + Vi (83, 51, 52)

+ Wi (51,52, 83) + Wi (52,53, 51) + Wi (s3, 51, 52).
In addition, one has ggﬂj(a) = 1/;%(1 —0)+1/2—0 by

Vi,%(1—0)+1/2—0=1/2—o+k+g€,D(1—a+k)

1/)2—c+k+1/2—(1—-0+k) 1-0o+k<0,
120+ k+1/2-(1-2D) 1 -0 +k)+e 0<1—0+k<1/2
C)1/2—-04k+2DA—-(1—0+k)) +e 1/2<1-0+k<1,
1/2—o0+k l—o+k>1,
0 oc—k>1,
2D(0’—k‘)+€ 1/2§0’—k‘§1, %]
= = —k = .
12— (1—2D)(0—K)+e 0<o—k<ijp,  9oP0 =R =9:p(0)
1/2—0+k o—k <0,

Hence, we have Lemma from (B4) and gg% (o) = I/ikD}Cl —o0)+1/2—o0. O

4.2. Proofs of the main results. Now we are in a position to prove Theorem [2.1]
and Corollary

Proof of Theorem 211 Replacing variables (s1, s2, s3) by (s3, $1, 2) and (s2, s3, $1)
in the definition of S(s1, s2, s3), we have

S(s3,81,52) = —T(s3,51,52) + T(s2,583,51) +T(s1, 52, 53),
S(SQ, S3, 51) = —T(SQ, S3, 51) + T(Sl, S92, 53) + T(S37 S1, 82),
respectively. Therefore, we obtain
2T(81, S9, 83) = S(Sg7 S1, 82) + S(SQ7 S3, 81).

From the definition in Section2] we have U(sy, sa, s3) = U(s3, $1,82) = U(s2, 83, $1).
Furthermore, the same relation holds for the functions Vi and Wx. Hence, these
equalities and Lemma imply Theorem [2.71 a

Proof of Corollary 22 We can easily see that
Wh(0)—k<g.p(o), 0<k<K
Thus, for t € t; € ty <K t3 K t, we have

[k] (k]
Ity + to| F|ts|9e0(78) « |t|9:0(78) 7k  |¢|9e.0(o8)

1]~ |t 9502 |15]950" (08) |49 () =i+0lp" (@a) ik |4|9e,0(02)+9e.0(03)
In addition, one has [t[*/27 < |¢|95:2(?) from 1/2 — ¢ < g. p(c). Therefore, we
obtain
V[ﬁ((sh 52, 83)7 V[ﬁ((si’n S1, 82)7 V[ﬁ((827 53, 81)7
W}i((ShSz,83)7W§<(83781,82)7W}i{(82783781)
if t; < tg < t3 < t1. Hence, we have Corollary by Theorem 211 a

< U(Sl, 52, 33)
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5. PROOF OF PROPOSITION [2.3]

First, we show the following convexity bound for ((s,a). We can prove this
bound by Katsurada [10, Lemma 1] but give a new proof here.

Proposition 5.1 ([I0, Lemma 1]). Let 0 < a < 1 and [t| > 1. Then we have
¢(s,a) —a™%| < B |t|9=1/4().

Proof. By the series expression of {(s,a), we have

(5.1) [(C(s,a) —a™*) £ (¢(s,1—a) = (1=a) )| = [¢(s,1+a) £¢(5,2—a)| < 2¢(0)

when ¢ > 1. Moreover, if ¢ > 1, we have

(5.2) |F(s,a) + F(s,1— a) Z [eFmme e 2 ().
o <
From ([B34), (&.2), the functional equations in (B3], we have
’Q(s,a) +((s,1— a)’ < BU|1§|1/27‘7
when o < 0. In this case, clearly we have
(5-3) |(C(s.a) =a™) £ (¢(s,1 —a) = (L —a) ") < By |t]"/*77

by the assumption o < 0 which implies |a~%| < 1. Therefore, we have
(5.4) (¢(s,a) —a™) £ (¢(s,1 = a) = (1 —a) )| < B, [t|%=2/+(?)

by (1), (53) and the Phragmen—Lindel6f convexity principal. Hence, we have the
order estimation of Proposition [ by the inequality |2z| < |z + y| + |z — y| with
x=((s,a)—a*andy=((s,1—a)— (1 —a)". O

Next, we show the following order estimate of |((1/2 + it, a)].
Proposition 5.2. For a € [1/2,3/2], we have
¢(1/2 +it,a)| < BJt|"*/84<, B >o0.

To show Proposition -2, we quote the following statements from [I3] Theorem
4.1.1] and [4, Theorem 4], respectively.

Lemma 5.3 ([13, Theorem 4.1.1]). Let 0 < a < 1,0 < o < 1,t >ty > 1,
y = (t/20)'2, ¢:=|y|, k == |y — a] and b:= q — k. Then we have

- 1 it+mi/4+2mia 2
((s,a) = Z —+te (

)O’ 1/2+th ! 727rian

— (n+a)* t — nls
o/2
+ emif(et) (2:) Y2y —q—k—a)+O(t7*71),
where f(a,t) and Y(a) are given by
t | 4a® — k
flat) = —o-log o+ =L —ab+ 2y(b—a) - L2,
m 2me
_ cos(m(a?/2 —a—1/8))
¥la) = cos(ma) '

Note that the approximate functional equation above holds uniformly in 0 < a < 1.
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Lemma 5.4 ([4, Theorem 4]). Let F' be a smooth function on [1/2,1] satisfying
for some constant ¢ € (0,1], the condition

(5.5) min{|F" (), |[F" ()|, [F"" (z)[} > c.
Given T > 0 sufficiently large, M > 1, we put f(u) == TF(u/M) with M/2 <u <
M and

S = Z exp(2mif(m)).

mn~ M
Then it holds that

—_

1/2713/844¢ 17 . logM _1
(5.6) |S| < M'VET when 5 <0 := og T <3
Proof of Proposition [1.21 'We modify the arguments in [4, Section 4] and [6], Section
3]. For the application to |((1/2 + it, a)|, we show that (56]) also holds for 0 < 0 <
17/42. The case 0 < 6 < 13/42 is trivial since we have |S| < M. Hence, all that
remains to be done is establishing that (5.0) holds when 6 € (13/42,17/42). To
achieve this we can employ the bound

(5.7) |S| < U102 19/31 <9 <1,
which is [7, Theorem 3], in combination with the exponent pair estimate
(5.8) S| < (T/M)YOMIE = MUBTYO 0 <0 <1,

which corresponds to the exponent pair (1/9,13/18) = ABA?B(0, 1) in [19, Chapter
5.20]. Note that (57) and (5:8)) need additional assumptions concerning the function
F', beyond condition (5.]). However, this is not an obstacle to the application to

k =1 _orian

1 e
7;) W and 2 W
appearing in Lemma [5.3] since that only requires consideration of cases in which
F(z) =log(x+a) and F(z) = 2max /T —log x (see also the proof of [6l, Theorem 3]).
A calculation shows that (5.6) is implied by (&) for all 8 € (12/31,332/819], and
is implied by () for all # € [0,11/28]: noting that (13/42,17/42) C [0,11/28] U
(12/31,332/819).

Hence, we have (0.6 whenever 0 < 6 < 1/2, at least this is so in the cases
F(z) =log(x + a) and F(z) = 2max/T — logz. From the approximate functional
equation in Lemma [5.3] and partial summation, we obtain Proposition O

Proof of Proposition 23 Clearly, we have |((s,a)| < By|t|9%1/4() if a € [1/2,3/2]
and o < 0 or ¢ > 1 by Proposition [B.Il Therefore, we have Proposition 23] from
Proposition and Phragmen-Lindel6f convexity principal. O
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